COMMUNICATIONS IN
NUMBER THEORY AND PHYSICS
Volume 4, Number 3, 463-549, 2010

Three-dimensional topological field theory and
symplectic algebraic geometry 11

ANTON KAPUSTIN AND LEV ROZANSKY

Motivated by the path-integral analysis [6] of boundary conditions
in a three-dimensional topological sigma model, we suggest a defini-
tion of the two-category L(X ) associated with a holomorphic sym-
plectic manifold X and study its properties. The simplest objects
of L(X) are holomorphic lagrangian submanifolds ¥ ¢ X. We pay
special attention to the case when X is the total space of the cotan-
gent bundle of a complex manifold U or a deformation thereof. In
the latter case, the endomorphism category of the zero section is a
monoidal category which is an A, deformation of the two-periodic
derived category of U.
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1. Introduction
1.1. Sigma-models and categories

Let M be a real d-dimensional manifold and let X = (X,s) be a pair in
which X is a real manifold and s is a geometric structure on X such as
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a complex structure or a symplectic structure. A d-dimensional topological
sigma-model (TSM) with a space-time (also known as the world-sheet or
the world-volume) M and a target-space X is a quantum field theory based
on a path integral over the infinite-dimensional space of maps M — X. The
measure on the space of maps is determined by the structure s.

We are interested in two-dimensional and three-dimensional TSMs.

Path-integral-based arguments suggest that if manifolds X with a certain
type of structure serve as target spaces for d-dimensional TSM then they
form a d-category C with special features.! Let us briefly recall these features
and illustrate them by two well-known examples.

The category C has a symmetric monoidal structure related to the carte-
sian product of manifolds:

(11) CxC— C, (Xl,Sl) X (XQ,SQ) = (Xl X X2,Sl X 82),

where s1 X so is the natural structure on X7 x Xs5. The monoidal structure
has a unit element X p¢ = (Xipt, Si-pt), where X p¢ is the manifold con-
sisting of a single point and s1_p¢ is the corresponding trivial structure. This
element has the property Xj_p x X = X. For a structured manifold X we
define a (d — 1)-category of morphisms

Cx = Home (X pt, X).

This category is known in quantum field theory as the category of boundary
conditions of the TSM related to X.
The d-category C has a contravariant duality functor

(1.2) c2e (X80 =(X,5°),

such that there is a canonical equivalence between (d — 1)-categories of mor-
phisms:

(1.3) Homy (&1, Xp) = Home (Xipt, X X Xp) = Cao -

!The notion of a d-category for d > 1 is quite complicated, and in fact there is no
generally accepted definition for d > 2. The difficulty lies in formulating coherence
conditions on composition of k-morphisms, 1 < k < d, which express a suitable
version of associativity. Our treatment of d-categories for d > 2 will be heuristic
because we will not check associativity. For d = 2 we will occasionally discuss asso-
ciator two-morphisms, when they are not obvious, but we will not check whether
they satisfy the pentagon identity. Our discussion will be even more informal when
we invoke differential graded two-categories.
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This equivalence implies that an object Q12 € Home (A7, X2) determines a
functor between (d — 1)-categories

(1.4) ® [O12] : Cx, — Cu,,

which represents a composition of morphisms within C. Moreover, a compo-
sition of morphisms of C corresponds to the composition of functors (1.4), so
the structure of the d-category C is determined by the boundary condition
categories Cy and the functors (1.4).

Recall two examples of this general construction for d = 2, that is, when
C is a two-category. The first example is related to the A-model. The struc-
ture s is a symplectic structure (that is, s is a symplectic form on X), the
category of boundary conditions Cy is the Fukaya—Floer category F(X),
its simplest objects being lagrangian submanifolds of X, the action of the
duality functor is s = —s, and the functor ® [O15] is the lagrangian corre-
spondence functor determined by a lagrangian submanifold Lo C Xf> X Xs.

The second example of the two-category C comes from the B-model: X is
a Calabi—Yau manifold, s is its complex structure, the category of boundary
conditions Cy is the bounded derived category of coherent sheaves DP(X),
its simplest objects being complexes of holomorphic vector bundles on X,
the duality functor acts trivially: s¢ = s, and the functor ® [O1s] is the
Fourier—-Mukai transform corresponding to the object Oqs.

1.2. The three-category of holomorphic symplectic manifolds

For d = 3 a natural class of TSM comes from the Rozansky—Witten model
[12]. In [6] we studied this TSM and its two-category of boundary conditions
from the path-integral viewpoint. In this paper, we attempt to present a
mathematical description of the three-category | formed by these theories
and formulate conjectures about it.

Objects of L are holomorphic symplectic manifolds X = (X,w), where
X is a complex manifold and w € 92?9 is a holomorphic symplectic form: it
is non-degenerate at every point of X and dw = 0. If the symplectic form
is canonical, we abbreviate the notation (X,w) down to X. The monoidal
structure (1.1) comes from the product of manifolds and the sum of their
symplectic structures: (X1,w1) ® (Xa,w2) = (X1 x Xo, 7] (w1) + 75 (w2), )
where m; and 79 are the projections of X; x X5 onto X; and Xs. The dual-
ity functor < acts on objects by switching the sign of the symplectic form:
(X, w)¢ = (X, —w).
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The main purpose of the paper is to investigate the two-category Cxy
associated to a holomorphic symplectic manifold X = (X,w). We denote it
as L(X ,w). The definition of L(X ,w) for a general holomorphic symplectic
manifold is rather complicated and requires a construction of a micro-local
presheaf of two-categories on X. Therefore, we devote much of this paper
to special (X,w) and present an attempt at a general definition only in
Section 6.

1.3. Algebraic approach
The first approach towards the description of the two-category L(X ,w) is
based on the fact that when X is a cotangent bundle of a complex manifold
U, the category L(TVU) can be described in terms of the properties of U.
This description is algebraic in nature and there is no reference to TVU,
so by looking at the definitions one would not see directly that symplectic
structure is involved.

In Section 2 we study a “toy” two-category M.F(X), X =1x1,...,T,, which
after a minor modification should be equivalent to the two-category L(TVC”)
associated with a symplectic affine space, that is, with the cotangent bundle
TVCn.

Recall that for a polynomial W € C[x]|, an object of the category of
matrix factorizations MF(x; W) is a free finite rank Zo-graded C[x]-module
M with a degree-1 endomorphism (called a curved differential) D satisfying
the condition D? = W 1j;. The polynomial W is called a curving. A curving
of a tensor product of two matrix factorizations over C[x] is the sum of their
curvings.

The simplest objects of MF(x) are polynomials W € C[x]. The category
of morphisms between two polynomials W and W5 is the category of matrix
factorizations of their difference

(1.5) Hom (W1, Ws) = MF(x; Wy — W),

and the composition of morphisms comes from the tensor product of matrix
factorizations over C[x].

In Section 3 we extend the algebraic construction of L(TVC™) to the
cotangent bundle TVU of a complex manifold U by defining algebraically a
two-category Dz, (U) which is supposed to be equivalent to L(TVU). Similar
to the affine case, the simplest objects of 522 (U) are labeled by holomorphic
functions W on U, and a category of morphisms between two such functions
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is the curved version of the derived category of coherent sheaves DP(U):
(1.6) HomDZQ(U)(WL Wz) = DZZ(U, WQ - Wl).

This category is an analog of the category of matrix factorizations (1.5) when
the algebra C[x] is replaced by the differential graded Dolbeault algebra
(Q0*(U),0). A perfect object of Dz, (U, W) is a Zs-graded vector bundle
E — U with a curved (0,1) differential V such that V2 = W 1g, and the
composition of morphisms of the type (1.6) comes from the tensor product
of vector bundles.

1.4. Geometric approach: the case of a cotangent bundle

Path-integral analysis in [6] indicates that “in the classical approximation”
the category |:(X ,w) should contain special “geometric” objects. These
objects are holomorphic fibrations ) — Y, where Y C X is a lagrangian sub-
manifold. Generally, fibration objects ) — Y have to be deformed because
of quantum corrections, but this is unnecessary in two special cases. The
first case is when ) is a one-point fibration, that is, the fiber is a point and
the object is just the lagrangian submanifold Y itself. The second case is
when X is isomorphic to a cotangent bundle: X = TVU.

In Section 4 we study morphisms between fibration objects of |:(X W)
for X = TVU. Here is an overview of our conjectures for the simplest objects
of L(TVU) which are lagrangian submanifolds.

We say that two holomorphic submanifolds Z1, Zs C X have a clean
intersection if any point x € Z; N Zy has an open neighborhood U, C X
which is isomorphic to a neighborhood of 0 in T, X, so that Z; and Z5 are
identified with T, Z; and T, Z5. This condition implies that the intersection
Z1 N Zg is smooth.

Suppose that two lagrangian submanifolds Yi,Ys C X = TVU are
Calabi—Yau, their intersection is clean, and the difference of dimensions
dimY; — dim(Y; NY2) is even. Then the category of morphisms between
them becomes fairly simple:

(17) HOIHL( (Yl, }/2) = DZZ(YI N YQ)

X,w)
Moreover, if all intersections between three Calabi-Yau lagrangian sub-
manifolds Y;, Y5 and Y3 are clean, then the composition of morphisms
€12 € Hom(Y7,Y3) and &3 € Hom(Y3,Y3) is a combination of pull-backs,
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tensor product and push-forward

(1.8) 523 (¢] 512 = (ng)* <L>{2(512) & L;3(823)>,

where ¢;; are injections

YINYaNYs

L12 L23
L13

YinY, YiNYs Yo NYs.

In particular, the endomorphism category of a lagrangian submanifold Y C
X is its two-periodic category:

(1.9) End[(}(’w) (Y) =Dz, (Y),
and the composition of endomorphisms is just the tensor product:
(1.10) E10E6 =6 R®&

for any &1,& € D22 (Y)

In Section 5 we study the geometric description of the category |:(X W)
in case of a general holomorphic symplectic manifold (X,w). We show that
general features remain the same as for the cotangent bundle X = TVU, but
almost everything is deformed. As we have mentioned, lagrangian submani-
folds Y C X remain objects of |:(X ,w), but the categories of morphisms (1.7)
and the composition rules (1.8) are deformed. These Ay, deformations are
determined by the symplectic geometry of tubular neighborhoods of the
lagrangian submanifolds involved, as summarized in Section 1.7.

1.5. Relation between algebraic and geometric approaches

In Section 4.3 we relate the algebraic and geometric descriptions of the two-
category of a cotangent bundle. We describe the restriction of the equivalence
functor

(1.11) bo: DE (U) = L(TVU)

(where the two-category D%Q (U) is a slight modification of Dz, (U) defined
in Section 3.5) to the objects of Dj (U) whose images in L(TVU) admit a
geometric description as holomorphic fibrations.
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Let us sketch this relation for X = TYC™. To a polynomial W € Clx],
which is an object of the two-category MF(x), we associate the graph of its
holomorphic differential

(1.12) Yw = {(x,p) € TVC" |p = OW}.

Yy is a lagrangian submanifold of X and it represents the object of L(TVC™)
corresponding to W.

Let Crit(W) denote the critical locus of the polynomial W: Crit(W) =
{x € C"|0W (x) = 0}. We say that the critical locus is clean, if Crit(WV) is
a smooth manifold and the Hessian of W is non-degenerate in the normal
directions. A category MF(x; W) “localizes” to Crit(W), and if Crit(W) is
clean then we conjecture that MF(x; W) is equivalent to Dz, (Crit(W)) up
to a certain categorical “shift” explained in Section 4.3.1. The intersection
Y, N Yy, C TVC™ projects onto Crit(Ws — W) C C™ and the projection
establishes an isomorphism between them. The intersection of Yy, and Yy,
is clean exactly when the difference Ws — Wy has a clean critical locus. Hence
in this case the categories Homyj (W1, W3) and Homyj (v (Yw,, Yw,) are
equivalent (up to a shift).

1.6. The two-category of a deformed cotangent bundle

Path-integral analysis in paper [6] suggests that similarly to the derived cat-
egory of coherent sheaves and in contrast to the Fukaya category, the two-
category |:(X ,w) is local: the category of morphisms between two lagrangian
submanifolds Homt( ij)(Yl, Y3) is determined by a small tubular neighbor-
hood of the intersection Y; N Y5 and the composition of morphisms connect-
ing Y7, Y3 and Y3 is determined by a small tubular neighborhood of the triple
intersection Y7 N Y5 NY3. Therefore, if we knew the properties of the two-
category L of a tubular neighborhood of a lagrangian submanifold Y C X,
we would know the morphisms involving Y and their compositions.

In real symplectic geometry, a small tubular neighborhood of a
lagrangian submanifold is symplectomorphic to a small tubular neighbor-
hood of the zero section of its cotangent bundle. This is no longer the case
in holomorphic symplectic geometry: the holomorphic symplectic structure
of the cotangent bundle TVY may have non-trivial deformations and a tubu-
lar neighborhood of Y C X may be isomorphic to a tubular neighborhood
of the zero section within this deformed bundle. Thus in order to apply
the locality principle to the study of L(X ,w), in Section 5 we explore the
two-category L of a deformed cotangent bundle of a complex manifold U.
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The best way for us to describe the two-category L(TVU) is through
its equivalence to the two-category DZZ(U). Hence we describe the category
L of the deformed cotangent bundle of U by constructing a deformation
of Dz, (U). We assume that the deformation parameter s of Dz, (U) is the
same parameter that describes the deformation of the holomorphic complex
structure of TVU and that the simplest objects of the deformed category
DZz(U, ») are functions W on U, such that the graphs of their holomorphic
differentials OW are lagrangian submanifolds of the deformed cotangent bun-
dle (TVU).,..

We find that the deformation parameter s is an element of
QUL (U,S*TU), degg. » > 2, satisfying the Maurer-Cartan equation 0 -+
{5, 5} =0, where {—,—} is the Poisson-Schouten bracket on Q% (U,
S*TU). The functions W parameterizing the simplest objects of Dy, (U, »)
must satisfy the equation OW = (OW), where s is regarded as a (0,1)
form on TYU taking values in polynomial functions on the fibers of TVU.
The category of morphisms between two objects Wy and Wy of 522(U, )
turns out to be an A.-deformation of (1.6):

(1.13) HomDZ2(U7%)(W1, W3) = Dz, (U; Ai2),

where the deformation parameter Ajp = Wy — Wy + --- € QU A*TU)
satisfies the Maurer—Cartan equation 02 + % [A12, A12] = 0 and the bracket
[—, —] is the Schouten bracket. The composition of morphisms turns out to
be a non-commutative deformation of the tensor product that described the
composition of morphisms within DZ2 (U).

1.7. Geometric approach: the general case

The locality principle applied to formula (1.13) says that for a general holo-
morphic symplectic manifold (X,w) the category of morphisms between
lagrangian submanifolds Y7 and Y5 having a clean intersectionis given by
a deformation of Equation (1.7):

(114) HomL(X,w)(Yl’ Yg) = DZ2 (Yl N }/2; Aﬁ,l?)a

where \n 12 is a deformation parameter of a special form: A\n 12 = Ar 122 +
An123+ - and An1o; € 0o (U, AT(Y1 N Yg)). Properties of bZQ(U, )
suggest that if one of the exact sequences TY; — TX |y, — NY;, i = 1,2 (for
example, the one with i = 1) splits and the other lagrangian submanifold
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Y, can be presented as the graph of OW with U =Y; as described in
Section 5.4.1, 2 then An,12 = 0, so that formula (1.7) holds true.

The non-split nature of the exact sequence TY — TX|y — NY is mea-
sured by a class By € Extl(Oy,S?>TY) C Extl (NY,TY), where Oy is the
structure sheaf of Y and we used the fact that Y is lagrangian, so NY =
TVY. If the exact sequence does not split or equivalently By # 0, then the
category of endomorphisms of Y is deformed:

Endl:(X,w) (Y) = DZQ (Y, )\y),

where Ay = ):y73 +- Ay € 00 (U, /\iTY) and the leading term Ay 3 is
quadratic in By and linear in the Atiyah class R of the tangent bundle TY
(cf. Equation (5.46)).

To illustrate the deformation of the composition rule (1.8), consider the
case when Y] = Y5 = Y3 =Y and By # 0. If the Atiyah class of the tangent
bundle R is zero, then, according to Section 5.6, the endomorphism cate-
gory of Y remains undeformed as in Equation (1.9), but the composition
rule (1.10) is deformed. For example, if E, Fs € Dz, (Y) are two holomor-
phic vector bundles on Y, then their composition is the deformed tensor
product

(1.15) Ey 0 By = (E1 @ E2),ss

where (12 is a deformation parameter (12 = (12,1 + Ci22+ -+, Ci2; €
Q02+ (End(E, ® F»)), satisfying the Maurer-Cartan equation OCio +
%[Clg,clg] = 0. Tﬁe cohomology class of the leading component of (q9 is
proportional to By and to the Atiyah classes of the bundles F; and Fs:

23 = By L (Fg, Fr,).

Note that 62173 = —51273, so the composition in the category Endl-_-(XM) (Y)
is non-commutative due to deformation (1.15).

If By =0, then (12 = 0 and the composition rule (1.10) remains unde-
formed, however the associator isomorphism

a123: (Bh ® E) ® B3 — E1 ® (Ey ® Es)

may be non-trivial.

2We expect that such a presentation exists if the holomorphic bundle
TY:|y,ny,/T(Y1 NY3) admits an O(n, C) structure.
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1.8. A presheaf definition of the two-category E(X, w)

In Section 6 we sketch an approach to a rigorous definition of the two-
category L(X ,w) as the category of global sections of a certain presheaf
PB(X,w) of two-categories defined on X.

Let C3 be the affine space C" with standard coordinates x = x1,..., 2,
and let Ux C CZ be an open subset inheriting the coordinates. A symplectic
rectangle is a product of two such subsets Ux x Vj; it has a natural holo-
morphic symplectic structure w = > | dy; A dxz;. A rectangular chart is a

symplectic embedding
(1.16) [:Ux xVy — X,

The images of these charts form an open cover of X.

Since the coordinates x on Uy provide a trivialization of the cotan-
gent bundle TVU, there is a canonical symplectic embedding Ux x Vy C
TYU. To a symplectic rectangle Ux x V4, we associate a two-category I'_'(Ux X
V,) which is a “micro-localization” of the two-category Dz, (U). The two-
category I:(UX x Vi) is a full subcategory of DZZ(U) and its simplest objects
are holomorphic functions W on U satisfying the condition that the associ-
ated lagrangian submanifolds (1.12) should lie within Ux x V5, C TVU: for
any point u € Uy, the differential v = 9xW € Cy should belong to Vy, C CJ.

Thus to a rectangular chart (1.16) we associate the two-category L(Uyx x
Vy). The structure of the micro-local presheaf P(X,w) comes from two
types of functors defined in Section 6.2: the restriction functor and the
Legendre transform. A symplectic rectangle Uy x Vy has a lagrangian
“g-fibration” formed by subspaces u x Vy, where u € Ux. The restriction
functor &, .: L(Uy x Vi) — L(UL x V) is associated to a symplectic
embedding e: Uy, x Vy, < Ux x Vi, which preserves the g-fibration. The
Legendre transform is a special equivalence functor 1“\+: I:(Ux x Vy) —
L(Vy x U_x), which permutes the lagrangian fibrations u x V4, u € Ux and
Ux x v, v € Vi of the symplectic rectangle Uy x V.

1.9. Derived categorical sheaves

In Section 7 we discuss the relationship between the RW model and the
theory of derived categorical sheaves introduced by Toen and Vezzosi [14].
This relationship emerges when the target manifold X is the cotangent bun-
dle of a complex manifold Y. In this special case, one can promote the Zs
grading of the RW model to a Z-grading by declaring that natural fiber
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coordinates of the cotangent bundle sit in cohomological degree 2. Objects of
the corresponding two-category of boundary conditions are naturally asso-
ciated with sheaves of DG-categories over Y, i.e., with derived categori-
cal sheaves. More precisely, objects of the kind mentioned above (complex
fibrations over Y') correspond to rather special sheaves of DG-categories.
However, we argue that more general sheaves of DG-categories, such as
skyscraper sheaves, can also be related to boundary conditions in the RW
model if we allow fibrations whose fibers are graded manifolds. Conjecturally,
the two-category of boundary conditions in the Z-graded RW model with
target TVY is a full sub-two-category of the two-category of derived cate-
gorical sheaves over Y. We perform some simple checks of this conjecture.

2. The three-category of affine spaces

2.1. Two-periodic perfect derived category of a curved
differential graded algebra

In this section we define the two-category of boundary conditions corre-
sponding to the RW model whose target is a complex symplectic vector
spaces. We also describe the three-category of all such RW models. Defini-
tions of categories of morphisms between two objects of our two-categories
follow the same general pattern that we are going to review in this subsec-
tion. We follow closely the exposition of Block [2], replacing Z-grading with
Zo-grading when needed.

A commutative curved differential graded algebra (CDGA) is a triple
(A,?,W), where A is a Z-graded associative commutative algebra A =
D2, A" with an associated Zy-grading

(2.1) A=AaAl, A =Par, Al=Part
=0 =1

V is its differential of (possibly inhomogeneous) odd degree not less than 1:

V2=0, V(A)cPHAT

J=0

and a curving W is a V-closed element of A of even Zy-degree: W & AG,
VW = 0.

We adopt the notations | — |z and | —| for Z-degree and Zs-degree,
respectively, and we denote the elements of Zy as 0 and 1.
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A Zs-graded differential module (Z2-GDM) over a CDGA (A, ?LW) isa
pair M = (M, VM), where M is a Zo-graded module over A, while Vj; is its

curved differential: Vj; is a C-linear map M BN Vs . |Var| = 1, satisfying
the Leibnitz identity
Vir(am) = (Va)m + (=1)l% a (Vyym), Vae A, VYm e M,
and having the curving W:
Var o Vi = W 1y,

where 1,7 is the identity endomorphism of M. The module M can be rolled
out into a two-periodic twisted complex
vMi - Vo . Vi - ﬁMO

MU Ml MO
?M(‘) ] vMi == WlMi, ?Mi o @M(‘) = Wle),

hence the name of the category.

Suppose that two Zs-graded modules (or vector spaces) M; and Mo
have endomorphisms A; and As of a similar nature. Then for a linear map
f: My — M we use the commutator notation for the following expression:

(2.2) [A, f] = Asf — (1)1 4.

For two Zo-GDMs My and My over a CDGA (A, v, W), the space of
homomorphisms Hom 4 (M7, Ms) has a differential d:

df = [V, £, f € Homua(My, My).

Thus Zo-GDMs are objects of a DG-category.

We define the tensor product of a Zo-GDM M over a CDGA (A, Vv, Wl)
and a Zs-GDM My over a CDGA (A, Vv, Wg) as a Zo-GDM over a CDGA
(A, V, W1 + W3) by the formula

(2.3) My Mo = (M &4 Mo, Vir, @ 1 + (—1)/ 71 @ V).
Also we define the dual Zo-GDM as
(2.4) (M, %) = (MY, V).

Note that (M, ?M)v is a Zo-GDM over the CDGA (A, v, —W).
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A Zo-GDM P = (P, ?p) is called perfect if the A-module P has the form
(2.5) P=P® A,

where P is a projective Zo-graded module over A°. The two-periodic perfect
derived category Dz, (.A, v, W) of a CDGA (A, Vv, W) is defined as a graded
category whose objects are perfect Zo-GDMs, and morphisms are defined by

(2.6) Hom(Py, Py) = HS (Hom AP Pg)).

One may enhance the category Dz, (A, V. W) by adding new “admissi-
ble” objects which are declared isomorphic to the existing perfect objects
according to the following rule. A Zo-GDM M is called admissible, if there
exists a perfect Zo-GDM P such that for any perfect Zo-GDM P’ there is
an isomorphism

(2.7) Hom(P’, M) = Hom(P', P)
and for any other admissible Zy-GDM M’ we define

Ext(M, M") := Hom(P, M’).
2.2. Categories of matrix factorizations

2.2.1. Definition of the category. A category of matrix factorizations
is a particular case of a two-periodic perfect derived category defined in
Section 2.1. For a finite set of commuting variables

(2.8) X=21,...,%Tp

consider the algebra of polynomial functions A = A% = C[x] regarded as
Z-graded CDGA placed in zero degree, with zero differential V4 = 0, and
the curving being a polynomial W € C[x]. Then the category of matrix
factorization MF(x; W) is the corresponding two-periodic perfect derived
category:

(2.9) MF (x; W) := Dz, (C[x],0, W).

According to the general definition, an object of MF(x;W) is a pair
M= (M7 DM)7 where M is a free Zy-graded C[x]-module, while Dy, is its
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curved differential:
DMGEnd(C[x}(M)v |DM|:L D%/[:W:LM

Morphisms between objects are defined by Equation (2.6). The tensor prod-
uct (2.3) gives a functor

Rcix]

(2.10) MF(x; W1) x MF(x; W3) MF(x; W1 + W) .

Let y =wy1,...,yr be another list of variables, generally of a differ-
ent length. For W, € C[x] and W5 € Cly], a matrix factorization My €
MF(x,y; Wo — W) determines a functor

(2.11) MF (x: ;) — 2]

MF(y; W2)
which acts by taking a tensor product with Mso: for a matrix factorization
M e MF(X; Wl),

(2.12) O [Mio] (M) =M ®clx) Mi2 € MF(y; W2).

Note that since Wj cancels from the curving of the tensor product (2.12),
we can forget its C[x]-module structure, thus turning it into an object of
MF(y; W2). .

All categories MF(x; W) can be unified into a single two-category MF
of Landau-Ginzburg B-models with affine target spaces along the lines
explained in Section 1.1. This two-category should be thought of as a two-
category of boundary conditions for the RW model whose target is a point.
An object of MF is a pair (x; W), W € C[x] or, equivalently, a category of
matrix factorizations MF(x; W). Morphisms between two objects also form
a category of matrix factorization

(2.13) Homyje (x3 Wh), (y; W2)) = MF(x, y; W — W),

and the composition of morphisms corresponds to the composition of
functors (2.11): for two morphisms M;js € Hom((x;W1), (y;W2)) and
Moz € Hom((y; Wa), (z; W3)) we define

Magz o M1z = Maz ®c[y] Mia.
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2.2.2. Koszul matrix factorizations A Koszul complex corresponding

to a list of polynomials p = p,...,pr € C[x] is the tensor product of com-
plexes
(2.14) K (p) = @) ((Clxlo —2~Clxl; ),

i=1

where C[x]; denotes a rank-1 C[x]-module of Zy-degree i. A Koszul matrix
factorization is defined similarly: for two sequences of polynomials p,q €
C[x] of equal length k, a Koszul matrix factorization K(p;q) is a tensor
product of rank-(1, 1) matrix factorizations

p1 a1 i
Di
215) K@) =" P =@ (Cly==Ch; ).
i=1
Pr gk

Obviously, K(p;q) € MF(x;p - q), where we use the notation

k
P-d4=) pig
=1

Suppose that an ideal (p) C C[x] is generated by a regular sequence p
and W € (p). Then the polynomial W has a presentation W = p - q, where
q € C[x]. It is easy to check that for fixed W, the isomorphism class of the
matrix factorization (2.15) does not depend on the choice of the polynomials
g, so we can use an abbreviated notation

(2.16) Kw(p) = K(p;a)

for the matrix factorization K (p;q) of Equation (2.15).

The identity endofunctor of a matrix factorization category MF(x; W)
can be presented in the form (2.11) with the help of a Koszul matrix factor-
ization. For a list of variables x, consider another list x’ of the same length.
The difference W (x’) — W(x) belongs to the ideal (x' —x) C C[x,x’], and
the corresponding Koszul matrix factorization

Low = Ky x—wx) (X' —X)
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determines the functor (2.11)

q)[j-X;W}

MF(x; W) MF(x'; W) ,
which becomes the identity functor, if we identify the categories MF(x; W)
and MF(x’; W) by identifying the variables x and x'.

2.2.3. Knorrer periodicity and the translation two-functor. If the
list of variables x is empty and the curving W is zero, then the corresponding
category MF(@;0) is equivalent to the category of Zs-graded vector spaces.
The latter has only two indecomposable objects: the one-dimensional vector
space C in degree 0 and its translation C[1].

The category MF(y1,92;%? +%3) also has only two indecomposable
objects: the Koszul matrix factorization

My1,yz = Ky?+y§ (yl - ﬁ?ﬁ)

and its translation M,, ,,[1] = Kz (1 +vV—=112).

The Knorrer periodicity theorem states that there is an equivalence of
categories

MF(2;0) = MF(y1, y2; ¥1 + ¥3),

established by the functor

(M, 4]

MF(2;0) MF

Y1,Y2;97 +y3 -

More generally, for any curving polynomial W € C[x] there is an equivalence
of categories

MF(x, y1, y2; W (%) + 47 + 43) = MF(x; W),
established by the functor

@[lx;W@MylvVQ]

(2.17)  MF(x; W) MF(x', y1, y2; W (x') + 47 + 43) -

The translation two-functor [1]o: MF — MF acts on a matrix factoriza-
tion category MF(x; W) by adding an extra variable to the list x and adding
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its square to the curving polynomial W:
(2.18) MF (x; W)[1]2 := MF(x,y; W(x) + ¢?).

The action of [1]o on categories of morphisms is provided by the Knorrer
periodicity functors (2.17). Knorrer periodicity also implies that the square
of the translation two-functor is equivalent to the identity two-functor:

[2]2 == [1]2 0 [1]2 > 1.

Definition (2.18) of the translation two-functor [1]2 can be adapted to the
general setting of the two-periodic perfect derived category of a CDGA (see
Section 2.1). Consider a special CDGA A2 = (C[y],0,y?), so that accord-
ing to Equation (2.9) Dz,(A,2) = MF(y; y?). For a CDGA A we define the
translation of its two-periodic perfect derived category as

(2.19) Dz,(A)[1]2 = Dz,(A® Ay).
Knorrer periodicity establishes an equivalence of categories
Dz,(A)[2]2 = Dz, (A).

For a list of variables y = y1, ...,y define a CDGA Ay = (C[y], 0, y?),
so that by our definition Dz, (A)[n]2 = Dz, (A ® Ay2). The category Dz, (A ®
Ay2) has an equivalent “intrinsic” description in terms of objects and mor-
phisms of Dz, (A). Namely, consider a category Dz, (A)[n]5, whose objects
are pairs (P, fp), where P = (P, ?p) is a perfect module of Dz, (A), while

£p = fpa,... fpn € Ext'(P,P)

satisfies the property
{fris frj} = dij1p.

Morphisms between two objects (P, fp) and (P’, fp/) are Dz, (A)-morphisms
g € Ext®*(P,P’') which intertwine the lists fp and £p/: g fp = fp/g. An equiv-
alence functor between the categories Dy, (A)[n]; and Dz, (A ® Ay2) maps
an object (P,fp) of Dz,(A)[n]y into an object (P ® Cly],Vp +y - fp) of
Dz,(A® Ay2).
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2.3. The two-category of relative curved differential graded
polynomial algebras

Fix a finite set of variables x of length n. The two-category of relative curved
differential graded (CDG) polynomial algebras MF(x) is a result of “fibering”
the two-category MF over the algebra C[x]. One should regard this two-
category as a two-category of boundary conditions for the RW model whose
target is TVC™. (These are not the most general boundary conditions: more
general ones will be described in the next section.) Objects of MF(x) are
pairs (y; W), where y = y1,...,yx is a list of “extra” variables of arbitrary
length and the curving W is an element of the algebra C[x,y| over the
ring C[x]. The category of morphisms between two objects is defined as the
category of matrix factorization of the difference of curvings:

(2.20) HomM'F(X) ((y; W), (z; W) := MF(x,y,2z; Wa(x,2z) — Wi(x,y))

(cf. Equation (2.13)). The composition of morphisms between objects is
given by the tensor product functor (2.10): for Mis € Hom((y;Wh),
(z;W3)) and Mag € Hom((z; W2), (u; Ws)) we define

Moz o Mig = Mas ®cxq Mi2 € MF(x,y, u; W3 — W)
(cf. Equation (2.12)). )

The simplest objects of MF(x) are the ones without extra variables,
and we denote them as W := (&; W), where W € C[x]. The category of
morphisms between such objects is

Homl\/'I.F(x)(Wl’ WQ) = MF(X; WQ - Wl).

An object (z; Wia) € MF(x,y) determines a correspondence two-functor

bz ;W]

(2.21) MF(x) MF(y),

which turns an object (u; W) € MF(x) into an object

(2.22) Oz W] (u; W) = (x,u,z2; W+ Wia).

The action of the correspondence two-functor (2.21) on categories of
morphisms between objects is defined with the help of Koszul matrix factor-
izations. For objects (u;Wp),(w;Ws3) € MF(x) we have to define
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the functor

Hom((u; W1), (w; W) 2221,

Hom(® [z; W] (u; Wa), & [z; W] (w; W),
or more explicitly, according to Equations (2.20) and (2.22),
(2.23) MF(x, u, w; Wa (x, w) — Wi (x, u)) —=22,
MF(y,x',u’, 2z, x", w", z"; Wi,
where

W5 = Wy(x", w") + Wia(x",y,2") = Wi(x',u') = Wia(x', y,2)

and for some lists of variables we used primed and double-primed lists of
the same length in order to change the names of variables. Functor (2.23)
can be written in the form (2.12)

Gi9[z; W] = @ [M;2]
for a certain matrix factorization Mo € MF(R™"; WY, where
R = C[x,u,w,y,x,u,z x" w7z
and
Wigt = (Walx, w") = Walx,w) ) = (Wi (x,w) = Wi (x, )
+ (ng(x”,y, z") — ng(x’,y,z')>.

The full formula for the matrix factorization My is rather bulky, so we
describe it indirectly in terms of the Koszul matrix factorization (2.16).

Denote

/

! " !/ " /
p=x—-xw —w,x —x,u —u,z’ —2).

Then W{S* € (p), and we set
M12 = KWtot (p)

When the lists x and y have equal number of variables, there exist two
important equivalence two-functors of type (2.21). The first one is the two-
functor

(2.24) la=®aja- (y —x)].
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If we identify MF(x) with MF(y) by identifying the variables x and y, then
1o becomes equivalent to the identity two-functor. We leave the details of
the proof to the reader, while illustrating this statement by the following
example: after the identification of x and y, the action of I, on an object
W e MF(x) becomes 1a(W) = (x’,a;WN/>, where W(x,x’,a) =W(x')+a-
(x — x'), and the isomorphism between W and 1,(W) is established by the
Koszul matrix factorization K (X' —X).

The second equivalence two-functor is the “Legendre transform” and it
has two versions:

(2.25) Ay =d[@;xy], A =d[z;—x-y].

Again, we leave the verification of their equivalence nature to the reader.
Note that the equivalence of morphism categories HomMF(X) (W7, Ws) and

Homye oy (Ai(Wl), Ai(Wz)) is a corollary of the Knorrer periodicity.

The composition of two Legendre transforms with opposite signs is equiv-
alent to the identity two-functor:

ApoA_~A_ oA, ~1.

_ The translation two-functor is an equivalence two-functor [1]z: MF(x) —
MF(x), which acts on an object (y ;W) by adding a new variable a to the
extra variable list and adding its square to the polynomial W:

(2.26) (v; W) [l = (y,a; W +d?).

An equivalence between the morphism categories Homyje ((y;Wh), (z;W2))
and Homyje ., (v ; W1) [1]2, (z; Wa) [1]2 is established by the Knorrer period-
icity functor in view of an obvious equivalence of categories

(2.27)
Homyjie ooy ((y; W1) (12, (z; W2)) = Homyje o) ((y; W1) , (2; W2)) [L2.

>~

The two-translation by 2 is isomorphic to the identity endofunctor: [2]s

InNiF(x)-

2.4. The three-category MF of polynomial algebras

The two-categories described in the previous subsection can be combined
into a single three-category. This three-category should be thought of as the
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three-category of RW models whose target spaces have the form TVC" for
some non-negative integer n.

An object of the three-category MF is a list of variables x. The two-
category of morphisms between two objects x,y € MF is the correspondence
two-category I\/IF(x y):

Hom(x,y) = MF(x,y).

Each correspondence determines a 2-functor (2.21), and the composition of
correspondences as morphisms of MF is defined to agree with the compo-
sition of the corresponding two-functors. Namely, the composition of two
correspondences (u; Wis) € MF(x,y) and (w; Wa3) € MF(y, z) is the corre-
spondence

(W ; Wag) o (u; Wia) = (0, w,y; Wiz + Wa3) € MF(x, z).

The identity endomorphism of an object x can be represented by the
correspondence

(2.28) 1w~ (asa- (x' —x)) € MF(x, x') = End(x),

the lists x’ and a having the same length as x (cf. Equation (2.24)).

The three-category MF has a symmetric monoidal structure correspond-
ing to Equation (1.1). The product of objects corresponds to the concate-
nation of lists

XXy =X,y

and the unit element is the empty list &. The duality endofunctor & of
Equation (1.2) acts on MF as the identity.

3. The three-category of complex manifolds

3.1. The two-periodic derived category of a curved complex
manifold

The category of matrix factorization (2.9) is based on a polynomial algebra
C[x]. One can define a similar “analytic” category MFA(x; W) based on the
algebra of holomorphic functions on C™. The two-periodic derived category
of a curved complex manifold Dz, (U, W), which is the two-periodic perfect
derived category of its curved Dolbeault algebra, generalizes the category
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MFA(x; W) from C" to a general complex manifold U, so that if U = C",
then there is an equivalence of categories

Dz, (C", W) ~ MFA(x; W).

From the physical point of view Dz, (U, W) is the category of boundary
conditions for the B-model with target U deformed by a curving W. In the
special case when W is a holomorphic function on U, this theory is the
topological Landau—Ginzburg model with target U and the superpotential
w.

Following the general construction of Section 2.1, let us define the curved
Dolbeault algebra of a complex manifold U. The Z-graded CDGA A of
Equation (2.1) is the algebra of (0, 8)-forms Q%*(U), the differential V is 0,
and the curving W is a O-closed even form:

(3.1) V=0, we™U), ow=o.

Let E be a smooth (not necessarily holomorphic) Zs-graded vector
bundle over U, and let Q%*(E) be the space of (0,e)-forms with values
in E:

Q" (E) =T(E®A*TVX) =T(E) ®@geor) 2 (U),

where I'(E) is the space of sections of E. The space Q%*(E) is a Zs-graded
module over Q%*(U) of the form (2.5). A curved quasi-holomorphic vector
bundle is a pair (F, Vi), where Vg is a curved (0, 1)-differential acting on
QU*(E), that is, Vg is a C-linear operator

Ve € Ende(Q%*(E)),

which satisfies the following properties:

(3.2) Vel =1,
. Ve (@ Ao) = (o) Ao+ (=D A (Vg o),
(3.4) Vio=W Ao,

where a € Q%*(U) and o € Q%*(E).
We call the pair (E,Vg) quasi-holomorphic, because even if W = 0,
the bundle E is not necessarily holomorphic: if we split the differential Vi
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according to the Dolbeault degree:

dim U
Vo= Vii Ve Q0(E) — Q0F(E),
7=0

then @E271 = _{?E,O, ?E,g} rather than @EQJ =0, so in general @E,l does not
determine a holomorphic structure on E.
If (E, Vi) is a curved quasi-holomorphic vector bundle, then the pair

(3.5) £ = (Q"(B), Vi)

is a perfect Zo-GDM over the CDGA (Q%*(U),d,W). In fact, all perfect
Zo-GDMs over this CDGA originate in this way from vector bundles with
curved differentials.

The pair (U, W) will be called a curved complex manifold. We define its
two-periodic derived category Dz, (U, W) as the two-periodic perfect derived
category of its curved Dolbeault algebra:

(36) DZz (Uv W) = DZQ (Qoy.(U)v 87 W),

its perfect objects being the pairs (3.5) and morphisms defined according
to the general formula (2.6). The monoidal structure and the action of the
duality functor ¥ also follow the general definitions (2.3) and (2.4).

For a perfect object (3.5) we use an abbreviated notation

(3.7) &= (E,Vg).
If W =0, then we will abbreviate the notation (3.6) down to
(3.8) Dz, (U) := Dy, (U, 0).

The latter category contains a full subcategory which is equivalent to the
bounded derived category of coherent sheaves DP(U):

(3.9) DP(U) — Dy, (U).

An object of DP(U), represented by a chain complex of holomorphic vector
bundles

0o g1 Ok—1

(3.10) E° E!
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corresponds to an object (E,0+ o) of Dz,(U), where E is the total
Zo-graded vector bundle

E= P Fo P F,

1—even i—odd

while 9 is the (0, 1) differential for holomorphic vector bundles and o is the
combined differential of the complex (3.10): o = Zle ;.

The category Dz, (U, W) admits a certain “Dolbeault filtration”. Con-
sider two perfect Zo-GDMs, which share the same vector bundle E: £ =
(B, Vi) and &' = (E, V). We say that the objects £ and &’ are isomorphic
up to order k, if the difference between their connections is of higher degree
as an element of Q¥*(E):

@é — @E = O, O € @Qo’i(E).
i>k

The tensor product of perfect Zo-GDMs over 2%*(U) corresponds to the
tensor product of vector bundles:

(3.11) &1 ® & = (B1 ® B, Vg, + Vg,).

Since
(Ve, + VE.)* = (W1 + W2) Le e,
the tensor product (3.11) gives rise to a functor
Dz,_,(U, Wl) X DZQ(U, WQ) & ng(Ua Wi+ Wg).
For a holomorphic map F': U’ — U and for a (0,e)-form W of (3.1)

let F*(W) denote its pull-back to U’. We introduce a ‘derived’ pull-back
functor F* and a push-forward functor Fj:

Dz, <U’,F*(W)) j:: D, (U, W) .

The pull-back functor F* acts on perfect objects (3.5) by pulling back quasi-
holomorphic vector bundles. The definition of the push-forward functor F
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is a bit tricky. There is a pull-back homomorphism of CDGAs
(Q¥*(U"),0, F*(W)) =—— (Q°*(U),0, W),

which turns a perfect Zy-GDM &’ over the CDGA (Q%*(U’),d, F*(W)) into
a Zo-GDM over the CDGA (Q%*(U),d, W). We conjecture that the latter
Z5-GDM is admissible (cf. Equation (2.7)) and use it as the definition of
F.(&).

3.2. The two-category of curved complex manifolds

The two-category of curved complex manifolds DZQ is a generalization of
the two-category of analytic matrix factorizations MFA. From the physical
viewpoint, it is the two-category of curved B-models, or equivalently the
two-category of boundary conditions for the RW model whose target is a
point. An object of DZQ is a curved complex manifold (U, W). A morphism
between two curved complex manifolds (U, Wi) and (Us, Wa) is a perfect
(or an admissible) Zy-GDM

F e DZQ(Ul X UQ, W;(WQ) — ﬂi‘(Wl)),
where 71 and 7o are projections
(3.12) U1 X U2
U,y Us
Such an object F determines a Fourier-Mukai transform functor

S|F
Dy, (U, W) —7]

Dz, (Ua, W2),
with the standard action on objects £ € Dy, (U1, W1):
(3.13) O [F] (€) = ma. (]—“ ® w;(e)).

We define the composition of morphisms F as the composition of the corre-
sponding functors, so for Fijo € Hom((Uy, Wh), (Uz, W3)) and Fo3 €
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Hom((Uz, W3), (Us, W3)) the composition is

(3.14) Foz 0 Fr2 = m13x(m12(F12) ® m33(F23)),
where the maps m;; are the projections

(3.15) Uy x Uy x Us

12 13
23

Uy x Us UQXU3 U1><U3
3.3. The two-category of curved fibrations

Let us fix a complex manifold U. A holomorphic fibration over U is a smooth
fiber bundle

»

U

where U is a complex manifold and the projection p is holomorphic.
Bundle (3.16) does not have to be holomorphic, so the complex structure of
the fiber V may be different over different points of the base U.

Let xy denote the fibered product of two fibrations with the same base
U. It has natural projections

(3.17) Z/{l XU UQ

RN

Ul UQ

The two-category of curved fibrations [")Z2 (U) is obtained by “fibering”
the two-category DZZ over U, the fibers V being the analogs of the manifolds
U appearing in Section 3.2. This category is also a generalization of the
analytic two-category M.I.:A(x):

Dz, (C") = MFA(x).

From the physical viewpoint, DZQ(U ) is the two-category of boundary con-
ditions for the RW model with target TU.
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An object of Dy, (U) is a curved fibration (U, W) where, according to def-
inition (3.1), W € Q%9(Y) and OW = 0. The category of morphisms between
two objects is the two-periodic derived category of their curved fibered

product:

(3.18)
Homg ) (U, Wh), (Uz, Wa)) = Dz, (Us xu Us, m3(W2) — 75 (Wh)).

An object F of category (3.18) generates a Fourier—Mukai transform functor

P[F]

Dz, (U1, W) Dz, Uz, W2)

which acts on an object & € Dy, (U1, W;) according to formula (3.13). The
composition of morphisms Fio € Hom((Uy, Wh), (U, Wa)) and Fag €
Hom((Ua, W), (Us, W3)) is defined again by formula (3.14), where the maps

m;; are projections

Uy Xy Uz Xy Us
T12 iﬂ_ 13
23

Z/{l XUZ/{Q UQ XUU3 Ul XUZ/{;?,

so that this composition agrees with the composition of Fourier—Mukai func-
tors. )

The simplest objects of Dy, (U) are curved one-point fibrations (7y, W),
where

{1-point} — U
(3.19) Ty =
U

is a one-point fibration, that is, a fibration whose fiber is a single point, and
W is a holomorphic function on U. We denote the objects (7, W) simply
as W. According to the general definition (3.18), the category of morphisms
between two curved one-point fibrations is the curved two-periodic derived
category

(3.20) Hom(Wl, Wg) = DZQ(U, Wy — W1),
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and, in particular, the endomorphisms of a curved one-point fibration W
form the two-periodic derived category of U:

(3.21) End(W) = Dy, (U)

containing the bounded derived category of coherent sheaves D(X) as a
subcategory. The composition of endomorphisms in End(W) corresponds to
the tensor product (3.11), in other words, to the standard monoidal structure
on DZQ(U).

The two-category Dgz,(U) has a “pseudo-monoidal” structure. For two
objects (Ui, W1) and (Usz, Wa) we define

¢

Uy, Wh)xu Uz, Wa) = Uy xp Ua, w1 (W) + 71 (W2)).

The main property of the pseudo-monoidal structure is that for the object
(717, 0) consisting of the one-point fibration over U and W = 0, the following
isomorphism holds:

Hom((ul, W1)>~<U(Z/{2, —WQ), (TU, 0)) = Hom((ul, Wl), (UQ, WQ))

The two-category Dzz (U) has a translation endo-two-functor similar
to (2.26), which acts on a 0-object (U, W) by adding a space C, (which
is C with the standard coordinate a) to fibers of & and adding a® to the
curving W:

U, W)[1]s = U x Co, W + a?).

For a holomorphic map F': U' — U there exists a pull-back two-functor
Bz, (U") < Dz, (U)

which acts on an object (U, W) € Dz, (U) by pulling back the fibration U
and the Dolbeault cohomology class W:

(U, W) = (F*(U), F*(W))

If U’ is a holomorphic fibration over U and the map F is its projection, then
there is also a push-forward two-functor

*

DZz(U,) DZQ(U) '

Indeed, for an object (U',W') € Dz, (U’), a fibration U’ U can be
pushed forward to a fibration F,(U") over U: U’ Lo, U, so we can keep



494 Anton Kapustin and Lev Rozansky

the form W’ € Q9(1/') and define
E'\W') = (F.U"),W").
3.4. The three-category of complex manifolds

The two-categories DZQ(U ) can be assembled into a three-category Dz, .
It should be thought of as the three-category of RW models with target-
spaces of the form TVU, for all complex manifolds U. Objects of Dz, are
complex manifolds U (or, equivalently, categories Dz, (U)). The category of
morphisms between two objects is

(3.22) Hom(Ul, Ug) = Dzz(Ul X UQ).

Objects of category (3.22) are called correspondences. A correspondence
(Ur2, W12) € Hom(Uy, Usy) determines a two-functor

.. B, Wha] -
(3.23) Dz,(U1) —— > Dz, (U2)

acting on an object (U, W) € Dz, (U;) according to the formula
@ [Uso, Wia] Uy, Wh) = ma((Unra, Wia) X, <) T (UL, W1)),

where 7 and my are the projections (3.12). The composition of
correspondences (U2, Wia) € Hom(Uy, Uz2) and (Usz, Was) € Hom(Us, Us) as
morphisms in the three-category Dz, is defined to agree with the composi-
tion of their functors:

Uoz o Uiy = m13.4 (TioUi2, Wi2) X (1, xU, xUs) Ta3(Uaz, Wa3)),

where the maps m;; are the projections (3.15).

The three-category Dz, has a symmetric monoidal structure correspond-
ing to that of Equation (1.1). The product of objects corresponds to the
product of the underlying complex manifolds U; x Us and the unit object
is the complex manifold Uj_p; consisting of a single point. The duality end-
ofunctor ¢ of Equation (1.2) acts on Dz, as the identity.

3.5. Augmented categories

The curving W enters the path-integral formulation of the RW model with
boundaries only through it derivative OW. This suggests that one should
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define the two-category of boundary conditions in such a way that W is
defined only up to addition of a locally constant function. Below we describe
such a modification of the two-category DaZQ(U ). It is also necessary for a
geometric interpretation of DaZ2(U) in terms of the cotangent bundle TVU,
as we will see in the next section.

For an element W € Q%0(2(), such that 0W = 0, define an augmented
category D7, (U, W) as a formal union over all locally constant functions
Wie:

D, (U, W)= |J Dz,(UW +W).
OWi.=0

We define the two-category D%Q(U ) in exactly the same way as Dz, (U),
except that in the definition of morphisms (3.18) we replace the two-periodic
category Dz, with its augmented version D7 :

(3.24)
Homg, () (U, W), (Us, W2)) = D%, (Us xus U, m3(Wa) = 7(W1)).

Two objects (U,W1) and (U, W2) are isomorphic within D%(U ) if the
difference Wo — W7 is locally constant on U, that is, if OW1 = OWs.

The augmented three-category 'D'%Q is defined in the same way as Dz,,
except that we replace the categories DZQ appearing in its definition with
augmented categories DaZZ.

The augmented matrix factorization category is defined as the formal
union of categories

MF2y = | MFG W+ O),
CceC

and the augmented categories MF" (x) and MF" are defined similar to 5%2 (U)
and D7, .

4. The two-category L(TVU): a geometric description and a
relation to Dj_(U)

4.1. A geometric description of the two-category L(TVU)
Let (X, w) be a holomorphic symplectic manifold. The RW model associates

to (X, w) a two-category of boundary conditions L(X ,w). Path-integral argu-
ments suggest that a certain part of L(X,w) can be described in geometric
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terms. In this subsection, we consider the geometric description when (X, w)
is the cotangent bundle of a complex manifold U: X = TVU. The description
uses only the holomorphic symplectic structure of X, and in our definitions
we never refer to the cotangent bundle structure. Conjecturally, this prop-
erty should hold also for the whole two-category L(TVU ), in the sense that
it should be acted upon by the group of symplectic automorphisms of TVU.
This is far from obvious from the algebraic definition of L(TVU) as the

two-category D%Z(U ) given in the previous section.

4.1.1. O(n,C) bundles and matrix factorizations. A holomorphic
O(n,C) vector bundle B over a complex manifold U determines a “B-
twisted” version Dz, (U, W)[Bli of the category Dz, (U, W). The O(n,C)
structure determines, up to a non-zero constant factor, a holomorphic func-
tion Wy on the total space of B, which is quadratic along the fibers. The
B-twisting replaces U with the total space of the bundle B and adds W, to
the curving:

(4.1) Dz, (U, W)[Bliw = Dz,(B, W + W).

It is easy to see that the composition of two-translations corresponds to
the sum of vector bundles: [Bilyw[B2]tw = [B1 @ B2tw, and if the bundle
B is trivial, then Dz, (U, W)[Blww = Dz, (U, W)[rank B]s, where [1]2 is the
translation two-functor (2.19).

A line bundle L — U has an O(1, C) structure if and only if it is self-dual,
that is, if it is isomorphic to its dual: L 2 LY. The top exterior power A\"PB
of an O(n,C) bundle B is self-dual, and there is a canonical equivalence of
categories?

(4.2) Dz, (U, W)[Bltw = Dz, (U, W)[A\"P Biw[rank B — 1]5.

Similar to the untwisted two-translation discussed in Section 2.2.3,
category (4.1) has an alternative “intrinsic” description in terms of objects of
Dz, (U, W). Consider the case when B is a line bundle L. Let £ = (Q%*(L), 9)
be the perfect Zo-GDM corresponding to L. The self-duality of L determines
an isomorphism f}, 1, between £ ® £ and the structure sheaf 0y;:

for €Ext?(L® L, Op).

3We thank M. Kontsevich for pointing this out.



Topological field theory and symplectic algebraic geometry 497

An object of Dy, (U, W)[L];,, is a pair (£, f¢), where £ = (E, Vg) is a perfect
Z5-GDM (3.5) and the extension fe € Ext!(£,£ ® L) satisfies the property

oL o feofe=1¢.

Morphisms between two objects (&, fe), (&', fer) € Dy, (U, W)[L]tw are
morphisms ¢ € Ext®(€,&’) which intertwine the extensions: ¢fe = feg.
We conjecture that the categories Dy, (U, W)[L]w and Dz, (U, W)[L];,, are
equivalent.

4.1.2. A holomorphic fibration with a lagrangian base as a geo-
metric object. Let Ky denote the canonical line bundle of a complex
manifold U: Ky := A\"PTYU. Let Y C X be a lagrangian submanifold, that
is, Y is a holomorphic submanifold of X, such that dim¢ Y = %dim(c X and
wly = 0. We are going to consider ‘geometric’ objects of |:(X ,w) which are
pairs (), Ly), where Y is a fibration

(4.3) Z—=Y

|

Y <X

with a lagrangian base Y, and Ly is a holomorphic line bundle on Y, whose
square is the pull-back of the canonical bundle of Y: L%Q = pyKy.

A particularly simple type of a holomorphic fibration (4.3) is a one-point
fibration

(4.4) Ty = |
Y cX

Unless there is a danger of confusion, we denote such a fibration simply as
Y. The pairs (Y, Ly ), where Ly — Y is a line bundle such that Y®2 = Ky,
are the simplest objects of the type (), Ly).

4.1.3. Morphisms between geometric objects. We say that two holo-
morphic submanifolds Y7,Y> C X have a clean intersection, if any point
x € Y1 NY, has an open neighborhood U, which is isomorphic to a neigh-
borhood of the origin of the tangent space T, X in such a way that Y7 and Y5
correspond to their tangent spaces T, Y1, T,Y> C T, X. This condition guar-
antees that the intersection Y75 := Y] NY5 is a disjoint union of holomorphic
submanifolds of X.
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Define the X-product of two fibrations ); and )» as a fibration over the
intersection of their bases:

V1 Xx Vo := Vilvis Xvis Y2lvis> Y xx Vo —225 Vi

There are obvious projections

yl‘le yQ‘le

Suppose that the lagrangian bases Y7, Yo C X of the fibrations of two
objects (Y1, Ly,), ()2, Ly,) have a clean intersection, so the intersection Y72
is a complex manifold. The line bundle

(4.5) Ly := 71 (Ly, [vi,) ® 75 (Ly,|vi,) @ pra(Ky,))
is self-dual. Indeed, for i =1,2 we have pi2 = py, o7, and since L%& =
py, Ky,, the square of L3 can be presented as the pull-back of the product
of canonical bundles:

(46) L%Q :pTZ (KY1|Y12 ®KY2|Y12 ®K;1§)
Now consider the quotient bundles
(4.7) Qi = TYly,,/TY12, 1=1,2.

The holomorphic symplectic form w produces a non-degenerate pairing
between ()1 and ()2, so their top exterior powers are dual to each other and,
as a result, the tensor product A*PQ; ® A"PQs is a trivial line bundle. At
the same time, Ky, |y;,, = A"PQY @ Ky,,, 50 Ky, |v,, ® Kv,|y., = K3, and
the tensor square (4.6) is trivial, that is, L is self-dual.

Having established the self-duality of Lio, we propose that the category
of morphisms between the objects, whose lagrangian bases have a clean
intersection, is the shifted two-periodic derived category of the X-product

V1 Xx Yo

(4.8)  Homj (Y1, Ly,), (Y2, Ly,)) = Dz, (V1 xx V2) [Ln2]ew
x [3 dim X — dim Yy — 1]
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Roughly speaking, the category of morphisms Homj v\ (D, Ly,), (Y2, Ly,))
is the two-periodic derived category of coherent sheaves on the product
V1 X x Yo. The origin of the shifts in the r.h.s. of Equation (4.8) will become
clear when we compare Equations (4.8) and (3.18).

In the special case when Y and Vs are one-point fibrations (4.3) with
the same base Y7 = Y5 =Y and accompanying line bundles are the same,
formula (4.8) becomes

(4.9) Endj y,(Y: Ly) = Dz, (Y).

4.1.4. Composition of morphisms. We describe the geometric compo-
sition of morphisms under the simplifying assumption that the lagrangian
bases Y; of the fibrations };, i = 1, 2,3 are Calabi—Yau and the accompany-
ing line bundles Ly, are trivial. This implies that a clean intersection of two
lagrangian submanifolds Y;; = Y; N'Y; is “semi-Calabi-Yau”, that is, Ky ®2
trivial. Let us make a stronger assumption that Y; is Calabl—Yau Then the
general formula (4.8) simplifies

(410) Hom(yi,yj) = DZ2 (yZ XX yJ)
and we suggest that the composition of morphisms is a combination of

derived pull-backs, push-forwards and the tensor product: for two morphisms
E12 € Hom(Y1,Y2) and E3 € Hom()s, V3) their composition is

(4.11) Er3 0 E12 = (T13)« (T72(E12) ® m3(E23)),

where ;; are the embedding projections

Vi xx Yo xx V3

T12 23
13

Y1 Xx Vo V1 Xx Vs Yo xx V3
In the special case when all ); are one-point fibrations (4.3) with the
same base Y] = Ys = Y3 =Y, their categories of morphisms are given by

Equation (4.9) and the composition rule (4.11) reduces to the tensor product
within Dzz (Y) for 5,5/ S Dzz (Y)

(4.12) Eol'=¢EE.
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4.2. Holomorphic lagrangian correspondences and the
three-category of holomorphic symplectic manifolds

In this subsection we describe part of the three-category of RW models in
geometric terms. Throughout this subsection we will ignore the line bundles
Ly in the definition of the objects (), Ly) of L(X,w). To be more precise,
we may assume that all complex manifolds appearing here are Calabi—Yau
and all these bundles are trivial. Moreover, we assume that all intersections
are clean.

The statements of this subsection apply when (X, w) are cotangent bun-
dles: X = TVU, but in the case of one-point fibrations the statements apply
to general holomorphic symplectic manifolds (X, w).

4.2.1. Lagrangian correspondence two-functors. Let us forget for a
moment that the complex manifold X has a holomorphic symplectic struc-
ture and that the base Y of a fibration ) must be lagrangian. Then we
may define pull-back and push-forward functors associated with a holomor-
phic map F': X — X’. A pull-back of a fibration )’ — Y’ C X' is a fibra-
tion F*()’) — F~1(Y") constructed by pulling back )’ by the restriction
F|p-1(y+). In order to define a push-forward of a fibration Y — Y C X we
assume that the restricted map Fl|y: Y — F(Y) represents a holomorphic
fibration. Then we define the fibration Fy()) as J — F(Y'), whose projec-
tion is the composition of projections Y — Y — F(Y).

A holomorphic fibration Yo € L (X1, —w1) X (Xo,ws)) determines a
lagrangian correspondence two-functor

.. Vs -
(4.13) L(X1,wi) L(X2,w2)
defined by the formula
(4.14) P [Vi2] = (m2)x (V12 X (X, x Xz) 1)

where 71 and 7o are projections onto the factors of the product X; x Xs:

(4.15) Xl X Xg
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The action of the two-functor (4.14) on the bases of holomorphic fibrations
is described by a simple set-theoretic formula: if Vo = ® [Vi2] (1), then

(4.16) Y =mo (Yiz Nyt (Y1),

where Y7 and Y> are the bases of the corresponding fibrations.

Although the operations 7} and (72), do not correspond to well-defined
two-functors for two-categories |:, their composition (4.14) is well-defined,
because if the base Y7 of the fibration ) is lagrangian then so is the base
Y5 of its image determined by Equation (4.16).

The one-point fibration

(4.17) Ta, = l

Ay cXxX
over the diagonal Ay C (X, —w) x (X,w) determines the identity endo-2-
functor ® [7a ] of the category L(X,w).

4.2.2. A geometric description of the three-category L. As we
mentioned in Section 1.2, objects of the three-category L are holomorphic
symplectic manifolds (X, w). The duality functor { switches the sign of the
symplectic form: (X, w)¢ = (X, —w), and we define the two-category of mor-
phisms between two objects in accordance with the general formula (1.3):

Hom'i (X1, w1), (Xa,w2)) = L (X1, —w1) x (X2, ws)).

The composition of morphisms represented by holomorphic fibrations
with lagrangian bases is defined in such a way that it would agree with the
composition of their correspondence functors (4.14): the composition of two
morphisms

V12 € Hom((X1,w1), (X2,w2)), Vo3 € Hom((X2,w2), (X3,ws3))
18
Yoz 0 Vi = (m13)« (M12(V12) X X, x X»x X5 Tag(V23)),

where m;; are the projections

X1 X XQ X X3
12 \Lﬂ_ 23
13

X1><X2 X1><X3 XQXX3
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The identity endomorphism 1(y ) € End(X,w) is the one-point fibra-
tion (4.17):

(418) l(X,w) = TAX-

As we mentioned in Section 1.1, the three-category | has a symmetric
monoidal structure:

(X1,w1) X (Xo,w2) = (X1 X Xg, 7y (w1) + 75 (w2)),

where 7 and 7y are projections of diagram (4.15). The unit object is the
holomorphic symplectic manifold X;_p; consisting of a single point.

4.3. A relation between the geometric and the algebraic
descriptions

We have already outlined the equivalence of categories (1.11) in Section 1.5.
Here we provide a more detailed description of the equivalence two-functor
Do,

4.3.1. Localization. Let us split the curving W, which determines the
category Dz, (U, W), into zero degree and positive degree parts:

(419) W=Wo+W,, WoeeQ™U), W.e@©).
i>1

We say that the set of critical points of Wy
UWO = {l’ € U|dWo(w) = 0}

is clean if it is a smooth holomorphic submanifold of U and the quadratic
form induced by the Hessian of Wy (that is, by the quadratic form of its
second derivatives) on the normal bundle NUyy, is non-degenerate. The non-
degenerate Hessian gives rise to an O(n,C) structure on NUy,, and we
conjecture the following equivalence of categories:

(420) DZQ(U’ W) = DZz(UWm W’UWO)[NUWo]tW‘

In other words, we expect that the category Dz, (U, W) localizes to a small
tubular neighborhood of Uy, and that if the dominant terms in the expan-
sion of Wy in the normal directions to Uy, are quadratic then lower degree
terms do not matter.



Topological field theory and symplectic algebraic geometry 503

Since Wy is locally constant on its critical set, relation (4.20) implies the
following category equivalence:

(4.21) D7, (U, W) = Dz, (Uw,, W+ |vw, ) INUW, |tw-

Note that we did not have to augment the r.h.s. category, because the con-
nected parts of the critical set Uy, will contribute to it only when the
constant value of W on them is zero.

In view of Equation (4.2), equivalence (4.21) can be simplified:

(4.22)  D3,(U,W) = Dz, (Uwy, Wt v, IA“PNUw, i [rank NUw;, — 1o

Finally, if W, = 0, that is, if W is just a holomorphic function on U, then
the equivalence takes the form

(4.23) D% (U, W) = Dz, (Uw) [\"°NUw |t [rank NUy — 1]o.

4.3.2. The relation between objects. Choose a line bundle Ly — U
such that ng;z = Ky. For simplicity we will consider only curved fibrations
(U, W) € Dg_(U), for which W, = 0 (see Equation (4.19)), that is, W is just
a holomorphic function on U. Recall that U/ is a fibration (3.16): p: U —
U. For a point uw € U let V,, CU be the fiber to which u belongs: V,, =
p~Y(p(u)). Let Uy be the set of “fiber-critical” points of W: Uy = {u €
U | OW|r,v, = 0}. In other words, there is an exact sequence T]\D/(u)U 4

ToU LN TyV, and u € Uy if b(OW (u)) = 0. The latter condition means that
OW (u) is in the image of a. Hence there is a map f: Uy — TVU such that
f(w) =a 1 (OW(u)) € T;;/(u). The support of the object (U, W) is defined to
be the image of f, and we denote it suggestively as Yy w:

(4.24) Y wy = supp(U, W) := f(Uw) C TVU.

Generally, Y, is an isotropic submanifold with respect to the sym-
plectic structure TVU. Assume that for all x € U, the critical locus of the
function W1, (z) is clean and that Uyy is a complex manifold. Then Yz, ) C
TVU is a lagrangian submanifold and the map f: Uy — Y(u,w) is a fibration.
Let B, denote the normal bundle to the critical set of W restricted to the
fiber p~!(x). This bundle has an O(n,C) structure given by the Hessian of
W{,-1(2), and all these bundles together form a holomorphic O(n, C) bundle
B over Uyy. Thus we define the action of the equivalence two-functor (1.11)
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on the curved fibration (U, W) as follows:
b= (U, W) = (Uw, (0" Lo)lut @ \"PB)[rank B — 1]z,

that is, the pair in the r.h.s. of this equation is the object of L(TVU) corre-
sponding to the object (U, W) € 5%2(U).

The geometric object corresponding to the pair (U, W) is particularly
simple, if U is a one-point fibration over U. Then W is just a holomorphic
function on U and the object of L(TVU) corresponding to W is the pair
(Yw, g*Lo), where Yy is the graph of OW:

(4.25) Yw={peT/U|xzeU, p=0oW|,}

and g: Yy — U is the restriction of the projection TVU — U to Yy (it
establishes the isomorphism between Yy and U as complex manifolds).

4.3.3. The relation between categories of morphisms. We will com-
pare the categories of morphisms within two-categories 5%2 (U) and L(TVU)
only for the simplest objects. Let W; and Wy be holomorphic functions on U
such that their difference W75 = Wy — W3 has a clean set of critical points.
This is equivalent to saying that Yy, and Yy, have a clean intersection.

According to definition (3.20) and equivalence (4.23), the category of
morphisms within If)a%(U ) is

(426) HOInD%(U)(Wl, Wg) = D%Q (U, W12)
= DZ2 (lez) [NUW12]tW [rank NUW12 - 1]2

At the same time, according to Equation (4.8),

(427) HOID[_'(TVU) ((YngikLO)a (YWyg;LO))
= DZz (YlQ)[LlQ]tW [dlm U —dimYy — 1]2,

where Y12 := Yy, N Yyw,, the maps g;: Yy, — U are the restrictions of the
projection TVU — U and

(4.28) L1z = (g5 Lo) v, ® (g5 Lo) v, ® Ky

The maps g1 and go, as well as another projection restriction gio: Y19 —
Uw,,, establish isomorphisms between the corresponding complex manifolds.
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Therefore, there is an equivalence of categories

Dz, (Y12)[L12)tw = Dz, (Uw,,) (912« L12)tw,

and according to Equation (4.28), the push-forward of the line bundle Lo
is

g12:L12 = L@ Ky = Ky @ KL = A*PNUy,,.
Since

rank NU[/V12 =dimU — dim UW12, UVV12 = Y12,

we established the equivalence of categories (4.26) and (4.27) provided by
the two-functor ®-.

4.3.4. The relation between two-functors. Let w be the canonical
symplectic form of the cotangent bundle TVU. The symplectomorphism
71 (TVU,w) — (TVU, —w) = (TVU)® reverses the cotangent vectors: for p €
TZU we define 7(p) := —p. For two cotangent bundles we define the symplec-
tomorphism 71 : (TYUy,w1) X (TVUs, ws) — (TYUy, —w1) x (TYUs,ws) which
reverses the orientation of the first cotangent vector: 7 := 7 x 1.

The symplectomorphism 7 acts as a two-functor 7: L(TYU) — L(TVU)®
by transforming the bases of holomorphic fibrations Y — Y C TVU. Simi-
larly, 71 acts as a two-functor 71 : L(TVU; x TVUy) — L ((TVU1)<> X TVUQ).
Now consider a composition of two-functors

1o day: D (TVU, x TVUR) — L ((TVU1)<> X TVU2> .
We leave it for the reader to check that the two-functors (3.23) and (4.13)

coming from the objects related by (1.9) are intertwined by two-functors
®~, that is, the diagram

.. U2, Whs] ..

Dz, (U1) Dz, (U2)
oy ‘513&,2

. S[Vi2 ..

Vo) i L(TV,)

is commutative, if Yjo = 74 o <'I'>g712(1/{ , W). The easiest part of this commuta-
tivity is the verification that the support of a curved fibration from Dz, (Uy)
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is transformed as in Equation (4.16):

(429) Y<.I.>[Z/{12,W12}(U1,W1) = T2 (Yv(Uu,Wu) N 7Tl_1 (Y'(uhwl)))’

where 71 and 7o are the projections

TVU; x TVU;
™VO, TVU,

5. The two-category of a deformed cotangent bundle
5.1. Outline

The geometric description of the two-category |:(X ,w) provided in
Section 4.1 is completely correct only when (X,w) is a cotangent bundle:
X = TVU. However, path-integral considerations [6] suggest that the main
feature of that description holds true for a general holomorphic symplectic
manifold (X,w): a pair (Y, Ly ), where Y C X is a lagrangian submanifold
and the line bundle Ly is a square root of the canonical bundle of Y, always
represents an object in L(X,w).

Path-integral arguments [6] also suggest that the two-category L(X, w) is
local. From the physics perspective, locality means that there are no instan-
ton corrections to the path integral, that is, there are no three-dimensional
analogs of A-model holomorphic disks which lie at the heart of the Floer
homology and the Fukaya category. From the mathematical perspective,
locality means that the category of morphisms between two objects of
L(X ,w) is determined by the structure of X in the formal neighborhood
of the intersection of their supports, that is, Homl-_-(XM)((Yl, Ly,), (Ya, Ly,))
is determined by the formal neighborhood of Y1 NYs C X (when X is a
cotangent bundle and the intersection of supports is clean, the category
of morphisms is determined just by the intersection itself, as suggested by
Equation (4.8)). The composition of morphisms is determined by the struc-
ture of X near the triple intersection of supports (cf. Equation (4.11)).

Let Y C X be a lagrangian submanifold of a general holomorphic sym-
plectic manifold (X,w). Locality of L(X,w) means that if we knew the
structure of the two-category L of the formal neighborhood of Y, we would
know exactly all categories of morphisms involving the objects (Y, Ly) as
well as the compositions of such morphisms.
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In real symplectic geometry, a sufficiently small tubular neighborhood of
a lagrangian submanifold Y is symplectomorphic to a tubular neighborhood
of the zero section of the cotangent bundle TVY. However, in holomor-
phic case this is no longer true: there may be non-trivial deformations of
the holomorphic symplectic structure of (the formal neighborhood of the
zero section) of the cotangent bundle TVY and the formal neighborhood of
Y C X may be isomorphic to a deformed formal neighborhood of the zero
section of TVY . Therefore, in order to gain information about the morphisms
involving the object (Y, Ly) of L(X,w) we have to explore the two-category
corresponding to a deformed cotangent bundle (TVY),,, where s is a defor-
mation parameter of the holomorphic symplectic structure of TVY'.

To understand the two-category (TVY),. we follow the algebraic
approach: for a complex manifold U, which plays the role of Y, we construct
a deformation Dy, (U, %) of the two-category Dy, (U). The construction of
this deformation is based on two path-integral-motivated assumptions: the
deformation parameter s of the two-category is the same as the deformation
parameter of the holomorphic symplectic structure of TVU and the simplest
objects of the deformed category Dy, (U, ») (that is, the objects correspond-
ing to one-point fibrations and described by holomorphic functions W on
U in the category Dz, (U)) should be related to the lagrangian submani-
folds of the deformed cotangent bundle (TVU),, in the same way as in the
undeformed case discussed in Section 4.3.

5.2. Differential Lie—Gerstenhaber algebras and the
Maurer—Cartan equation

Let us review some well-known facts about algebras governing the deforma-
tions of objects and categories appearing in this paper.

5.2.1. General definitions. A differential Lie—Gerstenhaber algebra £
is a Zs-graded vector space endowed with a differential D and a compatible
graded Lie bracket [, ]Lg which may be even or odd. Let d} be the Zs-degree
of the Lie bracket. If dj| = 0 then £ is called a differential Lie algebra. If
in addition £ has a supercommutative associative product compatible both
with D and the Lie bracket, then £ is called a differential Poisson algebra. If
dj) = 1 and £ has a supercommutative associative product compatible both
with D and [+, ]rg, then £ is called a differential Gerstenhaber algebra.
The graded Lie bracket of £ descends to its D-homology Hp(£).



508 Anton Kapustin and Lev Rozansky

If an element a € £ of Zy-degree dj) + 1 satisfies the Maurer-Cartan
equation

(5.1) Do+ 1 o, aig =0,
then the operator
(5.2) D,=D+ [a, ‘]LG

is also a differential and it determines a deformed differential Lie—
Gerstenhaber algebra £,. If two Maurer—Cartan elements are related by
a “gauge transformation” ¢, whose infinitesimal form is

(5.3) da = Dy, pe L, degy ¢=d,

then the corresponding deformed algebras are isomorphic.
If a Maurer—Cartan element is presented as a formal power series in a

parameter e€:
o0
_ Z i
Qe = Oé|7; €,
i=1

then the leading coefficient «|; is D-closed and, due to the gauge symmetry,
the corresponding deformation of £ is determined by its class &); € Hp(£).
The €2 part of the Maurer-Cartan equation (5.1) says that

Da|2 + % [Oéu,Oéu]LG =0,
so dy; satisfies the condition
(5.4) (31, &p1lLe = 0.

The importance of differential Lie-Gerstenhaber algebras stems from
the fact that they appear as deformation complexes of objects in cate-
gories and Hochschild complexes of categories and two-categories. Equiva-
lence classes of Maurer—Cartan elements parameterize deformations of those
objects, categories and two-categories. We need three particular examples:
the differential Lie algebra €’ (E, Vi) which governs deformations of a curved
quasi-holomorphic vector bundle (E, Vi), the differential Gerstenhaber alge-
bra 4(U) governing A., deformations of the two-periodic derived category
Dz,(U) of a complex manifold U, and the differential Poisson algebra
P (X,w) which, according to path-integral considerations [6], governs defor-
mations of the two-category L(X,w).
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5.2.2. The differential Lie algebra of a curved quasi-holomorphic
vector bundle. Let the pair (FE,Vg), where V2 = Wig, be a curved
quasi-holomorphic vector bundle defined in Section 3.1. The corresponding
differential Lie algebra of relative connections ¢ (E,Vg) is the algebra of
Dolbeault forms QO"(End E) (with total grading), the differential is the
covariant Dolbeault differential Vg, and the Lie bracket is the supercommu-
tator: 1, Ca] == (12 — (—1)M1I¢y¢.

A Maurer—Cartan element { determines a deformed quasi-holomorphic
vector bundle

(E,Vg)¢ :== (B, Vg + ()

(in the r.h.s. of this formula ¢ denotes an odd bundle map (: Q%*(E) —
Q0*(E)).

5.2.3. The differential Gerstenhaber algebra of a complex
manifold. The well-known differential Gerstenhaber algebra ¢(U) of a
complex manifold U is the algebra Q%*(U, A*TU), the Zs-grading coming
from the total degree of forms and wedge-powers, with the differential 0 and
the Schouten—Nijenhuis bracket [-,-]. In fact, 4(U) has Z-grading, and its
degree 2 Maurer—Cartan elements parameterize deformations of the derived
category of coherent sheaves DP(U). More generally, even Maurer-Cartan
elements of 4 (U) parameterize A deformations of Dz, (U).

A holomorphic function W € Q09(U), OW = 0 obviously satisfies the
Maurer—Cartan equation and hence determines a deformation of 4(U) which
we denote as %y (U). It has a new differential d,, = 9 + [W, -] (cf. Equa-
tion (5.2)). The corresponding deformation of Dz, (U) is the curved category
Dz, (U, W).

Define a relative grading on ¢ (U) as

deg, o Q"™ (U,A"™TU) = n — m,

then, obviously,
degrel d= degrel['? } =1

We say that a Maurer—Cartan element A is relatively non-negative if
deg,q A > 0 and relatively balanced if deg,q A = 0.

5.2.4. The differential Poisson algebra of a holomorphic symplec-
tic manifold. The differential Poisson algebra &(X,w) of a holomorphic
symplectic manifold (X,w) is defined as the algebra Q%*(X) of (0, 8)-forms
on X with the differential @ and with the Poisson bracket coming from w. If
X = TVU, where U is a complex manifold, then we may consider a simpler
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version of this algebra, which we denote as P7v(U): it is the algebra of
S*TU-valued (0, o) forms Q%*(U,S*TU), where S*® is the symmetric algebra,
and its differential is 3. There is a natural injection

(5.5) QY (U,S°TU) — Q"*(TVU),

which turns an element of Q%*(U,S*TU) into a (0, ) differential form on
TVU having a polynomial dependence on fiber coordinates and restricting
to zero on all fibers. The bracket of Z1v(U) is a well-defined restriction of
the Poisson bracket of Q%*(TVU), so injection (5.5) becomes an injection of
differential Poisson algebras

(5.6) Py (U) — 2(TVU).

5.2.5. Aoo-algebra and its modules. Following Keller’s review [7] let
us recall the main definitions. An A..-algebra is a Zs-graded vector space
<o/ endowed with a series of n-linear maps (n-multiplications) a = ag, ay, . . .,

an: A" — o degyz, a, = n, n=20,1,2,...,
satisfying the relations

(5.7) > D)™ G 1 (1 @ 4y @ 19™2) = 0
m1,mz2,n>0
mi+ma+n=N

for all N > 0. Among other things, these relations indicate that if ag = 0,
then a; is a differential (a? = 0) and it satisfies the usual Leibnitz rule with
respect to the multiplication as.

If ag # 0 then the Ay -algebra &7 is called weak or curved.

A module over an A,-algebra 7 is a vector space M endowed with a

series of n-linear maps (n-actions) aM = a adf, ...

a%:M®%®(n71)—>%, degzza%:n, n=12 ...,

satisfying the relations

(5.8) > (=)™ (e @197
ma,n>0
mo+n=N

+ Y (e (%™ @, ®197) =0
mlzl
ma,n>0
my+mo+n=N

for all N > 0.
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For two &/-modules M; and Ms, the vector space I‘/I_(;_I/H(Ml,MQ) is
formed by sequences f = (fi, fa,...), fn being n-linear maps

fn: My @ JZ/®(n_1) — M.

Define a differential d acting on ﬁ(\)gl(Ml, M>) by the following formula for
each term in df:

(5.9) (d)yv= D (=D)"™anz, (fn®197)
ma,n>0
mo+n=N

_ Z (_1)m1+nm2 fm1+m2+1(l®m1 ®a, ® l®m2)

ma 21
ma,n>0
mi+me+n=N

= Y U f (el @15,
mo,n>0
mo+n=N

5.2.6. A filtered Dolbeault A..,-algebra and the perfect homotopy
category of its modules. Now we adapt the general definitions to the
Dolbeault setting.

First of all, note that the Dolbeault algebra (Q%*(U), ) associated with
a complex manifold U has a canonical sequence of n-multiplications a(®
which turn it into an A-algebra: ago) =0, ago) is the wedge-product, and
a%o) =0forn#1,2.

We define a filtered Dolbeault Ao-algebra (FDAL) on a complex man-
ifold U as the space Q"*(U) endowed with n-multiplications a satisfying
relation (5.7) and the following restriction on Dolbeault degrees of their
deviation from the canonical n-multiplications:

(5.10) degpy, (an — al®) > n, Vn > 0.

If A€ Q% (U,A*TU) is a relatively non-negative Maurer—Cartan ele-
ment, then the corresponding deformation Qﬁ)o"(U), 0, A) of the Dolbeault
algebra is a filtered Dolbeault A,.-algebra, the relation between the compo-
nents of A\ and n-multiplications being fairly complicated. If the deformation
parameter A is relatively balanced, that is,

A=A A € QYU A"TU),
n=0
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then the dominant part of the deviations a, — a,(ZO) is determined by the

formula
(5.11) (an — (o, ... o) = AL (Dan, ..., 0an) + -,

where a1, ..., a, € Q%*(U) and the correction terms have higher Dolbeault
degree than the first term in the r.h.s. of this equation.

A simple example of a relatively balanced deformation of the Dolbeault
algebra (Q%*(U),0) is A = W, where W is a holomorphic function on U.
Then formula (5.11) has no correction terms and the deformation results
in the curved Dolbeault algebra (Q0°(U),d, W) discussed already in Sec-
tion 3.1.

Consider again the Dolbeault algebra (Q2%*(U), d) as a filtered Dolbeault
Ano-algebra with n-multiplications a(?). Tts perfect Zo-GDM (3.5) with V2 =
0 has a canonical structure of an A,.-module if we endow it with n-actions
a?(© guch that af’(o) = Vg, af’(%ﬁ is the standard multiplication and
af O — 0 for n > 2. We define a perfect module over a filtered Dolbeault
Aso-algebra as the vector space Q¥*(E) endowed with a sequence of n-
actions a” satisfying relations (5.8) and the restriction

degpy, (af — a2 ©) > n, Vn > 1.

Finally, we define the two-periodic perfect derived category of a filtered
Dolbeault Ay-algebra (Q°°(U);a): its objects are perfect A,,-modules
(Q%*(E); a”) and morphisms between two modules are homologies of differ-
ential (5.9).

If A€ Q%*(U,A*TU) is a relatively non-negative Maurer-Cartan ele-
ment, then Dz, (U, \) denotes the two-periodic perfect derived category cor-
responding to the deformed A.,-algebra (QO"(U ), 0, )\). In other words,
Dz, (U, ) is the result of deforming Dz, (U) with A. In particular, if A = W,
where W is a holomorphic function on U, then Dgz,(U,W) is the cate-

gory (3.6).
5.3. Deformation of a holomorphic symplectic structure

5.3.1. The general case. Let (X,w) be a holomorphic symplectic man-
ifold. Deformations of its holomorphic symplectic structure which preserve
the de Rham cohomology class of w are parameterized up to gauge equi-
valence by Maurer—Cartan elements of the differential Poisson algebra
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P (X,w) defined in Section 5.2.4. Namely, if an element

xe QM (X) c¥(X)
satisfies the Maurer—Cartan equation
(5.12) Or + & {5, %} =0,
where { , } is the Poisson bracket corresponding to the symplectic form w,
then the corresponding deformation of the complex structure of X is
described by the Beltrami differential
(5.13) p=w H(9x),
that is, the (0,1) part of the deformed Dolbeault differential is
(5.14) ' =0+w 1 (dx)L0,
while the symplectic form w is replaced by

W =w+dsx,

so that it remains of type (2,0) relative to the new complex structure. In
formula (5.14) we defined w™!: T(TVX) — I'(TX) as the inverse of t_ w.

If the deformation of (X,w) is perturbative, that is, if s is a formal
power series

o0
(5.15) e = Z%h €,
=1

then relation (5.12) says that the leading coefficient s¢; must be 0-closed,
and its gauge equivalence class is determined by its Dolbeault cohomology
class 5q; € H%(X ), while the relation

Oxp + 5 {71, 21} = 0
implies the ‘integrability condition’ for x;:

{51, 51} = 0.
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5.3.2. Deformation of the holomorphic symplectic structure of a
cotangent bundle. If X = TVU, then we restrict ourselves to Maurer—
Cartan elements » belonging to the subalgebra Zpv (U) — P(TVU) defined
in Section 5.2.4. Moreover, we consider only the deformations which do not
deform the complex structure of the zero section Uy C TVU, so we impose
the condition p|y, = 0 on the Beltrami differential (5.13). This condition is
satisfied if »¢ is at least quadratic as a function of holomorphic coordinates
on fibers of TVU:

(5.16) x= 9+ x3+ -, 7 e Q! (U,SiTU).

The first two terms in this sum play a particularly important role in what
follows and we give them special names:

(5.17) o = f3, 3 =1.
According to Equation (5.12), they satisfy the equations
(5.18) =0, Iy+3{B,8}1=0.

Thus 3 is O-closed, and its gauge equivalence class is determined by the
Dolbeault cohomology class that it represents:

f e Hy(U,S*TU),  {B,8} =0.

The class § has a simple geometric interpretation. For a holomorphic
submanifold Y C X of a complex manifold X, the exact sequence of vector
bundles on Y

(5.19) TY — TX|y — NY

determines an extension class 3y € Ext!(NY,TY).* If Y is a lagrangian sub-
manifold of a holomorphic symplectic manifold X then the symplectic form w
establishes an isomorphism NY ~ TVY so By € Ext'(TVY, TY). The zero-
section U CTVYU is a lagrangian submanifold and its exact
sequence (5.19) splits, so in this case By = 0. However, if we consider the
zero-section of the deformed bundle (TVU),, then sequence (5.19) does not

4If X is Kéhler, then the class Sy may be represented by the anti-holomorphic
part of the second fundamental form of Y contracted with the Kéhler metric and
with its inverse in order to turn two anti-holomorphic indices on the second funda-
mental form into the holomorphic ones.
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have to split. The injection H%(U, S?TU) — Ext!(TVU, TU) turns 3 into an
extension class within Ext'(TVU, TU) and, in fact,

(5.20) B = bu.

In other words, the leading coefficient 3 in expansion (5.16) of s reflects the
fact that the sequence (5.19) for the zero-section of the deformed cotangent
bundle (TVU),, does not split.

Injection (5.5) turns an element s € Q%*(U,S*TU) into a TVU-valued
function (or, rather, a formal power series) on the total space of TVU. We
denote this function by the same letter sc. The evaluation of > on a section
of TVU gives a map

(5.21) 2 T(TVU) — Q%L (U).

The restriction of the (1,0) part of the differential ds¢ of an element s €
Q0*(TVU) to the fibers of TVU determines a vertical holomorphic differential
map

(5.22) Oyri2e: T(TVU) — QU (U, TU).

Recall that if W is a function on U, then Yy C TVU denotes the graph of
OW defined by Equation (4.25). If W is holomorphic, then Yy is a lagrangian
submanifold. Let (TYU),, denote the total space of the cotangent bundle
TVU whose holomorphic symplectic structure is deformed by the Maurer—
Cartan element (5.16). The deformed cotangent bundle (TYU),, is canoni-
cally diffeomorphic to TVU, so for an arbitrary function W, the graph Yy is
still a submanifold in (TYU),., but this time Yy is lagrangian if W satisfies
the equation

(5.23) W = 5(0W),

where s(-) is the map (5.21). If we consider a perturbative deformation
(5.15), then the generating function becomes a formal power series

(5.24) We=Wo+ Y Wie.
=1

The leading term Wy is a holomorphic function describing a lagrangian
submanifold Y C X and it has a special property

ku(f)Wo) = O,
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which guarantees that Y can be deformed to the first order in e, while the
first-order perturbation W satisfies the equation

W1 — 52, (OW,) = 0.

The complex structure of the lagrangian submanifold Yy determined by
the function W satisfying condition (5.23) can be described by saying that
the bundle projection of TVU establishes an isomorphism between Yy, and
the base U, whose complex structure is deformed by the Beltrami differential

(525) Hw = — Vrt%(aW)7

where Oyt is the map (5.22).

5.4. Deformation of the two-category of curved one-point
fibrations: deformation of the category of morphisms

5.4.1. Objects of the deformed category. Following the outline of
Section 5.1, we conjecture that the Maurer—Cartan element s parameter-
izing the deformations of the holomorphic symplectic structure of TVU,
parameterizes also the deformations of the two-category DZZ(U ). We are
going to discuss the structure of the deformed category DZZ(U, ), but we
will limit ourselves to simplest objects in it, which are the analogs of curved
one-point fibration objects (7y7, W) denoted simply as W.

Recall that in the undeformed case the function W labeling an object
of DZ2(U) is holomorphic, so that the graph of its holomorphic differen-
tial (4.25) is a lagrangian submanifold of TVU. We conjecture that in the
case of Dz, (U, »), a similar object is (parameterized by) a function W on U,
which satisfies Equation (5.23), because then the graph of its holomorphic
differential Yy defined by the same Equation (4.25) is again a lagrangian
submanifold of the deformed cotangent bundle (TVU),,, and this is in line
with our conjecture that lagrangian submanifolds represent the objects of
L(X,w) not only when (X,w) is an undeformed cotangent bundle, but also
when it is a general holomorphic symplectic manifold.

5.4.2. The universal Maurer—Cartan element. Consider the tensor
algebra over C of Dolbeault tensor fields

TW):=@PTU). TO)=TUeTD).
k=1
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Fix a 0-connection V: 72(U) — 72 (U). For a tensor field 7 € T(U), let
V7 denote a sequence of multiple covariant derivatives: V71 := 7, VT,
V27,.... For tensor fields 7,..., 7, let Ty[r,..., 7] denote a subalge-
bra of 7 (U) generated by all tensor fields Vry,..., V7, and by all possible
contractions within their tensor products.

Let 74 denote an element of Q01 (U, S'TU ) The Poisson—Schouten
bracket {s, s} of two such elements is an element of 7w/, »;] and it
is universal in the sense that the coefficients of its expression in terms of the
appropriate contractions of s5; ® V¢; and »¢; ® V¢ are universal constants.
The same holds true for elements \;; € Q% (U, AVTU) and their Schouten—
Nijenhuis bracket [—, —].

For a Maurer-Cartan element » € Q%! (U, S*TU) satisfying Equation
(5.12) and for two functions Wy, W5 on U satisfying Equation (5.23), denote

(526) TVJQ = Tv[8W1, OWQ, R, M9, A3, .. .],

where 5¢; are the components (5.16), while R := [0, V] € Q%! (S*TVU @ TU)
is the curvature of the tangent bundle TU corresponding to the connection
V. The Dolbeault differential 0 acts universally on the elements of Tv 12-
Indeed, its action on the components of s is prescribed by the Maurer—
Cartan equation (5.12), its action on 9W; is prescribed by Equation (5.23),
OR = 0, and a permutation of J and V generates the curvature tensor R.

Conjecture 5.1. For a Maurer—Cartan element s € Q%Y (U,S*TU) satis-
fying Equation (5.12) and for two functions Wy, Wy on U satisfying
Equation (5.23) there exists a universal relatively balanced Maurer—Cartan
element

(5.27) A2 = i A12,is A2 € QYU A'TU),
=0

(5.28) M2 + 5 (M2, A12) =0

such that

(5.29) Moo = Wig 1= Wy — W)

and M2 € Ty 12 fori > 1, where s; are the components (5.16). The univer-
sality of Ao means that the coefficients in the expression of its components
A2, in terms of the tensor fields and their derivatives are constants that do
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not depend on U. The universal element \13 is unique up to gauge equiva-
lence (5.2), and different choices of V also lead to gauge equivalent elements

)\12.

Simply put, if two functions Wy, Wy satisfy Equation (5.12) then their
difference is not necessarily holomorphic and hence it cannot serve as a
deformation parameter of the category Dz, (U). However, we conjecture that
there is a special unique correction to Wio which turns it into a Maurer—
Cartan element suitable for deforming Dz,(U). Hence we conjecture that
the category of morphisms between the objects of DZZ (U, 5c) represented by
Wi and W is the deformed category Dz, (U):

(5.30) Hombzg(Uﬂf)(Wl’ Wg) = DZ2 (U; )\12),

where Aj2 is the unique universal deformation parameter of Conjecture 5.1.
Note that for a fixed manifold U, the sum in Equation (5.27) is effectively
finite, the highest value of ¢ being the complex dimension of U.

5.4.3. Perturbative construction of the universal Maurer—Cartan
element. We construct the universal expression for Ao perturbatively in
the Dolbeault degree degpy, defined in an obvious way:

(5.31)
dengb W’L = 07 dengb R = 1, dengb %'1 = ]., dengb VvV =0.

We substitute expansion (5.27) into the Maurer—Cartan equation (5.28) and
find the equation determining A2, in terms of A2, with i < n:

n—1

= 1
(5.32) Wiz, Man] = —0A2n—1 — 3 Z;[)\m,i, A12,n—i)-

We will find expressions for the first three corrections in expansion (5.27).
We introduce a special notation for them:

2,1 = [, A2,2 =V, A23=§

(the indices 12 at u, v and £ are dropped temporarily in this subsection).
We are particularly interested in the third correction, because, as we will see
shortly, this is the dominant (that is, the lowest Dolbeault degree) term in
A12 when Wy = Wy = 0, that is, from the L(TVU)% perspective it describes
the leading deformation of the category of endomorphisms of the zero-section

of TVU.
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According to Equation (5.32), the first three corrections are determined
by the equations

(5.33) [ng,,u] = —5W12,
(534) [W12’ V] = _5M - % [H’:U’]:
(5.35) [Wh2,€] = —0v — [, V).

First of all, we find an exact universal solution for u. Equation (5.33)
can be rewritten simply as

(5.36) OWhg + L OWig = 0.

In order to solve it, we have to introduce divided difference notations. Let V/
and V' be vector spaces. An element o € S*V ® V' determines a polynomial
function (or a formal power series) a: V'V — V’. The first divided difference
of a is a symmetric map dsa: VYV x VYV — V @ V' defined by the property

Osa(v1,v2) L (v2 —v1) = a(ve) — afvy), Vo, ve € V.

The second divided difference of « is a totally symmetric map 02a: V x
V x V — S?V ® V' defined by the property

85204(111,112,113) L (v3 — v9) = Osa(v1, v3) — Osax(v1,v2), Y1, v9,v3 € V.

In application to an element » € Q%! (U, S*TU) divided differences produce
symmetric maps

dsse: D(TVU)? — QY1 (U, TU),  92s: T(TVU)? — Q% (U, S*TU).
According to condition (5.23),
5W12 = %(8W2) — %(8W1) = 85%(8W1, OWQ) L ang.

Hence the universal solution to Equation (5.36) is the divided difference of
2 evaluated on the differentials W7 and 9Ws:

(5.37) = —0sx(0W7,0Ws).

We will find the universal expressions for v12 and £12 only approximately,
up to certain powers of Wy and Wa:

(538) B =tz + O(Ws), V=1Vx+ O(W2)7 §=&+ O(W)7
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where O(W™) denotes an expression which is at least of combined degree n
in W; and Wj. According to Equation (5.37),

pa = —0sB(OW7, 0W2) — D5y (W1, OW)),

where 3 and v are defined by Equation (5.17). By substituting Equation
(5.38) into Equations (5.34) and (5.35) we find

(5.39) (Wia, va] = =0t — 5 [, =],
(5.40) [Wi2,éx] = —0va,

which determine the universal expressions for vy and &~.

In order to simplify the calculations required to derive the universal
formula for v~ and &, we present formula (5.37) in a different form. Consider
the relation between the Lie bracket on a manifold, and the Poisson bracket
on the total space of its cotangent bundle. For a function W on a complex
manifold U, let W denote its pull-back to the total space of the cotangent
bundle TVU. For an element p € Q¥®(U, TU) let ji denote the corresponding
(0, ®)-form on the total space of TVU which is linear along the fibers. In our
previous notations, y = Oytfi- The Lie bracket on U and the Poisson bracket
on TVU are related as follows:

[:Ua W] = _{/]7 W}> [:ua ,U/] = _{ﬂ> /]/}

For a function W on U, let W= {W, -} be a linear operator acting on
functions on the total space of TVU. The operators W commute with each
other: for two functions Wi and Wy

(Wi, Wa)] = {Wy, Wa} = 0.
For s € QU*(U,S*TU) let 5|; denote its component in Q**(U, SITU). It

is easy to see that in our new notations the r.h.s. of Equations (5.23) and
(5.37) can be presented as

)

(5.41) W = (OW) = (eVV%)

5.42 H12 = —85% 151%% ,8W2 = —Oyr —_ = X
(5.42) (OW1,02) = ~ O ( - )

1
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(in the r.h.s. of these formulas s is considered to be a TV U-valued function
on the total space of TVU). According to the first formula,

(5.43) OW = BAW) + O(W?) = LW?3 + O(W?).
According to the second formula,
Hre = — Oyt (% (W1 + /V[72)ﬁ + % (le + W1W2 + WQQ) 7).
Both sides of Equation (5.39) are elements of Q%2(U, TU), so apply-

ing ~ to them (that is, turning them into (0, 2)-forms on the total space of
TVU, which are linear along fibers), we find

Wiz, va] = =0fi~ + § {jin, i} + O(W?)
= L{(OW, + dW2), B} + L (W2 + Wi Wa + W3) Dy
+3 {(W1 + W) B, (W) + Wa) B} + O(W?)
(5.44) = — 1 (Wi, Wi} + & WH{B, 8}

We used formulas (5.18) and (5.43) as well as the Jacobi identity for the
Poisson bracket in order to derive the last line in this equation.

In order to solve Equation (5.44) for v, we express its r.h.s. in terms of
a torsionless covariant (1,0)-differential on the tangent bundle TU:

V:I(TU) — Q" (U, TU).

We use index notations: let !, I =1,...,dimc U be local holomorphic
coordinates on U. The corresponding frames in TU and TVU are formed
by 07 and dz!. In our formulas, we assume summation over repeated indices
appearing on opposite levels (this corresponds to applying contraction to
tensor products). Anti-holomorphic indices are hidden. Thus in our notations

(5.45)
ﬁ :,Bjjajaj, /BIJ ZIBJI, U= VIJa]/\aJ’ VIJ — _I/JI7
{VV’ﬁ}ZQﬁIJ (aIW) 8J7 {/876} = _4/6[L (vLﬁJK) 818J6K7
(W, v] =20 (9,W) oy.

A straightforward computation shows that if we lift the tilde in Equa-
tion (5.44) by applying Oyt to both sides, then its r.h.s. can be rewritten
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as

Wiz, va] = (8758 (0, Wh2) (VKOLWh2) — & (BT (VLB7F)
— BTE(VLBT)) (0, Wh2) (0 Wi2)) O

Comparing this expression with the last equation of (5.45) we find a formula
for the leading term in v:

ve =5 (BB (VO Wh2) — 2 B (VLB75)(0kWh2)) 01 A 0.

Finally, we solve Equation (5.40) for £~. In order to compute its r.h.s.,
we introduce the Riemann curvature tensor R € Qo1 (U7 S’TVU ® TU) of
the connection V by the formula R = [0, V]. In index notations

R =Rl da?dz®0;,  RL = RL,.
Then a straightforward computation shows that
Ova = 5 (BB MRy + 8785 M Ry + 85 BTYM RY ) (9 Wh2) 01 1 9.
Since in index notations
E=E 9 NOy A Ok, (W, €] = 3K (0 W) 01 A Dy,
we find that
(5.46) & = 1 BEBTMRE 01 N Oy A Ok

5.4.4. Semi-classical grading. The algebra 7w 12 of Equation (5.26) has
an important semi-classical grading defined as follows:

(5.47)
deg,. W; = =2, deg,. R =0, deg,. s =1 — 3, deg,.V = 1.

The defining relation R = [0, V] implies deg,, 0 = —1. If we set

(5.48) deg,. A2 = —2,

then all three defining relations of our deformation construction:
Dse+ 5 {3¢,5} =0, OW = (W), Oz + 2 M2, Ai2] = 0

respect the semi-classical grading. Hence the universal Maurer—Cartan ele-
ment, determined recursively by Equation (5.32), must have the
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semi-classical degree —2: its zeroth term Ay = W15 has degree —2 in virtue of
deg.. W12 = —2 and the degree of higher terms is expressed through Equa-
tion (5.32) in terms of the degrees of the lower terms.
Conjecture 5.1 together with relation (5.48) has three easy corollaries.
Consider a new grading on the algebra 7+ 12:

1 ifk=0
5.49) d Vi =d VR =0, d VEow = ’
( ) deggy Vi Cgaw Cgaw {0 i E> 1.

Corollary 5.2. If 3 =0, then degyy A\i > 2 fori > 1.
Corollary 5.3. If3=0 and W1 = W5 =0, then A =0.

Let R € Ext!(S2TU, TU) denote the Atiyah class of the tangent bundle
TU (it is the class represented by the curvature tensor R).

Corollary 5.4. If R=0 and W; = Wy =0, then A = 0.

Observe that among all generators Vi, VR and VOW; of Ty 12 only 3
and OW; have negative semi-classical degrees: deg,. 3 = deg,, OW; = —1. At
the same time, deg,, A = —2, so if 3 =0, then each term in the expression
of A\;, ¢ > 1 must have at least two powers of QW . This proves Corollary 5.2.
If W1 = W5 =0, then, obviously, A; =0 for ¢ > 1 and, at the same time,
Ao = Wi = 0. This proves Corollary 5.3.

In order to prove Corollary 5.4, we introduce two more gradings on the
algebra 7y 12. The first grading reflects the difference between the total
numbers of upper and lower indices in a tensor field:

degbal V= —1, degbal M = 17— 1, degbal 0Wz = —1, degbal R=-2.

Since the universal deformation parameter X is relatively balanced, its degree
must be zero: degy, A = 0.
The second degree is the sum: deg,, = deg.. + degy,, SO

degiot V=0, deg i =2i—4, deg,0W;=—-2, deg,R=—2.

Since deg,, A= —2 and degy, A =0, then deg,;A=—2. However,
degio 2 > 0fori > 2, soif weset W1 = Wy = 0 and R = 0, then all remain-
ing tensor fields in 7w 12 must have non-negative degree, so A must be zero.
This proves Corollary 5.4.



524 Anton Kapustin and Lev Rozansky

5.5. Deformation of the two-category of curved one-point
fibrations: deformation of the composition of morphisms.

Describing the deformation of the composition functor requires the follow-
ing steps: first, for a pair of objects Wy, Wa we have to describe the filtered
Dolbeault A,.-algebra (QO"(U ), 0, )\12) corresponding to the Maurer—Cartan
element Ao found in Section 5.4, by working out the expressions for its n-
multiplications. Second, we have to describe the objects and morphisms
of the two-periodic perfect category of (QO"(U), 0, /\12). After that we can
define the composition between objects of Hom(W7, Ws) and Hom(Wa, W3).

5.5.1. A first-order deformation of the holomorphic symplectic
structure. The procedure is simplified if we stay within the realm of
categories Dz, (U, Wo — W7 ) which are very similar to derived categories of
coherent sheaves. We achieve this by considering only infinitesimal defor-
mations of Dz, (U) by . In other words, we introduce the algebra Cle]/(¢?)
and consider a deformation of the holomorphic symplectic structure of TVU
by an element e, where s is of the form (5.16). The quadratic term in the
Maurer—Cartan equation (5.12) drops out, hence s must be holomorphic:

0x = 0.
A function W describing an object of the deformed category has the form
W =W+ eW).
It must satisfy Equation (5.23), which reduces to two relations
(5.50) 51/1/‘0 =0, 5W|1 = #(OW)o).

Let us introduce two shortcut notations related to functions W; satisfying
conditions (5.50):

(5.51)
Ossij = Os3e(OW10, OWj)0), 02550 1= 02 32(OWy10, OW 10, OWo).

For two functions W1, Wy satisfying conditions (5.50) and thus defining
objects of the deformed category Dz, (U, €ex), the corresponding Maurer—
Cartan element has the form

(5.52) A2 = Wigpo + €(Wiapn + p12),
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where, according to Equation (5.37),
pi1z = —0sr12 = —0sB(OW; g + OWyq)9) + O(W?).
This “pseudo-Beltrami” differential satisfies the equations
dpaz2 =0, OWigp1 + p12 L Wy = 0,
but generally does not satisfy the integrability condition [u12, p12] = 0.

5.5.2. Deformation of the two-periodic category of a curved com-
plex manifold. According to Equation (5.52), the category of morphisms
between two objects Wi, Wy of the deformed two-category Dy, (U, ex) is

(5.53)

H0m|522(U,€%)(W17 W3) =Dz, <U7 Wigpo + e(Wig)1 + M12>> =Dz, (Ueprr» W12),
where U,,, denotes the complex manifold U whose complex structure is
deformed by the Beltrami differential eu2. Hence the category (5.53) is
defined along the lines of Section 3.1. However, before we go into specifics,
let us recall the definition of the curved Atiyah class.

Recall that a perfect object (3.5) of a two-periodic category Dz, (U, W)
defined in Section 3.1 is determined by a pair € = (F, Vg), where E is a
curved quasi-holomorphic vector bundle over a complex manifold U, while
Vg is its curved differential satisfying properties (3.2)—(3.4). Let us endow
E also with a (possibly curved) (1,0) covariant differential

O (E) - QFN(E), [Vl =0,
which satisfies the analog of Equation (3.3):
(5.54) Vi (@A o) = (0a) Ao+ (—1)%82 % A (Vg o).

The choice of Vg is not unique, and the difference of two differentials Vg,
Vi satistying (5.54) is a differential form

(5.55) Vi = Vg + a, a € QV*(End E).

In other words, all possible differentials Vi form an affine space based on a
vector space Q1Y (End E). The commutator of (1,0) and (0,1) differentials
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is the (1,1)-curvature
[V, Vi] = Fp € QY*(End ),
which satisfies the curved Bianchi identity
(5.56) VeFg = —(0W) 1p.
The curvature Fg is determined by the object £ (that is, by Vi) up to a

Vi-exact element: if we replace Vi by Vg of Equation (5.55), then F is
replaced by Fj, = Fg + Vga. Hence € determines the curved Atiyah class

Fp € OV (End E) / Ve (QY*(End E)) .
If W = 0, then the Bianchi identity (5.56) implies that
Fr € He, (End E) = Ext(€, €).

A perfect object of the deformed category Dz, (Uey,,, Wi2) is a pair

&= (E, V), Vi = vE|0 + evE\la

(cf. Equation (3.7)), such that the pair £y = (E, V) is an object of the
undeformed category Dy, (U, Wi2), while

(5.57) Vip = 2L Ve + b, be Q" (End E)
and b satisfies the condition
(5.58) ?Emb: W12‘1 1p — pioL Fg.

Here Fp is the (1,1)-curvature of £, so Vg satisfies condition (3.4): V3 =
Wi2lg. A change (5.55) in the choice of Vg is compensated by the corre-
sponding replacement of b by ' = b — 12 L a.

The space of morphisms Homp,_ (Uém,le)(gla &2) between two perfect
objects is defined by means of an obvious deformation of the general for-
mula (2.6). A morphism between two objects 0 € Hom(&y, &) is represented
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by a Vg-closed sum

U:U|O+60\1a 910,91 € Q07.(E2®ET)7
(5.59) Voo =0, Veopop =—VEnop

up to Vg-exact elements. Note that the dominant component 0| defines a
morphism between the undeformed objects &g and &yo.

5.5.3. Deformation of the composition of morphisms. The compo-
sition of morphisms between three objects W1, W2 and W3 of the deformed
two-category Dz, (U, ex) is a bi-functor

(5.60) Dz, (Uepry, W12) X Dz, (Uepyy, Wa3) — Dz, (Uepuyss Wia).

The composition of two morphisms E&io € Dz, (Uey,,, Wi2) and Exs €
Dz, (Ueu,s, Wa3) is the appropriately deformed tensor product:

(5.61)
&3 0 12 = (Ea3, Va,,) © (Ei2, VE,,) = (Fa3 ® Er2, VE,,08,, + €(12,23),

where the deformation term is

(5 62) €12723 = 882%123 L ((8W12\0)VE23 - (8W23|0)VE12 + FE12FE23)
= Bu(Fp,,Fp,,) + O(W),
and 0293 is a shortcut notation defined by Equation (5.51).

The first two terms in the r.h.s. of this equation are related to the
fact that each of three categories in (5.60) has its own deforming “pseudo-
Beltrami” differential. Hence we had to add correction terms to Vig,, so that
it would satisfy the condition (5.54) or, more precisely, condition (5.57), that
is, that the difference

vE13 — €13 L vE12®E23

must be just an odd element of Q%*(End E13). The third correction term in
Equation (5.62) is required to comply with condition (5.58).

The composition of morphisms &3 0 £19 defined by Equation (5.61) is
independent (up to an isomorphism) of the choice of (1,0) differentials
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Ve,, and Vg,,. Indeed, if we replace Vg,, with Vi, = Vg, +a as in Equa-
tion (5.55), then (223 is replaced by

Cla.2s = C12.23 — 923123 ((OWaz0)a — (V)0 @) FEs,)
= C12.23 + V0 (023123 (a Fpy,))
so it changes by a V Eiglo-exact term.
The bi-functorial nature of the map (5.60) means that an object £23 €

Dz, (Uepzs, Wo3) determines a functor

D[E23]

DZQ (Uﬁuma Wl?) DZz (UG,uls? Wl3) .

Its action on objects is defined by composition (5.61). Consider now its action
on morphisms. For o12 € Hom(&19,&15), where &12,&1y € Dz, (Uepn,,, Wh2),
we define

D [E93] (012) = 012 ® Loz + € (02se123) L (VE,,01210 @ Fry ) -

The correction term is required to satisfy relation (5.59). Similarly, an object
&12 € Dz, (Up,,, Wig)e) determines a functor

@[512]

Dz, (Uepss, Wo3) Dz, (Ueprs, Wis) ,

which maps a morphism o093 € Hom(&23,8%3), where &3, €
Dz, (Ueu,s, Wo3) into a morphism

D [E12] (023) = 112 ® 023 — € (02 52123) L (Flg,, @ VE,50230) -

The images of morphisms 05|, and 093, commute in the following
sense:

D [£]5] (023) 0 @ [E23] (012) — @ [E53] (012) © @ [E12] (023) = O
in Hom (&3 0 E12,E53 0 &1,), because

D [£],] (023) 0 @ [E23] (012) — P [E33] (012) 0 @ [E12] (023)
= € Vp,50 ((23123) L (VE,01210 ® Vi,,093)0) )-
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In the special case Wy = Wy = W3 = 0, formula (5.62) says the follow-
ing. Let 0 denote the object of DZ2(U, ex) corresponding to the trivial fibra-
tion over U with W = 0. The endomorphism category Endbzz(uw) (0) is a
monoidal category which is equivalent to Dz, (U) as a category, but with a
monoidal structure given by the deformed tensor product

(5.63) (B, VEg)o (E', V) = (E® E',Veep + B (FpFr)),

5.5.4. Deformation of the monoidal structure beyond the first
order. Now we return to the two-category DZ2 (U, 5) for a general Maurer—
Cartan element s and consider the category Endp o (U, )(OU) of endomor-
phisms of the one-point fibration with W =0 denoted here as Op. This
category has a monoidal structure corresponding to the composition of
endomorphisms. According to the general formula (5.30), the endomorphism
category itself is a deformation of the category Dz, (U): Endbzz(U,z)(OU) =
Dz,(U,\), where A=X3+As+ -+ and X € Q% (U ,A'TU), while its
monoidal structure is a deformation of the monoidal structure of DZQ(U),
the latter being the tensor product (3.11).

Let us assume that the Atiyah class R of the tangent bundle TU is zero.
Then, according to Corollary 5.4, the deformation parameter is zero: A = 0,
so we have an equivalence of categories

(5.64) Endg, (;7,(00) ~ Dz, (U).

However, as the study of the first-order perturbation in Section 5.5.3 demon-
strated, the monoidal structure of Endg, (U,%)(OU) is still a non-trivial defor-
mation of the tensor product monoidal structure of Dz, (U). The relatively
simple nature of category (5.64) allows us to discuss the properties of this
deformation without invoking A..-algebras and their modules.

A deformation of the monoidal structure of the category Dz, (U) is
described by two sets of data. First, for every pair of quasi-holomorphic vec-
tor bundles (Fi,Vg,), (E2,Vg,) there is a Maurer-Cartan element
(10 € 00e (End(E1 & Eg)),

(5.65) 912 + 5 [Gr2, Gr2] =

which determines the deformed monoidal bifunctor of the composition within
the endomorphism category Endg (U,5) (0p):
2 )

(5.66) (Eq, @El) o (Ey, @Ez) = (F) ® Eo, ?E1®E2 + C12).
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Second, for every triple of quasi-holomorphic vector bundles (FE1,Vg,),
(B2, V,), (E3, Vi,) there is an associator aje3 € Q%* (End(E; ® By ® E3))
which establishes the associativity isomorphism

1230 ((E1, Vi) o (B2, Vi,)) o (Es, Vg,)
= (E1, Vi) © (B, Vis,) © (E3, Vg,)).

If both sides of the associativity isomorphism have the presentation

((E1, Vi) 0 (B2, Vi,)) © (E3, Vi) = (E1 ® E2 ® E3, Vigs + (123),

5.67 _ _ _ _
(5.67) (E1, Vi) o (B2, Vig,) o (E3,Vg,)) = (BE1 ® By ® E3, Viag + (l23),
where Vg3 :=V E\®E,®E,, then ajs3 is an invertible element satisfying the
equation

(5.68) Vi23r123 + (o3 @123 — 123 (123 = 0.

We conjecture that there exist unique universal formulas for
the element (12 and for the associator aqo3 related to the deformation of the
tensor product monoidal structure of Dz,(U) into the monoidal structure
of the endomorphism category Endp o (U,32) (Oy). These universal formulas
express (1o and o3 in terms of the deformation parameter i,
(1, 1)-curvatures Fg, and their holomorphic covariant derivatives:

(5.69)

Ci2 € Tv|FE,, Fg,, 72, 73, .. ], a123 € Iy|Fg,, Fi,, Fi,, 22, 73, .. ].

We propose to derive the universal formulas perturbatively. Define the
Dolbeault degree by Equation (5.31) and by the additional formula
degpy, Fr, = 1 (note that generally Fg, € Q%*(End E;) and its Dolbeault
degree coincides with j of Q%7 only when FE; is a holomorphic vector bun-
dle with the operator Vi, not containing forms of degree other than 1). We
present the deformation parameter (12 and the associator ajo3 as the sums

[e.e]

o0
Cl2 = E C12,4 123 = 1B, @E,0F; + E 1234,
= i—2

where

degpyp C12, = 20 + 1, degpy, 123 = 2i
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(the reason for assuming that the Dolbeault degree of (j2 is even and the
Dolbeault degree of aqa3 is odd will become clear shortly). The Maurer—
Cartan equation (5.65) splits

n—1

(5.70) i + Z C12,i C12,n—i = 0,
i—1

and the associativity equation (5.68) splits

n—1

(5.71)  darzzn + Clagy — Cro3m + Z(Cﬁg,n—i 123, — @123, C123,0—i) = 0.
=2

The action of the Dolbeault differential 0 on the elements of the alge-
bras (5.69) follows from its action on the elementary tensor fields pre-
scribed by the Maurer—Cartan equation (5.12) and by the Bianchi identity
Vi, Fg, = 0,5 and from the defining equation of the curvature tensor Fg, =
VE,, V]

We introduce the notation ([—, —] to emphasize the dependence of the
universal deformation parameter (12 on curvatures: (12 = ([Fg,, Fg,]. The
parameters (123 and (o3 of Equation (5.67) can be expressed in terms of

C[_v_]:

C123 = C[FEU FE2] + C[FEI + FE2 + VE1®E2<[FE17FE2]’ FE3]7
Cloz = CFE,, Fu,) + CFE,, FE, + Fg, + VE,05,¢FE,, Fi,)].

These formulas allow us to present the difference 4123,71 — (123, appearing
in Equation (5.71) in the form

(5.72) Clozn — G123, = 0123Cn + (123,
where
<123,TL :CTL[FEm FEJ +CTL[FE17FE2 +FE3] - CTL[FENFEJ - CTL[FEl +FE27FE3]

and the expression 5123’n contains the deformation parameter components
(; only with ¢ < n.

®We assume for simplicity that the curvatures of the d-connections Vg, are zero.
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After the substitution (5.72), the associativity equation (5.71) becomes

n—1

(5.73) a2z + 61230 + Cro3.n + Z(Ggg,n,i a123,; — 123, C123,n—i) = 0.
i—2

We conjecture that the Maurer-Cartan equation (5.70) together with the
associativity equation (5.73) can be solved perturbatively over the Dolbeault
degree, thus producing the unique universal solutions (12 and «a;a3 if, follow-
ing Equation (5.63), we set

(5.74) Ci21 = B (Fg,Fg,) = 8" Fg, 1Fg,.1,

where we used the index notations explained at the end of Section 5.4.3, as
well as the notation Fr = Fg ;dx! for the (1,1)-curvature tensor compo-
nents. The parity of Dolbeault degrees of (12; and a23; is dictated by these
equations.

It is easy to verify that expression (5.74) satisfies Equations (5.70) and
(5.73) for n =1. We leave it for the reader to verify that the following
expressions

Ci22 = 5 BV LB ) Fe, ((Fp,.g — Fr,.0)FE, K
(5.75) + 1865 (V1FE, k) Fry 0 Fpy 1 + (ViFE, k) FEy g FE, L),
(5.76)
1232 = %'YIJKFEl,]FEz,JFEg,K~

satisfy these equations for n = 2.

We extend the semi-classical grading of Section 5.4.4 to the algebras
(5.69) by setting deg,. Fr, = 0. Solving the system of equations (5.70) and
(5.71) recursively over n with the initial condition (5.74) determines the
semi-classical degrees of the deformation parameter (1o and of the associator
(123:

degsc <12 = —1, degsc aq93 = 0.

Let us consider what happens if we set § = 0 in the universal formulas
for (12 and aqo3. Since (3 is the only generator of the algebras (5.69) with
negative semi-classical grading, then deg,. (12 = —1 implies

Ci2|g=0 = 0,

that is, the composition part (5.66) of the monoidal structure remains
undeformed. However, Equation (5.76) indicates that if - # 0, then
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a123|3=0 # 1. This means that if for a complex manifold U there exists a
non-trivial Maurer—Cartan element s« € Q%*(U, S*TU) such that 3 = 3¢5 = 0
while v = 53 # 0, then the tensor product monoidal structure of the cate-
gory Dz, (U) has a non-trivial associator aj23 # 1 in addition to the standard
one. This situation is realized, for example, when U is a holomorphic sym-
plectic manifold X [4]. The element s in this case describes the formal neigh-
borhood of the diagonal in X x X. It follows that the Zo-graded derived cat-
egory of any holomorphic symplectic manifold admits a non-trivial monoidal
structure with a deformed associator. This provides an underlying reason for
the results of Roberts and Willerton [11].

If 3 =0, then all remaining generators of the algebras (5.69) have non-
negative semi-classical degrees. Among them, only Fg, and 7 have zero
degrees, and all others, including holomorphic derivatives, have positive
degrees. Since deg. 123 = 0, this means that aj23 belongs to the algebra
generated by v and Fg;:

a123|g=0 € TV, FE,, FE,, Fg,]-

In fact, we conjecture that if § = 0, then the associator is a pure exponential:
ov23]p—0 = exp (3 ’YIJKFEl,IFEQ,JFEg,K)-

5.6. A geometric description of the two-category [(X, w)

Following the outline of Section 5.1, we apply the results of the previous
subsection to formulate conjectures about a geometric description of the
category L(X ,w), where (X,w) is a general holomorphic symplectic mani-
fold. Our goal is to explain how the statements of Section 4.1 referring to
the case of X = TVU, should be modified for a general (X,w).

The pairs (Y, Ly ), where Y C X is a lagrangian submanifold and Ly —
Y is a line bundle such that L§2 = Ky, are still objects of the two-category
|:(X ,w). We conjecture that the analogs of holomorphic fibration objects
(Y, Ly) also appear, but this time J — Y is not a holomorphic fibration, as
in the case of X = TYU, but rather a special “non-holomorphic” deformation
of a holomorphic fibration. The reason for this deformation is similar to the
non-holomorphicity of the functions W which solve Equation (5.23), but we
will not explore this subject further.

Suppose that two lagrangian submanifolds Y7, Yo C X have a clean inter-
section. We conjecture that the category of morphisms between them is the
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deformed and shifted two-periodic category of their intersection:

(577) HomE(X,w) ((Yl, Lyl) ) (YQ, LYQ))
= Dz, (Y12; An12)[Liz)ew[3 dim X — dim Yip — 1],

where Y75 := Y] N Y3, the line bundle L1y — Y72 is defined by Equation (4.5)
adapted to the case of one-point fibrations:

L1z := Ly, v, ® Ly, |y, ® Ki;li

and A\n 12 € Q0 (A*TY12) is a special Maurer-Cartan element which deter-
mines the A-deformation of the category Dz, (Yi2).

Based on the results of the previous subsection, we make the following
conjectures about An 12:

(1) The Maurer-Cartan element Anj2 is relatively balanced and
deg )\ﬂ,12 > 2:

o0
An12 = Z An,12,65 A2 € QYU A'Y12).
i—2

(2) If at least one of the classes fy,, By, determined by the exact sequences
(5.19) is zero and the other lagrangian submanifold has a presentation
of Section 5.4.1 as the graph of a differential W, where W is a function
on the first lagrangian surface, then Ao = 0.

B) Iy =Y,=Y, then An 122 = 0 and An 12 3 is given by formula (5.46),
where (3 represents Sy and R is the curvature of the tangent bundle
TY.

(4) If Y1 = Yo =Y and the Atiyah class R of the tangent bundle TY is
zero, then An 19 = 0.

In order to derive these conjectures from Equation (5.32), we consider
a tubular neighborhood of Y7 (or Y2) as a tubular neighborhood of the zero
section of a deformed cotangent bundle (TVY}),, with an appropriate defor-
mation parameter ». Then the object Y; corresponds to the zero section
and hence it is represented by the holomorphic function W7 = 0. We assume
that within (TVY7),. the second object Y3 is of the form Yy, for an appro-
priate function W on Yi. Generally, this is not true, but we expect that
conjecture 1 holds true independently of whether such a presentation exists,
while Conjectures 3 and 4 correspond to the case W = 0. Finally, we assume
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that the line bundle Ly, is the pull-back of the deformation of Ly, under
the projection of Y3 onto the zero-section of TVY] (recall that the complex
structure of the projection of Y5 onto the base Y7 of the cotangent bundle
has a complex structure corresponding to the Beltrami differential (5.25),
hence the bundle Ly, has to be deformed in order to be holomorphic with
respect to it). Under these assumptions

(5.78)
Hom[_'(X,w) ((Y1,Ly,), (Y2, Ly,)) = Hombzz(Yl,%)(()? W) = Dz, (Y1; \i2)

(cf. Equation (5.30)), where A2 is the deformation parameter determined
by Equation (5.32), in which we set W; =0, Wy = W and, consequently,
Wiz = W. Hence Aj2 has the expansion (5.27): Mg = .00 A2, Ai2,i €
QU4(U, N'TY7). Here 2,0 = W, while all other terms Aj2; depend on W by
being polynomials in OW and its covariant holomorphic differentials VFOW,
k>1.

Since we assumed that Y7 and Y5 have a clean intersection, it follows that
W has a clean critical locus Crit(W) which is isomorphic to the intersection
Y72. We conjecture that the category Dz, (Y7; A12) localizes to Crit(W):

Dz, (Y1; M2) = Dz, (Yi2; An12)[Lio)ew[3 dim X — dim Yig — 1],

and the deformation parameter An 12 is determined somehow by the restric-
tion )\12|Crit(W). We do not understand this relation precisely, but we can
still make conjectures about An 12 based on the properties of )qg]cm(w).

Consider the degree degyy, defined by Equation (5.49). W = 0, hence
if deggy A2, > 1, then /\12,i‘Crit(W) = 0. Then explicit formula (5.37) for
A12,1 = p implies that A1|cyiewy = 0. Since W is locally constant at Crit(W),
we may also assume that A\j2 9 = 0. Thus our first conjecture is that An 120 =
An,12,1 = 0. We also conjecture that An 12 is relatively balanced, because the
same is true for Aqa.

Formula (5.20) states that 3 = Byl, so if ﬁyl =0, then # = 0 and we can
use the gauge transformation of the Maurer—Cartan element s¢ in order to set
B =0. Now Corollary 5.2 says that degyy, Ai > 2 for i > 2, s0 A12,i|crig(w) =0
for all i. Hence we conjecture that if 35/1 =0 and Y5 has a presentation as
the graph of OW, then An 12 = 0.

If 6 = 0 and Y5 is presented as the graph of W for a function W satisfy-
ing Equation (5.23), then the normal bundle @ := TY1|y,,/T(Y12) appear-
ing in Equation (4.7) admits an O(n,C) structure. Indeed, Yi2 = Crit(W),
so OWly,, = 0 and there is a well-defined Hessian 9*W € I'(S2QY). This
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Hessian is non-degenerate, because we assumed that Y7 and Y5 have a clean
intersection. Equation (5.23) implies that generally it satisfies the equation

0(°W) = BL ((0°W) (9°W)),

but since we assumed that 3 = 0 we find that the Hessian is holomorphic:
9(0*>W) = 0. The holomorphic non-degenerate Hessian provides the O(n, C)
structure for the bundle 1. In fact, we suspect that the converse is also true:
if 3 =0 and the bundle @; has an O(n,C) structure then the lagrangian
submanifold Y5 has a presentation as the graph of W at least in a tubular
neighborhood of Y7 N Ys.

IfY1 =Y, =Y, then Y12 =Y and W = 0, so Equation (5.78) says that
An12 = A12. Hence deg A 12 >3 and An 123 is given by formula (5.46).
Also, if Byl =0, then An 12 = 0 follows directly from Corollary 5.2 without
any further conjectures regarding the localization properties of the deformed
category Dz, (Yi; Aiz).

Finally, if Y] = Y5 = Y and the Atiyah class R of TY is zero, then Corol-
lary 5.4 says that A2 = 0. Since in this case A\n 12 = A12, then An 12 = 0.

We cannot say much about the deformation of composition (4.10) except
that when all ); are one-point fibrations with the same base Y =Y; =Yy =
Y3, and the Atiyah class R of TY is zero, then the deformation of the com-
position rule (4.12) is described by the formulas of subsection 5.5.4 in which
we replace U with Y.

6. Micro-local definition of the two-category i;(X, w)
6.1. Symplectic rectangles

Let Ux denote an n-dimensional Stein complex manifold U equipped with
holomorphic coordinate functions x = 1, ...xz,. The functions x determine
an embedding Uy — C%, where C}, is the affine space C" equipped with the
standard coordinates x. In other words, Uy is just an open subspace of C}
with inherited coordinates.

A symplectic rectangle is a product Uy x Vi with the holomorphic sym-
plectic structure determined by the two-form w =3 dy; Adz;. The
identity map establishes an isomorphism between Uy x V, and U_yx x V_y,.
The permutation map o: U x V — V x U establishes the isomorphisms
Ux x Vy — V_y x Ux and Uy x Vy — Vy, x U_x.

A symplectic rectangle Ux x Vy has a pair of transversal lagrangian fibra-
tions: a g-fibration u x Vi, for w € U and a p-fibration Ux x v for v e V. A
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q-embedding
(6.1) £: Uy x Vg —q Ux X Vy

is a symplectic embedding such that there exists an embedding ¢,: U’ — U
for which the diagram

U’><V’C€—>qU><V

L

U/(# U

is commutative. In other words, a g-embedding must preserve the g-fibration.
A composition of g-embeddings

(62) U37X3 X V3,y3 (iZUZ,Xz X ‘/2:)’2 C%Ulyxl X ‘/173’1

is a g-embedding.

The cotangent bundle TVUy has a canonical structure of a symplec-
tic rectangle, because the holomorphic differentials dx form a frame of the
cotangent bundle TV Uy thus providing an isomorphism

(6.3) TV Uy — Uy x CI.

Moreover, an embedding Vy — Cy generates an embedding Ux x Vy —
TVUy, which preserves the symplectic structure as well as both lagrangian
fibrations.

6.2. Two-categories of symplectic rectangles and their functors

We define the two-category L(Ux x V5,) as a full subcategory of D%Z(U).
A curved fibration (U, W) € Dj_(U) is an object of L(Ux x Vy) if its sup-
port (4.24) lies within Uy X V;, as embedded into TV Uy:

if(uy[/) CUx xVy C Tva.

Isomorphism (6.3) implies the equivalence of categories

(6.4) L(Ux x C3) =~ Dz, (V).

A curved fibration (U2, Wia) € D%Q (Uy x Uz) determines the two-
functor ® [U12, Wia] of Equation (3.23). Formula (4.29) describing the trans-
formation of the support of a curved fibration under the action of ® [U;2, Wi2]
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implies that if the support of (U2, Wi2) fits within the product of symplectic
rectangles:

(65) YV(U12,W12) C (ULXl X Vi,}ﬁ) X (U27X2 X ‘/2,}’2)7

then the two-functor ® [Ur2, W12] restricts to the two-functor

(6.6) D [Uyo, Wia] : L(U1x, X Viy,) — L(Uax, X Vay,).

A particular example of the two-functor (6.6) is the analog of Legendre
transforms (2.25). This time the Legendre transforms are the two-functors
©7) ) - )

Ay L(Ux x Vy) — L(Vy x U_x), A_: L(Ux x Vy) — L(V_y x Ux)

determined through Equation (3.23) by the one-point fibration and the curv-
ing x-y:=3 1", Ty Ay :=®[+x-y]. It is easy to see that the curv-
ings +x - y satisfy condition (6.5) and, moreover, the Legendre two-functors
essentially do not change the supports of objects: for a curved fibration
U, W) e L(Ux x V)

YiLww) = Yaw):

We conjecture that the composition of Legendre two-functors yields
the identity two-functor: Ay o AL ~ A_ o A, ~ L (exvy) 5O the Legendre
two-functors themselves establish equivalences of two-categories in Equa-
tion (6.7).

An important class of two-functors related to two-categories I'_.(Ux x Vy)
are restrictions. Suppose that U’ is a submanifold of U of the same dimen-
sion. Then there is the restriction two-functor @, : DaZ2(U) — D%z (U"), which
acts on curved fibrations and their morphisms by restricting them from U
to U’. The two-functor ®, can be restricted to the subcategory:

(6.8) &, L(Ux x Vy) — Dy (U).

If the subset U' C U inherits the coordinates x then the image of the two-
functor (6.8) lies within L(U} x Vy):

(6.9) O,: L(Uyx x Vy) — L(UL x V).

For a g-embedding (6.1) we define the restriction two-functor

Gt L(Ux x Vy) — L(UL x V)

x’
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as the composition of five two-functors:

Ci)r,s
///,-_— -------- \\
Py, . . -
(U % Vy) —— o B (U7) — 2 = (UL, % Cy) LU, x V)
Ay A_

In this diagram the restriction two-functor ®, 1 is of the type (6.8), the
restriction two-functor <I>r 9 is of the type (6.9) and the equivalence 1 is of
the type (6.4).

We conjecture that the restriction two-functor of the composition of
g-embeddings is isomorphic to the composition of individual restrictions,
that is, for a chain of g-embeddings (6.2)

(610) i)r,€120623 & érﬁlZ © &)r,s%'

6.3. A presheaf of two-categories

A rectangular chart in a holomorphic symplectic manifold (X,w) is a sym-
plectic map

(6.11) [:UexVy — X

To every rectangular chart we associate the two-category I';(Ux x V). Rela-
tion (6.10) suggests that these chart two-categories form a presheaf i]3(X ,W).
An object O of the category L(X w) is defined to be a global section of
this presheaf: to every rectangular chart (6.11) we associate an object Oy €
L(Ux x V4) with two conditions: for any commutative triangle

Vy x U_x
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there is a relation O = ALO t, and for any commutative triangle

><V’ (—>U x Vy

there should be a relation Oy = <f>r750f.

Two global sections O1, Oy € L(X,w) determine a presheaf of categories
Hom(0O1,02): to every rectangular chart (6.11) we associate the category
Hom(O1,y,, 02 f,) and we define Homj )(01, O2) as the category of global
sections of this presheaf.

7. Categorified algebraic geometry and the RW model
7.1. RW model of a graded cotangent bundle

In the case when X = TVY one can promote the RW model from a
Zs-graded TQFT to a Z-graded one, as explained in [6]. To this end, one
assigns cohomological degree 2 to linear coordinates on the fiber of the pro-
jection TVY — Y. From the physical viewpoint, the degree is the weight
with respect to a U(1) ghost number symmetry. We will call the resulting
graded manifold TVY[2]. The sheaf of holomorphic functions on TVY[2] is
a quasicoherent sheaf of graded algebras on Y:

Ox = @ Sym?TY.
p

The RW model with the target TVY[2] has U(1) ghost number symmetry,
and it is natural to consider boundary conditions and topological defects
which preserve this symmetry. This gives a Z-graded version of the model.

The two-category of boundary conditions supported on Y has a distin-
guished object: the zero section of TVY[2]. It is easy to see that this bound-
ary condition is invariant with respect to the U(1) ghost number symmetry.
The corresponding endomorphism category is DP(Y"), the bounded derived
category of coherent sheaves on Y. From the physical viewpoint, it arises
as the homotopy category of a DG-category ©(Y'). Objects of D(Y) are
perfect DG-modules over the Z-graded Dolbeault DG-algebra (Q%*(Y), 9),
with morphisms being the usual morphisms of DG-modules. DP(Y) is a
symmetric monoidal DG-category; as discussed in [6], the monoidal struc-
ture is the standard one (this is easy to see on the classical level, but it takes
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some work to show that there are no quantum corrections). The algebra of
boundary local operators for the distinguished boundary condition (i.e., the
endomorphism algebra of the unit object in the endomorphism category) is
isomorphic to H*(Oy).

In the Z-graded case, infinitesimal deformations of a boundary condition
correspond to degree-2 elements in the algebra of local boundary operators.
Thus infinitesimal deformations of the distinguished boundary condition are
parameterized by H?(Oy). If Y is compact and Kihler, such deformations
are unobstructed. Indeed, we can choose a harmonic representative B of a
class in H?(0y), and then the deformation of the boundary action is simply

¢*B,
oM
where ¢ is a map from the space-time M to the target X. Since the form
B is closed, such deformation is obviously BRST-invariant and does not
affect BRST-transformations of any fields. We will call such a deformation
a B-field deformation, by analogy with the 2d sigma models.

Let (Y, B) denote the distinguished boundary condition deformed by B.
The category of morphisms from (Y, By) to (Y, Bz) is the bounded derived
category of twisted coherent sheaves on Y, where the twist is given by the
class of By — By. We will denote this category D(Y, By — Bj). The compo-
sition of morphisms is the obvious one (tensor product of twisted coherent
sheaves). Physically, DP(Y, B) arises as the homotopy category of a certain
DG-category which we denote ©(Y, B). It is the category of perfect CDG-
modules over the CDGA (Q%*(Y),d, B).

More complicated boundary conditions can be obtained by consider-
ing complex fibrations Y — Y equipped with a B-field B € H?(0y). The
category of morphisms from (), By) to ()a, B2) is the bounded derived
category of twisted coherent sheaves on )i Xy )o with the twist given by
w5 By — my By, where 7 is the projection from Vi xy Vs to Vs, s =1, 2.

To understand the resulting two-category better, note that an object
of DP()) xy Vs, By — By) defines a functor from DP())y, By) to D°()%, Bo).
Composition of morphisms in the two-category of boundary conditions is
simply the composition of functors. Moreover, this functor intertwines the
natural action of DP(Y), regarded as a monoidal category, on DP(), By)
and DP()%, By). That is, if we regard the categories D(Ys, By), s = 1,2
as modules over the monoidal category DP(Y), then this functor defines a
morphism in the two-category of modules.

Note that for a C-linear (or DG) monoidal category C there are two very
different notions of a module: a module over C regarded simply as a C-linear
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(or DG) category, and a module over C regarded as a monoidal C-linear (or
monoidal DG) category. The former is a functor from C to the category of
complex vector spaces Vectc (or the category of differential graded complex
vector spaces); the latter is a C-linear (or DG) category which is acted upon
by C. To avoid confusion, we will call the latter notion a two-module over C.
This terminology is not standard,® but natural, if we think about a monoidal
category as a two-algebra, i.e., a categorification of an algebra. Two-modules
over a monoidal category C form a two-category.

One could hope that any morphism in the two-category of two-modules is
represented by an object of Db (V1 Xy Vo, By — By). Then the two-category
of boundary conditions in the RW model would be a full sub-two-category
of the two-category of two-modules. This statement is incorrect as formu-
lated, however, apparently it does become correct if we replace the derived
category of (twisted) coherent sheaves with its enhancement. Recall that an
enhancement of a triangulated category C is a DG-category € whose homo-
topy category HY(€) is triangulated and an equivalence of H°(€) and C.
From the physical viewpoint, a natural enhancement of DP(Y) is the DG-
category D(Y). Similarly, a natural enhancement of D(Y, B) is the DG-
category D(Y, B) of perfect CDG-modules over the CDGA (2%*(Y), 9, B).
The category ©(Y') is a monoidal DG-category which acts by DG-functors on
the DG-category ©(Y, B). Any object of D(Y1 Xy Va2, Bo — B;) determines
a DG-functor from D (Y, B1) to ©()s, Be) which intertwines the action of
D(Y). The improved version of the conjecture is that any such DG-functor
is represented by an object of D(Y).

In [13] this conjecture was proved for Y being a point. In [1] the proof
was extended to the case when Y is a more general scheme.

The conclusion is that the two-category of boundary conditions in the
Z-graded version of the RW model with target TVY[2] is the homotopy
category of a full sub-two-category in the two-category of two-modules over
the monoidal DG-category D(Y).

7.2. Derived categorical sheaves

Complex fibrations over Y play a role in the RW model similar to that
played by holomorphic vector bundles in the B-model with target Y. But it
is well-known that more general coherent sheaves also arise as B-branes, and
it is natural to ask if boundary conditions in the RW model can be similarly
generalized.

6The more standard name for a two-module is a module category.
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It is convenient to take a more algebraic viewpoint and replace complex
fibrations over Y with families of algebras or DG-algebras over Y. Likely
this entails no essential loss of generality. For example, it is known that
for any sufficiently nice (quasi-compact and quasi-separated) scheme Z the
derived category of complexes of sheaves on Z with quasicoherent cohomol-
ogy is equivalent to the derived category of modules over some DG-algebra
with bounded cohomology [3]. Thus we will replace the fibration ) with a
sheaf of DG-algebras over Y. One may conjecture that any sheaf of DG-
algebras over Y can be interpreted as a boundary condition in the RW
model.

To test this conjecture, we need to have a reasonable definition of the
category of morphisms between sheaves of DG-algebras. A natural defini-
tion has been sketched by Toen and Vezzosi [14]. They work with more
general objects called derived categorical sheaves over Y. A derived categor-
ical sheaf is a sheaf of DG-categories over Y. This means that to any affine
open subscheme Spec A = U C Y one attaches a DG-category €(U) over A,
to any inclusion of affine open subschemes U’ C U one attaches a morphism
of DG-categories ryy : €(U) — €(U’), and to any inclusion of affine open
subschemes U” C U’ C U one attaches an invertible two-morphism from
ryy o ryru to rgey. These data must satisfy a number of conditions which
are spelled out, for example, in [8]. A sheaf of DG-algebras can be thought of
as a special case of this, with the DG-category €(U) having a single object
for any U.

The category of morphisms from the derived categorical sheaf T; to the
derived categorical sheaf To is defined as follows. First of all, one can define
the derived tensor product of two derived categorical sheaves which is again
a sheaf of DG-categories. In [14] it is denoted Ty ®“ Ty. The category of
morphisms from T to T is defined to be the derived category of modules
over the sheaf of DG-categories T{" @ Ty, where 177 is the opposite of 7. In
this way one gets a two-category of derived categorical sheaves over Y. There
are versions of this definition which depend on which modules precisely one
considers.

The simplest object in this two-category is the structure sheaf Oy
regarded as a sheaf of DG-algebras with zero differential. It corresponds to
the distinguished boundary condition in the two-category of boundary con-
ditions for the RW model with target TVY[2]. Its endomorphism category
is DP(Y'); this agrees with the endomorphism category of the distinguished
boundary condition in the RW model. Given any other derived categorical
sheaf T over Y, the category of morphisms from the distinguished object to
T is a two-module over the monoidal category DP(Y). Thus the two-category
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of derived categorical sheaves over Y is embedded into the two-category of
two-modules over DP(Y).

A simple but interesting example of a derived categorical sheaf is a
skyscraper sheaf, i.e., a sheaf of DG-categories such that €(U) is quasi-
equivalent to the trivial category if U does not contain a point p € Y, and
is quasi-equivalent to a fixed DG-category €y otherwise. We may call this a
skyscraper sheaf with stalk €g. We now explain how to construct the corre-
sponding boundary condition in the RW model by allowing the fibration )
over Y to carry a non-trivial curving W € H%(&y). Such boundary condi-
tions should be regarded as 3d analogues of 0-branes. For simplicity, we will
assume that the DG-category € is simply a DG-algebra A, and is moreover
of a geometric origin, i.e., its derived category of modules D(.A) is equivalent
to the derived category of coherent sheaves on some complex manifold V.

First we note that in order for a curving W to preserve the ghost number
symmetry, we have to allow the fiber ) to be a graded manifold with a non-
trivial C* action. Then the space H%(07) is also graded, and W must sit
in its degree-2 component. We will call such W a superpotential. A graded
fibration ) — Y equipped with a superpotential W of degree 2 defines a
boundary condition for the RW model.

The category of morphisms from the distinguished boundary condition
to the boundary condition (¥, W) is H*(®(Y,W)) = D*(),W). Note that
this category is equivalent to a trivial one if W has no critical points [5,9].
This is a local statement: given an open set U C Y we may consider the
restriction (Vy, Wyr) of (Y, W) to U and the category DP(Vy, Wy); this
category is trivial if Vy does not contain critical points of W. Therefore a
natural candidate for an analogue of a skyscraper sheaf is a pair (), W) such
that all critical points of W are contained in the fiber over a point p € Y.

To be concrete, let us consider the case when Y is the n-dimensional
affine space A, with coordinates y!,...,y". We will describe a boundary
condition in the RW model with target TVY[2] which corresponds to a
skyscraper sheaf over Y with the stalk at y = 0 being a DG-algebra A of a
geometric origin. Let Y = A,[2] x Y x V, where A,[2] denotes the affine
space with linear coordinates ai,...,a, of cohomological degree 2. The
graded manifold ) is a trivial fibration over Y. The superpotential will
be

W=> ya,
%

We may think of y* and a; as coordinates on TVY[2].
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The category of morphisms from the distinguished boundary condi-
tion to (Y, W) is DP(,W). By Knérrer periodicity, it is equivalent to
DP(V). Furthermore, W has a single critical point y = a = 0, so the category
Db(yU, Wy) is equivalent to a trivial one if U does not contain the point
y=0.

We propose that this boundary condition corresponds to the skyscraper
sheaf with the stalk A at y = 0. By definition, the category of morphisms
from the derived categorical sheaf Oy to this skyscraper is the category
DP(A) ~ DP(V), which agrees with the RW model.

To check this proposal further, let us compare the endomorphism cate-
gory of (), W) regarded as a boundary condition in the RW model and the
endomorphism category of the skyscraper sheaf. The former is the category
DP(A,[2] x An[2] X V x V x Y, W). The superpotential W is given by

W = (e — a),
where a@; denote the coordinates on the second copy of A,[2]. By Knorrer
periodicity, this category is equivalent to DP(A,[2] x V x V).

To compute the endomorphism category of a skyscraper sheaf, we first
need to compute its derived tensor product with itself. Since the base is
an affine space A,, we can think about sheaves of DG-algebras in algebraic
terms, i.e., as DG-algebras over the ring C[y',...,4"]. From this point of
view, the skyscraper sheaf with a stalk A is simply the DG-algebra A made
into a C[y!,...,y"]-module by letting all y* act trivially. Equivalently, it is
a tensor product over C of the DG-algebra A over C and C regarded as a

DG-algebra over Cly!,...,y"] with a trivial action of 3* for all i and a trivial
differential.
Since such a module is not flat over C[y!,...,y"], to compute its derived

tensor product with itself we need a flat resolution for it.” Consider a DG-
algebra

Kn = ((C[y17 . "ynwl’ . '>9n]7Q)7

where 6!,...,0" are anticommuting odd variables of degree —1, and the
differential @ is the Koszul differential

0
00¢

Q=1y"

It is quasi-isomorphic to C regarded as a DG-algebra over Cly', ..., y"].
Hence we can obtain the desired flat resolution by tensoring over C the

"We are grateful to Dima Orlov for explaining to us the content of this paragraph.
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DG-algebra A with K,. The derived tensor product is now computed by
tensoring with A over C[y',...,y"]. The result is a DG-algebra

(7.1) Ag=A®c Axc ClH,...,0M,

with a trivial action of the variables 3. By definition, the endomorphism
category of the skyscraper is a suitable version of the derived category of
modules over this DG-algebra.

The algebra C[0!,...,0"] is Koszul-dual to the algebra

(7.2) Clay, ..., an],

where the variables a; are even and have degree 2, and the differential is
zero. Consequently, suitably defined derived categories of the DG-algebra
(7.1) and the DG-algebra

(7.3) Ao = A®c A®c Clay, .. ., an]

are equivalent. This agrees with what we got from the RW model and
Knorrer periodicity.

Note that the resolution of the skyscraper categorical sheaf used above
is in some sense Koszul-dual to the trivial fibration ) = A, [2] x Y x V; the
role of the Koszul differential is played by the superpotential W.

Let us consider a slightly more complicated example: a sheaf of algebras
over A = Spec C[y] which in algebraic terms is the algebra C[y]/y"* over the
ring Cly|. For k =1, this is a special case of the previous example (with
n =1). We will argue that there exists a boundary condition in the RW
model equivalent to such a sheaf of algebras.

Note first that the above sheaf of DG-algebras can be deformed into a
collection of k skyscrapers by replacing y* with Py (y), where Py is a degree-k
polynomial without multiple roots. This corresponds to the following bound-
ary condition in the RW model: Z = Ay x C[2], W = aPy(y). In the limit
when Py (y) degenerates to y*, we get W = ay*. Therefore we propose that
the boundary condition with Z = A; x C[2], W = ay*, corresponds to the
DG-algebra C[y]/y* over Cly].

The category of morphisms from the distinguished boundary condition
to this one is the category of C*-equivariant matrix factorizations of W =
ay®. If the proposal is correct, then this category must be equivalent to the
derived category of DG-modules over C[y]/y*. The equivalence presumably
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arises from the following matrix factorization:

(7.4) D= <y0k 8)

Its endomorphism algebra is a DG-algebra quasi-isomorphic to C[y]/y* with
the zero differential. Thus we get a bimodule which defines a functor from
the category of equivariant matrix factorizations to the derived category of
DG-modules over C[y]/y*. With suitable definitions, this functor should be
an equivalence of categories [11].

We note in passing that this construction allows one to think about
the derived category of modules over C[y]/y* as a category of B-branes
in some physical theory (namely, the Landau—Ginzburg model on C x C|[2]
with the superpotential W = ay*). In other words, the Landau-Ginzburg
model whose target is a graded manifold allows one to give meaning to
such a singular-looking theory as a sigma-model with target Spec(C[y]/y*).
Similarly many other graded Landau—Ginzburg models can be thought of
as representing sigma-models whose targets are singular schemes or even
DG-schemes.
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