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6.

Equivalence of three wall-crossing formulae

ASHOKE SEN

The wall-crossing formula of Kontsevich and Soibelman gives an
implicit relation between the BPS indices on two sides of the wall
of marginal stability by equating two symplectomorphisms con-
structed from the indices on two sides of the wall. The wall-crossing
formulee of Manschot, Pioline and the author give two apparently
different explicit expressions for the BPS index on one side of the
wall in terms of the BPS indices on the other side. We prove the

equivalence of all the three formulee.
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1. Introduction

The central objects in a wall-crossing formula are a BPS index in some
Hilbert space H, and a moduli space over which the Hilbert space could
vary. The BPS index remains constant over most of the moduli space but
could jump across certain codimension one subspaces known as the walls of
marginal stability. When this happens, wall-crossing formula gives a relation
between the BPS indices on two sides of the wall [1-39].

In situations relevant to supersymmetric string theory/gauge theory the
Hilbert space that is of relevance is the space of quantum states carrying
some fixed set of gauge charges, collectively denoted by a vector . The
moduli space is parametrized by the asymptotic values of certain scalar
fields of the theory. If the theory also contains some global conserved U(1)
charge @, then we can define a refined index Qef(7y,y), which computes
the index weighted by y® for some continuous variable y. Under certain
circumstances this refined index also remains constant over most of the
moduli space and jumps only across the walls of marginal stability. For
example in supersymmetric gauge theories we can define such an index by
taking ) to be an appropriate linear combination of the angular momen-
tum and R-symmetry generator [27]. In string theory, there are no global
R-symmetry charges, but we can define a refined index by taking () to be
one of the angular momentum generators [40,41]. Such an index is not pro-
tected under a change in the string coupling, i.e., it can jump even without
crossing a wall of marginal stability, but we could nevertheless study its
jump across the walls of marginal stability keeping the string coupling fixed
at some small value. A refined wall-crossing formula is a relation between
the refined indices on two sides of the wall of marginal stability. This is
more general than ordinary (also referred to as “numerical”) wall-crossing
formula, since by setting ¥ = 1 in the former we recover the latter.
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The known wall-crossing formulae take simpler form in terms of the
“rational refined index” defined as [14-16,42-44]

1

(L1) Quer(ry) =3 —L— Y

W et (v/m, y™).
mly
In the y — 1 limit this gives Q(vy) = > mly m~2Q(y/m). We shall denote by
Qrief('y, y) the refined indices on two sides of a wall of marginal stability,
and by Qif(% y) the corresponding rational refined indices. A wall-crossing
formula corresponds to a relation between Q;;f and €, or equivalently
between Qjef and Q;ef. We shall work with the indices Q;tef but if needed we
can invert (1.1) to calculate QF, in terms of Q. [30,33].

The charge ~ is a member of some charge lattice equipped with a sym-
plectic inner product. Given a pair of vectors 71,72 on the charge lattice,
we denote by (71,72) the symplectic inner product between 7, and ~y,. This
inner product is anti-symmetric under the exchange of 1 and = and is linear
in 1, y2. Typically, the charge lattice has dimension d for some even integer
d, but for a given wall of marginal stability the relevant charge vectors for
which the index jumps across the wall are of the form ra + s3, where o, 3
are two vectors whose central charges align at the wall and r and s are two
non-negative rational numbers. We denote by A the set of all such non-zero
charge vectors in the lattice. Without any loss of generality we can choose a
convention in which (3, «) > 0 and represent ra + s € A by a vector (r, s)
in a two-dimensional (2D) plane. In this convention, all the elements of A
are represented as vectors in the first quadrant of this 2D plane, and given
v1,72 € A, 71 and -, are arranged in a clockwise (anti-clockwise) order if
(71,72) > 0 ({(71,72) < 0) (see figure 1). We denote by Z, the central charge
for any vector v € A — a function of the moduli and a linear function of
such that the mass of a BPS state of charge v is given by |Z,| — and choose
our convention such that

(1.2) (v:72) Im (Zy, Z,,) <0, V1, 72 € A,

on the side of the wall in which we label the index by Q;f. On the other
side of the wall (y1,72) Im (Z,, Z,,) > 0 and the refined index is denoted by
Q- Then the wall-crossing formula, written in the notation of [30], takes
the form:

13 Ot =Y % B )

n>1 unordered set ay,...,a, EA
Q1o =y
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where gef({@i},y) is a function to be specified later, and |Aut({«a;})| is a
symmetry factor defined as follows. If the set {a;} consists of m; copies of
B1, mo copies of (5 etc. then [Aut({o;})| =[] mi!. The sum in (1.3) runs
over all possible unordered decompositions of the vector v into the vectors

ai,...,a, € A However this can also be rewritten as a sum over the ordered
decomposition of the vector ~ into the vectors aq,...,a, € A as follows:
_ 1
(14) Qref(’% y) = Z E Z gref({ai}v y)
n>1 ordered decomposition a3 +---+a,=vy

"ot
X HZ:1 Qref(aia y)'

For a single argument ge(cv;y) is taken to be 1, so that the n =1 term on
the right-hand side of (1.3) just gives Q;gf(%y). The wall-crossing formula
for rational numerical index can be found by taking the y — 1 limit of the
above formula.

One of the results discussed in [30] is that once we use the index Q
instead of €2, the effect of having two or more identical «a;’s is captured
completely by the symmetry factor [Aut({a;})| = [[, ms!. In order to make
full utilization of this fact, it is useful to regard the o;’s as elements of a 2D
vector space spanned by o and (3, not necessarily lying on the lattice, and gret
as continuous function of these a;’s. We shall give the expressions for g ef
for generic non-identical, non-parallel vectors «; lying in the first quadrant
of the 2D plane spanned by «, 8. From this, we can recover the results for
two or more identical or parallel a;’s as limits of this general formula.!

The wall-crossing formula of Kontsevich and Soibelman (KS) [11-13] and
Manschot, Pioline and the author (MPS) [30] differ in their specification of
the functions gyer. Manschot et al. [30] actually proposed two different ver-
sions of the wall-crossing formula. The first one, called the “Higgs branch
formula”, is based on Reineke’s result on quiver moduli spaces [45] (see
also [14, 46] for related results), and the second one, called the “coulomb
branch formula”, is based on quantum mechanics of multiple black holes
[7-10]. We shall describe the Higgs branch formula for g, in Section 2 and
the KS formula for g..f in Section 3. In either case, we shall describe the

'For the KS wall-crossing formula, this prescription was proved in [30] (last para-
graph of Section 4.4). For the MPS wall-crossing formule this is included in the
prescription for computing gr.f, and follows from the ability to replace Bose/Fermi
statistics by Boltzmann statistics at the cost of replacing Q by Q. To our knowledge
this has not been proved for the Joyce-Song (JS) wall-crossing formula [14-16], but
the agreement between JS and other wall-crossing formulee in explicit examples
indicate that this is valid also in that case.



Equivalence of three wall-crossing formuleae 605

7 Y2 > M
O(v2,m) =1
O(71,7%2) =0

Y2
(71,72) >0

(%

Figure 1: Figure illustrating the definition of 75 > v; and O(y2,71).

formula as a function of generic non-identical, non-parallel vectors «; in the
first quadrant of the plane spanned by a and . The equivalence of the
two formulee was tested in [30] for low values of n but was not proven. In
Sections 4 and 5, we prove the equality of these two apparently different for-
mulee for g..¢. Finally in Section 7, we describe the coulomb branch formula
for grof and prove its equality with the Higgs branch formula.

Since our Higgs branch formula is based on Reineke’s formula on quiver
moduli spaces [45] and since the latter has close relationship with both
the wall-crossing formulse of KS [11] as well as that of Joyce and Song
[14-16], the equality of the Higgs branch formula and the KS formula is
not unexpected [47]. Nevertheless our analysis gives a direct combinatorial
proof of this equivalence. The equivalence with the coulomb branch formula
is new, — to our knowledge this has not appeared in connection with the
wall-crossing formula before [30].

Notations and conventions: We shall end this section by describing some
useful notations and conventions, which we shall use. We define:

(1.5) 7 <72 if (y1,72) >0,
71 > V2 if <71772> < 07
O(y1,72) = {

1 for v > 79,
0 for 1 < 7.

Thus for example if (y1,72) follows a clockwise order then ~; < 9 and
O(y2,71) = 1, O(71,72) = 0. Since this notation will be used extensively in
the rest of the paper, it will be useful to keep in mind the physical picture
shown in figure 1. We shall also sometimes describe the situation in figure 1
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by saying that 7; is to the left of 75 or that 72 is to the right of 7. (1.5)
satisfies useful identities like:

(1.6)
nm<meEn<mntrentr<y, m>v i oy >y, >k,
O(v1 +72,71) = O(12,71) = O(72, 71 + 72)-

We shall also use the symbol © to denote the usual step function of a real
variable

1 forx>0,
(1.7) () = {00 for x < 0.

Which of the two definitions we are using in any given context can be under-
stood by examining the argument of ©.

Since the sum in (1.3) runs over unordered set of «;’s, we can choose a
specific order of the {a;} when we give the functional form of g.r. We shall
choose the convention in which the {«;}’s are ordered as

(1.8) ap <ag <az- < oy

In other words in the 2D plane ag,...«a, form a clockwise order. We can
also express (1.8) as

(1.9) O(wi, ) =0O(i —j), Vi,j.
Finally, we introduce the shorthand notation
(1.10) aij = (o, o).

In the rest of the paper, we shall not explicitly display the variable y in
the argument of g.of and other functions, but it should be understood that
all the quantities depend on y.

2. “Higgs branch” wall-crossing formula

First, we shall describe the ‘Hhiggs branch” formula for g..r, which will be
denoted by ghiggs- Ghiges(1, - .., ay) is given by the Poincare polynomial of
a quiver with n nodes, each carrying a U(1) factor, and with «a;; arrows
directed from the ¢th node to the j-th node for ¢ < j. The latter in turn
is given by the Reineke formula [45]. The algorithm for calculating ghiggs
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following the original Reineke formula leads to many terms whose contribu-
tions cancel. We shall state the result using a slightly different but equivalent
algorithm given in [30] (Section 3.3) where some of these cancellations are
taken into account. Some applications of this formula can be found in [48,49]
Let o(i) for 1 <i <n denote a permutation of the numbers 1,...,n.
Jhiggs is given as a sum over different permutations o. It takes the form:

(2.1)

Ghiges (@1, -y ) = (—1) 7 (y — 1)
x Z Nl(l?g;gs({az}, O') (—y)ZKk Qo (1)o (k)

= (-1) T (—y) B (y—y )"

Ao (1)o (k)

" 23 i<k
x Z Nl(lig)gs({ai}Q 0’) (—y) a()<o(k) 7

Nl(l?g)gs({ai};a) = (1@t I e <a1 +e an7zaa(i)>
ik

The © in the second expression for s(o) is the ordinary step function. It has
been shown in Appendix A that this is equivalent to the formula derived in
Section 3.3 of [30] which in turn was shown in [30] to be equivalent to the
Reineke formula [45]. The equality of the two expressions for N ({ai}; o)

higgs
given in (2.1) follows from a simple shift & — k£ + 1 and the identities given
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in (1.6). Although for physical charges the «;;’s are integers and hence (2.1)
is uniquely defined everywhere in the complex y-plane, we shall at the inter-
mediate steps work with analytically continued «;;’s away from integer val-
ues. In this case, we shall use (2.1) to define ghiggs along the negative y-axis
in the range —1 < y < 0 and then analytically continue the result to the rest
of the complex plane.?

Since (2.1) will play a central role in our analysis, it will be useful to
keep in mind a physical picture of this equation. What this equation tells
us is that for a given permutation to contribute to gpiges it must satisfy the
conditions:

k
(2.2) Zag(i) <oar+--+a, foro(k)<o(k+1),
i=1
k
Zao(i) >ar+ -+ a, foro(k)>o(k+1).
i=1

Furthermore, when the above condition is satisfied, its contribution to Ng?;gs

is 1 or —1 depending on whether the number of neighboring pairs for which
o(i) > o(i+ 1) is even or odd.
For n = 2 the permutations are (12) and (21). Using (2.1) we get s(12) =

1, s(21) =2, N}(j;gs(m) = (=1)*12-10(ay + a9, 1) = O(ag,a1) = 1 and

NiD (21) = (=1)*2D710(ag, a1 + a2) = —O(az,a1) = —1. Thus, we get
(23)  gniges(ar,a2) = —(=y) "2 (y —y~ )TN (—=y)*2 — 1),

We shall end this section by summarizing some useful properties of ghiggs:

(1) Gniggs contains a sum of exponents of the form (—y)Xi<i %% where 85 =
1 or —1. Since there are n(n —1)/2 pairs of a;;’s, there are gn(n—1)/2

2A physical interpretation of the exponent Y iek Xo()o(k) s as follows. Let us
represent the a;’s as vectors in the 2D plane such that a;; is the area of the par-
allelogram with sides o; and o;. Then ZKk Qo (lyo(k) 18 the area of the oriented
polygon with sides ay(1), Qg(2); - -+ , Qo(n) A0 —Qg(1) — *** — Qg(n)- In general, the
polygon can be self-intersecting in which case the area has to be taken as the sum
of the areas of each component polygon weighted with +1 depending on the orien-
tation of the boundary of that particular component. I wish to thank the referee
for suggesting this interpretation.
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possible choices of the {s;;}’s. However, of these only those terms which
have the form:

i<i Qo(e() =2  i>i  Qo(i)o(i)

(2.4) (—y)Z o (<o) e (<o) = (_y)zm Qo (Do)

for some permutation o appear in the sum. This already restricts the sum
to n! terms corresponding to n! possible choices of o. The constraints
(2.2) further reduce the number of terms.

(2) Let Ay (1 <a <2™—1) denote the collection of all non-empty subsets
of {1,2,...n} and let

(2.5) 9 = 3 0,

1€A,

Then Nl(l?g)gs
tors (®) relative to (a1 + - - - + ), but not on the relative orientations
of 4@ and ~(®). This is apparent from the fact that the argument of the
©’s appearing in (2.1) involve only the pairs (7%, a1 +--- + a,) but
not ((,y®).

({ci}; o) depends only on the relative orientation of the vec-

(3) We can improve upon the above result if we focus on the term corre-
sponding to a given permutation o. The corresponding Nﬁ?;gs({ai}; o)
depends only on the relative orientation of Zle Qo) and ag + -+ + ay
for 1 <k <n-—1, and of course the relative orientation of the pairs
(aj, 7). All the other 4(®’s are irrelevant. Thus while computing

(n)
Nhiggs
we do not change the relative orientation between Zle Qg () and aq +
-+ + ay for any k, and also preserve the relative orientation between

the «;’s.

({a;}; 0) for a particular o we can freely deform the «;’s as long as

(4) If a permutation o appears in the sum in (2.1), then the permutation o’
where the order of all the elements is reversed, also appears in the sum.
Proof: We have

(2.6) o' (i) =o(n+1—1).
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Equation (2.1) now gives

(2.7)

n—1
N (aikio) = (1=t ] (Za At ta )

a’(k'+1;<a/<k>

n—1 k
X H @<a1+“'+amzao/(i)>a
i=1

oty 2o ()

n—1
— (_1)5(0’)71 :kl:[l

o(n—k)<o(n—k+1)

k
X © (Z Qs (n—it1), X1 + -+ an)
n—1 k
X H C) <Oél + -+ ap, Zao‘(niJrl)) )

k=1 =1
o(n—k)>o(n—k+1)

n—1 n
= (_1)3(0’)—1 H ) ( Z ()01 + o+ an)

=1 j=t+1
o) <o(e+1)

=1 j=0+1
o (&)>0(L+1)

n—1 n
X H @(O&l"‘""“anazaa(j))a

with
(2.8)
n—1
_1+Ze )= o' (k+1) =14+ O(c(n—k+1)—o(n—k),
k=1
n— 1 n—1
=14 O@(+1)—0() =1+Mm—1)=Y 6(s(j) —o(j+1)).
j=1 J=1

Comparing (2.7), (2.8) with (2.1) we get

(2.9) NP (aiyio’) = (~1)" N ({ai}s o),
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showing that Nl(gg)gs({ai}; o’) is non-zero if Nl(l?g)gs({ai}' o) is non-zero. Since
reversing the permutation reverses the sign of ) < Qg(i)o(j), the result given
above shows that gniggs is invariant under y — y~ 1 This is of course expected
from the fact that gniges is the Poincare polynomial of the moduli space of
abelian quivers.

Finally note that if we are interested in the ordinary (numerical) index
instead of the refined index, the relevant g is obtained by taking the y — 1
limit of (2.1) [49]. This limit is apparently singular, but given that
Ohiges(Q1, . .., ap) is the Poincare polynomial of abelian quivers and hence
has a finite y — 1 limit, the singularities must cancel after we sum over all
permutations o. Thus if we define y = e” and expand )" Nl(l?g)gs({ai};a)

=2 must

(_y)2l<k @ehek) in a power series in v, all powers of v up to v
cancel. As a result we can extract the y — 1 limit of gpiges by picking the
order ™! term from the expansion of each (—y)X 1<+ ®®s® term, and then

taking the v — 0 limit of the resulting expression. This gives,

1
(n—1)!

n—1
X ZNhlggs ({eits )(_1)Zl<k Aot <Z aa(l)o(k)>

(2'10) gnumerical(ala cee ,an) = (_1)—1+n 21—n

<k
— n —n ]‘ (o713
— (—1) 1+ 21 m(—l)zl<k
n—1
X ZNhlggS {al} (Z aa(l)o(k)) ;
<k

where the second expression is valid in the limit when the «;’s, instead of
being general 2D vectors, approach lattice vectors so that «;;’s approach
integers. For generic charges (2.10) appears to be closely related to, but not
quite the same as the JS wall-crossing formula [14-16]. (A short review of
the JS formula and its implementation can be found in [30], Section 5.) In
particular, in the JS formula the summand (ZKk aa(l)g(k))nfl is replaced
by a slightly different term obtained by summing over trees. However, for
non-generic charges i.e., when some «;’s — and/or their linear combinations
with positive integer coefficients — are equal or parallel to each other, the JS
prescription involves sum over many more terms, while the MPS prescrip-
tion simply requires us to take the limit of the formula for generic charges
and supply the Boltzmann factor 1/|Aut({a;})| =1/[[, mx! as described
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in (1.3). It will be interesting to find a direct combinatoric proof of the
equivalence of (2.10) with the JS wall-crossing formula.

3. KS wall-crossing formula

We shall now describe a version of the KS wall-crossing formula given in [30].
To describe the KS wall-crossing formula, we introduce an algebra with
elements of the form e, with v € A, satisfying the commutation relations:

(_y)<w’> _ (_y)—<w’>
1 .

(3.1) [%a%’] = "@('Ya'Y,) Ey+v's "@(%’Y/) =

y—y
Let aq,...,ay be a set of vectors arranged so that a1 < ag < -+ < ap, i.e.,
in the 2D representation aq,...,a, are arranged in a clockwise fashion. As

before, we denote by {A,} the collection of all possible non-empty subsets
of the integers 1,...,n, and define (@) = Y icaw@ ;. We shall order the
Ay’s so that 7(®)’s form a clockwise order as a increases: (®) < () for
a < b. Now we begin with the product e, ---e4, and then try to reverse
the order using (3.1), bringing this into a linear combination of terms of
the form €ry(a1) €ylag) ** * Exylag) with a1 < ag < -+ < ag, ’)/(al) + -4 ’)/(ak) =
o1+ o

(3.2) €a, " €ay = Z

k=1 {ay,...ap}
7(a1)+---—y(ak):al+---+an;a1<a2---<ak

3

. (a ar
X h(O[l,... 7ana7( 1)7‘ . 7/7( k))e'y(al) : '-67<a,€>,

for some functions h. The g, for KS wall-crossing formula, denoted by gks,
is given by the coefficient of eq,+...4q, in this expression:

(3.3) grs(ai, ..., an) = h(ag,...,ap;00 + -+ + ag).
For example for n = 2, we write

(3.4) €ayCay = €a,Can + K(Q2,01) €q, -
Thus, we have

(3.5) grs(ar, ag) = k(ag, ).
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This agrees with the corresponding formula (2.3) for gpiges(cv1,2). The
equivalence of gis(a, ..., a,) and giges(1, . . ., ;) has been tested explic-
itly up to n <5 [30].

We shall now examine if gkg also satisfies the four properties of ghiggs
listed at the end of Section 2.

(1) We shall first show that like in the expression for ghiges given in (2.1),
each term in gkg can also be associated with a permutation, i.e., gks
can be expressed as

(3.6)
gKS(@h R 7an) = (_1)71+n<_y)72i<j & (y - yil)

n 2Y i<k
x ZN%S)({OZZ},U)(—ZJ) a(1)<o(k)

Qo (1)o (k)

o -1y n Ao (1o (k
= (-7t (y*y 1) ZN&S)({%‘};U)(*?J)ZKk o (D)o (k)

g

for some integers N%?S)({ai};a). Suppose we begin with a pair of gen-
erators eq,, €, and pick up their commutator. Then the coefficient of
this term, besides the (y —y~!)~! term, is proportional to (—y)% —
(—y)~ . The first term has the interpretation of a permutation in
which ¢ is to the left of j and the second term has the interpretation
of being associated with a permutation in which j appears to the left
of i. If we now pick the commutator of e,, o, With a third generator
€a,, then we get a factor proportional to (—y)®#T®ir — (—gy)~ k=%,
The first term has the interpretation of a permutation in which the ¢
and j are to the left of £ and the second term has the interpretation
of a permutation in which & is to the left of ¢ and j. Thus, this can
be combined with the earlier ordering (i5) or (ji) without any conflict.?
This argument can be extended to more general situations. Individual
steps in arriving at (3.2) consists of manipulating a product €~(@) € )
by reversing their order where v(%) and v() are defined as in (2.5) with
non-overlapping sets A, and Ap. Now while reversing the order in the
product €y(@) € (1) the commutator gives €ry(@) oy (b) multiplied by a fac-
tor proportional to (—y)“ ") — (=) The first term can be
regarded as coming from a configuration where all the elements of A,

3n contrast if we had found a term like oz — o — 5 in the exponent it would
have the interpretation that k is to the right of ¢ and left of j, and j is to the left
of i. Clearly there is no arrangement of i, j, k satisfying these requirements.
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are to the left of all the elements of Ay and the second term can be
regarded as coming from a configuration where all the elements of A,
are to the right of all the elements of Aj. Suppose further that earlier,
while arriving at e, by combining e,, for i € A, we have gotten a sum
of terms each of which can be associated with the permutation of the
elements inside A, and a similar relation holds for e, ). When we mul-
tiply these by the (—y)“ ") — (=)'} factor, individual terms
in the product will correspond to specific permutation of the elements
inside A, and specific permutation of the elements inside A, and on
top of that all the elements of A, could be to the left of all the ele-
ments of A, or all the elements of A, could be to the left of all the
elements of A,. Thus each term multiplying (@) 4 (1) CAN be regarded
as coming from some permutation of the elements of A, U Ap. This now
shows by induction that at every stage of the manipulation that leads
to the KS formula for wall crossing, we produce a set of terms each
of which can be associated with a permutation of the «;’s involved.
As a result the final expression for ggs must also contain only those
powers of y which have the interpretation of being associated with a
permutation as in (3.6). We shall see this more explicitly in (5.4), (5.5)
and (5.7).

Like gniggs, gKs is also a piecewise analytic function of the «;’s. The
form of the function depends on the relative orientation between ~(®)
and a1 + - - - + «,, and is independent of the relative orientation between
the 'y(a)’s. This was proved in [30], but for completeness we shall repeat
the proof. Let us suppose that by manipulating the product e, - - - eq,
we have brought it into the form (3.2). Since x(7,7') is an analytic
function of v, v/, it follows from (3.1) that the coefficient of eq, 4.4,
in this expression, which is given by sum of products of k(v,~') with
Y= iea Y =Y icp i for some subsets A and B of {1,2,...,n}, is
an analytic function of the «;’s inside a chamber in which the relative
order of the 4(®)’s is fixed. Now suppose that we deform some of the ;’s
to make a pair of 7(*)’s switch their relative orientation but none of the
~(@)’s cross the ray corresponding to o + - - - + ay,. In particular let us
suppose that the relevant pairs are fy(b) and fy(c), and that the deforma-
tion takes us from v®) < ~4(9) to 4®) > ~(©) In this case, v(?) and ~(©)
are either both on the left or both on the right of a; + --- + ;. Let us
for definiteness assume that they are both to the left. Now to bring the
products of e ’s to the standard order we need to express the prod-

. . b c
uct ey ey inside any term as €y(e)Ex0) F /{(7( ), 7( ))ewvuw(c). However

'y(
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since 7 and 4(©) are both on the left of aj + - - - 4+ a,, the extra term
proportional to e, ;) can never give a factor of eq, 4...q, - Thus under
such deformations gks(asq, - .., @), which is the coefficient of ey, +...4q,
at the end of this manipulation, remains unchanged. This shows that
grs(ai,...,ay) is a piecewise analytic function of the «;’s, with the
form of the function determined by the relative orientation between the
’y(a)’s and ag + - -+ + .

As in the case of gpiggs, one can improve the result if we focus on a term
corresponding to a given permutation o. We shall show that in this case
the coefficient depends only on the relative orientation of Zle Qo (i)
and aq + - - - + a5 for different values of k£, and not on the relative ori-
entation between v(*) and a1 + - - - + ay, for other v(%)’s. To see this let
us again suppose that by manipulating the product e, - - - e,, we have
brought it into the form (3.2). Now suppose that we deform the a;’s
so that a specific 7(®) crosses aj + - -+ o, from left to right. At the
same time the vector fy(b) =0+t ap — ’y(“) crosses o + -+ + ay
from right to left. Before deformation the generators e w and ey
would have been arranged in the order Cy(@) € (1) but after the defor-
mation we need to reverse their order picking up a term proportional to
{(=) ) — (=) Y eq, 4ota, . The first term has the inter-
pretation of all the elements in the set A, being to the left of all the
elements in the set A, (which is the complement of the set A,) and
the second term has the interpretation of all the elements in the set A,
being to the left of all the elements in the set A,. Thus, such a term
can change the coefficient of a term associated with the permutation o
only if in o all the elements of A, are to the left (or right) of all the
elements of the compliment of A,. In other words A, must contain a
set of k elements to the left (or a set of (n — k) elements to the right)
for some integer k. This shows that the coefficient of a term associated
with the permutation ¢ in ggs can only depend on the relative orienta-
tion between o, (1) + -+ + agx) and a3 + -+ - + ay,, for different integers
k but not on the relative orientation between 7(“) and o + - -+ + «, for
other sets A,.

Finally, we turn to the fourth property of gniges that states that if a
permutation o appears in gpiges then its reverse permutation will also
appear. As discussed at the end of Section 2, this is equivalent to prov-
ing the symmetry of gpiges under y — y~!. This property is automatic
in gkg since the y dependence arises from the (71, 72) factors which are

manifestly invariant under y — y=1.
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In the next two sections we shall prove the equality of gks(ai,...,an)
and Ghiges(1, - .., ap) for generic charge vectors {a;} for which all vectors of
the form ;4 a; for different subsets A of {1,...,n} are strictly ordered.
The special cases where some of these vectors are parallel or identical to
each other are then obtained as limits of this generic case. One question
that arises naturally is whether the limit is well defined, i.e., whether it
could depend on which side we approach the limit from. This is somewhat
obscure for the expression (2.1) for ghiggs since it involves the step functions
which jump discontinuously as the relative ordering between the vectors in
the argument switch. However for gkg defined through (3.2), (3.3) it is clear
that the limit is well defined, since the effect of switching the order between
two vectors v and +' vanishes as v and 4’ become parallel to each other:
eyey — ey ey when v and 7/ are parallel. Thus for example if we approach
a configuration where two vectors c; and a; become parallel to each other,
then the left-hand side of (3.2) is independent of whether they approach
this configuration from the a; > a; side or o; < o side. Similarly if a pair
of 7(“)’5 become parallel to each other, then h(ai,...,an;a1 + -+ ap)
appearing on the right-hand side of (3.2) is independent of how this limit is
approached. Equation (3.3) then shows that for gkg the limit to degenerate
configuration of vectors is well defined. The equality of gks and gpiges for
generic vectors, which will be proved in the next two sections, then implies
that even for gpiges the limit to degenerate configurations of vectors is well
defined, i.e., it does not depend on which side we take the limit from.

We must reemphasize however that for degenerate configurations of
vectors ghiges must be defined as a limit of (2.1) for non-degenerate con-
figurations. For example, if we were to write a computer program for com-
puting gniggs, the algorithm must involve adding to the «;’s some randomly
generated 2D vectors of small magnitude — which makes the configuration
non-degenerate — while computing N}Ei"g)gs({ai}; o), but while computing the
exponent » ;. Qoo (k) Of (—y) we can continue to use the original vectors.
For a fixed permutation o the quantities N}(lggs({ai}; o) may depend on the
choice of the random vectors which we add to the «;’s, but the argument of
the previous paragraph shows that the final result for gpiges(ai, ..., an) will
be independent of this choice.

4. Recursion relations for the KS wall-crossing formula

We shall now derive a set of recursion relations for gxs(ai, ..., ). Since
7(@) = D ica, Qi, it is clear that the e, factor in (3.2) arises as a result
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of manipulating the product of e,,’s for i € A,, to bring it from the anti-
clockwise ordering to the clockwise ordering. Furthermore the result of this
manipulation is not affected by the «;’s outside the set A, and hence gives
a factor of gxs({wi,i € Ay}). Thus we get

k
(4.1) B, oy, ) = T gxs({eu, i € Aa,}).
(=1

Using this, we may rewrite (3.2) as

(42) €a, ---€a; = Zn: Z
k=1

{a1,...ar}
‘Y(al)+"'7(ak)=a1+“'+un;a1<a2~-<ak

k
X (H ng({Oéi, 1€ Aw})) €qy(ar) « ++ Eylay) -
(=1

We shall now use (4.2) to derive a recursive procedure for determin-
ing gks. Suppose we know the result for ggs(aq,...,a,). Then to find
grs(Qi1, ..., Qn, apg1) With g < ag < -+ < ayy < apg1, we multiply Equa-
tion (4.2) from the left by e, .,, and then try to rearrange the right-hand
side by moving e,,_, to the extreme right, so that in each product the e,’s
have their ’s in clockwise order as we move from left to right. For example,
in the first step we write

(4.3) €an+1€,y(a1)€7(a2) e 67(%) = 67(%)6@%“67(%) cee 67(%)

(a1)
+ K/(an+1a v )efy(“l)+o¢,,L+le—y(a2) e efy(”k) .

In the next step, we manipulate the first term as

(4.4) 6,7(0,1)ean+1€,y(a,2)e,7(a3) e 67(%>
- 67(01)67(0r2)€an+1 efy(ﬂrs) e e,),(a,w

a
+ k(ant1, V( 2))67@1)67<a2>+%+167<a3> Tt €y(ag) -

For the second term of (4.3) we have to consider two possibilities. If v(%1) +
apg1 < 7(22) we already have all the terms in the product in the correct
order and we can stop manipulating this term. On the other hand,
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if v(9) + g > 4(92) we write

(4.5)
a
ﬁ(anﬂﬁ( 1))67<a1>+an+167<a2>€7(a3> reylag)
a
= H(an—‘,—l; 7( 1))67((12)6»7(@1)4_&"1_*_1ery(a3) e e’y(”‘k)

+ k(an+1, 7(a1))“(an+l + ’7((11)’ 'Y(az))67(“1>+’Y(“2)+an+1e’Y<”3) T Eylan) -

In the next step, we shall need to manipulate the product of e, s with the
terms to its left and so on.

To extract ggs(ai, ..., ant1) from this we have to determine the coeffi-
cients of eq,+..4a,,,- Now by examining (4.3) we can see that the first term
on the right-hand side can never contribute to this sum. This is because
we have v(9) < a4 1,7, ... 4@) Thus, whatever manipulation we do
to bring €r(a1) €aryy 1 Eylaz) *** Exan) INL the clockwise order, the (a1 will never
be involved in the manipulation and continue to sit at the left. Thus every
term that we get from this will have an €ta1) factor at the extreme left
and we shall never get eq,4...1a,,,- By the same logic, the first term on the
right-hand side of (4.5) will never produce eq, +...4a,,,- By repeated use of
this logic we see that the only term in €ty 1 Ey(a1) Exlaz) "+ * €xfar) proportional
t0 €q,+-ta,., 18 given by

(4'6) ’f(an—&-la ’Y(al))’f(an—&-l + ’Y(al)a ’Y(az)) T "G(an—f—l
+ fy(al) 4. .fy(ak71),,-y(ak)) €1 4@ oy Can) 5

and furthermore this term exists only under the condition

(47) Q1+ 7(111) > fy(az)a On+1 + V(al) + 7((12) > ’7(a3)a RS
an+1 + ry(a’l) + . _|_ f}/(a‘kfl) > fy(ak)_

Using (4.2) we now get
(4.8)

gKS(alv"'van+l): Z

k=1 {ay,..ap}
—y(al)+A.A+7(ak):al+.“+an; aj<ag--<ay

3

k
X (H gKS({Oéi, I € Aae})> @(Oén+1 + 7(a1)77(a2))
/=1
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X O st + @) 4 @) @y
X O(apy1 + 7(al) 4ot ry(ak—l)’,y((lk))
Xttt YR + "), A0
X K(Qnt1 + Alan) 4oy 7(@1«—1)’7(%)),

where ©(~1,72) has been defined in (1.5).

5. Equivalence of KS and “Hhiggs branch” wall-crossing
formulae

We shall now prove the equivalence of gks and ghiggs using the method of

induction, i.e., we shall assume that gks(a1, ..., m) = Gniges(a1, . .., amy) for
m < n and then prove the result for m = n + 1. The equality of gks(a1, a2)
and ghiggs(v1, ) will then imply the equivalence of gig(ai,...,a;,) and
Ghiges(Q11, - - ., o) for all n.

5.1. gks as a sum over permutations

Assuming the equality of gks(au1, ..., ®m) = ghiggs(1, - - -, ) for m < n we
can replace gks Dy ghiggs On the right-hand side of (4.8) and obtain

(5.1)

n
grs(Qi, ... apy1) = Z Z

K= {a1,.-a}
~a) poy(@K) o) 4o fap;ag <age-<ag

K
X (H Iniges ({cvi, i € Aaz})> O (a1 + 7", 71%))

/=1
X O a1 + @) 02) o)y
X O(ant1 + yle) . -y(ak—nﬁ(w))
X k(g1 7k (anag1 + (@), 4 (®2))
X K(py1 + Ao 4oy fy(aK—l)’,y(aK)).

[y

Note that we have replaced the summation variable k by K since soon we
shall use the variable k for other purposes. Let n, be the total number of

(

elements in the set A, and let I fa), ey Ini) be the elements of A,, ordered so
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that Il(a) < Iéa) < ---LSZ). After substituting the expression for gpiges given

in (2.1) we obtain

(5.2)

gKS(alv cee ,Oén+1)

=2 >, (~1)" Ky -y H

=1 {ag,..s ap}
a4y (@K ) —aq 4o dap;ag <ag-<ag

K ng,—1 k Na,
X E H H @ E O _,r(ay) E O _ o (ay)
: =1 paiey = o o o)
7(Aay)=Aay ¥k - 5(1£‘1@f)<5(1£‘1”) = =
K naf—l Na, k
X H H @ Q_ ay) O _,(a
E cr(]]( oy E a1} e))
/=1 k=1 7j=1 j=1

(108 ) 5o (10700

nag=1 o r(ap)) _~( (ag)
25:1 > l€A,, 1<t/ Xa)a(1") Zf:l i 6(U<Ik ¢ )_U(Ik+1)>
x (—y) k (=1)

—~

-y

K-1
X H S (an—H + ’y(al) 4+t ry(ak)77(ak+1))}

k=

—N—

—

-1
<(_y)2 i€Aq, Qnt1)i T2y ngAw €Aq, Yii

=

o~
Il

1

)—ZigAae Qnt1yi—y el 2 j€Aay i€ Aa, am‘) (y — y—l)—

—

-y

where in the expression the sum over ¢ denotes sum over a restricted set
of permutations each of which permutes the elements of the set A4,, among
themselves for every k. We shall now express the factor in the last but one
line of (5.2) as

K
(53) H <(_y)ZiEAZ a(n+l)i+2 f;i szAagvieAar Qi
/=1

1
- (_y)Z i€Aa, Qi(nt+1) T2 21 ZieAae,jEAar aij)
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and expand this as a sum of 2 terms. After substituting this into (5.2)
we get

(5.4)

gKS(Oﬂ? ey (Jén+1)
n
=(-)"(y—y )™ > (—DF
K=1 {ag,..s ag}

'y(al)+---—y("‘K):a1+---+an; ay<ag---<ap

K Ng,—1 k Na,

X Z H H © Z Aal0ys Z Aa(1e0)
=1 = =t 7 =t

o

5(Aqy)=Aay VK - E(I,iirgl))<;(ll(€az))

K Na,—1 Na,

K
<11 © Z%(IWVZ%(I;“”)

e ey VT =t

X (_y)E kI-<=1 Zl’.léAak Ji<t Ye)al) (_1)25:1 Z}'\Liﬂfl 6(5(11(;1")) _5(112(31)))

K-1
X H G} (an—H + fy(al) 4+ fy(ak)77(ak+1))

q:O {s1,---,5q}
1<s1<sg-<sq<K

£—1
(ZiEAul ai(n+1)+z r=1 ZjeAaWigAal aij)

£—1
(—a1. g (Zz‘eAaZ Ant1)i T2 21 Xic Aa, i€ Aa, 047‘;‘)

Here s1,..., s, are the values of ¢ in (5.3) for which we pick the first term
of the factor, where for the rest of the values of ¢ we pick the second factor.
The prefactor of (—1)"(y —y =)™ on the right-hand side of (5.4) matches
a similar factor in (2.1) with n replaced by n 4 1. Leaving aside these fac-
tors the net power of (—y) in a given term in the right-hand side of (5.4)
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is given by

K K
(55 D> D eyt D, D Gyt D D Gty

k=1 V.,€Aq, =1 1€A,, l=51,...54 1€A,,
1<’ LF#51,...5q
K /-1
+ZZ POREEUED DR DEED DR
4:1 - r=1j€A,, i€A,, £=51,...80 T=11€A,, ,jE€EAq,

een

This can be expressed as

n+1

(56) Z aO‘(Z)O’(])

i<j

where o denotes a permutation of {1,...,n + 1} given by

(5.7) {o(1),- - 0(n+ 1} = {5(Aag)s 0 (Aa )+ 5 )+ 0(Aa),
n+1,6(4q,,),...50(A q)}

d(Ag,) contains the elements of A,, ordered according to the permutation &
restricted to the set A,,. The symbol 6(4,,) denotes that the corresponding
7(Ag,) is missing from the list, since it is placed on the right-hand side of
n+ 1.

We shall now try to reorganize the sum in (5.4) by first summing over all
contributions corresponding to a given permutation o of (1,...,n + 1), and
then summing over ¢. Let R denote the position of n + 1 on the right-hand
side of (5.7), i.e., o(R) = n + 1. We introduce sets of integers

(5.8)

By={l,....L =1}, By={Iy,...., I — 1}, -, By={I,_1,...,(R— 1)},

and

(59) qu{(R+1>,...,J1—1}, Cq_lz{Jl,...,JQ—l},---,
Ci={Jyrrere (n+ 1)},
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for appropriate integers I, ...I,—1 and Ji, ... J,—1 withp = K —qgand [} <
I < "'Ipfl <R<Ji<Jy< - <Jq71 such that

(5.10) {o(B1)}, - {o(Bp)}} = {{o(Aax )}, - {0 (e, )}
x{o(fa, )} {0(Aa)}}
{{o(Cy)}, - H{o(C)}} = {{o(4a, )} - {o(Aa, )
as ordered sets. Thus o(B,)’s correspond to the sets of 6(Ag,)’s in (5.7) to

the left of (n+ 1) and o(C,)’s correspond to the sets of 6(Ag,)’s in (5.7) to
the right of (n + 1). We also define:*

L-1
Z Oég(i) for a= 1,
i=1
I,—1
(5.11) 0 =" ay = Y a,p for p—1>a>2,
i€EB, =141
R-1
Qg for a=p,
=14
Ji—1
Z Qg (i) for a=gq,
i=R+1
Jat1—a—1
T(a)zzao(i): Z Qg (i) for ¢g—1>a>2,
icC, i=Jy—a
n+1
Z aa(i) for a=1.
i=Jy_1

The 6(4)’s correspond to the v(@)s fori = K, K —1,..., Bareoor F1,.--1
and 7(®)’s correspond to the v(%)’s for i = Sqs8q—1, - - -, 5110 (5.4). A pictorial

4We shall use the same index a for B,, C,, 6(® and 7(*). However it should be
understood that for B, and 6( the index runs from 1 to p and for C, and 7() the
index runs from 1 to gq.
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representation of this arrangement can be given as follows:

(5.12)
B B, R Cy (&5}
ol ol ol ol ol
{oe), --oli =}, {olp-1), - o(R= 1)}, 0(R), {o(R+1),---0(1 = 1)}, - {o(Jg-1), - o(n+ 1)}
Fisy ... 5@ g1 (@) . +)

The last row describes the sum of all the o, (;)’s in the sets in the last but one
row. The partitioning described above must satisfy the following constraints:

(1) The restrictions a1 < ag < ---ax and s1 < s3 < --- 54 in (5.4) translate
to the following restrictions on {6(®}, {7(®)}:

(5.13) PTG 1C) B 110 SR ) B C B )}

(2) Let us denote by 3%) (1 <k < p+ q) the set of vectors {§(1) ... 5®),
W 7@Y ordered so that 7)) <53 < ...5(+9)  Thus we have
Ak) = ~y(a+) and the third set of ©’s in (5.4) imposes the constraints:

(5.14)  api1+3Y - +730 S FED for k=12, p+q—1.
Using (1.6) this is equivalent to the condition

(5.15) 1+ > anp +30 +30 > o> apg
+ 3(1) + 5}7(2) 4+t ﬁ(p"rlZ) = Q.

(3) Since for I,—1 <k <1, -1, k € B, which is one of the A,,’s appearing
in (5.4), the first and second sets of ©’s in (5.4) impose the constraints:

k
(5.16) 8@ > 3" a,y for o(k+1) > o(k),
1=Iq—1
k
6@ < Z gy for o(k+1) <oa(k),
i=Iq_1

I, 1<k<I,—2 1<a<p, IL=1, I,=R

(4) Similarly since for J,—1 <k < J, — 1, k € Cy_q41, which is one of the
A,’s appearing in (5.4), the first and second sets of ©’s in (5.4) impose
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the constraints:

k
(5.17) rlatl=a) 5 Z Qy(jy for o(k+1)>a(k),
=Ja-
k

Note that under the reversal of the permutation associated with o the
roles of 7(%) and §(® get interchanged.

We can now run the arguments in reverse to find an algorithm for com-
puting gks as a sum over permutations and partitions. Given any permu-
tation o, we consider all possible choices of the sets B, and C, encoded in
the choice of the integers p,q, I1,...,Ip—1,J1,...,Jy—1. It is easy to see that
for a given choice of o and the integers p,q,I1,...,Ip—1,J1,...,J4—1, the
summation variable K = p 4+ ¢ and permutations ¢ in (5.4) are completely
fixed. We then need to verify if the corresponding {§(®} and {7(®)} satisfy
the four conditions mentioned above. If they do then we shall call this choice
of{p,¢. In,..., Iy—1,J1, ..., Jg—1} an allowed partition. The net contribution
for a given o is then obtained by summing over all the allowed partitions
weighted by the factors which appear in (5.4). With the help of (5.6), the

contribution to ggs(ai, ..., a,+1) given in (5.4) may then be written as
(5.18)

ng(Oél, cey Q) = (—1) Z N n+1 {az} )(— y)zl<k XoWo k)
where

(5.19)

n 1 » .
+ )({ z} ) Z (_1)Q+Za:1ka+2a:1la’

allowed partitions

&>
n
N—

Y. O —ok+) b= > O(k)—ok+1).

kEB, k+1€B, keC, k+1€C,
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Our goal will be to show that N n+1 ({az} o) defined this way agrees with

the coefficient Nh?g; ({ai};0) glven in (2.1).

5.2. Deforming the a;’s

As mentioned in Section 1, we have taken the o;’s to be generic so that they
have finite length and the angle between two vectors of the form ;¢ «;
and ) ;. s, @i for any pair of non-overlapping sets Si, S2 is non-vanishing.

We have also seen that neither the result for N(nﬂ)({ai}; o) nor the result

for Nh?g; ({a;}; 0) changes under a deformation of the a;’s which preserves
the relative orientation of the «;’s and the relative orientation of El 1 Qo (4)
with respect to E"+11 «; for all k. Our strategy now will be to use the
freedom to deform the «;’s and by this process bring some of the angles
and lengths arbitrarily close to zero — much smaller than the angles and
lengths in the starting configuration. Since the angles and lengths, which
we have brought arbitrarily close to zero are now much smaller than the
other angles and lengths, which we do not change during the deformation
— which we shall refer to as generic lengths and angles — the computation
of NI?SH ({ai};0) given in (5.19) will simplify in this new configuration.
We shall then compare this Ng;l)({ai}; o)t N](n?g;)({ai}; o) obtained by
replacing n by n + 1 in (2.1).
For notational simplicity it will be convenient to define the following
quantities associated with a given permutation o:

(5.21)

k
ai:ag(i), a = a; = &j, ﬂkzzai, for 1 <i,k<n+41.
=1 =1 i=1

In this notation, we have the ordering
(5.22) a; >a; ifo(i)>o(j) = O(a,a;) =0(c(i)—oa(y)).

The allowed deformations are those which preserve the relative ordering of
the @;’s and the relative ordering between [ and & for each k.

Now if we deform all the &;’s at once, or even a pair of a;’s which are not
placed next to each other in the chain {a,...,an41}, it will change many
0B;’s at once, and we need to ensure that none of these 3;’s cross over from
one side of & to the other side. For this reason we shall deform the «;’s in
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nearest neighbor pairs: take a pair (o, &;41) and deform it to
(5.23) (@) + Ay, Qg1 + N ),
with (A, \) a pair of real numbers satisfying the following conditions:

() A,V > —1.

(2) A&y + N1 o @ This condition determines X' in terms of A and makes
this into a one parameter deformation.

(3) At least one of X\ or )\ is negative. We can for definiteness take \ to be
negative.

Clearly (5.23) and the first condition above ensures that in the new configu-
ration a;, a1 preserve their directions. The first and the second condition
ensure that with the new q;’s, the new & remains parallel to the original
a and continues to be directed along the first quadrant. Finally, the third
condition ensures that at least one of the vectors among «;, a;41 reduces
its length during this deformation. We have taken this to be the vector a;.

Now during this deformation all the fB;’s for k < j are preserved, while
we add a vector Aa;; + N a@j1 o @ to the §’s for k > j + 1. Thus, the s for
k < j and k > j cannot cross &, and as long as (3; does not cross the vector
@, this map preserves Ngg U and Nﬁ?g;)
the deformation till one of the following situation is encountered:®

. We can increase the magnitude of

(1) The orientation of 3; may approach that of &. In order to preserve
NI(JLSH) and N}(l?g; ), we must stop the deformation infinitesimally before
Bj becomes exactly parallel to @. In this case we shall say that 3; has
become almost parallel to a.

(2) a; may approach zero. In this case 3; = 5;_1 + &; — fj—1. Thus, such
a situation can arise before we encounter the first possibility only if 3;
and (j_1 were on the same side of & to begin with. As before we need
to stop the deformation infinitesimally before a; becomes exactly zero.
In this case, we shall say that o; has been made almost zero.

(3) @41 may approach zero. In this case 8 = fj4+1 — @j41 — Bj+1 and
hence such a situation can arise before encountering the first case only

5Since our initial choice of vectors were generic we need not consider the case
where two of these events occur simultaneously except when it is occurs as a result
of some identity that holds for generic {a;}’s.
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if 3; and Bj41 were on the same side of & to begin with. In this case, we
shall say that a;41 has been made almost zero.

If 3; becomes almost parallel to & first we stop the process here. Otherwise
we can continue the process as follows. If we have made o; almost zero then
we can repeat the process with the pair (&j—1,&j4+1). The deformation will
now affect both 3;_1 and §3;, but 8; = 8;_1 + & is now almost equal to
Bj—1, and as long as we ensure that the deformation does not take (3;_1
across @, (3; also does not cross &. Similarly if ;11 has been made almost
zero, we can continue the analysis with the pair (&;, a;12). Repeating this
procedure we see that at any stage we work with a pair (ay, ay) (k < j < )
with all the intervening «;’s zero. This process stops when 5 becomes almost
parallel to @&. Once this happens, all the other 3;’s for k < i < ¢ (including
the (; associated with the starting position) also become almost parallel to
@ since the corresponding «;’s have already been made almost zero. We note
furthermore that by our previous argument (points 2 and 3 above) the chain
cannot continue past a point kg for which By,_1 and B, are on the opposite
sides of &. The situation can be represented as

position 4 k k+1 k+2 (-2 (-1 ¢
(5.24) & ~ . 0 0 0 0 :
Bi o a a a @ a

with all the (3;’s for k < i < £ being on the same side of @. Here the symbol {|
denotes “almost parallel to”. The only exception to this is when in the above
diagram k =1 or £ — 1 = n + 1. Such a situation can arise if in the starting
configuration all the 3;’s for ¢ < j were on the same side of & or all the §;’s
for ¢ > j were on the same side of &. In the former case we may arrive at a
configuration in which all the &;’s and §;’s for 1 < ¢ < £ are almost zero but
none of the (3;’s are almost parallel to &. In the latter case, we can arrive at
a situation where all the a;’s for k < ¢ < n -+ 1 are almost zero and all the
Bi’s for k < i < n are almost equal (and hence almost parallel) to & since by
definition 3,41 = @.

In what follows, the neighborhood of the location of a,4+1 will play a
special role. We shall denote the position of an4+1 by R, i.e., @r = qpt1.
Thus R marks the maximum of o(i). We shall carry out the manipulation
described above by taking our starting pair to be (R — 1, R). Except for
the special cases mentioned in the last paragraph, which will be discussed
separately later, at the end of the manipulation we shall arrive at a situation
where Sr_1 and possibly some other (;’s around it have been made almost
parallel to &, and some of the &;’s around R have been made almost zero.
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If the set of points where a; becomes almost zero includes also the point R,
then we do not carry out any further deformation of this system. If on the
other hand it does not extend beyond R — 1 (e.g., for the case when fr_1
and (g are on the opposite sides of &) then we start with the pair (R, R+ 1)
and carry out a similar manipulation. At the end of this process we can have
several situations:

(1) Generically we would get a configuration in which we have

position P -1 P P+1 P+2 R—-1 R Q-2 Q-1 Q
a; ~ . . 0 0 0 0 0 0 . ;
Bi Y| . a a a a a & @

for some positions R > P > 1 and R < < n + 1 in the chain. Further-
more all the 3;’s for P < i < R — 1 must be on the same side of & and
all the §;’s for R <i < () — 1 must be on the same side of & Whether
these two sets of 3;’s lie on the same side of & or not depends on whether
in the initial configuration Sr_1 and Br lie on the same side of & or not.

(2) If in the starting configuration all the (3;’s for i < R — 1 are on the same
side of & then the chain may continue all the way to the left, setting all
the a;’s for i < R — 1 to almost zero. Similarly if all the 3;’s for i > R
are on the same side of & then the chain may continue all the way to the
right setting a; to be almost zero for all i > R. We shall consider these
special cases separately.

It is useful to note that under a reversal of permutation, the role of

0 is played by Z?;;l a; = & — fBj—1. Thus, to see the role of reversing the

permutation we can express (5.25) as

position Q Q-1 Q-2 Q-3 R R—1 P+1 P P—-1
a; ~ 0 0 0 .0 0 0
a—-pB;—1 U a a a & a & &

Comparing (5.25) and (5.26) we see that the roles of the points P and Q)
are exchanged under a reversal of permutation.
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5.3. Constraining the permutations and partitions

We shall now show that by making use of the deformations described in
Section 5.2 we can put severe restrictions on the permutations o, as well as
the choices of the sets {B,}, {C,}, which can contribute to N nH ({az} o).
In particular, we shall show that

(1) N (nH ({a;}; 0) vanishes unless

(5.27) Br-1 < a < fg.
Combining this with the previous results we can also conclude that we
must have

(5.28) Gi<a forP<i<R-1, fi>a forR<i<Q.

(2) For a configuration satisfying (5.27) the choice of the sets B; and Cy
described in (5.8), (5.9) must be such that

(5.29) L2P+1, J1<Q.

Thus B; should include at least the elements (1,2,..., P) and C; should
include at least the elements (Q,Q + 1,...,n +1).

(n+1)

(3) In order that a permutation contributes to Ny, we must have

<a foro(k+1)>o0(k),
(5-30) B {> a foro(k+1)<o(k), Lsk<h

(5.31)

ﬂk{<a for o(k+1) > o(k), Q<k<nitl.

>a foro(k+1)<o(k),

Proof of (5.27): If fr_1 > a then clearly g = fr-1+ar = fBr-1+
apt1 > a. Thus, to prove (5.27) we only have to show that N%?SH) vanishes
when Ogr,Br_1 > & or Ogr,Br_1 < @. These two cases are in fact related
by permutation reversal, so it is enough to consider one of them. We shall
consider the case Br_1,0r < @.

We proceed as in Section 5.2, reducing «;’s for ¢ < R one by one by
starting with the pair (R — 1, R). As we have seen, when 3p is almost parallel
to @ with all the a; for P < i < R — 1 almost zero, then all 8, for P < k <
R — 1 become almost parallel to @. In particular, we have Br_1 ~ ca for
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some positive constant c. If at this stage ar = 41 has finite length, then we
shall have g = Br_1 + a@gr ~ ca + ay,_1 > @, contradicting our assumption
that the starting configuration has Sr < @. This shows that before we reach
the stage where 3p becomes almost parallel to &, ag = a1 should become
almost zero. Let us stop the deformation as soon as ag becomes almost zero
and try to check if the required conditions are satisfied by any choice of the
sets {By}, {Cys}. Since we have stopped the deformation at a stage where
some of the &;’s may be almost zero but none of the 3;’s are almost parallel
to @, at least ) and 7(Y), which can be identified as Br,—1and @ — By,_, -1,
remain generic. Now (5.13) shows that when we order the §(*)’s and 7(%)’s
into the sets 3%) with 31, ..., 5*9 in the order 3V < 32 < ... < 5P+,
then 79 must be either 6 or 7 depending on whether §) > (1)
or 7(M > 6 Thus 3+ and hence also @ — 5P+9) = a1 + 71 +73@) +
.o« +APFTa=1) are generic, i.e., neither almost zero nor almost parallel to &.
In this case, for k = p + ¢ — 1 we can drop the a1 from the left-hand side
of (5.14) since it has been made almost zero, and express (5.14) as

(5.32) AW 4. FetaD) S 5t

k)»

This is in obvious contradiction to the fact that 7(*)’s are ordered as

(5.33) A « 7@ <. < FEta),

Thus, we see that there is no choice of the sets {B,}, {C,} satisfying the
necessary conditions. This shows that unless (5.27) holds, N%?SJF U({m};a)

will vanish.

Proof of (5.29): We shall now examine, for a configuration satisfying (5.27),
possible ways of dividing the set to the left of R into the sets {B,} and the
set to the right of R into the sets {C,} subject to the constraints given in
(5.13) to (5.17). For this we shall carry out the deformations all the way to
the end so that the final configuration at the end of the deformation takes
the form (5.25). Now it follows from the ordering ) < 3(2) < ... < 3+a)
that for any k£ we have

(5.34) S0 Ll D) | S02) L 5+a)
On the other hand, it follows from (5.15) that

(5.35) a1+ + 470 > a - (anH +AW 4t ﬁ(’“))
=) 4 42) 4 Ly F0Fa),
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Let ko be the minimum value of k for which (%) is generic, i.e., neither
almost zero nor almost parallel to a. In this case for k = kg we can drop
the a;,41 from the left-hand side of (5.35) since ay,+1 has been made almost
zero, and express it as

(5.36) AW 4o ghke) 5 Flkot1) 4 Zkot2) 4 Loy F(pFa),

This is in obvious contradiction to (5.34) for k = ko showing that our initial
assumption must be wrong. In other words all the 3%)’s must be either
almost zero or almost parallel to @. Since the set {5} includes 6() =
Zh 11 &; and 7 = Z?:Jr}qil a;, they must also satisfy this criterion. This
can happen only if I; > P and J,—1 < @ since otherwise oM and/or 71
will involve a sum of &;’s which have not been deformed and hence must be
generic. Thus we must satisfy (5.29), and as a consequence 6() and 7(1) are

almost parallel to &.

Proof of (5.30), (5.31): For this we first test (5.16) for a = 1. Since Ip = 1,
we have Zleo Qg() = Pk for k € By. Since for ¢ < P, we have not deformed
&;’s and (3;’s, they are generic. On the other hand as argued above §(Y)
appearing in (5.16) for a = 1 is almost parallel to @. Hence in testing (5.16)
for a = 1 and k < P, replacing 6 by @ does not make any difference. After
making these replacements we get Gy < & for o(k+ 1) > o(k) and B > @
foro(k+1) < o(k) for 1 < k < P. This gives (5.30). Similarly testing (5.17)
for a = g we get (5.31) since this is related to the previous case by a reversal
of permutation.

5.4. Comparison with the constraints on o for non-vanishing
(n+1
hlggs ({az}’ O')

The constraints on o and the choice of the sets {B(®}, {C(@} derived in
Section 5.3 are necessary but not sufficient for getting a non-vanishing con-
tribution to N n+1)({az} o). Nevertheless it will be useful at this stage to
compare them with the constraints on ¢ needed for N+ ({a,} o) to be

higgs
non-vanishing. According to (2.1) the latter constraints are given by:

<a forok+1)>o0(k),
(5.37) O {> & foro(k+1) <o(k), Orisksn

Since o(R) =n+ 1 is larger than both ¢(R —1) and o(R+ 1), (5.37) for
k=R —1and k = R gives:

(5.38) Br_1 <@, [gr>a.
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The conditions on Br_1, Or given in (5.38) agree with the corresponding
constraints (5.27) required for N%?SJF Y to be non-vanishing. Furthermore,
comparing (5.37) with (5.30), (5.31) we see that in the range 1 <k < P
aI%d CiQ) < k < n, the condition on (0, a, ax+1) needed for getting non-zero
Nh’rilg—;s

Zero N%SH). Thus, we need to focus on the (8, ag, dg41)'sfor P <k <Q —1
and show that for these also the conditions agree. Since all the F;’s for
P <k <R-—1 are on the same side of & and all the §;’s for R <k < @
are on the same side of &, we see from (5.38) that we have [ < & for
P<k<R-—1and ff >afor R<k<Q@—1. Thus, (5.37) takes a simple
form in the range P < k < @ — 1:

agrees with the condition on (0, ak, ak+1) needed for getting non-

(5.39) ok +1)>o(k) for P<k<R-1,
ok+1)<o(k) for R<E<Q-1,

i.e., the a;’s between P and R must be in the increasing sequence and the
«;’s between R and () must be in the decreasing sequence. Furthermore for

configurations satisfying (5.39), Nfg;;) given in (2.1) takes the form
(5.40) NI (i} o) = (~1)%0),

P—-1 n
s(0)=1=(Q-R)+ > _ O(c(k)—o(k+1))+ > O(a(k) — ok +1)),
k=1 k=Q

where the additive factor of () — R arises from the contribution for R < k <
@ — 1. Thus, it remains to prove that for configurations satisfying (5.28),
(5.30), (5.31),

(1) N%?SJr Vs non-vanishing only for configurations, which satisfy (5.39).

(2) For these configurations N%?SJr 2 computed from (5.19) agrees with N ](n?gj;)

given in (5.40).

5.5. Proof of Nﬂ?l) = Ngilg—;)

We shall now compute N%?SJF D for a given permutation ¢ and show that
the result agrees with that of Nl(l?g—;?' We shall begin by analyzing the con-
straints on ag, O for k < R — 1, i.e., for points to the left of R. By using the
deformation we have set the @;’s in the range P < k < R — 1 to be almost

zero but so far we have not said anything about their relative magnitudes.
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We now note that the order in which the vectors are reduced to almost zero
during our manipulation is (dr—1,&r—2,...,ap+1), i.€., we first make ap_1
almost zero, then agr_o almost zero and so on. Thus we can arrange the
deformations such that the magnitudes of the a; are arranged in the order:

(5.41) [ap—1| < |ar—2| <+ < |apq],

where now the inequalities refer to standard inequalities between ordinary
numbers. This leads to the equation

el
(5.42) Z&iﬁ&g for P<(</V <R-1.
i=t
It now follows that
I,—1
(5.43) 5@ = Z a; ~ay, ,, fora>2,
i:Ia—l

since we have shown earlier that I; > P and hence I,_1 > P for a > 2. The
condition (5.13) and the fact that §(") is almost parallel to @ now gives

(5.44) a>ap >ap > >a, .

Let us now examine condition (5.16) by expressing it as
I,—1
(5.45) 5@ < Z Qu(y for o(k+1) > a(k),
i=k+1
I,—1
5@ > Z gy for o(k+1) <o(k),
i=k+1
I, <k<I,—2

Using a; = a4(;) and (5.42), (5.43) we can write this as
(5.46) a[%l < ak.“ for ak-}—l > ay, aIH > &k-&-l for ak+1 < Qg,
for I, 1 <k<I,—2, a>2,

a < agy for apyr >ap, a>ape for apy < ag,
for P<Ek<I—2.

A similar set of constraints can be derived for the a;’s for R <i < @ by
working on the other side of R.
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Finally we have to worry about the constraint (5.14). Since we have
the B;’s for P <i < R—1 and the 3;’s for R <i¢ < @ on opposite sides
of @, it follows from our previous discussion that while manipulating the
elements on the left-hand side of R, the elements on the right-hand side of
R remain fixed. At the end of the first set of deformations &, 1 as well as
all the a;’s on the right-hand side of R remain finite. During the second set
of deformations involving elements on the right-hand side of R also ay,11
remains finite almost till the end, and becomes almost zero only at the very
last stage. Thus its magnitude can be taken to be larger than that of all
the other almost zero ¢;’s. We can now consider three possible situations
depending on the value we take for &k in (5.14):

(1) The 7)’s which appear in the sum on the left-hand side of (5.14) con-
tains only 6(*)’s or 7(®)’s for @ > 2. Since these are smaller in magnitude
compared to a1, while testing (5.14) we can replace the left-hand side
of this equation by ay,41. In such cases, these equations hold trivially
since any linear combinations of the «;’s with non-negative coefficients
is < ap41. Let £y be the integer such that for all k < £y the situation is
as described above, i.e., for all k < £y, ﬁ(k) corresponds to either §(*) or
7@) with a > 2.

(2) For k = £ the (%) in the sum is either §1) or 7() depending on whether
6 < 7MW or 7 < () Let us for definiteness assume that this is 7(1).
Now the left-hand side of (5.14) will become almost equal to 7(!) and
hence is almost parallel to @. But now the 3%*Y on the right hand
of the equation is either 6(*) or 7(®) for some a > 2 and hence is, by
Equations (5.43), (5.44) and the corresponding equations for 7(%), < &
and not almost parallel to &. Thus, (5.14) still holds. The same argument
holds for all subsequent values of k till £k = p + g — 2, with the left-hand
side almost parallel to @ and the right-hand side < & and not almost
parallel to a.

(3) For k =p+q—1 the right-hand side of (5.14) becomes 7P+ = §(1),
The left-hand side of the equation is now @ — 6(!). Since both sides are
almost parallel to @ we need to carry out the comparison with a little
more care. For this note that (5.14), which requires a — 6 > §() is
equivalent to requiring () < @. Since 6 = 87,1 and P<I; —1<
R —1, (5.28) ensures that 6() < &. Thus (5.14) still holds.

From this we conclude that (5.14) does not impose any additional constraints
on the §;’s and a4’s once the other conditions have been satisfied. A similar
conclusion holds for the §;’s and ay’s for k > R.
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(n+1)

We now need to compute the contribution to NKS from the allowed

(n+1)

configurations. The net contribution to NKS comes from summing the
weight factor given in (5.19) over all possible choice of p and ¢ and the
integers It,...,Ip—1, J1,...,J4—1 subject to all the constraints. Now of
the constraints given in (5.13) to (5.17), the constraints (5.14) (or equiv-
alently (5.15)) are the only ones which involve both the sets {B,} and {C,}.
Since we have argued that these constraints are automatically satisfied when
the other constraints are satisfied, the constraints on {p,I1,...,I,—1} and
{¢,J1,...,Jq—1} become independent of each other and hence we can carry
out the sum over {p, I,...,Ip—1} and {q, J1,...,J;—1} independently, and
express (5.19) as

(5.47) Z (—1)=i 1l Oa(k)—a(k+1))

allowed values of
{Pvllw--lp—l}

« Y (LT T, eCWolin)

allowed values of
{a: 71, Jg—1}

We shall first carry out the sum over p and Iy,...,I,—1. Besides the
constraints given in (5.44), (5.46), we also need to account for the con-
straint (5.29) that I; must be > P + 1. Taking into account all the con-
straints and introducing a new variable £k = p — 1, we may express the net
contribution as:

(5.48)
- R— 2
(—1)Z i Ot O(Qi+1, @)O(qit1, @) — O(&, Qiy1)O (0, Qiy1)]
z:P
R-P-1 R-1 R-1 R-1 R-1 k—1
+ > {9(@,0411)1_[@(5127514“)
kzl 11:P+]. 12211-‘1-1 13 Iz-‘rl [k:kalJ"]- [:1
L2
x [ [0@i+1, ®)O(@ig1, @) — O(a, Fiy1)O(di, Fiy1)]
i=P
k—11p41—2
x [O(it1, ar,)O(dit1, i) — O(au,, Qit1)O(d; Ait)]
=1 i=1I,
R—2
x [O(it1, ar, )O(Qiy1, %)) @(alk’&i+l)@(a17a2+l)]}}
’L:Ik
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In this expression ,k = p — 1 denotes the total number of B,’s other than B;.
The first term represents the k = 0 term where there is a single set B con-
taining all the elements from 1 to R — 1, and the product of the ©’s account
for the constraint (5.46). In the other terms, the I,’s mark the beginning of
the set By as in (5.8). The product of the ©’s in the second line of (5.48)
impose the constraints (5.44) and the ©’s in the last three lines of (5.48)
impose the constraints (5.46). The — sign between the two terms in the first
line and the last three lines originate from the (—1)25:1 Titr,_y Ol —oli+D)
factor in (5.47). It takes care of the contribution from the pairs (i,
i+1) for P<i<R-—1, but not for values of i outside this range (e.g.,
for 1 <i < P) which has been included as an overall factor at the beginning
of (5.48).

Using the fact that ©(a;,a;) = ©(o(i) —o(j)) where the second ©
denotes an ordinary step function, we can convert (5.48) into a purely com-
binatoric expression as follows. Let ko be the integer for which ay, < & <
Qo+1- We now define ¢ to be any number between ko and ko + 1. Then
O(ai, &) = O(o(i) — ¢) and we may rewrite (5.48) as

(5.49) (—1)X& O@(@—o(i+1))

R-1 R-1 k—

XY > {@(c—o(h))H@(a(Iw—a(Iul))
Is=I,+1 Iy=I_1+1

I1—2

X H o(i+1)—c)O(c(i+1)—o0(i)) —O(c—o(i+1))

—11p41—-2

x O(c(i) — o(i+ 1)) H IT ©(ei+1) - (1))

él’b]g

O(c(i+1)—0(i)) —O(c(ly) —o(i+1))O(c(i) — (i + 1))]

X O(c(i+1) —o(I)O(c(i+ 1) — o(i))

=1

= O(o(ly) —o(i+1))O(a (i) —a(i + 1))]}]
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We now make use of the identity — proved in Appendix A — that for any
function f(i) satisfying f(i) # f(j) for i # j and any constant ¢, we have

RIS
{@c— F(I)) H@ F(Is1)) Ii:f fli+1)—e¢)
<O+ 1) - 1) - Olc —f(Z+1))@l(Tf1(Z)—f(Z+1))]
T TT 1) - e+ - )
(=1 i=I,

N-1
—O(f(I) = Fi+1)O(f() = f(i+ 1)) [T 1O +1) = £(1k)

It is easy to see that except for the factor in the first line of (5.49), the left-
hand side of (5.50) reduces to (5.49) under the identification N = R — P,
fli) =0(i+ P — 1) and a renaming of the variables I, to I — P 4+ 1. Thus,
(5.49) becomes

R—2
(5.51) (~1)X = OCO=o+ ) TT (o (i + 1) — o(i)).
=P

The product of the ©’s coincide with the first set of conditions given in
(5.39).

The case where all the a;’s for 1 <7 < R — 1 are almost zero requires
special treatment. In this case, (5.41) holds all the way to a; with || being
the largest and (5.42) holds for 1 < /¢ < ¢ < R — 1. Thus we have oW ~ &4
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and the analog of (5.49) takes the form

(5.52)
R—2

H O(c(i+1)—0(1))O(c(i+1) —0o(i)) —O(c—o(i + 1))

i=1

< O(i) ol t )+ Y S Ri: DY

k=1 11=2I,=L+1I3=I,+1 I=I_1+1

k—1 I,—2
X {9(0(1) —o(I) [ 0ce) — o(Irs1)) [][O(e(i+1) = o(1))
=1 i=1
XxO(o(i+1)—0(i) —O(c(1) —o(i+1))O(c(i) — (i + 1))]
k—11¢41—2
X H H o(i+1)—o(1p)O(c(i+1) —o(i)) —O(c(ly) — (i + 1))
(=1 i=I,
R—2
X O(c(i) —o(i+1))] H O(c(i+1)—0(ly))O(c(i + 1) — o(i))
i=1y

= O(a(le) —o(i+1))O(0(i) —o(i + 1))]}

This is identical to the left-hand side of (5.50) with ¢ replaced by o(1), f(%)
replaced by (i) and N replaced by R — 1. Thus, the result is

R-2

(5.53) [[ei+1)—a(i).

=1

We can analyze the contribution from the right-hand side of R by sum-
ming over all possible choices of ¢ and Jp,. .., J;—1. Since this is related to
the previous analysis by a reversal of permutation the result can be read out
from our previous analysis. However there are two important effects which
need to be taken into account. First of all (5.47) has a factor of (—1)? which
in the present context will turn into (—1)**!1. Second in order to convert this
problem to the previous case we need to flip the sign of each term inside | |
in (5.48) since the pair (4,7 + 1) goes over to (¢’ + 1,4’) for some ¢’ under per-
mutation reversal. This gives a factor of (—1)/ where f essentially counts
the total number of nearest-neighbor pairs between R+ 1 and ) except
the links, which connect the end point of C, to the starting point of C,_1
for2<a <gq. Thus,wehave f=Q—-R—-1—-(¢—1)=Q - R—k—1and
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hence the net factor is
(5.54) (=1)/TFHL = (_1)@-E,

The result of summing over the locations of Ji, ..., Jy—1 in the range R to
() is now given by

n

Q-1
(5.55) (-1 OOt )Q=R TT 6(a(j) — o(j + 1),
j=R+1

both when ) < n + 1 and when Q = n + 1. This shows that between R and
@ the o(j)’s must form a decreasing sequence. The first factor in (5.55) is
the contribution from the points between @ and n + 1.

Equations (5.51) and (5.55) and the fact that o(R)=n+1>
o(R—1),0(R+ 1) together give

(5.56)
ok+1)>o0(k) for P<E<R-1, ok+1)<o(k) for R<E<Q-1.

which precisely correspond to the condition (5.39) for gpiges to be non-
vanishing. The net contribution to Ngg Y for a configuration satisfying
(5.56) and the other conditions described in Section 5.3 is now given by
the product of (5.51) and (5.55) (with P replaced by 1 or @ replaced by
n + 1 in special cases). The result is

(5.57) NI (ki 0) = (—1)7@),

P-1
r(0)=Q-R+ Y O(c(i)—o(i+1))+ Y _ O(c(i) — oi+1)).
i=1 i

This is in perfect agreement with (5.40).

Finally, we note that the very special cases when R itself lies at either
end can also be easily incorporated in this analysis. For example if R =1
we simply need to drop the S>7°1©(c(i) — (i + 1)) term and if R =n + 1
we shall need to drop the Q@ — R+ 371, ©(0(i) — o(i + 1)) term. These are

also in agreement with the corresponding formula (5.40) for Nﬁ?g;).
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6. An alternative approach to proving the equivalence of the
Higgs branch and KS wall-crossing formula

In Sections 4 and 5, we gave a proof of the equality of gks and gpiges for
generic choice of the arguments «aq, ..., a,. This proof used the definition
of gks given in Section 3 based on the universal enveloping algebra of the
Lie algebra (3.1). The referee suggested a simpler approach based on the
quantum torus algebra

(6.1) CrnCy = (y— y_l)_l (_y)<7ﬁ/>e'y+7’v

which provides a representation of (3.1). The KS wall-crossing formula takes
the form:

(6.2) [T eplutrvel= J[  expl@(v.9) el

v clockwise ~ anti-clockwise

where [, cockwise (L1 anti-clockwise) denotes product over all vectors v € A,
and the terms in the product arranged such that as we move from the left
to the right the corresponding +’s are arranged clockwise (anti-clockwise) in
the 2D plane. Expanding both sides using (6.1), and collecting the coefficient
of ey from each side, we get

00 1 Iy m NS B
(63) > myzﬂ;@ ‘AUt({Bly-'-ﬁm})‘(y v

Bi1+Bm=7,81<B2<--<Bm

X H Qr_ef(ﬁia y)

[y

m=

=1
= 1
B nzl Z IAut({ar,...an})|

ayjtrapn=vy,a1<ag<-<ap

o (y _ y_l)—n(_y)—zlq Fij H Qjef(aia y)a

=1

where by §; = 3; we mean (3; is either equal or parallel to (;. We now
substitute in the left-hand side of this equation the expression for €2_(5;, )
in terms of Q;;f(ai, y)’s using Equations (1.3) with gt replaced by gks. This
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gives
o0
1
(64) (y — y_l)_m(_y)zi<1 /Bm
mzzjl ﬁl»;nEA |Aut({ﬁ17 v ﬁm})‘
B1t Bm=7.81 <2< <Pm
e (k) (k)
ng(Oél yooe s Olgy )
x H Z Z Aut({a® NGy
k=1sx21 ynordered set a(lk),...,agi)eA 1 o sy
af?+tall) =gy
Sk B k
X HQ;f(a( )ay)
=1
> T 1
n=1 a1se.an €A |Aut({a17"‘a7"b})|

ajt-ap=v,a1<ag<---<ap

» (y B y_l)—n(_y)—ZKj Qi HQ;f(aia y)
i=1

Comparing the coefficient of []7 ref(ai,y) in two sides of this equation
we can get a set of recursion relations involving gks(a1, . . ., @, ) from which
we can determine ggg(ai, ..., a,). Thus proving the equivalence of gkg and
Oniggs 1S equivalent to checking if gpiges satisfies the same set of relations
(6.4) as gks. For this we replace gks in (6.4) by the expression for guiges
given in (2.1) for generic arguments and try to verify the resulting equation.
Comparing the coefficients of [[;; Qref(ozi, y) on both sides of this equation
for generic «;’s for which

(6.5) o <o << ap

and ) ;.4 and ), p oy are different from each other for any choice of
non-overlapping sets A and B of {1,2,...,n}, we get:

(6.6)

> Zn: > (y—y )

permutations o =1 Ny Mim

of 1,2,...n 0=ng<n)<ng<---<nm=n
m—1
{ O (s, ) } (—y) R B ) (o — =ty
k=1
X ( y :Lknk1_1+1 E;‘Lii-H Qo (i)o(5) (_1) i Z:L:knkl_1+1 O (Ao (i), (i41))
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m np—1 ) ny—1 1
<17 I ef X o s) II o8 > a
k=1 | i=rk-1+1 j=ng_1+1 i=ng_q+1 Jj=ng_1+1
o(i)>o(i+1) o(i)<o(i+1)
Nk
—1\— —- . ay _
=(@—y )T (—y) =G B = Y ).
j:nk—1+1

The sum over ¢ runs over all permutations of {1,2,...,n}. For a fixed o,
the different choices of the integers n; correspond to different partitioning
of the ordered set {a(1), - - -, Qy(n)}- The sum of the vectors inside the par-

titions from left to right are given by f3i,..., Bm, satisfying the constraint
B1 < 2 <---< Bm as in the left-hand side of (6.4).5 After canceling the
(y —y~1)™" factors from the two sides, we note that the net power of (—y)
on the left-hand side is given by S0~ > i—it1 Qo(i)o(j)s i-€., the power of
(—y) is determined only by the permutation o and is independent of the
choice of the integers m and nq,...,n, which partitions the vectors into
{B1,...Bm}. Comparing the different powers of y on the two sides of (6.6)
we now get

(6.7)

n m—1
Yy {H @(ﬁkﬂ,m}
m=1 nynm k=1

0=ng<ny<ng<--<nm=n

m

np—1
(_1)"*m+2 et 2 iy, 141 (o ()00 (i41))

X
<DLy IT o > wnde] I O8> wn
k=1 i=ngp_q1+1 Jj=ng_1+1 i=ng_q1+1 Jj=ng_1+1
o(i)>o(it+1) (i) <o(i+1)
)1 foro(1,2,...,n)=(n,n—1,...,1)
0 otherwise
For a fixed o, we shall refer to the choice of m and {ni,...,n,} for which

the summand is non-vanishing as an allowed partition.

Our goal now is to prove (6.7). We begin with the case o(1,2,...,n) =
(n,n—1,...,1). In this case the only way to avoid a vanishing contribution
from the HZ:ll O(Br+1, Br) factor is to choose m = 1, n; = n. In this case

6Note that since we are taking the o;’s to be generic, we do not consider the case
where some of the 0;’s are equal or parallel to each other.
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the condition (6.5) tells us that

(6.8) Ao(i) > Qo(ig1)y D Co(y) > b1 =1+ +an.
j=1

Hence, the product of the step functions given in the last line on the left-hand
side of (6.7) is 1 since for all ¢ we have o(i) > o(i + 1) and Z;Zl Qg(j) > B
The sign of the term is (—1)"~1*"~1 = 1. Thus, the result is 1 in agreement
with the right-hand side of (6.7).

To deal with the case of other permutations, we note first of all that
the right-hand side of (6.7) is independent of the «;’s. Thus we need to
show that the left-hand side of this equation must also be invariant under
deformations of the a;’s as long as we preserve the order (6.5). This is not
manifest, e.g., during such deformations of the «;’s, in a given term in (6.7)
Bk and Biy1 defined in (6.6) may go from [ < Bg+1 to Or > Pr41 and as
a result ©(fFk11, Br) may jump from 1 to 0. Thus if we choose nq,...,ny,
such that initially we have B < Bi+1, and the restrictions imposed by the
various other step functions in (6.7) are satisfied so that we have a non-zero
contribution, during the deformation we may arrive at B > (k11 so that this
term ceases to contribute. Thus to show that the left-hand side of (6.7) is
unchanged during such a deformation we must identify another contribution
that either ceases to exist or begins to exist when ), and (i1 switches order,
compensating for the change caused due to the previous effect. We consider
two cases separately: g (n,) < Qo(n,+1) A Qy(n,) > Ag(n,+1)- In the first
case it is easy to see that as long as [ < Bi+1, the configuration with m —
m — 1, and the Gi’s chosen as {f1,..., k-1, 0k + Br+1, Bk+2s - - - Bm } also
contributes to the left-hand side of (6.6), and furthermore, this configuration
also ceases to contribute when we cross over to the side where G > Ogy1.
Furthermore for 8y < (x41 the contribution from these two configurations
have opposite signs so that the sum of the two terms vanishes and there is no
net change in the left-hand side of (6.7) as we pass from [ < Bg41 to G >
Br+1- On the other hand if () > Qg(n,+1), then the second configuration
does not contribute for B < Bx11 but does contribute when 5 > Fr11 and
the sign of the second contribution for £ > i1 is the same as that of the
first configuration for 8y < Bri1. Thus again the net contribution remains
unchanged during this process.

The other possible source of jump in the left-hand side of (6.7) is when
Z;an_l 41 Q(j) crosses [ for some (i, k) during the deformation. In this
case we analyze the contribution from the original partition together with
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that of another partition corresponding to m — m + 1, with the 3;’s given by

7 s
ﬂla"'ﬂk—la Z aa’(j)v Z O‘o’(j))ﬂk-‘rlv"'v/am
j=ng_1+1 j=i+1

The analysis of the net jump of the left-hand side of (6.7) from these two
terms is the same as the one given in the last paragraph, with the roles of
the first and the second terms getting exchanged.

This shows that the left-hand side of (6.7) is unchanged under continuous
deformation of the «;’s preserving (6.5). Armed with this result we shall now
try to prove (6.7) using the method of induction, i.e., we shall assume that
the result is valid for (n — 1) a;’s and then try to prove it for n «;’s. Using
the invariance of the left-hand side of (6.7) under deformations of the «;’s
preserving (6.5), we shall choose a,(,) to be small in magnitude compared
to all the other a,(;)’s. In this case all the step functions in (6.7), except
for the ones which contain a,(,) as one of its arguments, reduce to those
for the case of (n — 1) vectors a, (1), - -, Qg(n—1)- Thus the possible allowed
partitions are of the form:

(6'9) {Blv"'vﬁm+o‘o(n)}7 {/Bla"'aﬁmaaa(n)})

where {f31,...,8n} is an allowed partition for (n —1) vectors ay(),. .-,
Qg(n—1)- We now consider two possibilities:

(1) @g(n) > Qg(n—1): In this case, by examining the additional step functions
which involve ay () as one of the arguments we see that both the par-
titions given in (6.9) can contribute only when agy(,) > Bm, and they
contribute with opposite sign. Thus we conclude that the net contribu-
tion vanishes.

(2) Ag(n) < Qg(n—1): In this case the first partition contributes when ay(,y <
B and the second partition contributes when a, () > By,. Both contri-
butions are equal, and so we get a non-vanishing contribution that is
independent of whether ag(,) < Bm of ag(n) > Brm. This allows us to
sum over all partitions {f1,...,8m} of ay), .-, gp-1) freely, allow-
ing us to use (6.7) for (n —1) vectors. This leaves us with the result
that the only permutation for which we have a non-vanishing contri-
bution is @, (1) > @2) >+ > Qy(n—1). Combining this with the result
that ag(m) < agpr-1) we see that the only permutation for which the
result is non-zero is 0(1,2,...,n) = (n,n —1,...,1). This is the desired
result.
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7. Equivalence of “Higgs” and “Coulomb” branch
wall-crossing formulae

Manschot et al. [30] also proposed a different prescription for computing

Gret(Qu1, ..., y) called the “coulomb branch formula”. The formula is sim-
ilar to (2.1), but with Nﬁ?g);gs({ai};a) replaced by an apparently different

(n)

coulomb

quantity, which we shall denote by N
(n)

coulomb

({a;};0). The prescription for
computing N
follows:

({ai}; o) associated with a given permutation o is as

(1) Let us define a; = a,(;) as usual. Now for a given permutation o we
consider a function W of n real variables xi,...,x, ordered as x; <
Tg < o < Ty

(7.1) W = —Z(&u&ﬁ log]xi—xj\ +A Z<ai,&j>(l}j,
i<j ij=1

where A is a positive constant. It will be useful to think of W as the
potential for n 1D particles positioned at z1,...,z,. W is invariant
under simultaneous translation of all x;’s by a constant.

conlomb (1@ }; o) is non vanishing only if there is an extremum of W
with respect to the variables zs, ..., z, at fixed 1 = 0:

ow
ozt

(7.2) =0 for2<i<n.
This corresponds to an equilibrium configuration of the n particles and
fixing x1 = 0 (or any other fixed value) is possible due to translation
invariance of W mentioned above. When this condition is satisfied
((Zzl)ﬂomb({ai}; o) takes value 1 or —1, with the sign given by the sign
of det M at the extremum, where M;; = (8°W/0x;0z;), i,j = 2,...,n.
If there is more than one extremum then we have to sum over these
extrema with weight factors sign(det M) associated with these different
extrema.

Our goal in this section will be to prove the equality of Ng?g)gs({ai}; o)
and N

coulomb
n . . . . .
Neoulomp given above is invariant under small deformations of {a;} under

which the extrema change their positions or (dis)appear in pairs by merger
or pair creation, but does not (dis)appear singly. The latter may occur if

({a;};0). We first note that the prescription for computing
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during the deformation a nearest neighbor pair (z;,x;11) at the extremum
approach each other so that beyond the point of merger of z; and x;;; the
extremum ceases to exist, or if at the extremum a set of x;’s get separated
from the rest by an infinite distance beyond which the extremum ceases to
exist. Now since as z; — ;41 the dominant term in OW/dx; is given by

(7.3) (@i, Qig1) (@ig1 — @) 7",

we see that this term cannot be cancelled by the contribution from any
other term unless (&;, @;1+1) approaches zero. Thus as long as the deforma-
tions preserve the relative ordering of the «;’s so that for no pair (o, a;)
passes through 0, we avoid the first possibility. To examine the second possi-
bility let us suppose that at the extremum the subset of points {z;, k + 1 <
i <n} gets separated from the rest {z;,1 <i <k} by an infinite distance.
Since at the extramum OW/0z; should vanish for j > 2, we must have
> =1 OW/0x; = 0. In the large separation limit the second term in (7.1)
dominates and we get

(74) > oW/or; =AY D (@i dy) = Ma,a— B) = —Aa, Bi),

j=k+1 i=1 j=k+1

where () = Z§:1 aj and & = (aq + - - - + ) as before. Thus as long as this
is kept away from zero the extremum of W cannot approach a configura-
tion where x1, ...,z separates by an infinite distance from the rest of the
x;’s. Combining these results we come to the conclusion that if we deform
the a;’s without changing the relative orientation between the «;’s and the
relative orientation between any of the f;’s and @, N((:leomb({ai};a) will
remain unchanged. These are the same set of deformations under which
Né?g)gs({a,-}; o) remains unchanged.

We are now ready to begin proving the equality of Ngilg)gs and NEZ&lomb.
This has been checked explicitly for low values on n in [30]. We shall use the

method of induction i.e., assume that the equality of the N and N™)

higgs coulomb
holds for m <mn — 1 and then prove the equality of Né?g)gs and Ngg&lomb.

Let us consider a particular o and the associated a;’s. We now deform
the pair of charges (ay,—1,ay) according to the prescription of Section 5.2:
an—1— (1+N)ap-1, anp — (1+ N)a, with Aa,—1 + Na, cca and X < 0.
We can increase |A| without changing the relative orientations between the
a;’s and between the [;’s and @ till we encounter one of the following situ-
ations: either &, becomes almost zero (which is equivalent to 3,—; becom-
ing almost parallel to &) or a,—1 becomes almost zero. In either case the
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charge that becomes almost zero does not affect the equilibrium arrangement
of the rest of the (n — 1) centers obtained by extremizing W with respect to
the (n — 2) variables. Thus the armngement of the rest of the centers at the
extremum must follow the rules of Ncoulomb({al} o), which by our ansatz
are the same as those of Nhlggs ({aii}; o). We shall now consider the two
possibilities separately.

First suppose that «, becomes almost zero. In this case, the charges
Q1,...,0n—1 for which Nl(nggs) is non-zero can be found by replacing n + 1
by n —1 in (5.37)

(7.5) B {<

>

for agy1 > ay,

Qi

_ _ for1<k<n-—2.
for a1 < ag,

Qi

By the assumed equality of ng?ggsl ) and Né:uljrlb, we have an equilibrium
configuration of xy, ..., x,—1 iff the charges satisfy (7.5). Since the addition
of an infinitesimal charge a,, at z,, will not disturb the equilibrium configu-
ration of the other charges, we only need to look for an equilibrium position

of zp, i.e., an x, satisfying OW/0x,, = 0. From (7.1) we see that

(7.6)
n—1

W — AZ<&z>an>$n = A(ﬂn,b@ - ﬁn71>xn = A<ﬁn717 @>xn as Ty — OO
=1

W — —(ap—1,an) In|z,—1 — x| as z, — zp_1.

At both limits the magnitude of W goes to infinity. Thus if these two lim-
its have the same sign then OW/dx, must vanish somewhere in the range
Tn—1 < T < 00 and we are guaranteed to have an extremum. This gives

(77) Qp_1 > o, if B_1 > a,

Qp_1 <, if B,_1 < a.

If this condition is satisfied then we may have more than one solution, but
the number of solutions is always odd and all except one contribution cancels
when we weigh it by the sign of det M. If (7.7) does not hold then we could
have even number of solutions but their contribution will cancel pairwise.
(7.7) precisely extends (7.5) all the way to k = n — 1. Thus we see that
the condition for N((:Zulomb({ai}; o) to be non-vanishing coincides with the
condition for N}(gg)gs({al} o) to be non-vanishing. We shall now show that the

signs of NCoulomb {a;};0) and N ({ai}; o) also agree in this case. In the

higgs
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limit when the charge of the nth center is small we can ignore the off diagonal

M,,; and M;,, components of the matrix M and express det M as the product

of the determinant of the ﬁrst (n —2) x (n — 2) block and 8?°W/dz2. The
1)

assumed equality of Ncoulomb({az} o) and Nh?ggs ({ai}; 0) tell us that the

sign of the contribution from the first (n —2) x (n — 2) block to det M is

given by (2.1)
(78) (_1)22;12 @(auaz‘ﬂ)'

Now we see from (7.6), (7.7) that if a,—1 > a, i.e., (Qp_1,q,) <0, then
W — —c0 as x, — Tn_1,00 and hence 62W/ c'):v% at the extremum is neg-
ative. On the other hand if &, 1 < &, then §°W/0x2 at the extremum is
positive. Thus Ng)?l lomb({@i}; ) is obtained by multiplying (7.8) by a fac-

tor of (—1)®@-1.8n) This reproduces the formula for N{™) given in (2.1),

higgs
showing the equality of Nf:g)gs and Ngozﬂomb
Next we consider the case when «,,_1 becomes almost zero at the end of
the deformation. In this case the arrangement of the charges (ay, ..., an—2,

ay,) follows the corresponding rules for Nﬁ?g_g?. Since & _1 is almost zero

we have (,_1 ~ B,_2, and thus they must be on the same side of &@. The
condition on the charges aq, ..., a,_9, &, for which N

1.
higgs 1S TION-ZETO can
now be written as

(7.9)

< a fora > ay,
ﬂk{ @I = e 1<k <n—3,

>a for apyl < ag,

<a for a, > a, 9,

/Bn—27 ﬂn—l {

>a for a, < an_o.
By examining the behavior of W as x,_1 — xn_2, T, we get

(7.10) W — —(ap—2,n_1)In|xp_0 — Tp_1| as rp_1 — Tn,

W — —(a@p—1,0n) In|xy_1 —zy| as xp_1 — Tp.

Thus, in order that they have the same sign so that we have an extremum
we need

(7.11) Op_9 < Op_1 < Qyp OF Qp_9 > Gp_1 > Qp.
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Combining this with (7.5) we arrive at the result:

(7.12)

< a for agy > ag,
ﬂk{ @ 0T Fetl ~ O forl1<k<n-1,

>a for &kH < g,
ﬁn72aﬁn71 >a or ﬁnf2aﬁn71 < a.

The second condition is of course needed to have an almost zero &,_1 in
the first place. The first condltlon is the same as the one for getting a non-
vanishing contribution to N h1 gs({az} o). Thus we see that the requirement

for having non-vanishing Ncoulomb({al} o) again reduces to that of having

non-vanishing Nflig)gs({ozz}, o).

We now need to calculate the sign of the contribution. The centers
1,...,n — 2,n give a factor of (—1)22;3 O(a:, 5"“)( 1)©(@n—28n) Using (7.11)
the last factor may be written as (—1)6(0‘ -2:8n-1) By studying the behavior
of W as x,,_1 — Tn_o,x, We see that the extra contribution from the sign
of 82W/8x%_1 is positive for a,_o < a1 < a, and negative for a,_o >
Gp_1 > dp. Thus, the extra contribution can be written as (—1)©(@n—1.0m),
Combining these factors we get

(7.13) Coulomb({az} o) = (—1)Zis O@dit)

in agreement with formula (2.1) for Nh?g)gb({al} o). This establishes the

equality of N{¥) _({a;};0) and NI\ ({ai};0).
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Appendix A. Physical interpretation of gniggs

In this appendix, we shall show the equivalence between (2.1) and the

formula given in [30]. Let {o(1),0(2),...,0(n)} denote a permutation of
{1,...,n}. Associated with each such permutation we can associate a unique
number s and a set of numbers mq,...,ms—1 by imposing the following
requirements:

(1) I1<mp <mg<---mg_1 <n.
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(2) o(m) > o(m —1) for m # my,ma,...ms_1.
(3) o(mg) <o(mg—1)forl <a<s-—1.

Physically this partitions the ordered set {o(1),0(2),...,0(n)} into s max-
imally increasing subsequences: the ¢ (i)’s increase monotonically with ¢ for
i between 1 and mj — 1, between m, and mg41 — 1 for 1 <a < (s—2),
and between ms_1 and n, but between ma — 1 and m, Va the monotone
increase is broken. The expression for Nhlggs({a,} o) given in (2.1) can now
be rewritten as

(Al) Nhlggs({al} ) ( )S_l H o (Oél to e an, Z aUu))
s—1 i=k

k=my,..m

X H ®<Zaa(i)7al+“‘+an>
= i=k

k#my,..mg_y

Let us define a set of vectors SV, ... 3(5) as follows:

Ms_aqr1—1

(AZ) /8(1) = Z ao’(’i)7 ﬂ(a) = Z aa‘(i) for 2 <a<s-— 17

1=Ms_q

This allows us to associate to every permutation o (i) a unique set of vectors
{B@}. For example, if for n = 4 we consider the permutation (2134) then
the partition of (2134) containing maximally increasing subsequences are
{{2},{1,3,4}}, giving BY = ay + as + aq, @ = ay. The product of the
©’s in (2.1) restricts the sum over permutations to a set K of permutations
satisfying the following conditions:

(1) The first set of © functions in (A.1) ensure that the vectors {5(®} asso-
ciated with the permutation ¢ should satisfy

b
(A.3) <Zﬂ(“>,a1+-~+an>>0 V bwithl<b<s—1.

(2) We can associate with the permutation ¢ many other partitions con-
taining increasing subsequences which are not maximal, by dropping the
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third condition o(mg) < o(mg — 1). Thus, for example, for the permu-
tation (2134) discussed above, examples of partitions containing non-
maximal increasing subsequences are {{2},{1},{3},{4}}, {{2},{1,3},
{4}} and {{2}, {1}, {3,4}}. The second set of ©-functions in (A.1) guar-
antee that if we construct the 3(*)’s for any such partition following the
same procedure, then the condition (A.3) must fail for at least one b.

Once we have identified the set K of permutations satisfying these proper-
ties, (2.1) reduces to:

(A4) ghiggs(()él, T 7an) = (_y)_1+n_zi<j Qi (y2 _ 1)1—n
% Z (_1)8_1(_9)22 U(lle;(k) RAOLIC) '
ceK

This is the formula for gpiees derived in Section 3.3 of [30].7 The original
Reineke formula [45] corresponds to summing over many more terms corre-
sponding to all increasing sequences (i.e., not just the maximal increasing
sequences), but it was shown in [30] that the contribution from many of these
terms cancel and at the end only the contribution from the terms given in
(A.4), corresponding to maximal increasing sequences, survive.

Appendix B. Proof of the © identity

In this appendix we shall prove the identity (5.50). Let us denote the left-
hand side of (5.50) by P(N,¢), i.e.,

(B.1)
N-1

P(N,o)= [[O(f(i +1) = )O(f(i + 1) = f(i)) — O(c — f(i + 1))
=1

"In the last term [30] had y~ instead of (—y). For physical a;;’s which are
integers the two formule give identical results since the exponent is an even integer.
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1,—2

» { 1) TLO0 ) — Ftenn)) [L0076 +1) o

(=1
xO(f(i+1) = f()) =O(c— fi + 1))O(f(i) = f(i +1))]

k—11¢41—2

< [T I 1O +1) — sanei+ 1) - 1)

(=1 1i=I,

~OUI) = 1+ DO — S+ 1)
xH f+1) = FI)O(f(i+1) = £(3))

’LIk

—O(f(Ix) = fE+1)O(f (i) = F(i + 1))]}-

We shall assume that (5.50) is valid up to a certain value of N, e.g., we have

M—-1
(B.2) P(M,c)= [[ ©(f(i+1)— f(i)), for M <N—1

1=

—_

and then show that (B.2) also holds for M = N. Now in the k£ > 1 terms in
(B.1) the sum over k and Io,..., I} for fixed I, after factoring out the I;
dependent but k independent terms, has the same structure as P(N — I; +

1, f(I1)) with f(i) — f(i+ I; — 1). This gives

(B.3)
N-1

=[]0 +1) = )O(f(i + 1) — £(i)
=1
—O(c— fi+1)0(f(i) - fi+1))]

N

+ Iz:; O(c— f(I))P(N — I + 1, f(I)) [P
I1,—2

< TT10( G +1) = )O(f(i+1) = J(i)) — O(c — f(i +1))
=1

x O(f(i) = fi+1))].
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Using (B.2) the result can be expressed as

(B.4)
N—-1
P(N,c) = []10(f(i +1) = )O(f(i + 1) — f(i)) — O(c — f(i + 1))
=1
N—-1
x O(f( + Z O(c— f(I) [] 0 +1) - £(4))
=1

><H fli+1) = O(f(i+1) = f(i)
=1

—O(c— fE+1))O(f(H) - f(i+1))].

Using the relation

(B:5) ©(z)0(y) — ©(=2)0(-y) = O(2)(1 — O(-y)) — (1 - B(2))O(-y)

=0(z) — O(~y),
we can simplify (B.4) to
N-1
(B.6) H = f(1)) =O(c— f(i+1))]
z:lN
+) " 6(c— (1) H o(f 10)
I,=2 =1
11—2
X fli+1)— f(@) —O(c— f(i+1))].

—

1=

We can manipulate this by separating out the I; = NV term in the sum and
combining it with the first term. This gives
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-2

x H[G(f(iJrl)—f(i)) —O(c—fi+1)]
= N-2

=O(f(N) - f(N-1)) O +1) = f(i) —6(c— f(i+1))]

N-1 N-2 =

+ ) 0c—f(h) |] ©U+1) - f)
I,=2 =1
I,—2

x [e(f(i+1)—f(i))—9(C—f(i+1))]}-
i=1

We now note that the term inside the { } has the same form as the right-
hand side of (B.6) with N replaced by N — 1. Thus, we can manipulate it
again in the same way, pulling out a factor of ©(f(N — 1) — f(N —2)) and
replacing N by N — 1 again in the remaining factor. Repeating this process
we arrive at the result:

N-1
(B.8) P(N,o)= [ ©(f(i+1) - f(i),
i=1
which is the desired result.
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