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Symmetries of K3 sigma models
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It is shown that the supersymmetry-preserving automorphisms of
any non-linear o-model on K3 generate a subgroup of the Con-
way group Co;. This is the stringy generalization of the classical
theorem, due to Mukai and Kondo, showing that the symplectic
automorphisms of any K3 manifold form a subgroup of the Math-
ieu group M3. The Conway group Co; contains the Mathieu group
Moy (and therefore in particular Mys) as a subgroup. We confirm
the predictions of the Theorem with three explicit conformal field
theory (CFT) realizations of K3: the T*/Z, orbifold at a self-dual
point, and the two Gepner models (2)* and (1)5. In each case we
demonstrate that their symmetries do not form a subgroup of My,
but lie inside Co; as predicted by our Theorem.
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1. Introduction

Recently, a hidden My symmetry of the elliptic genus of K3 has attracted
some attention. This development started with the observation of Eguchi
et al. [1] who noted that the first few multiplicities with which the N/ =4
characters appear in the elliptic genus of K3 are sums (with integer coef-
ficients) of dimensions of representations of the Mathieu group Myy. The
appearance of these dimensions suggests that the underlying vector space
(consisting of the states that contribute to the elliptic genus) carries an
action of Msy. Assuming this group action one can then also define the
“twining genera”’!, i.e., the elliptic genus with the insertion of a group ele-
ment g € Moy,

(L1) Trrw (9y7a™ 5 (-1)F g5 (-1)F),

and the usual string arguments suggest that these twining genera must
have good modular properties under some congruence subgroup of SL(2,Z).
Using these modular properties as well as the explicit knowledge of the first
few coefficients that follow from the observation of [1], all twining genera
could be determined [3-6]. In turn, this leads to a stringent test of the
proposal: knowing all twining genera one can deduce the decomposition
of all multiplicity spaces into My, representations, and it was found that
at least for the first 1000 coefficients, non-negative integer multiplicities
appear [5,6].2 This analysis therefore gives very convincing evidence for a
hidden My symmetry underlying the elliptic genus of K3. Further support
for this conjecture was given in [7] (see also [8,9]).

!These are the analogues of the so-called MacKay-Thompson series for Mon-
strous Moonshine, see [2] for a modern review.

2We thank Yuji Tachikawa for informing us that he has now checked the decom-
position for the first 1000 coefficients.
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Part of this symmetry can be understood geometrically. First of all, the
elliptic genus is independent of the specific point in the moduli space of
K3 that is considered, and thus the symmetries of the elliptic genus are in
some sense the union of all symmetries that are present at different points
in moduli space. The geometrical symmetries of K3, i.e., the symplectic
automorphisms, have been studied some time ago by Mukai and Kondo
[10,11], and they found that at any point in moduli space these symmetries
form a subgroup of Mys. The Mathieu group M3 is a maximal subgroup of
Moy, and thus this argument “explains” part of the observation of [1].

As is familiar for example from T-duality, string theory typically has
more than just the geometric symmetries, and one may therefore expect
that the remaining symmetries of Mlyy may be accounted for by “stringy
symmetries” (see also [12]). In order to analyse this question, we study in this
paper the stringy version of the Mukai—Kondo theorem. More specifically,
we classify the spacetime supersymmetry preserving automorphisms of the
non-linear o-model at an arbitrary point in the moduli space of K3. From
the point of view of the worldsheet, these symmetries are characterized by
the property that they preserve the N = (4,4) superconformal algebra, as
well as the spectral flow operators in the RR sector. Given the observation of
[1], one may have expected that all these symmetries should form a subgroup
of Moy, but actually the answer is more complicated:

Theorem 1.1. Let G be the group of symmetries of a non-linear o-model on
K3 preserving the N' = (4,4) superconformal algebra as well as the spectral
flow operators in the RR sector. Then one of the following possibilities holds:

(i) G = G".G", where G’ is a subgroup of Zi', and G" is a subgroup of Mgy
with at least four orbits when acting as a permutation on {1,...,24}
(i) G = 51+2.24
(i) G = 7Z4.A¢
(iv) G = 31%1.Z5.G", where G" is either trivial, Zs, 73 or Zy.

Here p' 2" denotes an extra special group of order p'+2", and N.Q denotes a
group G for which N is a normal subgroup such that G/N = Q
(for an exposition of our mathematical notation and conventions see App-
endix A). Note that except for case (i) with G’ trivial, these groups are not
subgroups of Mlyy; in particular, for cases (ii)—(iv) this follows from the fact
that their order does not divide

(1.2) [Mgy| =210.3%.5.7-11-23.



Symmetries of K3 sigma models 5

On the other hand, all groups in (i)—(iv) are subgroups of the Conway group
Coq, and thus the analogue of the Mukai theorem is that the stringy symme-
tries all lie in Co;. One may take this as evidence that the elliptic genus of
K3 should in fact have a hidden Co; symmetry, but from its decomposition
in terms of N’ =4 elliptic genera, we have not seen any hint for this. In
any case, the result of the Theorem means that the explanation of the My,
symmetry appearing in the elliptic genus of K3 must be more subtle.

1.1. Sketch of proof

Let us briefly sketch the proof of the Theorem, before returning to more
general considerations below; the details of this argument as well as the
underlying assumptions will be spelled out in Section 2 and Appendix B.

The basic strategy of the proof follows closely the proof of the Mukai-
theorem, given by Kondo. The moduli space of sigma-models on K3 has the
form

(1.3) Mz = O(T*?9)\0(4,20)/(0(4) x O(20)).

Here the Grassmannian O(4,20)/(0(4) x O(20)) parameterizes the choice
of a positive definite four-dimensional subspace II ¢ R*? and O(I'*?°) is
the group of automorphisms of the even unimodular lattice I'420 ¢ R%20 of
signature (4,20). We may think of I'»?Y as the integral homology of K3, i.e.,
as the D-brane charge lattice, while the position of II is specified by the
choice of a Ricci-flat metric and a B-field on K3. In particular, it therefore
determines the four left- and right-moving supercharges.

The supersymmetry preserving automorphisms of the non-linear o-model
characterized by II generate the group G = Gp that consists of those
elements of O(I'»?0) that leave II pointwise fixed. We denote by LY the sub-
lattice of G-invariant vectors of L = I'»?% and define L¢ to be its orthogonal
complement. By construction, II is a subspace of the real vector space
LE @R c R*20, and since II has signature (4,0), the orthogonal comple-
ment Lg must be a negative definite lattice of rank at most 20. The basic
idea is now to embed Lg(—1) — the (—1) means that we change the sign
of its intersection matrix — into the Leech lattice A. Such an embedding
exists, provided we assume that Lg(—1) does not contain any vectors of
length squared two (which would signal some gauge enhancement and thus
would lead to a singular CFT). Since the action of G fixes all vectors of A
orthogonal to Lg(—1), it follows that G must be a subgroup of Cop = Aut(A)
that fixes pointwise a sublattice of the Leech lattice of rank at least 4.
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A more careful analysis then shows that G is isomorphic to a subgroup of
Coy = Cop/Zs and leads to the separate cases (i)—(iv) above.

1.2. Comments and outline

Since the result of the Theorem is somewhat contrary to expectations, we
have also studied a few explicit conformal field theories describing K3 at dif-
ferent points in moduli space in detail. In particular, we have done this for
(A) the orbifold point T*/Zs; (B) the orbifold point T*/Z4 which is equiva-
lent to the Gepner model (2)%; and (C) the Gepner model (1)®. Given that
these descriptions are very explicit, it is possible to identify (at least some of)
the supersymmetry-preserving automorphisms. In each case we have com-
puted the resulting symmetry group, and compared it with the possibilities
allowed for by the Theorem. We find that (C) realizes case (iii), while both
(A) and (B) correspond to case (i) with G’ non-trivial. In particular, all of
these cases therefore describe K3s for which the stringy symmetries do not
lie inside May.

From the point of view of the argument leading to the Theorem, the
symmetries of the worldsheet theory should have an interpretation as lattice
symmetries. Actually, this point of view can also be directly understood in
conformal field theory: as mentioned before, the lattice I'*#20 can be identified
with the D-brane charge lattice, and II describes the four left- and right-
moving supercharges. Thus the supersymmetry preserving automorphisms
of the CFT should be in one-to-one correspondence with the symmetries of
the D-brane charge lattice that leave I pointwise invariant. Using conformal
field theory methods, it is fairly straightforward to determine the D-brane
charge lattice, as well as the II-preserving symmetries. For each of the three
cases (A)—(C) we have verified that the resulting symmetry groups repro-
duce precisely those obtained from the explicit construction of the symmetry
generators above. Incidentally, this method to determine the supersymmetry
preserving automorphisms by analysing the D-brane charge lattice consti-
tutes a nice general approach that can be applied to any non-linear o-model
on K3.

The paper is organized as follows. In the following section (Section 2), we
give a more detailed description of the main Theorem and the assumptions
that go into its proof. Section 3 is devoted to the study of the orbifold point
T*/Zy. Among other things, we calculate the twining genera for the various
symmetries and find the twining genus of the 2B conjugacy class of My, that
does not lie inside My3. (The corresponding symmetry is the stringy four-
fold T-duality symmetry 7, see (3.14).) However, we also find symmetries
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that do not lie inside Moy, and whose twining genus does not agree with
the twining genus of any conjugacy class in Myy. (The simplest example is
the “quantum symmetry” Q, see (3.18).) In Section 4, the same analysis is
done for the (1)% Gepner point, while Section 5 deals with the (2)* Gepner
model. Our notation and some basic mathematical background is described
in Appendix A, while some of the details of the proof of the Theorem have
been delegated to Appendix B. Finally, Appendix C contains some of the
details of the D-brane charge analysis for the Gepner models.

2. Symmetries of non-linear o-models on K3

In the following, we shall consider two-dimensional theories with ' = (4,4)
superconformal symmetry and central charge ¢ = 6. Theories of this type
can be classified according to their elliptic genus ¢(7, z). The symmetries of
the theory constrain the elliptic genus to be a weak Jacobi form of weight
0 and index 1. The only possibilities are ¢(7,z) = 0, which corresponds to
the case of the target space being T, or

. 191 ) 2
(2.1) 6(r,2) = 8219.5: S;Q =2y +20+2y~" + O(g),
i=2

where ¥; are the Jacobi theta functions and the normalization is fixed by the
condition that the vacuum is unique. This second case arises if the target
space is K3 and it is the main focus of the present paper.

2.1. Moduli space of non-linear o-models on K3

As mentioned in the introduction, the moduli space of N’ = (4,4) theories
with elliptic genus (2.1) is believed to be the quotient (see for example
13, 14)

(2.2) Mz = O(T*H?0)\0(4,20)/(0O(4) x O(20)).

Here the Grassmannian O(4,20)/(0(4) x O(20)) parameterizes the choice
of a positive definite four-dimensional subspace in R*2?, and O(I'*?%) is the
group of automorphisms of the even unimodular lattice I'#?° with signature
(4,20).3

3This description is based on the hypothesis that all N' = (4,4) superconformal
field theories with elliptic genus (2.1) can be realized as non-linear o-models on a
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Geometrically, we can think of I'*?? as the integral homology lattice

Heyen(X,Z) of the K3 manifold X, with the bilinear form given by the
intersection number. The space R%?0 is interpreted as the real even cohomol-
ogy H®*"(X,R) endowed with the cup product, and the embedding I'*?° C
R*2Y is realized through Poincaré duality Heven(X,Z) = H®V(X,7Z) C
He*"(X,R). The non-linear o-model is determined by choosing a Ricci-flat
metric and a B-field on the manifold X; this corresponds to the choice of
the four-dimensional subspace I C H®V*"(X,R), although the relationship
is rather involved (see e.g. [13]).

In string theory, the homology lattice can be identified with the lattice
of D-brane charges, and the intersection number for «, 5 € Heyen(X,Z) is
reproduced by the overlap

(2.3) a8 = (algrTotlo =i (~ 1) || B)gg.

Here only the RR part of the boundary states ||}, ||3) corresponding to
the D-branes wrapping the cycles o and ( contribute [15]. (Alternatively,
(2.3) is the Witten index in the R-sector of the relative open string.) In
this picture, the dual space of real cohomology is naturally identified with
the space of 24 (anti-)chiral RR ground states with h = h = . Under the
action of SU(2);, x SU(2)R, which is part of the N' = (4,4) superconformal
symmetry, the 24 RR ground states split into a four-dimensional (2, 2)-
representation and 20 singlets. The four-dimensional subspace IT ¢ R%?0 is
then to be identified with the subspace of RR states transforming in the
(2, 2)-representation.

2.2. Characterization of N’ = (4,4) preserving symmetries

Our goal is to classify the discrete symmetries G of a given N = (4,4)
theory parameterized by II in the moduli space Mks. Any symmetry g € Grp
must obviously leave II invariant. It must therefore either be an element of
O(T%20) or it must act trivially on the Grassmannian in (2.2). However,
the latter case would imply that the symmetry exists everywhere in moduli
space, and we know (for example from studying deformations of the orbifold
line) that this is not possible. Thus we conclude that the symmetries Gy
of the theory at II is precisely the subgroup of O(I'*?) C O(4,20,R) that
leaves II (setwise) fixed.

K3 manifold. Although this conjecture is widely accepted in the literature, it has
not yet been proven (see [14]). We will implicitly assume that the conjecture holds
in the rest of the paper.
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A general symmetry g € Gy will preserve the N = (4, 4) superconformal
algebra only up to an automorphism. From now on we want to focus on the
subgroup G C Gry that actually leaves the N = (4,4) superconformal alge-
bra invariant, i.e., for which this automorphism is trivial. This is motivated
by the requirement that the spectral flow operators are responsible for space-
time supersymmetry [16] and hence should be left invariant; at ¢ = 6 they
correspond precisely to the currents extending the w(1) subalgebra of the
N =2 algebra to the su(2) algebra of the N’ = 4 algebra. In addition, we
demand that the RR-states that correspond to these su(2) currents under
the spectral flow are indeed invariant.® These symmetries are then rele-
vant for the analysis of “Mathieu Moonshine” [1] that was reviewed at the
beginning of the Introduction. Indeed, Mo, appears to act on the multi-
plicity spaces with which the A/ = 4 representations appear in the elliptic
genus, and hence must commute with the left-moving N’ = 4 superconfor-
mal algebra. Furthermore, according to the proposal of [3,4], the four RR
ground states that transform in the (2,2) of the SU(2);, x SU(2)g — these
are related to the spacetime supercharges — sit in a singlet representation
of Mlyy. Thus the symmetries that are described by My should leave the
full N = (4, 4) superconformal algebra invariant, and preserve the spectral
flow operators in the RR sector. Since My is not a subgroup of O(I'420)5,
we cannot explain the full Mlyy symmetry by looking at just one point in
moduli space. However, the elliptic genus is constant over moduli space, and
one may therefore expect that we can account for the entire My4 by putting
information from different points in moduli space together. This is one of
the main motivations for classifying the symmetry groups at different points
in moduli space.

In any case, since II C R*?0 can be identified with the subspace of RR
states transforming in the (2, 2)-representation, we conclude that

The subgroup Gr of symmetries of the K3 o-model charac-
terized by II C RH20 that leave the N' = (4,4) superconformal

4This is not automatic since we may modify our symmetry by the inclusion of
(—1)Fs which only changes the sign of the left-moving R-sector.

5This can be proven as follows. The only non-trivial action of My, on R?* is as
a five-transitive permutation group on the vectors vq,...,vs of a suitable basis.
Suppose that this action preserves a symmetric bilinear form (-,-) on R?* and set
A;;j = (v;,v;). Five-transitivity implies that the entries A;; form two orbits under
the induced action of My, the diagonal and the off-diagonal ones. If we set x := A;;
and y := A;j, i # j, then x — y is an eigenvalue of A with multiplicity at least 23,
so that A cannot have signature (4, 20).
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algebra invariant and that preserve the spectral flow operators
in the RR sector, is the subgroup of O(I'*??) C O(4,20,R)
that leaves 11 (pointwise) fized.

In the following, by a symmetry of an N = (4,4) theory in Mgs, we
will always mean a transformation with these properties. Note that this
restriction excludes some very interesting symmetries, for example, mirror
symmetry in a self-mirror theory. On the other hand, the extension of our
arguments to more general cases is fairly straightforward.

2.3. Classification of the groups of symmetries

In this section, we will classify the possible groups G. The related problem
in classical geometry has been previously considered by Mukai [10], who clas-
sified the groups of symplectic automorphisms of K3 surfaces. Mukai proved
that the symplectic automorphisms of any K3 surface form a subgroup of
M3, which in turn is a maximal subgroup of Ms,. The Mathieu group Mog
is finite and its subgroups are well studied, so that the Mukai theorem pro-
vides a very explicit description of all symplectic automorphisms. In the
following, we will extend the Mukai theorem to the classification of the sym-
metry groups of the o-models. In particular, we will show that G C Coq,
the Conway group Co;. Note that Co; contains Mg (as well as Myy) as a
subgroup.

As argued in the previous section, the symmetries of interest form the
subgroup of O(I'*2%) c O(4,20,R) that fix (pointwise) the positive-definite
four-dimensional subspace II € R*20, characterizing the relevant point in
moduli space. However, not all choices of II correspond to well-defined con-
formal field theories. In particular, when IT is orthogonal to a vector v € I'*20
of norm v? = —2 (usually called a root of I'*2%), the corresponding non-
linear o-model is not well defined [17]. This subtlety can be understood by
considering the model as an internal CFT in type IIA superstring theory.
This theory is dual to heterotic string theory compactified on T*. Generi-
cally, the corresponding low-energy effective field theory contains an abelian
gauge group U(1)%*. However, when II is orthogonal to a root v, the gauge
group is enhanced to a non-abelian gauge group, and v is interpreted as
a root of the corresponding Lie algebra. The additional states in type ITA
superstring theory are interpreted as D-branes becoming massless at this
point of the moduli space. This means that the corresponding perturbative
superconformal field theory cannot describe correctly all massless degrees of
freedom of the theory, and hence the non-linear o-model is expected to be
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inconsistent [18]. Therefore, in the following, we shall exclude the points in
the moduli space where II is orthogonal to a root. It is believed that these
are the only singular points in the moduli space.

Our strategy to characterize the groups Gy is inspired by the proof of the
Mukai theorem given by Kondo [11]. Let IT C R*2° be a four-dimensional
positive definite space, not orthogonal to any root (vector of norm —2)
in L=T%% cRYY and let G = G € O(T'*?°) be the subgroup of lattice
automorphisms fixing IT pointwise. We denote by LE the sublattice of vectors
fixed by G

(2.4) 1420 5 L9 .= {v e T*P)g(v) = v, for all g € G},
and by Lg its orthogonal complement
(2.5) 25 Lo :={wel*®w-v=0, forallve L%}

By definition, the real vector space LE @ R ¢ R*?0 will contain II, IT C
L% @R, and since IT has signature (4,0), the orthogonal complement L
must be negative definite and have rank at most 20. Furthermore, every
vector in Lg is orthogonal to II, so that, by our assumption on II, Lg
contains no roots. The proof of the Theorem then proceeds as follows — the
relevant details are given in Appendix B:

e First (see Appendix B.1), we prove that Lg(—1), can be embedded
in the even unimodular lattice I'?®>!. The action of G on Lg extends
to an action on I'?>! which fixes all vectors orthogonal to Lg(—1) in
251 Thus, G is a subgroup of Aut(I'?>!).

e Next (see Appendix B.2), using the fact that Lg(—1) contains no vec-
tors of norm 2 and the properties of Aut(I'?>!), we show that Lg(—1)
must be contained in a positive definite sublattice of I'?>!, namely the
Leech lattice A. This is the unique 24-dimensional even unimodular
lattice with no roots and its group of automorphisms is the Conway
group Coyg [19]. This group can be obtained by extending the sporadic
finite simple group Coy [20] of order

(2.6) |Coy| =221-3%.5%.72.11-13-23 ~ 4 x 10'8,

by the Zo symmetry that changes the sign of all vectors in A (a cen-
tral element in Cop). Once again, the action of G on Lg(—1) can
be extended to an action on A which fixes all vectors orthogonal to
L (—1). This means, in particular, that the Zy symmetry that changes
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the sign of all vectors in A is not an element of GG, since it has no non-
trivial fixed vectors. Thus, G is a subgroup of Cop and the natural
homomorphism Coy — Cogy/Zy = Co; induces an injective homomor-
phism of G into Coy. It follows that G is isomorphic to a subgroup of
the finite simple group Co;.

Combining these results thus leads to the natural analogue of the Mukai
theorem:

Proposition 2.1. The group G of symmetries of any non-linear o-model
on K8 is a subgroup of the Conway group Coy = Aut(A)/Zs that fizes point-
wise a sublattice of the Leech lattice A of rank at least 4.

In order to give a more precise description of the groups of symmetries
G11, one needs a detailed classification of the subgroups of Cog that fix a
sublattice of rank 4 in A. The result of this somewhat technical analysis —
the details are explained in Appendix B.3 — is the Theorem stated in the
Introduction.

We should mention that our analysis does not actually prove that Co; is
the smallest possible group containing all these symmetry groups. However,
some simple considerations on the order of the groups |G| are sufficient
to exclude all maximal subgroups of Coq, except for Cos. Furthermore, all
the cases (i)—(iv) in the Theorem are actually realized by some N = (4,4)
model, provided we assume that every four-dimensional subspace II ¢ R*20,
not orthogonal to any vector of norm —2 in I'#2?, leads to a consistent confor-
mal field theory (see Appendix B.4). The characterization of the symmetry
groups as given in the Theorem is therefore optimal.

In the following, we shall describe in detail specific examples that realize
some of the possibilities of the Theorem. In particular, the T*/Zs orbifold
model to be discussed in Section 3 and the (2)* Gepner model of Section 5
are examples of case (i) and have symmetry groups that are not subgroups
of Mgy, while the Gepner model (1)% that will be studied in Section 4 realizes
precisely case (iii).

3. The Z, orbifold model

In order to illustrate the general predictions of the Theorem let us consider
a few specific examples. We begin with the T*/Zy orbifold model where we
take T* to be the orthogonal torus at the self-dual radius, i.e., the four radii
take on the self-dual value, and set the B-field on the torus to zero. We write
T4 = T? x T2, and label the two T?s by i = 1, 2. For each T? we use complex
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coordinates, and thus the left-moving bosonic and fermionic modes are

(3.1) o), al), W, P, i=1.2,

and similarly for the right-movers. (The right-movers are denoted by a tilde.)
The Zo orbifold Z acts as —1 an all of these modes. In addition, it maps the
momentum ground states Z(pr,pr) = (—pL, —PR)-

3.1. The spectrum in the RR sector

We denote the states in the untwisted sector of T* = T? x T? by
(3:2) IpL, pr; N, N 5; 3),

where pr, = (n +w)/V2, pr = (n — w)/\/2 are the left and right momenta
at the self dual radius, with n € Z* the momentum and w € Z* the wind-
ing numbers. Furthermore, N and N denote the left and right oscillator
contributions, while s, § label the Ramond ground states. More specifically,

(3.3) (8;8) = (s1,52; 51, 52),

1
: . 2
1;(()%) and w(()z) map the states with s; = i% into one another; the analogous
statement holds for the §; in the right-moving sector. The RR ground states
have charge (S, S) with respect to the left- and right-moving U (1)-current,
where

(3.4) S:ZSZ‘, §=Z§z

To obtain the spectrum of the Zo-orbifold theory we have to project onto
states that are even under the operator Z acting as

where each s;, i = 1,2, can take the two values +5, and the zero modes

(3.5)  TlpL,pr; N, N3 :8) = (—1)NHNI(C 1S | —pp —pri N, N3 s;3),
where |N| is the total number of oscillators appearing in N, and likewise for
|I]1:r|t.he twisted sector the states are labelled by

(3.6) li; N, N),

where ¢ = 1,...,16 distinguishes the 16 different fixed points of the orbifold,
while N, N denote again the oscillator numbers. The ground states do not
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carry any charge with respect to the left- and right-moving U (1)-currents.
The orbifold projection in the twisted sector acts as

(3.7) T iy N, Ny = (=1)NHIN 3 N, .

It is straightforward to calculate the elliptic genus from this description [21].
In the untwisted sector one finds

(3.8)

Ty A+ )2+ gy H? a7, 2)?
) — oy +a+2y )T =
d) (7-7 Z) ( y+ + Yy )71;[1 (1 _|_qn)4 8192(7_7 0)27

while the contribution of the twisted sector equals

Yy(T, 2 2 T,z 2
(3.9) oD (r,2) =8 <ﬁiET, 0;2 * ﬁzgﬂ 0;2> ’

It is easy to see that their sum, ¢(V)(r, z) + ¢(T)(r, 2), reproduces precisely
(2.1).

3.2. Symmetries and twining genera

The orbifold theory possesses various symmetries that leave the N' = (4,4)
superconformal algebra invariant and that preserve the spectral flow opera-
tors in the RR sector; in particular, we have (see [14] and references therein)

(1) R: rotation of the two T?’s by 90° and —90°, respectively.

(2) &: exchanging the two T?’s, together with an inversion acting on the
second T?, say.

(3) H,: half-period translations, that act as (—1)P%, a € (Z/27)*, in the
untwisted sector, and by a permutation on the 16 twisted sectors.

(4) T: four-fold T-duality. (Note that the two-fold T-duality induces a
non-trivial automorphism of the N' = (4,4) superconformal algebra.)

(5) Q: the quantum symmetry that acts as +1 on the untwisted, and as
—1 on the twisted sector.

These symmetries generate the group G = 21+8 x Z3. The normal subgroup
acting trivially on the untwisted sector RR ground states with pr, = pr =0
is the extra special group 2'8 of order 2°, containing Q, the centre of G.
It is generated by the half-shifts H, that form an abelian Zj3, and by their
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dual symmetries G, = 7 H,7 that change the sign of half of the twisted
sectors. The only non-trivial commutators are H,GyH,Gy = Q% where
a,b € (Z/27)*. The quotient group G/2'*8 22 Z3 is generated by R, £ and
7. Conjugation by R and £ yields a permutation of the half shifts (and
the analogous permutations for G,), while conjugation by 7 exchanges G,
and H,. The group G = 2'*® x Z3 realizes case (i) of the Theorem with
G' =78 and G" = Z3 x 7Z3. Here G" C My, is generated by H,, £ and R,
while G’ C Zi! is generated by Q (one Zs factor), by the composition 7RE
(another Zy), and by the elements of the form H,7REH, (giving Z3).

Given the explicit description of the RR sector from above, it is straight-
forward to calculate the corresponding twining genera,

(3.10) g(7,2) = Trpr(g gho i gho iy (—1) 77,

i.e., the elliptic genus with the insertion of the symmetry ¢.% In particular,
we can check how these twining genera compare with the Mathieu twining
genera that were worked out in [3-6]. Our explicit results are, for example,

Va(271,22) I3(27,22)

(3.11) (2573(7', Z) =4 192(27_70) 793(27_’ 0) :¢2A(T, Z)
_ Ua(27,22) U3(27,22)
(312) ¢5(Ta Z) =4 ,022(27_’ O) 1933(27_’ 0) = ¢2A(Ta Z)
(3.13) o, (r.2) = 8203 _ o (2
' L Ya(7,0)? ’
. 401(7,2)? B
(3.14) (257'(7', Z) = 2194(27’) 777(7-)6 = ¢2]3(7’,Z)
(3.15) b1H,(T,2) = daa(7,2) [a? even, say a = (1100)]
(3.16) orm,(T,2) = pap(1,2) [e.g., for a = (1111)]
(3.17) o1, (1,2) = dac(1,2)  le.g., for a = (1000)]

6The condition that the symmetry preserves the full N' = (4,4) superconformal
algebra guarantees that the resulting twining genus still defines a weak Jacobi form.
Symmetries that only preserve the ' = (2,2) superconformal algebra typically act
non-trivially on J*, and then the resulting twining genera do not have the shift
symmetry under z — z + 7.
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(3.18)

V2, 2)? U3(7,2)* Va(T,2)?
balra) =8 (G20 ~ S ~ o)
= 2¢2A(7_7 Z) - ¢1A(7—7 Z)
(3.19)

_ 93(27)* 01 (7, 2)? I3(T, 2)? Iy(T, 2)?
born,G,(7:2) = =2 : 17(7')16 -2 ;3(7')2 —2 94(7)?

= %(_leA + Pon + 2¢4B) [e.g., for a = (1100), b = (0011)].

It is worth pointing out that the generators H,, £ and R that generate G” C
Mo, lead to twining genera that directly agree with My, twining genera. On
the other hand, the twining genera of the quantum symmetry Q, see (3.18),
and of the group elements g = Q7 H,G, for suitable choices of a and b, see
(3.19), do not equal any Mathieu twining genus (but can only be expressed in
terms of linear combinations of such twining genera). Finally, certain twining
genera involving the four-fold T-duality, namely 7 and 7 H, for suitable a,
give rise to twining genera, whose conjugacy classes (2B, 4A and 4C) do not
lie inside M3. This ties in with the fact that T-duality is a non-geometric
symmetry.

3.3. The D-brane charge lattice

As suggested by the proof of the Theorem (and explained in Section 2), we
should also be able to characterize the symmetry group of the model as the
symmetries of the D-brane charge lattice that leave the four-dimensional
subspace II (corresponding to the four supercharges) invariant. For the case
at hand, the D-brane charge lattice can be computed straightforwardly since
the primitive branes may be taken to be fractional D0, D2 and D4 branes.
They can be constructed as explained, for example, in [22] (see also [23,24]).
If we denote the Ishibashi states in the untwisted and the ith twisted sector
by |Dp, U)) and |Dp, 7)), respectively, the fractional branes have the structure

(3.20) |D4,€,6)¢ = |D4 U) Za |D4,4))

B21)  D2(jk).c.d)r = DALY+ 5 Y 6 ID2K).
ZEPJk
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(3.22) DO, i, e)); = %|D0,U>> +¢[D0, ),

where |DO0,i,€)¢ is the fractional DO-brane at the ith fixed point, while
ID2(jk), €, 0))¢ denotes the fractional D2-branes oriented along the (jk) direc-
tion, with Pj; the set of four fixed points between which the D2-brane is
“spanned”. Furthermore, € and d; are signs, and the configurations of signs
0; arise from Wilson lines, i.e., not all configurations of signs are allowed.
The complete even self-dual charge lattice is spanned by”

(I) Nine fractional D4-branes: one has no Wilson line and all twisted
charges —i—i (e = +1); one has no Wilson line and all twisted charges
1

—4 (e =—1); the remaining seven fractional D-branes have twisted

charge —i—% at the origin, and different choices of Wilson lines.

(IT) Nine fractional DO-branes: one sits at the origin and has twisted charge
+1; one sits at the origin and has twisted charge —1; the remaining
seven fractional DO-branes have charge +1 and sit at different fixed
points.

(III) Six fractional D2-branes, oriented along all 6 = (;l) two-planes, without
any Wilson lines (i.e., §; = +1) and positive twisted charge (e = +1).

The non-zero entries of the intersection form are

(D4,U|DO,U)) = 2,
(D2(12),U|D2(34),U)) = (D2(13),U |D2(42),U))
(D2(14),U |D2(23),U) = 2,
(3.23) (Dx,i|Dx, j) = —20;;.

It is then straightforward to check that the intersection matrix of the above
D-branes has determinant 1, i.e., that these 24 branes generate indeed the
full charge lattice.

The RR charges that transform in the (2, 2)-representation of SU(2)y, x
SU(2)r and hence span II are precisely those carried by the bulk brane
combinations

(3.24)
(DO +D4), (D2(12) + D2(34)), (D2(13) + D2(42)), (D2(14) +D2(23)),

"The explicit description of the relevant branes and their intersection matrix is
given in the BTEX source on the arXiv (http://arxiv.org/format/1106.4315v1).
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where D2(ij) denotes the bulk D2-brane oriented along the (ij) direction;
this can be deduced from the analysis of [25], see in particular Appendix A.2.
The orthogonal complement (with respect to the intersection form) then
turns out to be a lattice of rank 20. Upon changing the sign of its quadratic
form, this lattice can be embedded into the Leech lattice A. Its orthogonal
complement in A is generated by four vectors yi,...,ys € A with y; - y; =
40;;. According to our general argument, the group of symmetries G of the
model is isomorphic to the group of automorphisms of A that act trivially on
Y1,---,Y4. Since G fixes some vectors of norm 8 in A (for example, y; + y2),
it must be a subgroup of Zi% x My, see Appendix B.3. A more detailed
analysis shows that G = 2118 x Z%, thus matching the results from above.

4. The Gepner model (1)°

Next we consider the (1)® Gepner model which will turn out to realize case
(iii) of the Theorem. It is constructed by taking six tensor powers of the N =
2 minimal model at k = 1, subject to the Zs orbifold projection generated by

6

6
! 21 5 !
(41) ® ¢mi73i§mia'§1‘, —es ‘ ® (I)mi,si;mugi’
i=1 i=1

For a short review of Gepner models, as well as an outline of our notations
and conventions see Appendix C.

4.1. The spectrum

The orbifold theory has an untwisted (H(?) and two twisted (H() and
H(fl)) sectors, with spectrum

6
(4-2) H(n) = ®Hli7mi+n75i ® Hlumi—méi'
i=1

Invariance under the orbifold symmetry requires

6
(4.3) > m;=0 mod 3.
=1

For k = 1, we may take | = 0, with m € Z/6Z and s € Z/4Z. The only states

that contribute to the elliptic genus are the RR states with h = %. It is easy

to see that the condition h = i together with the U(1)-charge integrality
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condition (that follows from orbifold invariance) is only satisfied if the right-
moving ground state is of the form

(44) (07171)®67 (07_17_1)®67 (07171)®3(07_17_1)®3

In the last case, all the 20 different permutations of the factors should be
considered. Thus, the RR states for which the right-movers are R ground
states are explicitly

(4.5)
n=0: @7 ., (1 state)
0% 411 (1 state)
(@707 500) ® (®79%y 5.1 1) (20 states),
and permutations
n=1: %5 ,, (1 state)
®6<I>(1) sim1—1 (1 state)
(@703 5.1 1) ® (@Y ,,-1,-1) (20 states),
and permutations
n=-1: @ ., (1 state)
QBG4 (1 state)
(@700 5 01) ® (®7P5,, 1 1) (20 states),
and permutations
where s; = 1, 3. In each case, states with s; =1 and s;, =3,i=1,...,6, are

mapped into one another under the action of the N = 2 algebra of the ith
model. The contribution to the elliptic genus of the A/ = 2 representation
containing ®?(I>0 s, 18

M3 851,85

(4.6) HIO T,2)I5 (7,0),

where I' (7,2) are the N’ = 2 “characters” that are defined in (C.9). Since

(4.7) 12,(7,00=—1, I}(,0)=1, IJ(7,0)=0,

we obtain

48)  o(r2) =2 > I4(r2)°-20 Y I0(1,2)*1 5(r.2)°,
mEZL/6Z meZ/6Z

m odd m odd
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which reproduces indeed (2.1).

4.2. Symmetries and twining genera

Let us first describe the symmetries that preserve the N’ = 2 superconformal
symmetry. For i € {1,...,6}, we denote by e; the Zs symmetry that acts as

6 o 6
(4.9) e; P9 =e 5 PY

M;,855M;,5;5 M;,855M;,8;5
Jj=1 Jj=1

These symmetries generate a group Zg (because the product of all of them is
the orbifold symmetry, under which all states are invariant by construction).
There are also the right-moving analogues e;, where the phase depends on
m; instead of m;. In addition, we have the quantum symmetry Q which
acts by multiplication by ¢”5" on the nth twisted sector H(™. This gives an
additional Z3. Note that in the nth twisted sector m; = m; — 2n, and thus

(4.10) 6 = Qe

implying that the transformations Q,e;, e; form a group Zg. Finally, there
are permutations of the six factors of (1)%, where we define the action of
m € Sg by

6 6
(4‘11) T <® (pinﬂrn,o;min,()) = sgn(ﬂ')" <® (I)lrn,r(i)Jrn,O;m,r(i)n,O) )
i=1

i=1

with additional signs for s;,5; # 0, given by the usual bosonic/fermionic
statistics.

Thus, the group of symmetries preserving the A/ = 2 superconformal
symmetry is Zg x Z3.S¢. The subgroup preserving the N = 4 superconfor-
mal algebra is then generated by the transformations that leave the currents
JT and J~ of the N = 4 superconformal algebra

(4.12) (925900 € HY, (93.9.0,0)%° € H

invariant. This group has the structure Z§ x Ag and is generated by®

8We have also checked that these symmetries preserve the spectral flow operators
in the RR sector.
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(1) The phase transformations

6 6
(4.13) Hem with an =0 mod 3,

(A
i=1 i=1
where the constraint assures invariance of the currents. Because of
the orbifold invariance relation H?:l e; = 1, they generate the normal
subgroup Z3.

(2) The even permutations, since the odd permutations act on the states
(4.11) with a minus sign. The even permutations form the alternating

group Ag.
The resulting group is the semidirect product Z§ X Ag, where we have the
obvious action m([T0_, ") =[S, e:i(i) of Ag on the generators of Z3. The

(1)% Gepner model is therefore an example of case (iii) of the Theorem.

With this description it is now straightforward to calculate the corre-
sponding twining genera, and for the convenience of the reader we have
collected them in table 1. For example, we have for the phase transforma-
tion ejeses

(4.14)
¢6162€3 (7_7 Z) =2 Z Ign - (2 + 9627ri/3 + 96_27ri/3) Z ‘[7?;1[7?;1-1-2
m=-—1,1,3 m=-—1,1,3
1 3 -
(4.15) =2 Z Ly, +7 Z L lpis = —§¢1A + §¢3A = ¢3a,
m=—1,1,3 m=—1,1,3

which corresponds to the fourth line of the table. The other twining genera
that do not directly agree with My, twining genera — since we are in case
(iii) of the Theorem, there is no reason to expect any My twining genera
— are

(4.16) bea(T 2) = % (don (7 2) + doa (T 2)
(4.17) doa(T,2) = % (d3a (T, 2) + d3p(T 2))
(4.18)

Do (7, 2) = % [qso,l(T, 2)+6 (2¢<3> (7) + 30O (r) + 38 (T)) b2 (T, z)} :

where ¢g1 and ¢_o; are the standard Jacobi forms of SL(2,Z) of index
one and weight 0 and —2, respectively, and {w(3),1/1(9),E§9)} form a basis
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Table 1: Twining genera of the (1)® model. The symmetry generators have
been labelled by the structure of the permutations {4, j, k, ,m, n} of the min-
imal models and the individual phase shifts e e?f epretepmen. The mul-
tiplicity (labelled by #) is the number of “independent” generators within
each class of symmetries which are not identified through the action of the
orbifold. The order of each generator is denoted by N and Trgy gives the
trace over the 24-dimensional representation. Finally, the twining genera
qgga, ¢36a and Qggab are not Mathieu twining genera and are defined in the

main body of the text.

] Symmetry H Properties ‘
]Permutations\Conditions on phases HN \ # \Tr24\ o ‘
i7klmn g =MN; =Nk =N = My, =Ny =0 1 124 |¢p1a
(i) (kl)mn |n;+nj =ng+n =nm =n, =0 2| 405 8 |¢aa
i7klmn n; =2,n; =1n,+n +nm+n, =0
(ijk)lmn |n;+nj+mng =01+ Ny +ny, =0 3| 2220 6 |¢3a
(tjk)(Imn) |n;+nj+nk =0, +npm +n, =0
ijklmn ng=mn;=n;=1n =n,=n,=0 3 20—3 | ¢3a
(ijkl)(mn) |n;+nj;+ng+n+nm+n, =0 41 7290 4 |48
(tjklm)n  |n; +nj +ng +ng + Ny + 0y =0 5111664 4 |¢psa

ij)(kl)mn |n;+n; =ng+n; =0,ny =1,n, =2

(j
(ij)(k)mn |n;+nj=np+n=1,1,=1,n,=0

(ij)(k)mn |n;j+nj=np+nm =2n,=2,n,=0 | 6| 1620 2 |¢psa
(i) (k)mn |n;+nj =2, +1=0,0, +np =1

(ig)(kl)mn |n; +n; =1,n5 +n; = 0,1, + ny = 2

(i) (kl)mn |n;+nj; =2,np+n1;=0,n, =1,n, =0|[ 6| 1620 5 |¢sa
(ij

ijk)(Imn) |n;+nj+ng =21+ nm +n, =1 91 3240 3 | ¢ga
ijk)lmn  |n;+n;+ng=2,n+np +n, =1
ijk)lmn  |n; +nj; +np = 1,10+ Ny, + 0y = 2

9| 1080 3 |dgp

of weight two modular forms of I'g(9) (for more information and explicit
definitions see [5]).

4.3. The D-brane charge lattice
As before, we can also determine the symmetry group of this model from

an analysis of the D-brane charge lattice. The construction of Gepner model
D-branes is standard, and is briefly sketched in Appendix C. The tensor
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product A-type branes with L; =.5; =0 and My,..., Mg € Zg generate a
charge lattice of rank 22 with signature (2,20). This is as expected, since
the A-type tensor product branes only couple to the 22 RR ground states
in the untwisted sector.

The other charges are carried by B-type permutation branes of the type
described in (C.25). As we vary My, ..., Mg, M € Zg, the intersection form
of the B-type branes gives a matrix of rank 10 with signature (2, 8). Again,
this is what we expect since these permutation branes couple to the 2 RR
ground states in the twisted sectors n = £1, and to the 8 RR ground states
in the untwisted sector with m; = —ms, ms = —my, and ms = —mg.

In order to obtain the full charge lattice we have to combine these two
constructions; for example, a set of 22 A-type D-branes with L; =0 =.5;
1=1,...,6 and suitable values for Mi,..., Mg, and two B-type D-branes
with L; = M; =0, S; =0 and M = +2 generate the full unimodular lattice
420 (see the ITEX source code for details).

Next, we denote that four RR ground states in the (2,2) representation
of SU(2), x SU(2)R according to their J3, .3 charges as Q17,9 1, P47,
and ®_; _7, Let us consider the sublattice (04291 of D-branes that are
neutral under these four states. The 22 A-type branes generate the sublattice
of D-branes that are neutral with respect to ®; _1 and ®_, j, while their
charge with respect to ®; 1 and ®_; _7 is given by

1 = .
(4'19) Q‘i’l,i(HO’Mi’O»A) = ge 3 ZiMla
1 = .
(4.20) Qa_, (10, M;,0) ) = g~ 52,
With the redefinition
(4.21) Ot =3Py 1+ Py 1), P =2V3i(P1— Py 1),

the states ®®, ®” correspond to elements of the dual lattice (I'20)* = 4,20
so that the sublattice generated by A-type D-branes and orthogonal to these
elements has maximal rank,

(4.22) rk(I'+20)4 = 20.

The discriminant group of this 20-dimensional lattice is Zg x Z2, and
its discriminant form is the same as the one of the S-lattice 2°3% (see
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Appendix B.3), whose quadratic form is

4 1 1 -2
1 4 1 -2
(4.23) Quao=| 1 | 4 .
2 -2 1 4

By the general lattice gluing procedure [19], it follows that the S-lattice
2936 and (I'*20)1(—1) are orthogonal sublattices of a positive definite even
unimodular lattice of rank 24. This procedure also provides explicitly the
quadratic form for this unimodular lattice. With the help of some computer
algorithm we have shown that the resulting lattice has no vectors of norm 2,
thus proving that it is indeed the Leech lattice A. All sublattices of A with
quadratic form (4.23) are related to the S-lattice 2°3% by some Leech lattice
automorphism, and the pointwise stabilizer of each of them is the group
G = 74 x Ag [26], thus matching the results from the previous subsection.

5. The (2)* model

Our last example is the “quartic” model (2)* which is constructed by taking
a Zg4 orbifold of four tensor powers of the A/ =2 minimal model of level
k = 2. Our notation and conventions are the same as in the previous section
and are again summarized in Appendix C.

5.1. The spectrum

For the Z4 orbifold we have in addition to the untwisted sector H(® three
twisted sectors (n = 1,2,3), with spectrum

4
(51) H(n) = ®Hli7mi+n75i ® ﬂli,mi—mgﬁ
=1

where invariance under the Zj-orbifold enforces 2?21 m; =0 mod 4. At
k = 2 there are six N' =2 R-sector representations, which we may label
by (I =0,m =+1,43) and (I =1,m = 0,2). For the elliptic genus we are
again only interested in those RR states for which the right-moving states are

ground states with h = i. The relevant coset representations are (compare
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also [25,27])

(52) (071a1)®47 (1a271)®47 (03_1a_1)®4a
(53) (07171)®2®(07_17_1)®27 (07171) ®(07_1a_1)®(17271)®27
where in the second line all 6 and 12 permutations are included, respectively.

Explicitly, the RR states that can contribute to the elliptic genus are thus
of the form

(5.4)
n=0: n=1: n=2: n=3:
®?(I)?,si;l,1 ®;1(I)g,si;l,l ®?(I)93,si;1,1 ®?(I)(ll,si;l,l
®?(I)%7si;2,l ®?q)(1),si;2,1 ®?(I)1—27si;2,1 ®?‘I’(1),si;2,1
®?‘I>(11,5,-;—1,—1 ®?@9,51;—1,—1 ®Lilq>g7s1;;—1,—1 ®?q’g3,51¢;—1,—1'

In addition, there are the states (again written in the order n =0, n =1,
n =2, and n = 3)

(5.5)
(®?@?,si;1,1) & (®12‘1>0—1,5i;—1,—1) (®12<I>g,si;1,1) ® (®12<I>(1),si;—1,—1)
(®7,2q)0—3,s71;1,1) ® (®12q)g,s7¢;—1,—1) (®12(I>(11,si;1,1) ® (®12‘I’93,s,;;—1,—1) ;

where in each case there are 6 different permutations, as well as the states
2451 0 0
(5.6) (®7Pa01) ®PLy 411 @ DY 1y
241 0 0
(®i <I>0,si;2,1) ® <b1,si;—1,—1 ® ¢37$i§1’1

21 0 0
(®7PLg601) ®Pgy 1 1 ® Py )
241 0 0
(®; (I)O,si;Q,l) QP 1,1 QP g0,

where now there are 12 different permutations each. Again, the states with
s; = 1,3 are mapped into one another under the action of the AV = 2 algebra
of the 7th model. Since

(57) I:(I):l(’?v 0) = =+1, I:OtS(’]_—a 0) =0, I(%(%70) =0, I:1N:2(7_—7 0) = +1

the total contribution to the elliptic genus is then

(5.8)
=Y 200" +6(I0)7(Ip )" = 12I000, 510 45)° + (Ihi1)"]
meZ/8%
m odd

which agrees indeed with (2.1).
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5.2. Symmetries and twining genera

In the quartic (2)* model the currents J* of the left- and right-moving
N = 4 superconformal algebra are given by

(5.9)
JE=(0,£2,2)* 2 (0,0,0)°", and J* =(0,0,0)** @ (0,£2,2) .

The symmetries that leave these currents invariant are

(1) Phase shifts, which are generated by

4 4
(5.10) I (@°-DF)*, A=) a; with A=0 mod2.

i=1 i=1

SIS

Here each e}’ acts as

(5.11) e - Pl . He%@e

T T MG,S8i3My,S; M;,8:3M;,5;)

Q is the quantum symmetry of the Gepner orbifold (that acts as a
phase ez on the states of the nth twisted sector), and (—1)% is the
left-moving spacetime fermion number operator that acts as +1 (—1)
on the left-moving NS (R) sector. (The inclusion of (—1)%* is required
in order to preserve the spectral flow operators in the RR sector.)
Taking into account the overall Z4 invariance coming from the Gepner
orbifold, these phase shifts generate the group Z3 x Z,.

(2) The permutations

(5.12)
l — 4 l
7T<®;1:1(I)mi+n,0;mifn,0> = Sgn(ﬂ_)ngsgn(ﬂ) ! <®’L':1¢mﬂ'(i)+n70§mﬂ—<i)7”,0) .

They generate the symmetric group Sy.

These symmetries generate the group (Zg x Z3) x Sy, thus realizing case (i)
of the Theorem with G’ = Z3 and G” = Z3.5,. Here G’ C Z}! is generated by
the phases e?e3, e2e? and e20Q%(—1)%, while G” C My, is generated by the
permutations, giving the Sy factor, as well as by the phases ejesQ?(—1)%*
and eje3 Q?(—1)F+, giving the Z3 factor.”

9Note that these last two phases are order 2 only after taking the quotient by
G'; in fact, their squares are non-trivial elements in G, so that as elements of the
whole group G they are order 4.
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Table 2: The twining genera of the (2)* model. Here the symmetries have
been labelled by the structure of the permutations of {4, j, k, 1}, the phase

shifts of the individual symmetries e e}” epte)t, the power of the operator

Q" and the spacetime fermion number (—1)"#fs. The remaining part of
the notation is the same as for table 1.

’ Symmetry H Properties ‘
’Permutations‘Conditions on phases ‘nQ‘nFHN ‘ # ‘Tr24‘ gzﬁg‘
ij?l ni:nj:nk:nlzo 0]0|1 1| 24 gZ51A
17kl n;g=n; =2,n,+n =0 0]0
(Zj)(kl) n;+n;=ng+n € {0, 2} 010
(1j)kl ni+mnj=ng+n =0,n,;€{0,2} | 2|02 79 8 |paa
(1j)kl ni+n; =0, +n; =2,np € {0,2}| 0 | 1
17kl ng +n;+mng+n;=2,n;k € {0,2}| 2 |1
(2)(kl)  |ni+nj =n,+n € {1,3} 212 24| 0 |¢9B
(ijk)l n;+nj+mng+mn =0 0101 3[128] 6 |¢3a
17kl ni =mn; € {1,3},nk =n; =0 2114 6|—4 |d4q
17kl ni=1,n;+n+n =3 0]0
(ijkl) n;+nj+mng+mn =0 210
(ij)(kl) |ni=nj=1n,+n =2 010
(lj)kl n; +n;+ng+n = 2,77,1‘7]' S {1,3} 011141306 4 |psB
(ij)kl n;+nj+ng+mn =2,n € {1,3} 011
(ij)kl n;g+nj=mni+mn =0,n;; € {1,3} 210
(ij)kl ni+n;=ng+n =0,n;€{1,3} |20
ij‘l nizl,nj+nk—l—n1:1 211
(Z]k)l n; +nj+mng+mn =2 211 |6[128| 2 |dga
(ij)kl n;+nj=1n,+n =3 2101 8] 96| 2 |¢gal

We can also calculate the associated twining genera, and our results are
collected in Table 2. Again, we see that some of the generators in G’ lead to
the twining genus

(5.13) baa = —% (1A — oA — 204B) ,

that does not coincide with any twining genus of M.
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5.3. The D-brane charge lattice

The derivation of a set of D-branes generating the lattice of RR charges is
analogous to the construction for the (1)® model. The A-type tensor product
branes (see Appendix C.2) are now only charged under the 21 RR ground
states in the untwisted sector. The remaining charges can be accounted for
in terms of B-type permutation branes. Taking 21 A-type branes with L; =
S; = 0 and suitable combinations for M;, as well as three B-type permutation
branes with L; = M; = S; = 0 and suitable values of M leads indeed to the
full charge lattice I'*?, i.e., the resulting intersection form has determinant
one.Y

The sublattice (I'*29)1 of D-branes that are neutral with respect to
the RR ground states in the (2,2) representation of SU(2);, x SU(2)R has
maximal rank 20. Upon changing the sign of its quadratic form, it can be
embedded into the Leech lattice A, and its orthogonal complement A“ has
quadratic form

6 2 0 0
2 4 -2 4
(5.14) 0 -2 6 —4
0 4 —4 8

Since A® contains a vector of norm 8, its point-wise stabilizer must be a
subgroup of Zi% x My, (see Appendix B.3). More precisely, we have shown
that the stabilizer turns out to be isomorphic to G = (Za x Z3) x S4, which
is the group of symmetries we have found in the previous subsection.

6. Conclusions

In this paper, we have shown that the symmetries of a non-linear o-model
on K3 that preserve the N = (4,4)-superconformal algebra as well as the
spectral flow operators in the RR sector, form a subgroup of the Conway
group Co;. This provides a stringy analogue of the Mukai theorem in alge-
braic geometry that shows that the symplectic automorphisms of any K3
form a subgroup of the Mathieu group Mss. The specific subgroups that
can actually arise in our case are spelled out in the Theorem stated in the
Introduction.

10See the I4TREX source code at http://arxiv.org/format/1106.4315v1 for
details; there we also give further details about the sublattice (I'*29)% and its
embedding into the Leech lattice.
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Our result is somewhat unexpected in view of the recent observation of
[1], relating the elliptic genus of K3 to the Mathieu group Myy. In particular,
it follows from our Theorem (as well as the explicit examples) that the
symmetries of a given K3 model are not, in general, subgroups of Myt
As a consequence, their twining genera do not, in general, agree with those
appearing in the context of Mathieu moonshine [3-6], and we have seen
explicit examples of this. In particular, this therefore means that the naive
idea that My, arises as the “union” of all symmetries from different points
in moduli space needs to be refined.

At least on the face of it, our Theorem seems to suggest that the elliptic
genus of K3 could exhibit some sort of moonshine based on Co; or Coo, but
we have seen no evidence of this since the dimensions of their representations
do not match the coefficients of the elliptic genus. It is intriguing that a con-
nection between Co; and the BKM algebras arising in TS-compactifications
of the heterotic string has recently been observed in [28]; given that the
heterotic string on TO is dual to type IIA on K3 x T2, this could be related
to our findings.

Our analysis also provides useful tools for the general understanding of
non-linear o-models on K3. For example, our Theorem suggests the existence
of models with some large symmetry groups, and gives precise predictions for
their lattice of D-brane charges. These predictions were nicely verified in the
three examples we considered. In particular, we showed that the (1)® Gepner
model realizes case (iii) of the Theorem. Some preliminary investigations
suggest that the groups described in case (iv) might be realized in terms
of T*/Z3 torus orbifolds for different choices of metric and B-field, while
it is more difficult to guess which model realizes case (ii). For case (i), the
Theorem predicts the existence of a model with symmetry group Z§ x My,
that might correspond to a certain T*/Zsy orbifold.

On more general grounds, the sublattice of D-branes that are neutral
under the RR ground states in the (2, 2) representation of SU(2)1, x SU(2)r
is, in a certain sense, the stringy analogue of the Picard lattice in algebraic
geometry. Since the groups of symmetries have a genuine action on this
sublattice, it would be interesting to understand for which models this lattice
has maximal rank 20. For example, one can show that for a Gepner model
of type (ki1)---(k;), a necessary condition for this to happen is that the
greatest common divisor ged(ky + 2, k2 + 2, ...) of their shifted levels is 3, 4
or 6.

1 Apparently this was also independently noted by the authors of [1]; we thank
Yuji Tachikawa for discussions about this point.
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Appendix A. Notation and mathematical background
Appendix A.1l. Group theory

Let us give a brief summary of our conventions regarding finite groups [20].

A x B The direct product of the groups A and B.

N x H The semidirect product of H acting on the normal sub-
group N.

N.QQ A group G having N as a normal subgroup such that
G/N = @. (This notation includes the direct and semidi-
rect product as special subcases.)

Z, Cyclic group of order n.

pf’2" Extra-special group of order p we will always omit the

plus in our notation). For a prime p and positive integer n,
p'+2" is the extension of Zgn by a central element z of order
p. It is generated by 2n elements x1,...,%n,Y1,...,Yyn Of
order p, with x;z; = xjz;, yiy; = yjy and [[ ) Hyj-j =

[Ty Tl

Sy Group of permutations of n elements (symmetric group).

1+2n (

A, Group of even permutations of n elements (alternating
group).

My, The largest Mathieu group, a sporadic simple group
of order 219.33.5.7.11.23 =244823040. It can be
described as a group of permutations of 24 elements. More
precisely, it is the subgroup of Ss4 that preserves the
(extended) binary Golay code. This group has 26 conju-
gacy classes.



Symmetries of K3 sigma models 31

M3 The subgroup of Moy that, in its representation as a per-
mutation of 24 elements, fixes one element.

Cop The Conway group is the automorphism group Aut(A) of
the Leech lattice. It is an extension of Co; by the central
Zso that flips the sign of all vectors in A.

Coi A sporadic simple group of order 22! -39 .5%.72.11.13.
23 = 4157776806543360000.

73 xMay A maximal subgroup of Aut(A). It fixes a set of 24
mutually orthogonal vectors xi,...,x24 € A of norm 8
(x; - xj = 8J;5), up to signs. Each element of the normal
subgroup Zi% changes the sign of n of these 24 vectors,
with n = 0, 8,12, 16, 24. This description establishes a one
to one correspondence of Z3? with the (extended) binary
Golay code [19]. The subgroup My, acts by permutations
of Tly.-.,T24.

Appendix A.2. Lattices

For any lattice L, we denote by L* its dual lattice and by L(n), n € R,
the lattice obtained from L by multiplying the quadratic form by n. If L is
integral, then L C L*, and the finite abelian group Ay = L*/L is called the
discriminant group. We denote by (L) the minimal number of generators of
Ar (notice that I(L) <1k L, with rk L the rank of the lattice ).

Let Ay be the discriminant group of an even integral lattice L, and g,
the associated discriminant quadratic form [29], i.e., the form

(Al) qrL : AL — Q/QZ

induced by the quadratic form on L. More generally, we denote by A, a finite
abelian group with a quadratic form ¢ : A; — Q/2Z. The quadratic form ¢
determines a bilinear form on A, which takes values in Q/Z; we denote it
by a - b, where a,b € A,.

A sublattice L’ of a lattice L is called primitive if L/L’ is a free group;
in other words, L' = (L' ® Q) N L. Correspondingly, a primitive embedding
of a lattice L’ in L is an embedding such that the image is primitive.

If L is a primitive sublattice of a unimodular lattice T’ and Lt is its
orthogonal complement in I', then there is an isomorphism between the
discriminant groups [29]
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(AQ) ’Y:ALE’ALLa
that flips the sign of the quadratic form

(A.3) qr, = —qrL o07.

More precisely, z = ¢, with Z € Ay and § € Ay, if and only if x +y € T for
any choice x € L*, y € (L*)* of representatives of Z,§. Conversely, given two
even lattices L1, Ly with isomorphic discriminant groups v : Ay, =y} L, and
opposite discriminant quadratic forms qr,, = —qr, o 7y, one can construct an
even unimodular lattice I' by “gluing” L1 and Lo, i.e.,

(A.4) I={zoyelioly|z=y}

where Z,y are the images in A, Az, of x € L] and y € L}, respectively.

Appendix A.3. The Leech lattice and the Golay code

The Leech lattice can be defined in terms of the (extended) binary Golay
code Co4, a 12-dimensional subspace of the vector space FF 54, where Fy =
{0,1} is the field with two elements. To each vector f = (fi,..., fas) of Co4
(i.e., to each codeword) we associate a subset Xy of Q = {1,...,24}, corre-
sponding to the non-zero coordinates of f,i.e., Xy = {i € Q| f; # 0}. This
collection of 212 = 4096 subsets of 2 (called C-sets) includes the empty set, {2
itself, 759 C-sets with eight elements (special octads), 2576 with 12 elements
and 759 with 16 elements (the complements in © of the special octads).
Furthermore, for any choice of five distinct elements in €2 there is a unique
special octad containing them. These properties are sufficient to determine
the collection of C-sets, and thus the (extended) Golay code, up to permu-
tations of the objects in Q (see [19], Chap. 10.2.1). The Mathieu group Myy
can be defined as the group of automorphisms of the (extended) Golay code,
or, equivalently, as the subgroup of Ss4 stabilizing the collection of C-sets.

An explicit description of the Leech lattice A C R?* can be given as
follows (see [19], Chap. 10.3): the vector v = %(01, ...,V94) is an element
of the Leech lattice provided that

— the vy, i = 1,...,24, are all integers of the same parity;

- Z?il v; =0 or4 mod 8 according to v; =0 or 1 mod 2, respectively;
and

— for each v € {0,1,2,3}, the set {i € Q| v; =v mod 4} is a C-set.
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Appendix B. Proof of the Theorem

In this appendix, we give the remaining details of the arguments of Section 2,
leading to the proof of the Theorem.

Appendix B.1. G as a subgroup of O(I'?51)

For each lattice L and group G C Aut(L), we define as in (2.4) the
G-invariant lattice LY as LY = {z € L | g(z) = z,Vg € G}. Furthermore,
Lg is its orthogonal complement in L, Lg ={z € L|z-y=0,Vy € L¢}.
We take L = I'*?0 ¢ R%?° and consider the case where G is the subgroup
of Aut(I'+%%) c O(4,20,R), fixing a positive-definite four plane IT ¢ R*20,

Proposition B.1. For any choice of a positive four-plane 11, Lg is a
negative definite lattice of rank tk Lg < 20. G acts trivially on Ar,., and
l(L(;) <24 — I‘k(LG').

Proof. The first part is obvious. By definition, G acts trivially on L&, and
hence its induced action on Ay is also trivial. Since LE and L are orthog-
onal primitive sublattices of the self-dual lattice L, it follows that for each
y € (Lg)* there exists a vector v = 2 +y € L withz € (L%)*. Forallw € L¢
and any lattice automorphism g € G, w - g(v) = g(w) - g(v) = w - v, so that
g(v) —v € (L)' = Lg. Since g is linear and fixes z € (LF)*, we have g(v) —
v=g(z+y)— (x+y) =g(y) —y. It follows that g(y) =y mod Lg, so that
G acts trivially on Az, = (Lg)*/Lg. Finally, I(Lg) = I(LY) < rk(L%), and
the last statement follows. O

Up to isomorphism, there is a unique even unimodular lattice I'?51 of
signature (25, 1). The lattice I'>>! can be defined as the (additive) subgroup
of R?%! with elements (xq, ..., Z24; T25) such that

(B.1) To+ -+ T2 — 95 € 2Z,

where either x; € Z for all i, or x; € Z + 3 for all i (see [19], Chap. 26). In
the rest of this subsection, we will prove that Lg(—1) can be embedded into
25,1

Recall that, for any prime p, a p-group is a group whose order is a power
of p. A Sylow p-subgroup of a group G is a maximal p-subgroup, i.e., a
p-subgroup of GG which is not a proper subgroup of any other p-subgroup.
For abelian groups, there is a unique Sylow p-subgroup for each prime p,
the subgroup of elements whose order is a power of p. For more general
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finite groups, for each given p the Sylow p-subgroups are all isomorphic and
related by conjugation.

Let A, be a finite abelian group with quadratic form ¢ : A; — Q/2Z. For
any prime p, let A, be the Sylow p-subgroup of A,, and ¢, the restriction
of g to A, . Note that if a € A, , then for any b € A,

(B.2) p"(a-b) =0 mod Z,

where p™ is the order of a, and a - b is the bilinear form induced by ¢. In
particular, if b € Ay ,, with p’ # p, this implies a - b= 0 mod Z. Thus, we
have an orthogonal decomposition of the quadratic form ¢ = @©,g,, where
each ¢, is a quadratic form on an abelian p-group.

It follows from Theorem 1.12.2 of [29] that an even lattice L of signature
(t7,¢7) and discriminant group A, can be primitively embedded into some
even unimodular lattice of signature (d*,d™), provided that

(B.3a) dt —d” =0 mod 8,

(B.3b) d-—t= >0, d"—tt>0, dt+d -t —t" >1(4,),
3¢ THdT =t =t > or all o rimes

(B.3c) d-+d* *>1(4,,), forall odd pri D,

(B.3d) d~+dt —t" —t" >1(Ay,) or ¢ = qéz)(Q) ® gy, for some gb,

where q§2)(2) is the discriminant quadratic form of the su(2) root lattice

A 2 Z(2).

Proposition B.2. The lattice Lg(—1) can be primitively embedded into
21, The action of G can be extended to an action on I'*>' such that the
G-invariant sublattice (T?>1)C is the orthogonal complement of Lo(—1) in
21 and such that (T?>1)C contains an element of norm 2.

Proof. Let us prove that we can embed Lg(—1) ® A into I'?>!, where A
denotes the root lattice of the su(2) Lie algebra. Condition (B.3a) obvi-
ously holds. By Proposition B.1, we have rk(Lg(—1) ® A1) +I(Lg(—1) ®
Aq) <26, so that also (B.3b) is satisfied. Let A, be the discriminant group
of Lg(—1) @ Aj, with discriminant quadratic form ¢. Let us consider the
decomposition ¢ = @,q, where, for each prime p, g, is the restriction of ¢
to the p-Sylow subgroup A, . Since the discriminant group of A; is Z/2Z,
we have [(A4,,) <I(Lg) < 26 —1k(Lg @ A;) for all odd p, and (B.3c) holds.
Finally, it is clear that ¢ = qéQ)(Q) ® ¢, where qéQ)(2) is the discriminant
form of A; and ¢4 is the restriction of ¢r, to the 2-Sylow subgroup. Thus,
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it follows from (B.3) that Lg(—1) @ A; can be primitively embedded into
251

Since G acts trivially on Ay, the action of G on Lg(—1) can be extended
to an action on I'*>! which acts trivially on the orthogonal complement of
Lg(—1) in T2%! Thus, (%1% = (Lg(—1))*, and A; is a sublattice of
(TG s0 that (I'*>1)& contains a vector of norm 2. O

Appendix B.2. G as a subgroup of Cog

The automorphism group Aut(I'?1) of I'*>! is generated by the sign flip
x; — —x;, together with the subgroup of autochronous transformations
Aut™(I'?1) which stabilize the cone of positive time vectors in R?>! (see
[19], Chap. 27). The group Aut™*(I'?>!) contains a normal subgroup W (the
Weyl group), generated by the reflections R, with respect to the hyper-
planes

(B.4) R.(z) =z — (z-7r)r, xe€l?

where 7 is any root in r € I'?>1, i.e., satisfies - r = 2. The complement in
R?5! of the union |J,.,_, r+ of the corresponding hyperplanes has infinitely
many connected components, and the closure of each component is called a
Weyl chamber.

The group of autochronous transformations is the semidirect product
W % Cogo, where Coy, is the automorphism group of the Dynkin diagram
of W (see [19], Chap. 27). The groups W and Cos can be described more
explicitly upon choosing a set of generators for W i.e., a set of fundamental
roots. One convenient choice is given by the set of Leech roots, i.e., by the
vectors r € I'?51 with

(B.5) rer=2 r-w=-1,
where w is the null (Weyl) vector
(B.6) w=(0,1,2,3,...,23,24;70) € T?>1.

The sublattice I'?>! N w' is degenerate, while its quotient (I'?>! N w) /w is
the Leech lattice A (see [19], Chap. 26), the unique positive even unimodular
lattice of rank 24 containing no roots. The automorphism group Cos, of the
Dynkin diagram of W contains Aut(A) = Cop, the automorphism group of
the Leech lattice, as the subgroup which fixes a given reference Leech root 7.
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The group Cos is generated by Cog, together with the translations of the
Leech roots by vectors in A.

Let us consider the embedding of Lg(—1) @ A; into I'*!. Clearly, the
sign flip does not fix any sublattice of I'?>! so that G C Aut™(I'*>!) (note
that the sign flip is central in Aut(I'*>!)). Note that the lattice (I'2>!)¢
always contains a vector in the interior of some Weyl chamber. For if this
was not true, then (I'*>!)¢ would be contained in one of the hyperplanes
orthogonal to some root r, and thus r € (I'**!)g = Lg(—1). But this would
contradict our assumption that Lg contains no vector of norm —2. Since
W acts transitively on the Weyl chambers, we can choose our embedding
of Lg(—1) into I'*! such that (I'*>1)& contains a vector in the interior K
of the fundamental Weyl chamber containing w. Since K Nt(K) = 0, for all
non-trivial t € W, it follows that G must be contained in Co. Since w is
fixed by Cos, we have (I'?1)g C (I'?>! Nw'), and the projection (I'?%! N
wt) — (I Nwt)/w = A induces an embedding of (I'?>!) into the Leech
lattice A

(B.7)  La(—1) = ([I%)g ¢ 0% nwb) - (T2 nwbh)/w = A.

As in Proposition B.2, the action of G on (I'*>!)g can be extended to an
action on A, such that Lg(—1) = (I'*®!)g = Ag is the orthogonal comple-
ment of the sublattice A® C A fixed by G. We conclude that G is a subgroup
of Aut(A) = Coy fixing a sublattice A® of rank at least 4, thus proving the
proposition in Section 2.

Appendix B.3. The proof of the Theorem

The stabilizers of sublattices of the Leech lattice have been classified [20,26].
We will use this classification to prove now the Theorem stated in the Intro-
duction. The action of Aut(A) = Cog is well defined on the classes of the
quotient A/2A, because 2A is stable under lattice automorphisms. In par-
ticular, if v € A is fixed by the action of G, then G must be in the stabilizer
of the class of A/2A containing v. Note that opposite vectors z, —xz € A are
contained in the same class in this quotient. More generally, if we define the
short vectors x € A to be the vectors of norm z? < 8, then for each non-
trivial class in A/2A, one of the following mutually exclusive alternatives
holds [19]:

(1) the class contains exactly one pair of short vectors +z € A of type 2
(2% = 4);
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(2) the class contains exactly one pair of short vectors £z € A of type 3
(2* = 6);

(3) the class contains exactly 24 pairs of short vectors txq,...,£x94 € A
of type 4, that are mutually orthogonal (x; - z; = 8J;;).

Thus, each primitive vector v € A“ is congruent modulo 2A to some short
vector vs € A, v2 < 8. We can now distinguish the following cases:

Case 1: Suppose there is a vector v € A9 which is congruent modulo 2A
to a short vector of norm 8. Then the class of v in A/2A contains 24
mutually orthogonal pairs +x1,...,+x94 € A of norm 8. The subgroup of
Cop stabilizing such a class is the semidirect product Zi? x My, (see [20]
and Chap. 10 of [19], ). Here, My acts by permutations of the 24 pairs
+x1,..., %294, while each element e¢; € Z52 is associated to a codeword
f=(f1,..., foa) € (Z/27)* in the (extended) binary Golay code ( [19],
chapter 11) and acts by

(B.8) er(zi) = (—1)iwy, i=1,...,24,

on the vectors of the class. Thus, G is a subgroup of Z3? x My, that fixes a
subspace of dimension at least 4. This realizes case (i) of the Theorem. In par-
ticular, G’ C M4 can be any subgroup with at least four orbits Q1,...,Qy
when acting on {1,...,24}, and G’ is generated by the e; € Z3? such that
fi=0forallteQyU...UQy.

Case 2: If Case 1 does not apply, then each primitive vector v € A® is
congruent modulo 2A to a pair of short vectors +v5 € A with v2 < 6. Let
us assume that, for each v € A, the corresponding short vector v is also
contained in A® (the situations where this assumption does not hold are
considered in Case 3 below). Since A® is primitive, (v —vs)/2 € A is also
contained in A®. The sublattices S C A containing only short vectors of
norm 4 and 6 and such that each primitive vector is congruent to a short one
mod 25 are called S-lattices, and they have been completely classified [26].
In particular, up to automorphisms, there are only three S-lattices of rank
at least 4 [20]:

S rk S Stab(S) Aut(S)
2936 4 Zg A AG ZQ X (53 X 53).22
25310 4 511274 Zs % Ss
227336 6 31+4.ZQ ZQ X U4(2).ZQ.
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Since AY is a S-lattice of rank at least 4, G must be a subgroup of one of
the groups Stab(S) from above, corresponding to the cases (ii), (iii) and (iv)
(with G” trivial) of the Theorem.

Case 3: The last case arises if each primitive vector v € A“ is congruent
modulo 2A to a pair of short vectors +vs € A with v2 < 6, but some of these
short vectors are not contained in A®. In this case, we define a finite chain
of sublattices of A

(B.9)

AGZSOC51C~~-CSN:S,

where each S;11 is defined in terms of S; as follows [30]:

(1)

(2)

If S; is contained in an S-lattice of the same rank or if S; contains a
vector congruent modulo 2A to a short vector of norm 8, then we set
S = S; and the procedure stops.

Otherwise, if S; contains a vector v € 2A with v/2 ¢ S;, then S; 1 is
obtained by adjoining v/2 to S;. There are only a finite number of
vectors to check, namely one representative for each class in \S;/25;.
Note that S; ® Q = S;11 ® Q, so that rk S; = rk S;11 and Stab(S;) =
Stab(SZ-H).

If neither of these cases applies, then there is a non-empty set of short vectors
vs & S; ® Q, with 0 < v2 < 6, congruent modulo 2A to some v € S;. Then
Si+1 is defined as follows:

(3)

If one of the short vectors is such that v -w # 0 for some w € S;,
then S;41 is obtained by adjoining vg to S;. Any element g € Stab(S;)
must preserve the class of vs in A/2A, so that g(vs) € {£vs}, and
also the product vs-w # 0. Thus, the only possibility is g(vs) = vs,
so that Stab(S;+1) = Stab(S;). Furthermore, we have a strict inequal-
ity rk S;1 > rk .S;.

If all the short vectors vs are orthogonal to S;, we choose one of them
and define S;;1 as the Z-linear span of S; and vs. The only non-
trivial action of an element g € Stab(S;) on Si+1 is g(vs) = —vs, so
that |Stab(S;) : Stab(S;+1)| < 2. Furthermore, rk S;y; > rk S;.

The stabilizer Stab(S) of the lattice S at the end of the chain must be
a subgroup of Z%Q x Moy or one of the stabilizers of the S-lattices above.
However, if the case (4) of the above procedure occurs for some intermediate
Si, Stab(S) might be just a normal subgroup of G. Our analysis is greatly
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simplified by the following result, which is an immediate consequence of
Lemma 4.8 of [30].

Proposition B.3. If rkS; > 3 and none of the cases (1), (2) and (3)
applies, then S; is a sublattice of the S-lattice 227336,

It is easy to see that if S; is a sublattice of an S-lattice also S;y1 is.
Since the starting point Sy = A of the chain has already rank greater than
3, this proposition implies that if A is not a sublattice of 227336 then case
(4) above never occurs. Thus, in this case, G = Stab(S) and we reobtain the
groups (i), (i) or (iii) of the Theorem. If A is a sublattice of 227336 then
we have an inverse chain of inclusions for the stabilizers

(B.10) Stab(S) C - -- C Stab(S1) C Stab(S) = G,

where each stabilizer group is a subgroup of index at most 2 in the previous
one

(B.ll) |Stab(SZ) . Stab(5i+1)| S 2.

Furthermore, whenever |Stab(.S;) : Stab(S;+1)| = 2, we have rk S;11 > rk S,
and since rk Syergas — rk A < 2, we have

Gl <22,

B.12 T E—
( ) ’Stab(5227336)‘ -

Thus, G is the extension of Stab(Sa27336) by a group G” of order at most 4,
and all the possibilities are considered in the case (iv) of the Theorem. This
completes the proof of the Theorem.

Appendix B.4. Realizing all symmetry groups of K3

Let G C Aut(A) be the pointwise stabilizer of a sublattice S = A® of rank
rk S > 4. In this section, we will prove that, for each such G, there exists a
non-linear o-model on K3 having G as its group of symmetries. This result
is based on the assumption that for every choice of a positive definite four-
dimensional subspace II € R*2% such that no root v € I'*?Y is orthogonal to
II, the corresponding non-linear o-model is well defined.

Let d + 4, with d > 0, be the rank of S and let S = Ag be its orthogonal
complement in A. Suppose that S+ (—1), obtained from S+ by changing the
sign of its quadratic form, can be primitively embedded into I'#2°. Then, by
a reasoning similar to Proposition B.2, we conclude that the action of G on
S+(—1) can be extended to I'*2°, in such a way that (I'*20)g = S+(—1), i.e.,
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that the sublattice (I'+?0)¢ invariant under G is the orthogonal complement
of S+(—1). Since (I'*?°)¢ has signature (4, d), one can always find a positive
definite four-dimensional subspace IT C R*?? such that (I'+?%)g = 20 N [T+,
Furthermore, (I'-2%) 4 contains no vectors of norm —2 (because (I'+2%) 5 (—1) =
S+ c Aand A contains no vectors of norm 2), and G is the subgroup of O (I'*2%)
fixing II pointwise. Following the arguments of Section 2, II corresponds to a
well-defined non-linear o-model with symmetry group G.

Thus it remains to prove that a primitive embedding of S+ (—1) into I'+?°
always exists. The “gluing” construction described in Appendix B.1 shows
that, for an even lattice with signature (¢4,¢_) and discriminant form g —
we will denote them as a triple (t4,t_;q) — the existence of an embedding
into some even unimodular lattice with signature (I;,l_) is equivalent to
the existence of an even lattice with signature and discriminant form (14 —
ty,l- —t_,—q). In [29, Theorem 1.12.4], the following sufficient conditions
are proved for the existence of such an embedding:

(1) I+ —1- =0 mod 8
(2) ty <l t- <l_andty +t- < 3(l4 +12).

The lattice S has signature (4 + d,0), so that it can be embedded into an
even unimodular lattice T8+%? = Fg @ U? of signature (8 4 d,d), where U
is the unimodular lattice of signature (1,1). Let S’ be the orthogonal com-
plement of S in I'®*t%4_ If ¢ denotes the discriminant form of S, then S/, S+
and S+ (—1) have signature and discriminant form (4, d; —q), (20 — d,0; —q)
and (0,20 — d; q), respectively. By comparing the signatures and discrimi-
nant forms of S+ (—1) and S’, we conclude that these two lattices can be
“glued” together to form the even unimodular lattice I'*20,

Appendix C. Gepner models

Here we collect, following Brunner and Gaberdiel [31], our conventions for
the description of A/ = 2 minimal models and Gepner models.

Appendix C.1. N = 2 Minimal models and Gepner
models at ¢ = 6

3k

Tta» and can

The N = 2 minimal model at level k has central charge ¢ =
be described in terms of the coset

5U(2) 12 G u(l)y

(C.1) warra
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that captures the bosonic subalgebra of the N' = 2 superconformal algebra.
The coset representations are labelled by

(C.2) (lym,s), 1=0,....,k, mE€EZogia, SE Ly,

subject to the condition

(C.3) l+m+s=0 mod 2,

and with the field identification

(C.4) (l,m,s) ~(k—1l,m+k+2,s+2).

We denote by [l,m, s] the class corresponding to (I,m,s). In terms of the
N =2 algebra, the irreducible representations are of the form H gy, ) @
H(1,m,s+2) With s even (odd) for the NS (R) sector, since the fermionic gener-

ators of the N' = 2 algebra map Ht,m,s) 10 Hi,m,s+2)- The conformal weight
and U(1)-charge of the ground state in the (I, m, s) sector are given by

(C.5)
(14+2)—m? 2 m s
his = T 5 od Z =M% od 22
l,m,s 4(k’+2) + S mo ) ql,m,s k+2 2 mo
The character of the (I,1m,s) coset representation equals (with ¢ = ™7,
_ A2miz
y=e""%)
(C.6) Xi,m,s] (T, 2) = TrHlm p (qL‘)_iyJ")
k+2 L_ _s i
JEZ
Here, ¢! (7) can be obtained from the identity
0141 k+2(7,2) — 011 k42(7, 2
(07) Z Cin(T)ech(T, Z) — +1,k+ ( ) K+ ( )7

mMEL/2kT 01 k+2(7, 2) — 01 k12(T, 2)

where 0, (7, 2) is the su(2) theta function

(C.8) O (T, 2) Zq (n+30)% yk(nt35)

ne”L
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with m € Z/2kZ. For the calculation of the elliptic genus we are interested
in the trace with the insertion of (—1)F; for the N’ = 2 representation cor-
responding to (I, m, s), this leads to

(Cg) Iin(’ra Z) = X[l,m,s] (Ta Z) = X[i,m,s+2] (Ta Z),

where s = 0 in the NS sector and s = 1 in the Ramond sector.
A Gepner model at ¢ = 6 is defined as a Zy orbifold of a tensor product
(k1) -+ (kr) of N'= 2 minimal models, where

r

3k; _
P k; +2

(C.10) 6, and H =lem{k; + 2}.

The spectrum of the orbifold theory is given by

(C.ll) @ ®H[li,mi+n,si} ® ﬂ[li,mi*mgi]’

ne€ly =1
[Ls,mi,s:]

and the sum is over the sectors [l;, m;, s;] satisfying the orbifold conditions

r

(C.12) 4 k:jf 5 € Z, r even,
=1
T
m; S1
C.13 L cZ dd

together with the spin alignment condition
(C.14) si—s; €22, ,j=1,...,r

We denote a state transforming in the Hj,, s ® 7:{[777’15 coset representations
by

(015) (1)577,75;77%5 = le,m,s b2y le,m,g-

Imposing the various constraints, it is then clear that the elliptic genus of
these Gepner models is given by [32]

(C.16)
1 H
¢(T’ Z) = or—1 [ Z .

2mi(m;+a)b

> e me Ih (1,2)IN 5. (F,0).
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Using
(C.17) IL(7,0) = Smis1 — Omo—1-1

we can directly evaluate (C.16). For the two cases considered in this paper,
namely (1)® and (2)%, we then find indeed (2.1).

Appendix C.2. D-branes in Gepner models

A-type (B-type) D-branes satisfy the gluing conditions

(C.18)
(Ln = Ln)|A) =0 (Jo = Jn)|A) =0 (Gif +inG=,)[A) =0 (A-type),
(Ln = L-p)[B) =0 (Jo+J-n)IB)=0 (G +inGZ,)|B)=0 (B-type),

where n = 1. In our construction, we shall always consider tensor product
A-type D-branes, as well as permutation B-type D-branes. The former are
described by the boundary states [33]

(C.19)
ki ki+1 1 l+m'+s
1 1+ '
|Li, My, Si)a,s = Ne™ 282522 ZH< >
l;=0m;= Ov;=
]- 27Tt . R 7T. Ml&
. (H D ) (L) S M
tely

S
H P |, s + 20i) A,

v/ Sot;

1/4
where H = lem{k; + 2}, N' = VHT], (k +2) and
L;=0,...,k, M; € ngi+4, S; € Zy, L; + M; + S; even, S; + Sj even.

Here s = 0,1 labels the NSNS or the RR closed string sector, respectively,
and

_ 2 (Li + 1)(I; + 1)
(C.20) Sp.i, = o sin (77 o
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is the S-matrix of the su(2) affine algebra at level k;. Furthermore,
(C.21) |li,mi, s+ 2v;)a € ®2‘H[li7mi,s+2yi] ® H{lhmi,s_*_gyi}

is the Ishibashi state satisfying the A-type gluing conditions (C.18) for each
minimal model factor separately. The left-moving worldsheet fermion num-
ber operator acts on this boundary state as

(C22) (_1)FL ||L17 Mia Si>>A,S - HLU Ml + 1) Sl + 1>>A,S
The overlap between two such boundary states is given by

(C.23) a5 (L, M}, Silq>For b =ss (< 1) | L, My, Si) a s

Z Z (S 41— S’+S)H5(2)(Si+l_5«z{+si)

t€Zu (l;,mi,s; i

M;+1— M +m; L )
X H [ ( 5 i L t) NL;li X[li,mi,s,;](q) 7

where ¢ is the open string parameter.
Given a permutation 7 € S, a permutation brane |B)™ satisfies the
m-twisted B-type boundary conditions

(C.24) (L0 — LDy By =0, (IO + D) BT =0,

n

and similarly for the fermionic gluing conditions. For example, for the (1)°
model we consider m € Sg with cycle decomposition (12)(34)(56). The cor-
responding permutation brane is defined as [34]

(C.25)

HLl,L2,L3,M1,M2,M3,M Si)E.s

Llyesy oy zn(l+ . —

n€ls l1,l2,ls=0 m1,m2,m3=0v1,...,u6E€Zy i

% H SLili ei% Z?miMi(_l)Z?Sin —ir
Sot,

Ui, mi +n, s + 204 ) n,

)

where M € Zg, while L; + M;, M + >, M; and S;+ S; are even, so that
the boundary state is invariant under n — n+3, m; —» m; + 3,2 =1,...,3.
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Here, |[l;,m; +n,s])5? is the Ishibashi state in the nth twisted sector
(C.26)
3

® ((H[li,mi+n,82i—1}®,F([li,mi*n,*52i}) ® (H[li,*mﬂrnyszi]®H[li,*mi*n,*s2i—l])> ’
=1

that is uniquely characterized (up to normalization) by the B-type bound-
ary conditions (C.24) (together with the corresponding fermionic formulae).
Note that

(C'27) (_1>FL HLiv M;, M? SZ»%,S = ”L’i? M;, M7 Si + 1>>g,s'

For the case at hand, the overlap between two such branes with L; = 0 and
s =1 (RR sector) is

(C.28) % o—1{0,0,0, M{, M}, M}, M, 0]q> LorLo) =55 (—1)Fe
10,0,0, My, Mo, Mz, M, 005

= Z o5 20 (14mi) 5(3) (M, - M+ szl)
m;==%1 2

3
y H5(3) (Mi — M +mao;_1 — m2i> .
i=1

2

In order to determine the relative intersection number between the
A-type and the B-type D-branes, we also need to understand the overlap
between the different types of branes. For the (1) model, the only non-
vanishing overlaps are between Ishibashi states in the n = 0 sectors of the
form

3

(029) ®(H[li,mi,si] ® ﬂ[lhmhsi} ® H[Zi,—mi,—si] ® H[li,—mu—si])'
=1

Taking into account the implicit relative phase between the Ishibashi states
as in [31], one finds that the overlap between the relevant Ishibashi states is

(C.30)
3

Alli,mi, silgz Lot LTS5 [ my 4+ n, s0])E = He%mﬁgs"X[li,mi,si] (),
i1
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and hence the overlap between the relevant boundary states is given by

(C.31)

Ase1 (0, MY, 0] g2 FotEo) =55 (—1)F2 no 0,0, My, My, Mz, M,0)% .

= Y e FaEm H5 <Mi—M£¢—1+M§¢+mi+1)'

2

my,ma,mz==x1

A similar computation can be done for the (2)* model. The B-type per-
mutation brane for 7 € Sy with cycle decomposition (12)(34) is

(C.32)

”L17 L27 M17 M2> M S>>7]_£> ,8

S eniy oy oy (e )

NELy l1 lo=0 m1,m2=0 v1,...,04=0 ¢

S N ;I
x [ Soteets omd ()20 S e 5 205 1 my 4, s + 2] )Y

+ Soi,
3

where M € Zg, and L; + M;, M + > M; and S; + S; are all even. The left-
moving fermionic number operator acts now by

(C.33)
(—=1)F*|Ly, Ly, My, Mo, M, S)§ o = |L1, La, My, My, M + 4, 5; + 1),

and the overlap between two branes with L1, Ly =0 is

(C.34)

10,0, M7, M}, NI, ouq%@ﬁiw-ﬁ(—l)ﬂumo,Ml,Mz,Mo»gszl

1 > 4 12513141_[5 (s; +1) e~ % Zi(l+s)

(lms

x 64 (MI_M+4+Zimi>

2

2
M; — M + mai—1 — my; _
< T]o® ( : TG
i=1
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T 2
= > o= B (2Hsi+s2) 5(4) (M, — M A Y ma(si 1)>

2
mq,m2€{1,2,3}
81,82::|:1
2 A (g —
X H5(4) (MZ M; —;mz(sz 1)) .
=1

Finally, the RR-overlap between A-type and permutation B-type branes in
this model is given by

(C.35)  asm1{0, M, 0] gz Lot =55 (—1)F0,0,0, M1, Ma, M, 0)F

1]

2

ml,Tn2=i1
5@ <M2—M:§+Mj1+m2+1>
5 .
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