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The modular group for the total ancestor potential

of Fermat simple elliptic singularities

TODOR MILANOV AND YEFENG SHEN

In a series of papers [12, 15], Krawitz, Milanov, Ruan and Shen

have verified the so-called Landau-Ginzburg/Calabi-Yau (LG/
CY) correspondence for simple elliptic singularities E](\}’l) (N =

6,7,8). As a by-product it was also proved that the orbifold
Gromov-Witten invariants of the orbifold projective lines Py 5 5,
P} 42 and P§ 5 , are quasi-modular forms on an appropriate modu-
lar group. While the modular group for ]P%’&3 is I'(3), the modular
groups in the other two cases were left unknown. The goal of this
paper is to prove that the modular groups in the remaining two
cases are, respectively, I'(4) and T'(6).
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1. Introduction

Let W(x) = 2{* + 23* + 25° be a Fermat polynomial whose exponents (ar,
as,a3) are given by one of the following triples (3,3,3), (4,4,2) or (6,3, 2).
Here we use the notation x = (x1,x2,x3). Such a polynomial W defines
a hypersurface in C? that has a simple-elliptic singularity at x = 0 € C3
(see [24]). Moreover, the corresponding sets of vanishing cycles are known
to be elliptic root systems in the sense of K. Saito (see [22]) of types,
respectively, Eél’l), Eél’l), and Eél’l). We will sometimes refer to W as the
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elliptic Fermat polynomial of type E](\}’l). We assign weights ¢; = 1/a; to

each variable x;, so that W becomes a quasi-homogeneous polynomial of
degree 1.

1.1. Formulation of the main results

Let H = Clxy, x2, x3]/(Wg,, Wa,, Wa,) be the Jacobi algebra of W, W, :=
OW/0x;. Given a triple r = (r1,72,73) of non-negative integers we put ¢,
(x) = a]'z5?x5*. We choose a set R of exponents r, s.t., the monomials ¢y (x)
project to a basis of H. More precisely, put

(1) R ={(r1,re2,73) | 0 <1 <a; —2}.

It will be convenient also to decompose R = {0, m} LI Ry, where 0:=
(0,0,0), m := (my, ma, m3), Riw corresponds to monomials of non-integral
degree and ¢y, (x) is a monomial of degree 1. Let us denote by ¥ C C the
set of all marginal deformations

flo,x) =W(x)+ 0 pm(x), o€,
s.t., f(o,x) has only one critical point. The hypersurfaces
Xop={x€C| flo,x) = A}

form a smooth fibration over ¥ x (C\ {0}), while the homology (resp.
cohomology) groups H2(X,x;C) (resp. H*(X,;C)) form a vector bundle
equipped with a flat Gauss—Manin connection. We fix a reference point, say
(0,1), and let

h = Hy(X01;C), hY=H*(Xo1;C)

be the reference fibers. The parallel transport around A = 0 induces a mon-
odromy transformation J € GL(h), which commutes with the monodromy
action of 71(3) on h. Moreover, J has finite order, so it is a diagonalizable
transformation whose eigenvalues are roots of unity of the form e~ 2mV/~-1d
0 < d < 1. In particular, if we denote by ho the J-invariant subspace and
by bho the direct sum of all eigen subspaces of J with eigenvalue # 1, i.e.,
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d # 0, then the monodromy representation has the form
p:m(X) — GL(bo) & GL(bxo).

Put p = (po, p2o) and let

P20 m(X8) — GL(bhxo )/(J),

be the map induced from p_. Using an explicit computation we will check
that

(2) Ker (pg) C Ker (ps).

It will be nice if one can find a conceptual explanation and determine if
(2) is satisfied for other normal forms W of the simple elliptic singularities.
Using (2) we get an induced homomorphism

(3) pw : T(W) — GL(hx0)/{J),

where T(W) = Im(pg). Put (W) := Ker(pw ).

Theorem 1.1. The total ancestor potential JZ/UW(h; q) of the simple elliptic
singularity W transforms as a quasi-modular form on T'(W).

The definition of the total ancestor potential in singularity theory as
well as the precise meaning of the quasi-modularity will be recalled later on.
Our second result can be stated this way.

Theorem 1.2. If W is an elliptic Fermat polynomial of type Eél’l), E§1’1)

or Eél’l), then T'(W) is, respectively, T'(3),T'(4) or I'(6).

1.2. Applications to the Gromov—Witten theory

The Landau-Ginzburg/Calabi-Yau (LG/CY) correspondence was
proposed by Ruan [19]. In our settings it can be stated this way. A triplet of
non-zero complex numbers (A1, A2, A3) € (C*)? is called a diagonal symmetry



Modular groups and simple elliptic singularities 333

of W if
W(Aiz1, Aawe, Azxg) = W(x1, 22, x3).

The diagonal symmetries form a group Gy . It contains the element

Jw = diag(e%mq%e%‘/?lqz, 62”‘/?1‘13), g = 1/a;.
The equation W = 0 defines an elliptic curve Xy, in the weighted projec-
tive plane P2(cy, ca, c3), where g; = ¢;/d for a common denominator d. The
action of the group Gw := Gw/(Jw) on Xy is faithful and the quotient
Xw := Xw/Gw is an orbifold projective line P} , , . The LG/CY corre-
spondence predicts that the GW invariants of A}y can be obtained from
the so-called Fan-Jarvis-Ruan-Witten invariants (see [7, 8]) of the pair
(W,Gw) via analytic continuation and a certain quantizatied symplectic
transformation (cf. [19]). Chiodo-Ruan addressed the idea of using global
mirror symmetry to solve the LG/CY correspondence [4, 5]. This approach
has been very successful so far, see [4, 12, 15] for more details.

The orbifold GW invariants of X = P! are defined as follows. Let

a;,az,as
ﬂ;nﬁ be the moduli space of degree-g8 stable maps from a genus-g orbi-
curve, equipped with n marked points, to X'. Here 8 € Eff(X) where Eff
(X) C Ho(X;Z) is the cone of effective curve classes. By definition the
Novikov ring is the completed group algebra of Eff(X’). In our case, since
Hy(X;Z) =17 - [X], where [X] is the fundamental class of X', we may iden-
tify the Novikov ring with the space of formal power series C[g¢] and replace

M nax) by ﬂ;\jmd. Let us denote by 7 the forgetful map, and by ev; the
evaluation at the ith marked point

—_ T —X ev;
M!],n Mg,n,d IX?

where IX is the inertia orbifold of X'. The moduli space is equipped with a
. —— X
virtual fundamental cycle [M , /], s.t., the maps

A;\jn : HER(X;C[[Q]])(gn - H*(ﬂg,m@)

defined by

o0

n
——X
A;{n = Z q® Agfn,(b A;fmd(al, cey Q) P T <[Mg,n,d] N H evy (o) >
i=1

d=0
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form a CohFT with state space the Chen-Ruan cohomology H{ (X; C[q]).
The ancestor GW invariants of X are by definition the following formal
series:

(4)
<Tk1(a1),...,7' Z / gnd Otl,..,jan) ’f%..q/;ﬁﬂ

where ); is the ith psi class on ﬂg,n, a; € Hp(X;C), and k; € Z>q. For
more details on orbifold Gromov-Witten theory we refer to [3]. The total
ancestor potential of X is by definition the following generating series:

o (hia —exp< - 1m0 al) +w1,...,q<¢n)+wn>gn>7

g,n=0

where q(z) = > 70 qxz” and {qx}3%, is a sequence of formal vector vari-
ables with values in H{ (X;C). The generating function is a formal series
in qo,q1 +1,q2,....

Following the ideas of Krawitz—Shen [12] and Milanov—Ruan [15], one can
obtain a very precise correspondence between the total ancestor potentials
)V and /¥ (see [16]). Let us briefly explain this correspondence. Recall
that the curve

EU = {f(0-7 X) = O} C ]P)2(Cl7027c3)

is called the elliptic curve at infinity. Let us think of ¥ as a punctured P!
and let us select a puncture p, s.t., the j-invariant j(E,) — oo as o — p.
For example, if W is the Fermat polynomial of type Eéu), then p = —2,2
or co. If W is the Fermat polynomial of type Eél’l), then p is a solu-
tion to 4p3 4+ 27 = 0. The main statement is that there exists a function
np(0)/ma(c) (see [16]) on P! holomorphic near o = p, s.t., under a mirror
map q = wp(0)/ma(0), the total ancestor potential %X coincides with .7V
Let us point out that the definition of .27V requires a choice of a primitive
form in the sense of Saito [20]. Part of the statement is that there exists a
primitive form, s.t., the identification holds. Combining the mirror symmetry
theorem of [16] with Theorems 1.1 and 1.2 we get

Corollary 1.3. If X is one of the orbifolds IP’%7373,IP’}17472 or P(li,3,2’ then
the Gromov-Witten invariants (4) are quasi-modular forms, respectively,
on T'(3),T'(4) or I'(6).
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2. The total ancestor potential in singularity theory

Let S =X x C*~1. We fix a coordinate system on S, such that the coor-
dinates of s = (Sm, Sr,,..,5r,_,) €S are indexed by the exponents R (cf.
(1)) in such a way that sy, € ¥ and sy € C for r # m. The miniversal defor-
mation of W can be given by the following function:

(5) F(s,x) = W(x) + Y _ $r $e(x)

rei

where the domain of F(s,x) is X :=& x C3. The marginal deformations
f(o,x) are obtained from F'(s,x) by restricting sm =0 and s, =0 for
r # m.

It is well known (see [11, 23]) that Saito’s theory of primitive forms (cf.
[20]) gives rise to a Frobenius manifold structure (cf. [6]) on S. In this section,
the goal is to recall the key points in the construction of this Frobenius
manifold structure and then use the higher-genus reconstruction formalism
of Givental to define the total ancestor potential of W.

2.1. Saito’s theory

Let C' C X be the critical variety of F(s,x), i.e., the support of the sheaf
Oc :=Ox/(Fy,, Fy,, Fy,).

Let ¢: X — & be the projection on the first factor. The Kodair-Spencer
map (7s is the sheaf of holomorphic vector fields on S)

Ts — ¢:Oc, 0/0sy — OF/0sy mod (Fy,, Fy,, Fy,)

is an isomorphism, which implies that for any s € S, the tangent space TS is
equipped with an associative commutative multiplication e5 depending holo-
morphically on s € S. If in addition we have a volume form w = g(s, x)d>x,
where d3x = dz1 A dxg A dxs is the standard volume form; then ¢,O¢ (hence
7s as well) is equipped with the residue pairing:

P1(s,y)a(s,y)
(6) (1, 92) = (27i)3 / FpFpFy

where y = (y1,¥2,¥y3) is an unimodular coordinate system for the volume
form, i.e., w = d3y, and T, is a real three-dimensional cycle supported on
|Fyp,| =€efor 1 <i<3.
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Given a semi-infinite cycle

(7) A € Tim H3(C?, (C7)-; C) = T,
where

(8) (C*)m = {x € C* | Re(F(s,x)/2) < m}.
Put

(9) JA(s,z) = (—2m2)7%/2 zds /A el'5x)/2,,

where dgs is the de Rham differential on §. The oscillatory integrals J4 are
by definition sections of the cotangent sheaf 7.

According to Saito’s theory of primitive forms [20, 24], there exists a
volume form w such that the residue pairing is flat and the oscillatory inte-
grals satisfy a system of differential equations, which in flat-homogeneous
coordinates t = (t;)rcoz have the form

(10) 20pJA(t, 2) = Op o J4(t, 2),

where 0, := 0/0t, and the multiplication is defined by identifying vectors
and covectors via the residue pairing. Using the residue pairing, the flat
structure, and the Kodaira—Spencer isomorphism we have the following
isomorphisms:

T"S=2TS=2SxTpS =S x H.

Due to homogeneity, the integrals satisfy a differential equation with respect
to the parameter z € C*

(11) (262 + E)JA(tv Z) =0 JA(ta Z)a
where

E = Z dptrOy  (dy := degty, = deg sy),
reni

is the Euler vector field and © is the so-called Hodge grading operator

1
(12) 0:7 - 75, O(dty) = <2 - d,-) dty.
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The compatibility of systems (10) and (11) implies that the residue pair-
ing, the multiplication, and the Euler vector field give rise to a conformal
Frobenius structure of conformal dimension 1. We refer to Dubrovin [6] for
the definition and more details on Frobenius structures.

2.2. Primitive forms for simple elliptic singularities

The classification of primitive forms in general is a very difficult problem. In
the case of simple elliptic singularities however, all primitive forms are known
(see [20]). They are given by w = d*x/74(c), where m4(0) is a period of the
elliptic curve at infinity. Let us recall also that m4 (o) can be expressed in
terms of a period of the Gelfand-Lerey form d®x/df as follows. We embed C3
in the weighted projective space P3(1, ¢y, 2, c3) via z; = X;/ X, i = 1,2, 3.
The Zariski closure of the Milnor fiber X, 1 is X, 1 = Xo,1 U By, therefore
we have a tube map

L:H\(Ey;;Z) — Hy(X,1;7),

which allows us to write

d3
wa(o) = /L(A) ? = 27r\/7/ ResEU df

Let us point out that when ¢ = 0 the image of the tube map L is precisely
ho and the monodromy representation pg coincides with the monodromy
representation of the elliptic pencil E,, o € X.

2.3. Givental’s higher-genus reconstruction formalism

Following Givental we introduce the vector space H = H((z)) of formal
Laurent series in z~! with coefficients in H, equipped with the symplectic
structure

Q(f(z)’g(z)) = resz:O(f(_Z),g(Z))dZ.

Using the polarization H =H4 @& H_, where Hy = H[z|] and H_ =H
[[z=Y]z~! we identify H with the cotangent bundle T*H_ . The goal in this
subsection is to define the total ancestor potential of W.

2.3.1. The stationary phase asymptotics. We fix a primitive form
w=d3x/ma(c) and let {t,} be flat coordinates, defined near s =0, s.t.,
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under the Kodaira-Spencer isomorphism 7pS = H we have 0p = ¢p(x).
Since, w4 is a multi-valued analytic function on S, the flat coordinates t,
are also multi-valued analytic functions on S.

Let s € S be a semi-simple point, i.e., the critical values {u;(s)}:; of
F(s,x) form locally near s a coordinate system. Let us also fix a path from
0 € S to s, so that we have a fixed branch of the flat coordinates. Then we
have an isomorphism

Ui CH — H, e~ /D8y, =1 Z%@,
reh r

where A; is determined by (0/0u;, 0/0u;) = 0;;/A;. 1t is well known that
U, diagonalizes the Frobenius multiplication and the residue pairing, i.e.,

€, ® 6]' =\ Aieiéi,ja (61‘, ej) = 51]

Let Sgs be the set of all semi-simple points. The complement K = S\ S is an
analytic hypersurface also known as the caustic. It corresponds to deforma-
tions, s.t., F'(s,x) has at least one non-Morse critical point. By definition,
we get a multi-valued analytic map

Sss — Home (CH, H), s+— Ws.

The system of differential equations (10) and (11) admits a unique formal
asymptotical solution of the type

Uy RS(Z) eUS/Z’ RS(Z) =1+ ZRs,l + 22 RS,Z + -

where Us is a diagonal matrix with entries u(s), ..., u,(s) on the diagonal
and R j, € Homc(CH, C*). Alternatively this formal solution coincides with
the stationary phase asymptotics of the following integrals. Let B; be the
semi-infinite cycle of the type (7) consisting of all points x € C? such that
the gradient trajectories of —Re(F'(s,x)/z) flow into the critical value w;(s).
Then

(—=2m2) 732 zdg / el'5X)/2 )2 U  Ry(2)e; as z — 0.
B;

We refer to [9, 10] for more details and proofs.
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2.3.2. The quantization formalism. Let us fix a Darboux coordinate
system on ‘H given by the linear functions ¢, pir defined as follows:

Fz2) =) > (gher s +praed™ (27" € H,

k=0ren

where {¢" }rem is a basis of H dual to {¢r }res with respect to the residue
pairing.

If R =eA%) where A(z) is an infinitesimal symplectic transformation,
then we define (R)" as follows. Since A(z) is infinitesimal symplectic, the
map f € H — Af € H defines a Hamiltonian vector field with Hamiltonian
given by the quadratic function h4(f) = %Q(Af ,f). By definition, the quan-
tization of e is given by the differential operator e("4)" | where the quadratic
Hamiltonians are quantized according to the following rules:

62 i\ N " A " 8
(])k./7 /]f)k.//7 //)/\ = hﬁ (pk./7 /qz//) — <qz//pk/7 /) — q’:.//i,,
r r 8q]1<‘;/ qz// ’ ’ ’ aqlf:’

/ 1 /\ / 17
(aai) = aai/n.

Note that the quantization defines a projective representation of the
Poisson—Lie algebra of quadratic Hamiltonians

[(h1)", (h2)"] = ({h1, ha})" + C(ha, ha),

where h; and hsy are quadratic Hamiltonians and the values of the cocycle
C on a pair of Darboux monomials is non-zero only in the following cases:

' r'’ 1 if (klﬁ I") 7& (k‘”,l‘”),
(13) C (pk/,r’pk”,r”an’Qk”> = {2 it (K x') = (K x"),

The quantized quadratic Hamiltonians act naturally on the Fock space of
formal power series

(14) Ch[[q05q1+17q27"‘]]7

where Cp, := C((h)) is the field of formal Laurent series in h.
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2.3.3. The total ancestor potential. By definition, the Kontsevich—
Witten tau-function is the following generating series:

(15) Dyt (h; q(2) —exp<zn‘h9 1/ H (¥;) +¢z>,

J”l 1

where q(2) = >, qx2*, (qo,q1,...) are formal variables, ¥; (1 <i < n) are
the first Chern classes of the cotangent line bundles on M, ,,. The function
is interpreted as a formal series in ¢g,q1 + 1, ¢2, ..., whose coefficients are
Laurent series in A.

Let s € S be a semi-simple point. Although we already fixed a
Darboux coordinate system on H, we need yet another one. Namely, under
the identification Wg: C* — H the standard orthonormal basis {e;}:_; of
CH gives rise to Darboux coordinates lqx, ;pr on H defined by

o B
ZZ lezz + pkez( ) k_l)-
k=0 i=1

Let us denote by ‘Tls the isomorphism of Fock spaces (the tensor product
being completed appropriately)

(I;S : ®¢:1Ch[[iq07iql V AZ(S) + 17iq27 .- ]] - ChﬂQO;Ql + 17q27 .. ']]7

induced by the change of the Darboux coordinates. More precisely, recalling
that

we get that the map \TJS amounts to the substitutions

. ou;
(16) ig -3 87; r

rei

The key property of \Tfs, which is equivalent to the definition (16), is that Uy
intertwines the quantizations corresponding to the two Darboux coordinate
systems

~ ~

(h>/\ Wy = Wy (h>/\

for all quadratic functions kA on H.
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Motivated by Gromov—Witten theory Givental introduced the notion of
the total ancestor potential of a semi-simple Frobenius structure (see [9, 10]).
In our settings the definition takes the form

—

(7)) = T () ()" [ Dy (hAts)s (o)A,
=1

where
a(z) =YY g Fee, talz) =) ‘gzt
k=0reR k=0

3. Modularity and monodromy

The flat coordinates are multi-valued analytic functions on §. In this section,
we will compute their monodromy under analytic continuation. Once this
task is completed the proof of Theorem 1.1 will be easy.

3.1. Picard—Fuchs equations

We consider the so-called geometric sections (see [2])

r d3X 2

(18) By (0, \) ;:/x G e HXanC)

where r = (r1,72,73),7; € Z>0, and X" := ¢p = z'zy’x5’. The geometric
sections (18) with all r € R give rise to a trivialization of the vanishing
cohomology bundle. The Gauss—Manin connection corresponds to a system
of Fuchsian differential equations known as Picard—Fuchs equations. It is
enough to solve this system at A = 1, because the homogeneity of f(o,z)
yields the following simple relation:

®p(0,N) = A0 @ (0, 1),

where deg(r) := deg(x") = ), r; ¢;. The Picard-Fuchs equations have the
form

(19) 05 Pr(0,1) = Y Gr(0) (o, 1),

r'eR
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where & = (G /(0)) is a square matrix of size p = ||, whose entries are
holomorphic functions on X. Let us denote by § = (Fy y/(0)) a fundamental
solution to the above system, i.e., § is a non-degenerate matrix satisfying
05 = & - §. We have

(20) Op(0,A) = A0 N " B (o) A,
r'eR

where Ay, 1" € R are multi-valued flat sections. The system (19) is block-
diagonal in the following sense:

Grpr #0 = deg(r') — deg(r”) € Z.

Therefore the matrix § is also block-diagonal. Since analytic continuation
around A = 0 corresponds to the classical monodromy transformation J,

we get that the vectors {Ay}rem give an eigenbasis of bV, ie., J(Ay) =
6727r\/j1deg(r)Ar_

3.2. Flat coordinates

We follow the idea of [15], except that we will avoid the use of explicit
formulas. It is convenient to introduce the following multi-index notation.
We will be interested in sequences x = (Kr)rem\{m}, Where kp are non-
negative integers. Recall that d, = deg(s;) = 1 — deg(x"), we put

K

reR\{m} ) re®\{m} = reR\{m}

Let us define a block-diagonal matrix C' = (Cy(S))r rem, whose entries are
holomorphic functions on S

(21) Cor(8)= Y crnlo) %

Kid,=d.

where the functions ¢, . (s) are defined from the identity

(22) (-2m)7: ( /0 - e*Adeg“‘“)“dA) / x“l;i‘ =3 trnl0) Be(0,1).
refRi

The integration path in the first integral is the negative real axis and the
second one is interpreted as a cohomology class in H2(X, 1; C). The identity
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is obtained by performing successively integration by parts until the degree
of the monomial x” is reduced to some number in the interval [0,1]. In
particular, since each integration by parts decreases the degree by an integer
number, the sum on the right-hand side (RHS) is over all r € R, s.t., dy —
dy € Z. It follows that the matrix C' is block-diagonal. Given cycles a; € b,
r € R, we define the following multi-valued analytic functions on S:

tm(s) = WlA (C’O,m(s) <<I>0(cr, 1),am> + Cm,m(s) <<I>m(0, 1), am> ),
fols) = WlA (Con8) (@anle,1), 0} + Cofs) (2o(0. 1), 00) ).
te(s) = WlA rem%;dr Oy x(8) <c1>r, (o, 1)7ar> . e R

Note that by definition Cy m(s) = 0 and Cpm(s) is a constant independent
of s.

Proposition 3.1. There are cycles {ay}ress that form an eigenbasis for
the classical monodromy J, s.t.,

(i) The functions ty(s), r € R form a flat coordinate system on S.
(ii) We have 9y =1 and (0o, Om) = 1, where Oy := 0/0ty.
(iii) The following identity holds (compare with the definition of ty(s)):

% S (B O tortes
/v ER
= L (Cml8) (Bmn(0. 1) m ) + Co(s) {Bo(0 1), ) ).

TA

Proof. Let o € 3 be an arbitrary point. We fix a path in ¥ from 0 to . Our
goal is to construct flat coordinates in a neighborhood of o. Given a basis
of cycles {ay }rem we denote by a?t e Hy (X, 1;C) the parallel transport of
ay. The polynomial f(o,x) is weighted homogeneous, so there is a natural
C*-action on C3; s.t., f(o,c-x) = cf(0,x) for every ¢ € C*. Using this action
we define

Ar:{()‘z)y ’ AE (—O0,0], yeag’l}'
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Note that A, is a semi-infinite cycle of the type (7), so the corresponding
oscillatory integral is convergent. Using the Fubini’s theorem we get

(—2m2) 3/ / P52,
A

r

= (—27TZ)_3/2/ et (Az) / X remm mp SN Wy
0 adt df

The exponential in the second integral on the RHS is

s :
Z = X" )\deg(x“') Z_d”,

K
K

where the sum is over all sequences k = (kr)rem\ (m} Of non-negative integers.
Substituting the above expansion we get

o \—3/2_-1/2 T A 1+deg(x”) s 4. kW
(=2m)7 2z ;(/0 et AT dA)/{!Z /a?lxd.

Comparing with formula (22), we get the following formula for the oscillatory
integral:

(23) Ju(s,2)=23d (Z z*d”i Cr.r(0) <<I>r(a, 1), ar>>.

|
K: ™
K rei A

The oscillatory integrals J4_(s, z) are solutions to the differential equations
(10) and (11). On the other hand, near z = co these equations have a fun-
damental solution of the type S(2)2®, where

St(z) =1+ St,lz_l + St722_2 ce Sth € HOHI@(H, H)

and © is the Hodge grading operator (12) (see [6, 10]). Therefore, we can
choose the cycles {a,} in such a way that

(24)  Ja(s,2) = Se(2) 2% dty = 227 (dtr + 27 Sea(dty) + ),

where t = (t;) is a flat coordinate system. Note that d, > 0 for r # m and
dm = 0. Therefore, we have

Ja, (s, 2) = z%_dfdtr + Z%_ldr,mst,l(dtm) 4o,

where the dots stand for terms involving higher-order powers of z~!. Let us
choose the flat coordinates in such a way that dp = 1 and (Om, dg) = 1, then
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we have

1
St’l(dtm) = St,l(]-) - §d Z (81‘/7 ar”) Lyrtyr

r’,r'’eR
Finally, we get
1
Ja, (s,2) = zod [ 2%t + 2 e m 5 Z (Opr, Oprt ) tprtpr | 4.
r’,r'"eRr

All statements in the proposition follow by comparing the above formula
with (23). O

3.3. The monodromy of the flat coordinates

Let us choose the fundamental matrix § of the Picard—Fuchs equations (see
(20)) in such a way that {ay }rem and { Ay }res are dual bases. Furthermore,
since Cy m am is a tube cycle we can find B € H;(Ep; C) such that L(B) :=
Co,m Otm, SO we have

_ m5(0)
o=

The flat coordinate ¢ is such that 9/0tg = 1. Therefore, the coefficient in
front of sp in tp(s) must be 1. On the other hand, using formulas (21) and
(22) we get

Com(s) =co0, Cools)=cooso+---,

where the dots stand for at least quadratic terms in s. It follows that L(A) =
C(),m Q.

Let «v be a loop in ¥ based at the reference point o = 0. Let us denote by
[p2£0(7)]r,r the matrix of the linear operator po(7) in the basis {o; }rem,., ,
ie.,

pro(Max) = D [pro()]err .

I‘/Emtw

Since the monodromy representation p.o commutes with the classical mon-
odromy J and {a,} is an eigenbasis for J, the matrix [p-o(y)] is block
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diagonal

[P0 20 = dp =dy.

Similarly let us denote by [po(7y)] the matrix of po(y) in the basis {am, ao}

Po(Y)(@m) = [po(7)lmmam + [po(7)]o,mo,
po(7)(@0) = [po(7)]m,00m + [po(7)]o,000-

The space ho = H1(Ep,C) is equipped with a symplectic form that comes
from the intersection pairing. By continuity, the linear transformation po(7)
is a symplectic transformation, i.e., the matrix

a b = [po(y)]” = [Po(M]mm  [po(7)]o,m € SLy(C).

c d [Po(M]mo  [Po(7)]o,0

An immediate corollary of Proposition 3.1 is the transformation rule for the
flat coordinates under the analytic continuation along ~.

Corollary 3.2. The analytic continuation along a loop v transforms the
flat coordinates as follows:

T atm+b
"t +d
g C
to=to+-— Opr, Opr) tyrtyr
" OJr2(cztm+d)r,;e:mt (O, Opr) bty
~ 1
be = Ctm +d Z [p20(V)]er e te, T € Riy.
I"E%tw:dr/:dr

3.4. Monodromy of the asymptotical operator

Recall the notation from Section 2.3.1. Let us identify the space of linear
operators Homc (CH, H) with the space of square matrices of size p by fixing
the following bases {¢r(x) := x"}rem C H and {e;}1<i<, C CH, e,

A(ez) - Z[A]r,z (br-

reR

The asymptotical operator Vg Rg eVs/% can be viewed as a matrix with entries

formal asymptotical series. Let us fix a loop v in . We would like to find
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out how the operator changes under the analytic continuation along . The
answer can be stated in the following way. Let M(~,t) € Homc(H, H) be
the operator whose matrix is

1 Oty

My, )]y = r
[M (7, 1)), et & d L.

—zC 5m,r50,r’7

where ¢,d, and t, are determined via v as it was stated in Corollary 3.2.
Analytic continuation along ~ transforms the sequence of critical values
(u1(s), ..., uu(s)) via some permutation p. Let us denote by P(y) €
Homg (CH, CH) the linear operator whose matrix is given by

[P(V)]i,j = 5z‘,p(j)-

Proposition 3.3. The analytic continuation along the loop v transforms
the asymptotical operator Uy Rg eVs/% into

TM(’Y» t) Us Rs ele/? P(),

where for a linear operator A : H — H we denote by TA the transpose of A
with respect to the residue pairing (-,-).

Proof. Let us denote by I;(s, z)(1 <1 < u) the stationary phase asymptotic
of the oscillatory integral

(_27_‘_2)73/2 / GF(S’X)/Zd3X.
B

i

By definition the asymptotical operator is defined by the following identity:

Ii ) .
(qﬁr,\llsRseUs/zei):zai( (;Z)>, reR, 1<i<pu.
r A

The analytic continuation along - transforms the above matrix into

0 [ Ipp(s 2) o) Iy (s,2) 1\ o,
2 — | | = — | =
( 5) : 8tr <7TA (Ctm + d) Z : 6tr’ TA (Ctm + d) 8tr7

r'eR

Note that

ZZ 0 1 8tr/_zatm —c P
7 Ot \ctm +d ot, Oty \(ctm+d)2) ™" e
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and

TA Jto

hole) _, 2 (hu(e3)

— -
Hence the RHS of (25) becomes
/ I 1)\®s I 7)\®s
Z z 8t~r 0 p()(s z) — (2¢6mr) zi p()(S z) .
ctm +d/) Ot, Oty TA ’ oty TA

r'eR

It remains only to check that the above expression coincides with

(M. 0)(0). e Be /> Pe) = 37 My, Ohe 2 o (I“()) o

[~ T
r'eR o r A

Let us introduce the linear operators (cf. Corollary 3.1)

Oty
J(’yvt) cH — H7 [J(Vvt)]r’,l" = ag’
and
(674
X(P)/at)H_),’_a X(Wat)zl_ (Ct +d) ¢m°s:07

where ¢pmes—g : H — H is the operator of multiplication by ¢y, in the Jacobi
algebra H. Note that X (v,t) is a symplectic transformation.

Proposition 3.4. The analytic continuation along the loop ~ transforms
the total ancestor potential <75(h;q) into

(X (7, 1))" ) ((ctm + d)*h; T (v, t)a),
where we first apply the operator (X (v,t))" and then we rescale h and q.

Proof. We may assume that P(y,t) = 1 because P is a permutation matrix,
so its quantization (P)" will leave the product of Kontsevich-Witten tau
functions invariant. Put M = My + z M;. Then we have

TM W, R eVs/* = U RgeV/*,  where Wg = My 0y,
Rs = U "My "M Ug Ry,

The quantization is in general only a projective representation. However,
the quantization of the operators ¥ My TM g and R involves quantizing
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only p? and p g-terms. Since the cocycle (13) on such terms vanishes we get
=\ -1 T A A
(RS> = (U5 My "M W) (R

The operators My and Wy are independent of z and their quantizations by
definition are just changes of variables. Hence

(s fés)A = (MzY)" (Mo ™M) (W Re)".

By definition A; ! is (d,,,dy,), which gains a factor of (cty + d)~2 under
analytic continuation. The ancestor potential (17) is transformed into

(26) (Mg )™ (Mo "M)" (s (et + d)*B; (cten + d)q) ).
Note that
Myt = (ctm+d) J(v, )7, My (TM) = X(v,¢).
It remains only to notice that the rescaling
(h,q) — ((ctm + d)%h, (ctm + d)q)

commutes with the action of any quantized operator. O

3.5. Quasi-modularity

It is known that the ancestor potential @7 depends analytically on s € D,
where D C § is any open domain in which the primitive form is single-
valued. In particular for each fixed ¢ € X, we can take the limit

So(hiq) = lim - (h; q).

reR\{m}

For the proof of the above statement see [15], or more generally [14].
The marginal flat coordinate can be written as

at+b a v
= m, TGH, , d/ ESLQ((C)

m
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We define
_ T+

T dr+d’
where T is the standard conjugation in the upper half-plane H. Since the
analytic continuation transforms 7 and 7 via the same fractional linear trans-
formation, we get that the analytic transformation along v transforms ty,
and t,, respectively, into

atm + b : atm +b
an — — )
ctm +d m ctm +d

m —
A direct computation shows that

1 _(ctm + d)?

— —

+ c(ctm + d).

ZLfm_tm tm_m

Following [15], we define anti-holomorphic completion of the ancestor
potential

where

X(o,2)=1— <Z) Do 50 -

tm — tm

Proposition 3.4 yields the following corollary (cf. [15]).

Corollary 3.5. The analytic continuation along v transforms the modified
total ancestor potential as follows:

;z/f;(h; q) — %((ctm +d)’h; J(v,0)q).

Proof of Theorem 1.1. Assume that v € I'(W), then p.o(y) = J" for some
integer n, where J is the classical monodromy operator. Since J(ay) =
2V =1deg(x) o we get that the matrix of J (7,0) is diagonal and we have

[J(7,0)]ex = (ctm + d) e2mV—Indes(x’)  p e g
and

[J(’% U)]m,m = (Ctm + d)2, [J(’}/, O')]Qp =1.
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The total ancestor potential is invariant under the rescaling gj —
e%E”deg(xr)qz, because it is quasi-homegeneous. Hence we may assume
that n = 0. The statement of the theorem follows from Corollary 3.5 by
comparing the coefficients of the monomials in q and h. Each coefficient
¢(tm) of the modified potential has the form

where ¢; = 0 for i > 0. The analytical continuation of ¢(tm) is

¢ <W> = (ctm +d)" c(tm),

ctm +d

where the identity follows from Corollary 3.5 and w is a non-negative integer
depending on the monomial (see [15] for more details). O

4. The modular groups I'(W)

The computation of I'(W) amounts to computing the monodromy group of
several hypergeometric equations of the type

(27) z(1—2)y"(x) + (v — 1+ a+ Pz)y (2) — aBy(z) =0,

where «, (3, and v are positive rational numbers. Let us begin by briefly
reviewing the main steps in the computation.

4.1. Monodromy of the hypergeometric equations
There are two cases which are used in our work.

4.1.1. The resonance case. We assume thaty =a + 3 =1—1/¢, where
¢ is a positive integer. Near 2 = 0 the hypergeometric equation (27) admits
the following basis of solutions:

F () = lm 2 F1(a, B;; 1),
_ -’ -p)

[2-a-p)

oF (1 —a,1—3;2—;x) plmo=h,
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Near x = 1 a basis of solutions is given by

FY (@) = 9P (o, B; 151 — ),

(29) F2(1)(33) =oF (e, 5;1;1 —z) In(1 — x) + Z bn(1—2)",
n=1
where
_ (@)n(B)n i - 1 l .. 1
bn (n!)? <a+ a+n—1+ﬂ+ +ﬂ—i—n—l

Let us denote by F(@(z) the column vector with entries F' l(a) (x) and F2(a) ()
for a = 0, 1; then the local monodromy around x = 0 acts as

1 0
FO ) - MTFO(z); M=
0 eQWi(l—a—ﬂ)

It follows that the local monodromy around xz = 1 is given by

1 2w
0 1

FO() s M FD (), My =

The series F(O)(z) and F(!)(z) are convergent in the region {z € C : |z| <
1,]1 — x| < 1} and since they both provide a basis of solutions for the same
differential equation, there is a constant matrix C°!, called connection
matrix, s.t.,

FO(z) = COFW(2).
Let ¢(z) =T"(2)/T'(2) be the digamma function. Put

(30) K1 =2¢(1) —(a) —4(B), Kr=2¢(1)-9¢(l—-a)—¢(1-7).

The key to the monodromy computation is the following lemma (see [1]).
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Lemma 4.1. The connection matriz is given by the following formula:

K, -1
Ky, -1

o =

provided the branch of F(l)(az) near x = 1 is chosen appropriately.

Proof. The first row of C°! directly follows from the formula 15.3.10 in [1].
The second row follows from the first row and the hypergeometric identity

Fla-v+DI'B-y+HI(y—1)
D(a)D(B)T(1 =)
i g, Dla =y DT(B =y + 1)
- 2F1( 7Ba’77 )+F(1—7)F(a+ﬁ—”y+l)
X oFy (a, B0+ 0 —v+1;1—x). O

oFi(a—v+1,8—7+1;2—y2)z'

The local monodromies My, M;, and the connection matrix CO!
completely determine the monodromy representation.

4.1.2. The non-resonance case. Now we assume that none of the
exponents

M=1—-7v M=v—a—-0, d=0F—-«a
is an integer. Then we fix the following solutions. Near x = 0:

{ Ffo)(x) = oF (o, By ),
FOUW) =oF (0 —y+1,8-v+ 12— ~y2) 217,

Near z = 1:
(31) {Fl(l)(x) =oF (o, B0+ B —7y+1;1—1),
FV (@) =2F (v —a,y = By —a— B+ 11 —2) (1-z)7F.

Let us denote by F®(z)(a = 0, 1) the corresponding column vectors. Then
the key fact is the following. Just like in the previous case, there is a common
contractible domain where both F((z) and F()(z) are convergent and
hence one can define a connection matrix D, s.t., FO)(z) = DO F(D(z).



354 Todor Milanov and Yefeng Shen

Lemma 4.2. The connection matrices are given by the following formulas:
NIy —a=p) F(r(a+6-7)
Iy —a)l'(y -5 I(e)T'(0)

P2—)l(y—a-8) TE@-yI(a+B-17)
Fl-—a)l(1-8) T(l+a—-yL0+3—7)

32) D" =

4.2. The group I'(W)
Recall that T'(W) = Im(po), where
po : T (X) — GL(ho), bo = Ha(Xo1;C)” = Hy(Ep;C),

is the J-invariant part of the monodromy representation. Given a basis
{A, B} of by, we can compute the monodromy action on that basis by
computing the monodromy under analytic continuation of the correspond-
ing period integrals m4 (o) and wp(o) (see Section 2.2). Let D = 00,, then
both m4(0) and mp(0) satisfy a second-order differential equation

(33) D(D —1)7(o) — Co*(D + £a)(D + £8)7(a) = 0,

where C' is some constant, { € Z, o, € Qand a+3=1— %.

Using the substitution x = C ¢*, the differential equation (33) becomes
the standard hypergeometric equation (27) (with v = a + ), so the mon-
odromy can be computed as explained above. We fix a reference point on
C —{0,1,00} near = 1 and a basis of solutions as (29). Denote by M{¢
and MG the monodromy transformations of the column vector F(1(z) cor-
responding to paths going around x = 0 and x = 1, i.e., F(l)(m) — MEG FO)
(z), a = 0, 1. The superscript HG stands for hyper geometric reflecting the
fact that Ml-HG are monodromy transformations of a hypergeometric equa-
tion. We may choose the paths, s.t.,

(30 MG = MF M€ = () e,

where My, My and C°' are, respectively, the local monodromies near z =
0,1 and the matrix giving the analytic continuation from z =1 to x =0
(see Lemma 4.1).

Our substitution z = C ¢’ is a covering ¥ — {0} — C —{0,1,00} of
degree £. Let us denote by MiP F 1 < i < ¢, the monodromy transformations
corresponding to loops going around ¢ = p;, which are the singularities of
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pi
D1 x=Co’
e OO0

0

e G ]

Figure 1: The path corresponding to M}¥.

the differential equation (33),
(35) pi=CH = exp(2mV/=1/0).

The superscript PF stands for Picard—Fuchs reflecting the fact that MiPF are
monodromies of a Picard—Fuchs equation. Since ¥ = C\{p,...,p¢}, (W)
is generated by MZ-PF, 1 <1 < /. Lifting the reference point and choosing the
loops appropriately, we can arrange that

(36) MPF = (MJIS)— MIS (M9, 1<i<e

The path corresponding to MZ-PF is depicted in Figure 1: the red point in the
x-plane is the reference point while the red points in the o-plane are its lifts.
Note that the portion of the path in the o-plane between the two red points
is the lift of the loop in the z-plane that goes ¢ — 1 times around = = 0.

It remains only to explain how to find a basis of solutions { FFW, FGW}
that corresponds to periods of the elliptic curve, i.e.,

FPW(o) = ma(0), F3V(0) = 7mp(0),
where {A, B} is an integral basis of Hi(Ey;Z), s.t. Ao B = 1.
Remark 4.3. The superscript GW stands for Gromov—Witten and such a
notation is motivated by the fact that the corresponding periods are known

to be Gromov—Witten invariants (see [12, 15, 16] for more details).

The j-invariant of E, has the form

(37) o) = ¢ PlO) _ p(o)eclol,

1—Coh)N’
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where the zeroes of the polynomial in the denominator are precisely the
singular points in (35). Since we are interested in the matrices of the mon-
odromy transformations, we have the freedom to rescale the above basis by
any non-zero constant, so we may assume that

FGW Y 1 0
(38) aw| K |’
F2 F2

where Fl(l), FZ(Z) are viewed as multi-valued functions of o via the substitu-

tion z = C o', and a and b are some non-zero constants.

Lemma 4.4. The solutions FZ-GW, i =1,2, correspond to periods of the
elliptic curve (normalized as above) if and only if

1
a= (InP(p1) + 27vV—1m), b=2wv—1/N,
where p1 = C~Y/¢ and m is some integer.
Proof. Since 7 := FSW /FEW is the modulus of the elliptic curve, we must
choose a and b in such a way that j(o) = 1/q¢+---, ¢ = €*™7. Inverting the

relation (37) near o = p;, we find

e br bt
pL—0= e[ 14+ 0(e ))
ClIi—a(p1 — py) <

Then the lemma follows from

P(Pl)

10) = Norea) -

Let us point out that the value of a is fixed only up to 2mmy/—1/N for
some m € Z. This corresponds to the fact that while there is a unique choice
of an invariant cycle A € Hy(E,;Z) near o = py, so that up to a constant
ma(o) agrees with FZW, for the second cycle B € Hy(E,;Z), we have the
freedom to add any integer multiple of A. According to (34), (36) and (38)
we have

Lemma 4.5. Let FSW be the column vector with entries FGW, F$W. The
monodromy transformation along the fized loop going around o = p; acts on
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FGW by

(39) FOV e M FOYs My = KMT K
As a consequnce, the group f(W) is isomorphic to the subgroup of SLa(Z)
generated by M;o, 1 =1,... /.

Now we are in a position to prove Theorem 1.2. Some of the computa-
tions are quite cumbersome, so it is better to use some computer software,
e.g., Mathematica or Maple.

4.3. The Fermat Ef(;l’l) case
The polynomial in this case is
f(o,x) = 23 + 23 + 23 + 0 v12023.

Its modular group is well known. For the sake of completeness, let us recall
the computation. The j-invariant of this family is

, o?(0® — 216)3
oy -2 0?
(034 27)
The weights of Equation (33) are « = 3 = 1/3, v = 2/3. According to (39)
we have

1 3 1—-3m 3m?

M= , Mooy = )
0 1 -3 14 3m

4—3m 3(m—1)

M370 = )

-3 3m — 2

where the choice of m depends on the coice of a symplectic basis {A, B} in
H,(Ey;Z). The group generated by the matrices M; ¢ is independent of the
choice of m and it coincides with I'(3), i.e., (W) = I'(3). For the period
integrals ®,(0), r € Riy, the monodromy acts on the corresponding flat
sections by multiplication of e2mv/—ldeg P which is just J or J 2 with J the
classical monodromy operator. Thus I'(W) = I'(W) = I'(3).
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4.4. The Fermat E;l’l) case

The polynomial in this case is

flo,x) = af + 23 + 22 + o atal.

The j-invariant is

, 0?4+ 12)3
jlo) = 16((4__|_02))2.

Thus C = 1/4, £ =2 and P(0) = (02 + 12)3.

4.4.1. Monodromy of the invariant part. The parameters of Equa-
tion (33) are « = = 1/4, v = 1/2. We consider two singular points p; = 2
and po = —2. According to (39), the monodromy group is generated by the
following two matrices:

1 2 1—2m  2m?
Mo = » Mo = ;
0 1 -2 1+2m

where the choice of m depends on the coice of a symplectic basis {A, B} in
Hi(Ey; Z). We choose the basis to be such that m = 0; then the monodromy
group I'(W) is the group of all matrices

€ SLy(Z), a=d=1(mod4), b=c=0 (mod?2).
c d

)
I

This is an index 2 subgroup of I'(2). Note that in this case the matrix
presentation of I'(1¥') depends on the parity of m. Namely if m is even; then
we get the matrix group from above. If m is odd then we obtain again an
index 2 subgroup of I'(2) obtained from the above one by conjugation with

11
0o 1|

the matrix

4.4.2. Monodromy of the twisted sector. We fix the following basis
of the twisted sectors in the Jacobian algebra Zyy:

dp(x) = 2 alpa, = {(100), (010), (200), (110), (020), (210), (120)}.
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According to Milanov and Shen [16], the corresponding period integrals
(o) satisfy

(40) (4 — 030, ®r(0) = 2deg(dr) o Br(0), 1 # (200), (020),
and

(4= 02) 9y Papo(0) = %‘13200(0) — ®g20(0),

(a1) ;
(4 - 02) aaq)OQO(U) = —(I)QOO(O') + 5 @020(0’).

The monodromy of Equations (40) around ¢ = p; is straightforward to
compute:

O, ezwﬁdeg(dn)q)r’ 1=1,2.

For system (41), we can first obtain a second-order differential equation for
®oq9, which after the substitution x = 02/4 becomes the hypergeometric
equation with weights o = 3/4, 3 = 1/4,~ = 1/2. It follows that the system
can be solved as follows:

(42) Pa00| Fl(l) Fg(l) Ao
D20 LEY  LEM | | Agg

where Asgg and Agoy are flat sections of the vanishing cohomology bundle
and

L=—(4-0%0,+0/2

Let us denote by M; ;4 the 2 X 2 matrix defined by the analytic continuation
along a simple loop ~; around the point ¢ = p; of the following vector-valued
function:

FO M?1/4 F(I)’ ) — (Fl(l)’ FZ(l))T7

2

where the reason to use the transposition operation 7 will become clear
shortly. Since the LHS of (42) consists of holomorphic sections of the
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vanishing cohomology bundle, it must be invariant under analytic continua-
tion along any loop in Y. It follows that the monodromy of the flat sections is

Ao _1 [A200

= (Mi/4)
Ag2o Ap2o

Note that in the basis {04200, 01020} dual to {Agoo,Aogo} the matrix of the
monodromy transformation p(v;) is precisely M;;/4. On the other hand,
arguing as in Section 4.2, we get

T
Mia = ((MchG)“ M (M(I){G)(li)) , i=1,2

where M(?G and ]\41HG are the monodromies of the corresponding hyperge-
ometric equation around z = 0 and x = 1, respectively. Let us denote by

1 0 1 0
Dy = , D=
0 e2mv —1(1—7) 0 eQﬂ\/fl('yfafﬁ)

the local monodromies of the hypergeometric equation; then (see Lemma 4.2)
M{'S =D{;  My'S = (C")"' Df C".

A straightforward computation yields

1
M4 = s My =
0 -1 0 1

The group generated by these two matrices is Z/2 x Z/2. Let us point out
that this agrees with the so-called Schwarz list (see [13]), since the exponents
of the hypergeometric equation are

1

1 1
>\0:1_’Y:§7 >\1:’Y—a—ﬁ:—§, Aw:ﬁ_a:_i

Lemma 4.6. The kernel Ker (pg) = 0 and the modular group I'(W') = I'(4).

Proof. Let Y — ¥ be the universal cover of ¥ and let 7 : & — H be the map
given by the quotient of two periods: 7 = mp/m4. Using the Picard—Fuchs
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equation we find that

WI"(TFA, 71'3)
2

dr = do # 0.

TA

By the implicit function theorem 7 is a local homeomorphism. Using the j-
invariant we see that the map 7 is finite and surjective. Finite maps between
analytic varieties are proper. It follows that 7 is a covering. Finally, since
both Y and H are simply connected, 7 must be an isomorphism.

The monodromy group I'(WW) induces an action on H. If we assume that
Ker (pg) is non-trivial; then we can find two different points on ¥ such that
their 7-images coincide — contradiction. In particular, the condition (2) is
satisfied and the map (3) is well defined. Moreover, using our computation
of the monodromy of the twisted periods, we get that Im(pw) = Z/2 x Z/2,
i.e., we have a surjective group homomorphism

pw  T(W) — Z)2 x Z/2,

which implies that the index of Ker py in I'(W) is 4. On the other hand,
it is easy to see that I'(4) can be generated by the following (see [18]) 6
elements:

1 —4 -3 —4 1 0 9 -4 5 —4 9 -16

0 1 4 5 4 1 16 -7 4 =3 4 -7

We leave it to the reader to check that each of these matrices is in the kernel
of py . For example,

-3 —4

_ 2
= ((Mz) ™" Mip)”.
4 5
Under py the matrix M; o is mapped to M; ;4. Using the explicit formulas
for M; 1,4 we get that the above matrix is in the kernel of py. The remaining
five matrices are treated in a similar fashion. Hence we have

I'(4) C Ker pw C I'(W) C T'(2) C SLy(Z).

Since the index of I'(2) in SLa(Z) is 6 (see [17]), the index of Ker (pw) in
SL2(Z) must be 4 x 2 x 6 = 48. However, the index of I'(4) in SLy(Z) is also
48. The Lemma follows. 4
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4.5. The Fermat Eél’l) case

The polynomial in this case is
flo,x) = a8 + a3 + 22 + o alas.
The j-invariant is

40

(o) = 1728 —2 |
o) =1728 4 5 e

Thus C = —5-, £ = 3 and P(0) = 2560°.

4.5.1. Monodromy of the invariant part. The parameters of the
hypergeometric equation (27) are o = %, ==L 2

12:7 = 3
The singular points are

According to (39), the corresponding monodromy transformations are

11 —m (14 m)? 1-m m?
Mo = , Moy = , M3 = ;
0 1 -1 24+ m -1 14+ m

where the integer m depends on the choice of a symplectic basis in Hy(FEy,;
Z). We choose a basis such that m = 0 and simply denote the matrices M; g
by M;. The above matrices generate the entire modular group, because it is
well known that the matrices in SLy(Z)

1 1 0 1
S:: :Ml, T .= :M3M1M3 =M1M3M1
0 1 -1 0

are generators of SLo(Z). It is known that SLo(Z) has a presentation in
terms of the free group on two generators a and b satisfying the relations

aba = bab, (aba)* = 1.

It follows that Ker (pg) is the normal subgroup of the free group on three
generators M7, Mo and Ms generated by the relations

(43) My MsMy = M3My Mz, (MyMsMy)* =1, My Mz = MyM;.
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4.5.2. Monodromy of the twisted sector. We fix a basis of monomials
¢r(x) = 2 x5’ w5 in the twisted sector of H, where r = (r1,r2,73) is given
by

r= {(17 07 0)7 (27 07 0)7 (07 17 0)’ (17 17 0)7 (37 07 0)7 (27 ]'7 0)7 (47 07 0)7 (57 07 0)}'
The Picard-Fuchs equations for ®,(c), r = (1,0,0), (5,0,0) have order 1
(27 + 40%)0, ®p = 1202 deg(¢r) Py

The monodromy of these equations is straightforward to compute:

D, eQwﬁdeg(qﬁ,) D,

The remaining periods satisfy three systems of differential equations. Let us
describe them and their monodromies. In all three cases, we use the substi-
tution x = —403/27 to reduce the system to a hypergeometric equation and
then the monodromy is computed in the same way as before. We recall from
[16] that the first system is

9(k+1)
2

Pji000 — (k+ 1)o? Py 10

(27 + 40’3)80- ¢k+2’070 = —(k‘ + 3)0’2 (bk;+27070 —

3(k+3)o
2

k,1,05
(27 + 40%) 0y Pp10 =
The solutions to the system have the following form:

Ppt200| Y FyY Ak12,0,0

(44) =
Do LY L Y| | Ao

where Aji200 and Ap 1o are flat sections of the vanishing cohomology
bundle and Ly is a first-order differential operator,

2
Lyi=—— (27 + 40")0,® k+1)o2d k=0,1,2
k S(k + 3)0 (( 7 T o )8 k,1,0 + ( + )U k,l,(]); 07 )

The period @490, satisfies the hypergeometric equation with weights

(akaﬁk77k) = (1/4a 3/4> 2/3)7 (1/3a5/67 2/3)7 (5/12711/1272/3)7
k=0,1,2.

It is convenient to decompose f( into eigenspaces by of the classical mon-
odromy J, where the eigenvalue corresponding to by is €>™V~1¢. The
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monodromy representation p.g splits accordingly into a direct sum of rep-
resentations pg and we denote by M; 4 = [pa(vi)] (i = 1,2, 3) the matrices of
the monodromy representation in an appropriately chosen basis of ;. The
same argument as in the Eél’l)—case gives that

i i
1 0 V3 23
Miys = —2ny=1/3 |’ Moz = 2% 1 i |’
O e 4 _2_*_7 _
- V3 2 23
- 1 i
P 7_1_7
V3 4 43
Msys=1| i 1
V3 2 23

Using computer software one can check that the group generated by these
matrices is finite of order 24. Alternatively, since the exponents of the
hypergeometric equation are

1 1 1
)\0:1—’}/257 )\1:7—04—6:§, Aoo:ﬁ—oz:i,

we find that the hypergeometric equation is in the Schwarz list and that its
monodromy group is known to be isomorphic to A4 x Z/2. It has order 24.
From the system for (®300, P110) we get

1 0 -3 _Q\i/ﬁ
M == M =
1,1/2 0 o2mvin|’ 2,1/2 33 R
v € 2 2
B 1 )
2 24/3
M3 10 = 53 1
L2 2

It is easy to check that these matrices generate a group with six elements.
Again, we can obtain this from the general theory, since the exponents are

1 1 1
/\0:1—725, Alzfy—a—ﬂz—i, )\oozﬂ—ozzi

and the hypergeometric equation is again in the Schwarz list. The mon-
odromy group is known to be the dihedral group Dg.
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Finally, from the system for (@499, P210) we get

i i VB
10 /3 g

M o/3 = y Mooz = , ;
0 e 4mv=1/3 8 8V3i 1 i
- 3779 2793
I

[ RVC R TR

3,2/3 16 1+ i

L 3vV3 2 6

Again the matrices generate a group of order 24, which can also be proved
by the general theory, since the exponents are

1 2 1
)\0:1—7:3, Alzfy—a—ﬁ:—g, /\0025—0425-

Again, the monodromy group is isomorphic to A4 x Z/2. One can check that
(45)

-1 _ —1 -1 _ -1 -1 _ -1
M1,2/3 =S5 Myy35, M2,2/3 =5Msy/35, M3,2/3 =S5 Myq35,

where S is the diagonal matrix with diagonal entries —4/3 and 1.
Lemma 4.7. The condition (2) is satisfied and I'(W) =T'(6).

Proof. For the first part of the Lemma, it is enough to check that the matri-
ces M; 4,1 <i<3,d=1/3,1/2 satisfy the relations (43). Note that due to
(45) M; 5 /3 also satisfy the relations. This is a straightforward computation,
which we omit.

The homomorphism py decomposes naturally into (pw,1/3, Pw,1/2,

pm2/3), where
pw.a: T(W) — GL(ba)/ps, d=1/3,1/2,2/3.

We claim that Ker(pyy,1/3) = Ker(py.2/3) = I'(3). It is easy to find that I'(3)
is generated by the following matrices:

1 3 1 0 2 3
0 1 3 1] |-3 4
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We leave it to the reader to check that they belong to the kernel of py 4 for
d=1/3 and d = 2/3. Our claim follows, because the index of I'(3) in SL2(Z)
is 24 (see [17]). Similarly one can verify that Ker (py1/2) = ['(2), so we get

L(W) = Ker (pw) = Ker (pw,1/3) N Ker (pw1/2) N Ker (pyw2/3)
—T(3)NT(2) = I'(6). -

Acknowledgments

We thank Yongbin Ruan for his insight and support for this project. Both
authors thank for many stimulating conversations. The first author bene-
fited from conversations with Satoshi Kondo and Charles Siegel. We thank
Arthur Greenspoon and Noriko Yui for editorial assistance. The work of
both authors is supported by Grant-In-Aid and by the World Premier Inter-
national Research Center Initiative (WPI Initiative), MEXT, Japan.

References

[1] M. Abramowitz and I.A. Stegun, Handbook of mathematical functions,
U.S. Government Prinitng Office, Washington, DC, 1972.

[2] V. Arnold, S. Gusein-Zade and A. Varchenko, Singularities of differen-
tiable maps. II Monodromy and Asymptotics of Integrals, Birkh&user
Boston, Boston, MA 1988. viii+492 pp.

[3] W. Chen and Y. Ruan, Orbifold Gromov—Witten theory, Orbifolds in
mathematics and physics, Contemp. Math., 310, Amer. Math. Soc.,
Providence, RI, 2002, 25-85.

[4] A. Chiodo and Y. Ruan, Landau—Ginzburg/Calabi-Yau correspondence
for quintic three-folds via symplectic transformations, Invent. Math.
182(1) (2010), 117-165.

[5] A. Chiodo and Y. Ruan, A global mirror symmetry framework for
the Landau—Ginzburg/Calabi-Yau correspondence, Ann. Inst. Fourier
(Grenoble) 61(7) (2011), 2803-2864.

[6] B. Dubrovin, Geometry of 2d Topological Field Theories, Integrable
Systems and Quantum Groups. Lecture Notes in Maths., 1620:
Springer, Berlin, 1996, 120-348.

[7] H.Fan, T.J. Jarvis and Y. Ruan, The Witten equation, mirror symmetry
and quantum singularity theory, Ann. Math. 178(1) (2013), 1-106.



Modular groups and simple elliptic singularities 367

[8] H. Fan, T.J. Jarvis and Y. Ruan, The Witten equation and
its wirtual fundamental cycle, Book in preparation, Preprint 2007,
arXiv:0712.4025v3.

[9] A.B. Givental, Semisimple Frobenius structures at higher genus, Int.

Math. Res. Notices 23 (2001), 1265-1286.

[10] A.B. Givental, Gromov—Witten invariants and quantization of quadratic
Hamiltonians, Dedicated to the memory of 1.G. Petrovskii on the
occasion of his 100th anniversary, Mosc. Math. J. 1(4) (2001), 551-568,
645.

[11] C. Hertling, Frobenius manifolds and moduli spaces for singularities,
Cambridge Tracts in Mathematics, 151, Cambridge University Press,
Cambridge, 2002, x+270 pp.

[12] M. Krawitz and Y. Shen, Landau-Ginzburg/Calabi-Yau correspondence
of all genera for elliptic orbifold P*, 2011, arXiv:1106.6270.

[13] M. Matsuda, Lectures on algebraic solutions of hypergeometric differ-
ential equations, Lect. Math. 15, Tokyo, 1985.

[14] T. Milanov, Analyticity of the total ancestor potential in singularity
theory, Adv. Math., 255 (2014), 217-241.

[15] T. Milanov and Y. Ruan, Gromov-Witten theory of elliptic orbifold P!
and quasi-modular forms, preprint arXiv:1106.2321v1.

[16] T. Milanov and Y. Shen, Global mirror symmetry for invertible simple
elliptic singularities, 2012, preprint arXiv:1210.6862.

[17] T. Miyake, Modular forms, Springer-Verlag, Berlin, 1989. x+335 pp.

[18] D. Mumford, Tata lectures on Theta, Birkhiiser Basel, 1990.
XVI+236 p.

[19] Y. Ruan, The Witten equation and the geometry of the Landau—
Ginzburg model, String-Math 2011, 209-240, Proc. Symp. Pure Math.,
85, Amer. Math. Soc., Providence, RI, 2012.

[20] K. Saito, On Periods of Primitive Integrals, I, preprint RIMS, 1982.

[21] K. Saito, Finfach-elliptische Singularititen. Invent. Math. 23 (1974),
289-325.

[22] K. Saito, Extended affine root systems I. Cozeter transformations. Publ.
RIMS, Kyoto Univ. 21 (1985), 75-179.



368 Todor Milanov and Yefeng Shen

[23] K. Saito and A. Takahashi, From primitive forms to Frobenius mani-
folds, Proc. Sympos. Pure Math. 78 (2008), 31-48.

[24] M. Saito, On the structure of Brieskorn lattice, Ann. Inst. Fourier 39
(1989), 27-72.

KavLl INSTITUTE FOR THE PHYSICS AND MATHEMATICS OF THE UNIVERSE
(WPI)

ToDAI INSTITUTES FOR ADVANCED STUDY, THE UNIVERSITY OF TOKYO
Kasuiwa, CHIBA 277-8583

JAPAN

E-mail address: todor.milanov@ipmu. jp

E-mail address: yefeng.shenQipmu. jp

RECEIVED JANUARY 9, 2014




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


