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Explicit evaluation of certain Jacquet integrals
on SU(2,2)

GOMBODORJ BAYARMAGNAI

We give explicit formulas for certain Jacquet integrals on some
standard principal series representations of the group SU(2,2).

0. Introduction

The main object of this paper is to obtain explicit integral expressions of
some Whittaker functions on G = SU (2, 2). More specifically we evaluate the
Jacquet integrals with certain K-types belonging to a principal series rep-
resentation, parabolically induced by the minimal parabolic subgroup of G.

The Whittaker models are one of the main ingredients in the theory
of Fourier expansions of automorphic forms at some cusps. In this sense,
explicit knowledge of Whittaker functions is very important for deeper stud-
ies of automorphic forms.

Jacquet [7] introduced a functional on the space of differentiable vec-
tors in a given representation m of (G, which defines an intertwiner from
its representation space to the space of smooth functions f on G satisfy-
ing f(ng) =n(n)f(g) for all (n,g) € N x G, where 7 is a unitary charac-
ter of the standard maximal unipotent subgroup N of G. The image of
this intertwiner is a Whittaker model of 7. The local multiplicity one the-
orem of Shalika [13] at the archimedean place implies the uniqueness of
such kind of functionals when the representation 7 is irreducibly admissi-
ble. Note also that Wallach [16, §8] reformulated this result in a slightly
different but useful manner, i.e., in terms of “moderate growth condition”.
When 7 is given by a standard model on L?(K), the unique functional is
realized by the Jacquet integral. We want to compute for special vectors in
L*(K).

Our method of evaluation of Jacquet integral is based on that of
Proskurin [12], similarly as in Ishii [6]. Main results of the paper, described in
Theorems 3.2, 3.3 and 4.2, show that the Whittaker function corresponding
to certain K-type of 7 is expressed in terms of the modified Bessel func-
tion and hence we obtain its Mellin—Barnes integral representation. Since
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the restricted root system of SU(2,2) is the same type as that of Sp(2,R)
except for multiplicities, our results resemble to those of [6]. But because
our group is non-split, it is much more involved from technical viewpoints.

In this paper we discuss only “very small” K-types in some standard
principal series representations of G. But combined with results of the other
paper [3], we can expect to handle other K-types in the same representation.

We want to refer to the meaning in physics of the group SU(2,2), which
is locally isomorphic to the conformal group SO(4,2): this group was the
group of symmetry of massless free particles [17]; also the Lie algebra su(2, 2)
was the spectrum generating algebra of the hydrogen atom. Related to these
topics, there is a very general result on the minimal representation of O(p, q)
by Kobayashi-Orsted [8].

However the group SO(4,2) now becomes fundamental in the conjecture
of AdS/CFT correspondence [2]. Though the situation is not clear, our
result is very rare on special functions in “two variables” related to spherical
functions on SO(4, 2) in the literature. So this might bring some new aspects
that were not found in the case of the minimal representations.

For other Lie groups, there are related works by Bump [4] on GL(3),
Stade [14] on GL(n) and Vinogradov and Tahtajan [15] on SL(3).

1. Basic notions
1.1. The group SU(2,2)
Let G denote the special unitary group of signature (+2,—2) and K be

the maximal compact subgroup of G associated to the Cartan involution
0g) =" " 9e€G:

K=SU(@2) xU(_2)= {(’Bl £2> © k1, kg € U(2),det(kiks) = 1}.

The associated Lie algebras are
g=:5u(2,2) = {X € My(C) | boX +' XI5 =0, Tr(X) =0}

and

_ (X1 0 Lt — ¥ -
e_{<0 X2>e;;. XZ_XZGMQ((C),z_l,Q}.



Explicit evaluation of certain Jacquet integrals on SU(2,2) 299

Denoting by p the (—1)-eigenspace of the differential of 6, we have a Cartan
(symmetric) decomposition

g=tDp.

Let H; = E; 24 + Eoyi (i = 1,2), where E; j is the matrix unit with 1 in the
(i,j)-entry and zero elsewhere. A subalgebra a of p spanned by Hy, Hy over
R is maximally abelian and any element a of its Lie group A = exp(a) can
be expressed by a = a(t1,te) = exp(t1 Hy + toHs) for some t1,t3 € R. Thus,

2
a(ty, ta) = Z{COSh(ti)(Ei,i + Ei+2’i+2) + Sinh(ti)(EZ',i_Fg + EZ‘+27,‘)}.
=1

Let {A1, A2} be a basis of the dual space a* such that A\;(H;) = d;; (the
Kronecker symbol). Then the restricted root system ®(g, a) is of type Cs:

<I>(g, a) = {:l:)\l + )\2, :|:2)\1, :|:2>\2}.
Choose A\; — A2 and 2\z as simple roots of ®(g,a). Put

Ey=r (B2 — Eg3)k, E1 =ik '(Eia+ Eg3)k, Ey=rk 'Eys,
Fy =k YEwu+ Eg)k, Fy=ix (B4 — By, Fy=r""Eisxk,

by setting
1 0 1 0
o 1 0 1 0 1
vl -1 0 i 0
0 -1 0 i

with i = y/—1. Then the corresponding root spaces of positive roots in ®(g, a)
are given by

On—x = Eo-ROET-R, goy, = E2-R,
g)\1+>\2:F0‘R@F1'R, 92)\1 :FQ'R.

Let n be a subalgebra defined by n = Zoc6<1>+ go- We now describe elements
of a maximal unipotent subgroup N of G given by N = exp(n).

Lemma 1.1. Let E;, F; be as above and set X = xoFEy+ yoFE1 and Y =
ToFy 4+ yo F1 + x1Fo + x3FE5 for i, Yj € R (Z =0,1,2,3, 5= 0,2) Then

1

exp(X +Y) = exp(X) exp(Y 5

X, V] - %XYX).
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Proof. To see this, it suffices to verify relations X2 =Y2 =Y XY =0. O

The Killing form B(X,Y) = tr(ad X -adY), (X,Y € g) and Cartan involu-
tion 6 of g induce an inner product (,) of g via

<X?Y> = _B(Xv Ye)a (X,Y € g)
Then one has that (g, g3) = 0 if o # 3, because of the involution 6.

Lemma 1.2. The vectors E;, F; (i =0,1,2) of the subspace n of g defined
above are an orthogonal basis of n with respect to the inner product (,).

Proof. For the orthogonality of the basis of n, it suffices to show that
(Eo, Er) = (Fy, F1) = 0.

Recall that ad Fy - ad EY sends the subspace gy (\ € ®(g,a)) into itself. By
setting A = —ad Ey - ad EY, we give the list of all non-zero restrictions of A
to the subspaces gy of g :

0 0 -1

1 /0 1 1
A‘gz\1+/\2 = A’97A17A2 = 23 (O 0) ) A‘u—&-m = B 0 0 -1
-1 1 0

Hence tr(ad Ep - ad EY) = 0 which follows that Ey and Ej are orthogonal.
Similarly Fp is orthogonal to Fj. O

We may regard n as the vector space RS. Define a map ¢ : R6 — RS by

T1T4 + ToT5 N (22 + 22)26

5 3 , Ty — T1L6,T5 — T2T6, T6)

d(x) = (v1, 22,23 —

for x = (21, 22, 3, T4, x5, 76) € RE.
Then ¢ is a diffeomorphism and its Jacobian determinant is 1. We now
denote ith coordinate function of ¢ by ¢; for 1 < ¢ < 6 and put

ng = ¢1(x) +vV—1ga(z), n1 = g3(x),
ng = a(x) + V—1¢5(z), n3 = ¢s(2).

Then any element n in the maximal unipotent group NV of G takes the form

1 mng 1 ni ng
-1 1 1 n2 n3 .
1 1

—ng 1 1
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for some n1,n3 € R and ng, ny € C, and denote it by n(ng, n1,n2,n3). Since

Ot = [Ba—2s020,] and  goxn, =[G, —Xs Or 0

any character n of N is uniquely determined by the values of F;(i = 0,1, 2).
Put

co = V—1n(Ey), c1=+/—1n(E1) and cy = v/—1n(Es)

with c¢g, ¢1, ca € C. Then these numbers are real when 7 is unitary and there-
fore such 7 is given by

n(n) = exp(2v —1(Re(cng) + cans3)), n = n(ng,ni,ng,n3) € N
for a real number ¢y and ¢ = ¢y +/—1c¢; € C.

Conventions. We say that the character n of IV is non-degenerate if both
cg + c% and co are non-zero. Throughout this paper, we shall fix a non-
degenerate character n of N.

1.2. Principal series representations

Let P be a minimal parabolic subgroup of G with Langlands decomposition
P = MAN with M = Z,(K). In particularly, the subgroup M of P is given
by

M ={[eV"1y |0 €Rj € {0,1}},

where v = diag(1,—1,1,—1) € G and
[eﬁe] _ diag(e\/jw,eix/jw, e\/jw?ef\/jl@)'
For a pair n € Z and a character ¢ of the group ps = {1}, we define a
unitary character of M as
one([eV ) = e(=1Y eV,

Denote by p the half sum of the positive restricted roots, i.e., p = 3A1 + Ao,
and define a quasi-character e’ of A:

e’ (a) = e(vtp)log(a) (v = (v1,12) € (ag)”).

We extend it to a character of AN so that the restriction to NV is trivial.
Define an admissible character of P by tensoring these characters of M
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and AN. Then we get the induced representation called the principal series
representation of G

T, = ind§ (ope ® TP @ 1y).

In this paper we will be dealing with the principal series representations that
contain one-dimensional K-types. For an integer u, we define a K-module
structure 7, on C by

ki O

_ u _
Tu(k)v = det(ka)*v, k= <0 ko

> e K,veC
and denote by C, the underlying one-dimensional K-module. Let 7, |k be
the subspace of all K-finite vectors in 7.

Lemma 1.3. Let 7, = indg(aQ6 ®e’tP @ 1N) and T, be as above. Then
Tu 08 a K-submodule of 7, |k if and only if e(—1) = (=1)“. In this case T,
occurs exactly once.

Proof. By Frobenius reciprocity we have that [m, |k: 7] = [T [Mm: 00
Hence the multiplicity is at most one. By considering the action of M on C,
we get the assumption on u as required. Il

Assumption. When we consider the principal series representation m, =
indg(ao’8 ® e’ @ 1), throughout this paper, we assume that

v1+14+e 19+ 1+e and v; £ vy are not integers.

1.3. The Jacquet integral

Let 0 = 0,,.. By definition the principal series representation 7, of G can
be realized on the Hilbert space

Ly(K) = {f € L*(K) | f(mk) = o(m)f(k),m € M.k € K}
with G-action defined by
(1 (9) f)(2) = a(zg)"** f(k(zg)), = € K,g € G,

where zg = n(zg)a(zxg)k(xg) stands for the Iwasawa decomposition of the
element xg.
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In [7], Jacquet defined the continuous functional J,, on the space of
differentiable functions of L2(K) satisfying Jy, (m,(n)f) = n(n)Jo.(f) by

Jou(f) = /Nn(n)_la(s*n)”+pf(k(s*n))dn

for a differentiable function f in L2(K) and the longest element s € W (A).
Here W(A) is the Weyl group defined as the quotient of M* = Ng(a), the
normalizer of a in K, by M and s* is an element of M* mapping to the
longest element s € W(A).

Multiplicity one theorem tells that there is at most one intertwiner (up to
constant) from the space of K-finite vectors of m, into the subspace A, (N \
G) of moderate growth functions [16, 8.1] in Cp°(N \ G). If exist, then the
construction is as follows: for each differentiable f € L2(K) it associates a
function J¢(g) in Cp°(N \ G) defined by

Jf(g) = Ja,u(wu(g)f)a (9 € G).

These J¢(g) functions are of moderate growth on G, and in particular so on
the subgroup A. We want to have an explicit formula for the A-radial part
of J¢(g) with f belongs to a special K-type 7 in 7.

2. Preliminaries
2.1. Classical formulas

In this section we collect some classical formulas and their combinations
that is used in our evaluation. Let K, (z) be the Bessel function defined for
u, z € C, by the integral

1

(2.1) K,(z) = 2/00O exp(—(t%—t_l)%)t”%.

Our object is to evaluate the integral Jy, (g), further denote it by J,(g),
in terms of the modified Bessel functions of the second-order K, (z) when
w=0,+1,42.

We recall the Euler integral of the second kind in the form

(2.2) I'v)=¢ /000 exp(—ct)t”%

for ¢ € Ry and Re(v) > 0.
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For a,b,c,€ R* and o, 3 € R such that a? + 32 =1 and n € N, we set

1 2
W (aNE (PN [y
Fan = (7r> eXp(a>/Rx exp(—az® + 2v/—1bz)dx

and
(n) exp(—c(2? + y?) — a(azx + By)? + 2v/—1b(ax + ﬁy))
Clabo / / (az + By)~"

We need the following formulas.

Proposition 2.1. Let a,c € R} and b € R. Then

O = m _b o~ 2 _ a—2b?
(23) Fap=1 Fg)= aﬁ, iy = =523
2 (1) 2)
2.4) G = mexp(zre)  Clape _ /-1 Glabo) _atc—2v
T T @ a0, T atel GO 7 20+

Proof. By formula (4.11) of [5], we have that

Lo
/ exp(—az? 4+ 2v/—1bz)dx = (f) exp <—> .
R a a

Then (2.3) can be verified by applying the operators 9/da and 9/9b to both
sides of the above formula. The first formula in (2.4) follows from the first
one in (2.3) and using a similar argument as above, we can derive other
formulas. U

2.2. The first modification of the radial part of Jacquet integrals

For our purposes, it will be enough to consider the A-radial part of the
Jacquet integral because of the Iwasawa decomposition.

We put a; = exp(t;) for the element a = a(t1,t2) of the R-split torus A.
For a fixed pair v = (v1,15) € C2, by definition of the character e’**, one
has

e’ (a) =(cosh(ty) + sinh(tl))”1+3(cosh(t2) + s.inh(tg))”frl

_a11/1+3 V2+1
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In our case s* = I and hence by setting a(s~'n) = a(t},t,), one can see
that
a) =1/v/A; and dh = +/A1/As,
where a; = exp(t})(i = 1,2). Here the Ay, Ay are as follows:
A1 =1+ n3 4 fgng + (Rgng + nona)(n1 + n3) + neno(1 4 fgns + n3),

Ao =1+ n% + 2n9ono + ng + (711713 — n2ﬁ2)2

for n = n(ng,n1,n2,n3) € N.
For convenience we shall rewrite A; in terms of Ay and Ag, where Ag
denotes the sum 1 + ngng + n%

Lemma 2.2. Putn; = x; + /—1y; with x;,y; € R (i =0,2). Then we have
the following identities for A1 and As:

A1A3 = (Xg + Yoz)Ag + Ao

. ny+n ny+n
with (Xo, Yp) = (acoJr ! 3 ! 3y2).

Yo +
As 2, Yo As

(1 + ng)nl — NaNong

(1+n3)Ay = (1 + NHAZ with Ny = A
3

Proof. (a) To prove this part, by direct computation, one can see that
Ay = (1+ n% + nong)As — (ng + n3)2n2ﬁ2

and hence (a) is immediate.
(b) Tt is straightforward to check that v/Ajy is the complex norm of

(1 —nins + ngﬁg) + V —1(n1 -+ ng).
The lemma follows. O

For an integer u, define a function f, (k) on K by

puy = ey, k= (0 D) e
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Lemma 2.3. The function f,(k) belongs to Lg(oye)(K) if e(—1) = (-1
In particular, we have

1 —ning + nafig + vV —1(n1 + ng)) 2

fu(k(Iz2n)) = (1 — ning + nafiz — v—1(n1 + n3)

for n = (ng,ny,ng,n3) € N.

Proof. For the factor k(I 2n) of the Iwasawa decomposition of I on with n €

N, there are ki, ks € U(2) such that k(Iyon) = (kg k?) e K. Put Ny =
2
ny N9
< ) for n = n(ng,n1,n2,n3) € N. One can see that
ng N3
det(k:l) o det(l — —1N1)
det(k2)  det(1 ++/—1IN;)’

Since det(k1)det(k2) = 1, the function f,, has the required expression. [

Note that the K-submodule in ng)(K ) generated by f,(k) is isomorphic
to Vi, when u satisfying the condition in Lemma 1.3. By setting .J, := Jy,
for Jacquet function Jy, , the function J,(a) on A is given by the integral

expression
al™" / a(Izon)" P exp(—2v—1 (Z—;Re(éno) + CQa%ng))fu(k(Iggn))dn
N

for a character  depending on ¢ € C and ¢3 € R. For future convenience,
we choose a new coordinate

ai
y= (ylqu) = (7)(1%)'
ag

Since f — J¢(g) is the Whittaker realization of 7,, J¢, (a) is the radial part
of a Whittaker function on G belonging to m,. Thus, in the new coordinate
system, we can summarize the following lemma.

Lemma 2.4. The radial part of the moderate growth Whittaker function
Wi vs) (Y1, y2;u) = y:fy%W(,,Wz)(yl,yg;u) (up to constant) associated with
the K-type T, can be written in the form

_ratl

1 — _¥ - Ul;VQ -1 3
W(Vl,uz) (yh Y2; U) =Y1 Yo /JV Al A2
x exp(~2v/=1 (yiRe(eno) + coyans ) fu(k(Iz.2n))dn,

where dn is a multiplicative Haar measure on N.
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Note here that the results in [3] led us to the determination of the
Whittaker function associated to certain K-types in 7, because the inter-
twiner corresponding to the functional .J;, is an intertwiner of g-equivariant.
The assumptions for v = (v1,1v2) in Subsection 1.2 imply that La(0 (K is
infinitesimally irreducible. Hence, in fact, it suffices to consider the cases
u =0 and 1 for our purpose.

3. Explicit formulas

In this section we consider the integral J, when u = 0,41,+2. Actually
the results corresponding to u = 0, £1 are quite similar to that integrals on
Sp(2,R) in [6], which could be explained by the coincidence of the restricted
root system of type Cs. Throughout this paper we denote by I the interval
[0, 00).

Now we shall give a normalization of Haar measure of N. In Section 1,
the subalgebra n is regarded as RS with coordinates (¢;)1<i<¢. Let d¢ be
the corresponding Lebesgue measure on n. Since the exponential map of n
onto N is an analytic isomorphism, there exists a unique Haar measure dn
on N that corresponds to d¢.

Set n; = x; +v/—1y; (i = 0,2). For u1, uo € C and non-degenerated uni-
tary character 7 such that 0(2) +¢? =1 and ¢ = £1, let us evaluate

J = / AT AL exp(—2v—1(como A1 + c1yo A1 — n3Asz))dn
RG
where dn = dxodyodnidradysdng and Ay, Ao are positive real parameters.

Lemma 3.1. We have that the integral J defined above is equal to

X -
( ,ul)F /,LQ R4 1—|—TL3 P tl AQ ! 2

N
exXp (2\/ { ngAg 4+ —F 1 (C()LIJQ + Clyg)A1}>Agl+2u2+ldn
3

dty dt
with dn = olNldaL«Qdygdng71T2
1 2

Proof. Firstly we change the system variable from

(%0, Y0, T2, Y2, n1,n3) to (Xo, Yo, x2, y2, N1,n3).
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Here Xy, Yy and Ny are defined in Lemma 2.2. Then
A
d$0dy0d$2dy2dn1dn3 = HisngodY'odxgdyszldngg.
n3

Moreover,

Ni+ng3

A = X Yo)A — —=
(coxo + c1y0) A1 = (coXo + c1Yp) Ay T2

(coza + c1y2) A

We apply all these replacement for the integration of J together with the
insertion of

1 > _, dty
75— 1238
(A/As)H = 7“ Ml)/o exp(—Aqti1/A3)t] W

which is the Euler integral of the second kind (2.2). Then J is equal to

AQ AuzAMH-l
X + Yt
ﬂl //]Reexp< 0 0)1 A2 >tﬂl(1+n3)

x exp(—2v —1(coXo + c1Yp) A1)

N1 +n3

X exp <2\/—1(in3A2 + T 5~ (cora + clyg)A1)>

”3

dt
with respect to dXodYydzodysd Ny dng—1

131
Note here that we use the equation
Ar/Ay = X§ + Y5 + Do /A3

in Lemma 2.2. Now we can execute the integrations with respect to the
variables Xy, Yy applying formula (2.3) with n = 0 to obtain

/ /exp <2\/ 1{£tn3A, + (00332 + clyg)Al})
—p1) Jgs + 3

A2 A " dy dty
—L =y A“zA“1+ ! —de dyadng—
exp( t AQ ) 1tn 14T2aY2 ns t
To complete the proof we remove the factor A5? by applying formula (2.2)
again
A /00 L dt
M2 3 2 2 2
= exp(—Aqto /ASE, " —=.
2 T(—m2) Jo p(—Asta/A3)t, ty

This completes the proof of our Lemma. O
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3.1. The standard cases | u |< 1

In this subsection we discuss the main results of this paper. These standard
cases seem to be very useful for the the Jacquet vectors corresponding to
the minimal K-types of other principal series representations. Let

Li(s1,v1)lx(s1,v0)0+(s2, (V1 +1v2)/2) 1 (82, (11 — 112)/2)
Ti(sl -+ So, 11 -+ VQ)F:t(Sl + So, V1 — 1/2)

Ti(s,t):=T <5;rt> . (s - t)

for suitable s;,v; € C, (i = 1, 2).
Set v = (v1,12) € C2. Let us begin with the case u = 0, i.e., the class
one case.

[(s1,82) =

with

Theorem 3.2. Letm, = Ind% (15 ® /TP @ 1) be an irreducible represen-
tation. For a non-degenerated unitary character n of N we have the fol-
lowing assertions on the A-radial part of the primary Whittaker function

W) W1,92:0) = 133 Wi, ) (W1, 42:0). The  function W, 1) (y1,y2;0)
has the following integral expressions:

1. We have

W(Vl,llg) (yla Y23 0)

00 oo
:/ / Koo (2 t2/t1)Ku2—u1 (2\/t1t2)
O 0 2 2
exp (~lenlyots - 22— 2

2. The function W(,,Wz)(yl, y2; 0) is identified with

n\ =z [ [ a(l+2)\ 7 x2y? T de dy
v/ Jo Jo 7 : y(1+y) tr+y) Ty

(1+2)(1+y)
xy

with X = 2|ealya < ) andY:2(c%+c?)%y1(1+x—|—y)%,
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3. The Mellin-Barnes’s integral expression of I/T/(l,hl,z)(yl,yg; 0) is

1 —S1 —So
Wi, v0) (Y1, y2;0) = W/sl /52 Vi ) (81, 82)y1 7'y P ds1dsa.

Here the paths of integrations are the wvertical lines from «; —/—1o0 to
o; + v —1oo with real number o; such that

a1 > |Re(v1)], [Re(r1)], aa > |Re(v1 + 12)]/2, |Re(v1 — 12)]/2

and the integrand V{,, ,,)(s1, s2) is equal to

81 S Vp—VI S V2— A ‘

27 2 4 72 4
[(s1,82) X 3F> s52+51  vatv1 sat+s1 vt !
2 4 72 4

Proof. In order to get the desired result we shall evaluate the integration J
in Lemma 3.1 with the assumption for 7, because of fo = 1 and Lemma 2.4.

Step 1. Integration for Vj.
To integrate J in the statement of Lemma 3.1 with respect to N, we use
the expression of Ag in Lemma 2.2 and apply (2.3) with

t t
1+ 12 Co$2+01y2A )

,a,b :(Oa )
(n,,5) 1+n2 1+n2

Then we find that

s ns
— 2T {—ngdy + —2 A
’ I(=p1)l(—p2) /R4 /12 eXp< {=nadz + 1+ n? (corz + erya) 1}>

At P (cozo + c172)? 5 T %A§1+2H«2+1
(4 R ) )
1 1 + nj P(l —|—n3) P(l +n3)

t,il«l-i-ltél«z
with P = t1 + t9.

Step 2. Integration for no.

2
We apply (2.2) with (c,v) = (@

A H1+2p2+1
1+ n2 3
3

,— U1 — 29 — 1) to rewrite
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as

_2 1 2
(A7 P(1 4 ng))ptamett /OO eXp(—A2t3 B Aftz (a3 + ?J%))tm%zldti%_
D(—p1 —2p2—1) Jo ! 1+n3 ’ t3

Substitute this into the last expression of J and using (2.4) for the variables
x9 and y2 by choosing

A%t A3 A
(c,a,b):< 1327 ! 2N’ 1 12)'
14+n35 P(14+n3) 14+n3

Thus we can rewrite J as

S 4—2u—4 3
Y T (1+ ng)prt2msts

//pexp (—2v/—1n3As)

L(—p)D(=p2)T(—pr — 2p2 — 1) (Pts+1):
A2 P n3pP
eXp<—1_2—A%t3— 23 )
t1 14n3 (I1+n3)(Pts +1)

(NS diy diy dis
- ————dns.
tM1+2M2+ t1 to t3
3

Changing the variables (u1,ug2,us) from (t1,ta,t3) defined through

b ] tsP to
up = o U2 = >, U3 =,
1 3 P 2 (1+n§) 3 tl

the integration J has the following expression:

J =

7_‘_%14172}11*4/1«2 // —|—U3 M1+N2+1Qu2
D(—p)T(=p2)T(=p1 — 2p2 = 1) Jgr Jps “2+2 ’“H“ﬁz ul?

exp(—2v —1ngAs2) exp (—ulA% (1 +

U3 1 + ug duy dus dus
)Ly gt

Uy Uy U2 U3

with Q@ = 1+ (1 + n3)us

Step 3. Integration for ns.
Before performing this step, we again change the variables by the rule

1—1—:1: n TY o
Ug =T, U= n
a4, " STV

uy =
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to get
S w3 AP a8 gl / / eXp(_l toty, A%Az)
D(—p)D(—p2)T(—p1 — 2p2 — 1) Jr Jrs A 2
1 1 gyatretlt dy dy di
exp(_2 /—1713142) (( + -T)( + y) + fynS) — dnsjiyi
(e(1 o)yt ety ™Y L2
By suitable substitution, from (2.3) one can derive that
(3.1)
Vv > 2 1 dt
/(am2 + b)" exp(2v —1lczx)dr = sgn(c) m/a / exp(—bt - c—)t_”_E—.
R F(—V) 0 at t

for a,b € Ry and ¢ € R. Apply this formula to the above expression of J by
choosing

Il
/N
S
&
8
\.H
+
<
N
»
~
-
b
no
N—

(xz,a,b,c,t)

and put

-1+ —2 —vy—1
(M17M27A17A2)=< ! 22 , 22 ,y1\/03+0%,y2\02\)-

We then arrive at an evaluation of I/T/(,,h,,g)(yl, y2;0), that is,

wPsgn(ea) (G + cf) > oo 7 gy / R
I‘(”ljl)l“(l”;l)l“(”lg’”+1)F(”1§”2+1) I 1 “2
2
1 1
Vi ZHY L +x)>dn.

1+-’B+y 2 2
exXp| —|[C2 y2(7t2+ cyt+ci) =—+
p( | | c%y% ( 0 1) t Y Tty

with dn = 92 % dirdtz
xr vy tl tQ -

The integrand in the above integral expression of W, ,,)(y1,%2;0) is
rapidly decreasing at both zero and infinity for each variable of x,y,t; and
to. Hence the integral converges and W(l,hyz)(yl, y2;0) is well defined to the
whole plane C? if ”1;“ L ”22+17 ni—vet2 u1+g2+2 are not negative integers simul-

2
taneously.
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By a simple substitution, (2.1) can be transformed in the form
1 v [ Ldz
(3.2) K, (2Vab) = i(a/b) 2 exp(—azx — b/x)z" —, a,b € Rsp.
0 T

To get the first expression in our theorem we apply (3.2), for the variables
x and y, with

t t —
(a b ) ( 2 |02|y27 nt VQ) and ( 2 7‘62‘t1y27 = Vl)'
|c2ly2 2

lealya” 2

2. In the above expression of W(l,hyz)(yl, y2;0) we again utilize (3.2) for
the variables ¢; and ty by choosing (a,b,v) as

1+y l1+z vy l1+x+y
|ca|yo , and - 7

) |ca]y2
respectively. Then we obtain the second expression.
3. For this one, the method of proof is similar to that of [6]. O

9]
sl (& + Dl 2 )

We now turn to the discussion of non-class one case i.e., u = +1.

Theorem 3.3. Letm, = Indg(o*(()’_l) ® e’tP @ 1y) be an irreducible repre-
sentation with v = (v1,v2) € C2. For a normalized character n of N we have
the following assertions on the A-radial part of the primary Whittaker func-
tion Wiy, i) (1, 323 0) = VU3 W o o) (W, ys ). The  function Wiy, 1)
(y1,y2;u) has the following integral expressions:

1. For u = &1, we have that W(Vhyz)(yl, y2;u) is equal to

X exp (—czrygtl Sl

2. The function W(,,h,,z)(yl,yg;u) is identified with
( s x)> ( e >V241
(1+vy) l+z+y
z(1 + )\ 1/4 y(l+vy 1/4 dx dy
_— I(u1 1 Vl (X)) ——=
X(y( (1+y)> 3 —|—u:c(x( x) (X) x Yy

vo+1

Yy

(1+z)(1+y)

YL ana v = 2(¢+ &)1 -+a+ )%

with X = 2’62’:{/2 <
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3. The Mellin-Barnes’s integral expression of I/T/(l,hl,z)(yl,yg; u) s

1 —81,,—S2
i [ Vo150~ 8 o,

Here the paths of integrations are the vertical lines from «; —/—1o0 to
+ v/ —1oo with real number o; such that

a1 > |Re(v1)|, |Re(v1)|, ag > |Re(ry + 12)]/2, |Re(v1 — v2)|/2

(571l (s2 + 1, 15%)

and the integrand V! S1,89) s equal to — times
(1 1/)< ) Fi(Sz, 12 2)
S1 82+1_|_1/2—V1 sg+1 va—1n ‘
F(Sl, 82) X 3F2 2 2 4 2 4 1
81+82+1+I/2—|-I/1 81+82+1_V1+V2
2 4 2 4
and V(V1 y2)(81, s2) is equal to 'y (sg + 1, v + V2)/F:I:(32, v+ 1/2) times

81—1 S9 Vo — 1V 89 Vo — V9

2 72 4 72 4
Dls1,s2) x 3F Sgts81 vt S2t81 Vit ‘
2 4 2 4

Proof. 1. In this case, the integrand f, in Lemma 2.4 is
Ju(n) = (1 + nana — ning + uv/—1(ny +n3))/A3
= (1= Ning + uv/=1(N1 + n3))A3/((1 4+ n3)A3)

with v = +1, and it does not depend on Xy and Y. By Lemma 3.1, we
evaluate J, to get the first part of this theorem. Here

t] —p1— lt H2 A2 As
J L2 exp (=S - T (1 4 1))
¢ ()T (—p2) /JR4/[2 14 n? ST A2(1+2)
Ny + ng fin+ 2412 +2
exp| 2v — ( n3zAs + 1+ n2 (00.1‘2 + Clyz)Al) A3 Sfudn.
3

As we have seen in the previous theorem, the integrations for N1 and ne can
be done as well by applying formulas (2.3) and (2.4). For the integration for



Explicit evaluation of certain Jacquet integrals on SU(2,2) 315

n3, we use
V -1 % 2 3 dt
/RQC(CMQ +b) exp(2v/—1cx)dr = arc((_ﬂ,f;b) /Iexp(—bt - %)t‘”_57
for a,b € Ry and ¢ € R. Then we get
W (y1, yo; u)
_ 274 + ) e yiyy / i oy
L3 + 0% + DO(5% + OO + ) St 7

14y l+z l14+z+y y?
exp(—\cz\y2< " t + + 5 to+ (g + 2L

l’tl C3Y5 tQ
pi 3 ([ _u ) dhdydudy
L2 to Viita ) t1 T2 oy

_ Note here that the above integral converges and therefore the function
W ) (W1, y2;u) is well defined, because of the assumption for the pair
(v1,v2). Hence our theorem follows. O

Remark 3.4. In Theorem 3.3 above, we write the constants ¢;, (i = 0, 1,2).
It looks like superfluous, because replacing |ca|y2 by y2 we can erase this
constant. However if one try to discuss other K-types that are not handled
in this paper, sometime the derivatives with respect to these parameters are
crucial.

4. Explicit formula, the case u = +2

The feature of the case u = +2 is that the K-types corresponding to u = 42
and u = 0 belong to the same principal series representation m, = Indg(l M
e’t? @ 1y). These cases do not seem to appear in the literature. In this
subsection we handle this case. Note that one can do this by using (g, K)-
module structure of the principal series representation of SU(2,2) computed
in [3]. We may normalize the non-degenerated unitary character n of N
so that ¢3 + ¢? = ¢y = 1 without loss of generality and call it normalized
character.

4.1. Evaluation of Jacquet integrals

First of all we consider an evaluation of integrals with a certain integrand
that is closely related to the case u = +2.
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For vq, 9 € C and normalized character n of IV let us evaluate

+vo

Jy = AI_VIA; 2 / exp<—2\/ —1(00$0A1 + c1yoAr £ ngAQ))
RS

vi—va | vatl

A; 2 A22 FA(n)dwodyOdnld:chygdng,

where A, Ay are positive real parameters and the integrand F)(n) is

1

F)\(n) = E

((1 + oty — minz)? + AW —1(ng + n3)(1 + narm — nlng)),

where no = 29 + v/ —1ys and A = +1.

Lemma 4.1. Let Jy be as above. Then the function Jy = AIBAQQJA 18
proportional to

1
AQ_VQ / exXp (— A t2 — + yAQtl — A2
T4 2 Yy X
vitvy vg—v

2 7 t 1 1 A%2A2 A
e <A%A%1+ A, A (B 2)) X
t12 t22 t2 4 2y

where dX = dx/xdy/ydt /ti1dta/ts.

Proof. Recalling Lemma 3.1, we have

u1+l/2

AT "1A 2 wtlﬂl“ A2 A
s [ [ [ e (S-S )

_l’_
exp (2\/ (ngAz + Tng(c()l'z + clyg)A1)>A§1+2”2+1F,\(n)dn,
3
because the function F\(n) does not depend on the variable ny.
In terms of variables Ny, ng and Ag, the function F)\(n) is expressed by

Fy(n) = ( =

Tngy(l —n3N1)(1 = ngNy 4+ V—IA(N; + n3)).

Thus we are now in a position to perform the transformations with respect
to the variables N1, no and ng as we have seen in the previous cases. In this
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manner, the integral J) can be identified with

7.[.3A*l/2
T T DT A
T2 + (2 + 10852 + D22 + 1) b
1 1 1 AZ2A vitvy  vo—vp
exp<_ +x+yt2_ +yA2t1—A2 +a  Af 2)95 =

2

A Yy Tty to
t 1 1 A2A2 A dx dy dt, dt
Bpepp ittt 1Y, g, (A5 A2) ) crdydhdly
to 4 2y to 2 r y t1 ta

Let us consider the following theorem to get the Mellin—Barnes integral
expression for the case u = £2.

Theorem 4.2. For a normalized character n of the unipotent group N,
v = (v1,) € C% and u = £2, on the A-radial part of the primary Whittaker

function Wi, ) (Y1, y2;w) = Y3Y3Wio, 1) (Y1, Y25 )
(1) We have

W(I/l WV2) (yh Y2;uU

LG ()
= v’ v, 1+y 1+z+y

x {1 () ({201 — (01 + 1) = D} (V) = 20V Kz, (Y))

2 dz d
+ rXYKul (XK (V)= 2XKu (X)Kwn (Y)}ﬁﬁ,
2 2 2 €T y

with X = 2y((1 +1/x)(1 + 1/y))z and and Y = 2y (1 + z + ).
(2) the function W, ,.,\(y1,y2;u) is equal to

t 2 [t
/ exp(—ygtl — % — l - w)KVl‘FVQ (2 2){ 4t1y2Ku2 ul 2 (2\/t1t )
2 1 Y2 ta 2 751
2 dty dt
+ Ko (2@@)(@1 F1)(1—w) + ( yivs _ yg)(4t1 - u))} L2

to t1 to

Proof. (1). By putting u = 2\, one has that

fu(n) =2Fy\(n) —

Change A; by y; in the expression of Jy for ¢ = 1,2, then we may write

Wiws ) W1, Y25 0) = 205 (Y1, 42) — Wi, 1) (41,523 0).
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By making a similar computation as in Theorem 3.2, we also assume that
the corresponding integral with respect to second in the above expression is
equal to (v1 + 1)(v2 + 1) times

243 2492 r(1+2)\%/ 2%9% \2 dx dy
Yy Y2 / ( ) ( ) Ko (X)Kw(Y)—
e \y(l+y)/ M+zty : 2Ty

Thus the desired result follows from the evaluation of Lemma 4.1 and above
integral representation.
(2). Using (3.2) with

1 1
+yy2,7+xy2,—1121) and (a,b,v) =
T

ltzt+y o 2
<77y1y27?>a

(a,b,v) = (

we obtain that W(,,I’Z,Q)(yl, Y2;u)y5? is equal to

1 vitvy vamw 14y 1+ ta Y3
— [ z 2 2 exp(— 2(— t — I1+z+y)——— )
4/14 y ya( ; s —( Y) % tQ)

_ 2u y1y2)t1%1t2%2

1
(—(Vl + 1) —1)+ 8y1y2 Lo 4t1y2_;/—y +u
t2

with respect to = dt;/t1dte/tadx/xdy/y. To complete the proof we again
apply (3.2) for the variables x and y. Then we get the desired result. O

4.2. Mellin—Barnes integral representation

Let us compute the double Mellin transformation

dyy dy2
817 82 / / (v1,v2) y17 Y2; iz) Sly§2 Ul Yo

of W(,,h,,?)(yl, y2; £2) from the previous theorem. Then, by applying Mellin
inversion to this, we get the desired result as in the following theorem. We
use the following notations:

S2 V1 — 12 Sg V2 —1 S0 V1t
b:i = — d:—

2 1 ‘T3 1 2 T T
ezﬂ—yl—i_y2 and a=s1/2.

2 4
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Lemma 4.3. We have

1.
Y
1 1 —S1,,—S2
where
4abcl(s1, s2) a+1.b+1.c+1
V! == ’ ’ 1).
(1/171/2)(31752) (a—l—d)(a—l—e) X 3172 d_|_ 1,€+1
2.
—(1+ 1) — DK (X)K 2 (V) = 2X K4 (X)Kea (V)
1 2 —81,,—S2
where
2 a,b,c
Vi o) (81,52) = T(s1,82) (= (1 + (e = 1) = 2¢) -3 {7 |1 ).
3.
Ko (X) (Kﬁ (Y) - YKLz_l(Y)) L
2 2 2 (2\/j1)2
x / / Vi) (81, 82)y1 1y dsidss
where
+ et
Ve, (s1,82) =D(stys2 +1)-(L—a) 3P | “7T 227 T2 (1),
d, e+ bl

Here paths s1, so are the same with those defined in Theorem 3.1.

Proof. 1. Utilizing the formulas

d
/Kl,(ax)xsj =25"24"°T4(s,v), fora>0, Re(s)>|Re(v)|
I

319
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and

I+a)(1+y)? z y
_ T(a)T(O)T(c+e—a)l'(d+e—D) 7 a,b, e
B F(c+e)'(d+e) 3 2(c+e,d+e

/ 2P (1 + 2 +y) "¢ da dy
12

)
for Re(c + e) > Re(a) > 0,Re(d + e) > Re(b) > 0 and Re(c+d+e—a—b)
> 0, which can be derived from formula (2.2.2) of [1], we get

V(s1,50) = 270(d)T(c + 1)T(e)T' (b + 1) (a + %)I‘(a + DI'(a — %)

12
1 _Z

Pla+ Tlat oT(a+d+ 1)) m [ Y145 1),
2 a+c,a+d+1

Apply it with this form to Thomae’s transformation for the hypergeomet-
ric series 3Fh (see formula (3.3.6) of [1]), then we get the first expression.
Similarly we obtain the other cases. O

By collecting the partial representations of W(l,hl,2)(y1,yg;j:2) in the
above lemma, we have

Theorem 4.4. Let V(Zy1 Vz)(Sl,SQ) be the function defined above for each
i €{1,2,3}. Then we have that W(VI’VZ)(yl,yg; +2) is equal to 274 times

/ / (‘/(}/17,/2)(81, 52) — ‘/(?/17,/2)(51, 52) + 23/2‘/(:1))/17;/2)(31, 52)>y1_31y2—82d31d52-
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