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theories I1

ANTON GERASIMOV'?3, DIMITRI LEBEDEV! AND SERGEY OBLEZIN!

In the first part of this series of papers, we propose a functional
integral representation for local Archimedean L-factors given by
products of the I'-functions. In particular, we derive a representa-
tion of the I'-function as a properly regularized equivariant sym-
plectic volume of an infinite-dimensional space. The corresponding
functional integral arises in the description of a type A equivari-
ant topological linear sigma model on a disk. In this paper, we
provide a functional integral representation of the Archimedean
L-factors in terms of a type B topological sigma model on a disk.
This representation leads naturally to the classical Euler integral
representation of the I'-functions. These two integral representa-
tions of L-factors in terms of A and B topological sigma models
are related by a mirror map. The mirror symmetry in our setting
should be considered as a local Archimedean Langlands correspon-
dence between two constructions of local Archimedean L-factors.

0. Introduction

In [8] we propose a framework of topological quantum field theory as a
proper way to describe arithmetic geometry of Archimedean places of the
compactified spectrum of global number fields. In particular, we provide a
functional integral representation of local Archimedean L-factors as corre-
lation functions in two-dimensional type A equivariant topological sigma
models. This representation implies that local Archimedean L-factors are
equal to properly defined equivariant symplectic volumes of spaces of holo-
morphic maps of a disk into complex vector spaces. Thus, the equivariant
infinite-dimensional symplectic geometry (in the framework of a topologi-
cal quantum field theory) appears as the Archimedean counterpart of the
geometry over non-Archimedean local fields [1, 5, 21].
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The construction of local Archimedean L-factors in terms of type A
equivariant topological sigma models should be considered as an analog of
“arithmetic” construction of local non-Archimedean L-factors in terms of
representations of local non-Archimedean Galois group. There is another,
“automorphic” construction of the non-Archimedean L-factors, which uses
a theory of infinite-dimensional representations of reductive groups. For
Archimedean places, this provides a representation of the corresponding
L-factors as products of classical Euler’s integral representations of the
I-functions. In [8], we conjecture that this finite-dimensional integral repre-
sentation of L-factors naturally arises in a type B topological sigma model
which is mirror dual to the type A topological sigma model considered in
[8]. This would lead to an identification of local Archimedean Langlands
correspondence between “arithmetic” and “automorphic” constructions of
L-functions with a mirror symmetry between corresponding type A and
type B equivariant topological sigma models. In this note, we propose the
type B topological sigma model dual to the one considered in [8] and iden-
tify a particular set of correlation functions on a disk with Archimedean
L-functions. As expected the resulting functional integral representation of
the L-factors is reduced to a product of the Euler integral representations
of I'-functions.

The type B equivariant topological sigma model considered below is an
Sl-equivariant sigma model on a disk D with the target space X = C*!
and a non-trivial superpotential W. We imply that S' acts by rotations
of the disk D. A particular superpotential W corresponding to the mirror
dual to the type A equivariant topological sigma model with target space
C“! is well-known [17]. However our considerations have some new inter-
esting features. At first, the S'-equivariance provides a new solution of the
so-called Warner problem in topological theories on non-compact manifolds.
The standard way to render the theory consistent is to introduce a non-
trivial boundary interaction corresponding to a collection of D-branes in
the target space [18,20,23]. We show that in the case of Sl-equivariant
sigma model on the disk D there is a universal boundary term leading to
a consistent topological theory. Another not quite standard feature of our
approach is a choice of a real structure on the space of fields of the topolog-
ical theory. One can construct a topological quantum field theory starting
with an /' =2 SUSY quantum field theory [24] and using a twisting pro-
cedure (see e.g. [25,26]). This provides a particular real structure on the
space of fields. Another approach is to construct directly topological theory
combining (equivariant) topological multiplets of quantum fields. Although
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this approach produces topological field theories closely related with those
obtained by the twisting procedure the resulting real structure may be dif-
ferent (for a discussion of an example see e.g. [25]). In our considerations
we use a real structure which is different from the one appeared in twisted
N =2 SUSY two-dimensional sigma models.

We also comment on an explicit mirror map of type A and type B
topological sigma models. We provide a heuristic derivation of the B-model
superpotential W by applying Duistermaat—Heckman localization formula
to an infinite-dimensional projective space. The sum over fixed points can
be related to the sum over instantons used in the previous derivations of
the superpotential [17]. We also consider an explicit change of variables in
the functional integral transforming A-model into B-model. Although these
considerations are heuristic they reveal interesting features of the topological
theories discussed in this note and in [8].

Finally note that pairs of Langlands dual Lie groups already appear in
various instances of mirror symmetry (see e.g. [15]). The most relevant to
our discussion is the appearance of the Langlands dual groups in the con-
struction of a mirror dual description of type A topological sigma models
associated with flag spaces G/B in terms of eigenfunctions of the quan-
tum Toda chains associated with the dual Lie groups GV [12,13]. One shall
also note that the global geometric Langlands correspondence due to [4]
allows an interpretation in terms of S-duality in four-dimensional topologi-
cal Yang-Mills theories [19] (and in turn can be also considered as a mirror
symmetry of associated moduli spaces following an old idea of [14]). We shall
stress however that in this paper we are dealing with the local arithmetic
(Archimedean) Langlands correspondence and the proposed quantum field
theory approach to this problem seems new. A quest of possible relations
with a (generalization of) geometric Langlands correspondence [4,19] we
leave for a future.

The plan of the paper is as follows. In Section 1, we provide a construc-
tion of a S'-equivariant type B topological sigma model on a disk D. In
Section 2, we identify a particular correlation function of the topological
sigma model with a product of I'-functions thus providing a new functional
integral representation of local Archimedean L-factors. In Section 3 we give
heuristic constructions of a mirror map of type A topological sigma model
considered in [8] to a type B topological sigma model considered in Section
2. In Section 4, we conclude with some general remarks and discuss further
directions of research.
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1. Type B Topological sigma-models

We start by recalling the standard construction of a topological sigma model
associated with a Kahler manifold with trivial canonical class supplied with
holomorphic superpotential. For general discussion of the two-dimensional
topological sigma models see e.g., [6] and reference therein.

Let X be a Kéhler manifold of complex dimension (¢ + 1) with trivial
canonical class and let W € HO(X,0). Let M(X, X) = Map(X, X) be the
space of maps ® : ¥ — X of a compact Riemann surface ¥ into X. Let (z, 2)
be local complex coordinates on Y. We pick a hermitian metric h on > and
denote vhd?z the corresponding measure on . The complex structure on
Y. defines a decomposition d = 9 + 9, 0 = dz 0., O = dz 05 of the differential
d acting on the differential forms on ¥. Let K and K be canonical and anti-
canonical bundles over 3. Let w and g be the Kéhler form and the Kéhler
metric on X and TcX = T10X @ T%' X be a decomposition of the com-
plexified tangent bundle of X. We choose local complex coordinates (¢/,¢/)
on X. Locally Levi-Civita connection I' and the corresponding Riemann
curvature tensor R are given by

(1.1) U= 9"0igkns  Rijir = 9mjOilin-

Now let us specify the standard field content of the type B topological
sigma model associated with a pair (X, W). Denote II the parity change
functor. Thus, II€ is a bundle £ with the opposite parity of the fibers. Let
n, 6 be sections of ®*(IIT%'X), p be a section of (K & K) @ ®*(IIT0X).
We also introduce the fields G and G given by sections of ®*(T%!X) and
K ® K ® ®*(T'°X) respectively. The BRST [24] transformation § is defined
as follows:

65’ =0, o =0, &0 =CG-Tiget, G = -TLG,

opt=—de', 8¢’ =0,  6G' =dp' +Tidd? A"+ LR ol A

Straightforward calculations show that 62 = 0. One can define new variables

o . o1
(1.3) gZ:GZ_F%Eﬁ]9k> gZ:GZ‘i‘i kP’ Aot
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such that the action of § has the following canonical form:
(1.4) 56t =n, smi=0, 0°=G, G =0,
5pt =—d¢', 64" =0,  6G" =dp'.
Here the property 62 =0 is obvious. The advantage of (1.2) is that the

fields G* and G7 are covariant with respect to diffeomorphisms of the target
space X.

Consider a topological sigma model with the action given by
(1.5) S = So + Sy + Sw,
where
(1.6) Sp = / (gﬁdgﬁi A *dg?)j + gijpi A >x<D173 — gﬁ@iji + gﬁGiG3
b
1
2
a0 Sw= | d=Vh B Doy W (@) 07 + G oW (9))

Ry 07 p' A p*),

(1.8) Sy = /( —D;0;W (¢ )pl/\p]—i-GiaiW(Qb))»

and
D9 W (¢) = 0,0;W —TEoW, Dy = dip + T déFr’
The Hodge *-operator acts on one forms as follows xdz = 1dz, *dz = —dZ.

The parts Sy and Sy, are d-exact as it follows from 62 =0 and the
following representation:

So = / N,  Si= [ P2VhiVy,
b by
where
(1.9) Vo= —g5p' Axdd? + G0, Vi = 07;W(9),
and 6; = %93 . The variation of Sy is given by
(1.10) ssw = [ dipow(e),
by

and thus is trivial on a compact surface Y. Note that the action Sy is
d-closed but does not d-exact.
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In this paper, we consider a particular case of an equivariant type B
topological sigma model on a non-compact two-dimensional manifold X.
Let 3 be a disk D = {z € C| |z| < 1}. We fix a flat metric h on D

(L11) h = i(dzdz +dzdz) = (dr)* +1%(do)?,  re€[0,1], o€l0,2n],

where z = re'?. This metric is obviously invariant with respect to the rota-
tion group S' acting by ¢ — o + a.

We would like to consider an S'-equivariant version of the type B topo-
logical linear sigma model on a disk D with a superpotential W. To con-
struct an S'-equivariant extension of the topological field theory we modify
the J-transformations taking into account an interpretation of § as the de
Rham differential in the infinite-dimensional setting. Let us first recall a
construction of an algebraic model of S'-equivariant cohomology. Let M be
a 2(¢ + 1)-dimensional manifold supplied with an action of S'. The Car-
tan algebraic model of S'-equivariant de Rham cohomology H (M) is the
following equivariant extension (2%, (M), ds+) of the standard de Rham com-
plex (Q*(M),d):

(1.12) 5 (M) = (@(M)T ©Clh),  dg = d + huy,

where (Q*(M))%" is an S'-invariant part of Q*(M), % is a generator of the
ring H*(BS') and vy is a vector field on M corresponding to a generator of
Lie(S'). We have

(1.13) d% = hLy,, Ly = d iy, + Ly, d,

where L,, is the Lie derivative along the vector field vy. The equivariant
differential dg: satisfies d%l = 0 when acting on Q¢ (M). The cohomology
groups H§, (M) of the complex (1.12) have a natural structure of modules
over H%, (pt) = Clh].

The S'-equivariant version of the BRST transformations (1.4) is a direct
generalization of the expression (1.12) for the equivariant differential to the
infinite-dimensional setting. Taking into account an induced action of S* on
the space of fields we have

dg1 QZ)Z = ﬁg, dg1 ﬁg = hLvodqﬁ, dg1 05 = g_{, dg g—{ = hLvodeza
0:G" =dp',  Os1p' = —dd' —huy,G', 019" = Dy, p"

Obviously, we have 0%, = hL,,.
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In terms of the variables G* and G* we have the following transforma-
tions:

6510 =1, b5 =i, dd', G5 =G —Te,
051G" = —TLpif G + By, (DO') + RO (10, o) 0,
%ﬂ%ﬂﬁ+mmwAﬁ+?%ﬁﬁAﬁ+M%wﬁﬂAﬁ
5s1p’ = —d¢' — huy,G' — ALy (10, p?) 0", 0510" = i, p'.

Now the S'-equivariant version of (1.6) and (1.7) on a disk ¥ = D is obtained
by applying modified dg: to Vg and Vj5 given by (1.9). The action Sy given
by (1.8) is not dg: invariant on the disk and needs a correction boundary
term.

Proposition 1.1. The following modified action functional of a type B
topological sigma model

(1.14) S = /D <gi3 (d¢? + T, G7) A %d@ + gip' A+Dip
- -1 _—_
=958 Dp" + 95G'G7 — §Ril_kj7719] p' A pk)
+/d%w(g@wwWﬁ+@W@mﬁ
D

+ [ (3P0 np+awee)

1
—héﬁmwww

s dg1-invariant.

Proof. Direct calculation shows that §g:-variation of the sum of the integrals
over D in (1.14) is given by the boundary term

595:/ PO (6).
oD

The dg:-variation of the boundary term in (1.14) precisely cancels this
contribution. O

Remark 1.1. The action (1.14) does not have a smooth limit A — 0. This
is a so called “Warner problem” in the type B topological sigma model
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with a non-trivial superpotential W € H(X,0) on non-compact surface
Y. In non-equivariant setting it is resolved by imposing special boundary
conditions corresponding to a collection of D-branes on the target space X
[18,20,23]. Remarkably the S'-equivariant setting discussed above allows
a construction of a universal dg:-invariant boundary condition by adding
boundary term in (1.14).

Remark 1.2. The relation between the boundary term in (1.14) and the
variation (1.10) is a particular instance of a general descent relation between
various observables in topological field theories.

2. Linear sigma model on a disk

In this section we calculate a particular correlation function of the S'-
equivariant type B linear sigma model on the disk D with the target space
C**! and a generic superpotential W. The dg:-transformations in the case
of X = C**! are given by

21 . . ) . i i
551& = ﬁi, 55177i = ﬁbvodd_)i, 5519i = Gi, 55167” = hbvodm,
Ssipt = —d¢® — hiry, G, 551¢" = iy, p', 051Gl =dpl.

The action (1.14) in this case is reduced to

(+1
(2.2) S= Z/ (dg? + iy, G7) A xdg? + p? A xdip? — 0;dp? + GIGY)

l+1

+y / PVE (0.0, (3)70 + 0, (9) G
i,j=1

+/D <—;8iaiji/\pj+aiWGi>

1
— h/slaD dO'W(gb)

Topological linear sigma model (2.2) allows a non-standard real structure.
This means the following. Let us consider the fields ¢?, ¢*, 0;, 0;, 7*, n°, p* p',
G" and G* as independent complex fields. The subspace of the fields entering
the description of the topological theory with the action (2.2) is defined as
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a subspace invariant with respect to an involution acting as follows:

(23) - -
@)=, ) =0, @i=d, (i=p (@F=a.

The involution defines a real structure on the space of fields. One can, how-
ever, consider another real structure defined by the reality conditions

24) ()T =¢" () =-¢", (6:)" =0,
Mt =—i', (=4, (@) =¢, (G =-a.

Thus for example the fields ¢! and ¢’ are real independent fields. To dis-
tinguish the real fields in the sense (2.4) let us introduce new notations qbi,
o, Gﬂr, G™ for ¢, 1¢', G, 1G*. Similarly we redefine the fields 77 and 6 by
multiplying them on ¢ and considering the resulting fields as real ones. The
Sl-equivariant BRST operator can be defined on the new set of real fields
as follows:

(2.5)
551¢)l_ = 771, 5517]Z = hLvodgf)Z_, (5519Z = GZ_, 651GZ_ = hLdeez,
Sg1p" = —dp, — hiy, G, 551 0% = Ty, pl, 651Gy =dp',

where now the fields 7° and #° are odd real zero-form valued fields, p’ are
odd real one-form valued fields, G°. are even real zero-form valued fields and
Gi are even real two-form valued fields. The action of the sigma model for
the new real structure is now given by

(2.6)
+1

S——’LZ/ dqﬁj + By GL) A xdg) + pI A i — 0 dp]—i—GJGj)

ZHI 0? H,(gb,) i nj 6[£,(¢,) i
2 7 )
/ @z ( Bt O e O¢" ¢

i,7=1
< 1PW, <Z5+) W4 (D4) i
+§:1/ ( 2 o000, " " oo G*)

- h/SlaD doW(¢+).

Here W, and W_ are arbitrary independent regular functions on R, Thus
defined action is dg:-closed.
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Remark 2.1. Our choice of the real structure is such that the constructed
type B topological sigma model is a mirror dual to the type A topological
sigma model considered in [8]. In Section 3.3 we demonstrate that the mirror
correspondence applied to the type A topological sigma models from [8] leads
to the real structure of type (2.4). Note also that the construction of the
topological Yang—Mills theories using an equivariant setting [25] also leads
to the non-standard real structure analogous to the one we use.

In the following, we consider the case of W_(¢_) = 0. Thus we have

(2.7)
{+1

S = —zZ/ ((dqu+ + ey GI) A xdg? + pP A xdi — 0;dp” + GiGj_)
j=17P

<= LPWelbs) o 5 OWal(ds)
i N S B\ 7467”
+Z/( 2 o000, © T 00 )

Given an observable O(z, Z) on the disk D we define its correlation function
as a functional integral below:

(2.8) <(9(,2:,2)>W+ = /D,u O(z,2) e
/+1
Du = [[ D¢ )(D¢" J[Dw)[DO (D) DG IDG ).
i=1

Lemma 2.1. The following observable inserted at the center z =0 of the
disk D

+1 '
(2.9) 04(0) := Ox(2,2)|s0 = [ 6(6L(2,2) 0’ (=, 2) =0

i=1

18 dg1-invariant.
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Proof. We have

£+1 £+1

05104(2,2) = Zn zszqﬁJanz
Jj#EmM
{41 4
+ Z H S( ) (=)™t o (B, ™)™ gt
m=1 j

The first term is equal to zero since for odd variables n? = 0. The second
term vanishes since the center of the disk z = 0 is a fixed point of the S'-

action so that ¢y, (nm)‘z:o =0. O

Theorem 2.1. The correlation function of the observable (2.9) in the type
B topological S'-equivariant linear sigma model (2.7) is given by

1+1

2.10 dti en W+(),
(2.10) /RH e

Proof. Firstly, we make an integration over G :

[iw6- {/ZG G } ‘ﬁm

The integration over Gi is then equivalent to the substitution of Gi =0.
Thus we should calculate the following functional integral:

{41
(2.11) / (D] [Dg] 01(0 exp{ / Zdw A xdg
—% d0W+(¢+)} Zy(é+),
Sl
where
Z4(61) = [ (D0 (DADA] 00) exp {1 [ 376" nsdrf ~ ')
=1

0+1 92w, Sn
/ Z(%’ 8¢J N

2,7=1
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and {41 ' /41 '
=TI 0),  0:0) = [ '(0).
=1 j=1

Let us first integrate over 6 in Z;. We have

/+1 l+1

Z(6:) = [ (Dol (D7) 0x(0 ) [Totr) e ) X!

/% OPWy oA
1= 1a¢la¢j

One-forms allow the following decomposition:
(2.12) Pt = dff + xdfi = 0.Fidz + 0:F'dz,  F'= fi —ufi.

It is easy to check (using for example series expansions) that for given p’ the
solutions f1, fa of (2.12) always exist and are unique up to addition to F* a
holomorphic function. Therefore, we make the following change of variables
pi'ﬂ ( ff,}f;) /~ where the equivalence relation is generated by addition to
f{ and fJ of real and imaginary parts of a holomorphic function g(z)

(2.13) fi ~ fi+Re(g'(2)),  f3 ~ f3+Im(g'(2)).

Thus we have

[DA][Df]
[Dg]

where Jacobian is given by the determinant of the operator

(d@xd): (f1, f3) — p' = dfi + *dfs,

acting A% ., C A%(D) orthogonal to its kernel. We define a determinant of an
operator acting between different spaces as a square root of the determinant
of the product of the operator and its conjugated

[Dp] = Jacy!,

Jac; = |detAo”®Ao (d+ *d)|

(d+ *d)2> —det’y, A,

(det AO hEB‘/4 orth

orth

where Ag = (d + d*)? acting in the space of functions Ag. We have

8(dp') = 8(d(df + *df3)) = 6(d  dfs),
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and thus
Zyos) = [ 1og PHLDEL 03(0) [ stad 13
R A T B R =

l+1

X exp / Z (dfS + «d f3) A *dn'

/41 82W+ . . . d] ; y
/HX:IBQZ)’@@Z)] dfi +*d f3) A (dff + *d f3)

Let us fix a representative for the equivalence relation (2.13) by the condi-
tion that fi is in the subspace orthogonal to the space of harmonic func-
tions on the disk. This leaves a freedom to add to f¢ a real constant (indeed
Im(g°(2)) = 0 implies ¢*(z) = a* € R). We denote by [D f1)’ the induced mea-
sure on this subspace. The integration over f} gives

{41

Zp(64) = / Di] [DA] 02(0) exp {2 /D S dfi A s
=1

/ ”Zl WL o
7 1 ’
i 09l 3¢”

where the determinant in the denominator is canceled by the determinant
appearing from the integration of the delta-function.

We split the space of functions A%(D) on a disk on the space A9 of
harmonic functions and the space A?V of functions that have zero normal
derivative on the boundary:

'=fi+fn, fie A fyeAY
Aofh, =0, Onfylsr =0.
The subspace A9 can be identified with the space Fun(S!) of functions on the
boundary S* = dD. This is not an orthogonal decomposition with respect

to the natural scalar product on the space of functions on the disk. Thus we
have a non-trivial Jacobian in the integration measure:

[Df] = [Dfy] [Dfn] Jacy ™,
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which is a some constant. Note that the following relation holds:

I+1 41 £+1

/del/\*dn—/ ZnN*Ale / Znh*dflh

Taking integral over 771 N and 77% > We obtain

l+1
24(6:) = 5o [ IDA) TL6(0f] ) 800
=1
041 82W
X exp / 1;13# 8;5_] f1N+f1h)/\d(f1N+f1h)

= J:(JQ det’ A3, Ag det Fun(sl)(*d)

Now let us calculate the functional integral (2.11). The calculation is basi-
cally the same as in the case of Zy. The only difference (apart of the fact that
Jacobins and determinants appear inverse) is that the integral over constant
mode of ¢’ is present and is eaten up by the delta-function insertion. On
the other hand the integral over constant mode of gﬁi_ remains. Taking into
account the cancelation of the Jacobians and determinants for fermions and
bosons the total integral is equal to

{+1
/ H dti enW +(®)
Re+1 =1
where #/ are constant modes of the fields ¢i. O

Corollary 2.1. The correlation function of the observable (2.9) in the type
B topological S*-equivariant linear sigma model (2.7) with the superpotential

{+1
(2.14) W% (61) = Y (Ao — ), A € Ry
j=1

is given by the following product of the I'-functions

(2.15) (0. (00 = ﬁ KT < )
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Proof. Using the result of the previous Theorem for the superpotential (2.14)
we straightforwardly have

/41 . tz+1 0+1
(0*(0)>W$>—/W+1 Hdtﬂ en Lt (At —e” th r( )

O

The expression (2.15) is equivalent to the one obtained in type A topolo-
gical sigma model considered in [8]. The coincidence of a particular correla-
tion functions in type A model considered in [8] and the correlation function
from Corollary 2.1 is a manifestation of the mirror symmetry between two
underlying sigma models. Without taking into account the involved S'-
equivariance, the mirror correspondence between the two models follows
from the results of [17]. In particular the exponential terms in the super-
potential (2.14) are attributed to the summation over instantons in type A
sigma model. In the following section we provide heuristic arguments for the
mirror symmetry between the topological theory considered in this note and
the one considered in [8].

3. On equivalence of A and B topological sigma models

As it was demonstrated in the previous section the Euler integral represen-
tation of the I'-function

+o00 .
(3.1) I'(s) = / dxe*®e ¢, Re(s) > 0,

— 00

naturally arises as a particular correlation function in a certain S!-
equivariant type B topological sigma model on the disk D. In [8] it was
argued that this integral representation is dual to the representation of the
I’-function as an equivariant symplectic volume of an infinite-dimensional
space. The natural framework for this duality is a mirror symmetry. Below
we establish a direct relation of the Euler integral representation (3.1) of
the I'-function with the representation of the I'-function as an equivariant
symplectic volume of an infinite-dimensional space proposed in [8]. We also
discuss an explicit mirror map between the type A equivariant topological
linear sigma model considered in [8] and the type B equivariant topological
sigma model considered in the previous sections. Finally we elucidate the
appearance of the non-standard real structure (2.4) in a simple example of
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the mirror map for a sigma model on P! with the target space being an
infinite cylinder C* = R x S*.

3.1. Fixed point calculation of equivariant volume

In this subsection we derive the Euler integral representation of the Gamma-
function (3.1) applying the Duistermaat—Heckman fixed point formula to the
infinite-dimensional integral representation for the Gamma function pro-
posed in [8]. The main step of the derivation is a calculation (see Lemma
3.2) of the infinite-dimensional determinant entering the stationary phase
evaluation of the relevant functional integral.

Let us start with recalling the functional integral representation of the
I'-function as an equivariant symplectic volume from [8]. Let M (D, C) be a
space of holomorphic maps of the disk D = {z € C| |z| < 1} into the complex
plane C. An element of M(D,C) can be described as a complex function
©(z,z) on D, satisfying the equation

(3.2) 0zp(z,2) = 0.

We denote the complex conjugated function by @(z, z). Define a symplectic
form on the space M(D, C) as follows:

2 2

(3.3) Q do(a) Adp(o) do,

where ¢(0), ¢(0) are restrictions of ¢(z, 2), @(z, z) to the boundary 0D = S!
and o is a coordinate on the boundary such that o ~ ¢ + 27. The symplectic
form (3.3) is invariant with respect to the action of the group S! of loop
rotations and to the action of U(1) induced from the standard action of U (1)
on C

(3.4) p(z) — e%(2),  @(2) — e p(2), e eU(1),
(3.5) p(z) — w(efz),  @(2) — plez), P est

Let h and A be generators of the Lie algebras of S! and U(1) correspond-
ingly. The action of S! x U(1) on (M(D,C),Q) is Hamiltonian and the
corresponding momenta are given by

2 2 1 2

__ v ~ _ 2
(3.6) Hg = = ), @(0)0s(0) do, Hyay = o ; lp(0)]* do.
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The S! x U(1)-equivariant volume of M(D, C) is defined formally as follows
[8]. Let x(z,2) and x(z, Z) be a pair of complex conjugated odd functions
satisfying the equations

(3.7) 0:x(z,z) =0, 0.X(z,z) = 0.

The functions (x(z, %), X(z, %)) can be considered as a section of the odd
tangent bundle IIT M(D,C) to M(D,C). Using the standard correspon-
dence between differential forms on a manifold X and the functions on the
odd tangent bundle IIT'X one can write down the symplectic form (3.3) as
follows:

. 27
0= /0 do () X(0).

Below we freely use the equivalence between differential forms and functions
on superspaces without further notice.

The S' x U(1)-equivariant volume of the space of holomorphic maps
M(D,C) is given by the following functional integral:

(3.8)

Z(A,h,u)Z/ dm(p, ) etMvathHatd) — Re(u) <0,
T M(D,C)

where Hgi, Hyqy are given by (3.6), and dm(¢p, x) is a canonical integra-
tion measure on the superspace IITM(D,C) defined in [8]. The integral
(3.8) is an infinite-dimensional Gaussian integral and is understood using
the zeta-function regularization. Note that in general, regularized infinite-
dimensional integrals depend on auxiliary parameters defined by a particular
choice of a regularization scheme. For the integral (3.8) this leads to the fol-
lowing general dependence on a regularization scheme [8]:

(3.9) Z(\ hop) = A(p) Bu)h T (2) ,

where A(p) and B(u) are some A-independent functions. Thus taking into
account the dependence on a choice of a regularization scheme it is natural
to consider the S x U(1)-equivariant volume of the space of holomorphic
maps M(D,C) (and thus in particular the gamma-function) as a R* x R, -
torsor. The regularization scheme we use below leads to a particular choice
of A and B.

In [8] the integral (3.8) was expressed in terms of infinite-dimensional
determinant and no obvious relation with the Euler integral representation
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(3.1) was given. Below we consider a heuristic derivation of (3.9) using an
infinite-dimensional version of the Duistermaat—Heckman fixed point for-
mula [7]. In this derivation the Euler integral representation (3.1) appears
in a natural way.

To proceed let us first recall a construction of a projective space PV as
the Hamiltonian reduction of a symplectic manifold (CV*! weni1) by the
Hamiltonian action of the group U(1). Here the symplectic form wen+1 is
given by

. N+1
(3.10) WeN+1 = B Z de A d,?j,
j=1
and the U(1) action
(3.11) e’ zj — %z, e e U(1), j=1...,N+1

is generated by the vector field

N+1
0 _ 0
v = ;Z{Zzazz — Zlagz}

The momentum Hy () corresponding to the Hamiltonian action (3.11) is
defined by the equation t,w = —dHy (1) and is given by Hy ) = %Zé\gl
|zj|2. Projective space PV can be realized as a Hamiltonian reduction of

(CN*L wensr) by U(1)
1
3.12) PV = {z e CN+! ‘ Hy)(2,2) = 27«2} /U(l), reR.

Thus constructed PV has a canonical symplectic structure wp~ proportional
to the Fubini-Study form. In terms of inhomogeneous coordinates w; =

Zj/ZNH, zn+1 7 0 it is given by
N N - N _
(3.13) wpn = ﬁ (1+ 350 [wil?) Zj:l dw; N dw; — Z” w;widw; N dwi.
2 (1+ N, [wil?)?

The symplectic space (CN*1, weni1) allows also the Hamiltonian action of
the group U(1)NV+!

(3.14) z; — z;e", e e U(1);, i=1,...,N+1,
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generated by vector fields

0 0 .
Ui:z{ziazi_zzé?zi}’ i=1,...,N+1.

Solving the equations t¢,,wce+1 = —dH; we find the corresponding momenta
1
H, = §|zi|2, i=1,...,N+1.

The action of U(1)N+! descents to the Hamiltonian action on (PV,w"")
with the corresponding momenta

N T2 \w[z
(3.15) HY = — = ., j=1,...N,
’ 2 14350 [wjl
and
N 7”2 1
(3.16) HY, -

2 1+Z |wJ|2

Lemma 3.1. The following identity holds:

(3.17)

1 N+1 N+1 pN
1 S(Hyory — 72/2) eiwenn+5 0500 ) / oo+ N5 A HEY)
27TIU, CN+1 ( U(l) r / )e PN ¢ ’

where wpn is given by (3.13) and the reduced Hamiltonians H;PN are given

by (3.15) and (3.16).

Proof. Let us introduce new variables w; = z;/2n11, j=1,...,N and t =

lzna1|?, 0 = 21@ In ;Z“ so that zy41 = Vte. Then we have

N N+1 N+1

H <1>N+1/ d ‘/\d_-(5<1 12 _ r? ) wd RN H
27'(' 2 CN+1 L\ % Zi 2 g ’Zl, 2 ©
- dwn A divy,)
dG/ dttN/
/ CN 1 + Z |’U,)n|2
x 5<t sor A

1+lenl2>
N

dw,, N\ dwy,
_ NN (Z)N/ n/:\l( ) SN HY
2 cN (1+Z|wnl2)N+1
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Taking into account that

N

dwy, A\ dws,
“e v (1) A )
NI 2 (1+Z’wn‘2)N+17

we obtain the identity (3.17). O

We shall use an infinite-dimensional analog of the identity (3.17) to
calculate the integral (3.8). Let us rewrite the integral (3.8) as follows:

—+o00
ZO\ b 1) = / dt o™ Z,(h, 1),
(3.18) Zuh) = [ ) (e ),
M(D,C)

Now taking into account (3.17), we can interpret Z;(h, ) as an integral over
the infinite-dimensional projective space PM (D, C)

(319) Zt(h/7 'UJ) = 27[‘# / e#(hﬁsl-i-Q(t))’
PM(D,C)

where Q(t) is an induced symplectic form on PM(D, C) and Hg: is a momen-
tum corresponding to the S!-action on PM (D, C). We should stress that the
integral in (3.19) is an infinite-dimensional one and thus requires a proper
regularization which will be discussed below.

To calculate the integral (3.19) we use an infinite-dimensional version of
the Duistermaat—Heckman formula [7], [2] (for a detailed introduction into
the subject see e.g. [3]). Let M be a 2N-dimensional symplectic manifold
with the Hamiltonian action of S' having only isolated fixed points. Let H
be the corresponding momentum. The tangent space T, M to a fixed point
pr € M5 has a natural action of S'. Let v be a generator of Lie(S') and
let ¥ be its action on T},, M. Then the following identity holds:

e”hH(pk)

3.90 p(hH+w) _ -
(3.20) /M ¢ > dety, a ho/2r
prEMS k

Let us formally apply (3.20) to the integral (3.19). A set of fixed points
of S! acting on PM(D,C) can be easily found using linear coordinates
on M(D,C) (considered as homogeneous coordinates on PM(D,C)). Let
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¢(z) be a holomorphic map of D to C. It represents an S!-fixed point on
PM(D, C) if rotations by S! can be compensated by an action of U(1)

(3.21) e Bp(ez) = p(2), B € 10,2n].

It is easy to see that solutions of (3.21) are enumerated by non-negative
integers and are given by

(3.22) o™ (2) = pp2", on € C* n € Zsp.

The tangent space to M(D,C) at an S'-fixed point ¢(™ has natural linear
coordinates ¢, /pn, m € Z>o, m # n, where coordinates ¢y, k € Z>( are
defined by the series expansion of ¢ € M(D,C)

oo
k
e
k=0

After identification of i in (3.19) with a generator of Lie(S!) its action on
the tangent space at the fixed point is given by a multiplication of each
©m/en on (m —n). Thus to define an analog of the denominator in the
right-hand side of the Duistermaat—Heckman formula (3.20), one should
provide a meaning to the infinite product [[;7_g ., i(m —n)/27. We use
a (-function regularization (see e.g. [16] and also Appendix in [8])

In [mezgmﬁm %(m — n)}

n —’l o0

0
(3:23) T os (; (ahm/27r * Z ahm/Qﬂ' )

m=1

s—0

where a is a normalization multiplier. The introduction of a is to take
into account a multiplicative anomaly det(AB) # det A - det B appearing
for generic operators A and B. We specify a at the final step of the calcula-
tion of (3.19).

Lemma 3.2. The reqularized product (3.23) is given by

(3.24) 1 _ (_1)n(ah/27r)—" Vah

|:H’m62>07m76n h(m - n)/27‘(’ n! 27
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Proof. Using the Riemann (-function

() =3

n=1

one can express the right hand side of (3.23) as follows:

In [ ZH , %(m - n)L = (¢(0) + n)Inah/2m +Inn! — '(0) + vrn.
MEL>0,,MFEN

Taking into account ¢(0) = —3 and ¢(0)' = —3 In 27, we obtain (3.24). O

Let us now calculate the difference of the values of S'-momentum map
Hgi at two S'-fixed points go(”), 4,0(0) € PM(D,C). Consider an embedded
projective line P! ¢ PM(D,C), containing 0™ and . Let us choose
homogeneous coordinates [z : z1] on P! such that ¢(®) = [1:0] and o™ =
[0 : 1]. The action of S* on PM(D,C) descends to the embedded P! via the
vector field

(3.25) V= {wa — U_]a} , w = 21/20.

The pull back of the symplectic form Q(t) is given by

o dw N dw
T Py
The action of the vector field (3.25) on P! is the Hamiltonian one. Let H gf)
be the corresponding momentum given by a restriction of the momentum
Hg: for S'-action PM(D,C). From the definition of the momentum map
we have

[0:1] [0:1]
(20 HPE) - BPEO) = [ anf) = - [ e,
[1:0] [1:0]

A momentum defined as a solution of the equation iyw = —dH is unique
up an additive constant. To fix this constant we normalize the momentum
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Hgi () so that Hgi (¢(©) = 0. Thus we obtain the following:

[0:1] dw od 1 0
(n) (”):t/ waw fwaw. - f L 9% _
(3.27)  Hg'(¢™) = n mo (1+ w]2)? " {(1+|w|2)]0 "

Substituting (3.27) and (3.24) into (3.20) for M = PM(D,C) we obtain

(3.28)
entuh

I 2m
= _ — n___ - — _ Hht
Zi(hy ) = 2mp Gn)? nEZO( 1) (ah/2r) wvah exp { el } ,

where the dependence on the normalization constant a reflects an ambi-
guity of the regularized infinite-dimensional integral. Taking into account
(3.18), the regularized S' x U(1)-equivariant symplectic volume of M (D, C)
is given by

(3:29)  Zreg(A, By ) = / dt e Z,(h, ) = pvah / g QPN o Zmesnt
0 0

— (9)1/2 <ah)2 /+OO duerte "
h 2m —In(ah/2m) ’

where u = pht — In(ah/2m). To get rid of the renormalization ambiguity we
take the limit a — +o0 in the following way:

. a\—1/2 s a\—% N A
(330 z0uh) = tim (3) 7 (55) " ZuesMs A 1) =57 D(5).
Thus, we show that the formal application of the Duistermaat—Heckman
formula to the infinite-dimensional integral (3.8) in the form (3.18) leads to
the Euler integral representation (3.1) of the I'-function and reproduces the
results of Section 2.

3.2. On explicit mirror map for the target space C

In this subsection we consider an explicit mirror map of the type A topo-
logical sigma model considered in [8] to the type B topological sigma model
considered in Section 1.

In the previous sections, we take into account the action (3.4) of U(1) on
the symplectic space (M(D, C), ) of holomorphic maps of the disk D into
the complex plane C. Now we introduce a larger infinite-dimensional group
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acting on (M(D,C),?) in a Hamiltonian way. The space (M (D, C), Q) sup-
ports the Hamiltonian action of a commutative Lie algebra G = Map(S!, R)
of real functions on S! given by

a-p(o) =ilalo)p(o)l,,  a-glo) = —i[alo)p(o)]_,

where a(0) € G and (o), ¢(0) are restrictions of ¢(z), ¢(Z) to the boundary
S1 = dD. The projectors | ]+ are defined as follows:

[ezno]+ — e’LTLO" n 2 O’ I:e’LTLO':I+ — 07 n < 0’ [ezna]_ — eZTLO’ . I:e’LTLU:I+‘

Given a Hamiltonian action of G one can define corresponding momentum
map of M (D, C) into the dual to the Lie algebra G. The value of the momen-
tum on the element a(o) of the Lie algebra G is given by

(3.31) ;

Hg(a) = ; do (o) Hg(@(0),#(0)),  Hg(#(0),¢(0)) = ilsﬁ(a)\?

Note that the subalgebra u(1) C G corresponding to a(o) = const coincides
with the Lie algebra of the group U(1) considered in the previous subsection.
The momenta (3.31) motivate an introduction of a new parametrization of

M(D,C)
o(o) = 7.1/2(0,) ez¢>(a)’ o(0) = 7_1/2(0) e_,¢(g)’

and thus

— lo(o)? o) =——-1n M
(3.32) T(@) =le(@)l%,  ¢lo)=—51 (so(a)>'

Note that thus defined 7(o) is constrainted by the condition to be a restric-
tion to the boundary S! of the square module of a holomorphic function
on D. Also let us stress that ¢(o) given by (3.32) is not single-valued.
Indeed let (™ (2) = p,(2)p? (2) be a holomorphic function on D such that
pn(2) = [[j=1(2 — a;), a; € D is a polynomial of degree n and 0O (2) is a
holomorphic function without zeroes inside D. Then we have for the corre-
sponding function ¢(o)

(3.33) oW (o +27) = ¢™ (o) + 27,  n € Zso.
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Hence the space of holomorphic maps has the following decomposition (mod-
ulo subspaces of non-zero codimension):

(3.34) M(D,C) = Upz MM (D, C),

where M (D, C) includes holomorphic maps ¢(z) such that for the corre-
sponding function ¢ the relation (3.33) holds. We would like to reformulate
the integral (3.8) using new variables (3.32) and the decomposition (3.34).
Let us decompose the space of fields 7(o) on the subspace of constant modes
7(0) = 2t and the orthogonal subspace of 7.(c) such that [, do7.(o) = 0.

For ¢ € M (D, C) the momenta (3.31) for U(1)- and S'-actions in the
new variables (7, ¢) are given by

1 21 1 21
Hyay = 47T/0 doT(0) =t, Hg = 47r/0 do 7(0)0s0(0)

1 2

=0 i do 0y7(0)(0) + nt,

where we take into account (3.33). Thus we have the following equivalent
representation for (3.8):

(3.35)

+oo
Z()‘7haﬂ) :nz:%)//\/l

where J(7, + t) is a Jacobain of the transformation from the variables (¢, @)
to the variables (7, ¢). The integration over ¢ leads to a delta-function with
a support on the space of solutions of the equation

dt [DT*] [Dgf)] J(T* + t) 6—ﬁ Js1 do hd, . d>+,ut(hn+>\)7
(m)(D,C)

(3.36) 0,7(0) =0, 7(0) = |0(2) ] sz,

where ¢(z) is a holomorphic function on the disk D. The solutions of (3.36)
are given by

(3.37) Lp(”)(z) = pp2", n € Z>o

and coincide with the fixed points (3.22) of the S-action on PM(D, C). Thus
the sum over n for a fixed ¢ is an analog of the sum over S'-fixed points
entering Duistermaat—Heckman formula applied to PM(D,C). It remains
to integrate the delta-function §(0,7) in the vicinity of each solution (3.37)
taking into account that 7(o) is a square of a holomorphic function such
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that the integral fo% dot(o) = 2t is fixed. Actually we already evaluated
this integral which is equivalent to the regularized product (3.24) entering
the Duistermaat—Heckman formula. Thus we obtain

(3.38) ZO iy W)reg = p/ah Z / We u(Fn4)

= pvah / dt et
0

Note that to make the integral (3.38) well-defined we should sum the series
for an appropriate range of the variables p and a. The integral (3.38) repro-
duces the regularized integral (3.29). Taking appropriate limit (3.30) we
recover the expression obtained using the Duistermaat—Heckman formula.

Using the evaluation of the integral (3.35) near the solutions (3.37) and
summing the series one can rewrite (3.35) in the following form:

(339)  Z(\ b ft)oeg = / dt / (D7 det A §(A7) 6(0yma|gr)ehP— S
0

where A is a Laplace operator on the disk D and now the functional inte-
gral is taken over the space of real functions on the disk orthogonal to the
subspace of constant functions. It is easy to see that the integral over T,
reduces to an additional t-independent factor for Z(A,h, a)ree. Combining
the variables ¢t and 7, into a new variable 7 = 7, +t — A~ In(ah/27) and
taking the limit a — +o0o we obtain the following:

(3.40) Z(A\ hyp) = — lim C(a,h) a™M" Z(\, B, a)reg

h a—00

_ / [D7] det A 6(AT) §(,7|s1) e3r o drir()=e7)

where C(a, h) is an appropriate function. Let us note that the integral rep-
resentation (3.40) can be directly derived from (3.35) in the limit a —
+00. Indeed, in the limit a — oo (taking into account the shift ¢t — ¢ —
h~'In(ah/27)) the Jacobain becomes field independent and the condition
on the function 7 to be the square of a holomorphic function reduces to the
harmonicity condition on 7 due to the expansion

h

— -1 -
Aln(r — h™ " Inah/27) o ah 2

ATp + -+, a — +00.
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The summation over n with the weight factor obtained by a proper integra-
tion over n zeroes of 7 leads to the exponential term in (3.40).

To make a contact with the representation of the equivariant volume
integral (3.8) in terms of type B topological sigma model described in Section
1 we note that the condition 9,7|s1 = 0 imposed on restrictions of harmonic
functions to the boundary S = 9D is equivalent to the condition ,7|s1 = 0
where 0, is a normal derivative to the boundary of D. Therefore we have

(3.41) Z(Ah,p) = / [D7] det A 6(AT) §(9,7]s1) €37 Jo dolrAT(@)=e (),

The J-functions can be replace by an integral over an auxiliary field (o).
Thus we obtain the following integral representation:

(3.42)
Z(\ b, ) = / (D] [Dr] det A el 1 dsnndrt o do(ur(@)=e™") 50, 0Y).

This functional integral is equivalent to the one entering the formulation of
the Corollary 2.1 for ¢ =0 with 7 = ¢4+ and k = ¢_. This can be demon-
strated by integrating over the fields 1, # and p in the type B model con-
sidered in previous section.

3.3. T-duality for target space C*

Finally we clarify the appearance of the non-standard real structure in the
topological type B-model proposed in Section 1 as a mirror dual to the
topological type A-model considered in [8]. To elucidate this issue we con-
sider a simple example of the bosonic sigma model on P! with the target
space C* = R x S'. The mirror symmetry in this case is straightforwardly
realized as a T-duality with respect to S'. We will demonstrate below that
starting with a sigma model similar to the one considered in [8] we obtain
after T-duality the topological sigma model with the real structure on the
space of fields considered in Section 1.

Let us given the following action functional:

(3.43) S = <;F/\*F + FAOp — F/\&p)
P1

t
(3.44) —/ <7F/\ «F' — oF Nxdr — 1F N\ dqﬁ),
pr \2



128 Anton Gerasimov, Dimitri Lebedev and Sergey Oblezin

where ¢ = 7 +1¢ is a complex coordinate on the cylinder R x St~ o+
21 and F = F,dz + FzdZ is a real valued one-form. We imply that P! is
supplied with the Kéahler metric associated with the standard Kéahler form

w_z dz Ndz
S 2(1+ 2%

Note that (in the classical theory) the action (3.43) does not depend on the
choice of the two-dimensional Kahler metric. This action (3.43) is a part of

an action of the topological sigma model consider in [8] adopted to the case
of the target space C*. Indeed, the integration over F' gives the standard
functional integral for the sigma-model

(3.45)
z= [IDRDAe
= / [DF;|[DE,][Dy] exp {— / APz (tFFs = 1Fe0:p — ZanzSO)}
= C(t) /[Dgo] exp {—t‘l y 4’2 0.¢ OZSO}»

where d?z = 1dz A dz and C(t) is a function of .

The standard way to implement 7T-duality is to introduce an auxil-
iary field B = B,dz + BzdZz and x and consider a theory with the following
action:

t
(3.46) S:z/ d/@/\B—i—/ (2F/\*F—ZF/\*CZT—ZF/\B>.
P Pt

Indeed integrating over k leads to a constraint B = d¢, where ¢ is a real
valued field and thus we come back to the action (3.44). On the other hand,
integration over B leads to the action

S = (tF/\*F—ZF/\*dT>,
I[Dl 2

with the constraint
(3.47) F =dk.

Thus, the integration over F' with the constraint (3.47) gives

t
(3.48) S = <2d/<a A xdk — wdk A *dT) .
P1
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In [8], we consider a sigma-model without F' A «xF-term (i.e., we imply that
t = 0). Taking ¢t = 0 in (3.48) we obtain

(3.49) S=- z/ dr N\ *dT.
IF)I

This action is precisely the two-derivative term in (2.2) where the role of
k and 7 is played by the fields ¢4 and ¢_. Thus the non-standard real
structure on the fields in (2.2) is a consequence of taking a limit ¢ — 0 in
the mirror dual model discussed in [8]. Note that the action (3.49) can be
straightforwardly obtained by taking ¢ = 0 in (3.44) and integrating out ¢.
Let us finally note that the action (3.49) arising in the limit ¢ — 0 is anal-
ogous to the action functionals describing discrete light-cone quantization.
This relation will be discussed elsewhere.

4. Conclusion

To conclude this paper we briefly outline some directions for future research.
The constructions of [8] and of this note allow several straightforward gener-
alizations. For instance, one can consider an equivariant type A topological
sigma model on a disk D with a compact target space being (partial) flag
manifolds. Their mirror dual type B topological theories are also known [12].
Simple examples are provided by projective spaces P¢ and more generally
Grassmannian spaces Gr(m, ¢ + 1). Such topological sigma models can be
described in terms of a twisting of AV = 2 SUSY gauged linear sigma models
[22,27]. For instance in the case of the target space X = P! the correspond-
ing linear sigma model has target space C**t! gauged by the diagonal action
of U(1). For its mirror dual see for example [17]. An analog of the correlation
functions considered in [8] but for the target space P’ should be equal to a
degenerate gl ;-Whittaker function given by

/+1 ~ N
_ YT A/
(4.1) Uy, (@) = /cdve7 jl;[ll“ (h) ,

For a detailed discussion of the relation of (4.1) to Toda chains see [9)].
The same expression should be equal to an analog of the correlation func-
tion in mirror dual type B equivariant topological sigma model with the
target space C’ and a superpotential W (¢) = 25:1 ((Nj = A1)’ —e%s) —
e?~2 k=1 %% The structure of the integral (4.1) is quite transparent. The prod-
uct of I'-functions is a correlation function in the type A topological sigma
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model with the target space C**! of the type considered in [8] (as well as
a correlation function in the mirror dual type B theory) and the integral
over - is a projection corresponding to an integration over the fields in the
topological U(1)-gauge multiplet (over dual scalar topological multiplet in
the mirror dual type B theory). Similar reasoning can be applied to the case
of the Grassmannian target space [28]. We will provide a detailed discussion
of these cases in [10]. The case of general partial flag manifolds is a bit more
complicated but accessible by the technique developed in [11] and will be
discussed elsewhere.

Let us stress that the discussed examples of explicit calculations of
particular correlation functions in topological theories on non-compact man-
ifolds is not restricted to the case of dimension two. The three- and four-
dimensional examples of such calculations have an interesting interpretation
(see e.g. [8]). These higher dimensional examples should provide additional
insights on the conjectural relation between local Archimedean Langlands
correspondence and the mirror symmetry. We are going to pursue these
directions elsewhere.
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