COMMUNICATIONS IN
NUMBER THEORY AND PHYSICS
Volume 3, Number 4, 619-653, 2009

The double Riemann zeta function

HIROTAKA AKATSUKA

In 1992 Deninger showed a version of explicit formulas for the
Riemann zeta function. In this paper, we establish a duplication
of Deninger’s explicit formula in the sense of the absolute ten-
sor product due to Kurokawa. As an application, we obtain an
Euler product expression for the double Riemann zeta function
constructed from the absolute tensor product of the Riemann zeta
function.

1. Introduction

The prime numbers are closely related to the zeros and the pole of the
Riemann zeta function ((s). This relation is described by explicit formulas,
which are equations between sums over the prime numbers and sums over the
zeros and the pole of the Riemann zeta function. At present, various explicit
formulas are known. We refer to Weil [20] as a famous explicit formula. In
1992 Deninger [7] showed the following explicit formula:

Deninger’s Theorem 1.1 [7,p. 148]. InRe(s) > 1 and Re(w) > 1, we have

1 1 - 1
2. _(s—l)w+;(s+2n)w

~ (s —p)¥
1 o0
= —m Z Z p~"*(mlog p)*~"log p,
p m=1

where p runs over the nontrivial zeros of the Riemann zeta function counted
with multiplicity, o := exp(wlog «), log o := log || + iarg o with arga €
(=m/2,7/2) and p runs over the prime numbers.

Remark 1.1. Schréter and Soulé [18, Theorem, (i)] showed that > (s —
p)~" has a meromorphic continuation to (w,s) € C x Q, where Q:=C\
{p—A:0<Re(p) <1,{(p) =0,\>0} and |arg(s — p)| < 7.
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In 1992 Kurokawa [11] predicted that for fixed r € Z>; there would
be a relation between the r-ple prime numbers (pi,...,p,) and the sums
p1 + - -+ p, of the zeros or the pole p; of the Riemann zeta function. Under
this prediction, he defined the absolute tensor product. Roughly speak-
ing, for meromorphic functions Z;(s),. .., Z.(s), their absolute tensor prod-
uct (Z1 ® -+- ® Z,)(s) is defined by the zeta-regularized product (explained
later) so as to have zeros or poles at s = p; + - -+ + p, with Z;(p;) = 0 or co
(j=1,...,r) and Im(py),...,Im(p,) having the same signature. The above
prediction says that an 7-ple Riemann zeta function (®"(s) might have a
generalization of the Euler product running over the r-ple prime numbers
(p1,...,pr) and that there might exist explicit formulas for (®"(s). See [12,
Section 1] for the precise definition of the absolute tensor product and its
expectations. We refer to an excellent survey [15] by Manin. See also Schroter
[17] for the study of the absolute tensor product in the name of the Kurokawa
tensor product. We also remark that Koyama and Kurokawa [13] obtained
an Euler product expression and a Weil’s-type explicit formula for (®2(s).
Concerning the absolute tensor product for Euler factors of the Riemann
zeta function, see [1-4], [11-14].

The purpose of this paper is to establish a duplication of Deninger’s
explicit formula in the sense of the absolute tensor product as follows:

Theorem 1.1. In Re(s) > 2 and Re(w) > 2 we have

Im(p1)>0 Im(p2)>0 Im(p1)<0 Im(p2)<0
1
IE3) DIFGELUSMRLID Djp puu—S
Im(p)>0 ( —1- Im(p)>0n= 1 Pt 2n (S B 2)

o0

1
a Z Z s—|—2n1+2n2) +2n§:1(3+2n—1)w

ni=1ny,=1

where p, p1, p2 Tun over the nontrivial zeros of the Riemann zeta function in
the given ranges counted with multiplicity, the argument lies in (—m/2,m/2)
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and
.8 2 >
(1) — w 1
EY(w,s): 5t ZZp *(mlogp) log? p
p m=1
w+1 >
—ms w—2 2
+ D > p " (mlogp)” " log’p,
p m=1
(0.0

1 — p_ g (mlog p)* log p
E® —
(w,9) i Zp: Z Z n(mlogp — nlogq) ’

q"#p™
1 ¢ o = P g " (mlog p)* log p
E®) —
(w;5) ﬂizp:mz::lzq:; n(mlogp+nlogq) ’
1 + log(2m N s we
EW(w,s) = <2+77f> (Z p~"™ (mlogp)" " logp
p m=1
+) ) p e (mlogp)” 210gp>
p m=1
1 > I’ (mlogp
E(5) [ — 1 w— 11 L
(w, 5) mzpjmz_lp *(mlogp)" Hogp x (==
1t >
B w.s) =~ (Zzp ) (m log ) logp) tog ¢ ()
p m=1
1 [ — p~"*(mlogp)“*logp
EM =—— du
(w, s) mJy et —1 <;mzl u+ mlogp “
E®(w,s):==> > p " D(mlogp)* 'logp,
p m=1
E@(w,s):=2> """ p7"H) (mlog p)~log p
p m=1k=1

Here p and q run over the prime numbers and v is the Euler constant.

Concerning the convergence of the sums and the integrals in E(j)(w, s),
the following assertions hold:

Theorem 1.2. (1) Foranyj € {2,6,8} the sums and the integral in E)
(w, s) converge absolutely and uniformly on any compact subset of
{(w,s) € C?: Re(s) > 2}.
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(2) For any j € {1,3,4,5,7} the sums and the integral in EY)(w,s) con-
verge absolutely and uniformly on any compact subset of {(w,s) € C? :
Re(s) > 1}.

(3) The sum in E®)(w, s) converges absolutely and uniformly on any com-
pact subset in {(w,s) € C?: Re(s) > —1}.

Using Deninger’s Theorem 1.1, Deninger obtained a zeta-regularized
product expression for ((s). To explain this, we recall the zeta-regularized
product. For complex sequences a := {a, }5°;, the zeta-regularized product
is defined by

(1.1) H(s—an) = exp [— RestZaEUU;’S) ,

n=1

with Za(w,s) :=>.2 (s —an)~", provided that the Dirichlet series in
Za(w, s) converges absolutely for sufficiently large Re(w) and Z,(w, s) has a
meromorphic continuation with respect to w to Re(w) > —e for some & > 0.
The important properties are that (1.1) has an analytic continuation to all
s € C and that its zeros are located at s =a, (n=1,2,...) and nowhere
else. Concerning the zeta-regularized product, see [9, 10]. From Deninger’s
Theorem 1.1, Deninger proved

Deninger’s Theorem 1.2. In Re(s) > 1 we have

Hp(s - p)Hzozl(s + 2n)

((s) = -

Remark 1.2. Strictly speaking, Deninger treated [],(°z2). See [7, (3.3)
Theorem].

Remark 1.3. From Remark 1.1, Deninger’s Theorem 1.2 is valid for any
s € Q. See [18, Theorem, (ii)].

As an application of Theorem 1.1, we show an Euler product expression
for (¥2(s). By the definition of the absolute tensor product (®2(s) is given
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as follows:

¢2(s)

2
H (s—pl—pz)( H (S—p+2n)> (s—2)H(s+2n1+2n2)
>0 Im

Im(p;) (p>)1>07 n;>1
nz

2 2
[ o M0 - t-n) (Mov o)

Im(p,)<0 Im(p)>0 n>1

We remark that (®2(s) is given by determining locations and orders of zeros
and poles, and that existence and a form of an Euler product expression for
¢®2(s) are not trivial. From Theorem 1.1 it is given by the following:

Theorem 1.3. In Re(s) > 2 we have

9

¢ (s) =exp | Y ED(s) ],
j=1
where BV (s) := EU)(0,s), that is,

) _ _8 —9 p—ms lng L oo p—ms
E(s) 2mi zp:mz_:l m 271'121):2_: m2’
E@ () := iziz i p " Vg " logp

e R e n(mlogp —nlogq)’
q #p™
Il P ™g " logp
E®(g) = ——
() ﬂizpzmzzlzq:;n(mlogp—i—nlogq)’
1 v +log(2m > pme = pms
EW .
(s) <2+ i > (ZZ m +sz210gp
p m=1 p m=1
1 p ™ TV /mlogp
E®) _ -
(s) mzp:mz:; m I‘< i >’
1 1
EO(s) = — | (s~ w)loglC(u)ldu,

1 [ u > p " logp
ED(s) = — L ( )d
o Mo et =1 ;mzzl (mlogp)2(u+ mlogp)/) ™"
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Remark 1.4. Though Koyama-Kurokawa obtained an Euler product
expression for (¥2(s), our result is more explicit than theirs. See [13, Theo-
rems 5-7| for their results.

We mention an underlying idea of the proof of Theorem 1.1. In [7]
Deninger used an improvement of Weil’s explicit formula due to Barner
[5] to obtain Deninger’s Theorem 1.1. But, at present, we cannot use a
Weil’s-type explicit formula [13, Theorem 4] for our purpose. Instead, we
adopt the contour integral method, which was used for appropriate sums of
multiple Hurwitz zeta functions or for multiple sine functions in [4, 16]. See
also [19, Section 2.4] for this method. Roughly speaking, we give an analytic
continuation with respect to w for

(1.2) YD (s=p—p)”

Im(p1)>01Im(p2)>0

via the contour integral expression and cut off the contour to relate (1.2)
with prime numbers. Then the theory of Cramér [6] and Guinand [8], which
will be explained in Section 2, plays important roles. More technical ideas
will be explained in Section 3. We emphasize that Theorem 3.1 in Section 3
is fundamental to derive Theorem 1.1. We remark that for concretely given
r € Z>1 Deninger’s-type explicit formulas for (¥"(s) can be calculated from
Theorem 3.1 in principle.

This paper is organized as follows: In Section 2 we recall the theory of
Cramér [6] and Guinand [8], arrange it and give needed estimations. In Sec-
tion 3 we show a fundamental equation (Theorem 3.1) to obtain Theorem
1.1 and we also explain a sketch of the proof of Theorem 1.1. In Section 4
we reprove Deninger’s Theorems 1.1 and 1.2 from Theorem 3.1 to explain
calculations for Theorems 1.1 and 1.3. We remark that our method is com-
pletely different from that of Deninger. In Section 5 we prove Theorem 1.1
from Theorem 3.1 and we also prove Theorem 1.2. In Section 6 we prove
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Theorem 1.3. Lastly, in Section 7 we discuss an obstacle to applying our
results to the nontrivial zeros of the Riemann zeta function.

Convention and notation. For convenience we collect convention and
notation which will be used in this paper.

e p and ¢ denote the prime numbers.

e p, p1 and py denote the nontrivial zeros of the Riemann zeta function
counted with multiplicity.

7 denotes the complex number satisfying p = % +iT.

7 = min{Re(r) > 0: (( +ir) = 0}(= 14.13...). See [19, Chapter
XV].

~ is the Euler constant, that is,

i
= 1 — —logN |.
v Nf;o@n Og>

2. Cramér—Guinand theory

In this section, we recall the theory of Cramér [6] and Guinand [8] and
further develop it. Let

logt

(2.1) o) := > e U :=0(t>+m(t/2)’

Re(1)>0

which are originally defined in |arg(¢)| < 7/2. Then, Cramér and Guinand
proved the following assertions:

Lemma 2.1. (1) [6, p. 114, (13)] 6(t) has the following expression in
Re(t) > 0

0(t) = —e= _ ~3
®) o’ zp:mz:lmt+1mlogp 2mi ZZ t—1mlogp)
1 v+ log(2ﬂ') 1 e*% r’ t) | e?
- 1 i
e (4 T 2m + * omi T * 2

t BT < wu du
—e 2 1 )|d .
T on /Oe og | (u ‘u+ /0 et — lu+it
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(2) [8, Theorem 3] U(t) has a single valued meromorphic continuation for
which

U(t)+ U(—t) = 2cos <;> - 4cosl(t/2)'

(3) [6, p. 117, 2; 8, Theorem 1(ii)] U(t) has the following Laurent expan-
ston att =0:

7+ log(2m)

ult) = 27t

+0(1).
Remark 2.1. The sums over p and m in Lemma 2.1(1) converge absolutely
and uniformly on any compact subset of C since

(o] p_m
2.2 —— < o0.
(2:2) 22 oy <

m=1

For the proof of (2.2), we separate m = 1 and m > 2 and apply the prime
number theorem to the former and estimate the latter trivially.

From the meromorphy of logt/(4msin(¢/2)) in arg(t) € (—7/2, (37)/2)
and Lemma 2.1(2), 6(¢) has a meromorphic continuation to ¢ € C\ iR<o.
We rewrite it by the same notation (¢).! We put

0*(t) :=0(t) —e"2  (teC\iRxp).

Then we rewrite Lemma 2.1 in terms of 6*(¢) as follows:

Lemma 2.2. (1) 0*(t) has the following expression in t € C\ iR< :

8
0*(t) = ) Aj(t),
j=1
where
t > pim
Aq(t) := —-—e 2
i(t) 27i ;mzzl m(t —imlogp)

!Throughout this paper 6 is a function in C\ iR<g and we do not use other
branches.
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Az(t) = 27r1e2 Z Z t+1m10gp)
i (1 'y—l—log 2m 1
Asz(t) == —e> <4 + 27r1()> <1 - 1t> )

es I t
Al) =52 <_7r> 7

As(t) =~ et [ e log i
As(t) = 267;5 /000 euu— 1%’ ”
Aq(t) :-%e*%, Ast) = 5
(2) We have
0% (t) 4 0%(—t) — _2ifint if Re(t) > 0,
2;; if Re(t) < 0.

(3) 0*(t) has the following asymptotic behavior at t = 0:

logt v+ log(2m)
27t 27t

0%(t) = — +0(1),

where the argument lies in (—m/2,(3m)/2).

Remark 2.2. For the proof of (1) we cannot use Lemma 2.1(1) directly
because the last term in Lemma 2.1(1) is not valid on ¢ € iR>.

Proof of Lemma 2.2. (2) First we consider the case Re(t) > 0. We recall
that the argument was taken in (—7/2,(37)/2) to obtain the meromor-
phic continuation of §(t). Hence log(—t) = logt + 7i in its context. Therefore
Lemma 2.1(2) says

1 t 1
68) + 0= + Fanaray ~ 2908 <2> ~ dcos(t/2)
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Hence we have

2
1 1 e

0" (t) + 0" (—t) = 0(t) + 0(—t) — 2 cos <t)

T dcos(t/2)  Aisin(t/2)

 2isint’

which gives (2) with Re(¢) > 0. (2) with Re(¢) < 0 is immediately obtained
by replacing ¢ with —¢ in (2) with Re(t) > 0.
(1) We restrict ¢ to Re(t) < 0 first. Then from (2) we have

05 (t) = —0(—t) + 0% + = —f(—t) + ——

it 3it
2

2isint elt — e—it’

Applying Lemma 2.1(1) to 6(—t), we obtain (1) in Re(t) < 0. Since both
sides are meromorphic in ¢ € C\ iR<p, (1) holds in ¢ € C \ iR<y.

(3) Applying sin(t/2) = t/2 + O(t3) to Lemma 2.1(3), we immediately
obtain the desired result. O

Next, we give information about poles of 8*(¢). From definition (2.1) of
0(t) and Lemma 2.2 (1) we have

Lemma 2.3 [8, Theorem 1(ii)]. 6*(¢) has poles at the following points and
nowhere else int € C\ iR<q:

(i) t =1imlogp (p: prime numbers; m = 1,2,...),
(i) t=—-mm (m=1,2,...).
Later we need the following bounds for 6*(¢):
Lemma 2.4. (1) On Re(t) > 1 we have

0*(t) = Z e Tt _e7% 4 O(e—1ooRe(t)+§|1m(t)|)_
0<7<100

(2) On Re(t) < —1 we have

* _ Tt ez 100 Re(t)+2 | Im(t
rt)y=— > e i G O+31Im@),
0<7<100



The double Riemann zeta function 629

(3) Lett =z +iT with T > 2 and —T < x < T. Then we have

t _u P T/2
6 (1) = —— e _ " oreT
®) o p,zm m(t — imlogp) +O(Te),
pm,<62T

where the implied constant is absolute.

Proof. (1) First we remark that if 0 < Re(7) < 100 and ¢(3 + ir) = 0, then
T € R (see [19, Chapter XV]). Hence we have

0*(t) = Z e ™+ Z e —en,

0<7<100 Re(7)>100

From |Im(7)| < 3 we have

Z e~ Tt < Z |e—7't’ _ Z e Re(7) Re(t)+Im(7) Im(t)
Re(7)>100 Re(7)>100 Re(7)>100
< o3| Im(t)] Z o~ Re(T) Re(?)
Re(7)>100

— o100 Re(t)+21 | Im(t)] o~ (Re(7)~100) Re(?)
Re(T)Z>100

< @100 Re(t)+ 1| Im(t)] Z ef(Re(r)floo)7
Re(7)>100

which completes the proof.

(2) Applying (1) to 6*(—t) in Lemma 2.2(2), we easily obtain the desired
result.

(3) Estimating A;(¢) in Lemma 2.2(1) for j =2,3,...,8 trivially, we
have

0% (t) = Ay (t) + O(Te™/?).

We treat Aj(t). Suppose that p™ > e??. Then, since T < (mlogp)/2, we
have mlogp — T > (mlogp)/2. Hence we get

" p" ™
. < <2
nzm m(t — imlogp) p,zm m(mlogp —T) pzm:l m?logp
pm Ze2T pm ZeZT pm ZezT
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00 p,m
<2220 iy

p m=1

Together with (2.2), this completes the proof. O

Corollary 2.1. (1) On u > 10 we have

0 (ue~ %) =0 (exp (—23%)) . 0 (ueT) =0 <exp <—;;72)> .

(2) Let R > 10 and —R <y < R. Then we have
0" (R +iy) = O(c¥/?),

where the implied constant is absolute.

(3) Lett =z +iT with T =log(N + %) (N € Z>100) and x € R. Then we
have

O(e™/?) ife>1,
0*(t) = ¢ O(T2e7/?) if —1<z<1,
O(er(l)x + e 3T + elOOx+%) if e < —1,
where the implied constant is absolute.

For the proof we need the following:

Lemma 2.5. For any 0 < X <Y we have

Y- X
logY —log X > .

Proof. This immediately follows from the mean value theorem. O

Proof of Corollary 2.1. Applying Lemma 2.4(1) or (2) and estimating the
first and second terms trivially, we easily obtain (1) to (3) with |z| > 1. We
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consider (3) with |z| < 1. We estimate the sum in Lemma 2.4(3):

—m

p
— L < N
’ Z 1mlogp)‘ gm: |T — mlogp|
p <e p77L<82T
—m —m
= X 7 . logp 2 1p T
YT —mlogp YT mlogp —
pr<N+1 N+3<pm<(N+3)?
= T+1L

We first treat I. From Lemma 2.5 we have

1 pm 1\ & 1
I<<N+> E <<N+>E —_—
2 v N—I—%—pm 2 ann(N—i—%—n)
pr<N+1

2.3 = — + — KL log N <« T.

2
In the same manner, II is estimated as follows:

N2

(2.4) 1< > pm— Z (N+ )<<T.

p7m 1
N-"‘%SP""<(N+%)2

Applying (2.3) and (2.4) to Lemma 2.4(3), we get the desired result. O

3. The fundamental equation between zeros and primes

In this section, we prove a fundamental equation between the zeros of the
Riemann zeta function and the prime numbers. We also explain how to
obtain Deninger’s Theorem 1.1 and Theorem 1.1 from the fundamental equa-
tion. Needed calculations will be done in Sections 4 and 5.

The fundamental equation is as follows:
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Theorem 3.1. Let r € Z>1. Suppose that (w,z) € D, satisfies Im(z) <
—r/2 and Re(w) > r, where

r _mi or
D, := {(w,z) €C?: —5373 < Re(ze™4) < 23/2}

_ {(w,z) €€~ <Re(2) +Im(z) < 527“}

Then we have
LY (w, 2) + L (w, 2) = Rp(w, 2),

where
L(l)(w Z) — L /0067‘? e_Zte*(t)Ttw_ldt
P02 = 1) ,
Lg)(’w,z) _ (_1)1"71]?(10) /0 et (9(t) + Ze(2n+;)it> w1 gt
n=1
L 2mi . ) —ztg* [\ w—1
R.(w,z) := () A}gnoo pzn; Resi—im1ogpe = 0" (t)"t
P <N+

and the argument lies in (—m/2,(3m)/2).

Before we start the proof, we explain how to get Deninger’s Theorem
1.1 and Theorem 1.1 from Theorem 3.1. Let r =1 or r = 2. We calculate
the residue in R, (w, z) explicitly by Lemma 2.2(1). On the other hand, we
calculate LV (w, z) and L? (w, z) by definition (2.1) of §(¢) and the following
formula for the gamma function:

Lemma 3.1. Let arga € (—n/4,(3mw)/4) and Re(w) > 0. Then we have

ooe”
F(w) :/ e_attw_ldt.
0

aw

a2

Proof. First we restrict « to arg « = 7/4. Then we have

st
4

F(w) — /oo eft E b @ — /OOOZ_1 efattwﬂ — /ooe efattwﬂ
a¥ 0 « t 0 t 0 t '

When w is fixed, both sides are holomorphic in {a € C: Re(ae™ %) > 0} =
{a € C: —7m/4 < arga < (3m)/4}. This completes the proof. O
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T

Finally replacing z = —i(s — §) and investigating holomorphy of both
sides with respect to s, we will obtain Deninger’s Theorem 1.1 and Theorem
1.1. (Here the assumptions of Theorem 3.1 concerning (w, z) is equivalent
to —2r < Re(s) — Im(s) < r, Re(s) > r and Re(w) > r.)

Proof of Theorem 3.1. For a fixed number 0 < € < log2 we consider

BN R =R = g [ et

where C; is the union of coet !l 5 get ), ecl? (¢p:2F — —7), and ce”d
ooe™ .2 Owing to Corollary 2.1(1), (3.1) converges absolutely and uniformly
on any compact subset of D,. Let (w,z) € D, and 0 < d < e. Then from

Cauchy’s theorem and Lemma 2.3 we have

T
| eEer)ytetdt =0,
) Jp, ¢ W

€

F.(w,z)— F©) (w,z) =

where Pj . is the union of eel? (¢ : 3T — —T), ge™ T — de T, bel? (p: =% —
31) and Sei' — ge’t. We restrict w to Re(w) > r. Taking the limit & | 0,

from Lemma 2.2(3), we get

— 1 (9)
Fi(w,2) = lim FO(w, 2

10 1 e
3.2) = —— / e FF ()t Tt + —— / e FO* ()Tt L.
( F(w) coe T F(w) 0

Replacing t with —¢ and applying Lemma 2.2(2), we calculate the first term
of (3.2) as follows:

e~ &
_ / eztg*(_t)rewi(w—l)tw—ldt
0
(- o /OO o)+ o Ttwfldt
= (— e .
I'(w) Jo 2isint

2About the contour C. we chose the angle —7/4 and (37)/4 so as not to exist
poles of 6*(¢) on C.. The choice of the angle is not essential.
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Together with —e7 4 2165?“ =—e7: + 1E;Zit =2 e e_(2n+é)ita (3.2)
turns to

(3.3)  Fp(w,2) =LY (w,2)+ LP(w,2) ((w,z)e Dy, Re(w) > r).

We calculate F,.(w, z) by the residue theorem. Let (w, z) € D, satisfy Im(z) <
—r/2 and be fixed. Then from the residue theorem and Lemma 2.3 we have

(/ _|_/ +/ >e—zt9*(t>rtw—1dt
foleh) ol) o®)

= 27i g Resi—imlogp e*ZtQ*(t)Ttwfl,
p?m
pm<N+%

where

c® .= {—u—l—iuu:T% %}U{aei‘b
u:€—>R},

U {u—iu NG
C? ={R+iyly: —R—=T}, C® :={x+iT|z:R— -T},

T =Ty :=log(N + %) with N € Z>100 and R >T. We consider the limit
R — oo. From Corollary 2.1(2) we have

T
/ e_ZtH*(t)Ttw_ldt' = ’ / e A B9 (R 4 iy)" (R + iy)* lidy
c® —R

T
rw / .- Re(z)RJrIm(z)yegyRRe(w)f1dy
-R
(3.4) < QRRe(w)e_(Re(z)"‘Im(z)-&-g)R.

Here in the final inequality we used 7' < R and Im(z) < —r/2. From Re(z) +
Im(z) 4 5 > 0, (3.4) tends to zero as R — oco. Hence we get

( / + / >e—zte*(t)"tw—1dt:2wi > Resymimlogpe 07 (1)t
lel0) o)

p?m
pm<N+%
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where

cW .— {—u—{—iu u:T — \2} U {6ei¢

U{u—iuu:\ji%oo},
C®) = {z +iT|z : 00 — —T7}.

Now we consider the limit N — oo. We have

L.
PR
(3.5) :/__T+/_l+/loo.

We deal with [ in (3.5). From Corollary 2.1(3) we have

= ’— / e *@HD G (2 44T (2 +1T) Y Lda
—-T

<w / e~ Re(z)x+lm(z)T|0* (.I + IT) |r max{ ’x‘ 7 T}Re(w)fldx

/oo < /OO o Re(z)x—l—lm(z)TegT max{:n, T}Re(w)_ldiﬂ
1 1

T 00
:e(Im(z)—&—g)T TRe(w)—l/ e—Re(z)xdx+/ e—Re(z)a:xRe(w)—ldx
1 T
s e(Im(z)—&—g)T(TRe(w)—l + 1)'
Here in the final inequality we used Re(z) > —(Im(z)+ §) > 0. From

Im(z) + 5 <0 we get [[° — 0 as N — oo. Next, we consider f_ll in (3.5).
From Corollary 2.1(3) we have

1 1
/ <, / e~ Re(z)z-l—lm(z)T(TQQT/Q)rTRe(w)_ld:E
-1 1

<, TRe@H2r=1,(Im()+ )T o a9 N — oo,
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Finally we treat f:Tl in (3.5). From Corollary 2.1(3) we have

—1 -1
/ <, / o~ Re(z):erIm(z)T(e-r(l)rx + efng + elOOrz+§T)TRe(w)fldx
=T =T

—1
_ TRe(w)—leIm(z)T / e(TU)T—Re(z)):vdl,

-T

+ TRe(w)—le(Im(z)—gr)T / e Re(z)a}dx
Gy

+ TRe(w)fle(Im(z)Jrg)T / e(f Re(z)JrlOOr)mdx.
-T

Since for any fixed A € R it holds that

. 1 if A>0,
/ eMdr <4 T if A=0,
- AT A <0

<T(1+e ),

we get

-1
/ <y TRe(w)eIm(z)T(l + e(Re(z)_T(l),’,)T)
=T

+ TRe(w)e(Im(z)—gT)T(l + eRe(z)T)
+ TRe(w)e(Im(z)—l-g)T(l + e(Re(z)—lOOr)T).

From the choice of z, this tends to zero as N — oco. Hence we get
(3.6) Fr(w,z)=Rr(w,2) ((w,2) € Dy, Im(2) < —r/2).
Equations (3.3) and (3.6) complete the proof. O

4. Revisit to Deninger’s Theorems

In this section we reprove Deninger’s Theorem 1.1 from our method exp-
lained in Section 3. That is, we calculate both sides of Theorem 3.1 with
r = 1. We also reprove Deninger’s Theorem 1.2.
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4.1. LY

Lemma 4.1. Let (w,z) € Dy with Im(z) < —1/2 and Re(w) > 1. Then we

have
1 1
Lgl)<w72) = w e’
Re§>0 (z+7) (z+3)"
LEQ) (w Z) — ewiw Z 1 + ewiw i 11
Re(7)>0 (r—2) ot (@ntg)i—2)w

where the argument lies in (—m /4, (3m)/4).

Proof. We treat Lgl)(w, z). From the definition of 6*(t) and 6(¢) and Lemma
3.1 we have

mi
4

(1) _ 1 e —(z41)tw—1
L = — t dt
1 (w? Z) F(U)) R%):>0 0 €
Y
- 7(Z+E)tt’w71dt
r w)/o ¢

1 _ 1
(Z+T)w (Z+%)w

Re(7)>0

Here to apply Lemma 3.1 we used Re(z + 7) +Im(z 4+ 7) > 0 and Re(z +
) +1Im(z+ 1) >0, which follow from Re(z)+Im(z) > —1/2, Im(r) >
~1/2 and 7V > 14,

In the same manner as Lgl), we obtain the formula for Lg2). O

Lemma 4.2. Let —2 < Re(s) —Im(s) <1,Re(s) > 1 and Re(w) > 1. Then

we have
e 2 — ,
(Z G o <s—1>w>

(4.1) Lgl) (w, —i (3 - ;))
Im(p)<0

a1 (noi(e- 1)) = (2 o B

Im(p)>0 n=

where the argument lies in (—m/2,7/2). The sums in (4.1) and (4.2) converge
absolutely and uniformly on any compact subset of {(w,s) € C?: Re(w) >
1, Re(s) > 1}.



638 Hirotaka Akatsuka

Proof. We put z = —i(s — 1) in Lemma 4.1. We rewrite Lemma 4.1 in terms
of s. We have
1 1
> Gror s 2 TeoIiT
Re(1)>0 (Z + T) Re(1)>0 ( 1(8 5 T 17))"”

s o(oaer)) < (3)

riw 1
Re(7)>0 (S 2 T IT)w

1 . T 5T
.arg S—§+1T S Z,Z
riw 1
=e:2 E: (711;

Im(p)<0 *° )

Here from the assumption Re(s) > 1 it holds that Re(s — p) > 0, i.e., arg(s —
p) € (n/4,m/2) C (—7/2,7/2).

In the same manner we get

1 eT miw 1
o —_1\)w’ Z =e = Z _ w’
(Z - i) (S 1) Re(7)>0 ( Im(p)>0 (S p)
00

- 1
2((271—1—%)1—2) Z s+2n

where the argument lies in (—7/2,7/2). Hence we obtain (4.1) and (4.2).
The absolute and locally uniform convergence easily follows from
#{p:Im(p) € (T, T + 1],{(p) = 0} = O(log T') [19, Theorem 9.2]. O

2. Ry

Lemma 4.3. Let —2 < Re(s) —Im(s) < 1, Re(s) > 1 and Re(w) > 1. Then
we have

wo (o 1)) =

The sum converges absolutely and uniformly on any compact subset of
{(w, s) € C? : Re(s) > 1}.

™S (mlog p)* ! log p.

m=1
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Proof. We calculate the residue in Ry (w, —i(s — 1)) explicitly. From Lemma
2.2(1) (see also Remark 2.1) we have

Resi—imlogp el(s—3)t g (t)tw*1

R i(s—3)t 4 P o
— Res,_: e 2 — 5 ¢ 20—~
t=im log p 27 m(t —1im log p)
. e% —ms w—1
=—5—=p " (mlogp)* " logp.
2mi

Hence we obtain (4.3).
From the following estimate for any fixed € > 0 and A € R, we obtain
the absolute and locally uniform convergence of the sum in (4.3):

(4.4)
00 e © Aln > (logn
SN p " mlogp)logp = Y n1(+2 (logn)* <> (ilﬂa < 0,

p m=1 n=2 n=2

where A is the von Mangoldt function. Hence we complete the proof. OJ
4.3. Reproof of Deninger’s Theorems

Proof of Deninger’s Theorem 1.1. Applying Lemmas 4.2 and 4.3 to Theo-
rem 3.1 with » = 1, we obtain Deninger’s Theorem 1.1 under the additional
assumption —2 < Re(s) —Im(s) < 1. Since both sides are holomorphic in
Re(s) > 1, we can remove it. This completes the proof of Deninger’s Theo-
rem 1.1. O

Proof of Deninger’s Theorem 1.2. We remark that each term on the left-
hand side of Deninger’s Theorem 1.1 has a meromorphic continuation to
w € C (see [9]). We also notice that the following Laurent expansion at
w = 0 holds:

(4.5) o) = w+ O(w?).

Hence, taking the linear term of the Laurent expansion at w =10 in
Deninger’s Theorem 1.1, we obtain Deninger’s Theorem 1.2. U

5. The double explicit formula

In this section we prove Theorem 1.1 by calculating both sides of Theorem
3.1 with » = 2 and we also prove Theorem 1.2.
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5.1. LY

Lemma 5.1. Let —4 < Re(s) — Im(s) < 2, Re(s) > 2 and Re(w) > 2. Then
we have

L (w, —i(s — 1))

(3 oy ey L )

Im(p1)<0Im(p2)<0 Im(p) <0

L (w,—i(s — 1))

- TS et T S s

Im(p1)>0Im( p2)>0 p)>0n= 1

+ Z Z s+2n1+2n2) )

?’Ll—l TL2—1

where the argument lies in (—m/2,7/2). The sums converge absolutely and
uniformly on any compact subset of {(w,s) € C?: Re(s) > 2, Re(w) > 2}.

Proof. This is proved in the same manner as Section 4.1 without any diffi-
culties. 0

5.2. R»

Lemma 5.2. Let —4 < Re(s) —Im(s) < 2, Re(s) > 2 and Re(w) > 2. Then
we have

Ry(w, —i(s — 1))

where E(J)(w s):=EW(w,s) for j=1,2,...,7,9 and E(S)(w,s) =
—E® (w,s). Here EU)(w, s) are defined as Theorem 1.1.
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Proof. Let p be prime numbers and m € Z>;. Then, from Lemma 2.2(1) we

have
te_%p*m ? te_%p*m
0" (t)* = | —5= . +2( == .
2mim(t — imlogp) 2mim(t — imlogp)

o fe’e) —n 8
x <_27Tie : Z Z n(t —qinlogq) +2Aj(t)>

n=1 j=2

+ (holomorphic function near ¢t = im log p).

Hence we get

9
Ry(w, =i(s 1) = 3 B (w, s),
j=1
where
o o i(s—2)t w41
(1) 1 b i —
e gty T o s e
1 "
R(2) = -
2 (w7s) Wir(w) gn; m
i(s—2)t jwt1 > "
oy T re!
X Resi=imlogp t—imlogp (Zq: nz::l n(t —inlog q))’
qr#pm
—-m ei(s_g)ttw

GH) ) e 2 NN P R ST
R2 (wa 8) . F(w) ;mZ:l m Restzlmlogp ‘_ imlogp ](t)

for j = 2,3,...,8. Calculating the residues, we obtain
. oF -
RS (w,9) = [y B )
for any j =1,2,...,9. This completes the proof. U

5.3. Convergence of E(j)(w, s): proof of Theorem 1.2

In this subsection we prove Theorem 1.2, which is concerned with the abso-
lute convergence of the sums and the integrals in EU)(w, s) and EU)(w, s)
forj=1,...,9.
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Proof of Theorem 1.2. From (4.4) we immediately obtain the desired con-
vergence of the sums and the integrals in E)(w, s) except for j = 2,3, 5.

We treat the sum in E®)(w,s). Applying the well-known asymptotic
formula

F/
T (2) =logz+ Oc(2| ") as[z] = oo, [arg(z)] <7 —e

and using (4.4), we get the desired convergence.

We deal with the sum in E®)(w, s). Let ¢ > 0 and A < B be any fixed
real numbers and suppose that Re(s) > 1+ ¢ and A < Re(w) < B. Then for
any prime numbers p,q and m,n € Z>1 we have

p~ "¢ "(mlogp)* logp
n(mlogp + nlogq)
92— (1+s) log 2)A+1
2 "(log 2) ifp=2and m =1,
< n*logq
= p e g (mlog p) P log p .
"2log q otherwise.

From (2.2) we have

—(1+a)q—n(log 2)A+1

2
zq:z nZlogq < oo.

n=1

From (2.2) and (4.4) we have

0 p~ 1+ g (mlog p) P log p
Z Z ;; n?log q
e 23
< < Z p—m(lJrE (mlogp) logp> (Z Z n2 1qu>
< 0.

Hence the sum in E(?’)(w, s) converges absolutely and locally uniformly in
{(w, s) € C?: Re(s) > 1}.

We treat the sum in E®)(w,s). Let € > 0 and A < B be any fixed real
numbers and suppose that Re(s) > 2 + ¢ and A < Re(w) < B. Then, for any
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prime numbers p, ¢ and m,n € Z> satisfying ¢" # p'™, we have

p~"e Vg (mlog p)* log p
n(mlogp — nlogq)
2~ (146 g=n(log 2)AH1

n(nlogq —log?2)
p~"e)g™ (mlog p)Plog p

ifp=2 and m=1,

otherwise.
n|mlogp — nlogq|

log 2
1223)

We treat the sum on p =2 and m = 1. From logz —log2 > (1 —
log z for any « > 3 and (2.2) we have

X 9—(14¢€),—n A+1 —(1+4¢) A+1 0 -n

E Y ey S ik Ll

= n(nlogq —log?2) 1_% il log g
-

< Q.

Next, we treat the sum satisfying (p, m) # (2,1). We have

0o 00 p—m(1+€)q_"(m logp)B logp
zp: Z Zq: Z n|mlogp — nlogq|

1?3”2213 q’?z}’"
. — p " (mlogp)? logp
= ZZ_Z Z n|mlogp — nlogq|
P i
o0 ! o0 oo o oo o
CHEE SIS DD DI DD DD VDI I DS
pom=toa q’?<:101 pom=toa pm Zfipzm pom=t o q"n;lz*”

We treat the sum over ¢" > p?™. Then, since 2mlogp < nloggq, we have
nlogq — mlogp > (nlogq)/2. Hence together with (2.2) and (4.4) we get

Z Z Z Z < 2(2 Z p—m(1+a)(mlogp)Blogp> (ZZ nflo;q

p m=1 ¢q n=1 p m=1 q n=1
qn2p2m

(5.2) < 0.
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Next we deal with the sum over p < ¢" < p*™. From Lemma 2.5 we have

—n

q
Z Z n|mlogp — nlogq|

P < <p
o) qn p2m_pm_1 1
< m— ——— K< mlogp.
_zq: ; T ; (" +1) —p™ oP
p7n<qn<p2m

Hence together with (4.4) we get

ZZZ Z <<ZZP m(1+) (mlog p) B log p < .
p

p m=1 g¢q n— m=1
.

P <g<p?"

Next we treat the sum over ¢ < p". From Lemma 2.5 we have

>3
~ = n|mlogp — nlogq|
qn<p7n

0 pm pm—1 1 pm—1 1 pm—1 1
DD DR R R D D = SlD DI S Dl
¢ n=l P = =D m e m el
q"<p
< mlogp.

Hence together with (4.4) we get

(5.4) Z Z Z Z < Z Z p~ ™0+ (mlog p) B log p < co.

p m=1 q n=1 p m=1
=
From (5.2) to (5.4), (5.1) converges. This completes the proof. O

5.4. Proof of Theorem 1.1

Proof of Theorem 1.1. Assume that (w,s) satisfies the assumption of
Lemma 5.1. Applying Lemmas 5.1 and 5.2 to Theorem 3.1 with r = 2,
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we have
Im%ﬂ) Im(%;>0 T Im(%;<0 Im(%;<0 W
1
- Z ﬁ_Q Z Z —p+2n

m(p)<0 m(p)>0n=1

1 1
3—2 ZZ (s +2ny + 2n9)®

n1—1 TL2—1

9
(5.5) ZEJ) (w, s)

From Deninger’s Theorem 1.1 we have

o0

E®)(w, s) B 1 B 1 1
(5.6) L(w) ; (s—1—pw (s—2)w * nzl (s+2n—1)w

Doubling this and adding it to (5.5), we get the desired result under the extra
assumption —4 < Re(s) — Im(s) < 2. Since both sides are holomorphic with
respect to s in Re(s) > 2 owing to Theorem 1.2, we can remove it. This
completes the proof. O

6. Euler product expressions for (®?(s)

In this section we prove Theorem 1.3.

Proof of Theorem 1.3. We remark that each term on the left-hand side of
Theorem 1.1 has a meromorphic continuation to all w € C. (See [9].) Hence,
taking the coefficient of the linear term of the Laurent expansion at w =0
in Theorem 1.1 (see also (4.5)), we obtain the desired result. O

7. Discussion

In this section we raise a problem (Proposition 7.1) when we try to analyze
the nontrivial zeros of the Riemann zeta function via our results.

Since it is difficult to treat sums over the prime numbers, we rewrite the
right-hand side of Theorems 1.1 and 1.3 by sums over the zeros and the pole
of the Riemann zeta function as much as possible. From Deninger’s Theorem
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1.1 we have

EO(w,s) > 1
Pl - ayy TR S res T

pnl

_22 Z 5+2n1+2n2)

TL1—1 TLQ—].

Applying this and (5.6) to Theorem 1.1, we have

Lemma 7.1. In Re(s) > 2 and Re(w) > 2 we have

ZZ +22ﬁ

Im(p1)>0Im(p2) >O T Im(p1)<0Im(p2)<0 ! P2)
S B N U B
(o0 (s—1—pw (<0 (s—1—pw — (s —142n)vw

o0

+2 SR S—
Im(zp):@nzzzl (s+2n— Tg_:l 7;1 (s+ 2n1 + 2n9)¥®
1
j=1

where EY) (w, s) are defined as Theorem 1.1.
Differentiating Lemma 7.1 with respect to w at w = 0, we obtain

Lemma 7.2. In Re(s) > 2 we have

H G-n-m][] s-1-0)

Im(p;)>0 Im(p)<0
2
I G-n-m]] (s—l—p)( 11 (S+2n—p)>
Im(p;)<0 Im(p)>0 Im(p)<O0,
n>1
[IGs+2n-1)
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(7.1) =exp | > EY(s)]|,

where EY)(s) are defined as Theorem 1.3.

We note that (7.1) has zeros or poles at s = p1 + p2 if p1 +p2 # 1+ p'
for any nontrivial zeros p’ of ((s). In particular, s = 2p are zeros or poles
if 2p £ 1+ p' for any p'. Therefore, in view of the zero-free region of the
Riemann zeta function, it is interesting to improve the absolutely convergent
region (Theorem 1.2 with w = 0) for the right-hand side of (7.1). If there
would exist 9 > 0 such that the sums and the integrals in FU)(s) converge
absolutely for Re(s) > 2 — ¢ forany j = 1,...,7, we might improve the zero-
free region of the Riemann zeta function. But when we consider E()(s)
separately, it is impossible because the holomorphy of E®)(s) and E©(s)
is broken at s = 2 as follows:

Proposition 7.1.

(1)

(72)  BO(s) — ;- (os(s — 2)* + ~ los((s — 2)¢(s ~ 1)) los(s ~ 2

has an analytic continuation as a holomorphic function to
Dy :={s € C:Re(s) > 1}
\ ({p1+p2 + A Im(p1) x Im(p2) > 0,¢(p;) = 0,A < 0}
U{p+A:0<Re(p) <1,((p) =0,A<1}),

where in the initial domain Re(s) > 2, the above logarithms are taken
as log(s —2),log((s —2)¢(s — 1)) € R if s >2 and extending them
analytically to Re(s) > 2.

(7.3)  EO(s)+ - (log(s — 2))* - %bg((s —2)¢(s — 1)) log(s — 2)

27

has an analytic continuation as a holomorphic function to

Dy:=C\({p+X2:0<Re(p) <1,{(p)=0,A<1}U{seR:s<1}).
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In particular, (7.2) and (7.3) have an analytic continuation to a region
including Re(s) > 2.

Proof. We show (2).> We have

1~
EO(s) = 0 §<s—u>log<—<<u>>du

B 1 1 CI 1
2 [ (S0 + ) osctuna
1 [ log(—C(u)
A /0 Soa1
=: A(S) + B(S)

We first investigate an analyticity of A(s). Since %(z) + Zil is holomorphic

in C\{peC:0<Re(p) <1,((p)=0U{-2n:n€Z>1}), ((s—u)+
is uniformly bounded on (s,u) € K x [0,1] for any compact subset

s—u—1

K of

D3 :=C\({p+A:0<Re(p) <1,{(p) =0,0 <A <1}
U{-2n+A:n€Z>,0 <A< 1}).

This, together with that log(—((u)) is absolutely integrable in [0, 1], implies
that A(s) has an analytic continuation to Ds.
We consider B(s). We divide B(s) as

B(s)= — 1/01 log((u — UC(U))du—I— 1‘/01 Mdu =: By(s) + Ba(s).

i s—u—1 i s—u—1

We treat Ba(s). We temporally restrict s to |s — 2| > 1 in addition to Re(s) >
2. Then we have

1 [ logu 1 & u \"
2(5) 7ri/0 s—2+tu " 7ri(52)/0 <Z::<25> ) o8 ua
1o 1 1 \" 1 1
= — :—L'
mnzo(nﬂ)Q (2—3) i 12(2—:;)’

™

where Lia(2) := >.°° | 27 is the dilogarithm. It is well-known that Lis(2) is

n=1 n?
originally defined in |z| < 1, has an analytic continuation to z € C\ [1, c0)

3The method of the proof is originated in [6, pp. 116-117], which analyzed the
behavior of the final term in Lemma 2.1(1) near t = 0.
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and satisfies the transformation formula
(7.4)

(1 . 2 1
Lia (1) = - Lia(e) - G - 5(o8(=2)? (2 € €\ [0,50), [arg(~2)] <)
Putting z =2 — s in (7.4), we get

Ba(s) = —%(log(s _o)2 - %Liz(Q _ s+ %

This implies that Ba(s) + 5 (log(s — 2))? has an analytic continuation to
Dy :=C\ (—o0,1]. We deal with Bj(s). We restrict s to |s — 2| < 1 in addi-
tion to Re(s) > 2. Since log((z — 1){(z)) is holomorphic in |z — 1| < 3 and
[log((z — 1){(2))]z=1 = 0, it has the Taylor expansion of the following form:

(7.5) log((z —1)¢ Z an(z —1)"

which converges absolutely and locally uniformly in |z — 1| < 3. Hence we
have

Z / su—_ul—l

Applying the binomial theorem to (u—1)" = ((u+1—s) + (s —2))", we
have

5) = —% ianzn: (Z) (—1)k(s — 2)n* /01(8 Cu— 1)y

By (7.5), the first term in (7.6) equals

- 108((5 — 2)¢(5 — 1)(~ log(s — 2) + log(s — 1))
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where |arg(s — 2)|, |arg(s — 1)| < 7/2. Hence we get

Bi(s) ~ — Toa((s — 2)¢(s — 1) log(s 2

= —% log((s —2)¢(s — 1)) log(s — 1)

(7.7) _ % i an; (Z) (—1)(s — 2)n—F /Ol(s - 1R,

n=1

We investigate the analyticity of (7.7). Clearly, the left-hand side of (7.7)
can be extended analytically to

Ds:=C\({p+A:0<Re(p) <1,{(p) =0, <1}U{s <2}).

Next we observe (7.7) near s = 2. We easily see that the first term on the
right-hand side of (7.7) is holomorphic in |s — 2| < 1. To consider the second
term, we take any fixed € € (0, 1) and suppose |s — 2| < 1 — . Then, for any
u € [0,1], n € Z>1 and k € Z satisfying 1 < k < n, we have

(7.8) < |an] <Z> (1—e)" k(2 — )1,

Since the sum in (7.5) converges absolutely in |z — 1| < 3, we have

(7.9) =g Z lan|(3 —2¢)" < 0.

Equations (7.8) and (7.9) imply that the sums and the integral in the second
term converge absolutely and locally uniformly in |s — 2| < 1. In particular,
the second term can be extended analytically in |s — 2| < 1. Hence Bj(s) —
L log((s — 2)¢(s — 1)) log(s — 2) can be extended analytically to Dg := D5 U
{seC:|s=2|<1}=C\({p+A:0<Re(p)<1,¢(p)=0,A<1}U{s<1}).
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From the above observations,

EO () + 5 (log(s — 2))* — — log((s — 2)¢(s — 1)) log(s —2)
= 4(6) + (B5) — - Ton((s — 2)¢(s 1) log(s ~ 2)
+ <Bz(s) + 1 (log(s — 2))2>

27i

has an analytic continuation to D3 N Dy N Dg = Dy. This implies (2).

To show (1), we take a logarithm of (7.1). Since the left-hand side has
neither zeros nor poles in Dy, log(the left-hand side of (7.1)) is holomorphic
in D;. On the other hand, from Theorem 1.2 with w = 0, EU)(s) are holo-
morphic in Dy except for j = 2,6. These imply that

E@(s) + EO)(s)

= (B9 ~ 5 (o8(s = 27+ T 1og((s ~ (s — 1) log(s - 2))

2mi

- (B9(6) + oy lon(s — 20)* = L 1og((s — 2)¢(s - 1) log(s —2))

1

is also holomorphic in D;. From Proposition 7.1(2), the second brace is
holomorphic in D;. This completes the proof. U
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