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Feynman graph integrals and almost modular forms

S1 L1

We introduce a type of graph integrals on elliptic curves from
the heat kernel. We show that such graph integrals have modular
properties under the modular group SL(2,Z), and prove the
polynomial nature of the anti-holomorphic dependence.

1. Introduction

Modular forms arise naturally in physics as correlation functions of quan-
tum system with modular groups as symmetries. One such example is the
topological string theory on Calabi—Yau manifolds. The topological string
produces geometric invariants F,, for each non-negative integer g, which can
be viewed as generalized modular forms on the Calabi—Yau moduli space.
However, F’s are in general not holomorphic objects. They satisfy the holo-
morphic anomaly equation as shown in the work of Bershadsky, Cecotti,
Ooguri and Vafa (BCOV) [2]. When the Calabi—Yau is an elliptic curve,
Dijkgraaf [5] anticipated the interpretation of Fy in the language of almost
modular forms. Later, Aganagic et al. [1] generalize almost modular forms
to describe local Calabi—Yau models in topological strings.

In this paper, we will focus on elliptic curves and their moduli. By
“almost modular form” of weight k, we mean in a weaker sense than [7]:
a function f(7,7) on the upper half-plane H, which is modular of weight &

fom ) = (Cr+ DY fn ). = (4 D) € spe),

where 7 = é:ig, and the anti-holomorphic dependence of f is of polyno-

c g 1 .
mial in =—, ie.,

ol 1
f(T7T) = ; fZ(T) (Im 7_)1‘

for some non-negative integer N and holomorphic functions f;(7). The
famous 7 — oo limit [2] picks up the leading holomorphic term fy(7) in
this context, which is quasi-modular [7].
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The current paper is motivated from the recent establishment of higher
genus mirror symmetry on elliptic curves [3,4,8]. The corresponding topo-
logical string invariants have been constructed from the quantization of
Kodaira—Spencer theory. We are lead to consider the following integral Wr
associated with any graph I': for each edge of I', we associate a kernel func-
tion constructed from the heat kernel; for each vertex, we associate a copy
of integration on the elliptic curve. See Section 3 for precise definitions. Wr
depends on the complex structure of the elliptic curve, and can be viewed
as a function on the upper half-plane.

Theorem 1.1. Wt is an almost modular form of weight 2|E(T")| in the
above sense. Here |E(T)| is the number of edges in T'.

We can also put certain holomorphic derivatives on the propagator and
obtain the graph integral for a decorated graph. The resulting graph integral
is again almost modular form with specific weight. The precise statement
is given in Proposition 5.2, and Theorem 1.1 follows as a special case. As
shown in [4,5,3,8], the topological string invariants on elliptic curves are
given by combinatorial sum of graph integrals of this type.

The paper is organized as follows. In Section 2, we describe the BCOV
propagator which is the building block of the graph integral. In Section 3, we
define the graph integral considered in this paper. In Section 4, we prove the
modular property of graph integrals. In Section 5, we prove that the graph
integral has polynomial dependence in ﬁ In the appendix, we provide all
the technical details of the necessary estimates for the graph integrals.

2. BCOV propagator on the elliptic curve

Let H = {7 € C|Im7 > 0} be the complex upper half-plane. Let E; = C/A,
be the elliptic curve associated with the lattice

AN =ZD77Z, T€H.

We will use z for the standard linear coordinate on C, such that E. is
obtained via the equivalence z ~ z + 1 ~ z + 7. The notation d?z will always
refer to the following measure on C or E,

A2z = %dz A dz.
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Let
o 0
A= —-4——
0z 0z

be the standard flat Laplacian operator on E... We consider the kernel func-

tion K7 for the heat operator et
1
(2.1) KtET (21,213, 20, %) = g e7|21*22+)\‘2/4t7 £>0,
u
AEA,

which is the unique function solving the heat equation

0
(81‘, +Az1> KF(21,%15,20,22) = 0

and the initial condition

lim 2K (21,215 22, 22) b(22, 22) = B(21, 1), Vo € CP(E,).
-0 /g,

Definition 2.1. The BCOV propagator P e L is defined to be the smooth
kernel function

L ) 2
(2.2) PfLT(Zl,El;ZQ,ZQ) = / dt <821> KIFT(Zl,Zl; ,29,%29), €L >0
€

. 2 .
representing the operator fEL dt (%) e 1A= We will also use P(fgo(zl, 29) to
represent the limit

(2.3) P(fgo(zh@) = ll_l}(l) Pfi(21,51;722752),

L—oo

which is singular at z; = z».

Note that we have dropped the anti-holomorphic dependence in PE It
is shown in the next lemma that it is holomorphic away from the dlagonal
z1 = 7. The kernel P6 7 is motivated from string theory. It describes the
propagator of the KodéirafSpencer gauge theory, which is originally intro-
duced in [2] on Calabi—Yau three-fold, and generalized in [3, 8] to Calabi-Yau
manifolds of arbitrary dimensions.

The following Lemmas 2.1 and 2.2 for Green functions on elliptic curves
are well known:
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Lemma 2.1.

1 s
(2.4) Pfgo(zl,@) = Ep(zl — 29;T) + EES(T,?), Vz1 # 2.

Here g is the Weierstrass’s elliptic function

@(z;T)Z%Jr ) ((z—lw_klz)

AeA, —{0}

E3(1,7) = Ea(T) — and

_3
wlm7T’

1s the second Eisenstein series.

P(fgo (21, z2) becomes singular as z; approaches zy, due to the singularity

from the Green kernel. However, if we change the order of the limit, we have

Lemma 2.2.

(2.5)
T . .

EEZ’ ifn=020,
lim lim "PE’(zl,zg): (n+1)!¢(n +2)

e—0 21—z &L
L—oo 21

0, if n is odd,

Enio, ifn >0 is even,

where Eoy, is the Eisenstein series of weight 2k [9].

An elementary proof of Lemmas 2.1 and 2.2 is given in Appendix A.

The objects lim Lﬁjgo lim,, ., 8;‘1 Pf 7 (21, 2z2) are special examples of the
Feynman graph integrals to be discussed in the next section. They cor-
respond to self-loops, and have nice modular properties. In fact, they are
examples of almost holomorphic modular forms [7]. E3 plays a special role,
which is modular but not holomorphic in 7. However, its anti-holomorphic
dependence is very mild, i.e., polynomial in ﬁ We will see that a large
class of graph integrals will also have this property.
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3. Feynman graph integral

We consider a directed graph I'. Let V(I') be the set of vertices, E(I") be
the set of edges, and

t,h:E—-V

be the assignments of tail and head to each directed edge. We will also
consider the decorated graph

(Fv n) = (Fa {ne}eeE)a
where the decoration is given by
n:EI) —Z2° e— n,,

which associates each edge a non-negative integer. In the case that n is the
zero map, we will simply ignore n and write I' for (I', n).

Given a decorated graph (I',n) and elliptic curve E;, we associate the
following graph integral:

d*z,  \™
(3.1) Wit ) (Pf£>: I1 / ImZT 11 < ) P,
)Y Er ecB(T)

veV(T Ozn(e)

where PEELT‘6 = PGELT (Zh(e)> Zh(e); Zt(e)» Zi(e))- The propagator P€E£ is smooth as
long as €, L > 0, but exhibits singularity at the diagonal as ¢ — 0. However,

the graph integral Wir (Pfi) has better behavior.

Lemma 3.1. The following limit exists

. E,
iy Wi (021).

L—oo

Proof. By Lemma 2.2, we can assume that I' is connected and has no self-
loops. The singularity of W, &Pfﬁ) comes from the diagonals of the
propagator as € — 0. Let us fix L first and analyze the limit ¢ — 0.

Let us first fix some notations. In the graph integral, we have associated
a copy of E; for each v € V(I'), which we will distinguish by E,,. Let d be the
distance function on E; with respect to the flat metric. Let x : [0, 00) — [0, 1]
be a smooth function with x(x) =1 if x < ¢ and x(z) = 0 if > 20, where
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0 < 0 is a sufficient small positive number. Define

1 2
Kf(zl,él; 29, Z9) = X(d(21,22)2)4—te d(z1,22) /4t, Vz1,29 € B,

and
KFr=K}Fr - K.

Then K7~ is smooth as t — 0. Similarly, we define

L
) — — 2 170 = = 59 E, 1
PeyL(Zl,Zl;ZQ,ZQ) = / dt alet (2’1,2’1;22,22), P€7L = Pe,L - Pe,L’

€

]52 ;, is smooth as € — 0 and Pg ;, contains all the information about the
singularity.
The graph integral W(r, n)( " L) Wi, n)( e L —I—PE‘S L) splits into a

sum of graph integrals where we associate P‘s ' or P‘S L on each edge. Let
us pick up a particular term, and let IV be the correspondlng subgraph of
I" consisting of those edges assigned with the singular propagator Pe‘s ;- Let
I"=T7U---UTI} be the decomposition into connected componenté. It is
sufficient to show that each connected component I'; contributes a regular
integral as € — 0.

Let us focus on one component I';. Let v € V(I'1) be an arbitrary vertex.
The integral is supported near the diagonal of Hvev r, )Ev, which can be
identified with a small neighborhood of zero section of the vector bundle
T@(IV( D= = B, x C®IVIDI=Y) on B, . Here T, is the tangent bundle
of E . Therefore we can write the relevant graph mtegral on I'y into the form

/ dzzv. H /dev H ameHL (Yes Te) | @,
E,,

veV (I'1)\{ve} ecE(T

where HX(z,2) = eL %e*‘ZP/ZLt, me some non-negative integers for each
edge e € E(I'1),

Yhe)s if t(e) = ve,
Ye = ~Yt(e) if h(e) = v,
Yn(e) — Yi(e)» Otherwise
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and @ is a smooth function on E,, X ce(vI)l-1) x vaéV(Fl) FE, with com-
pact support. By Proposition B.1 and its proof, the above integral is regu-
lar and uniformly convergent as € — 0. This proves that g)r(l) W ) (Pf]:)

exists.
Now we consider the limit L — oo. Since Pe%o = PfL’ + PE;O and the
kernel function P]:E;O is smooth. It follows that
. E.\ _ 1 E, E.
lim Wry (PE3) = lim Wiy (P2 + P2
exits. This proves the lemma. O

Definition 3.1. Given a decorated graph (I',n), we define a smooth func-
tion W) on 'H by

(32) Wit (r.7) = lim Wie (P5)

L—oo

Example 3.1. Consider the self-loop graph with decoration n.
"
[ ]

Lemma 2.2 implies that

ZE3, if n =0,
I/V<n>: WEHH, if n > 0 is even,
o 0, if n is odd.

4. Modularity

We consider the modular group SL(2.Z), which acts on H by

A B
IO = G for7€<c D)ESL(Q,Z).

Recall that a function f : H — C is said to have weight k& under the modular
group SL(2,7Z) if

fiym)=(Ct+ D)kf(T) for all v € (é g) € SL(2,2).
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Proposition 4.1.  The graph integral W(r ) (7, 7) has weight 3 .c pry(ne +
2) under SL(2,Z).

Proof. Given v € (é g) € SL(2,Z), the lattice transforms as A, =
(0771+D)AT' It follows that the propagator has the transformation property
(4.1) oM PEy (21,213, 22, 22)

= (C7 +D)"*? (amp\gTJrDP |CT+D|2L> (21, 215 22, )

where 2] = (CT + D)z, i = 1,2. Using the modular invariance of the measure

I‘f:li, we find
E.r\ _
Wew (P57) = 11 /
veV(T)
< 11 ( ener L e E’) (2h(e)s Zh(e); Zt(e)s Zt(e))
ecE()
d ) ne+2 qn
= H (CT+ D)™ (92}6( )
veV (D) eeE(F
B,
x P|cT+D|z [t DL (Zh(e)s Zh(e)} Zt(e) s Zi(e))
e%:(l“)(n +2)
= (CT+ D) Wirn) ( |Cr+DJ2e \CT+D|2L>
The proposition follows after taking the limit ¢ — 0, L — oo. (|

5. Anti-holomorphic dependence

The function W(r ) has particular weight under modular transformation.
However, it’s not holomorphic in general. We have seen this when I' is a
one-vertex graph with a self-loop. In this case Wr = {5 E3, which exhibits
a polynomial dependence on ﬁ In this section, we will show that the T
dependence of any graph integral is polynomial in

1
Im7-*

Proposition 5.1. For any decorated graph (I',n), the graph integral can be
decomposed as

Wi (r.7) = 3 filr)——,
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where f;i(T)’s are holomorphic functions on H, and N is some non-negative
integer.

Proof. We will show that 0zW (7, T) is also some graph integral with
fewer edges. The proposition will then follow by induction. Without loss of
generality, we can assume that I' has no self-loops.

First of all, it’s easy to see that

8/ dZZTf( _ _)_/ d2z7_ Imzﬁ+8 f( . _)
ot Jp, ImT7 HEDT)= g, Im7 \Im79dz 0T HETT).

Here the integration on E; is performed in the region {a + b7|0 < a,b < 1}.
Hence

vev(r) Y B
3 Im (2he) = 2()) & | 0 E
MNe P T
" €E(T [( ImT OZp(e) +6% 8Zh<8> eL.e

e’ ET
X H 8Zh(e’)Pe,L,e’)

e’eE(I")\{e}
To simplify the notation, we will write
Ze = Zp(e) — t(e)>

for any e € E(T"). Using the heat equation, we find

CmQW)ZmD 0 a)WeP&

_1_7

ImTr aih() ot Zh(e)” & Le
=L
-y Im(ze —A) 1 el lze—AE/at
ImTr 167rt Ze
AEA, e

O=W(r ) ( ) has two types of contributions corresponding to t = € or

t = L in the above formula.
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The term with t = L Let us first consider the term with ¢t = L. If n, > 0,
then the summation » ), ImI(IZ;;A) mlﬂtaneﬂ —lze=AI*/4t s absolutely con-
vergent and uniform in ¢, so

lim Im(ze =) 1 gnot1 —z—rr/aL _

L—00 ImTt 16w L
AEA .

If n. = 0, then

Z Im (Ze - )\) 1 (9 e_lze_Mz/4L

Ze
er Imr 167 L

Im 2, Ze = (M4 NT)\ . (mtnr)2/4L
_Z<Im7' >1nZ€:Z< 647 L? >e

Im z, Ze — (m 4 n7) —|ze—(m+n7)|? /AL
=3 (fr ) Z (o)

m+1 _ ( =
N Ze = (Y NT) foe—(ytnr)P/aL
/m dy ( 64 L2 ) ¢
Im Ze > Ze — (y + n%) —|z€—(y+n7')|2/4L
* Z (ImT n) /_oo @ ( 647 L2 ) ¢

Similarly we have hm I; = 0. Iy can be computed using Gaussian integral

L—oo
e Z (Imze - n> <Imze_nImT) o~ (Imze—nIm7)*/4L
ez \NImT 32i\/m L3/
Imz. _ )2 1 L )
— 1 . Z (Imz n) o (22 —n) /L where I — I 2
i wr ImT
ne
- 1 —8L7*m ) —4m27r2i+2mmllr:%_e,
e (

where in the last step we have used Fourier transformation. Therefore

1
lim Iy = ——.
L—00 8i(Im )
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To summarize, we find

1

lim Y Im(z -3 1 gre eIz AR/AL — Qg (Im7)?’
L—oo Im7 16wl * .
AEA, 0, if ne > 0.

if ne =0,

The term with ¢t = € Now we consider the term with ¢ = €. Its contri-
bution to W, is

dZU Im(ze—)\) 1 7|Z*|/6
H / Z Z ImT7 167?682@ " e

veV (T eeE(F) AEA,
X H a;Lh(/ ) eLT e’
e’eB(l)\{e}
_ Z H d 2y dzzh(e)
- ¢ (Im7)?
ecE(T) \veV(I)\{h(e)
X Irnizean +1 —‘Zv| /4e o E, /
16me *° Zn(eny” €,Lse
e’'cE(I)\{e}

By Proposition B.2, it reduces to certain graph integral on I" under the
limit € — 0, L. — oo, with an extra factor proportional to m Here T is
obtained from I' by collapsing one edge.

Combining the terms for ¢t = L and terms for ¢t = ¢, it follows by induc-

tion that

KW n = hm@W(Fn)( EL)— zzfz o

L—oo m

for some holomorphic function f;(7) and non-negative integer K. Therefore
1

W n) has polynomial dependence on g — as well. Il
Corollary 5.1. Let I be a graph such that every two vertices are connected
by at most one edge, then

i

(5.1) 0-Wp = S

Z (WF/e - WF\@) )
ecE(T)

where I' /e is the graph by collapsing the edge e in I', and T'\e is the graph
by deleting the edge e in I.
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Proof. In the proof of Proposition 5.1, there are two contributions. The term
with L — oo contributes me\e. The term with € — 0 comes from the
integration

d2zh( ) (Imz 2 i 1 2
€ [ -re —lze|?/4e | _ d? L lze|?/4e
/(c (Im 7)? <167T6 0. > 8(Im )2 /(C “hie) gre ’

which becomes d-distribution méze,o as € — 0. O

Proposition 5.2. For any decorated graph (I',n), the graph integral
Wir ) (7,7) is an almost modular form of weight ZeeE(F) (ne +2).

Proof. This follows from Propositions 4.1 and 5.1. U

Theorem 1.1 from the introduction follows as a special case for undeco-
rated graphs (i.e., ne = 0 for all edges).

Acknowledgment
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Appendix A. The BCOV propagator
In this section, we give an elementary proof of Lemmas 2.1 and 2.2.

Proof of Lemma 2.1. Let z19 = 21 — 2o.

_ N\ 2
B Z12 — (m + nT)
P7i (21, 21520, 22) = / o <4t>

X exp (— 212 — (m + n7)|? /4t>

/ 4t Z <2124; m>2€xp <— 212 — m|? /4t)
[y s [ty

n#O meZ

m,neZ
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x exp(—|z12 — (m +n7)|* /4t)
_/m’”“ dy <212 - (4yt+ m')>2
X exp(—|212— (y + n1)| /4t)] )
[ ()
(y +

X eXp(—|2712 - nt)[ /4t)

:Il—l-fz—l-lg.

I, is absolutely convergent and

> dt Z10 —m\
lim I, —/ S <Z124t m) exp(—|z12 — m|?/4t)
0

e—0 47t
L—oo meZ
1 /OO dt 1
=y — S exp(—1/4t)
et (z12 —m)? Jo Amt (4t)
1 1
4 mel (212 — m)2 '

I is also absolutely convergent. To see this, let

_ — 2
P = (22205 oxp(-lana — (g ar) a0
= L u u = Z2192 — nTt 2
Gl u= = ar)P

where G(u) =

#)2 exp(—1/4u) which is a smooth and bounded function on
[0, 00). Since

(4u

dF(y) B 2
dy (z12 —y — n7)

;G (u)

1 !
’ <(Z12 —y—nrP | (ra—y— )2 —y - n7)> uG ()

We can write I as

L m+1
L f;;z/ dy (F(m) ~ F(y)).
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which is of the order \-F77|3 as m,n — o0o. Therefore similar to the calcu-
lation for I, we find

m—+1 1
lim IQ ( - / dy )
LE:(())O 4 nZ;éO ZEZ 212 — — TLT)2 m (2’12 — Y — n7’)2

n;éO meZ

2’12— —n7’)2.

To evaluate I3, notice that

[ <W>2€XP(—\ZQ (g4 ) 2/a)

~ (Im 212 — nIm7)>
/ dyy m?ﬁ) nimr) exp(—y?/4t — (Im 215 — nIm7)?/4t)
V7((Im 212 — nIm7)2/t — 2) 9
= — 1/ exp(—(Im z12 — nIm7)*/4t)
d T 9
Therefore,
L
lim I5 = — lim ~ ! I Im7)?/4
lim I5 = — lim ZZ Wexp(—(mzlg—n m7)*/4t)
L—o0 L—oo  n#0 .
L
lim — > L, (—(a —n)?/4t)
=—1 xp(—(a —
e—0 4ImT (47t)1/2 P ’
L—oo n#0 .
a=Imz/Im7,0<a<]l1.
Obviously,

1
lim ( exp(—(a — n)2/4e)> = 0.
e—0 o (471'6)1/2
The Poisson summation formula gives

Z ((471'Ll>1/2 exp(—(a — n)2/4L)> = Z exp(—4m?m? L + 2rima),

neZ MEZL
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hence

lim Z <(47TLl)1/2 exp(—(a — n)2/4L)>

L—oo
ne’

= 1i —4m*m? ima) = 1.
Jim Z exp(—4n“m*L + 27ima) = 1
meZ

Adding the three terms together, we find

1
. E, 5 - =
lg% (PQL(ZLZLZ%ZQ ) - Z Z —m-)Q ~ 4Im7T

L—oo nEZ 212 -
1 ™ 1
BT+ B(r) - e
1 T o/
= Ep(m; T) + EEQ (157).

Proof of Lemma 2.2. From the proof of Lemma 2.1, it’s easy to see that

1 1
fimg i Bi(ez2) = 2 D

L—oo m7#0
lim lim (21, 29) g E
e—0 z1—22 m + TLT
L—oo n#O meZ
1

lim lim I5(zq, 22 .
e—0 z1—22 ( ’ ) 4IH17‘
L—oo

It follows that
™ _
lg% z}l_r)r}ZQ P L(zl, 29) = EE2 (1,7).
L—oo
This proves the case for n = 0. For n > 0,
8” PE (Zl, 22)

z17 €,L

/ Art
m nGZ

_/L dt 1 212 — (m +n7)|

dmt £ (212 — (m+ 7)) 4t

Z12 — (m + nT) e
4t

exp (— |z12 — (M + n7')|2 /4t

N—

on+2

x exp (= |21z — (m +n7) /4t)
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which is in fact absolutely convergent. Therefore in this case

1 *®dt 1
" p S T a2 —1/t
i Jm ONPEGLR) = DL e /o It 72
L—oo m,neL
(m,n)7(0,0)
U R S
T 4r (m + nt)nt2
m,nEL
(m,n)#(0,0)
_ WEHH7 if n is even,
0, if n is odd.
O

Appendix B. Graph integrals on C

In this appendix, we will prove some results for graph integrals on C.
Let z be the linear holomorphic coordinate on C, [0 = —4-2 o 6z be the
standard Laplacian operator. The following notations will be used through-

out this section
Loqt )
HEzz) = [ 2 ole/ar,
Yen = [

Let (T',n) be a decorated graph as in Section 3. We will assume that T is
connected without self-loops. We consider the following graph integral on C

Wrn H /dzzv H o) HL (zey Ze) | @,

veV (T ecE(T
where  ze = 2p(0) = 2¢(e)>
here ® is a smooth function on CIVM| with compact support. In the above

integral, we view H, EL (ze, Ze) as propagators associated to the edge e € E,
and we have only holomorphic derivatives on the propagators.

Proposition B.1. The following limit exists for the above graph integral

. L
lg% W(F,n) (He ) (I))
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Proof. Let V = |V(I')| be the number of vertices and E = |E(I')| be the
number of edges. We index the vertices by

v:{1,2,...,.V} = V(I), V=|V(),

and write z; for z,() if there is no confusion. We specify the last vertex
by ve

(V') = v,.

Define the incidence matrix {py.e fvev (r)ecrm) by

1,  h(e)=w,
Poe=1< —1, tle)=wo,
0, otherwise

and define the (V — 1) x (V — 1) matrix Mp(t) as in [6, Section 6-2-3] by

1 .
(B.1) Mr(t)ij= Y. Puo(i)ey PoGer LS HI<V =1,

e€E(QG)

where t. is a variable introduced for each edge coming from the propagator.
Consider the following linear change of variables

zi=yi+yv, 1<1<V -1
2y = yv.

The graph integral can be written as

Wirn)( H , D)
dte ZZV:EI Pu(i),eYi "
/dQZJV/ H dzyz/ H H — i
Cv=t 2y [e.L]" o ccE(T) e
V 1
xXexp | —— Z MF ingj D.

,Jl
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Using integration by parts, we get

V-1
Wirn HeLv(I) :/de / d2yz/
(F’ )( ) C v Ccv-1 11;[1 [eL 47l't

EE(F
1 _
xexp | — Z Mr(t)i,jyi0;
1,7=1
Vo1 V-1 1 e
— Zz 1 Po(i),e 1: (t)ij 0
X : = d.
=%
ecE() \Jj=1
By Lemma B.3 below, we see that
ne
V-1 V-1 -1
I 2zt P M Wig 0 ) gl cle.
te 8yj

eeE(T) \Jj=1

where C is a constant which doesn’t depend on {t,} and {y;}, and ® is some
smooth function with compact support. To prove that lin(l) WI"{ne}(HGL , D)
€e—

exists, we only need to show that

dt
lim || d2v. e _ - E M 5T
el—>0 /(Cvl s yl/[6 E 47Tt F Jyzyj

ecE(T) i,j=1

dte 1
= lim _—
e—0 [e,L]® eelE_I 47Tt det MF( )

exists. By Lemma B.1 below, we have

de 1 dt. 1
47Tte det MI‘ (t) N e—0 [e,L]Z
’ e

lim
0 JleL)”

Y

ceE(T) cE(T) 4m ZTETree(F) HegéT te
where Tree(I") is the set of spanning trees of I'. Let v(1), v(2) be two vertices
of T', {e1,...,ex} be the set of edges that connects v(1),v(2). Let I' be the
graph obtained from I' by collapsing v(1) and v(2) and all the edges e1, ..., ek
into one single vertex. Then T is also a connected graph without self-loops,
with E(T') = E(I')\{e1,...,ex}. Obviously, for non-negative t.’s,

> Ht><zte1“-ei---t6k> S It

T€Tree(T') e¢T TeTree(T') e¢T
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Therefore

H/dte 1

ecE(T) AT Y petree(ny [legr te

<H/ s !
e 471'2?:1751"'&'“751@

Lat, 1
X
Hf /e ZTETree(f) H6¢T te

L dt, 1
H[ :

) 4m ZTeTree(F) HegéT te

H/dt 1 7

ec B(T) ZTGTree( r) HegéT

where C(L) is a constant that depends only on L. By successive collapsing
of vertices, we see that lim._,q f[e L II e E(T) %m exists. This proves
the lemma. O

Definition B.1. A tree T C I is said to be a spanning tree for the con-
nected graph I' if every vertex of I lies in 7.

Lemma B.1. The determinant of the (V —1)x(V —1) matriz
{Mr(t)ij}1<ij<v—1 defined by equation (B.1) is given by

(B.2) det Mp(t)= > H

TeTree(T") e€T te’

where Tree(T") is the set of spanning trees of the graph T.
Proof. See, for example [6, Section 6-2-3]. O

Definition B.2. Given a connected graph I' and two disjoint subsets of
vertices Vi, Vo C V(T'), V1 NV, = 0, we define Cut(I'; V7, V4) to be the set of
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subsets C' C E(I") satisfying the following property

(1) The removing of the edges in C' from I' divides I' into exactly two
connected trees, which we denoted by I';(C),'2(C), such that V; C
V(Fl(C)), Vo C V(FQ(C))

(2) C does not contain any proper subset satisfying property 1.

It is easy to see that each cut C' € Cut(I'; Vi, V2) is obtained by adding
one more edge to some {e € E(I')|e ¢ T'} where T is some spanning tree of
I'. Then we have the following result; see [6, Section 6-2-3],.

Lemma B.2. The inverse of the matrix Mp(t) is given by

M7 00 = > [T+

CeCut(T;{v(3),v(4)},{ve}) e€C

where
Prt)= Y J[te=det Mrt) J] te
T€Tree(T) egT ecE(T)
Proof. Let
1
A= —— te.
5] Pr(t) H €

CeCut(T;{v(i),v(4)},{ve}) e€C

For 1 <i <V —1, consider the summation

V-1
Z Az,jMF 7,8 Z MF Z H te
7=1

CECut(F;{U(i),v(j)},{v.}) ecC

-y e

CeCut(Ti{v(i)},{ve}) e€C
v(3)eV(T'1(C)),we €V (I'2(C))

1
x Z Z Poliye 3 Poi)e

e’€E(GQ) 1<j<V -1
U(j)€F1 (C)

-y e

CeCut(T;{v(i)},{ve}) e€C
v(3)eV(T'1(C)),w. €V (I'2(C))
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x 3 1
e'€E(G)

l(e)=v(i),r(e)eV(T2)
or r(e)=v(i),l(e)eV(T2)

- Y I«

TeTree(T") egT

~~
m\

where in the last step, we use the fact that given v # v, and a spanning tree
T of T', there is a unique way to remove one edge in T', which is attached to
v, to make a cut that separates v and v,. Therefore

V-1

A iMr(t);s =1, 1<i<V —1.

j=1

Similar combinatorial interpretation leads to

<

—1
A b Mr(te,; =0, 1<14,5<Vi,i#3j.
1

e
Il

We leave the details to the reader. It follows that A; ; is the inverse matrix
of Mr (t)i,j- |

Lemma B.3. The following sum is bounded

V-1 —1
Zi:l p'u(il)e,eMF (t)ivj < 27
e

Vee E(G), 1<j<V-—1.

Proof.

1 Pu(i),e
- > e ¥ e
Pr(t) CeCut(Ti{v(j)},{ve}) eeC  1<i<V-1 te
v(H)EV(I'1(C)) v €V (I'2(C)) v(i)el (O)
_ 1 Z He/eCte'_ 1
. te PF(t)
CeCut(I';{v(4),l(e)},{ve,r(e)})
" Z He’EC’te'.

te
CeCut(Ti{v(4),r(e) }:{vel(e)})
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Since each cut in the above summation is obtained from removing the
edge e from a spanning tree containing e, the lemma follows from fact that
Pr(t) = > retree(r) [ legr te represents the sum of the contributions from all
such spanning trees. O

Next, we consider another type of graph integral which appears in the
proof of Proposition 5.1. Let

L _
dt z 2 2
Pl(z 5) = at (7) —l2l? /4t
e (22) / Azt \at) ©
and

Udz,2) = 4%6 (416) T

Let (I',n) be a connected decorated graph without self-loops, V (I') be
the set of vertices, E(I') be the set of edges, V = |V(T')|, E = |E(T)|. We
index the set of vertices as in Proposition B.1 by

v:{l,2,...,V} - V({),
and index the set of edges by
e:{0,1,2,...,F -1} — E(I),
such that e(0),e(1),...,e(k) € E(T") are all the edges connecting v(1),v(V).
We consider the following Feynman graph integral by putting U on e(0),
putting P to all other edges, and putting a smooth function ® on clvl

with compact support for the vertices. We would like to compute the fol-
lowing limit of the graph integral

\4 E-1

: 2 no = N L =

oy / d*2i0%8,, Uelze(0): Ze(0)) (H Ozt P (et Zem)) o,
i=1 =1

where we use the notation that

Ze = z; — 24, if h(e) = v(i),t(e) = v(j).
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Proposition B.2. The above limit exists and we have the identity

2 ni

14
: A(”Ov mni,... ,’I’lk) 9 no+1+7;1(ni+2)
= (47)F H/d 20z,
=2
((Haan 5<>))<I>> :
i=k+1 .
where the constant A(ng,ni,...,ng) is a rational number given by

1 1 k Hk n;+1
. — DY > Z:1 ul
A(nosna, . .., ) —/0 /0 Hduz ko \Zio(mit2)
=1 (1 + 2 i Ul)

Proof.
Ve E-1
H/dZZianoUe(ze(O)) (H aaneL(Ze(l))> o
i=1 i=1
1% E-1 L > no+1
_ 2, L (Ze
- Zl;[l/d “i Zl;ll /6 die(i) <47T6 de

E-1 5 . n;+2 _ 1ze(0) 12 o1 lze(n
« H 1 Ze(i) e < pra DD At (s )q)
i1 Art, 4te(2)

e(i)

We will use the same notations as in the proof of Proposition B.1.
The incidence matrix {py e fvev(@)ecr(c) is defined by

1,  h(e) =,
pv7€ = _]., t(e) — U,
0, otherwise.

Without loss of generality, we assume that the orientation of e(0) is such that

Pu(1),e(0) = L Pu(v),e(0) = — 1
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The (V —1) x (V — 1) matrix Mr(t) is defined by

E-1
Pu(i) pv(g) e(l)> 1<i,j<V-—-1,
=0

where we use the convention that ¢, = €. Under the following linear change
of variables

zi=yityy, 1<i<V -1

2V =Yv,

and use integration by parts

e T L (70" (T e\
i];[l/d Zi Zl_[/ die(s) 47T6< e ) 1;[ o ( e(i)>

_ |ze(0)‘ E—1 ‘ze(g)‘ >
X e ( TR T d

— /dev I1 /dei H/ - t e pl|—- Z yi Mr(t); ;7
i=1 i=1 "¢ zg 1
V TL()+1
1 Z:I >is Potine M (Big 0
Ame = € dy;
E—1 - Mot
(a)MF l(t)id i ®

V-1 V-1
y Z Zi:1 Pu(i),e
=1 te(a) 8yj

Note that for 0 <a <k and 1 <i <V —1, py().e(a) s nonzero only for
Pu(1),e(a) = 1. Consider the change of variables

te(i) — €le(s) 1<i<k,
te(i)ﬁte(i)ﬂ k'"-lSZSE—l,

we get,

Lie dtys o dt
2 e(i)
/d w H /d vi H/ 47Tte(z ik 1/5 47Tte(z')
V 1

Xexp | —— Z yzijF( )
,7=1
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N no+l
o L VZ_I Y0 puy ey M (B 0 Li—‘[l
dme ot € Ay, a1
Na+2
V-1 V-1 —
y Z Zi:l pv(z~,e(a)MF (t)ZJ 0 o
j=1 te(a) ay]
fdtey T [ et
= F(t
=1 i=k+1

67fe(i)a if 1<i<k,
teiy = tepy, 1If E+1<i<E—1,

and

4 1 1 V-1
F(t;e) = H/d2yi exp | — > yigiMr(D)iy
i=1

E_1 £
'H1 be(i) =t
_ n0+1
L Vz:lzyz_llpu(i)@(o)Mr_l(t)i,j3
4me = € Oy,
No+2
B-1 [V-1 V-1 ~1f
Zi:l pv(i),e(a)MF (t)i,j 0
JIp> ; o]
a=1 \ j=1 e(a) J

We first show that lin% F(t; €) exists. Using integration by parts,
€E—>

F(t-)—ﬁ/d” 1 ly1 ] 1+Zk: 1 1
o i—1 v I te(s) P 4e = te(a) ) ) 4me
7 k - No+2
71 no+1 7 a
. (46) H <46t6(a)>

a=1
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E-1

V-1
1 _ Pu(i),e(8)Pu(j),e
cexp (-1 S gy 3. LOOPG)

ij=1  B=k+1 Le(s)

E—-1 V-1 _\ at2
% H (Ei:l pv(z),e(ﬁ)l/z) P

4te(g)

>no+1+221(na+2)

(1 + Za 1 te(a)

no+1+ _(na+2 v e Py
) o F 1+ E ) LISV g ST P ) e)
X [ — e te(8)

oy

o\ Nat2
XH(zlf’m)()> o

B=k+1 4t3(3)

Using the property of the heat kernel under the limit ¢ — 0, we get

k 1 Na+2
lim F'(t;€) /d2yZ ( )
=0 [T te gﬁe(a)

)Zﬁo(naﬁ)

a 1 te(a)

5 \ oY A ()
>< <a)

te(B)

_ Po(i),e(B)Po(j),
( 72\/7 11 ylyjzﬁ kl v(i),e(B)Pv(j),e(B)

V-1 _\ Nat2

y H (Zizl pv(i),e(ﬂ)%’) o
B=k+1 4t€(,5)

y1=0
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Claim.

_ Lie dt Lt
i [ L

=1 i=k+1
k

= F(t;e
H/1 47T 6~>0 )
i=1 i=k+1

Clearly Proposition B.2 follows from the claim.
To prove the claim, first notice that we have the estimate

M (t)1 < 1
@) o (L4 Xk )

0<

for 1 <a <k 1<j<V—1. Infact, by Lemma B.2,

ZCGCut(F;{v(l),v(j)},{vv}) HeGC te

M ) =
v (0 > retvee(r) 1] te
e¢T

Yoeou(rip ooy Heeote 1
- k
HEQT te (% + Z’i=1 tcl(i)>

<

T€Tree(T)
e;€E(T) for some 0<i<k

For0<a<FE-1,1<j<V -1, Lo p“%i(‘l})M;l(t)i’j is bounded by a con-
stant by Lemma B.3. It follows that

t € | < H/de’E 1 eEXp | —— Z yzy]MI‘ i,J

e(i) Z] L
z:l
TLO+1
Vo -
RS ZIZZV L Puie M (Big 0
4re = € dy;
Na+2
E-1 (V-1 V-1
= vi).elax M t (2
y ZZMP(),() F(),Ja P
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1% 1 vl 1

< dZyiieXP -7 Z?H/MF( )ig | T—
= E-1 v

i=1 [lizy be(i) i,j=1 dme
Na~+2

« 11 . 3,

1<a<k \ le(a) (sz 1te<>)

where @ is some non-negative smooth function on C¥ with compact support.
Integrating over y;’s we get

No+2
1 1 1

Hz ; Ly e(s) € det Mp(t t) 1<a<k \ te(a) (1 + Zf:l ﬁ)

ek

7)1_‘(67 6te(l)v s 76te(k)7t€k+17 e 7te(E71))

Na+2
< TI !

k
1<a<k te(a) (1 + Ei:l ﬁ)
k

1 1
<C 9
Pf‘ (t6k+17 o 7t6(E71)) HZ:I te(a) 04r=[1 tE(an)_z

[F(t;e)] < C

where C' is a constant that only depends on ®, I' is the graph obtained
by collapsing the vertices v(1),v(V) and all e(0),e(1),...,e(k), and Pr is
defined in Lemma B.2. Here we have used the simple combinatorial fact that

Pr(e, ete(r)s -« -5 €tehys texpns - - - s te(B-1))
k
k (H te(a)> <1+Z ( )) Pr(tersrs- s tegm))-
a=1 1 605

Since I' has no self-loops,

dte(z L dte( 1
H/ t"u+3 H / 4 Pr(tey,ys--- < oo

a1 Le(o)  ichg1 ste(E—1))

Now the claim follows from dominated convergence theorem. O
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