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Zeros of Dirichlet L-functions over function fields
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Random matrix theory has successfully modeled many systems in
physics and mathematics, and often analysis in one area guides
development in the other. Hughes and Rudnick computed one-
level density statistics for low-lying zeros of the family of primitive
Dirichlet L-functions of fixed prime conductor @, as ) — oo, and
verified the unitary symmetry predicted by the random matrix
theory. We compute one- and two-level statistics of the analogous
family of Dirichlet L-functions over Fq(T"). Whereas the Hughes—
Rudnick results were restricted by the support of the Fourier trans-
form of their test function, our test function is periodic and our
results are only restricted by a decay condition on its Fourier coef-
ficients. Our statements are more general and also include error
terms. In concluding, we discuss an F,(T')-analog of Montgomery’s
Hypothesis on the distribution of primes in arithmetic progres-
sions, which Fiorilli and Miller show would remove the restriction
on the Hughes—Rudnick results.
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1. Introduction
1.1. Background

In the 1970s, Montgomery and Dyson conjectured that local statistics of
critical zeros of the Riemann zeta function — in the limit of large height
— should match those of angles of eigenvalues of matrices in the Gaussian
Unitary Ensemble (GUE), which Wigner, Dyson and others (see [12] for a
historical overview) had already used with great success in modeling the
energy levels of heavy nuclei. Their ideas, exemplified by the Pair Correla-
tion Conjecture in [24], began a long history of investigation into connections
between number theory, physics and random matrix theory. Odlyzko [25, 26]
checked various statistics of critical zeros of the Riemann zeta function high
up on the critical line numerically, including pair correlation, and found
extraordinary agreement with GUE predictions. Katz and Sarnak extended
this philosophy to families of L-functions in [19, 20]. They proposed that
zeros of L-functions in suitable “families” would have similar statistics to
each other, and that the statistics of a given family, in the limit of large
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analytic conductor, would match those of eigenangles of matrices in some
classical compact group under Haar measure, in the limit of large dimension.
Thus, families of L-functions would correspond to one of three basic symme-
try types: unitary, symplectic, or orthogonal. For a recent discussion about
a working definition of families of L—functions, as well as how to determine
the underlying symmetry see [7, 31, 32].

Originally, the Katz—Sarnak Conjectures were investigated in the so-
called local regime near the central point s = 1/2; that is, in intervals around
s = 1/2 shrinking as the conductor grows, so that the number of zeros it
contains is roughly constant (see, among others, [15, 16, 18, 22, 29, 39]). In
this regime the conjectures are very difficult, and most results are limited
to test functions whose Fourier transforms have severely restricted support.
Moreover, it is necessary to average over a “family”, as one L-function can-
not have sufficiently many normalized zeros near the central point. This is
in sharp contrast to other statistics such as the n-level correlation; these
statistics study zeros high up on the critical line, and one L-function has
sufficiently many zeros far from the central point to permit an averaging.
For example, Rudnick and Sarnak [28] computed the n-level correlation for
the zeroes of not just the Riemann zeta function but any cuspidal automor-
phic form for a restricted class of test functions, proving their expression
agrees with the n-level correlation for the eigenvalues of random unitary
matrices.

Our own work extends [16], in which Hughes and Rudnick compute
the mth centered moment of the one-level density of the family of prim-
itive Dirichlet L-functions of fixed conductor ) as Q — oo, for test func-
tions ¢ such that supp(¢) C (=2/m,+2/m). This family should have unitary
symmetry, which the authors verified for suitably restricted test functions.
We consider analogous questions in the function field case. There has been
significant progress in this area of late (see [13, 30] among others); we briefly
comment on one particular example which illuminates the contributions that
function field results can have to random matrix theory and mathematical
physics.

In his thesis, Rubinstein [29] showed the n-level density of quadratic
Dirichlet L-functions agrees with the random matrix theory predictions for
support in (—1/n,1/n). In the course of his investigations, he analyzed the
combinatorial expansions for the n-level densities of the classical compact
groups, although he only needed the results for restricted test functions
due to the limitations on the number theory calculations. Gao [14] dou-
bled the support in his thesis, but do to the complexity of the combina-
torics was only able to show the two computed quantities agreed for n < 3.
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Levinson and Miller [21] devised a new approach which allowed them to
show agreement for n < 7; unlike the ad-hoc method of Gao, they developed
a canonical formulation of the quantities and reduced the general case to a
(still open) combinatorial identity involving Fourier transforms. The work of
Entin, Roditty—Gershon and Rudnick [10] bypasses these calculations using
known results in the function field case to deduce that the combinatorics
must equal.

Katz and Sarnak suggested that a possible motivation for their con-
jectures is the analogy between number fields and global function fields.
The Riemann zeta function and Dirichlet L-functions can be considered
L-functions “over Q”; they possess analogues “over [F4(T"),” which occur
as factors of numerators of zeta functions of projective curves over F,. As
proved by Deligne [6], the zeros of the latter have a spectral interpretation,
as reciprocals of eigenvalues of the Frobenius endomorphism acting on /-adic
cohomology. Katz and Sarnak [19] proved agreement with GUE n-level cor-
relation unconditionally for the family of isomorphism classes of curves of
genus g over [Fy, in the limit as both g, ¢ — oo. Their main tool was Deligne’s
result that the Frobenius conjugacy classes become equidistributed in the
family’s monodromy group as ¢ — oo.

Recently, there has been interest in the “opposite limit,” where ¢ is held
fixed and g — oo. In [13], the authors considered zeros of zeta functions of
hyperelliptic curves of genus g over F,. Instead of looking at zeros in the local
regime, they look at zeros in (1) global and (2) mesoscopic regimes: that is,
in intervals Z around 0 such that either (1) |Z] is fixed, or (2) |Z| — 0 but
g|Z| — oco. In both regimes, they show that the zeros become equidistributed
in Z as g — 00, and the normalized fluctuations in the number of the zeros
are Gaussian. Xiong [38] extended their work to families of ¢-fold covers
of PY(F,), for prime ¢ such that ¢ =1 (mod ¢), again obtaining Gaussian
behavior. For other works in this direction see [1-3].

1.2. Outline

We study the F,(T")-analog of the Dirichlet L-function family of [16]. Specif-
ically, we compute one- and two-level statistics of its zeros in the global
regime, then show how they imply statistics in the local regime. In this
introduction, we only state the results in the global regime; we save for later
sections the full statements of the local results, as these require significantly
more notation to state. Whereas the Hughes—Rudnick results were restricted
by the support of gZ), our global test function v is periodic and our results
are only restricted by a decay condition on the Fourier coefficients &(n)
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In what follows, let @ € Fy[T]. Let F¢ be the family of primitive Dirichlet
characters x : Fg[T] — C of modulus @, and let F§™" be the subfamily of
even characters in Fg.

1.2.1. One-level statistics. A (one-dimensiozzal) test function of period
1 is a holomorphic Fourier series ¢(s) = > ., ¥ (n)e(ns). The average or
expectation of a function F': Fo — C is

1
(1.1) EF = — F(x);
#]:Q XEZ];Q

this sum is well defined as there are only finitely many x € Fg. With these
definitions, we set

(1.2) Fio(v) = d%l Z ¢(’Yx>

where above, v, runs through the ordinates of the zeros 1/2 + v, of L(s, x).

Theorem 1.1. Suppose @ is irreducible of degree d > 2. Let ¢ be a test
function of period 1 such that

(1.3) C() = [(n)|g"/?
nez

converges. Then

(L) ERW) = 60)- g qu/g o(Gi):

The variance of a function F': Fg — C is
Var F := E|F —EF|*> = E|F|* - [EF|*.
Theorem 1.2. Suppose @ is irreducible of degree d > 2. Let ¢ be a test

function of period 1 such that C(¢) converges, where C(v) is defined in
Theorem 1.1. Then

2
(15)  Var Fy(d) = s 3 nllém) + 0 (C(‘“ ) |

2 ,d
ne”L dq
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1.2.2. Two-level statistics. A two-dimensional test function of period

1 is a bivariate Fourier series ©(s1, s2) = ¥1(s1)92(s2) = meez 1&1 (nl)zfzg
(na)e(nys1 + nasa). We set

(1.6) Foy(y) = (d_11)2 2 w(%%)

T, T,
=<2 <
Vx:2FVxo1

Theorem 1.3. Suppose Q is irreducible of degree d > 2. Let 1) be a two-dimensional
test function of period 1 such that

(1.7) Cy) = C()C(¥2)

converges, where C(¢) is defined for one-dimensional test functions ¢ of
period 1 in Theorem 1.1. Let giag(s) = ¥ (s, s). Then

(1.8)
EFZX(w) = —En X(szdlag) + 11)(0 0 2 Z |’I”L|’QZJ . i(;b)
nez
C(¥1) + C(32) C(q,b)
where
(1.9) A
_ $(0,n) + 1h(n,0) 1 D(n1,na)
Cor(¥) = Z T2 + CEE > T

neZ ni1,NaE€ZL

1.2.3. Complements. In Section 5, we explain how to pass from global
to local. Our global statements above imply local statements analogous to
those of [16], but are more general and also include error terms. In Section 6,
we discuss an [ (T")-analog of Montgomery’s Hypothesis, which Fiorilli and
Miller [11] show would remove the restriction on the Hughes-Rudnick results.

1.2.4. Connections. We end this introduction by briefly describing the
connections this work emphasizes between number theory and physics. For
us, the most important bridge between these two areas is the one provided
by random matrix theory, which since the work of Wigner [35-37], Dyson
[8, 9] and others has highlighted commonalities between the two topics (see
the recent work of Conrey et al. [4, 5] for a related, relevant example). One
of the most important issues in both fields is to obtain results in the greatest
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possible generality. In physics, this can be seen in the attempts to shoot neu-
trons of arbitrary energy into a heavy nucleus. The corresponding problem
in number theory (where zeros of L-functions play an analogous role to those
of energy levels, and the support of the Fourier transform corresponds to the
energy level of the neutron) is to understand sums of the Fourier transform
of the test function for arbitrary support. In physics, we obtain a greater
understanding of the internal structure from incident neutrons of varying
energies; however, in practice we can only work with neutrons whose ener-
gies are in a specified band. Similar insights occur in number theory; in the
ideal situation where we could take test functions whose Fourier transforms
have arbitrarily large support, this would correspond to a test function that
is a Dirac delta spike, and hence yield perfect information at a point.

While both number theory and physics are quite far from being able
establish to the above, the hope is that insights and formulas in one area
can help drive progress in the other. In particular, in this paper we study a
function field problem (these are typically easier than number theory prob-
lems) and investigate global statistics that can be computed in larger regimes
than other number theory quantities; we hope the resulting formulas will be
of interest and use to researchers in both disciplines.

2. Dirichlet L-function preliminaries

We always assume ¢ is a prime power below. We write Z/, H/ to denote a
sum or product restricted to monic polynomials in F,[T], and > p,[[p to
denote a sum or product over irreducibles in F,[T]. If f € F,[T], then |f|
equals 0 if f =0 and g8/ if f # 0.

Fix a nonconstant modulus @ € [T’ of degree d, and consider Dirichlet
characters x : Fy[T] — C of modulus @. To each nontrivial character x, one
associates the L-function

d—1 )
=> > x(hHa .

n=0deg f=n

(2.1) L(s,x) = Z/T}“fs)

f

We briefly review its properties, following Chapter 4 of [27]. It possesses the
Euler product

(2.2) (s,x) H T x(P \P\ -
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Taking logarithmic derivatives of both sides gives

/ o)

(2.3) (5,00 = ~(loga) 3 ex(m) ™,

n=0
where CX(n) - Zzieg f:nA(f)X(f) and

deg P f = PY for some irreducible monic P and v € Z

(24) A(f) ={

0 otherwise

is the von Mangoldt function over F,[T].

Since we wish to emphasize the analogy between these L-functions and
number-field Dirichlet L-functions, we prefer to consider their zeros in the
variable s rather than ¢7°. The Riemann Hypothesis, proved for these
L-functions by Weil [34], implies that the critical zeros of L(s,x) live on
the line Rs = 1/2 and thus are vertically periodic with period 27/loggq.
Moreover, the Riemann Hypothesis implies that ¢, (n) < dq™/? for all x # xo
(see [27]).

We consider the completed L-function (a good reference is Chapter 7
of [33]). Suppose Y is primitive. Then the completed L-function associated
with y is

1

(2.5) L(s,x) = T a7

L(s, x)

where Ao (X) equals 1 if x is even, meaning F* C kerx, and 0 if x is odd.
The functional equation of L(s, x) is

(2.6) L(s,x) = )@ ™) 22 L(1 = 5, %),

where d(x) = d — 1 — Aso(x) is the degree of L(s, x) seen as a polynomial in
the variable ¢~* and €(x) € S! is some root number. Translating (2.5)—(2.6)
into statements about the logarithmic derivatives gives

L L Ao (X) log q
2.7 2 (s,x) = —(s, ) 2 X) 084
27) S (o0 = Dozt
and
L L

(2.8) f(s, X) = —d(x)loggq — f(l —5,X)-
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Therefore, using the fact that Ao (X) = Moo (X), we find

(2.9)
- Lf(l - 8,)_()

= 0008+ 600 4 w0 (= + )

r 1 1

The following formula is essentially Lemma 2.2 of [13]. We rederive it
in appendix A in a way that facilitates comparison with classical Explicit
Formulas, such as that of [28]. To state the result, abbreviate

= d(x)logq+

2
logq’

(2.10) T, =

which is the correct rescaling for zeros near the central point.

Proposition 2.1. Let Q € F,[T] be of degree d > 2, and let x be a non-
trivial Dirichlet character of modulus Q). Let 1 be a test function of period
1. Then

(2.11)
Fi(®) = ﬁ > o(3)
<'Yx Tq q
. o cx(n)(n) + cx(n)h(—n)
= ¥(0 —1 qunl/Qd—lz 2 )

where Ao (X) equals 1 if x is even and O otherwise, and cy(n) = Z:iegf:n

A )x(S)-

3. The one-level global regime

The computations in this section are closely based on those in [16].
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3.1. Expectation

Proof of 1.1. By the Explicit Formula

even

(3.1)  EFiy() =1(0) - d—1 #fQ qu/z E(F1x()™),

where

(3.2) Fiy () = —

L o= (i) + ex(n)d(—n)
d—1 7;) q”/Q '

Since () is monic and irreducible, the only imprimitive character modulo )
is the principal character xo. In this case, there are (|Q| —1)/(¢ — 1) even
characters including xo, so we know #Fg™" /#Fq is roughly 1/(¢ —1). It
remains to estimate E(F7 ,(1¢)%).

By Schur orthogonality,

0 f=0 (mod @),
(3.3) Ex(f) =41 f=1 (mod Q),
—1/#Fq otherwise,

for all f € Fy[T], and similarly with Ex(f). Therefore

e e}

B BRI =53 | Y gE O

n=0 deg f=n deg f=n
=1 (mod Q) f#£0,1  (mod Q)

L)

To estimate the contribution of the first term in the big parenthesized expres-
sion above we make use of the function-field analog of the Brun—Titchmarsh
Theorem (see [17]), which states that

/

(3.5) Y. A £ Gt
deg f=n
f=1 (mod Q)
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for some C > 0 independent of ), n. Thus the contribution from this term is

(3.6) — ) 2 Z A(f)w():—;ﬁ<<7z¢ g2,
= deg f=n nez
f=i nod @)

On the other hand, by the Prime Number Theorem in this setting (see [27])
we have

(3.7) S A = ¢" +0("),

deg f=n
where the implied constant is independent of g. Thus the second term of

the big parenthesized expression in (3.4) contributes with the same order,
completing the proof. [l

Corollary 3.1. Suppose Q is irreducible. Let 1 be a test function of period
1 such that

N 1
(3.8) Y(n) < it eghi2

for some € > 0. Then

- 1
39 ERLW) =50~ = Z o ) ( ) ,
where F y is defined in (1.2).
2. Variance
Proof of 1.2. Let Cip(¢) = (d—1)"' > s ¢(n)g~"V/2. Then

(3.10) Fiy () —=EF1 (¢) = (F1x ()™ — E(F1x())%)

) (M0 - 25
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from which

(3.11) Var Fi(¢) = Var (F1,,(¥)*) + 2RE((F1,, ()" = E(F1(¢))*)

< Cr0)+0 ()

_ Var (Fiy(4)°) + O (;E(FLX(Q/))OSC)> .

Next, Var (Fy (1)) = E[Fy 5 ()% — |E(Fy 5 (1)°%¢)|? where

(3.12)
© A(f)A(f)
osc|2
FL)™F = a9y Z > A2
n1,n2=0deg f1=n;
deg fo=

(X(fl))?(fz)%f;(nl)lﬁ(nz) + X (F)X ()1 (1) (—n2)

+ XX (=n1)b(nz) + XXF2)b(—na)d(—n2) )

Again by Schur orthogonality,

0 fi=0or f=0 (mod Q),
(3.13) E(x(fi)x(f2) =41 fi=f#0 (modQ),
—1/#Fq otherwise,
0 fi=0or f=0 (mod Q),
(3.14) E(x(fi)x(f2)) =41 fifz=1 (mod Q),
—1/#Fq otherwise.
Therefore
(3.15) E‘Fl,x(w)OSCP 2 Z TL1+TLQ

ny1,Na2=

(Cl ni, ng; Q ( P(ng) +(— )_(
+ Ca(n1,n2; Q) (1/}( W( ng) + (-~ 1/_’

_|_O L L
— n 2
#]:Q d 1n Odegf n /

>)
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where

’

(3.16) C1(n1,n2; Q) = > A,
deg fi=n1
degf2:n2
f1=f2720  (mod Q)

(3.17) Ca(n1,m2; Q) = Z A(f1)A(f2),

and the big-O term of (3.15) is O(C()?/(d%q?)).
As before, we use the Hsu—Brun-Titchmarsh Theorem to bound the
contribution of the Cy sum:

Z Ca(n1,n2; Q )w(nl)&( )+¢(_”1)7Z(n2)

(3.18) 3 pEETNTE
CEEVr S (Fou)i(on) + d-m)ina)) g2
ny,No= O
cw
< gl

Using the same theorem, we break the contribution of the C'; sum into a
main diagonal term and an off-diagonal term that depends on @); the latter
contributes with the same order as the C5 sum:

& D) (n2) + d(—n1)i(~no)
(3.19) (d1)2n;_001(n1,n2;@ o n2q(n1+n2)/;11 =
+ ¢ C(y)?
LS el ey,
n=0deg f=n

By writing
(3.20) ST AW =0 Y AW =" + 0"

deg f=n deg f=n

we conclude the proof. O
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Corollary 3.2. Suppose Q is irreducible. Let 1) be a test function of period
1 such that (3.8) holds. Then

(3.21) Var F1,(¢) = e Zynuw |2+0( )

where Fy  is defined in (1.2).

4. The two-level global regime
Since the computations rapidly become laborious, we do not derive an
unaveraged two-level explicit formula, but instead compute the expectation

of F5, (1) directly. We do not compute the two-level higher moments for
the same reason.

Proof of 1.3. Let

51 82

i} 1
-y st = e (707)

Let £. be defined as in the proof of Proposition 2.1. For j = 1,2, let ¢; =
1/24¢j, where 0<e <e <1/2. Writing [, = [, — [, , Cauchy’s
Theorem implies ' ’ ’

(4.2)

Fo\ (¥) = —F1x(Vdiag) + Fox (Vs €1, €2) — Fo\ (Y5 €1, —€2) — Fo\ (¥ —€1, €2)
+ 5, (¢; —€1, —€2) + O(max(e, €2)),

(4.3) FQ,X(w,El,EQ // 1/2+61 + ity )

(1/2 + €2 + ito, )V ((tj — i€j)j=1,2) dt1 dt2

and A, = [-T,/2,+T,/2]*.
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Again, we employ the functional equation to replace those terms of (4.2)
that have —eq or —eg as a parameter. First, define

(4.4)

L/
F2x (+1) 2ﬂ_ // < (1/2 + e +it1, x)
/

L .
17 (1/2 + €x — ity X)V" (t1 — i€, to +i€a) + f(l/2 + €9 +ita, X)
/

L
X f(l/Q + €1 — itl,)Z)lb*(tl + t€1,t0 — i€2)> dty dts,

(4.5)
Fg; 2n)2 // 1/2+ej itj, x)
j= 12
X 1/) (tl + t€1,to + Zﬁg)dtl dts,
(4.6)

2,X 27'(' / G 1/2+Zt1) X(1/2+’Lt2)7/}*(t1,t2)dt1dt2’

where

(@7) G (5) = Moo(X) <—1 ot _1ql_s> log q.

Also define

(4.8)  F,2(0) e // d—1)logq)

1/
(L(1/2 + €1 + idtq, )T,Z)*(tl —id€1,t1 — iEQ)
/

L
f(l/2 + €9 + 25t2 X)¢*(t1 — z'el, tl - i562)> dt1 dtQ,

= G // d—1)logq) (G (1/2 + it1)
X(1/2+Zt2))'¢ (tl,tQ) dtq1 dto.

(4.9)
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L/
(4.10)  FF(5) @) J(/‘ < (1/2 4 €1 +i0t1, X) Gy (1/2 + €2 + ita)

r
X w (t1—1561,t2—262) L(1/2+62+i(5t2,x)
GX(1/2 + €1+ itl)w*(tl — iel, to — i(562)) dtl, dts.
It is straightforward to check that

4.11
(—(}2,x(1/1;61,—62)+F2,x(1/1;—61,62))=F S + Fop(+1) + Fyp(+1)
and
(4.12)

Fox (s —e1, —€2)

- 1)1 t1,to) dty dt
@) // )log )*¢* (t1, t2) dty dis
2, 2 3, 3 1,2 1,3 2,3
+ Fy —1)+ Fy0 + Fy’ ( 1)+ F7X+F27>-<(—1)
_wmm+F”en F“+@ (1)
+ Fy; 0y x T Fy 2% S(—1).
In what follows, we estimate each of the individual contributions. We will

implicitly substitute the appropriate Dirichlet series and send €1,e2 — 0 in
all of the L'/ L terms.

Diagonal contributions. By an argument similar to that in the proof of
Proposition 2.1,

Ao (X) Wb(n1, n2)
3,3 __ 00 )
(4.13) By = (d—1)? > gt/
n1,N2€Z
The analysis of the expectation of the two F ® terms is reminiscent of
that of E|Fy,(¥)°|? in the proof of Theorem 1. 2 With Cj(ny,n2, Q) and
Cy(n1,n2, Q) defined as in (3.16) and (3.17), respectively,

(4.14)
E(Fy 2 (+1) + Fy(—1))
1 s 1 R A
= (d* 1)2 Z W <Cl(nlan2;Q) (1/)(77/1,—7’12) +1/)(—n17n2))
n1,m2=0

+ Cy(ny, n2; Q)h(—na, —n2)>
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,—Nn A—n,n C
_ 22 Z Af )t@b( )+O(d2(;/1d))

n=0deg f=n q

_ 1 C(y)
- <d—1>z vt 0 ( i)

Off-diagonal contributions. Similarly to the argument in the proof of
Proposition 2.1,

(4.15) _12 $(0,m) —H/)nO).

2,x PRI

nez

Also, similarly to the proof of Theorem 1.1,

(4.16)  E(Fy2(+1) + Fy2(-1)

B " g 1 ‘ A(f)
——mZ Z T #F, Z 72

n=0 deg f=n deg f=n
=1 (mod Q) f#£0,1 (mod Q)
(1(n,0) + 1 (=n,0) + ¥(0,n) + (0, —n))
C(¢1) + C(y2)
« =g
and
: , Cly
(4.17) E(FF(+1) + Foy(—1)) < dgq;

5. The local regime
5.1. n-level density
An n-dimensional test function of rapid decay is a smooth function ¢(sq, ...,

Sn) = ¢1(s1) .. QSn(sn) defined in a region U C C" containing R", such that
d>( )< (1+ \3\) (149) for some 6 > 0. The (homogeneous) periodization of
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¢, scaled by a parameter N, is

(5.1) =) ¢(N(s+w1),...,N(s+vm)).

VEL™

Let U be an N x N unitary matrix with eigenangles 61,...,0y. Then the
n-level density of the 0; with respect to ¢ is

(5.2) Wav(@):= > ¢N< Zaﬂ)

1§j17"'7jn§N
Jr distinct

Let L(s, x) be a Dirichlet L-function over Fy(T). Recall that L(s,x) has
d+ O(1) zeros of the form 1/2+~, ; in an interval of periodicity [1/2 —
iTq/2,1/2 +iT,/2). Therefore, by analogy, we define the n-level density of
L(s, x) with respect to ¢ to be

53 W@ = X e (BB,

T,
_7q§’YJ17 - Vx, Jn<7
Jr distinct

Remark 5.1. To facilitate comparison with [16], we compare the above to
the situation over number fields in the one-level case. Let L(s) be a Selberg-
class L-function with analytic conductor ¢ > 0. Write 1/2 + i~; to denote its
jth critical zero above the real line, ordered by height. Then the one-level
density of L(s) with respect to ¢ is

(5.4) Wi(o) = hm Z gi)(yjl(;g:).

0<7J <T

Above, (log c)/2m normalizes the average consecutive spacing between ordi-
nates of zeros near the central point to be 1 in the limit 7" — oo.

5.2. Unitary predictions

Let U(N) be the group of N x N unitary matrices under Haar measure. If
F is a function on U(N), then the expectation of F' is

(5.5) EF(U) = /U(N) F(U)dU.
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In [16], the authors prove that if ¢ is an even one-dimensional test function
of rapid decay, then

(5.6) EWu(¢) — ¢(0),

EWiu (o) —EWru(8)? — o(¢)’
as N — oo, where

400 R
(58) 2@ = [ min(L, o).
If ¢ is supported in the interval [—2/m, +2/m], then they also obtain
0 m odd,

(5.9) EW1u(¢) —EWip(6)™ — m!

72m/2(m/2)!0(¢)m m even.

By [19], if ¢ = ¢1 - ¢ is an even two-dimensional test function of rapid decay,
then
+oo

(510)  EWap(d) — —daims(0) +$(0.0) + / 1161 (H)at) dt,

—00

where Gaiag(s) = 6(s, s).
5.3. From global to local

Set 1) = ¢4_1 in the results from Sections 3 and 4. Recall that ¥ (s1, ..., s,)
is a Fourier series, whereas the Fourier transform of ¢ is

(5.11)
+oo
B(s1,...,50) = Pty tn)e(—(s1ty + -+ -+ snly)) dty - - - diy.
‘We have
“ _ 1 A 12 Up,
(5.12) Vv, v,) = (d—l)”¢<d—1""’d—1>
and
1
(5-13) Fn,x(w = WWn,x(@

for all n. Thus we obtain the following local-regime results.
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Corollary 5.2. Suppose @ is irreducible. Let ¢ be a one-dimensional test
function of rapid decay. Let
- v
lvl/2
()|

(1) If C(¢;d) < dq? as d — oo, then

(5.14) C(grd) = Y

VEZ

(5.15)
. 1 1 [ v C(9)
EWix(¢) = ¢(0) - d—1)(g—1) V%quvqu <d 1> +0 < dq? > '
(2) If C(¢3d) < dg™* as d — oo, then
. R y 2 C(6)2
(5.16)  Var Wi, (¢) = (d—l)ngM ¢ (d_ 1) +O( d(;zZ’ >

Corollary 5.3. Suppose @ is irreducible. Let ¢ be a two-dimensional test
function of rapid decay such that C(¢q;d),C(p2;d) < dg¥/?, where C(¢;d)
s defined for one-dimensional test functions ¢ of rapid decay in Corollary
5.2. Let C(¢) = C(¢1)C(¢2) and dgiag(s) = ¢(s,s). Then

(5.17)
BWanl6) = ~EWa(Guie) + 60,00+ 115 Wb (7~ )

@17 2 -1
. 02(,]F£¢id) L0 (C(%;d)dzdc(@;d)) Lo (i(;;j)) ’
where
519 Culd) = 733 o (o(0:577) +4(250))
+(d_11)2m§;EZ q<u1|+1|uz>/2(5<dy—11’ . 1)'

In Corollary 5.2, if suppp C [—2, +2], then the hypothesis of (1) is satis-
fied, and if suppp C [—1, +1], then the hypothesis of (2) is satisfied. In both
cases, our results match the unitary predictions of [16] in the limit. More
precisely our results: (1) implies the F,(7")-analog of their Theorem 3.1, and
(2) implies the [Fy(7)-analog of their Theorem 3.4. Similarly, in Corollary
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5.3, if suppdsl, suppg?)g C [—1,+1], then our result matches the prediction of
[19].

6. Montgomery’s hypothesis

Returning to the classical setting, Fiorilli and Miller [11] showed how to
relate certain conjectures about prime distribution to improvements in the
available support for (ﬁ in the local-regime density results of Hughes—Rudnick.
One that generalizes to our setting is a weakened version of Montgomery’s
Hypothesis, itself originally stated in [23].

Let Q € Z,. Let A be the classicial von Mangoldt function, and let
U(X) =3, <x A(n), the Chebyshev function. For all a € Z coprime to Q,
let

(6.1) TX)= > An).
nzan(gn)lf)dQ)

Conjecture 6.1 (-Montgomery). Let ® be the classical Euler totient
function. Then for all Q > 3, there exists 6 € (0,1/2] such that

\I/(X) X1/2+e

(6.2) U(X:Q,1) — o

for all X > Q.

Although we do not expect the conjecture to hold for § = 1/2, it is likely
to hold for any arbitrarily smaller value. Theorem 1.16 of [11] implies the
following.

Theorem 6.2 (Fiorilli-Miller). Let QQ > 3 be prime, and let Fq be the
family of primitive Dirichlet L-functions of conductor Q. Let ¢ be a
one-dimensional test function of rapid decay such that qB 18 compactly sup-
port. If Conjecture 6.1 holds for 6, then

(6.3)

1 log @ 5 —O+e
L b <7 > = ¢(0) + gamma-factor term + O(Q )-
#fQ XGZ]:Q ; ! Qﬂ—

That is, -Montgomery implies that the one-level density of F¢ tends
to that of the unitary group for all ¢ such that ¢ has compact support, and
the error term improves exponentially with 6.
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We return to the function-field setting. Let A, be the von Mangoldt
function for Fo(T'), and let ¥,(n) = Z dos f_nAq(f). (Note how this differs

from the most naive analog of the Chebyshev_function.) For all non-constant
Q € Fy[T] and f € Fy[T] coprime to Q, let

’

(6.4) V(i Q. )= D, Aglg).
deg g=n
g=f (mod Q)

Let Fg resume its definition from Section 4. Recall from the proof of The-
orem 1.1 that if 1 is a one-dimensional test function of period 1 and @

is irreducible of degree >2, then EF} ,(¢) = ¢ (0) + gamma-factor term +
E(F1, (1)), where

(6.5) E(Fy\()%) = _ﬁ S (q;q(mQ, - iﬁz)) (n) ;;/té(—n).
n=0

Thinking of ¢" as the correct analog of the X variable in Conjecture 6.1, we
are led to the following conjecture.

Conjecture 6.3 (§-Montgomery for F,(1")). Let ®,(f) = #F,[T]/f)*
be the Euler totient function for F,[T]. Then for all Q € Fy[T| of degree
d > 2, there exists 0 € (0,1/2] such that

Py(n)
P4(Q)

n(1/2+€)—do

(6.6) Uq(n; Q1) — <eq

for alln > d.

We remark that if Montgomery’s Hypothesis is translated from the lan-
guage of primes to the language of zeros, guided by the duality that exists
between primes and zeros of L-functions, then we obtain a conjecture that
relates to F; , more naturally. For all x € Fq, let {v,,j };l(:xl) be the ordinates

of the zeros of L(s, x). We propose the following.

Conjecture 6.4. Let Q € F,[T] be of degree d > 2. Then there ezist 61,6, €
(0,1) such that for alln € Z,

(67) Z Zqin%(,j <<91,02 d(X)(1791)qd(1792)

X€Fq J

as d — oo.
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Proposition 6.5. Let QQ € F,[T] be irreducible of degree d > 2. Let 1) be a
one-dimensional test function of period 1.

(1) Suppose Congecture 6.3 holds for some 0. If Ce(¢)) = Znezlzj(’n)q‘”|€
converges for all € > 0 small enough, then

Ce(¥)

(6.8) E(F1,x(4)7) < e

(2) Suppose Conjecture 6.4 holds for some 61,605. Then

oscC 0
(6.9) E(F1x ($)7) <0, Wﬁi%)e,

Proof. (1) is immediate. (2) follows from the Erd6s—Turan Inequality, which,
together with Conjecture 6.4, implies that for all [a,b] C [-T5/2, +1T,/2] and
NeZy,

(6.10)

#00H) i ng €lab) b-al 1 X1 1
(d—li;;é]:Q T, <<N+;n (d—l)#}‘QzX:zj:q !

N

1 1 1
=N I 2
91 92
N dn(#FQ)" Fn
The supremum of the expression on the left over all a,b is an upper bound
for E(F1,,(1)*¢), as we can approximate 1 arbitrarily well by linear com-
binations of indicator functions. Choosing N = |d% (#F¢)% | completes the
proof. O

Either of the two possibilities suggested by Proposition 6.5 is consid-
erably stronger than Theorem 1.1. They imply the following results in the
local regime.

Corollary 6.6. Let Q) € F,[T] be irreducible of degree d > 2. Let ¢ be a one-
dimensional test function of rapid decay such that ¢ has compact support.

(1) Suppose Conjecture 6.3 holds for some 0. Then the hypotheses in Corol-
lary 5.2 can be lifted and the error term can be sharpened to O,

(qfd(afe)).
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(2) Suppose Conjecture 6.4 holds for some 61,62. Then the hypotheses in
Corollary 5.2 can be lifted and the error term can be sharpened to
Oo, 0, (d5d" " (#Fq) ).

Appendix A. Proof of the explicit formula

Proof of 2.1. Let

(A1) vH(s) = (T) |

For all real ¢, let £, be the segment from ¢ — iT}, /2 to ¢ 4+ 7T, /2 in the complex
plane. Let 0 < € < 1/4 and ¢ = 1/2 + €. Using Cauchy’s Theorem,

(A2)
1 r
X weo=gm ([ ) Feovit-1masoo
S <3
= Fix(¥5€) = Fix(¢;—€) + O(e),
where
1 +Tq/2 L/

(A3)  Figlie) = o /_ TRt gw - i d

To deal with F} ,(1); —€) we substitute the formula (2.9). Distributing the
integral among the resulting three terms, and sending € — 0 in the first and
last, we find

(A.4)
d—1 +T,/2
P —e) = — / Pr(t) dt
q —Ty/2
1 —|—Tq/2 L/
+ — —(1/2 4 € —it, \)¢*(t + ie) dt + Aoe ()
27T —Tq/2 L Tq

+Tq/2 1 1 )
« /Tq/Q (—1 o T T qmﬂ-t) W (#) dt.
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The first term of the right-hand side is d) =/ +11/22 t) dt, whereas the
last term equals

Aoo(x) [TTal? 1 1 t
(45) (d—1)T, /—Tq/2 U g ) T, o
_ )\oo(X) L q—1/2+it B q—1/2—it s i ”
(d — 1)T 1— ql/z—it 1— q1/2+it T,

- — 1 Z q|n‘/2

Finally,

[e.9]

1 +7,/2 CX(n) t —ic
(A6) FLX(l/},E) = (d—l)anZ:;)/Tqﬂ qn(1/2+5+it)w< Tq > dt,

and similarly with the middle term of (A.4), where our use of the Dirich-
let series in the region Rs > 1/2 is justified by the bound ¢, (n) < dg"/?
from the Riemann Hypothesis. Interchanging the sum with the integral, and
sending € — 0, we arrive at the desired result. Il

Interestingly, the middle term on the right-hand side of (2.11) corre-
sponds to the gamma-factor term in the classical Explicit Formula, but is
visually much simpler. This is because the F,(T")-analog of the Riemann zeta
function and of the gamma function are itself simpler objects.
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