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Multi-point virtual structure constants and mirror
computation of C'P?-model

MASAO JINZENJI AND MASAHIDE SHIMIZU

In this paper, we propose a geometrical approach to mirror compu-
tation of genus 0 Gromov-Witten invariants of CP2. We use multi-
point virtual structure constants, which are defined as intersection
numbers of a compact moduli space of quasi-maps from C'P! to
CP? with 2 + n marked points. We conjecture that some gener-
ating functions of them produce mirror map and the others are
translated into generating functions of Gromov—Witten invariants
via the mirror map. We generalize this formalism to open string
case. In this case, we have to introduce infinite number of defor-
mation parameters to obtain results that agree with some known
results of open Gromov-Witten invariants of C'P2. We also apply
multi-point virtual structure constants to compute closed and open
Gromov—Witten invariants of a non-nef hypersurface in projective
space. This application simplifies the computational process of gen-
eralized mirror transformation.

1. Introduction

Mirror computation of the genus 0 Gromov—Witten invariants of C'P™ has
been investigated by several authors [2,8]. They were motivated by the
Landau-Ginzburg potential proposed by Eguchi et al. in [5]:
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In [2], Barannikov introduced a pair (X, f),
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and considered a potential function,

(1.3) Fzt) = f+ Z tm <Zmz> ,

and oscillating integrals,

F(x:t)\ dzodxy - - day,
(1.4) SOk(tah):/A eXP( (;;’ )> Dot 11 B

d(ggo ce xn)

where A is some appropriate relative n-cycle of X. He next introduced
functions 1 satisfying the following normalization condition:

n
Dk
(15) wk(tv h) = Z um(ta h)hatim(()’ h)a
m=0

and having good asymptotic behavior in k. Here, up, (t, h) = dmo + Z;; ﬁ
uly? )(t). The main result of [2] is given as follows. If one makes a change
of parameters y™ = u(_l)(t), then Picard—Fuchs equation for ;’s takes the
form:

PP 1~ gy O
and
(1.7) AT (y) = 0i0;0mFepn(y),

where Fopn(y) is the generating function of genus 0 Gromov—Witten invari-
ants of C'P". His method is fundamentally the same as use of Birkhoff
factorization to construct connection matrices of quantum cohomology from
Picard Fuchs equation including % [7,8]. In [8], Iritani pointed out this fact
and reformulated Barannikov’s result in terms of extended [I-function of
CP™ (H. Iritani, 2013, private communication).

In this paper, we propose a geometric approach to mirror computation of
genus 0 Gromov-Witten invariants of C'P? by extending our previous results
in [11]. In [11], we proposed a general conjecture that for a toric manifold X,
we can construct a compact moduli space of quasi-maps from CP' to X of
degree d with two marked points, which we denote by Mp 5(X,d). We also

conjectured that an intersection number w(0nOpg)o,a of Mp, »(X,d), which
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is defined as an analog of the genus 0 Gromov—Witten invariant (0,Og3)0.a
of X, gives us the data of the B-model of mirror computation. Roughly
speaking, Mpy 5(X,d) is a compactification of quotient of the moduli space
of “polynomial loops” [6] divided by the C* action on C'P! that fixes 0 and
oo in CPL. Especially, w(010p).a gives us the information of the mirror
map by the following correspondence.’

(1.8) t = b (Z w(0105)0.4 ed*) :

d

= g% 4+ P Z w(0105)0,a e*™
d+0

In the above formula, n®? is the inverse of the classical intersection matrix
Nag = | yaApand d-x = Z'y dyx7, where v runs through additive gen-
erators of H1(X). The subscript o in (1.8) is not restricted to H(X)
and can vary at least the range of the sub-ring of H**(X) multiplicatively
generated by H!(X). But the deformation parameters 27 are restricted to
HY'(X). This restriction comes from the fact that the intersection num-
ber w(0n,0p)oa is a two point correlation function. In order to include
deformation parameters that couple to cohomology elements other than
HY1(X), we have to define 2+ n point correlation functions. This task
forces us to construct a compact moduli space of quasi-maps with 2 +n
marked points. In constructing Mpgo(N,d) := Mpyo(CPN™1 d) in [11],
the number two is special because it is based on geometric invariant the-
ory of C* action on CP!, that keeps 0 and oo in CP! fixed. On the
other hand, Alexeev and Michael Guy considered various compactification
of the moduli space of (complex structure of) CP! with marked points
in [1]. In their examples, there exists a compactification that corresponds to
C* geometric invariant theory. We denote this moduli space with 2 +n
marked points by M0,2|n because the first two marked points 0 and oo
are special. Main difference from the moduli space Mg 24y, which is com-
pactified by PSL(2,C) geometric invariant theory, is given as follows. In
the open stratum of MO,ZM? the n marked points are distinct from 0 and
o0, but they can coincide with each other in C* = CP! — {0, 00}. Bound-
aries of Mmm consist of stable curves of chain shape, whose component

'Recently, geometric reconstruction of the mirror map by using ]\A/[;)O’Q(X ,d) was
also found from the point of view of Givental’s J-function by Cooper and Zinger [4],
and Ciocan—Fontanine and Kim [3].
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CPY’s are connected at 0 and co. The boundary structure of ]\7;)072(]\7 ,d)
given in [11] is the same as the one of Mo,mn- In this paper, we con-
struct ]\%OQM(N ,d), the compact moduli space of quasi-maps from CP! to
CIZJ\VJ ~! with 2 + n marked points, by combining the construction processes
of Mpg o(N, d) with the one of Moz\n- We can then define a intersection num-
ber w(Ope O | Hn m;)o,d, which is an analog of the genus 0 Gromov—
Witten invariant <Ona (’)hb I =1 Opmi )o,d- Here h is the hyperplane class in
H**(CPN~1). This intersection number satisfies the puncture axiom and the
divisor axiom of the Gromov—Witten invariant with respect to the operator
insertions that correspond to the latter n marked points. Moreover, we can
derive a closed formula of w(OpeOpe| [Tj_; Opmi)oa by applying the same
localization technique as the one used in [11]. With this setup, we can gener-
alize (1.8) in the CPN~1 case, to include deformation parameters 27 coupled
toh! (j=0,1,2,...,N —1).

(1.9) ti(a°,..., 2N
N—

—_

00 N— xl)mz
E Z ’w((’)l(’)h; H th ml O,d
ml!
d=0 my >0 1=0 1=0
0 N— N-1, jum
: . 1 xt)m
i [ 30 w00 | T (@) st TT ¢ 2
d—=1m; >0 1=2 1=2 b

Let w((’)ha(’)hb (20,21, ..., 2V 7))o be the generating function of w(Op. Ops|
fv o (Opt)™)o, d- We ConJecture that substitution of inversion of (1.9) into
W(Oha Ope (20, 2, ... 2N 71))g results in (Opa Oy (12,81, ..., tV 1)), the gen-

erating function of (OO (th)m‘>g 4- In this paper, we test

numerically this conjecture in the C’P2 case. The result indeed supports
our conjecture. At this stage, a natural question may occur. Does the mir-
ror map constructed in (1.9) coincide with the mirror map obtained from
the method of Barannikov and Iritani? In this paper,we compare our mirror
map for CP%-model with the mirror map derived from Iritani’s extended

I-function. We find that they do not coincide. But, we cannot conclude only

from this fact that our construction has no connection with the standard

mirror computation of C'P?-model. According to Iritani (H. Iritani, private
communication), there are infinitely many ways to choose a polynomial that
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couple to the deformation parameter 2. If we change the polynomial, the
mirror map obtained from Birkhoff factorization may vary. Up to now, we
have tested only one choice. Therefore, we cannot deny the possibility of
appropriate choice that reproduces our mirror map.

Next, we apply the moduli space Mp072|2n(3,2d — 1) to compute open
Gromov-Witten invariants of CP?. We define an anti-holomorphic invo-
lution of M p07%(3, 2d — 1) that exchange the two special marked points.
We denote by MpD71|n(CP2/RP2, 2d — 1) the subset of ]\76)072|2n(3, 2d—-1)
invariant under the involution. It is nothing but the moduli space of quasi-
maps from disk {|z| < 1} to C P2 Here, boundary of the disk is mapped to
RP?, the real Lagrangian submanifold of CP2. The special marked point is 0
and the remaining n marked points can lie freely on {0 < |z| < 1}. With this
setup, we compute a intersection number w(Opa | H?Zl Onmi ) disk,2d—1, which
is an analog of the open Gromov—Witten invariant (Opa H?Zl Onmi ) disk,2d—1-
This line of construction is a generalization of our previous work [12] on
one point open Gromov—Witten invariants to 1 + n point Gromov-Witten
invariants. With this construction, we can compute w(Opa (2, ', 22))qisk,
the generating function of w(Ope| [Tr_g(On)™ )aisk2d—1- Then our ques-
tion is the following. If we substitute inversion of the mirror map given
in (1.9) into w(Opa (20, 21, 22))gisk, can we obtain the generating function
(Oha (12,11, 1?)) qisk ? The answer turns out to be “no”. The result so obtained
did not reproduce (Opa H?ZO(Ohl)m’>disk,2d—1 with lower d that can be com-
puted from localization theorem “naively” applied to the moduli space of
stable maps for open Gromov—Witten invariants. After some try and errors,
we found a way to remedy this disagreement. It is to introduce unnatural
deformation parameters t/ (j = 3,4, ...) that couple to k7. Note that b/ = 0
(j > 3) in H**(C'P?), but we can formally compute non-zero w(Ope| ]2,
(Opt)™ )disk,24—1 because the closed formula for this intersection number is
represented in the form of a residue integral. In order to obtain the mir-
ror map, we also have to compute w(O1Ope|[[;25(On:)™ )o,a with a < —1
on the closed string side. But it is possible since the closed formula for
W(Ope O [Tj—1 Opmi)o,a is also written in the form of a residue integral.
After all, what we have obtained is the following table of open Gromov—
Witten invariants ((Opz )3d_2>disk’2d_1.

Disk Gromov—Witten invariants of CP? with maximal h2-insertions

d 1 2 3 4 5 6

9 | 3361 | 5784805 | 28104787833 |  291021328876469
4 32 256 2048 16384

((Op2 )3d72>disk,2d—1 2| -




416 Masao Jinzenji and Masahide Shimizu

The first four numbers coincide with the numerical results obtained from
localization computation applied to the moduli space of stable maps for
open Gromov—Witten invariants. Of course, our A-model computation of
((Oh2)3972) 4isk 241 up to the d = 4 case is based on naive localization tech-
nique. Therefore, we have to say that the above results are quite speculative
and need rigorous geometrical footing.

Our construction of multi-point intersection numbers for quasi-maps can
be easily generalized to degree k hypersurface in CPV~! (we denote it by
M }{,) In this case, we can use our new intersection numbers to simplify
computational process of generalized mirror transformation [9,10]. In the
k > N case, generalized mirror transformation for two point Gromov—Witten
invariants includes multi-point intersection numbers. But in [10], the inter-
section numbers we have as initial data are the ones that correspond to
wW(OpeOpp)o,4. Therefore, in order to obtain multi-point intersection num-
bers, we have to use associativity equation [14]. This process made the com-
putation awfully complicated. In the open string case [12], this obstacle also
made the mirror computation of open Gromov-—Witten invariants of M ]]f,
(K > N) incomplete. Now that we have multi-point intersection numbers
on the B-model side, we can execute the generalized mirror transforma-
tion only by one process of coordinate change. In this paper, we apply this
idea to compute both closed and open Gromov—Witten invariants of M89 .
It works well as we expected. Especially in the open string case, we do not
have to introduce unnatural deformation parameters in contrast to the C'P?
case. -

This paper is organized as follows. In Section 2, we first construct Mpy 5,
(N,d), the compact moduli space of quasi-maps from CP' to CPN~! of
degree d with 2 + n marked points. After giving definition of the intersection
number w(Opa Ops | H?:l Opmi)o,4, we derive a closed formula for it by using
localization technique. Next, we present numerical results of these intersec-
tion numbers for CP? and test our conjecture on the mirror computation
of C'P?-model. In the last part of this section, we compare our mirror map
with the one obtained from Iritani’s extended I-function. In Section 3, we
construct the moduli space Mp DJ‘n(C’P2 /RP? 2d — 1) and derive a closed
formula for the intersection number w(Opa| H?Zl Opmi)disk,2d—1 along the
same line as Section 2. Next, we exhibit explicit numerical results of the
mirror computation of open Gromov-Witten invariants of C'P?-model. In
Section 4, we apply the formalism in Sections 2 and 3 to compute closed
and open Gromov—Witten invariants of M89 . We show that our new formal-
ism simplifies the process of generalized mirror transformation in [10,12], by
presenting explicit numerical data.
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2. Closed string case

2.1. Construction of the moduli space J%o,2|n(N, d)

In this section, we construct ]\%OQM(N ,d), the moduli space of quasi-maps
from a certain class of semi-stable genus 0 curves to CPN™! with 2 +n
marked points. The semi-stable curve we use is a chain of several C'P's,
each of which is connected at 0 and oco. Let | be the number of CP’s in
the semi-stable curve. We represent here the stable curve as Ul_ (CP1);.
Intersection of (CP'); and (CP');11 is given by (00); = (0);+1. (0); and
(00); are the two special marked points of the semi-stable curve. A quasi-
map ¢ from CP! to CPN~! of degree d is defined by,

d
(2.10) p(s:t)= [Z aisitd_i] . (a; e CY),
=0

where s and t are homogeneous coordinates (s : t) of CP'. [¥] denotes equiv-
alence class of x under projective equivalence of CPN~=1, Our construction is
based on construction of Mpy o(V,d), the moduli space of quasi-maps from
the above semi-stable curve to CPN~! with two marked points. Its con-
struction was given in our previous work [11]. In constructing Mp (N, d),
we considered a chain of quasi-maps Uézlcpi to represent a quasi-map from
Ut_ (CPY); to CPN~1. The chain U._,¢; is classified by ordered partition
(di,da,...,d;) of d where d; is degree of ¢; and it was used to compact-
ify the moduli space. Then what we have to do in addition to construct
Mpg o (N, d) is to distribute n marked points on the semi-stable curve
UL_,(CPY);. But there occurs one subtlety. We have to consider the case
when some of the n marked points are located at (0); or (00);. To describe
this situation, we need to insert MD,ana the moduli space of complex struc-
ture of C P! with 2 + n marked points compactified by C* geometric invari-
ant theory, to these points. -

Now let us begin construction of Mpy 4, (NN, d). As the first step, we
define Mpy o), (IV, d), which is Zariski-open subset (or bulk part) of ]\%O,mn
(N,d). It is defined as follows:

(211) Mp0,2|n(N7 d) = {((a07a1) o )ad)7 (’217'227 .. '7'271)) |ai € CN)
ag,aq # 0, z; € C*}/(C*)2.

In this definition, the first two marked points that correspond to 2 in the
subscript 2|n are 0 and oo in C'PL. We note here that z;’s need not be distinct
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points in C* = CP!\ {0,000} when n > 1. We define here the (C*)? action
in (2.11). Let (), 1) € (C*)2 Then it is given by,

(2.12)
A ((ag, a1, ..., a9), (21,22,...,2n)) = ((Aag, Aay, ..., \ag), (21,22, ..., 2n)),
w- ((3078.1, .- '7ad)7 (2’1,2,'2, .- '7Zn)) = ((a()nu’ala .- 'Juzaia e 'Ndad)v

(M_lzlv /J_lz27 s 7#_1'271))‘

The first two marked points are (0:1) and (1:0) and the remaining n
marked points are given by z; = i—j (j =1,2,...,n), respectively. The condi-
tion ap, ag # 0 guarantees that images ¢(0: 1) and ¢(1 : 0) are well-defined
in CPN~1. The first C* action in (2.12) corresponds to projective equiva-
lence of CPV~! and the second one corresponds to automorphism group of
CP! that fixes the first two marked points.

When we consider the moduli space of quasi-maps with marked points,
it is important to consider evaluation maps. For the first two marked points,
we define evaluation maps evg and evy, as follows:

(2.13) evo([((ag, a1, ..., aq), (21,22, ..,2n))]) := [a0],

evoo([((ag,at, ..., aq), (21,22, .. .,2n))]) := [aqg],

where [#]’s in the Lh.s.’s denote the equivalence classes under the (C*)?

action. To define evaluation maps ev; (i = 1,...,n) that come from evalu-
ation of a quasi-map at z;, we have to take care of a subtlety arising from
“freckled instantons”. A freckled instanton is a quasi-map ¢(s :t) whose
defining vector valued polynomial Z?:o a;s't?? is factored as follows:

(2.14)

d . . m d—m . ‘
Zais’td_l = <H(s - ozﬂ)) . Z b;sitdm (m>1, o €CX).
i=0 =1 7=0

In (2.14), Z;l;? b;s7t4=™=J is an irreducible vector valued polynomial. We
cannot define image of ¢ at (aq : 1) because Z;‘i:o a;(oy)’ = 0. But images
of the other points in CP! are given by [Z?;gl b;sitd=m=J]. Therefore, we
define ev; as follows:
d—m
(2.15) evi([((ap, a1, ..., aq), (21,22,...,2n))]) = Z b;(z)!
=0

J
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If Z?:o a;s't%" is irreducible, we define,
(2.16) evi([((ag, Aly ...y ad), (2’1, 2y e ey Zn))]) = Z aj(zi)j

As was suggested in the construction of ]\%0,2 (N,d) in [11], we can easily
see that M p072‘n(N ,d) is not a compact space. Therefore, we compactify it
by adding boundary strata. We start this process by taking Mg o, (IV, 1) as
an example. In this case, it is obtained by taking (C*)? quotients of the set
{((ag,a1), (21, 22,- -, 2n)) |ag,a1 # 0,z € C*}. Using the (C*)? action, we
can see,

(2.17) Mpo (N, 1) = {(([ac], [a1]), (21, -, 2n)) [ z: € C*}
=CPNtx PN (Cc*)n,

Therefore, it is not compact. To compactify this space, we have to add
boundaries to describe the situation that some z;’s go to 0 or co in C'P!.
For this purpose, we introduce M0,2|na the moduli space of complex structure
of C P! with n marked points compactified by stable curves of chain shape.
To construct MOQ‘”, we start from an open stratum My o), defined by,

(2.18) Mo o)y := {(21, 22, - - -, 2n) | 2: € C* (= CP'\ {0,00})}/C*,

where C* action is given by - (z1,29,...,2,) := (121, 422, ..., pzy). The
two marked points that correspond to 2 in the subscript 2|n are 0 and co.

We can easily see that M 5|1 is just an one-point set. Then we decompose
the subscript set {1,2,...,n} into disjoint union of ordered [ subsets (1 <
[ <mn):

l
(2.19) [T4i={12....n}, A#0.
j=1
With this setup, MO,2|n is give by a disjoint union of strata as follows:
(2.20)  Moayp, = I1 (Moajja,) % Mo g|a, % -+ % Mojja,) -
;‘:1 Aj:{1727"'7n}

In (2.20), a point in the stratum labeled by Hé’:l A; corresponds to the
stable curve Ul_, (CP');, where (C'P'); has |A;| marked points (z;); (j € A;)



420 Masao Jinzenji and Masahide Shimizu

other than 0 and co. With this stable curve in mind, how to glue these strata
is obvious. Next, we introduce a compact space My o1, (IN,0) given by,

(2.21) Mpy 9/ (N, 0) := CPY ™1 5 M o,.

For brevity, we also introduce an auxiliary space ]\7/1/0072|0(N ,0) :=CpPN-L
We then turn back to compactification of Mpy o, (N, 1). We decompose the

subscript set {1,2,...,n} into disjoint union of three subsets:
(2.22) A4 ={12...,n}.

In (2.22), each subset can be an empty set. Then ]\%072‘71(]\7, 1), the com-
pactification of Mpy o, (N, 1) is given as follows:

(223)  Mpoga(N,1) = I1 (Mpo .4,/ (N,0)
Aol Bi 11 A1={1,2,...,n}

X Mpoop,|(N,1) % Mp072||A1(N,0))-
cpy- opN-

In (2.23), the stratum labeled by Ao [[ B1 ][ 41 corresponds to the configu-
ration of marked points where z; (j € Ag) (resp. z; (j € A1)) goes to 0 (resp.
00). mOQHAoI(N’ 0) xgpn-1 Mpg g ,|(IV, 1) is a fiber product with respect
to the projection 7 : ]\%O,QHAM(N, 0) — CPN~!and evy : Mpg g ,|(N, 1) —
CPN=1. Mpg oy g, (N, 1) xcopn-1 MO,z\\Aﬂ(N’ 0) is also a fiber product with
respect  to  €ve : Mpo 2 B,|(N, 1) — CPN=1 and the projection  :
Mpo g4, (N,0) — CPN1.

We now turn into constructiogf ]\%OQM(N ,d). For this purpose, we

look back at the construction of Mpg4(N,d), i.e., the n =0 case. In this
case, we introduce ordered partition of the degree d:

(2.24) OP; := {(dl,dz,...,dl)|d1+d2+"'—|—dl =d, dj >1,1 §l§d}.
In [11], mo,z(N7 d) was constructed as follows:

(2.25)
Mpyo(N,d) = ] <Mpo,2(N,d1) X Mpoa(N,dy) x ...
opN-1 CPN-1
(d1ye..sdi)EOP;

X Mpoa(N, dz)) 7
CPN-1
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where Mpg2(N,d) is the space Mpggo(N,d) defined in (2.11). In (2.25),
MpO,Q(N, dl) XopN-1 Mpoyg(N, di—i—l) (1 <3 <l-— 1) is a fiber product with
respect to  eVs : Mpo2(N,d;) — CPN-1  and evp: Mpo2(N,dit1)
— CPN=1. A point in the stratum labeled by (di, ..., d;) is a chain of quasi-
maps Uézlgoi where degree of ¢; is given by d;. Fiber products are used to
guarantee ¢((00);) = @i+1((0)i+1). Construction of Mp o, (N, d) is done by
combining (2.23) and (2.25). For an ordered partition (dy,ds,...,d;) € OPy,
we consider ordered decomposition of the subscript set {1,2,...,n}:

l l
(2.26) (HAi> 11 (H Bi> ={1,2,...,n},
=0 =1

where A; and B; can be empty sets. Then ]\71/7072|n(N ,d) is given as follows:

(2.27)

—7\7[]/90,2|n(N7 d) := H H

(dvyed)€OP (TT1_) A TI(ITL, Bi)={1.2,...n}

(Mp[),QHAO (NV,0) o Mpg 2 B,|(N, d1)

X Mpoga, (N,0) X Mpoap,|(N,ds)

cpN-1 CcPw
X MpO,2HA2|(N> 0) x Mp0,2\|B3|(N’ d3) X
—1 CPN*I

cpN- cpPy

x  Mp N,0) x M N,d
o P24,y )CPN—l 0,28, (N, di)

x  Mp N,0) ).
s Po,2)|4, )>

In  (2.27),  Mpgg)p,|(N,di) Xcpy-+ Mpgg)a,/(N,0) Xcpy-1 Mpg o) ,..,|
(N, d;+1) means just

Mpo o) B,|(N, d;) cps Mpo 2B, .| (N, dit1)

if A; = (). Otherwise, it means

<(MP0,2Bi|(N7 di) X Mpog)ip.. (N, dz’+1>> x Mogj|a,|-

A point in the stratum in (2.27) labeled by (dy, ..., d;) represents a chain of
quasi-maps ¢; : (CP'); — CPN=1 (i =1,2,...,1) that satisfies ;((00);) =
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@i1((0)i41) (1 < i <1=1). T it is in the stratum labeled by (ITi_o4;) [T
(]_[2:1 Bi) ={1,2,...,n}, the marked point z; (j € B;) lies inside C* C
(CP'); and the marked point z; (j € A;) are mapped to ¢;((00);) = pit1
((0)ig1)(i=1,...,0—1) (resp. ¢1((0)1) if i = 0 and ¢;((c0);) if i = 1). With
this set-up, we can easily extend the definition of the evaluation maps
evy, Voo, ev; (i =1,2,...,n) to whole Mpy 5, (N, d).

To summarize the construction done in this section, we present here a
list of the moduli spaces for convenience of readers.

/%072‘”(N ,d) Compact moduli space of quasi-maps of degree d from a
chain class of semi-stable genus 0 curves to CPVN~! with
2 4+ n marked points

Mpo 2, (N,d) Zariski open subset of ]\%OQM(N, d)

Mo 2 Open stratum of n marked points in C'P! with C* action

2In Moduli space of complex structure of C P! with n marked
points compactified by stable curves of chain type

2.2. Localization computation

In this section, we compute an intersection number w(Opa Ops | H?Zl Onmi)o.d
on Mpg 91, (N, d) by using localization technique developed in [11]. Here, h
is the hyperplane class in H*(CPN~1). It is defined as follows:

Definition 1.
(2.28)

W | OpaOpo| H Opm; = /V evg (h?) - ev’, (hY) - H evi(h™),
j=1

j=1 0.d Mpo,z\n(Nvd)

where - is the product of the cohomology ring H* (%072|R(N, d)).
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Our purpose in this section is to prove the following theorem:

Theorem 1.

(2.29)

w <Oha Oh

- o 1 dZ() dzl
U (O ) T (2ny/—1)dH 72 ()N 72 (20)N

0,d (0)
% % dzd
pe (2a)N

(0)

x(za)" ]I ZWLi(Zj—hzj) , (d>0).

||’:]|

22] — Zj—1 = Zjt1)

i=1 \j=1
where w},(z,w) = =" and 5 \/— §E7 dz; means the operation of taking
residues at zj =0 and z; = m forj =1,2,...,0—1 (resp. zj =0 for

j=0,d).

Proof. We prove the theorem by using localization computation. We intro-
duce a C* action on Mpy 5,,(N,d) to apply localization technique. First,
we define it on the bulk stratum Mpy o), (N, d).

(2.30)
(e [((ag,a1,...,aq), (z1,...,2))] := [((e)‘otao, eMlay, ..., eMlay),
(215, 2n))], (t, A € C),
where \; (i = 0,1,...,d) are the characters of C* action. The C* action acts

only on parameters of quasi-maps. The part of ]\%072‘71(N ,d) that describe

parameters of quasi-maps is the same as ]\71/7072(N ,d) whose boundary struc-
ture is given by ordered partition (di,...,d;) € OFy. In [11], we gave toric
construction of M p072(N, d) by introducing boundary divisor coordinates
uj(j=1,2,...,d—1). A point in ]\7{)072(N, d) was described by

[(aOaah <oy Ag, UL,y - ,Ud_l)],

where [#] represents equivalence class under the (C*)4*! action used in the
toric construction. See [11] for details. In [11], we used fundamentally the
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same C* action as (2.30) , that acts on ]\7]/9072(N, d). Tt was defined by,

At A

(2.31) (et) -[(ap,a1,...,aq,u1,...,u4—1)] := [(e’\otao,e tay, ... ettay,

Uty -5 UG—1)]-

Note that (2.31) is defined on the whole strata of ]\7]/9072(N, d). Since the
part of ]\%O,QM(N ,d) describing parameters of quasi-map is the same as
]\7;)072(N, d), we can extend the C* action given by (2.30) to whole ]\A/_TE)OQW
(N,d). -

Next, we determine fixed point sets of Mpy o, (IV, d) under the above C*
action. We consider first the stratum Mpy o, (IV, d). Since [*] in (2.30) rep-
resents equivalence class under (C*)? action, we can trivialize this action on
ag and ay by regarding them as [ag], [ag] € CPN~1. After this trivialization,
the C* action in (2.30) is rewritten as follows:

(2.32)
(e") - (([ao] a1, ..., [ad]]), (21, -, 2n))
Ag—Xo _ _d=1)(Ag—=>0)
_ (an]’ o =20) =245 )tal’m’ o((Aa=1=X0) 2 )tad_h[ad“)’
Carati e<7“?°>tzn)) .

Therefore, fixed points appear only if n = 0 and they are given by,

(2.33) (([a0], 0, ..., 0,[ad]])) -

Even after the trivialization, we still have remaining Z; action:
(234) C : (([aO]a al,---,ad-1, [ad]), (217 SRR Zn))

= ((Taol,Car,- - ¢*aan fad), (o1 )

(e (25))

Hence, the fixed points in (2.33) are Z4 orbifold singfl\llarities in ]\A/[_]/)OMO(N ,d).
(2.33) also tells us that the fixed point set of Mpy4o(IN,d) is given by
CPN=1 x CPN~1. Now, we can determine the fixed point set in the stratum
labeled by (dx, . .., d;) and (H§:0 Ai> 1T (HLl Bi) = {1,2,...,n}. We have
non-empty fixed point set only if B; =0 (i = 1,2,...,1). If this condition is
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satisfied, the fixed point set of the stratum is given by H o(CPN=1), x
HZ oMy 2l14, (f A; = (), we do not include M 2/|4,] in the product) Here,
the first factor represents a chain of quasi-maps:

l . o
(2.35) U layi-ig, (5)" +ay:_ g (t)"],

and the second factor describes degrees of freedom of marked points that
are mapped to [az' ] (1=0,1,...,1). This fixed point set is also a set of
orbifold singularities on which H 14g, acts.

We have determined the fixed point sets of Mp Po,2n(IV, d) under the C*
action of (2.30). To proceed the localization technique, we analyze contribu-
tions from normal bundle of the fixed point set labeled by (dy,...,d;) and
Hi’:a A; ={1,2,...,n}, to localized integrand. For brevity, we introduce
another notation of an ordered partition (dy, ..., d;):

(2.36)
O=fo<fi<fo<---<finn<fi=d, fj—Ffi-1=4d; (j=1,2...,0).

In the following, we denote by hy, the hyperplane class of (CPN~1); in
l — L =77
Hi:O(CPN 1)1’ x [Ti=o Mo )| a;)-
We first compute contribution from Mpg oo(N, fj — fj-1) in (2.27). B
fixing the ambiguity coming from (C*)? action, we can represent M D0,2(0
(N, fj = fj—1) in the following form:

(2.37)
MpO,Q\O(N7 fi— fj—l) = {([afi—lLyfi_1+17yf71_1+27 Y- [afi]) | [afi—lL

[afl.] € CPN717 y; € CN}/ij—fj—l

fi— fj—l—l

Therefore, normal bundle is given by @©;’ @l]\i o 9 As we have
1t

f
discussed in [11], 5 lfa . (%) ® Ocpr-1y,

(f f - ) as an orbi-bundle on Mpg o/o(N, f; — fj—1). Hence, its first Chern
class is given by,

fj—fjl—i> < i )
233 (B (=)

is isomorphic to Ocpr-1y,_,
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According to [11], its character of the C* action is,

(2.39) < Fi— fi >\fj,1 + f] f] . )\fj )\fj71+2.

These results lead us to the following contribution to the localized
integrand:

(2.40)
1

17 (G2 im0+ () s d) =)

If fj — fj—1 =1, we have no degrees of freedom that correspond to y; in
(2.37). Therefore, the above factor turns out to be 1 in this case.
Next, we compute contribution from M0,2||Ai|7 (1=1,2,...,0—1). If
= (Z) the contribution comes from smoothing nodal singularity [ay,]. This
( 5 ® ey and its equivari-
tit1

h +)\ h -
ant first Chern class is — + L f’f_ fjfl it Therefore,

the contribution to the localized 1ntegrand is given as follows:

by AAsi—hsi = Asiy

(2.41)

h’fi+)\fi_hfi—1_>\fi—l 4 hfi+)\fi_hfi+1 _)\fi+1 )
fi—fi1 fiv1—fi

If A; # (), we have a non-trivial stable curve that corresponds to a point
in MO’QH 4,)- The factors in the normal bundle coming from these compo-
nents are degrees of freedom of smoothing nodal singularities that connect
the stable curve with [ay, , (si)" 1 +ay,(t;)7 /=] and [ay, (si41) i+ +
ar,  (tig1)l+1 ] Let C; be the stable curve mentioned above Then these

( 5 'C; and T, C; ® —%+. Hence, we

(, =)’
obtain the following contribution: v

1

L Y I P T D P W .
( B +C1(T501-)) ( L me +C1(Tg,00i))

(2.42)
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. . By, 4Xs, —hg, =g,
At this stage, we temporarily set Ao := i f}_f}f: fioy

hy +Xp, —hg =X, .
Ajo = 2T ffﬂfjfl i£1 and rewrite (2.42) as follows:

1

To proceed the localization technique, we integrate out the above equivariant
class on Mg g 4,)-

(2.44)

1
/Mo,zAi (Aio — a1(T5"C3)) (Nisw — 1 (TEC))

o0

1 1 / 1 " " .
T Aol Z NN m 1 (THFCN (e1 (TEC))™.
AioAico n,m=0 (Aio)n(Aioo)m MO,Z\IAN( 1( 0 )) ( 1( oo ))

The intersection number that appear at the right-hand side of (2.44) has
been already computed in [1,15] and it is given as follows:

n

@) [ (@ e @TiC)” = fa i (” * m).

Combining (2.44) with (2.45), we obtain the following contribution to the
localized integrand:

1 1 1A=t
2.46 + )
(2.46) AioAioo <Ai0 Nioo
1
- Y Tl I Ry P 4 hfi+’\fi7h.fi+17>‘fi+1
fi—fi1 fir1—fi

» ( fi = fim1 N fir1 — fi >Ai|
hfz‘ + Af'i - h/f'ifl - Afi—l hfw: + )\fi - hf11+1 - )‘fi+1 ‘

If we compare (2.46) with (2.41), we can easily see that (2.46) is applica-
ble to the case of A; = (). We also have to determine contributions from
MO,QHA(” and MOQ\IA[\- It is sufficient to consider the case of HO,QHAM. If
Ao = 0, we have no contribution from the normal bundle to the localized
integrand. If Ay # (), contribution comes from smoothing the nodal singular-
ity that connects the stable curve described by M 9.4, With [ay, (s1)fi7fo 4
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ar, (t;)71=%]. As discussed in the previous case, we have to compute the fol-
lowing integral:

1
(2.47) / .
Mooiag) (M i Cl(Téocl)>

1—Jo

Application of (2.45) leads us to the following contribution to the localized
integrand:

fi—fo )lAO
2.48 .
(2.48) <hfo + Ap, —hp = Ap

In the same way as above, we obtain the contribution from MO,QH Al

_ | A
(2.49) < fi= fima > .
hp +Ap = hyy = Apy

Finally, the contributions to localized integrand coming from evy(h®), eveo
(h%) and ev;(h™), (i =1,2,...,n) are given by the following correspon-
dence:

(2.50) evg(h®) — (hy, + Ag,)*,
evoo(hb) = (hfz + )\fl)b7
evi(h™) = (hy, + Ap)™,

where we assume that the marked point z; is mapped to [ay,] € cpN-1,
What remains to complete localization computation is to combine the
factors given in (2.40), (2.46), (2.48) to (2.50) into the localized integrand
labeled by (di,...,d;) and ]_[5»20 A; ={1,2,...,n}, to integrate it out on
H;ZI(CPN_l)j and to sum up the results of integration by labels. We
now discuss the label ]_[3-20 A; ={1,2,...,n}. Since A; can be an empty
set, this label is equivalent to determining the point [af,] to which the
marked point z; is mapped, for each i € {1,2,...,n}. Therefore, we can
replace the label ]_[;.:0 A; ={1,2,...,n} by asequence (j1, jo,...,Jn), (Ji €
{0,1,...,1}). From this point of view, |A;| is just the number of i’s that sat-
isfy the condition j; = j. Hence the localized integrand labeled by (dy, . .., d;)
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and (j1,72,-..,Jn) is written down as follows:

(2.51)
: 1

I (%79 G40+ () (g 20) = g va)

J

-1 1
<11
h‘fi +)‘fi_hf >‘fi71 hfl +)‘fi_hfi+1 _)‘fi+1
i=1 +

1™
di di,+1

N - dj; n dji+1
=1 Ry F A = gy = Mg By F A = Ry = A
X (hp, + Ap,)"™ (ho + X0)*(ha + Aa)”.

In (2.51), we used both (di,...,d;) and 0 = fy < --- < f; = d to denote an
ordered partition. We also formally set dy = d;11 = 0 for brevity. Before
integrate out (2.51), we sum up the integrand by the label (j1,jo, ..., Jn)-
If we pay attention to the third line of (2.51), the factor that comes from i
sums up to the following factor by varying j; from 0 to I:

(2.52)
l

d; dji1 > _
2 : + (hg, +Ap)™
=0 <hfg + /\fj - hfj—l - )‘fj—l h’fj + /\fj - hfj+1 - )‘fj+1

We introduce here a rational function:

2% —w®

(2.53) wi(z,w) :=d-

z—w
Then we can rewrite (2.52) into the form,

l

(2.54) D wlh (hy A+ Npy oy Mg
j=1
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These consideration leads us to the following formula for the localized inte-
grand summed up by the label (ji, j2,...,Jn).

(2.55)

(h() + )\o)a(hd + )\d)b
l

H T () (g a0+ () g, 4 0) =g, )
-1

1
<1
hy,+Ag; hf —Ay
J J j—1 Jj—1
Jj=1 d; +

1

X

hyy A =i =M
dj+1

n l
< T | Do wim (hgs + g by + 2g)

i=1 \j=1

Final step of localization computation is to integrate the equivarinat form
(2.55) and to sum up the results by the label (dy, ..., d;). We have one subtle
remark here. As we have pointed out in determining fixed point sets, the
fixed point set labeled by (dy,da, ..., d;) is the set of orbifold singularities on
which Hé’:l Z,, acts. Therefore, we have to divide the integral that comes

from (dy,ds,...,d;), by the factor Hé‘:1 d; and we obtain,

(2.56)

W(OhaOhb’ H Ohmi )0 d

=1

l
1
-2 \Ug / / / (ho-+20)" (hartAa)’
CPN- 1)0 CPN- 1 PNfl)l

(diy...,d1)EOP; \j=1
l

-

. N
- i—1 ((di= ‘
J=1 Hi:l (( 'dj Z) (hfjfl + )‘fj—l) + (d%) (hfj + )\fj) - )‘fj—1+i)
-1
1
% H gt As =hy i =X 4 byt A sy = A
] 1 d] dj+1

XH Zw (hg,_y + A5 by + 250 |
=1 \j=1
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where the hyperplane class of (CPY~1);, (j =0,1,...,1) is given by hy,.

Then we rewrite the above result into the form of the residue integral
given in (2.29). If we pay attention to the equality:fCPN,1 h =08; -1, we
can apply replacements,

(2.57) hy — zy,,

/ 1 deJ
(CPN-1) 27T\/ Co ()N

where z¢, is a complex variable and ﬁ fﬁC(o) dz is the operation of taking
a residue at z = 0. We then apply shift of variables zy, — zp, — Ay, (j =
0,1,...,1) and obtain the following equality:

i=1

(2.58) w (Oha Ohb‘ H Ohvnq-,)
0,d

l

1 1
- 2 » ]Hlfj—fjl (2my/=T)H1

O=fo<fi<-<fi

X?{ deo % dzfz
C(xfo) (zfo - )‘fo)N C()‘fz) (Zfz - )‘fz)N

l
(20)%(2a)" !
O L e Yorr @) )
-1

1
X H 2,2 4 Zf, =280, H Zw Zf7 17Zf7) ’

j=1 d; dj+1 i=1 \j=1

where T}E me dz mean§ the o.perat‘ion of taking a residue at z = A. Let
us consider here the following residue integral:

(2.59)

1 dz dz dzq
(2my/—T)dH1 7{ o, (o= A %Ell (z1 = AN ?iw (2a — A)N

(Ag)
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1 . . . Y
where /I fE(jAj) dz; means the operation of taking residues at z; = A;

and zj = % for j =1,2,...,1—1 (resp. zj = \; for j =0,d). As we
demonstrated in [11], we can observe by elementary computation that the
summand labeled by 0= fy < fi <--- < fi =d in (2.58) is obtained by
taking residues of (2.59) at z; = % (e{0,1,....d}\{fo, f1,---» f1})
and at z; = A; (j € {fo, f1,..., fi}), respectively. Hence, (2.59) equals
W(Oha Ops | TTi21 Omi )o,a- Finally, we take the non-equivariant limit \; —
0(j=0,1,...,d) of (2.59) and obtain the formula presented in (2.29). O

2.3. Numerical computation in the CP? case

In this section, we discuss how to compute the genus 0 Gromov-Witten
invariants of CP? by using the multi-point virtual structure constants, i.e.,
the intersection numbers computed in the previous section. H**(CP?) is
spanned by h’/ (j = 0,1, 2). Therefore, it is convenient to write the intersec-
tion number as w(Ope Ops| H?ZO(Ohj)mj)07d. The formula (2.29) restricted
to C'P? is given as follows.

(2.60)

2
w((’)ha Oh” ’ H(Ohj )mj )0,d
=0

B 1 dzg dz ﬂ 20)@
= (2my/—1)d+1 jé(%) (20)3 fl (z1)3 fid (zd)S( 0)

(0) (0)

d—1

x 1 (20 - - wi(z 1. 2 "
j];[l (QZJ' —Zj1 _Zj+1) ( d) E) (l_zl J( i—1 1)) , (d> O),

We show below important characteristics of the intersection number that
follows from (2.60).

Proposition 1. The multi-point virtual structure constants satisfy the fol-
lowing equalities: (i)

2
(2.61) w | Ope O |01 [J(O)™ | =0

j=0 0,d
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(i)

2 2
(262) w Ohu Oh”|0h H(Ohj)mj =d-w Oha(’)hb| H(Oh]’)mj

J=0 J=0

0,d 0,d

Proof. (i) follows from the equality :w{(z,w) = 2= = 0. As for (ii), it is
enough to note,

d

2 : 1 j : Zi—1 — %4
wl(zi_l,zi) = _— = d
i—1 Zi—1 — %4

=1

This proposition says that for operator insertions at the right-hand side
of “|”, both the divisor axiom and the puncture axiom for Gromov-Witten
invariants hold. Motivated by this fact, we introduce the generating func-
tion of the multi-point virtual structure constants with respect to operator
insertions at the right-hand side of “|”.

Definition 2.

(2.63)

w(Oh Ops (2%, 21, 2%))o

2 2 j
c a c m; v)
— 7 _/CP2h +b+ + Z w(OhaOhb‘H(Ohj> J)07d.,11)(m1‘! )
J:

d>0,{m;} J=0

where 27 (j = 0,1,2) is the variable associated with insertion of Oy;.

In (2.63), we only consider three operator insertions for degree 0 virtual
structure constants and identify them with classical intersection numbers,
just as we do in the case of Gromov—Witten invariants. The assertion of
Proposition 1 simplifies the generating function in the same way as the
Gromov—Witten case.



434 Masao Jinzenji and Masahide Shimizu

Proposition 2.

(2.64)
w((’)ha@hb(xo,xl,a:2))0:xc-/ patbte 4 Z (Oha Ope | (On2)™)0.a
op? d>0,ms
2\m
> edzl (3j )
m!

Therefore, we only have to compute w(Opa Opp|(Op2)™)0,4. From degree
counting of the residue integral formula, we can easily see that the non-
zero virtual structure constants appear only when a +b+m —2=3d — 1
for d > 1. We also introduce here the corresponding generating functions of
genus 0 Gromov-Witten invariant of C' P2,

Definition 3. Let <HJ 0(Onri)™)o,a be the rational Gromov-Witten
invariant of degree d of C'P2.

(265) <Oh‘1 Ohpe (toa tl’ t2)>0

2
——e a+b+c O ;
=t /szh + > <0h0h1‘[0h

=t / potbte 4 Z <Oha Opp (th)m>0,d et (m ,
cpe d>0,m ‘

where t/ (j = 0,1,2) is the variable associated with insertion of Op,;.

If we use the usual generating function of genus Gromov—Witten invari-

ants of CP? : Fop:(t°,t',t?), the above generating function (Op.Ops
2

(t°,t1,12))o is nothing but 88157%;2‘ Therefore, we obtain integrable condi-

tion:

0 (Ohe Ope (12, 1, £2))0.

0
7<Ohboh6(t07tlvt2)> = ot a4b

(2.66) e

Our question in this section is whether we can compute (Op. Ops (t0, 1, 12))g
by using w(Ophe Ops|(2°, 21, 22))o as the starting point. Our key to answer
this question is the observation done in [11]. Let us illustrate our observation
by taking quintic Calabi-Yau hypersurface in CP* as an example. In [11],
we consider the two point virtual structure constant w(OpaOps)oq for the
hypersurface that is given as the intersection number on m0,2(57d)- We
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introduced the generating function,

(267) w((’)haOhb)o(x) = 5x - 5a+b,2 + Z ’U}(Ohaohb)()’d e’
d=1

which is non-zero only when a + b = 2. We proved that ¢ = 2w(Op201)o(z)
coincides with the mirror map used in the mirror computation of Gromov—
Witten invariants of the hypersurface and that w(O,Op)o(z(t)) gives the
generating function of Gromov-Witten invariants 5t + Y 52 (OO ) q e®.
We introduce here the classical intersection intersection matrix 7., = f() pa
5ROTIL = 55,145 and its inverse n® = 16,445. By identifying ¢ (resp. z)
with ¢! (resp. '), we conjectured generally that

t* = " n™w(OpO1)o(a")
b

gives the mirror map for the mirror computation. Since C P? is a Fano mani-
fold with ¢1(C'P?) = 3h, w(Op»O1)o.q = 0 for d > 1. Therefore, we have triv-
ial mirror map if we only consider the two point virtual structure constants.
That is why we introduce the multi-point virtual structure constants. If we
pay attention to the fact that the classical intersection matrix of C'P? is
given by n® = ng, = dq+b2, We are naturally led to propose the following
conjecture.

Conjecture 1. If we define the mirror map,
(2.68) (20, 2!, 2?) := w(Opa—s O1) (2%, 21, 2%))o,
we have the following equality:

(2.69) (Oha Opp (to(mo, z!, x2), th (370, z!, xQ), tQ(.TO, z!, :172)))0
= w(OpsOps|(2°, 2", 2%) 0.

Conversely, if we invert the mirror map,
(2.70) xl = 2I (1,1 12),

we obtain the mirror formula to compute the rational Gromov—Witten invari-
ants of CP? from the multi-point virtual structure constants:

(2.71)
(Oha Op (12,11, 12))g = w(Opa Ops | (2020, £1, £2), (20, 1, £2), 22 (20, 1, £%)))o.
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By using the formula (2.60), we obtain the mirror maps explicitly.

L o4 33 o o7 16989 5. 5040
190+ S5 d* (@) + 5@
143698921 , 75631936691 5

SOV IRTE 3 fEVORTIVVI 2\16 .
32432400 ¢ @) T 1540536000 ¢ ¢ ’

(2.72) t2 =22+

B =+ @t s @)+ @)
2469688906603‘]4(‘76 " 1(232(5)2;3(2)3q5(x2)15 T

0 =24 @Rt @+ g @)
iiiggé ¢ + 43()41095244()8220103 AR
(q:=¢").

Of course, we can also compute one of the generating function,

(2.73)

16
w(ohoh‘(xoa ‘Tlu 1"2))0 = xo + (‘T ) q + —

15

961

5 2, J01
(@ )Q+420

q3(562)8

4105537 4 9vq1 , 291788599 5 5 14
623700 ¢ ) 13097700 ¢ %)

If we invert the mirror maps and substitute them into (2.73),
(2.74) w(OhOh](xO(to,tl,t2),x1(t0,tl,tz),xz(to,tl,tz)))o
1
=10+ §(t2)2Q t35 ( Q% + 5Q’°
31
124740

1120( )
(t2)14Q5 +

12
8.

(t2)14Q5 +

1559
62270208

+ (t2)11Q4 +

— 04 ()Q+ (t?) Q*+ =——(")%Q*

4% . 620
N ()1 +

(@Q:=e"),

52 . 87304
14!
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the result coincides with (OO, (t°,t1, %)) computed from the associativity
equation [14]. If we compute,

(2.75)
w(0h20h2‘(1}0, .151, .CC2))[)
=+ 5@ + 207 (@7)" + 55ea q'(z%)" + 267775 4 @) A

we obtain <Oh2 th (to, tl, t2)>0.
(2.76)
w(Opz Oz | (2 (10, 1, 12), 2 (19, 1, %), 22 (19, 1, £%)))o
1559

_ 1 oo3q2, 1 3.9 40,219 52\12
= Q4 S (BPQP+ QNP + o Q)+ o Q)
_ 2302 4 2)6)3 4 620 4 873042125
=Q+3 (t)Q (t)Q ()Q o ()R +

2.4. A combinatorial approach to proof of Conjecture 1

In this section, we provide a sketch of proof of Conjecture 1 up to d =3
case. To prove the conjecture, we only have to prove the equality (2.69).
By inserting the expansion form of each component of (2.69), we obtain a
microscopic form of (2.69) as follows.

(2.77)

w<0h00hb’(Oh2)3d+1_a_b)0,d = W(Ohars O1|(Op2)3H17070) 4

)

+ Z Z (Ope Ops (O )3T F1ma=b=2 72, m

{(n;},{m;}
Z] 1 J(nytmy)=d—f

X (Oh)z(;il nj (O}ﬂ)zﬁl mj>07f
[ee]

x [ [(w(O0n01(On2)¥)0,5)"™ (w(OL101](Oe )+ )o )™

<.
Il
—

1 (3d+1—a—0b)!
L () (my)! (B +1—a—b— 350 m)N(BHH™ (B35 + 1™

élg

.
Il
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where {n;} = {ni,ne,...} and {m;} = {my,mo,...} are infinite sequence
of non-negative integers that count multiplicity of w(O,O1|(Op2)*)o; and
w(O101|(Op2)3+1)g ;. We sketch outline of proof of (2.77) up to d = 3 case.
We prove it by using the residue integral representation of Theorem 1 and
the following residue integral representation of Gromov—Witten invariants
that is obtained from non-equivariant limit of the result of Kontsevich [13].

(2.78)

n 1 dZIf dZQ
Omi = — —
<1:I1 ) >01 BT i 2 (- )

n

[T wh. (21, 22),
=1

- 11 dz dz dzs (21 — 20) (23 — 22)
<Z-1_[10hm >0’2 - 2(2my/-1)3 jgcl (21)? /{‘2 (22)3 %Cs (23) (222 — 21 — 23)

x [[(wh, (21, 22) + w), (22, 23)),

=1

ﬁ 0 1 dz1 f dzo j{ dzs 7{ dZ4
h™i =3
Pl 0y 2 27?\/ o ( o ( a ( a (

)

(21 — 22) (24 — 23)
(229 — 21 — 23)(223 — 29 — 24)

X

XH wy, (21, 22) + wy, (22, 23) + wy,, (23, 24))

d21 % dzo % dzs % dZ4
27T VvV — Cl 02 Cg C4

1
6
n
H (21, 22) + w}ni(zl, z3) + w}ni(zl, 24)).

In these formulas, integration paths are chosen to take residues at z; = 0
and z; = % The formula for d = 1 corresponds to contribution from
the line graph with one edge. The d = 2 formula corresponds to contribu-
tion from the line graph with two edge. The first term of the d = 3 formula
comes from contribution from the line graph with three edge and the sec-
ond term corresponds to contribution from the trivalent graph with three
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edge. Now, we look back at the formula (2.77). The (Op2)%=5=1™ insertion in
(Oha Opp (02 )3 HI=0=b=2520my (0}, ) 2255015 (O ) 2521 ™5 ) 4 are paired with
the first O; insertion in (w(O101](Op2)3 1) ;)™ and the (@h)ZE‘;l ™ inser-
tion in the Gromov—Witten invariant are paired with the O insertion in
(w(ORO1|(Oh2)37)0, )™ . These pairs translates product of Gromov—Witten
invariant with multi-point virtual structure constant into operation of con-
necting integrand of each residue integral representation. See the discussion
in Section 5 of [12]. Combinatorial complexities arising from many Op inser-
tions can be simplified by using multinomial theorem, and we can reduce
the proof of (2.77) up to d = 3 case to the following combinatorial identities
in the same way as [12].

d =1 case

(2.79) %((Zl)“(zz)b + (21)"(22)") = %(21 — 29)(22 — 21)wi (21, 22)wp (21, 22)
1

() + () ).

d = 2 case

(2.80)

1((21)%(23)" + (21)%(23)) 1 (21 — 22)(23 — 22)
2 (220 — 21 — 23) T2 (229 — 21 — 23) (wq (21, 22) + 1w, (22, 23))

X wg(zl, z9) + wg(ZQ, 23))

—~

(21 — z2)wy (21, 22)wy (21, 22)

_l’_

NI~ N~ N~

(23 — z2)wy (22, 23)wp (22, 23)

((21)a+b+ (23)a+b)
(222 —Z1 — 23) '

+

_l’_

d = 3 case

1 ((z)%(20)" + (21)"(24)")
2 (229 — 21 — 23)(223 — 29 — 24)

(2.81)

=

1 (21 — z2) (24 — 23)
2(22z9 — 21 — 23)(223 — 29 — 24)

x (wy(21, 22) + wg (22, 23) + wy (23, 24))

X (wg(zh z9) + wé(z:g7 z3) + wg(z;»,, 24))
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1 (21— 22)(23 — 22)
+ 2 (229 — 21 — 23)(23 — 22)

X (wy(21, 22) + wg (22, 23)) (wy (21, 22) + wy (22, 23))

1 (22— 23)(24 — 23)
+ 2 (223 — Z9 — 24)(22 — 23)

X (wy (22, 23) + wg (23, 24)) (wy (22, 23) + wy (23, 24))

1 (22 — 23)(23 — 22) 1
t3 (22 — 23)(23 — zz)wa(ZQ’ s (22, )

1 (21— 22)(22 — 21) ) X
+ 2 (22 — 21)(223 — 29 — z4)wa(217 ZQ)’UJb (2’1, 22)
1 (23— 24)(24 — 23) ) X
+ 2(z3 —24)(229 — 21 — zs)wa(23, zg)wy (23, 24)
; 1 atb a+b
+ 2 (222 — 21 — 23)(223 — 29— 24) ((Zl) + (,24) )’
0= _6(111;(2’1, ZQ) + 'UJ;(ZL 23) + wclz(zh 24))

X (wll,(zl, z9) + w;(zl, z3) + wg(zl, 24))

1(22—21)(Z3—21) < 1 i 1

21 — 22 21— %3

6 (221 — Z9 — 23)
x (wg (21, 22) 4+ wg (21, 23)) (wy (21, 22) + wy (21, 23))

L1l —a)(a—a) < 1 1

6 (221—22—2’4) 21—22+21—24

x (wp (21, 22) + wh (21, 24)) (wh (21, 22) + wy (21, 24))

+1(2’3—21)(Z4—21) < 1 1

+
6 (221 — 23 — 24) 21— 23 21— 24

X (wy(21,23) + wy (21, 24)) (wh (21, 23) + wy (21, 24))

1(z2 —21)(21 — 22) 1
+ 6 1 — 2)? W (21, 22)wy (21, 22)
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+ O O—O=0 + O—O=-0O=0 + O=OnO0—O0 +

(21)%(2a)" + (21)°(24)"
(222 — Z1 — 23)(223 — 29 — 24)

Q
+ (/3\ + o, + Q.+
o o o o o

T Q Q
+ Q. o+ C/) + D\o =0
g "o o O

Figure 1: Graphical representation of the Proof in the d = 3 Case.

+ OwmOnOO =

1(23 —21)(21 —23)

L 1

+ 6 (1 — 22)? wq(21, 23)wy (21, 23)
1(z4 —21)(21 — 2

+ f( 4 1)(#1 4)w;(21,24)w;(21,24).

6 (21 — Z4)2

We can easily confirm these identities. Graphical interpretation of the iden-
tities in the d = 3 case is given by figure 1. In this figure, the part having
straight edges represents the integrand of Gromov—Witten invariants and
the part having dashed edges represents the integrand of multi-point virtual
structure constants. Of course, we can generalize them to arbitrary d, but we
have some difficulties in taking non-equivariant limit of Kontsevich’s result
if d > 4. Therefore, our proof is limited up to d = 3 case at this stage.

2.5. Comparison with the result of Iritani’s I-function

In this section, we demonstrate standard type of mirror computation of the
C P2-model following Iritani’s work [8]. We think that his method is funda-
mentally the same as the mirror computation by Barannikov [2]. According
to Iritani (H. Iritani, private communication), this method starts from the
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following extended I-function.

(2.82)
oo 1h
I 2 h L2 = L
cpP (Za 7y’y) E exp< > )

y [ (bt 32 TI= o (42)
[0 (h+52)2 T o (R4 52) - T o (52)

x e ().

Here, h is the hyperplane class of CP? and h? = 0. In this I-function, the
parameter z plays the role of A in Barannikov’s formalism. For a function
f(z, h,y1,y2) that includes only positive power of h, we denote by (f)p: (i =
0,1,2) the coefficient of h’. We define here the following 3 x 3 matrix.

(Icp2) <z61 ) <22321 >

0 0?
2. 1 2 = 2 )71 - 2 2_~ 2
@89 SC')i= | Uorh (sg-tor) — (Pg0mgler)

(Icp2) <zaI ) <2282I )
CP h2 8y1 CP b2 a(yl)z CcP 2

This matrix has the following structure:

1 0 O

!

1.2 = I 0 1.2
(2.84) S(z,y,y°) = z -M(z,y",y%),

) v

222 z

o

M(z,y" 0% = > Mum(2) - ™ ()™,
n,m>0
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where M (z,y%,y?) and M,,,(z) are 3 x 3 matrices. By computing M (z,y!,
y?) explicitly, we can observe that it includes both positive and negative pow-
ers of z. Following Iritani, we factorize M(z,y',y?) into the form M(z,y!,
y?) = M_(2,y",y*) My (2,y',y%) where M_(z,y',y%) (resp. My(2,y",9%))
includes only negative (resp. non-negative) powers of z. Since M(z,y', y?)
has the structure of power series in €Y and y? with top term an identity
matrix, we can execute this operation systematically. We then introduce the
matrix:

1 0 0
1
y
(2.85) S_(zythyh=| 5 1 0 M (2l ).
) v
222 z

The B-model connection matrix C(y', y?) of this setting is given by,

_ 0
(2.86) Cl(yl,yZ) = (S,(z,yl,y2)) L. Zaiylsf(zaylayQ)‘

From the general theory of Iritani’s method, Cj(y!,4?) is free of 2-
dependence. Let (A);j (i,j =1,2,3) be the (i,j)-element of 3 x 3 matrix
A. Partial derivatives of the flat coordinates ' (i = 0,1,2) associated with
h' by the B-model coordinate y! are read off from (Cy(y*, y?))is1.1-

(2.87) g?j? = (C1(y" v
= 200D+ o) - R P
%f(yz)n _ %55@2)14 NE
g; = (C1(y",9%))an
=1+ éé’(?f)?’ - %ff(yz‘)6 + %@3(92)9
- 72795720607‘74(?/2)12 + %65(1/2)15 T
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1241 47977
_ 9 9\ 20 NT i 10

2002097 -y 1y ATOMO2TSY o
2702700 LYY T 908107200 ¢ VY ’

where § = ev'. By integrating the above equations in y!, we obtain the
mirror map,

(288) =y AP+ ) - o L)
121017398 e 41560201367230703 ST
=y Q) - PR+ )
e S
P = D) e )~ T )

20L02797 y o113 ATOSA027589 5 1
10810800 £ VY 4540536000 ¢ WY

On the other hand, the matrix elements (C1(y',y?))12 = (C1(y*,y?))as,

(Cr(yh, yH)13, (C1(yt, y?))e2 give us information of the Gromov—Witten
invariants. By integrating these matrix elements in y', we obtain the fol-
lowing functions:

(2.89)
fi=ay’ - %61’2(3/ )+ % (")~ igsgg q' ()"
11566261560210901 o
=04 SPW — oW e B~ S P 4
fo= o+ ) — s W+ )

157

101313427 -, 514
stosto0 ¢ W)
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If we expand these functions in ¢°, 2 and Q = €'’ by substituting the inver-
sion of the mirror map, the result turns out to be,

(2.90)
fl :Qt2+iQ2(t2)4+LQ3(t2>7+ 31 Q4(t2)10+
12 140 45360
t
22239360Q( R
1 2742\3 1 3742 4 1559 5742\12
- —Q%(t —Q3(t 2 227 05+
f2 Q+6Q( ) +60Q( )° +18144Q< Y +8553600Q( )R
1 1 31
_ 40, Lo L 4200945 34218 4042411
fs =10+ 5QE) + 309 (t*) + T190@ (t9) + Tor7a0® (t*)
1559
62270208 Q) -

Hence, they reproduce (OO (t0,t1,12)), (On20p:(t9, 4, 1?)) and (0,0},
(t°,t1,?)), respectively. The final results coincide with our computation,
but we can see from (2.72) and (2.88) that the mirror map in this case is
different from our mirror map. As we have mentioned in Section 1, there
exist infinitely many ways to include the parameter y? into the I-function
(H. Iritani, private communication). Since we have tested only one possibility
here, we cannot conclude that our formalism and Iritani’s formalism have
no connection.

3. Open string case

In this section, we discuss generalization of the multi-point virtual structure
constants to the open string case. First, we consider anti-holomolphic involu-
tion ¢ : CP? — CP? defined by o(X1 : X3 : X3) = (X1 : X2 : X3). The sub-
set invariant under ¢ is RP?, which is a Lagrangian submanifold of C'P2.
Next, we pick up a quasi-map from CP' to CP? of degree 2d — 1

2d—1
(3.91) q2d— 1 S t Z aJthQd 1=j , (aj S Cg)

We also introduce an involution u : CP' — C'P! defined by u(s : t) = (£ : 3).
With this setup, we define a Zy-action on the quasi-map given by ¢ — @ o

G2d—1 © u. Since p(gaa—1(u(s:t))) = [ZQdol aJtJSQd -] = [Z?iﬁl A2d—1—j
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s7t2d=1=J] this action induces an involution on the parameter space of quasi-
maps,

(3.92) (ag,ai,...,a24-1) — (A24—1,a24—2, ..., a0).

Let us consider a quasi-map invariant under the above involution,

d—1
(3.93) goq—1(s: 1) Z a; gIg2d=1= ]—i—a §2d=1=iyi
7=0

It maps the equator of CPY ({(eV=10:1)]60 € [0,27) }), which is invariant
under u, to RP? because,

(394) q2d— 1( F@) — (a] e\/jlje + é] e\/ﬁ(?d—l—j)@

3 (ay eV U 4 g oV TR0

Therefore, a quasi-map invariant under the involution (3.92) can be regarded
as a quasi-map from upper half disk of CP! to C' P2, which maps boundary
of the disk to the Lagrangian submanifold RP?.

Next, we consider Mp 2j2,,(3,2d — 1). It was defined by dividing the set,

(3.95)  Upogon(3,2d = 1) :== {((ao, - - -, a24-1), (21, - - -, 22)) | & € C?,
z; € va ap, a24d—1 7é 0}7

by the two C* actions given in (2.12). Motivated by the previous discus-
sion, we introduce an involution v : Upg 2jon (3, 2d — 1) — Upg 9j2n(3,2d — 1)
as follows.

(396) ’U((al,...,agd,l),(zl,...,zgn))

_ _ _ 1 1 1
- (a2d717a2d727”' 7a0)7 — [ .
Z2n  22n—1 21
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It is easy to check that v is compatible with equivalence relation by the
two C* actions. Hence, it induces an involution vp : Mpg 9)2,(3,2d — 1) —
Mpg 9j2,,(3,2d — 1). We can easily extend vp to whole ]\7—1/)072|2n(3, 2d — 1) by
looking back at the construction in Section 2.1. Let us denote the extended
involution by wp. With this setup, we define the moduli space M PD,1jn

(CP?/RP?,2d — 1) as the invariant subset of ]\7;90,2‘2”(3, 2d — 1) under vp.
Roughly speaking, the degrees of freedom of this moduli space are described
by,

(3.97)
{((a(), R ,ad,l), (2’1, .. .,Zn)) |ai € CS, 0< ‘Zz| <1, ag 75 0}/(R>0 X U(l)),

— —2d-1 —T71
Teﬁe : ((aOa s aad—l)’ (Zla .- -aZn)) = <(Teﬁ 2 0307 PR ’TeﬁQGad—l)’

(V7Y% e

\/jwzn)) )

(reV=1% e Ry x U(1)),

and they are half of the ones of ]\%072971(3, 2d — 1). Evaluation map ev; :
M\]/?DJm(CPZ/RPz,Qd— 1) — CP? at the ith marked point z; is defined
in the same way as the closed string case. Note here that our construction
allows the marked points to lie on the boundary of the disk.

At this stage, we can define open version of the multi-point virtual struc-
ture constant.

Definition 4.

(3.98) w (ohay H(Ohm)>
disk,2d—1

i=1

evg(h®) - [ [ evi (™).

/mD,ln(sz/RP272d_1) =1

As in the case of closed string, we can derive a closed formula of
w(Ope| [Ti; (Onmi ) ) disk,2d—1-
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Theorem 2.

(3.99) (Oha| H Opms >

disk,2d—1

. dZo % le }g dzd_l
27Tv 14 Jpg, ( By, (21)° Jpass (za-1)?

(0)

a 1
x 2(20) j:1 (22; — 2; 1)
n d—1
< TT1D wh(z-1,2) + s (za—)™ |, (d=1),
i=1 \j=1
where we formally set zq := —zq_1. j;E?o) dzy is the operation of taking a
residue at zg = 0, fE(jO) dzj (j =1,---d —2) is the operation of taking residues
at z; =0, % and fE?Ojl dzq_1 1is the operation of taking residues at

—2

z
z4-1 = 0,75

, respectively.

Proof. As in the proof of Theorem 1, we prove the theorem by localization
technique. First, we introduce U(1) action flow on Mpp, 1,(CP?/RP?,2d —
1) which is induced from the following U (1) action flow on the bulk part,

(3.100) eVIt, [((ag,-.-,a4-1), (21, -+, 2n))]
= {((e\/jwota()a IR e\/jwdiltad—l)a (217 R Zn))]v (t € R)

We can fix the ambiguity coming from R-o x U(1) by regarding ay as a
point [ag] in C'P2. Then we obtain,

(3.101) [((eﬁgotag, eV lantay ) (2, ,zn)>]
_ <<[a0]7e\/jl(9172’2—j’90)ta1’ o ’eﬁ(ed,lfﬁileo)tad_l) ’

% (e\/jl(—ﬁ%)t ’e\/jl(—ﬁeo)t%») )

Zlye--

Therefore, a point in the bulk part is fixed under the U(1) action only if a; =
ag =---=a4_1 =0 and n = 0. The strata of MpDJ‘n(CPZ/RP% 2d—1)
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are labeled by ordered partitions (dj, ds,...,d;) € OP; and ordered decom-
positions (Hi;(l) A;) H(Hizl B;) ={1,2,...,n}, The stratum labeled by
(di,dg,...,d;) and (Hi;é A;) H(Hi:l B;) ={1,2,...,n} is given as follows.

(3.102)

Mpg 214,/ (3,0) 5 J\/~’po,2|\Bl|(3,d1)C>]<32 Mpg2)4,/(3:0) o Mpo 9|, (3, d2)
ST x Mp 3,0) x M 3,d;_
s s Po2||Ar_s| )CP2 P0,2(Bi_1|(3, d1-1)

x Mp 3,00 x M CP2?/RP?,2d, — 1).
ope P0,2||Az_1|( )CP2 pD,1||Bl\( / l )

From the observation above and the discussion in Section 2.2, we can see
that non-empty fixed point set comes from the stratum that satisfy B; =
0(i=1,2,...,1). The fixed point set coming from the stratum labeled by
(d1,da,....d;)) and J['Z5A4;={1,2,...,n} is given by [['Z3(CP?); x
Hé;é MO,QHAJ in the same way as the closed string case. Now, we pay
attention to the fixed point set of MpD72|0(CP2/RP2,2d— 1) under the
U(1) action. It is given by {([ag],0,...,0)} = CP?, but we have residual
U(1) action coming from R~ x U(1) , which is generated by ( satisfying
¢ = 1. We formally interpret this action as the one caused by Z 21,
a quasi cyclic group of order %. We proceed computation by assuming
this quasi group. Then we can regard the above C'P? as the set of orb-
ifold singularities on which Z 2d-1 acts. With this consideration, we can also
regard the fixed point set Hi;(l)(CPQ)i X Hi;[l) MO’QHA” as the set of orbifold
singularities on which (Hi;} qu.) X Ziza,-1 acts.

We turn into determination of the localized integrand to compute
w(Ope| [T521 (Onmi))disk,2a-1, that comes from the fixed point set labeled
by (dy,ds,...,d;) and Hé;(l) A;={1,2,...,n}. But there are many over-
laps with the discussion in the closed string case. Hence, we determine the
localized integrand only from the fixed point set labeled by (d) and Ay =
{1,2,...,n}. In this case, the fixed point set is given by (CP?)y x Mo o

The normal bundle for this set comes from the following contributions.

(i) deforming a; (i =1,2,...,d — 1) from O;
(i) resolving the nodal singularity.

From the U(1) action given in (3.97), the part coming from (i) is iden-

tified with @?;% (O¢ P2(%)@3). The U(1) character for O¢ p2(2d2_d__12j )
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can be read off from (3.101) and it is given by,

2012 g, "0,

1 _—
(3.103) 5d — 1

Therefore, the contribution coming from (i) is given as follows:

1
(3.104) :

. 3
T2t (2452 (o + v/~ 160) — V=16;)

where hg is the hyperplane class of (CP?)g. The part coming from (ii) is
identified With % ® T. Cy. Here, Cj is the genus 0 stable curve described

by MO 2ln- d( is identified with O¢p2(52+) and its U(1) character is given
by 5 d TV — 00 The contribution coming from this part turns out to be,

1
517 (ho + v/=160) + c1 (T2, Co)

(3.105)

As in the closed string case, we integrate the above equivariant form on
M 2)n- The result is,

2d -1 "
(3100 (e vem)

The contribution from ev}(h™) (resp. ev§(h®)) is given by (ho + v/—160¢)™
(resp. (ho 4+ +/—16p)*). With this setup, we cam write down the localized
integrand to compute w(Opa|[[;-;(Onmi))disk,2d—1, that comes from the
fixed point set labeled by (2d — 1) and Ay = {1,2,...,n}.

2 1

(3.107) 51 : 3
TT5=t (252 (ho + V/=100) — V=105

(ho +vV=160)" ] | <2d (ho + v/—160)™~ > ;

=1

where the factor 5 d 7 at the left end comes from the sz 1 action. Remaining

computation goes in the same way as the closed strmg case. The result of
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localization computation is given as follows:

(3.108)

w (Oha\ 11 ohmi>
i=1

disk,2d—1
-1
- S ) Lo Sems,
o on TR ) Do Jopon, ™ fercn.
X (ho + vV _190)(1

<ITTI 1

j=1 i=1 <(dj_z)(hfj—1+v —10¢, ) +i(hs;+v—10s,)—v _19fj_1+i>

J

-2 1

154 = e 7=
=1 hf+ ef] th 1 6f7 1 +hfj+ _lefj_hfj-H_ _lefj+1

] dj+1

1

X Hgl:_ll ((Qdédll 121) (hys, , + =16y, ,) — \/flngH)s
1

X
hfl—1+\/716fl—17hfl—27v719&72 2(hfz V- gfz 1)
dl 1 le 1

-1

xH Z i (hy, , + V=10 | hy, +/—16})

2d
l (hz 1+ V-=16,_1)™" >7

where we also used the alternate notation 0 = fy < fi<--- < fi1 < fi=d
for the ordered partition (di,ds,...,d;). We then use the trick of residue
integral and non-equivariant limit 6; — 0 (j =0,1,...,d — 1) and obtain
the formula (3.99). O

Now, we can compute the open multi-point virtual structure constant
wW(Oha| [T Onmi)disk,24—1 by using the above formula. Next step is to answer
the question whether or not we can compute open Gromov—Witten invariant
(IT—; Onmi)disk,2d—1 of CP? from the virtual structure constants. For this
purpose, we prepare some numerical data of open Gromov—Witten invari-
ants of C'P2. In [12], we proposed formulas to compute open Gromov—Witten
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invariants of degree k hypersurface of CPN =1 (k : odd). Here, we write down
the formulas again.

Proposition 3 [12]. The A-model amplitude ([];"_; Opa: )disk,2d—1 up to the
d =3 case is given by sum of the following residue integrals.

(3.109)

<Zf[10hw>d15kl (277\1/7)7{0 (dZ)ONfl 220 fll( ._1>

1=

(Tow) iy £, o™ + f1 (%)

=1

1 dzg dzy k 21 — 20
L f s o) 72( i (o) a0, 21) e
n i—1
X H <<ZO)2 + wrlni(zo,zl)> ,

=1

- 1 dzo 220 1 ((5(z20)™ !
<z’1_[10h7ni>disk,5_(2w\/jl)j§°( )Nfs ( " g i1< 2 )

. dzo [ da (g, 21)— 2L 20
e 75; <zO>N?{ Ny i IR Y oy

m (3(z)i 1
X 21;[1 <<0)2 + w,lm(zo,zl)> + m
dZO le dz2 A N
x fco (Zo)N %1 (Zl)N 7{2 ( )Nfl ( )e (20721)6 (Zl,zg)
29 — 21

% ]{20(320 — zl)kzl(Zzl — 20 — 22)

n (Zo)mi—l 1 1
X H (2 + Wi, (ZO’ Zl) + W, (Zl’ 22))
i=1

1 1 dZo le
+2<2WF>37{0<z>N7{1<Z1>N
d22 1
S a0 )

mi—l
X 1_[1 <02 + w,lm(zo, 21) + w}m (20, 2’2)) )
1=




Multi-point virtual structure constants and mirror computation 453

where
k

(3.110) =[Gz + (k= jw),
7=0

and

bt j(=2) + (k(2d = 1) - j)z
S | = )

2d 1 H?;i(j(—z) +2(d2i; L=z

(3.111) fark () ==

In the above formulas, we take the residue integrals in ascending order of
the subscript © of z;. ﬁ j;C dz; means that we take the residues at z; =

0, 215540 (resp. z; = 0) if the integrand contains the factor m

(resp. otherwise).

This proposition followed from the localization computation applied to
the open Gromov—Witten invariants [13,16] and the non-equivariant limit.
If we set N =4,k =1, we can compute the open Gromov—Witten invariants
of CP%. We then obtain the following data:

9 3361
(3112)  (On2)aisk1 = 2, ((On2)Daisks = =7 {(On2) Daisks = 5
Our first approach to the question is to consider the generating function,

2
H (Ops)™

(3.113)  w(Ope

(xo,xl,xQ))disk:: Z w [ Opa

d>1,m;>0
rr (a9)™
<15
. mj!
Jj=0

and to compute w(Opa | (2 (0,1, #2), 21 (#°, 1, ¢2), 22(t9, t1,£?))) aisk by using
the mirror map (2.72). But this naive approach did not reproduce the above
data. Let us consider the origin of this problem in detail by taking d = 3 case
as an example. If this approach is correct, we should obtain the following
equality:

disk,2d—1

?
(3.114) w(Ope |(2°, 21, 22)) gisk = (Ope (t0(2°, 2, 22), 1 (20, 21, 22),

tZ(xoa xlv $2))>disk.
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In the case of w(oh2’(0h2)6)disk,5, the above equality means the following
equality:

(3.115)

w(Oh2](O2)®)diske 5
2 (00 i + (O (Or) Ot 5O 01l (O o o
+ (Oh2((’)h2)30h>disk,3w(ohol’(th)?))()’l3(!;2!%!
+ <Oh2(Oh2)20h2>disk,3w(0101‘(Oh2)4)0’1%
+ <(’)h2(Oh2)01>disk,lw(0h201’(Oh2)5)0’2%
+ (Op2 Oh)disk,lw(oh01|(Oh2)6)0’2%
+5(01(01) 0101 )i 10( 0101 (O30 10( 01 01 [(Op o o
+ <Oh20h20h01>disk,lw(0h01|(Oh2)3)0,1w(ohzol|(0h2)2)0’1%i2!
+ %<Oh20hoh>disk,1w(0hol|(Oh2)3)071w(0h01|(Oh2)3)0’10!§§3!
+ <Oh2010h2>disk,1w(oh201|(Oh2)2)071w(0101|(Oh2)4)0’10!27i4!'

By numerical computation, the Lh.s and the r.h.s. of (3.115) turn out to be
12823/32 and 14743/32, respectively. Since 12823/32 — 14743/32 = —60, we
have to add some extra terms to recover the equality. Then a strange idea
came into our mind. How about adding the following virtual term?

6!

(3116) <Oh2oh20h3>disk,3w(oh*1 01 ‘ (Oh2)5)071 T5'

Of course, h® and h~! are meaningless in the cohomology ring of CP2,
but we can compute the above intersection numbers formally if we use the
residue integral formulas of Gromov—Witten invariants and multi-point vir-
tual structure constants. By numerical computation, our residue integral
formulas produce,

(3117) <Oh20h2oh3>disk’3 = —1, w(oh—lol‘(0h2)5)071 = 10.

Hence, (3.116) produces the desired error —60! We also found that the r.h.s.
of (3.99) produces non-zero rational numbers when we formally insert Opm,
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with m; > 3. These facts led us to a new approach to consider insertions
of Opi (j=0,1,2,3,4,...) even though H**(CP?) is spanned by 1, h, h?.
Explicitly, we consider the generating function,

(3.118)

w(Opa| (2%, 21, 22, 23, .. ) ) disk 1= Z w (’)ha\H((’)hj)m
5=0

d=1,m; 20 disk,2d—1
rp (a9)™
8 H mj!
j=0
where w((’)ha| Hﬁo(ohf)mj)diskzd—l is defined by,
(3.119) w | Ope| [J(On)™
= disk,2d—1
N 1 f dZ() % dz1 ?{ dzd,1
(277\/ ) (Z )3 E}, (21)3 it (24-1)3

(0)

ZO
22] — Zj—1 = Zjt1)

oo — 1 i
11 (z n s )
=0 \i=1

||’:]\

At this stage, we have to define the mirror map for the variables 27 (j =
0,1,2,3,...). If we pay attention to the fact that the mirror map in the
closed string case was given by,

(3.120) t (o, 21, 9) = w(Opz— O1](2°, 2", 2%))o,
we are naturally led to the following definition:

(3.121) tj(ac*) = tj(:co,:cl,xQ,.. ) = w(Op2- 901’( 2, - ))o =

, L
xj_|_ Z w thijﬂH(Ohj)mj H

d>0,m;>0 §=0
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Here, w(Op2-; O1| [152(Oni)™)o,a is defined by,

(3.122) w | Opz5 01| [[(Ons)™

7=0 0,d

o 1 dZ() dzq dZd
 (2ry/—1)d+! ?{50 (20)3%1 (z1)3 j{Ed (za)3

(0) (0)

||::]

22] — Zj-1— Zj+41)
X H (Z wjl-(zi,l, ZZ)> , (d > 0).
j=0 \i=1

This formula produces non-trivial rational number even when 2 — j < 0!
With this setups, we conjecture that generating function of the open
Gromov—Witten invariants of C'P?:

(3.123)

<Oha(t0,t1,t2, . )>disk = Z <Oh“ H(Oh]‘)mj> . H (tj)j”v

d>1,{m;} J=0 disk,2d—1 =0

can be computed by the equality:

(3.124) w(Opa| (2, 21, 22, ))aisk = (Opa (t°(z*), 1 (2*), t2(2%), - - ) ) disk,

or, conversely,
(3.125)  (Ona(t°,, 4%, )aisk = w(Opa|(2°(t), & (¢), (£), - -+ ) )disk-

We have one subtle remark here. Even when we fix d, the sum 3~ w(Ohe

H;O 0(Oni)™) disk,2d—1 - HJOO B (””m) — contains infinite terms because we have

01 and Oy, insertions. As for Oh insertion, we have the equality,
(3.126)

w | Ope|On [[(Ons)™ :(d—2>w Ope| [T (Ons)™

J=0 disk,2d—1 J=0 disk,2d—1
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Therefore, we can simplify the above sum to,
(3.127)

S wlow I ©w)m™ old—1)a? I (a:j)Tj.

m;>0,(j#1) 7>0,j#1 disk.2d—1 §>0,4#1 Y

But unlike the closed string case, O; insertion does not kill the open vir-
tual structure constants. We have infinite summands in the sum (3.127).
Hence our conjecture includes infinite procedures of computation even when
we compute the generating function (3.123) up to some finite d. So we
limit our intention to compute {(Op2)3¢~2)gisk 241, which are only non-
trivial open Gromov-Witten invariants for CP? in usual sense. To obtain
<(th)3d_2>disk72d_1 up to fixed d(> 3), we found that we can truncate the

parameters to 2% 2',...,2? and the number of (J; insertions mg in

> ,50,G21) W(Onel [0, (On) ™ aisczg—1 60~ Tlisg o S t0
0,1,...,d— f. The reason of validity of truncation is given as follows. We
need finite number of operators 01,0y, ...,Ona to recover the equality
(3.114) for ((Op2)3?"2) gisk 24—1. In the case of d = 3, we only had to introduce
one additional operator Ops. The number of O; insertions that appear in the
recovered equality (3.114) for <(Oh2)3d_2>disk,2d—1 is also finite. Therefore,
we can also truncate the number of O, insertions. We indeed observed that
these truncations do not affect the result of computation given in (3.125)
up to degree 2d — 1 and t°,¢!,...,t%. Of course, even after this truncation,
the size of computation is huge. So, we only demonstrate the computation
up to d = 3 here. The mirror map for t°, ¢!, 2,13 is given as follows:

(3.128)

1
ts = (2°) +q<12

7 )
7(1,2)31,3 + 2($3)2$2>

(@) + ¢

73 64 181
of 19 a8 0% 3. 916 181l 309 94
(G ) 4 P

PR+ R 4

3 6
1 3
ty = (z%) + ¢ <4(:L'2)4 + 5(:1:3)2 + 2(:1)2)21:3)
33 203 47
+ ¢ (70(332)7 + %:L‘3(:E2)5 + 5(3:2)3@3)2 + 17:L‘33:E2> +-
1 7 22 61
o= a1+ (507 + 20%%) g + (5o + T2t (@) + 0 (0%)%(2%)?
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13
3

11
($2)3x3+ 2(x3)2$2) q2+ e

+<i&ﬁf+

To obtain <(th)3d_2>disk’2d_1, it is enough to compute,

(3.129) w(Op|(2°, 21, 2%, %)) disk

1 1 1 1
_ 2N, t0.3, Y o022, Loove 2.3, L 0v2,.2\3
—<(:v)—|—2x:v +8:U(x)+16(:v)x:v +192($)(x)
+ g @ + o (0P )
192 384
L 037,204 (1/2) 5, 3v2 , 21 09 3 27 94y
@ a)) g0 4 (St 4 Bt )
99 0/,..2\5 27 2N\3,.3..0 212 3\2/,.0
+128033(x)+32(:1:):c9: +161:(9:)(:1;)
7 02,26\ (3/2)
+o0a0@ ) (@) ) @
246023 .o TA89 s 4 1889, 5.4 4
(322560(x )+ g @)+ g @)@
833 :
+48f@%ﬂqwm+~-7@=ex%

but we also computed,

(3.130)  w(Op2|(2%, 2", 2%, 2%)) gisk

1 1 1
= <2 + §x0$2 + §x3(x0)2 + ﬁ(aco)Q(xQ)2

1
+%(x0)3x2x3 +

1

0\3/..2y3 ) (1/2)
5@ )4
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3(1,2)21_31.0

323 3 23, 9 240
+(2xac+(m)+ (x)x—i—lﬁ

8 128

3. 320, 2T o5, 002\ (3/2) 12823 536
@) 2T+ gag @@ a4 { oa04 ()

2219 504 3, 391 5090 30 67 33\ (5/2)

to check integrable condition. By inverting the mirror map (3.128) and sub-
stituting the result into (3.129) and (3.130), we obtain the generating func-
tion of open Gromov-Witten invariants,

(3.131)  (OR (%t %, t3)) gisk [oo—0 = w(O|(2°(t*), 21 (%), 2% (%), - ) )aisk

— QU2 (2) 4 (_i(t3)2 _ Z( 2)243 _ él(tz)4> QB/2
" (5)5?112@2)7 n z%( 2543 4
g PO+ TEPR) QO 4 Q=)
and
(3.132)

(O (19,4142, 83)) disk | 10—0 = w(Ope | (2 (£%), 2 (£7), 2% (£7), -+ ) ) disk
— Q2 4 <_g(t2)3 _ t2t3> Q/2)

13,55 3361 56 33 5,4
Y (¢ e N
+<24( ¥ 53000 ) T )

iz(t3)2(t2)2> Q(5/2) 4.

Here, we set the variable t° to 0 to simplify the formulas. Note that the
integrable condition,

0 (OR(t2, 142, 1%)) disk = i<C9h2(150,t1,t2,153)>disk,

1 —
(3:133) ot? ot

is satisfied. The numerical data (3.112) are also reproduced. We extended
the computation up to d = 6 and obtained the table in Section 1.
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4. Application to general type projective hypersurface

In this section, we discuss application of the multi-point virtual structure
constants to Gromov-Witten invariants of degree k hypersurface in CPN~1
(in our works, we denote it by M¥). Let w™N*(OpaOps| [Tie; Onmi)o.a and
wNF (Opa| [T Onmi)disk,2a—1 be closed and open multi-point virtual struc-
ture constants for M ]’ff They are defined as follows:

(4.134)

wN’k (Ohu Ohh | H Oh’"%)
0,d

i=1

= /~ evg (h®) - evio(h’) - (H ev; (h”“)> - crop(ENP),
Mpo,mn(Nad) i=1

n
WA (ohn, Hohmi>
i=1 disk,2d—1

“Js ey (Feiom) cuntely
Mpp 1), (CPN=1/RPN=12d—1)

=1

ENE and Eé\ifs’ﬁ are orbi-bundles. The zero locus of sections of these bun-
dles correspond to quasi-maps whose images lie inside M ]’f, Our discussions
in Sections 2 and 3 are also applicable to these intersection numbers. By
combining them with the results in [11,12], we obtain the following closed
formulas:

(4.135)

W F (Ope Ops | [ [ (Onmi )0

i=1
_ 1 f dZO f dZ]_ f dzd
@rv/=D) Sy, o)™ Sy, OY Ty, )™
d—1 . i
X (20) YL ki (225 — 2j—1 — 2j41) 1:[ e"(zj—1,2;) | - (20)
Jj=1 j=1
n d

< T wm (zi-1:2) | (d>0).

i=1 \j=1
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(4.136)
NF(Opa| H Opmi )disk,2d—1

=1

B # dzg dz1 o
-~ (2ry/—1)d 7{;0 (z0)N 7{1 (z1)N

(0)

" 72 1<dzd_lzv2<20>“<k!!><zd D

Zd—1)

(0)

— ) n

J Z] 1= Zjt1) i1

(zj-1,2j) + 5

461

m;—1

Y

In these formulas, e*(z,w) is the polynomial in z and w given in (3.110).
These intersection numbers are useful especially in the case of general type
hypersurface M J’@ with k£ > N. In our previous works, we used the virtual
structure constants with two marked points. When the hypersurface is gen-
eral type, we have to operate generalized mirror transformation to translate
the virtual structure constants into Gromov—Witten invariants. According

o [10,12], it is given as follows.
(4.137)

’LUN’k(Oha Ohb)

<Oha0hb Od—l—z Z Uf (’)ha(’)hb H Oh”““ N)fj >0d f

f=lo;ePy

f
H hN 3—(k— N)fJOhO)OfJ

(4.138)
WK (Oha) disk 241

d—1

= (One)aisk2a—1+ Y, Y S(07){(Ope H Opr+-m1; )disk,2d—2f 1

f=los€P;

l(oy)
O, nes—-ny; Opo .
<11 w(Opn—s-tk-n5; Op )O,f]'

k
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In the above formulas, P; is a set of usual partition of a positive integer d,

(4139) Pd = {Ud:(dladQ)"'ydl”d:dl+d2+"'+dl,
1<d; <dy<d3z<---<d},

and S(oy) is the symmetric factor:

d
(4.140) =1l

7,:1

7
mul (i,04))

where mul(i, o4) is multiplicity of ¢ in o4. Therefore, if we intend to compute
(OneOpp)o.a and (Opa)disk,2d—1 by using (4.137) and (4.138), we have to
know the information of the multi point Gromov—-Witten invariants (Opa Opp
Hé(i{) Oh1+(k—N)fj>07d7f and <Oha Hi(i{) OhuuﬁN)fj >disk,2d72f71 in advance.
In the closed string case, we used the associativity equation to compute
them. But this process made the computation very complicated [10]. In the
open string case, we did not know the open version of the associativity
equation and we could not compute the open Gromov—Witten invariants
genuinely from the open virtual structure constants in the k£ > N case [12].
In contrast, our multi-point virtual structure constants should include all
the informations of the multi-point Gromov-Witten invariants. Therefore,
we can apply the formalism of Sections 2 and 3 to execute the generalized
mirror transformation for general type hypersurface M k, Let us illustrate
our idea from the closed string case. For the hypersurface M Jlf, k> N, we
introduce variables 7 (j = 0,1,..., N — 2) associated with insertions of Oy,
and generating functions,

(4.141)
wN’k(OhaOhb\(xo,...,xN_Z))g
N-2
= :Uc-/ k - potbtetl 4 Z w? (Ohaohb’ H Oni)™)0,d

% d>0,m;>0 §=0

N-2 xj)mJ

X —

i mit

Since (2.61) and (2.62) also hold in this case, these generating functions turn
out to be polynomials in €*" and z7 (j =2,3,..., N —2). Next, we introduce
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the generalized mirror transformation,
(4.142) (a0, 272 = —wN RO 201 (20, .. 2N T2)).
If we invert the above equality, our conjecture predicts the following equality.

(4.143)  (OpaOps(t°,..., tV72))g == 1% / L. potbtet
CopN-1

N—-2 N—
+ Z <Oha0hb H Opi )™ H
j=0 j=0

d>0,m;>0

= W (Ohe Opa | (22(2°, ..tV 2, L. ,a:N*Q(tO, LT

Let us demonstrate this procedure by taking Mé’ as an example. In this case,
the mirror map is explicitly given up to d = 3 as follows:

(4.144)
9 =20
t =zt

2 = 2% + 34138908¢

3 = 23 4 12499596022 q + 8404934443598718¢2,

340609293 123644755203321141
th = 2t + 24975224123¢ + #(ﬁ)zq + 5 22q?

+ 3815933053700462506215462¢° + - - -

257278653
= x5-+-340609293x4q<+-556222626x3x2q—+‘444454——7(x2)3q

218861932
+ 11393260755415247723¢> + 321886 9%235880779(19)2q2

+ 33258838601987300311771653z2¢> + - - - |

805974867
6 = x6-+-3747482011§q-+-681218586x4x2q—+‘444454——7(m3)2q

2572
+ 5562226261° (2?)%q + j1§9§§(m2)4q

+ 139268745219642741 g% + 47278296777319556423 2% ¢>
+ 223674801935251734(22)3¢>
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+ 489183519234024139163036132%¢>
+ 106098778427559977884727547(22)2¢> + - -, (¢ = €%).

We can omit the d > 4 part because Gromov—Witten invarinat of Mg is
trivial if d > 4. We then compute,

(4.145)

1
§w8’9(0h(’)h](x0, e $N72))0

= 2t + 30647038523¢ + 215613333(22)? + 897619349280946772>¢>
+ 6297488499797163519141951¢° + - - - .

If we substitute the inversion of the mirror map to (4.145), we obtain,
(4.146)
1
§<Oh0h(t0, - ,tN72)>0
4 <90617373
L b

: 12880615374 .
5 (t2)2+56718144t3> ot 358 8802 B3TA365 5 o

+ 1345851991844128981741851 >
This generating function includes all the non-trivial genus 0 Gromov-Witten

invariants of Mg and reproduce the results in [9]!
In the open string case, we introduce

(4.147)
’LUN’k(OhaKZL‘O, - 7$N_2))disk
N-2 _9 .
)M
= ¥ w(oul [Low™ Tk
4>0,m; 20 7=0 disk2d—1 7=0 7
N,k . d_l 1 (.’L‘j)m]
= X WMo ]lomm S | G
d>07mj207 (]#1) ]7&1 diSk,Qd—l ]751 J

Unlike the CP? case, substitution of inversion of the mirror map to
w(Opal(22,. .., 2V 72)) gisk results in (Opa (2, . .., tV72)) gisk. For examples,
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we compute,

w8’9((’)h|(ac0, . ,$N72))disk

945 945
_ <945x2—|—2m0x3+8(x2)2x0+-~>q(1/2)

236172454245
+ <9064272945O + 02 > q(3/2)

2

n (501094470651228637817x0 . ) 45 4

and

w&g(ol‘(l‘oﬂ e X dls (945 3 945 ) + .- ) q(1/2)

+ ( 1682253622353: + - )q(3/2)

(276177175032776063634 > (5/2)

In this case, we also have the subtlety of infinite insertions of O;. In the above
formula, we truncated the number of O insertions so that the non-trivial
open Gromov-Witten invariants of Mg computed in [12] are not affected.
Substitution of inversion of the mirror map results in,

(4.148) (O, ..tV 72)) ik

= <945t2 9;15 ()" + 9;l5t0t3 + - ) e1/2)t!

<101920638015

5 942 1 58381461390 + - - ) e3/2)t"

n (20865788438073398442 04 ) o(5/2)1*
b}
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and

(4.149)
945
(O1(°, .. N 7)) ik = <945t3 + T(152)2 +.. >

x eI/t 4 (33973546005¢% + - - - ) o3/

n <41731576876146796884 4. > o(5/2)
25

The integrable  condition %(Oh (0t T2 ) ik = %(Ol(to, e
tN *2)>disk is satisfied. The open Gromov—Witten invariants in these gen-
erating functions agree with the results computed from (3.109).

(4.150) <Oh0h2>disk,1 = 945, <Oloh3>disk,1 = 945,
(O1(Oh2))disk,1 = 945/2, (01042 )aisk3 = 33973546005,
(Oh)disk,3 = 58381461390, (O1)aisk,5 = 41731576876146796884/25.

Therefore, we can compute the open Gromov-Witten invariants of M89 gen-
uinely from the open multi-point virtual structure constants. Comparing
these results with the ones of C'P?, the reason why we had to introduce
the variables 27 (j > 3) in the C'P? case is still unclear. We end this paper,
leaving pursuit of this subject to future works.
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