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Invariants of hypergeometric groups for Calabi—Yau
complete intersections in weighted projective spaces

SusuMU TANABE AND KazusHl UEDA

Let Y be a Calabi—Yau complete intersection in a weighted projective
space. We show that the space of quadratic invariants of the hyper-
geometric group associated with the twisted I-function is one-
dimensional, and spanned by the Gram matrix of a split-generator
of the derived category of coherent sheaves on Y with respect to
the Euler form.

1. Introduction

Let ¢ = (qo,---,qn) and d = (dy,...,d,) be sequences of positive integers
such that

Q:i=q+ - +eyn=di+-+d,

and consider a complete intersection Y of degree (dy, ..., d,) in the weighted
projective space P = P(qo,...,qn). If Y is smooth, then it is a Calabi—Yau
manifold of dimension n = N — r. The derived category D° coh P of coherent
sheaves on P has a full strong exceptional collection

(€)1 = (Op, Op(1),..., Op(Q = 1))
of line bundles [2,4]. Let (.7-"2-)?:1 be the full exceptional collection dual to
(51‘)?:17 so that
X(E@-i+1, Fj) = dijs
where

(1.1) X(E,F)=> (-1)FdimExtF (£, F)
k

is the Euler form. The derived restrictions {fi}inl of {.7-"1}?:1 to Y
split-generate the derived category DPcohY of coherent sheaves on Y
[19, Lemma 5.4].
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Following [8, Equation (4)], let us introduce the twisted I-function

o =11 o: )=(pads) (dxPa +b)

0<b<(n+ﬂa)dk
(1.2)  Ipy(t § efalostpa N "y ,
n=0 Hu OH b: =(paqv) (qua +b)

0<b<(n+pa)qu

where (x) = x — |z] is the fractional part of z. This is an element of the
ring @, C[Pu]a/(P5*)a, which is isomorphic to the orbifold cohomology
of P as a vector space. See Section 2 for the definition of p, € Q and
to € N. The twisted I-function Ipy contains the information of twisted
Gromov-Witten invariant of the bundle Op(dy) & - - - & Op(d,.) — P through
the twisted J-function [6].

The components of the twisted I-function span the space of solutions of
the hypergeometric differential equation

N ¢ —1
(1.3) [HH (q0; — a) —tHH (dpb; + )| T =0,

v=0 a=0 k=1b=1

where 0; = t— 8 . Let ‘H be the differential operator on the left-hand side and
H™4 be the operator obtained from H by removing common factors from
the two summands of H. Both H and H™? have regular singularities at 0,
oo and \ = HZJIV:O v / | di’“. The local system £7¢ defined by H™9 is
irreducible, and its rank Q¢ is smaller than the rank Q of the local system
L defined by H. The irreducible system £9 supports a pure and polarized
variation of Hodge structures, whose Hodge numbers are computed by Corti
and Golyshev [7, Theorem 1.3].

The mirror of Y is identified by Batyrev and Borisov [3] as the family
of toric complete intersections whose affine part is given by

(1.4) X = {(z0,...,2n) € (CON| fi(x) =0, i=0,...,7},

where

folz) = :Cg(’a:(f . x%v —t,

fi(x):Za:k—l, i=1,...,r

keS;
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the variable t is the parameter of the family, and S; U --- U S, ={0,1,..., N}
is a partition of {0, 1,..., N} into r disjoint subsets such that dy, = ;s -
The period integral

2l 2l dxg dx
1.5 I(t) = [ =20 "N PO A 22
(1.5) ®) /Vdfo/\-"/\dfr o Ty

for a middle-dimensional cycle v € H,,(X;) satisfies the irreducible hyperge-
ometric differential equation H™4I = 0.

Define the hypergeometric group Hgq as the subgroup of GL(Q,Z)
generated by

00 ... 0 —-Ap
1 0 ... 0 —4g
(1.6) hoo = 01 ... 0 —Ag-
0O 0 ... 1 —Aq
and
00 ... 0 =Bg
1 0 ... O —BQ,l
(]..7) hal = 9 :P e 9 7B.Q*2 ,
0o o0 ... 1 —By
where
k=1
and
N
(1.9) [T —1) =72+ BT + By79% 4. 4 B
v=0

are the characteristic polynomials of the monodromy of (1.3) at infinity and
zero, respectively. If the system is irreducible, then a result of Levelt [17]
states that the monodromy group is conjugate to the hypergeometric group
Hg q. Although the system L is reducible and one cannot apply the result
of Levelt directly, we can show the following:
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Theorem 1.1. For any sequences q = (qo,-..,qn) and d = (dy,...,d;) of
positive integers satisfying

Qi=q+ +egn=di+ - +d,
the monodromy group of (1.3) is conjugate to the hypergeometric group Hq q
An element h € Hg g acts naturally on the space of Q) x Q-matrices by
Hga>h:X —h-X-h",
where hT is the transpose of h. The following is a corollary of Theorem 1.1:

Theorem 1.2. The space of ) X QQ-matrices invariant under the action of
the monodromy group Hq q of (1.3) is one-dimensional and spanned by the
Gram matrix

(X(F:. 7)Y

1,7=1

of the split-generator {?Z-}?Zl with respect to the Euler form.

Theorem 1.2 is closely related to the works of Horja [14, Theorem 4.9]
and Golyshev [12, Section 3.5], which goes back to Kontsevich [16]. The main
difference from their works is that we work with the reducible system £ which
contains sections not coming from period integrals on the mirror manifold.
In the case of the irreducible local system £, Golyshev gave a beautiful
interpretation in terms of autoequivalences of the derived category of the
mirror manifold Y (cf. Section 5). Although the geometric meaning of extra
sections of £ is unclear, our proof of Theorem 1.2 also use autoequivalences
of the derived category of the mirror manifold Y, just as in the case of the
irreducible system.

The organization of this paper is as follows: the proof of Theorem 1.1
is given in Section 2. The essential step is to show the existence of a cyclic
vector for the monodromy around the origin, which satisfies additional con-
dition with respect to the monodromy at infinity. The uniqueness of the
invariant of the hypergeometric group is shown in Section 3, and the invari-
ance of the Gram matrix of the split-generator with respect to the Euler
form is shown in Section 4. In Section 5, we discuss the relationship between
the Gram matrix in Theorem 1.2 and the Stokes matrix for the quantum
cohomology of the weighted projective space.
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2. Monodromy of hypergeometric equation

We prove Theorem 1.1 in this section. Let hg, h1 and hy be the global
monodromy matrix of the hypergeometric differential equation (1.3) around
the origin, one and infinity with respect to some basis of solutions satisfying
ho - hy - heo = 1. Recall that a vector v € C€ is said to be cyclic with respect
toh € GL(Q,C) if the set {h® - U}Z-Q;Ol spans C%. The following lemma is used
by Levelt [17] to compute the monodromy of hypergeometric functions (see
also Beukers and Heckman [5, Theorem 3.5]).

Lemma 2.1. Assume that there exists a vector satisfying
(2.1) v=hlv, i=1,...,Q—1,

which is cyclic with respect to hg. Then the monodromy group of (1.3) is
isomorphic to Hq g.

Proof. The condition (2.1) shows that the action of hg and h! with respect
to the basis {h;v}ggl of C@ is given by

0O 0 ... 0 =«
1 0 ... 0 =«
0 1 0 =x
0O 0 ... 1 =«

The last line is determined by the characteristic equations
det(T — ho) = TQ + AlTQ_l + 142T'Q_2 4+ AQ

and

det(T —h ) =T9 + ByT9 ' + BoT9 2 + ... + Bg. 0

Remark 2.2. Even if there is no vector satisfying (2.1) which is cyclic
with respect to hg, one can consider the subspace generated from any vector
satisfying (2.1) by the action of hg, and the resulting matrix presentation of
the monodromy action with respect to {ho_oiv}?;ol will be given by (1.7) and
(1.6). Since {h;fv}?z_ol is not a basis but only a generator in such a case,
this matrix presentation is not unique.
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Hence, the proof of Theorem 1.1 is reduced to the following:

Proposition 2.3. There exists a vector v in the space of solutions of (1.3)
which is cyclic with respect to hy and satisfies (2.1).

The rest of this section is devoted to the proof of Proposition 2.3. Note
that the existence of such v is automatic if the hypergeometric differential
equation is irreducible (cf. [5, Theorem 3.5]).

The hypergeometric differential equation (1.3) has regular singularities
at t = 0,00 and A\ where \ = Hf,vzo a [ iy dz’“. To simplify notations,
we introduce another variable z by ¢ = Az. Then the local exponents are
given by

b
—, k=1,...,r, b=1,..., dp, at z = oo,
dg
ﬁ’ v=1,....N, a=0,...,q, — 1, at z =0, and
qu
—1
0,1,2...,0—2, "T at z = 1.

Let
L>p1>p2>->pp=0
be the characteristic exponents of (1.3) at z = 0 so that

on o= U {0,1,...,‘1”_1}.

0<D<N qu qu

Let further

po=—, 0<a<g —1, OSI/SN}

Qv

fo = # {(qy,a)

be the multiplicity of the exponent p, and put
ea = exp(2mv—1p,), 1< a<p.

We remark that p1, = N + 1. For the quantity defined by

Vo = # {(dk, b)

b
pazl—d—, 1<b<d —1, 1§k§r}, 1<a<p
k
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the following relation holds:

P
Q=) (fta = va).
a=1
Let us introduce the matrices
prid,, +J,, 0 e 0
T
6 0 x ppidy, ‘—I—Jum,
eridy,, +Ju, - 0 e 0
By — 0 ez idy, ‘—I—JW,_ 0 |
6 0 i epid,, '—&—Jum_

where J; + are i X ¢ matrices defined by

0 1 0 0
0 0 1 0
Jiy = : :
0 0 O 1
0 0 O 0
and
0 0 0 0
1 0 0 0
Ji_ = 0 1 0 0
o0 --- 10

A series solution to (1.3) at the origin can be obtained by the Frobenius
method:

Lemma 2.4. A basis of solutions to (1.3) can be obtained as the coeffi-
cient of P! fora=1,....p andi=0,..., s — 1 in the I'-series in (1.2).
Solutions to the irreducible equation H™%% = 0 correspond to the coefficient
of Pi fori=0,... 1 — Vo — 1 in (1.2).
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Proof. Let

oo e=1IT b ty=(puar) (diPa +b)

(2.2) H = Falogtypa Z m 0<b<(n+pa)dk
n=0 Hl/ 0 H b: q (QVP + b)
0<b<(n+pu) q

be the I'-series in (1.2) considered as a formal power series in P,, t and
logt. Here ef=198% is considered as Y °° (P, logt)"/(n!), which satisfies
0 (eP o logt) = P,ef=logt A direct calculation shows

[ﬂqﬁl (g0 — a) —tHH dif +b)

v=0 a=0 k=1b=1
N q.—1

- (H H <QVPa + qupy — a)) ePa 1Ogttpa7
v=0 a=0

where the right-hand side is proportional to P4“, so that the coefficients
of P! for i =0,1,..., 1, — 1 give solutions to the hypergeometric equa-
tion (1.3). If one think of the series in (2.2) as a formal power series in ¢
and logt with values in the p,-dimensional vector space C[P,]/(PL®), then
it is a polynomial in t*~ and logt (this is clear from (2.2)) and a convergent
power series in ¢ (this follows either from the fact that the origin is a regular
singularity of (1.3), or a direct estimate of the radius of convergence, which
gives \), which gives a multi-valued solution to (1.3).

Alternatively, one can also argue as follows: for the set of poles
Iy={weC:|lw+ps,+n=€6neNO0<e<x1} the Mellin-Barnes

integral
2m/ Hr (qw Hr 1 — dpw)s " duw,

with s = (—1)%t gives us a solut10n that is the P&~ part of (1.2). This can
be seen from the following calculation:

> Resu——p,—n H T(gw H I(1 — djw)s™™
k=1

n>0

=Y oo (dch)l (w0 + pa )

n>0
N

< [ D(gw) [JT( = drw)s™)|w=—po—n

v=0 k=1
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Ho—1 N
=S ot (cap) (P TITa(on 40+ P)

v=0

T
X H (1 + dg(pa +n+ P))sP> T | p_,
k=1

nQ Ho 1
S o Gy
n>0

x (< o I 1)
ap Hu Oanu (qv(pa + P) +1)

d K
X((dP) pﬂuHF ~qu(pa + P)) HF1+dk(pa+n+P))>! P=0"

k=1

((—1)Qt)”“+”+P> |P=o

To get a solution with P "2 part of (1.2) we choose v € [0, N] such
that po = - for some a € [0, gy, — 1] and calculate

N —
i _1)qu1w Hz/:(),l/;élll F<QVU)) H;:l F(l - dkw)s wdw
ori i, I(1— gqyw) '

In this way we increase the number of I'-factors in the denominator.
The factor F(q,, ) multiplied by a function m(:rrw( 1)%" with period
21/—1 gives F(l o) Thus, we obtain a p,, tuple of Mellin—-Barnes integral
solutions to (1.3) that are linear combinations of (1.2). To get (1.2) solutions
from the Mellin—Barnes integral solutions we need only to solve a system
of linear equations determined by a u X po upper triangle matrix with
non-zero diagonal entries.

As for the statement on the solutions to the irreducible operator H™d
we shall consider the Mellin—Barnes integrals

L T
2myv/—1 Ji. 1oy T(drw) ’

whose poles w € Il, are at most of order pu, —v,. On calculating its
residues, We obtain a subspace of solutions to (1.3) of dimension

Qe = 301 (Ha = va)- O
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Corollary 2.5. There is a basis
X(2) = (X1(2),... Xg(2))
of solutions to (1.3) such that the monodromy around z = 0 is given by
X(z) — X(z)- Ep.

Proof. Recall that A = HZVV:O qr / [Tiy di’“ and ¢t = A\z. The monodromy of
the T'-series in (2.2) around ¢ = 0 comes only from

(2'3) ePa logttpa — ePa log(exp(2my/—1) t) (exp(?wﬁ) t)/)a
(2.4) = o2V 1Fa exp(2myV/—1pg) - ef=1o8tipa

and other terms are single-valued. Now Corollary 2.5 follows from the fact
that the linear operator

2™V 1 exp(2mv —1pa)

1 _
= <1+27T\/—1Pa+"'+(Iu_l)'(Qﬂ'\/—lPa)MQ 1) * Cy

on the p,-dimensional vector space C[P,]/(P4*) has Jordan normal form
eqidy, +Ju,,—.

Alternatively, one can also argue as follows: this can be seen by a gener-
alization of Frobenius method for a differential equation with multiple local
exponents at s = 0. The residue

N r

Resy=—p, H (g w) H (1 - dpw)s™

v=0 k=1
admits an asymptotic expansion of the following type:

Mo

> (logs)t=Ishy(s)

j=1

for holomorphic functions h;(s), j=1,...,0, at s =0. If we apply the
monodromy action s +— se2™V=1 {0 this series Lo times repeatedly, we get
a local basis of a rank pu, subspace of solutions. The monodromy action
induced by a turn around s = 0 on this subspace of solutions has the Jor-
dan normal form e, id, +J,, —. For each «, this subspace is invariant with
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respect to the monodromy action within the total solution space, we get
the statement. OJ

Set o9 = 0 and aizzgzlua fori=1,...,p
Lemma 2.6. X, (2) is singular at z =1 for any 1 <i < p.

Proof. Assume that X,,(z) is holomorphic at z = 1. Since X, (2) is a solu-
tion to (1.3), its only possible singular points on C are z = 0 and 1, so that
2P X4,(z) is in fact an entire function. Since (1.3) has a regular singularity
at infinity, X,,(z) has at most polynomial growth at infinity. This implies
that 277 X,,(z) is a polynomial, which cannot be the case since the series
(1.2) defining X, (z) around the origin is infinite. O

Lemma 2.7. There is a fundamental solution Y (z) = (Y1(z2),...,Yo(2))
of (1.3) around z =1 such that Y;(z) is holomorphic fori=1,...,Q — 1.

Proof. We prove the following stronger result; Y; has a series expansion

Vi=(z-1)"") Guz-1)"

m>0
fori=1,...,Q — 1, and Yp(2) has the series expansion

T G-+ Y G-

m>0 m>0

Yo(z) =

when n is even, and

Yo(z) = (z—1)2 log(z — 1) ZG’ (z—1)™ —i—ZG” )"

m>0 m>0

when n is odd. Since @) — 2 is the largest exponent, one can find a series
solution
Yoo1=(2-1)92) Gu(z—1)"
m>0
o (1.3).

Next we remove the common factor € in two terms of (1.3) from the left
to obtain a differential equation; the factor o6y with v = a = 0 in the first
term is replaced with qp, and the factor (d16; + dy) with k=1 and b = d;
in the second term is replaced with d; (note that t(d16; + di) = d164t). One
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can see (cf., e.g., [5, (2.8)]) that the set of local exponents of the resulting
equation at z = 1 is given by

n—1
0,1,... -3 .
{7’ ’Q bl 2 }

Now ) — 3 is the largest exponent, and one can find a series solution

Yoo =(2-193) Gu(z—1)"

m>0

to this equation.

One can continue this process until the differential equation becomes
irreducible of rank Q"¢ whose set of exponents is given by {0, 1, ..., Q" — 2,
”T_l} This irreducible differential equation describes the period of the
Calabi-Yau manifold obtained by compactifying Y; (cf. [7, Theorem 1.1]).
This Calabi—Yau manifold has an ordinary double point at z = 1, and the
period integral along the vanishing cycle gives the singular solution Yg(z),
while integrals against classes orthogonal to the vanishing cycle give holo-
morphic solutions Yi(z), ..., Ygra_1(2). O

Lemmas 2.6 and 2.7 imply the following:

Lemma 2.8. One can choose a fundamental solution Y (z) = (Y1(z),...,
Yo(2)) around z =1 so that the connection matriz

(2.5) X(2)=Y(2) L1

s given by
1 0 0
0 1 0 0
0 O 1
cT Cp - CQ-1 1

where ¢, #0 for anyi=1,...,p.
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When n is odd, the monodromy of Y around s = 1 is given by

Yo(z) — Yo(z) + 2nv/—1(z — 1)(n1)/2 i G (z—1)™.

m=0

The second term is holomorphic at z = 1 and can be expressed as a linear
combination of Yi(2),...,Yg_1(2). Hence, the monodromy around z =1 is
given by

Y()—Y(2): E

where
10 0 4
0 1 0 6
Ey = :
0 0 1 ¢y
0 0 0 1

When n is even,
Yo(2) = ~Yo(2) +2 3 Gl (= — D)™,
m=0

so that the monodromy around z =1 is given by

Y(z) = Y(z)- Ey,

where
10 0
0 1 0 &
Ey=1: + . :
00 --- 1 cb_l
o0 -~ 0 -1

Note that the monodromy of Y'(z) around z = 0 is given by

Y(2)=X(2) L'
— X(2)-Ey- L' =Y(2)-Li-Ey- LT

By a straightforward calculation, we have the following:
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Proposition 2.9. The monodromy matrices hg, h1 and hoo around z = 0,
1 and oo with respect to the basis Y (z) of solutions of (1.3) are given by

0O 0 --- 0
h0:E0+ : : ." : ]

0O 0 --- 0

o2 o NQ

00 1 go

00 --- 0 (-1t

5

5y

—h0—|- .

0Q

Lemma 2.10. Letv = (v1,...,vQ T be a column vector and define a Q x Q

matriz by
_ Q-1
T=(vho-v,....,h{  -v).

Then one has

P
detT =+ H (eq — ep)Hattn . H Vo, _y+1)"
1<a<p<p a=1

Proof. Let T'(a, j) € SLo(C) be the block diagonal matrix defined by

T — (e 0
& 0 idjt1 —eq - Jj414 )

Then

TT(LQ_]-)T(LQ_Q) """ T(va_Ml)
T(2,Q—pr—1)----- T(2,Q — p1 — pi2)
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is a lower-triangular matrix whose ith diagonal component for g,_1 < i < 0,
is given by

[ (ea—es)" vo 11

B<a .

T

Corollary 2.11. v = (v1,...,vQ)" is a cyclic vector with respect to hg if

and only if the condition

p
(27) H Voo _q+1 7é 0

a=1
1s satisfied.
Lemma 2.12. Ifv € C9 satisfies
(2.8) hl-v="hhw, i=12...,Q—1,
then (2.7) holds.
Proof. Since the kernel of h! — hg is the orthogonal complement of the
last coordinate vector eg = (0, ...,0,1) € C?, Equations (2.8) for v = (v,0)
where v = (v1,...,v9-1) can be rewritten as

v =0,

where ¥ is a (Q — 1) x (Q — 1) matrix whose jth row vector is the first
Q — 1 components of the last row vector of h). Define a block diagonal

(Q — 1) x (Q — 1) matrix by

) idg—j—2 0
S(a,j) = < 0] S,)

where S” € SL;11(C) is given by

1 0 0 O
—en 1 0 O

S/ = :
0 0 1 0
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Then the components of the matrix

S =81,1)--- 81,1 —1)- 82, 1) - 8(2,00 — 1) - S(3,02) - - -
53,03 =1)---S(p,op-1)---S(p,op —2) -

are zero below the anti-diagonal (i.e., f)ij =0if i+ j > @) and the ith anti-
diagonal component 3; o_;—1 for 0,—1 < i < 0, is given by

H (ea — )¢y,
B>a
The (@ — 1)-st equation
(const) - v + H(61 —ep)?c v =0
B>1

together with Lemma 2.8 implies that vo = 0 if v; = 0. By repeating this type
of argument, one shows that v; = 0 implies v = 0. Moreover, one can run the
same argument by interchanging the role of (v1, e1, ¢, ) with (vs, 41, €q,¢o,)
to show that v, ,4+1 = 0 implies v = 0. Hence, a non-trivial solution to (2.8)
must satisfy (2.7). O

This concludes the proof of Theorem 1.1.
3. Invariants of the hypergeometric group

We prove the following in this section:

Proposition 3.1. Let g = (qo,...,qn) and d = (dy,...,d,) be sequences
of positive integers such that Q := Zf\io ¢ = Y p—1 dr. Then the space of
Q x Q matrices invariant under the action

Hya>h:X—h-X-hT
18 at most one-dimensional.

Proof. Let X be a Q x () matrix invariant under the hypergeometric group

Hg 4, so that

(3.1) h-X-hl =X

for any h € Hq q. Let e1 = (1,0,..., 0)™ be the first coordinate vector. Since
{(hgo)iel}?zo spans C%, X;; is determined by the Hy g-invariance once we
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know X;1 fori=1,...,Q. Put

(—1)"Bg 0 0 0
(=1)"(Bg-1—Ag-1) 1 0
(32) h=hy' hy = : P 1 1| €Hga
(—1)"(By— A2) 0 10
(1) (Bi— A1) 0 0 1

and consider (3.1) for h = hy. Since

Q
(hy- X b= > (h)inXni(ha)1

k=1
Q
N+1
Z (1)t X (—1)" 6y,
k=1
Q
VL
= (=N (hy) i X,
=1

the first column of (3.1) reduces to

(3.3) (DN H((h)in X11 + Xia) = Xt

for 2 <i < Q.If n =N —ris even, then (3.3) implies
Xi = —%(fn)ian,

so that the space of Hg g-invariants is at most one-dimensional. If N + 7 is
odd, then (3.3) gives X11 = 0. Fix j # 1 such that (h1);1 = (—1)"(Bg-j+1 —
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Ag—j+1) # 0. Since

M@

(h1-X-hi)ij =Y (h)wxXp(h1)ji

ko

I
(e

=1

(h1)ie (X1 (h1)j1 + Xij(h1)j5)

B
Il
—

(P1)ik(Xg1(h1)j1 + Xij)

1
Me

Il
—

= (h1)a (Xa1(h1)j1 + Xu5) + (X (ha)j1 + Xij)
= (h1)nX1j + X1 (h1) 1 + Xij,

—_~ o~

the jth column of (3.1) gives

(h1)in X1 + (h1)j1 X1 =0

for 2 <4 < Q. Since (h1);1 # 0, one obtains

(h1)1s
(h1)j1

X1 =— X1,

for 2 <1 < @, so that the space of H-invariants is at most one-dimensional
also in this case. O

4. Coherent sheaves on Calabi—Yau complete intersections
in weighted projective spaces

We prove the Hg g-invariance of the Gram matrix in Theorem 1.2 in this
section. The proof is closely related to the discussion of Golyshev [12, Sec-
tion 1], although the use of the right dual collection (]:i)?zl seems to be
new.
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Let Y be a smooth complete intersection of degree (di,...,d,) in the
weighted projective space P = P(qo, ..., qn). We use the Koszul resolution
r ~
(41) 0—Op(~d1—--—d) — P Op(~dy — - —d; — -+ — d)
i=1

— - — P Op(—di - d;) — P Op(—dy)
1<i<j<r i=1

— Op — 1,0y — 0

of the structure sheaf Oy of Y to compute the derived restriction

L
L (=) == (=) (X) Oy : D’ cohP — D cohY,
L_lop

where ¢ : Y — P is the inclusion.
Let (5})?:1 be the full strong exceptional collection on D° coh P’ given as

(&1,...,&9) =(0,...,0(Q - 1)),

and (F1,...,Fq) be its right dual exceptional collection characterized by
the condition

C i=3j dk=0
Eth(ngi#»la]:j) — ? I E.i‘n y
0 otherwise.

Note that Fi; = Op(—1)[N] and Fg = & = Op. The Euler form on the
Grothendieck group K(P) defined by (1.1) is neither symmetric nor anti-
symmetric, whereas that on K(Y') is either symmetric or anti-symmetric
depending on the dimension of Y. The bases {[&]}%, and {[F;]}%, of K (P)
are dual to each other in the sense that

(4.2) X(Eqg-it1,Fj) = 645

We will write the derived restrictions of &; Emd Fi toY _as E; and F;
respectively. Unlike {[EZ]}?Zl and {[.ﬁ]}?zl, {[51]}?:1 and {[.7-'1]}?:1 are not
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bases of K(Y'), and their images in the numerical Grothendieck group are
linearly dependent. Put

Xij = x([Fi], [F5))
and let (aij)?j:1 be the transformation matrix between two bases {[52]}?:1
and {[.7-"1]}?:1 so that
Q
[Fi] = [Eai.
j=1
We prove the following in this section:

Proposition 4.1. X is an invariant of the hypergeometric group Hggq.

We divide the proof into three steps.

Lemma 4.2. Let ¢ be an autoequivalence of DbcohY such that its action
on {[.7-"1]}1@:1 is given by

— Q —
[Fil — Z hij[F;].

Then X s invariant under the action of h = (hij)gjzl!

forany 1 <i,5 < Q. O

Remark 4.3. Since {[.7-"Z]}ZQZ1 are not linearly independent, the choice of h
in Lemma 4.2 is not unique.
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Lemma 4.4. The action of the autoequivalence of D cohY defined by the
tensor product with Oy (—1) on {?i}?:l is given by ho;

(ho)ij[F;]-

'M@

Il
—

[Fi®@ Oy (=1)] =

Proof. Since tensor product with O(—1) commutes with restriction, it suffices
to show

Q
[.7'- ®OIP Zh(] 1]

]:

—_

Since {[Eg— Z+1]}? , and {[F; e 2, are dual bases, this is equivalent to

Q
(4.3) Eq-ir1 @ O(=1)] = [Eq—j11l(hg )i
7=1

Recall from (1.7) that
(ho )ji = 8541 — 0@ Bo—j+1-
Since & = O(i — 1), Equation (4.3) for i # @ gives
Op(Q — i) ® Op(—1) = Op(Q —i — 1),
which is obvious. Equation (4.3) for i = @) gives

Q
[Op(~1)] + > Bq-j+1[0p(Q — 5)] =0,

j=1
which is Op(—1) times the relation
(O] + B1[Op(1)] + -+ - + Bo-1[0p(Q — 1)] + Bo[Op(Q)] = 0
coming from the exact sequence

(4.4)

N N
0— 0 > POp(a) » P Oplai+q)—-— O (Z%) —0

i=0 0<i<j<N
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obtained by sheafifying the Koszul resolution

0— AV @Sym*V* — -+ — A’V ® Sym* V*
-V ®Sym*V* - Sym*V* — C — 0,

where V' is a graded vector space such that P = Proj(Sym* V*). O

Lemma 4.5. The action of the autoequivalence of D®cohY given by the
dual spherical twist T%_fl along F1 is given on {j:i}?:l by hi;

Q
[T% (Fi)] = Z(hl)ij [731-

Proof. Recall that for a spherical object £ and an object F, the dual spher-
ical twist T¢F of F along & is defined as the mapping cone

TYF = {F — hom(F, &)Y @ F}

of the dual evaluation map. Since the induced action on the Grothendieck
group is given by the reflection

[T (F)] = [F] = x(F, &) €],
it suffices to show that
(4.5) (h1)ij = 6ij — X101
Recall from (3.2) that

(hl)ij = 5ij j 7& 1’
(=1)"(Bg-i+1 — Ag—i+1) i#1landj=1

Equation (4.5) for j # 1 is obvious, and that for i = j = 1 follows from
(_1)7"BQ — (_1)r+N+1 — (_1)N—r+1 — (_1)n+1

and
— 0 nis odd,
X1 = {

2 nis even.
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To prove (4.5) for i # 1 and j = 1, one can use

Q
X(Fi(1) =D x((hg” = _(hgix(81, F5) = (hd)ig = —Bg-in

X(Fi(7) = x(O(=3), Fi) = X(E-j11, Fi) = 0Q+.i

k=1 1<k<I<r
+(-D)"'x(F(1—di dy))
I8
=—Bg-it1 — ZéQ—dk—i—l,i + Z 0Q—dy—dy+1,i
k=1 1<k<I<r

— o+ (—1)"0g-d——dt1,i
T
= _BQ—i+1 — Z 5Q*i+17dk + Z 6Q7i+17dk+dl
k=1 1<k<i<r
— o+ (1) 00—it1,dy++d,
= —Bg-it1 + Ag-i+1,

where we have used (1.8) in the last equality. O

5. Mirror manifolds and Stokes matrices

In this section, we discuss the relation between the Gram matrix in
Theorem 1.2 in the case when Y is a hypersurface and the Stokes matrix for
the quantum cohomology of the weighted projective space. By [8, Corollary
1.8], the quantum differential equation for the small J-function of P is given
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by

(5.1) H H <ql i k:z> Jp = et Jp,

where t; is the flat coordinate associated with the positive generator of
H?(P;Z) C H*,(P;C) and z is the quantization parameter. It follows that

orb
the stationary-phase integrals

(5.2) Ji(t1; 2) = / ef/7Q)
T

span the identity component of the space of flat sections of the first structure
connection, where f is the function f(x) = zg\io gix; on

T:{(xo,...,xN)E((CX)NH]:L'g x?\}v—et}

Q is the holomorphic volume form Q = dzg A -+ Adzy/d(zd’ - 2%) on T,
and {I‘Z-}?Zl is a basis of flat sections of the local system whose fiber is the
relative homology group Hy (T, Re(f/z) < 0;7Z).

The function f has @ critical points

pi=eh=2TVD/Q (1) i=1,...,Q

with critical values

Fpi) = Qe(tl—%wﬁ)/Q’

where the minus sign comes from the clockwise order on the distinguished
set (ci)iQ:1 of vanishing paths, which we choose as straight line segments
from the origin to the critical values as in Fig. 1. See e.g. [1] for vanishing
cycles and the Picard-Lefschetz formula. Let (%)?:1 be the correspond-
ing distinguished basis of vanishing cycles in Hy_1(f~1(0);Z). We choose
Lefschetz thimbles (Fi)?zl as in Fig. 2, which gives a basis of the relative
homology group Hy (T, PRe(f/z) < 0;Z) for arg(z) > 0. They conjecturally
correspond to the full exceptional collection (.7:1-)?:1 in the derived cate-
gory of coherent sheaves on P under homological mirror symmetry [16],
and Theorem 5.1 below gives an evidence for this conjecture. The thimbles
(T ) ¢, shown in dotted lines are the dual Lefschetz thimbles, which is a
basis of Hy(T, Re(f/z) < 0;Z) for arg(z) < 0 and should correspond to
the dual exceptional collection (51‘)?:1 under homological mirror symmetry.
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Co-1

Co-2

Co

(&

Figure 1: Vanishing paths.

Figure 2: Lefschetz thimbles.

The stationary-phase integral (5.2) is the Laplace transform
(5.3) Ji(t1;2) = / /% Ii(t1; s)ds
¢;

of the period integral

T(t:s) = / Q/df.
Y Cf1(s)

where ¢; is a path on the s-plane starting from a critical value underlying
the Lefschetz thimble T'; and Q/df is the Gelfand-Leray form on f~!(s).
The Stokes matrix (Sij)gjzl is a part of the monodromy data for the
stationary-phase integrals in (5.2), which is related to intersection numbers
of vanishing cycles as follows (cf. e.g. [10, Section 4.1] or [21, Section 5]):
Let (I1)%, be a basis of Hy(T, Re(f/z) < 0;Z) for arg(z) > 0, which is
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obtained from the basis (11’Q+1_i)?:1 of Hy (T, Re(f/z) < 0;Z) for arg(z) <
0 by parallel transport along a path in the upper half plane {z € C* | Jm z >
0} with respect to the Gauss—Manin connection on the relative homology
bundle. Then the Stokes matrix is given by

Q
It => 8l
i=1
On the other hand, Picard—Lefschetz formula (see, e.g., [1,11,18]) gives

1<j

where (7;,7;) = (=1)NWV+D/2(y; 0 4,) is (—1)N V172 times the intersection
number of vanishing cycles «; and «y;. This shows that

Oii otherwise.

Simultaneous multiplication x; — ax; by a constant o € C* induces an
isomorphism from f~(s) at "' =a to f~'(as) at e = a®a, so that the
period integral I;(s;t;) depends only on the ratio of s¢ and e’t;

N
Li(s;t) = Lit), t=XQ%e"/s?, Aqu;/QQ.
v=0

Here, the factor Q@ is chosen so that the critical values s = f(p;) go to
t = A\. For any fixed value of 1, the function I;(s;t;) is holomorphic at
s =0 and has singularities at s = oo and the critical values s = f(p;). On
the other hand, the function I;(t) satisfies the irreducible hypergeometric
differential equation H™4I;(¢) = 0 and has singularities at t = 0, X\ and oo.
The singularities of I;(t) at t = 0 and A come from those of I;(s; 1), whereas
the singularity at t = oo comes from the Q-fold Kummer covering t ~ 1/5%.

The irreducible local system £ on P' \ {0,1, 0o} associated with "4
I =0 is described by Golyshev [12] as follows: Let Y be the anticanonical
hypersurface in P and ¢ : Y < P be the inclusion. Let further K(IP) be the
Grothendieck group of P and K be the subgroup of K(P) generated by
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{[t+Oy (i) }iez- Set

N
po(z) = [J(@% = 1), @ul@) =29 =1, n(x)=ged(po(®), Poo()),
v=0
and
G (g = @) po(2)

so that Q = deg(po()) = deg(puo(z)) and Q4 = @ — deg(n(z)). Since
K (P) is generated by {Op(i)};ez with relations

N+1 k
Sy o (z)]
k=0 0<ji<<ju<N =1

coming from the exact sequence (4.4), one has a ring isomorphism

(5.4) K(P) = Z[z, 27 /oo ()

sending x' to [Op(i)]. It follows from (4.1) that

(5.5) [1+Oy ()] = [Op(i)] — [Op(i — Q)],

which goes to z'(1 — =) under the isomorphism (5.4). This shows that
the group K is isomorphic to the subgroup of Z[z, 27| /po(x) generated by

2*(1 — 29) for i € Z, and one has a short exact sequence

0 K K([P) —— K(P)/K —— 0,

where
K 2 o (2)Z[z, x7 ]/ (p0(2)) = Z[z, 27"/ (By())
and

K(P)/K = Z[z, 27"/ (po(2), poo(2)) = Zlw, 2™ "]/ (n(x)).

Let ®j be an autoequivalence of D coh P defined by ®¢(—) = Op(—1) @ (—).
The induced map ¢q : K(P) — K(P) is given by multiplication by x~!, which
clearly has ¢o(z) as the characteristic polynomial. The autoequivalence ®q
induces an autoequivalence ®( of D? coh Y given by ®o(—) = Oy (—1) ® (—).
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The induced map ¢, : K — K fits into the commutative diagram

K <. K(P)
¢ol ‘d’o
K <. K(P)

since

L(Oy (=1) @ (=) = (" Op(=1) @ (=)
= Op(—1) @ tu(-),

and the characteristic polynomial of ¢, is given by @,(x).
Let &1 = T% be the autoequivalence of DPcohY appearing in Lemma

4.5. The induced map will be denoted by ¢, : K — K. Define an autoequiv-
alence @4, of D’ cohY by

Do = (Bgody) .
The induced map ¢, : K — K is given by
Goo = (Po0d1) 7",

which is presented by the matrix heo = (h1 0 hg)~! by Lemmas 4.4 and 4.5.
It follows that ¢, acts on {[F. 1]}?:1 by cyclic permutation

Q
[Fi) =D (heo)iglFj) = [Fical.

J=1

Since {[,7-}]}?:1 is a free Z-basis of K (IP), one can define a linear automor-
phism ¢ : K(P) — K(P) by

(5.6) Poo([Fil) = [Fial-

We have a commutative diagram

K <. KP) — KP)/K

o | | o

(5.7) K <. K@) — K(P)/K,

v
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which induces the dotted vertical arrow on the right. By taking the transpose
of the diagram (5.7), one obtains the commutative diagram

KY <« K@) > (KP)/K)"
52[ ld%; ‘ K(P)/K)

KY ~— K@P)V o (K(P)/K)".
Since the Euler form is non-degenerate by (4.2), it gives an identification
K = K(P)V := Hom(K (P),Z) with the dual group. The transpose ¢L of
(5.6) is given by the cyclic permutation ¢ ([&;]) = [Ei11] of {[Ei]}inlv which
goes to the cyclic permutation of {ac’}ZQ:_O1 under the isomorphism K (P) =
Z[z, 271 /(po(x)). Note that the Euler form satisfies

x(a?, 2’ 2*) = x(Op(j), Op(i + k)) = x(Op(i — j + k))
X(Op(—i +7),0p(k)) = x(z7" - 27, 2¥),

so that the transpose of multiplication by z’ is given by multiplication by
27", One has

(K(P)/K)¥ = K+ c K(P)
with respect the the Euler form, so that

(K(P)/K)" = {a € K(P) | x(a, 8) = 0 for any § € K}
— {0 € K(P) | X(a, ¢oo(@)7) = 0 for any € K(P)}
={a e K(P) | x(¢oo(z™ ),fy):Oforany’yeK(IP’)}
= Ker (poo(z™!) : K(P) — K(P))

= Ker (poo(x) : K(P) — K(P)).

By (5.4) one has
Ker (9oo() : K(P) — K(P)) = Zlw, a1/ (n()).

Since ¢L acts on a basis as a cyclic permutation ¢ ([&]) = [E;41] that
is the transpose of (5.6), the characteristic polynomial of ¢ is given by
Yoo(r) = 29 — 1. The characteristic polynomial of the induced action on
(K(P)/K)V = Z_Ijx 71 /(n(z)) is given by n(z), so that the characteristic
polynomial of ¢, : K¥ — KV is given by ¢ (z) = ¢oo(x)/n(x). Since trans-
position does not change the eigenvalues of a linear map, the characteristic
polynomial of ¢, is also given by 7. (z).
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Let I be the local system associated with K ®7 C such that the
monodromy at the origin acts by @y : [t«Oy (i)] — [t+Oy (i — 1)] and the
monodromy at A acts by @ : [t:Oy ()] — [i« (T%1 Oy (7))]. From the explicit
description of ¢g and ¢o. in terms of the isomorphism K = Z[z, 27! /(g (z)),
one can easily see that ¢, and ¢, have no non-trivial simultaneous invariant
subspace, so that the local system K is irreducible.

The discussion so far shows that the irreducible local system K satisfies
the conditions that

e the characteristic polynomial of the monodromy at 0 is given by By (z),

e the characteristic polynomial of the monodromy at oo is given by
Poo(z), and

e the monodromy at A is a pseudo-reflection.

According to [5, Theorem 3.5], an irreducible local system on P* \ {0, \, 00}
satisfying the above conditions is unique up to isomorphism. One can see
from [5, Section 2] that the irreducible local system £7¢ defined in Section
1 satisfies these conditions, so that one has an isomorphism of the local
systems £ and K. The local section of £ coming from the integration
along the vanishing cycle 1 is characterized as the unique section which
is holomorphic at )\, and as such corresponds to the section [F;] in the
local system K ®z C. Since the monodromy at infinity é., acts by cyclic

permutation

(hoo)ij[F i1 = [Fi-al,

[Fi] = .

Q
=
vanishing cycles (%)?:1 correspond to ([?Z])ZQzl under this isomorphism.
Since the intersection form on vanishing cycles is monodromy-invariant, the
Gram matrix (vy;,7;)i; is an invariant of Hg 4 so that it must be propor-
tional to (x(Fi, F;))i; by Theorem 1.2. The multiplicative constant can be
fixed from the fact that the monodromy of £ at \ is the pseudo-reflection
by 71 and the monodromy of K at \ is the pseudo-reflection by [F1]. If n
is even, then the multiplicative constant can also be fixed by noting that
(71,71) = 2 = x(F1,F1). It follows that the Stokes matrix is given by

Sij = (vis15) = x(Fi, Fj) = x(Fi, Fj) + (=1)"x(Fj, Fi) = x(Fi, Fj)

for ¢ < j, so that we have the following:
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Theorem 5.1. The Stokes matrix (Sij)?jzl for the quantum cohomology of
the weighted projective space is given by the Gram matriz of the full excep-
tional collection (]:Z)?:l with respect to the Euler form;

(5.8) Sij = X(Fi, F;).

This generalizes the case of the projective space proved in [13,20] and
surely known to experts (see e.g. [15, Remark 4.13]). The relation between
Stokes matrices and exceptional collections originates from [9] and was devel-
oped by Kontsevich [16], Zaslow [22] and Dubrovin [10].

The rank @ of the quantum differential equation (5.1) is the rank of the
relative homology group Hy(T, PRe(f/z) < 0;7Z), whereas the rank Q'
of the irreducible local system £'9 is the rank of the homology group
Hy_1(f~1(s); Z) of a smooth compactification f~1(s) of the fiber f~1(s).
As a result, sections of the reducible local system £ not coming from sec-
tions of £ are not period integrals on the mirror manifold f~1(s). Since the
stationary-phase integrals J; are Laplace transform of the period integrals
I; as described in (5.3), one only needs the monodromy of the irreducible
local system £ for the proof of Theorem 5.1.
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