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Modular invariants and twisted equivariant
K-theory

DaviD E. EVANS AND TERRY GANNON

Freed—Hopkins—Teleman expressed the Verlinde algebra as twisted
equivariant K-theory. We study how to recover the full system
(fusion algebra of defect lines), nimrep (cylindrical partition func-
tion), etc. of modular invariant partition functions of conformal
field theories associated to loop groups. We work out several exam-
ples corresponding to conformal embeddings and orbifolds. We
identify a new aspect of the A-D-E pattern of SU(2) modular

invariants.
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1. Introduction

Let G be a compact connected simply connected Lie group. The equivalence
classes of its finite-dimensional representations under direct sum and tensor
product form the representation ring Rg. This ring can be realized as the
equivariant (topological) K-group Kg(pt) of G acting trivially on a point pt.
From Bott periodicity, Kg'*(X) = K%(X); the other K-group is K (pt) =
0. Note that these K-groups depend on the Lie group G and not on the Lie
algebra g(G): replacing G with G/Z for a central subgroup Z changes the
representation ring but not the Lie algebra. This sensitivity to the Lie group
will persist throughout this paper, and is fundamental to what follows.
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Let LG be the loop group {f:S! — G} associated to G. The most
interesting representations of LG are projective; the corresponding central
extensions LGy, of LG by S! are parametrized by the level k € Z. The loop
group analogue of the ring Rg is the Verlinde algebra Very(G), spanned
by the (equivalence classes of) positive energy representations of LGy, with
operations direct sum and fusion product. Physically, Ver(G) is the fusion
algebra of the Wess—Zumino—Witten conformal field theory corresponding to
G, with a central charge determined by k. Freed—Hopkins—Teleman [40-43]
identify Very(G) with the twisted equivariant K-group 7 K| glm(G) (G) for some
twist 7 € H3(G;Z) (~Z for G simple) depending on k, where G acts on
itself by conjugation. The other K-group, namely TKgrdlm(G)(G), again is
0. The dimension shift here, by dim(G), is due to an implicit application of
Poincaré duality, and is a hint that things here are more naturally expressed
in (the equivalent language of) K-homology. The ring structure of Ver(G)
is recovered from the push-forward of group multiplication m : G x G — G,
whereas its Rg-module structure comes from the push-forward of the inclu-
sion 1 < G of the identity. Strictly speaking, 7 € Hg.(G; Z) only determines
the K-theory "K(G) as an additive group; the ring structure comes from
a choice of lift (if it exists) of the 3-cocycle 7 to H*(BG;Z). But for G' com-
pact connected simply connected, transgression identifies H*(BG;Z) with
H3(G;Z) so we can (and will) let 7 parametrize the full ring structure.
Note that, as in the preceding paragraph, the K-groups depend on G and
not on its Lie algebra — e.g., for appropriate 7 the K-group "KJ;3(SO(3))
involves only nonspinors and a fixed point resolution arises, recovering the
Verlinde algebra of Wess—Zumino-Witten on SO(3).

Those authors were helped to their loop group theory, through con-
sidering a finite group toy model. But in [32], the finite group story is
developed much more completely, using the braided subfactor approach.
Let a finite group G acts on itself by conjugation; then the transgression
H*(BG;Z) — H3(G;Z), o — 7(0), will in general be neither surjective nor
injective. For twist o € H*(BG;Z), "@KJ(G) is as a ring the Verlinde
algebra of the o-twisted quantum double D?(G) of G, and "W KL(G) is
again 0. For example, for G = Z,,, H3(G;Z) =0 while HY(BG;Z) ~ Zy;
as an additive group, T(")Kg(G) ~ 7" is independent of o, but as a ring,
7@ KY(G) is the group ring Z[Z4 x L2 )q) where d = ged(2n,0).

However Evans [32] argues that much more is possible. The viable mod-
ular invariants for D7 (G) are parametrized by pairs (H,) for a subgroup
H of G x G and ¢ € H*(BH;T) [35,83]. Let H x H act on G x G on the
left and right: (hr,hgr) - (9,9¢') = hr(g9,¢')hr. Then YK (G x G) can
be identified with the full system (the fusion algebra of defect lines — in
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Section 1.3 we define this using subfactors and explain its physical meaning),
and again "Y K, (G x G) = 0. Choosing H to be the diagonal subgroup
isomorphic to G recovers the Verlinde algebra. We review this in Section 1.4.

Finite groups are much simpler than loop groups — for example, there is
no direct analogue of the (H, 1) parametrization of viable modular invariants
— but similar extensions of Freed—Hopkins—Teleman can be expected. This
paper explores these extensions. Atiyah [2] writes: “The K-theory approach
[to the Verlinde algebra] is totally new and much more direct than most other
ways. It remains to be thoroughly explored.” In [43] v.1, second paragraph,
we read that the relation of twisted K-theory to “Chern—Simons (3D TFT)
structure ...is, at present, not understood.” This provides the context for
our work.

For example, given a conformal embedding (see Section 1.3) of LH level k
in LG level £ and appropriate choice of twist 7, we would expect TK?IIm(H) (GQ)
to be related to the full system for the modular invariant of H level k coming
from the diagonal modular invariant of G level £. The group H acts adjointly
on GG as usual. For the special case of H = G and k = ¢, this construction
recovers that of [40]. We find however that for H # G, this relation is not as
direct. For example, even in some of the simplest examples, the full system
can appear here with a multiplicity, and TK};dlm(H)(G) may not vanish.

We give several examples, most importantly D4 and Eg on Cappelli—
Itzykson—Zuber’'s A-D-E list of G = SU(2) modular invariants [20]. It is
intriguing that the quaternionic and tetrahedral groups Q4 and BA4 play
fundamental roles in this K-homological analysis for Dy and FEjg, respec-
tively, as the largest finite stabilizers (Q4 and BA, correspond to Dy and Eg
in McKay’s A-D-E list [74] of finite subgroups of SU(2)). We show in Sec-
tion 1.4 that the analogue of conformal embeddings for finite groups works
perfectly.

The orbifold construction also seems tractable from this point-of-view.
In particular, in Section 4 we compare the Verlinde algebra of the
m-permutation orbifold of G level k (for any permutation group = < S,,) to
the twisted equivariant K-homology of G" xm acting on G", where G™ acts
adjointly on itself and 7 acts by permuting the factors. Again, the analogue
for finite groups seems to work perfectly (see the beginning of Section 4).

The most important source of modular invariants for loop groups are
the simple current invariants. As these correspond to strings living on the
nonsimply connected groups G/Z (for Z a subgroup of the centre of G),
we would expect the full system to be given by the K-homology of G x
G acting diagonally on (G/Z) x (G/Z). We shall investigate this in the

sequel to this paper. By contrast, TKgim(G)(G/Z) for G acting adjointly on
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G/Z should be the associated nimrep (and again vanish for dim(G) + 1).
The example of "K§;5(SO(3)) was worked out in [14]. It would be very
interesting to understand the K-homology capturing the Verlinde algebra
of the Goddard-Kent-Olive coset construction; in [96] the chiral ring (a
superconformal cousin of the Verlinde algebra) of some N = 2 coset models
was identified with a K-group.

These considerations suffice to handle every SU(2) modular invariant,
except for the one called E7. This can be obtained from a Zs-orbifold of the
D1y modular invariant; the associated K-homology will be worked out in
the sequel.

We explore these natural constructions and extensions with a detailed
study of several simple but representative examples. We construct the rel-
evant (twisted graded) bundles — Meinrenken [75] recently found an inde-
pendent construction, elegant but less general, for some of these bundles,
and we compare his to ours at the end of Section 2.2. The bulk of the paper
consists of the detailed calculations; in the concluding section, we interpret
these in the context of conformal field theory. To keep this paper relatively
self-contained, we begin with some background material from K-theory/-
homology and conformal field theory.

1.1. K-theoretic preliminaries

The standard references for K-theory, K-homology and their twisted ver-
sions are [4,6,21,26,58,64,91,92].

K-theory or K-cohomology on a compact Hausdorff space X looks at
the vector bundles over X. In the operator algebraic formulation, this can be
equivalently pictured via finitely generated projective modules over the C*-
algebra C'(X), the space of complex valued continuous functions on X. This
gives the abelian group K%(X), as the Grothendieck group or completion of
the semigroup of vector bundles or modules. For locally compact spaces, we
need to be a bit careful, with inserting and removing one-point compactifi-
cations or K-theory with compact support. More precisely, if X is the one
point compactification of locally compact space X, then K°(X) is identi-
fied with the kernel of the natural map K°(X*) — K°(point). The group
K1(X) can be defined via suspensions as K°(R x X), or through unitaries
modulo the connected component of the identity in matrices over C(X ™).
We then write K*(X) = K.(Cy(X)), for the C*-algebra Cp(X) of complex
valued continuous functions on X. We can identify this with K, (Cy(X;K)),
the K-cohomology of the C'*-algebra of the space of K-valued functions on
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X, vanishing at infinity, where K is the compact operators on a separable
infinite-dimensional Hilbert space H.

The K-homology of a compact Hausdorff space X can be understood as
classifying extensions of the form

(1.1) 0-K—=E&—-C(X)—0.

More precisely, the degree-one K-homology group Ki(X) classifies these
extensions, and again we can define K1 (X) = K1 (X 1) and Ko(X) = K1 (R X
X), for a locally compact space X, using one-point compactifications and
suspensions. Again, we then write K,(X) = K*(Cp(X)), and identify this
with K*(Co(X;K)).

The C*-algebra Cp(X;K) can be twisted, in the sense of twisting this
space of sections of the trivial bundle, with fibres the compacts K, over
X, by taking a non trivial bundle IC; and the corresponding space of sec-
tions Cp(X; ;) [89]. These algebras are locally Morita equivalent to the
trivial algebras Cy(U;K), for small open subsets U C X, but the gluing
together of these trivial algebras is classified by a Cech cohomology class of
X, the Dixmier-Douady invariant H3(X;Z). We take a cover {U; : i} of X
by open sets, with a gluing described by a matching on intersections U;; =
U; N U; given by automorphisms p;; of K, where g1, = ;5 on triple inter-
sections Ujjr, = U; NU; N Uy. This gives an element of H'(X;Aut(K)) ~
HY(X;PU(H)), where PU(H) denotes the projective unitary group U(#.)/T.
The latter group H'(X;PU(H)) is identified with H?(X;T) ~ H3(X;Z),
the Dixmier-Douady invariant, by taking the cocycle p;; = Ad(gi;) to the
T-valued cocycle g;;g;195;.-

If we wish to include a grading on space of sections then there is an
additional degree of freedom given by H'(X;Zs). First, we decompose H =~
H & H, with grading self-adjoint unitary ¢ which interchanges these compo-
nents, and corresponding grading automorphism Ad(o) on the compacts K.
The graded automorphisms Auté"(K) are those that commute with Ad(o),
and are implemented by the graded unitaries Uy (H). The transition func-
tions are now given by graded automorphism g;; on intersections, yielding
an element of

HY(X; Aut® (K)) ~ HY(X;PUg(H)) ~ H (X;Zs) ® H*(X; 7).

The graded automorphisms of K are identified with the projective graded
unitaries PUg (H) = Uy (H)/T. Then HY(X;PUg(H)) — H3(X;Z) is
obtained by ignoring the grading, while the projection H!(X;PUg (H)) —
H'(X;Zs) is through the degree map Ugr — Zo.
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The graded Morita equivalence classes of separable Zs-graded continuous
trace algebras, with spectrum X are classified by the graded Brauer group
of X, namely: [84,85]

(1.2) HY(X;Z9) ® H*(X; 7).

Such an element then defines a graded bundle I on X, so that we can form
the graded C*-algebra of sections Cy(X; /), and take the corresponding
(graded Kasparov [6,65-67]) K-theory:

TK*(X) = K.(Co(X;Kr)),
TK(X) = K*(Co(X;K.)).

The graded K-theory is understood as follows [57,102]. Let S denote
Co(R) with the grading induced by the flip x — —z on R. If A is a unital
graded C*-algebra, then the graded K-theory is defined by Ky(A) = [[S,
A®K]], the space of graded homotopy classes of graded *-homomorphisms
from S into the graded tensor product A®K. Nonunital algebras, or locally
compact spaces are handled by unitalization or one-point compactification as
before and K is handled by suspension. This suspension can be realized via
Clifford algebras: K1 (A) ~ Ky(A&Cp 1). Here & is the graded tensor product
and Cp, is the graded Clifford algebra for the quadratic form (—1,,1,) on
RPT4, 50 that Cp; ~ C & C with the nontrivial grading.

We need equivariant versions of this twisted K-theory, using equivari-
ant Cech cohomology to describe these twistings. If a group G acts on
our space X, we define equivariant cohomology by the Borel construction
Hi:(X) = H*((X x EG)/G), where EG is a contractible space on which G
acts freely, and the quotient is taken for the diagonal action [12]. In partic-
ular, Hf(point) = H*(BG), where BG is the classifying space EG/G.

The equivariant graded Morita equivalence classes of separable
Zo-graded G-equivariant continuous trace algebras, with spectrum X are
classified by the equivariant graded Brauer group of X, namely:

(1.3) HL(X;Zy) @ HY(X;Z).

We can form a product on these structures. If £ and 1 are G-equivariant
graded bundles of compact operators on X, we can form the product £&xn
as G-equivariant graded bundle of compacts on X, so that

Co(X; Keg ) = Co(X; Ke)&c,(x)Co(X;Kp),
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where ®Co( x) denotes the graded tensor product of Co(X)-module graded
C*-algebras. In terms of decomposition (1.3), then &®xn is identified
with

(1.4) Eoxn = (&1 +m, & +n3 + B(&m)) ,

where &1 € H%(X;7Z/2) is the cup product and 3: H:(X;Z/2) — HY
(X;Z) is the Bockstein homomorphism. For simplification, we prefer to write
this as £ + 7. In particular, we can identify ¢ with (£1,0) + (0,&3) so that in
some sense we can treat the H' and H? twists independently.

Twisted equivariant K-theory is then defined as

(1.5) TRE(X) = Ko (Co(X;K,) x G),
(1.6) TKE(X) = K*(Co(X;K,) x GQ),

where ‘X’ here denotes the crossed-product construction.

If « € H,(X;Z/2) is a G-equivariant real line bundle L = L, on X, with
projection 7 : L — X, and if £ is G-equivariant graded bundle of compacts
on X, with & = a, then 7*(§3) is a G-equivariant (ungraded) bundle of
compacts on L. Moreover,

Co(X;Ke) == Co(X;Ke, )&, (x)Co(X; Ke,)
~ C()(L; /Cﬂ*(&))@ C071.

This expresses the graded K-theory in terms of ungraded K-theory:
(1.7) SKG(X) =TSR (L)

See [3,84], and Theorem 4.4 and Section 5.7 of [64] for details. Compare
Definition 4.12 of [40].

These K-groups "KY(X), "K}(X) possess a natural Rg-module
structure, coming from the map X — pt [99] — as mentioned next sec-
tion, K§ (pt) ~ HX(pt) ~ Rg. When the twist 7 € HZ(X;Z) is transgressed
from H*(X;Z), the K-groups "KY(X) and "K},(X) carry graded ring struc-
tures [104], coming from the external Kasparov product in equivariant
K K-theory.
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1.2. Assorted practicalities

By Rg we mean the representation ring of the group G. Some of these we
will need are

Rgu2 = Zlo] = Span{o1,09,...},
Ros = Z[0, K]/ (6k = k,0% = 1) = Span{1, 6, k1, ko, ...},
Rr = Z[a*'] = Span{1,a,a™*,a%,a72,.. .},

where o; is the i-dimensional SU(2)-representation (so o = o3 is the defining
representation), 6 = det, k; is the two-dimensional O(2)-representation with
winding number i (so x = s is the defining representation), and a’ is the
one-dimensional representation for the circle SO(2) = U(1) = S! = T with
winding number 1.

Restriction makes both Rps and Rt into Rgye-modules; the generator
o € Rgys restricts to k1 € Rps and to a + a~ ' € Ry. Induction from Ry to
Ro9 takes 1 to 1+ 6 and a' to K3 Dirac induction from Ry (resp. Ros) to
Rsus is discussed later in this subsection (resp. in Section 2.1).

To keep our calculations under some control, we will usually act with
G = SU(2). Hence its finite subgroups will often arise as stabilizers. As is
well-known (see e.g., [59,74]), these fall into an A-D-E pattern: they are the
cyclic groups A, = Z,+1 = (1,1,n), double-covers D,, = BD,,_9 = (2,2,n)
of the dihedral groups D,,_o, as well as the binary tetrahedral Eg = BAy =
(2,3,3), binary octahedral E; = BS; = (2, 3,4) and binary icosahedral Eg =
BA; = (2,3,5) groups, where the binary polyhedral group (¢, m,n) is defined
by [24]

(1.8) (¢, m,n) = (a,b,cla® = b™ = " = abc).

The vertices of the corresponding extended A, D, or F diagram are labelled
with the irreducible representations of the finite subgroup H; the embed-
ding H — G defines a two-dimensional representation p = Res%a of H, and
decomposing into irreducibles the tensor of p with the irreducible ones recov-
ers the edges of that diagram. In this way the Dynkin diagram encodes the
Rgyo-module structure of Ry. We give what seems to be a new aspect of
this A—-D-E correspondence, in Section 2.1 below.
Of these, the ones we will need in this paper are

1

Rp1 = Span{ry, 7"/—,1},

/ / / /
RAS = Span{rl? 1,7 Tfi}a
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Rus = Span{ﬁﬂ“-l,Twﬂ“—wﬂ’w?vrfwz}’
Rpy = Span{sg, s1, 52, 53,1},

Rps = Span{sq, s, sj, s3, ', t"},

Rpg = Span{x, xl, x//’ Y, y/7 y”7 z}’

where the notation should be clear (see figure 1). We write w for ¢2™/3. The

representation Res

All

W26 i 20" | vl 4+, Ty + 72, t, ', y, respectively.

inductions between these finite groups are obtained from:

o Ind}3, with 7{ — 7 + 7", and r” | — vl + 17 ;

. Indﬁi’, with v/}, — raq + roy + rawe;

o IndP4, with 7] — so + s2, | +> 51+ s3 and 7/, > ¢

o IndlS, with 7] — o+ 2/ + 2" + 2,7 1 — 2z and vy, =y + ¥ + ¢
o IndES, with so — 2 + 2’ + 2", s1,82,83 —~ 2z and t — y + ¢ + y;

o IndR?, with ry > s{, + s, ro1 > sh+ 84, 1, re2 — " and r_y,, 7_g2

'

e IndfS with ri— a4z, roi=y +y", o2’ +2, e 2 + 2,

r_o—y+y and r e —y+y’.

The maps between K-homology groups tend to be easier to identify than

between K-cohomology groups. Also, the answers suggest that K-homology

p r &

rioory
e—e I"{A l"_/i
7 r
v ® -
A 1 I",l l"mz I"_l —(.02 o
A 3 A 5
So S So S5 g
t t/ t” 2
S yll
Sl 3 Sll S3, X x’

Dy Ds E¢

Figure 1: McKay’s graphs for some finite subgroups of SU(2).
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is more natural here (e.g., compare Very(G) = TKg™m¢(G) = "K§(G)). For
these reasons, we prefer to calculate in K-homology. When the space X is
not compact, we must distinguish between " K& (X) and "K’ *Cfcs (K-homology

with compact support): e.g., compare "K& (R x X) = TKf_H(X) with K&

*,CS

(Rx X)= TKECS(X). Poincaré duality [90] relates K* to K, os. This yields
two independent ways to compute the K-groups. We primarily use K, since
it permits us to use the six-term exact sequence (1.9). On the other hand,
the K cs-groups are homotopy invariants.

We have two main tools for computing twisted equivariant K-homology.
The first is obtained by considering the ideal obtained from a G-invariant
open subset U of X. Suppose that 7/ and 7" are the restrictions of 7 on
X to U and X/U, respectively. Then we have the six-term exact sequence

for K,:

TK§U) < TKF(X) «— TK§X/U)
(1.9) 4 1
TKY(X/U) — TEf(X) —  TE{(U)

For K-homology with compact support, this fails (consider e.g., T with one
point removed). The maps in (1.9) are Rg-module maps.

Suppose X is covered by two G-invariant open sets, Uy, and Us, and
that 7 restricts to 7, 7, and 719 on Uy, Uy and U; N Us, respectively. Then
there is the exact Mayer—Vietoris sequence for K,:

(1.10)
TKGUL U s nKG(U) @ mKG(Uy) S meKS (U N U,)
) {
Y o

KU NTy) == TKEU) oK (U) — TKEULUUy)

where j! and j2 are the inclusions of U; N Uy in U; and Us, respectively,
and i' and i? are the inclusions of U; and Us, respectively, in U; U Us. For
K-homology with compact support, arrows should be reversed. Again, the
maps in (1.10) are Rg-module maps.

Throughout this paper, the groups H(X;A) denote Cech cohomol-
ogy. In computing these cohomology groups, we use the relations H, ZG(]R X
X;A) = HL(X; A) and HS(T x X;A) ~ H; H(X; A) @ Hy(X; A) for any
group G (provided G leaves R and T fixed), as well as H,(X x G/H; A) =
Hi (X; A) for any subgroup H of G and space X. H},(Méb; A) ~ HY(T; A)
since M6b (the open Mébius strip) is a deformation retract from T. Also,
Hé(pt;A) ~ Hom(G, A) for any group G and any ring A, and H(Q;(pt;Z)
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is isomorphic to the Pontryagin dual of G/[G,G]. The Schur multiplier
H3 (pt; Z) for any finite subgroup of SU(2) is trivial (this follows from the
fact that they have presentations (1.8) with the same number of generators
as relations). Mayer—Vietoris here becomes

0 — HE(X; A) = HE(Ur; A) @ Hg(Ua; A) — HE(Uy N Us; A)
(1.11) — HY(X;A) — -,

for G-invariant open sets Uy, Uz covering X. We also compute some H,
(X; A) from the spectral sequence (see e.g., Chapter 1 of [55]) associated to
the fibration X — (EG x X)/G — BG; this has EY'? = HP(BG; HY(X; A)).

From p. 226 of [54], we know Hg;,(pt;Z) is the polynomial ring Z[wy],
and p. 327 of [54] says H,(pt; Za) ~ Zo[ws], where wy has degree 4. Then
Brown [17] computes the cohomology rings Hi(pt; Z) ~ Z[ws] and Hy(pt;
ZLo) ~ Zalws), as well as

Hgos(pt; Z
Hgo3(pt; Zo
Hpo(pt; Z
Hpo(pt; Zo

~ Z[ws, wy]/(2ws),
~ Zz[w2,w3]a

~ Z[wa, w3, wy]/(2wa, 2ws, w§ — wowy),

~— — ~— ~—

~ Zo[wy, wa),

where w; has degree 1.
Poincaré duality, for X a compact manifold, says (see [16,28,103])

(1.12) TKE(X) ~ T KE) (x),

where 7 + 7' = (sw§(X),sw§ (X)) (recall that as a group, the twists form
a semi-direct product (1.4) of H} and HJ), where the Stiefel-Whitney
class sw§(X) = 0 iff X is G-equivariantly orientable, and sw§ (X) = 0 iff X
admits a G-equivariant spin.-structure. A useful fact is that HZ(X;Z2) = 0
implies X admits an equivariant spin structure, and hence sws(X) = 0.
Every compact orientable manifold of dimension < 4 admits (though not
necessarily equivariantly) a spin. structure; however, SO(3) is compact and
orientable and yet sw5U2(SO(3)) # 0 for the adjoint action.

In this paragraph let G = SU(2). Topologically, G, G/O(2) and G/T are
the 3-sphere S2, the projective plane, and the 2-sphere S?; sw{'(G/O(2)) =
1 € Zy but sw§ (G/0(2)), sw§(G/T) and sw§ (G/T) all vanish. We will also
be interested in the spherical manifolds G/T" for I a finite subgroup of G.
Since HZ(G/T;Z) & HE(pt; Z) = 0 as mentioned above, we know sw§ (G/T)
= 0. Likewise, sw{(G/T) = 0 since G, being a Lie group, is G-equivariantly
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orientable for the translation action, and G/I' will inherit this. Another
way of seeing this is that the G/I" are rational homology spheres; hence by
the Lefschetz fixed point formula, any orientation-reversing continuous map
must have fixed points. Since any g € G acts freely on G /I, it must preserve
orientation, which means G/T" is G-equivariantly orientable.

When G fixes all of X, equivariant K-theory can be expressed in terms
of nonequivariant K-theory through [99]

(1.13) K5(X) ~ Re @z K*(X).

In particular, K&(pt) = Re. More generally, "K2(pt) is the representation
ring "R described in Definition 4.2 of [40], while "K}(pt) is the group
TR, given in Proposition 4.5 of [40]. In particular, the torsion part of the
H3-component of 7 concerns spinors (i.e., representations of a central exten-
sion) and is not relevant to the examples considered in this paper; the H'-
component of 7 concerns graded representations. A grading here is a group
homomorphism ¢ : G — {£1}. Then R}, can be defined to be R¢/IndS.
(Rg+), where G is the kernel of €. The graded representation ring R is
the collection of all finite-dimensional e-graded representations, modulo the
supersymmetric ones: a graded representation is a Zs-graded vector space
V =V*+t @V~ carrying a G-action, where G preserves, and G~ = G\ G
changes, that grading; a supersymmetric representation is a graded represen-
tation V with an isomorphism « : V* — VT obeying gae = +ag for g € G*.
In Section 2.1 below we provide a novel interpretation of graded represen-
tations and of both *Rg and 6RlG.

For X a compact manifold fixed pointwise by G, and H a subgroup of
G, we know "Kj(X x G/H) ="K} (X) (see [99]) and hence

(1.14) TK§<X x G/H) = T/Kgrdim(G)erim(H) (X)

by Poincaré duality, for the appropriate twist 7/. If N is a normal subgroup
of G, and N acts freely on X, then from definition (1.5) of equivariant
K-homology,

(1.15) TKE(X) ="K (X/N),

where we use Hj(X; A) ~ HZ:/N<X/N;A)'

In places we will need infinite-index induction. The usual (Mackey)
induction Indg(M ) = L%(G; M) results in infinite multiplicities; the appro-
priate notion is Dirac induction. One special case of it we use is (see Theo-
rem 13 of [71] for a generalization): If T is the mazimal torus of a connected
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compact simply connected group G, and X\ is a dominant weight of G, then
Dirac induction takes a T-character e*™ to the virtual G-representation
(signw)Vipr—p if wA — p € PL(G) for some Weyl element w, and to 0 if no
such w emsts (here, p is the Weyl vector of G, V), is the G-module with high-
est weight u, and Py is the set of all dominant weights of G). We describe
in detail other classes of Dirac inductions in Section 2.1, when we have a
better grasp on graded representation rings.

By contrast, the (closely related) holomorphic induction of Borel-Weil
theory induces the T-character 2™ to the G-representation Vi,. So e.g.,
for G = SU(2), Dirac induction takes A =0 to 0, A = 1,2, ... to the SU(2)-
representation oy, and A = —1,—2,... to the virtual SU(2)-representation
—o)y|- Of course holomorphic induction sends A to o|y41-

Near the beginning of Section 1.4 many of these results are put together
into a simple example.

1.3. Review of notions from CFT

In this subsection we review the basic mathematical structures of conformal
field theory (CFT) involved in this paper. The physical interpretation of
some of the following material is given at the end of this subsection.

Choose any compact connected simply connected Lie group G. For fixed
level k there are finitely many positive energy representations my of the loop
group LG, parametrized by the highest weight A € Pf_(G). Their characters
X define a finite-dimensional unitary representation of SL(2,7Z) by

(1.16) (-1/7) = Z Svxu(™), x0T+ = D Tyxulr
PE(G) nePl(G)

These matrices S, T are called modular data, and have special properties we
will not get into. We will often abbreviate the phrase “loop group LG at
level k7 with Gj.

The usual tensor product of Lie algebra modules behaves additively on
the level, but it is possible (using e.g., the vertex operator algebra structure
implicit here, or the Kazhdan—Lusztig coproduct) to define a different one,
usually called the fusion product, such that the fusion of level k¥ modules is
again level k. The resulting finite-dimensional fusion algebra is also called the
Verlinde algebra in the mathematical literature, as it was E. Verlinde who
expressed its structure constants using the matrix S (see (1.18) below). The
Verlinde algebra Very(G) can be conveniently expressed as a quotient Rg /1),
of the representation ring Rg (a polynomial algebra) by the fusion ideal
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Ii,. For example, for G = SU(n+ 1) and G = Sp(2n), I is the ideal of Rg
generated by all representations of level exactly k + 1 [48], i.e., all characters
ch) where the highest-weight A = > | \;A; satisfies > » | Ay = k+ 1.

Into this context we will often place the r-dimensional torus G =T" =
T™, but this requires a little subtlety. The corresponding Lie algebra, g = C",
is not Kac-Moody, and the corresponding CFT (that of r free bosons living
in R") is not rational. For instance, its Verlinde algebra is infinite dimen-
sional. To get finite dimensionality, and indeed a fully rational theory to
which the formalism of Freed—Hopkins—Teleman applies, we should proceed
as follows. The role of the level k is an » X r symmetric, positive-definite inte-
ger matrix — geometrically, it then corresponds to the Gram matrix (with
entries b; - b; for some basis {b;}) of an r-dimensional Euclidean lattice L.
The role of P¥(G) is played by L*/L (L* is the dual lattice Hom(L, Z)), and
the fusion product is [v][v'] = [v + v']. Algebraically, this amounts to extend-
ing the Heisenberg vertex operator algebra corresponding to C”, to the lat-
tice vertex operator algebra corresponding to L. Physically, this amounts to
bosons living in the r-torus R"/L, at least when L is even.

The modular data and Verlinde algebra have a direct analogue in any
rational conformal field theory (RCFT) — the highest weights PF(G) and
cosets L* /L become the finite set of chiral primaries. Another major class of
examples, in addition to the affine algebras and lattices, comes from the dou-
bles of finite groups (corresponding to holomorphic orbifolds — see, e.g.,
[23]). More generally, any CFT can be orbifolded by a finite symmetry of
G. The most tractable of these, the holomorphic orbifold, recovers the rep-
resentation theory of the quantum double of G; its K-homological inter-
pretation is developed in [32] and reviewed (and further developed) next
subsection. Also very accessible are the permutation orbifolds [69] where n
identical RCFTs are tensored together and this product is orbifolded by a
subgroup of the symmetric group S,,. The chiral primaries of this orbifold are
parametrized by pairs (O, 1)) where O is a G-orbit of the primaries of the ori-
ginal theory, and 1 is an irreducible character of the stabilizer of that orbit.

The modular data and Verlinde algebra are examples of chiral data of the
RCFT. An RCFT consists of two chiral halves spliced together. The quantity
describing this splicing is the partition function or modular invariant Z (1) =
2o ZxXA(T) xu(T)" of the theory, as it is invariant under the SL(2,Z)-
action of (1.16). In terms of the coefficient matrix Z, the basic properties of
the modular invariant are:

©« 7S=S87,72T=TZ,
o 7y, €1{0,1,2,3,...},
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o Zy = 1.

The third condition comes from uniqueness of the vacuum — we actually get
a much richer structure by sometimes ignoring this normalization constraint.
In the case of the loop group at level k, 0 denotes the highest weight kAg.

The estimate [9] Zy, < Zoodrd,, where dy = Sox/Soo > 0, shows that
there are at most finitely many solutions, for a fixed modular data with a
given representation of SL(2,Z) and fixed Zyy. In the case of G = SU(2),
there are at most three normalized solutions for a fixed level, according to
the A-D-E classification of Cappelli et al. [20]. A Dynkin diagram is associ-
ated to each modular invariant through the identification of diagonal terms
{A:Z\\ #0} =7 of Z with the eigenvalues {Sfx/Spo : A € I} of the cor-
responding Dynkin diagram, where f = Ay + (k — 1)Ao here corresponds to
the fundamental two-dimensional representation of SU(2). The A,, modular
invariant is the diagonal invariant at level k =n — 1, D,, is the orbifold or
simple current modular invariant at level £k = 2n — 4 and Eg, E/7, Eg are the
exceptional modular invariants at levels 10, 16, 28. For SU(3) the analogous
modular invariant classification is due to Gannon [47].

Let G be a compact connected simply connected Lie group. Let H be a
connected Lie subgroup of G and H its simply connected universal covering.
Suppose levels k, £ can be found so that the central charge kdim(H)/(k +
hY) of LH at level k (h" is the dual Coxeter number of H) equals that of
LG at level £. We say that Hy, — Gy or H, — Gy is a conformal embedding.
The point is that the restriction of LG-representations to LH involves only
finite multiplicities. Because of this, given a conformal embedding H, r — Gy
and a choice of modular invariant for G4, we get a modular invariant for H, k
by restriction of the characters. This is responsible for instance for the FEg
and Fg exceptional invariants in the SU(2) classification.

All conformal embeddings have been classified [5,97] — e.g., for simple
G # H, the level £ must equal 1. The easiest nontrivial example is when G
is simply-laced (i.e., of type A-D-E) and H is the maximal torus "= R"/Q
(where r is the rank of G and @ is the root lattice). Then the level k of
LT is the Cartan matrix of G (in terms of the “Hom” definition of level
in Section 2.2, this level corresponds to the natural embedding of the root
lattice @ in the weight lattice @* = Hom(Q,Z)). In this case, the primaries
of LG level 1 are in exact one-to-one correspondence with those of LT level
k, so the associated modular invariant is the diagonal one Z = 1.

In the subfactor approach to modular invariants, the Verlinde algebra is
represented by endomorphisms y Xy on a III; factor N which are nondegen-
erately braided. There are two main sources of examples — one from loop
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groups and the other from quantum doubles of finite systems (which are
not themselves necessarily nondegenerately braided, such as finite groups
or the Haagerup subfactor [36,51,62]). Both are relevant for the twisted
K-homology approach.

Examples in the III;-setting appear from the analysis of Wassermann
[106] for SU(n), from loop groups. Restricting to loops concentrated on
an interval I C S' (proper, i.e., I # S' and nonempty), denote the cor-
responding subgroup by: L;SU(n) ={f € LSU(n): f(2) =1, 2z ¢ I}. One
finds that in each positive energy representation 7 the sets of operators
mA(LSU(n)) and 7 (L7-SU(n)) commute, where /¢ is the complementary
interval of I, using that SU(n) is simply connected. In turn we obtain a
subfactor: m)(L;SU(n))” C mx(L;SU(n))’, involving hyperfinite type III;
factors (see [106]). In the vacuum representation, labelled by A =0, we
have Haag duality in that the inclusion collapses to a single factor N(I) =
N(I). The inclusion 7\ (LrSU(n))"” C mA(Lresu(ny)’ can be read as A(N(I)) C
N(I) for an endomorphism A of the local algebra N(I), yielding a sys-
tem of endomorphisms yXy = {A} labelled by the positive energy
representations.

Other examples arise from quantum doubles of finite systems. A
nondegenerate braiding in quantum double subfactors can be constructed
via three-dimensional TQFT where the crossings are represented with tubes.
See [34,35,61] for details.

In either the loop group or quantum double setting, what we have
acting on a factor N are braided endomorphisms A € yXn — these are
required to commute only up to an adjustment with a unitary ¢ = (A, p):
A= Ad(e)uA. Here the family {e(\, 1)} can be chosen to satisfy the Yang—
Baxter or braid relations, and braiding—fusion relations. The endomorphisms
will form a system closed under composition: [A][u] =3 NY,[v], for some
multiplicities N} of positive integers (the fusion rules). Intertwiners associ-
ated to a twist (statistics phase) and a Hopf link provide matrices 7" and S
which as the braiding is nondegenerate, gives a representation of the mod-
ular group SL(2,Z). In the loop group setting, the fusion coefficients N ¢
of sectors match exactly the loop group fusion [106]. By a conformal spin
and statistics theorem [38,44,49] one can ensure that the statistics phase
(and the modular T-matrix) in our subfactor context coincide with that in
conformal field theory, and hence since the Verlinde N matrices coincide, so
do the modular S-matrices.

One modular invariant is always the trivial diagonal invariant:
D den iy 1X A2, In some sense [8,25, 78], every “physical” modular invariant
is diagonal if looked at properly. If we restricted our system to a subfactor



226 David E. Evans & Terry Gannon

N C M, with systems of endomorphisms on both factors, such that the endo-
morphisms on M decompose to endomorphisms on N as 7= Yy, 3 braA
according to some branching rules, then the diagonal modular invariant
should give an yXy-modular invariant > |x-|[> =Y | Y, braxa|? for 7 €
NN, A € y X, In some sense, every modular invariant should look like
this or with a possible twist ETXTX:(T)a for a symmetry w of the (extended)
fusion rules of p;X3;. The problem in general is then to find such exten-
sions. When there is no twist present we have what are sometimes called
type I invariants: Zy, = > _brabry. These are automatically symmetric:
Zxu = Zyux. In the presence of a nontrivial twist, we have the type II invari-
ants Zy, = >, b, Aby(r)u- These are not necessarily symmetric, but at least
there is a symmetric vacuum coupling Zyy = Z)¢. Not every modular invari-
ant is symmetric even in this weaker sense (e.g., for SO(16n); or for the
doubles of some finite groups or the Haagerup subfactor [36,51,62]), but
every known SU(n) modular invariant is symmetric in the usual stronger
sense.

In practice, of course, we would like to start with the smaller system on
N and find an M that realizes a given invariant Z, i.e., inducing instead of
restricting. We induce the system on NV to systems on M, using the braiding
and its opposite to get two systems of endomorphisms on M, namely ,,X A‘;
and ,,&,,. The inclusion N C M should be related to the original system
~NXn in the following sense. If we consider M as an N—N bimodule and
hence as an endomorphism of N, then # = yMpy should decompose as a
sum of sectors from yXn. We can write this canonical endomorphism 6 on
N as i, where ¢ : N — M 1is the inclusion and 7: M — N its conjugate.
Then v = «z is the dual canonical endomorphism on M. Using the braiding
e = e or its opposite braiding £, we can lift an endomorphism X in y Xy
to those of M: ozf =y~ Ad(e% (), 0))\y. The maps [A] — [af] preserve the
operations of conjugation, addition and multiplication of sectors [7,107].
However, they will not necessarily be injective, and oz)i\ may be reducible.
What is important is their intersection MX](\)/I = MXAJ/FI M 3y Xy;- When we
decompose into irreducibles we count the number of common sectors and
get a multiplicity:

(1.17) Iy = <ozj\r,oc;>, A€ NEN.

This matrix Z = [Z),] will be a modular invariant [10,30]. We will shortly
find it convenient to drop the normalization condition (Zpp = 1), and then
we must not insist that M is a factor. A modular invariant realized by
an inclusion N C M has vacuum multiplicity Zyg equal to the dimension
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of the centre of M [35]. The system MX](\Z is nondegenerately braided,
and consequently also gives rise to a representation of the modular group
SL(2,Z) with modular matrices S®™* and T°**. The two representations
of the modular group are intertwined via the chiral branching coefficients
(T,03), 7 € XV X € N&N, ., SUF = bES and T = b*T. We can
decompose the modular 1nvar1ant as Zy, = (aj\r,am = ZTEM X0, bt \o7
write Z = bTb.

The associativity of the system of endomorphisms yXy on N yields
a representation N \N, = > N N by commuting matrices Ny = [NKM
w, v € yXn], describing multiphcatlon by . Since N; = N!, they are a fam-
ily of commuting normal matrices and so can be Simultaneously diagonalized:

(1.18) Ny, = ZSM “”S*

Remarkably, the diagonalizing matrix is the same as the S matrix in the
representation (1.16) of SL(2,7Z).

The action of the N—N system NX v on the N—M endomorphisms y X,
(obtained by decomposing {t\ = 04A : A € NAn} into irreducibles) gives
naturally a representation of the same fusion rules of the Verlinde algebra:
GG, =] Nj\’MG,,, with matrices G = [Glj\a :a,b € yXy). Consequently,
the matrices G will be described by the same eigenvalues but with possibly
different multiplicities:

Sxe x
(1.19) (GX)ab = z’;@/}ansgnwbn-

These multiplicities are given [11] exactly by the diagonal part of the modu-
lar invariant: spectrum(Gy) = {Sxx/Sox : with multiplicity Z,}. This is
called a nimrep [9] — a nonnegative integer matrix representation. Thus
a modular invariant realized by a subfactor is automatically equipped with
a compatible nimrep whose spectrum is described by the diagonal part of
the modular invariant. The case of SU(2) is just the A-D-E classification of
Cappelli-Ttzykson—Zuber [20] with the yX)s system yielding the associated
(unextended) Dynkin graph.

The complexified finite-dimensional fusion rule algebras spanned by
X decompose as [11]

(1.20) Furu(,,A35) @ EB Mat (b

Tey XY Aen Xy
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Here bf/\ are the chiral branching coefficients (7, ozf). The full M—M system
M X is obtained by decomposing {tA\i: A € yAXn} into irreducibles, and
is generated by the f-inductions taken together, i.e., both ,,X Aj} when the
~N AN braiding is nondegenerate. The complexified fusion rule algebra of the
full M—M system ;X decomposes as

(1.21) Furu(y X)) = €D Mat(2y,),
A,,U,GNXN

and the action of yXx on yXps (our nimrep), the Verlinde algebra of N-N
sectors on N—M sectors only sees the diagonal part of this representation
on:

(1.22) B Mat(Zy).

Counting the dimension of the space where this acts, we get the number of
irreducible N—M sectors:

o #NXnr =D\ 2.

Moreover, counting the dimensions of the M—M sector algebras we get

® #MXJ\%[ = ZTA(bf,\)Qa
o #uXy =3, Z/%M.

These cardinalities can be read off as tr Z, tr b**b* and tr ZZt, respectively.
In the case of chiral locality where b™ = b, so that the invariant is type I,
we see that #MXAj/E[ =trZ = #nxXy. In fact, MX]\jj can be identified with
the nimrep space xyXpr by mapping 6 € yXn to 18 € X, when chiral
locality holds [7].

Now ZZ! is a modular invariant in its own right, satisfying all the axioms
except possibly the normalization. If a modular invariant Z can be realized
by an inclusion N C M, then there is an associated inclusion N C M, for
another algebra M, which realizes the modular invariant ZZ* [35] such that
the full system ;X for Z is identified with the classifying CIZ system
(nimrep) nXy; for ZZ'. Here Z need not be normalized, and in general
ZZ! is certainly not normalized. The inclusion N C M is closely related to
the Jones basic construction [63] N C M; from N C M. However, it cannot
be precisely that as the Jones extension always yields a factor My, if we
start from a subfactor N C M. What is true is that M; and M yield the
same N-N sector in yXn (i.e., yNMiy =~ NMy as N-N bimodules), but



Modular invariants and twisted equivariant K-theory 229

they determine different inclusions N C M; and N C M. An inclusion of N
determines by restriction an N-sector but such a sector does not necessarily
or uniquely determine an inclusion. Taking the central decomposition of
M = ®M,, with M, as factors, then each inclusion N C M gives rise to
a normalized modular invariant Z, so that ZZ! = > Z. decomposes into
normalized modular invariants. In particular, both ZZ! and Z!Z decompose
into sums of normalized modular invariants. In this way, the CIZ graph for
Z7Zt, namely yX 7 =~ M0, decomposes according to the y Xy orbits.
Any SU(2) modular invariant can be realized by a subfactor [7,11,81,107]
and a systematic or unified formulation of a subfactor which realises each is

given by [29]
(1.23) 0 = NMy = ©AZx[N,

as N—N sectors or bimodules where the summation is over even sectors
A (we identify the SU(2), highest weight A = (k — A1)Ap + A1 A1 with the
Dynkin label A1 € {0,1,2,...}). Ocneanu [82] has announced that all SU(3)
modular invariants are realized by subfactors. The situation for SU(2), SU(3)
and SU(4) is reviewed in [30].

We consider two SU(2) modular invariants in detail, namely the D4 and
Eg ones. The D4 modular invariant occurs at level 4:

(1.24) Zp, = Ix0 + xal* + 2x2l*

Its diagonal part {\: Zy) # 0} matches the spectrum of the (unextended)
Dynkin diagram Dy, namely {S1/Sox =2cosm(A+1)/6: X =0,4,2,2}.
For this reason Cappelli, Itzykson and Zuber labelled this modular invari-
ant by the graph Dy4. It can be realized as an orbifold (i.e., simple cur-
rent) invariant, but it is more convenient for us to view it as a conformal
embedding invariant due to [13] which provides the extended system diag-
onalizing the invariant. The embedding SU(2)4 — SU(3); means there is a
(two-to-one) mapping of SU(2) in SU(3) such that the three level 1 repre-
sentations of SU(3) decompose into level 4 representations of SU(2) with
finite multiplicities. The system SU(3); has three inequivalent representa-
tions {(00), (10),(01)}, obeying Zs fusion rules. They decompose as xoo =
X0 + X4, X10 = Xo1 = X2, so that the D4 modular invariant for SU(2), arises
from the diagonal invariant for SU(3)1 : Zp, = |x00|* + |x10/* + |X01/?. The
conformal embedding gives us an inclusion of factors: N(I) = L;SU(2) C
M(I) = L;SU(3) using the vacuum representation on LSU(3). On N we
have the system of endomorphisms SU(2)4 and on M we have SU(3);.
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The canonical endomorphism (1.23) for this D4 conformal embedding
is given by the vacuum sector [Ao] @ [A4], the chiral systems decompose as
v = {laol, [af], [agl)], [aéz)]}, and the neutral system is identified with
[ag], [oagl)] and [aé2)] and obeys Zs fusion rules. The full system is given by
war = {Jaol, [07 ], o7, [08"], (8], e, ], 1]}, where [of oa;] = [d @
[n] @ [1'], with statistical dimensions d. = d,, = d,y = 1. The dual canoni-
cal endomorphism is [y] = [idys] @ [€]. Since Z2 = 27 the full system ;X
with cardinality tr Z2 = 8 decomposes as two sheets which are copies of
the Dynkin diagram Dy, as in figure 2: the solid lines denote multiplica-
tion by af, and the dotted ones by o . The vertices of the neutral sys-
tem (corresponding to the SU(3); representations) are identified in figure 2
with large circles. The vertices of the full system inherit a parity from
SU(2) (spinor/nonspinor); small circles are drawn in figure 2 about the even
vertices.

The first exceptional modular invariant for SU(2) occurs at level 10:

(1.25) Zi, = X0 + X6|* + x4 + x10/* + X3 + X7/

Its diagonal part {\: Zy) # 0} matches the spectrum of the Dynkin dia-
gram Fg, namely {S1)/Sox =2cosm(A+1)/12: X =0,6,4,10,3,7}. This
is obtained from the conformal embedding SU(2)19 — Sp(4);. The system

[cx]

Figure 2: Dy: fusion graph of [a]] and [a]].
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Sp(4); again has three inequivalent representations: the vacuum (00), vector
(01) and spinor (10); they reproduce the Ising fusion rules. Restricting from
Sp(4) to SU(2), they decompose as xoo = Xo + X6, X01 = X4 + X10, X10 =
X3 + x7 so that the Eg modular invariant for SU(2)o arises from the diago-
nal invariant for Sp(4); : Zg, = |xo00|® + |x01]® + |x10/>. The conformal
embedding gives us an inclusion of factors: N(I) = L;SU(2) Cc M(I) = L;
Sp(4) using the vacuum representation on LSp(4). On N we have the system
of endomorphisms SU(2)19 and on M we have Sp(4);.

We have [7] the chiral systems ,,X3 = {[ao], [af], [od], [agl)], laf],
[aao)}, where [ag] = [af] & [ag], [au] = [az] @ [aao], [as] = [on] @ [,
[ag] = [ao] @ [az], [ar] = [a1] ® [agl)]. The neutral system ,;X}; = {[ao],
[aél)], [a1p]} with its Ising fusion rules are identified with the vacuum, spinor
and vector representations of Sp(4) at level 1 respectively. The full system is

wdar = {[aol [of], [ar ] [ag ], [ag ], [aV], [ag . [y 1, [l 8], (€], 0]},

where [§] =[af o], [{]=laf cay] =[ag ca;] and [§'] =[ag ca;] =
[ o ag]. The dual canonical endomorphism decomposes as [y] = [idas] @

[ o ay], while [0] = [Ao] @ [Ag]. Since Z% = 27, the full system 5;X)s with
cardinality tr Z2 = 12 decomposes as two sheets which are copies of the
Dynkin diagram Fjg, as in figure 3. Again, in figure 3 the neutral vertices
are marked with large circles and the even vertices by smaller ones.
Physically [31,86], yXn concerns the chiral bulk data (e.g., Verlinde
algebra), yAX)s the boundary data (e.g., nimrep=annulus partition func-
tion), and the full system j; X3 the defects. In particular, the endomor-
phisms X\ € yXn label the primaries, i.e., the irreducible modules of the
chiral algebra A of the theory; the a € yX)s label the boundary states;
and the o; € Xy label defect lines. The endomorphisms of the neutral
system ;X ](\)4 = puX ]\Z N Xy label irreducible modules of the chiral subal-
gebra preserved by the boundary conditions. The matrix ¥ diagonalizing the
nimrep (1.19) relates boundary states to Ishibashi states. For the special case
of modular invariants of LG (or its affine algebra g) associated to symmetries
w of the corresponding unextended Dynkin diagram (e.g., charge conjuga-
tion), these data have a clear Lie theoretic interpretation [45]: boundary
states are labelled by integral highest weights for the twisted affine algebra
g“, or equivalently w-twisted g-representations; the nimrep coefficients are
twisted fusion coefficients; ¢ describes how g“-characters transform under
T+ —1/7; and the exponents are highest weights of another twisted alge-
bra, called the orbit algebra. The categorification of bulk and boundary
conformal field theory (see, e.g., the review article [94]) owes much to the
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Figure 3: FEg: fusion graph of [af] and [a]].

subfactor picture. In particular, the starting point there is the category
C of A-modules (A the chiral algebra), together with the object A corre-
sponding to the canonical endomorphism € of (1.23) — A will be a special
symmetric Frobenius algebra of C. In this language the boundary condi-
tions are A-modules and the defect lines are A—A-bimodules. The nimrep
and modular invariant are constructed from A using the analogue there of
a*-induction.

1.4. Review of the K-homological approach to CFT

This subsection reviews the Freed—Hopkins—Teleman realization of the Ver-
linde algebra Very(G), for G a Lie group. It then reviews the analogous con-
struction (and extension) for finite groups, described in [32], and concludes
by describing the analogue for finite groups of conformal embeddings. The
success of this finite group story is crucial motivation for this paper.

Let G be simple and simply connected, and k any integral level. The
main result of Freed—Hopkins—Teleman [40-43] is that the Verlinde algebra
Very,(G) can be realized as the K-homology group **"" K (G), where G
acts on G adjointly and k + hY € Z ~ H2(G;Z) (here, H}(G;Z2) = 0). An
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elegant proof of this is given in [75]. The twist is crucial for finite dimen-
sionality: e.g., [19] computes that the untwisted K&(G) is a free Rg-module
of rank 22k G,

For example, consider G = SU(2) on SU(2). Then e.g., by spectral
sequences we obtain H}(G;Zs) = 0 and HZ(G; Z) ~ Z, and we identify the
twist 7 with the shifted level k£ + 2. The orbits of G on G' come in two kinds:
the fixed points {41}, and the generic points gen = R x G /T with stabilizer
T. The six-term relation (1.9) tells us how to glue together the K-homology
of the fixed points to those of gen: it becomes

TKG(R x G)T) +— M2KF(G) T K§ (1)

(1.26) ! 1
TKG(£I) — M2KE(G) — TES(R x G/T)

Using the simple results on equivariant cohomology collected at the end of
Section 1.2, we immediately find that the relevant cohomology groups on the
fixed points and gen all vanish: e.g., Ho,(R x G/T;Z) ~ H3(pt;Z) = 0. This
means that the twists 7/,7” in (1.26) vanish, and the level k + 2 can only
appear in the maps. Of course, K§(£I) = K2(pt) ® K2(pt) = R¢ @ R,
while K{(+I) = 0. Likewise, K&(R x G/T) ~ K¢(G/T) ~ KX (pt), using
(1.14), and hence K{(gen) = Rr and K§ (gen) = 0. So all that remains is to
identify the map 8 : Rt — Rg & Rqg, which we know should involve k. The
answer is: 3 will send the polynomial p(a) € Ry to D-Ind$ (p(a), a**2p(a)).
Equation (1.26) says "K' (G) is the kernel of 8 while " K§(G) is its cokernel.

The presence of Dirac induction in ( is clear, but it may be hard to antic-
ipate this prefactor a**2, without knowing the underlying bundle (which we
describe below in Section 2.2). Locally about both 41 the bundle is trivial;
a**2 is the relative twist picked up when comparing these trivializations.
This simple example is a baby version of the other much more complicated
calculations we do elsewhere in this paper. This same example was worked
out in e.g., Example 1.7 of [41], using Mayer—Vietoris and K, o, with the
same result (the answers must agree since the space G is compact). A very
explicit yet elegant calculation of K&(G) for any compact simple G was
done in [75] using the spectral sequence of [98].

When G is not simply connected, the situation is a little more compli-
cated: there will be torsion in both H2,(G; Z) and H},(G; Zs). The calculation
for G = SO(3), and all classes of twists, was worked out in Proposition B.5 of
[40]; for the appropriate twist 7, TKS; (G) is again a Verlinde algebra, namely
the extended Verlinde algebra of the type I SU(2) modular invariants of
D-type. However, for other twists 7, there is nontrivial K-homology "K&(G)



234 David E. Evans & Terry Gannon

which does not have an obvious CFT interpretation. More precisely, denote
by R(k) the Verlinde algebra Very(SU(2)), spanned by the irreducible repre-
sentations o1, ..., ox41. The centre —I of SU(2) (or if you prefer the “simple
current” J) permutes these by o; <> ox19_;. The extended Verlinde algebra
at SU(2)-level k = 4n is realized as (& HH2WKF(GQ) ~ T+ R(k) @ Z, where
*R(k) means nonspinors/spinors, and **R(k) means to identify weights
in the same J-orbit in TR(k) (i.e., T*R(k) and *~ R(k) are, respectively,
the Z-spans of [01],[03],...,[02n+1] and of [o9],[04],...,[02,]). The extra
Z in KIG (G) comes from the graded representation 6 — 1, and corresponds
to “resolving” the fixed point [o,41]. The K-groups (TF2"DKC (G are
both trivial, while (—=2"*DK§(G) = ¥~ R(k). We return to this example
in Section 7.

A major clue as to extensions of Freed—Hopkins—Teleman is provided by
considering finite groups G. Evans [32] provides the K-homological descrip-
tion for modular invariants associated to the modular data arising from
the quantum double of G. We will review this description in the next few
paragraphs.

Take a G-kernel on a factor M, that is, a homomorphism from G into
the outer automorphism group Out(M) of M (namely the automorphism
group of M modulo the inner automorphisms). If v, in Aut(M) is a choice of
representatives for each g in G of the G-kernel, then vyvy, = Ad(u(g, h))vgn,
for some unitary u(g,h) in M, for each pair g, h in G. By associativity of
VgUpVi, We have a scalar w(g, h, k) in T such that u(g, h)u(gh, k) = w(g, h, k)
vg(u(h, k))u(g, hk). A standard computation shows that w is a 3-cocycle in
Z3(G; T). Conversely, any 3-cocycle arises in this way for some G-kernel. One
can even choose M to be hyperfinite [63], but for our purposes any realization
will do — the simplest being with free group factors (see Proposition 3.2.4
on p. 154 of [101]). Now in the tube algebra approach of Ocneanu (see
[34]) to the quantum double of G, one considers the space of intertwiners
Hom(vpva, Vhah-1vn) = T'(a, h). This is a line bundle, and multiplicativity of
these line bundles means that T(hah™, h') ® T(a, h) ~ T(a,h'h) [32]. This
gives a projective representation of the groupoid G x G (not to be confused
with the semi-direct product of groups) of G acting on itself by conjugation,
and consequently an element of Z?(G x G; T), which can be identified with
the equivariant 2-cocycles Z2(G; T). Thus, associated to w € Z3(G;T) is a
cocycle in ZZ(G; T).

Now by definition, the equivariant cohomology HZ(G;T) is given by
H"((G x EG)/G;T). However a model for the classifying space BG = EG/G
is given by simplices associated to m-tuples (g1, ...,9n), with edges given
by g1,92.... Similarly a model for (G x EG)/G is given by n-simplices
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associated to n + 1-tuples (g,91,...,9n), with ¢ associated to the origin,
and g; to the first edge to the next vertex glggl_l, go to the next edge to
the next vertex ggglggflggl, etc. This allows us to identify H7(G;T) with
H™(G x G;T), for that groupoid G x G. Hence, given w we get a 2-cocycle in
HZ(G;T) ~ @y H*(BCq(t); T), where the sum is over all conjugacy classes,
and Cg(t) is the centralizer.

Once we have an element of HZ(G;T) = H2(G;Z), we can construct
an equivariant bundle of compacts over G. However the K-theory of the
C*-algebras of the space of sections, does not in general lead to the twisted
equivariant K-group “’K%(G) where G acts on itself by conjugation. The
correct formulation of this twisted K-theory is not through the C*-algebra
of the space of sections but through the representation theory of the twisted
quantum double. If w is a 3-cocycle on G, and « the corresponding 3-cocycle
on G x GG, given by the difference of the two pullbacks of w on the factors,
then the Verlinde algebra is described as the equivariant K-homology group
YK§(G) = *K§*%(G x G). Here in the first formulation, G acts on G by
conjugation, and in the second, we have diagonal actions of G on G x G
on the left and right. In the second formulation, a precise description of an
element of the Verlinde algebra is as a vector bundle V' over G x G, with
left and right actions of G diagonally on the base space which act on the
bundle in compatible way according to the 3-cocycle a:

(1.27) (hih2)w = a(ha, ha, g)(h1(haw)),
(1.28) (klk ) a(g,kl,kg)(wkl)kg,
(1.29) hwk) = a(h, g, k) (hw)k,

where hi,ho, h, ki, ko, k € G, and w = w, € V,, the fibre over g € G x G.
The transgression map from H3(G;T) to HZ(G;Z) can be zero, and so we
need to keep track of where the element of H, g’;(G; Z) really comes from in
H3(G;T).

The product V ®¢c W in this Verlinde algebra can be naturally found as
follows. Given G—G bundles V and W, divide the tensor product V & W by
the relation:

(1.30) vak @ wy = ala, k,b)v, @ kwy

and then push-forward under the product map (G x G) x (G x G) = G x G
to obtain a bundle over G x G we will denote V ®¢ W, with fibres (V ®¢
W)g = @ab=gVa @ Wi. Then V @ W becomes a G-G, a-twisted bundle
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under the natural actions:

(1.31) h(ve @ wp) = alh, a,b)hv, @ wy,
(1.32) (Ve ® wp)l = a(a, b, )vg @ wpl.

The braiding is given by v(c p) ® W(g,e) = W(a,e) @ V(e,p) together with G x G-
equivariance.

By analogy with the loop group case, the parameter w is regarded as the
level. The map H3(BG;T) — H., (G x G;Z), w + «, constructed above
is just the transgression H*(BG;Z) — Hg(G;Z) discussed in the introduc-
tion, as H*(BG; T) ~ H*"1(BG; Z) for finite groups, and H},, (G x G;Z) ~
H{.(G;Z) for any group. To simplify the discussion now, we’ll consider the
case of trivial level w.

A modular invariant is described by a subgroup H of G x G, and the
simplest possible situation is when the subgroup contains the diagonal A =
{(9,9) : g€ G}, 50 ACHCGxG.Then N = {ab~!: (a,b) € H} is a nor-
mal subgroup of G and G x G/H is identified with G/N.If 7 : G — G/N =
L is the quotient map, and § : G x G — G is (a,b) — ab™!, then H = ker 70
CGxG.

It was remarked cryptically in [23] that the surjective homomorphism
m:G — G/N is the finite group analogue of the conformal embedding of
Lie groups discussed in Section 1.3. This can be understood as follows. The
full system is identified with the equivariant K-theory K%, (G x G), with
an irreducible equivariant bundle described by a pair consisting of a double
coset HgH in H\(G x G)/H and an irreducible representation of the sta-
bilizer subgroup H x4 H = {(h,k) € H x H : hg = gk} which is isomorphic
to HNgHg™ .

The neutral system MX]?/[ = MX;[ N 3y Xy Where M.?\,’]\j; are the a*-
induced systems, can be computed directly as follows and identified with
KY(L) o KX(L)_—A(L) (L x L). For ease of notation, let us take G abelian
and consider a-induction:

£ K2(G) = K% 5(G x Q).

A primary field in K2(G) is labelled by [a,n] where a € G, € G (a con-
jugacy class and a representation of the stabilizer). Then a-induction is
described by
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For a™[a,(] = a~[b,v], then [32] we need ab™! € N, ( =+ and (|N = 1.
So the primary fields of ;X A'Z N 5;X; are described by the cosets of G/N
and the representations of G/N, i.e., the quantum double of G/N = L,
which is K%(L). The classifying systems yXys and p; Xy are identified with
KR, 5(G x G) and K% A(G x G), respectively, and naturally with each
other and with the induced systems a®(K%(G)).

The modular invariant is given through a-induction as Z,, = (a3, ay),
or through o-restriction as ) __by,b,r where the branching coefficient is given
as by, = <ozf,7> =No).Ifr=[k¢l,l €L, ¢pe L is a primary field in the
neutral system K9(L), then its o-restriction is given by

Or = Z [g,¢7r].

gem=1(¢)

Alternatively, in terms of vector bundles, take V in Bun”(L), then by using
the morphism 7 : G — L, we get an equivariant bundle W in BunG(L), and
hence the pullback 7*W in Bun®(G). Then V — oy = 7*W is the map
Bun’ (L) — Bun“(G), which yields the modular invariant Z = bb.

2. Gradings and bundles
2.1. Gradings and induction

An H'-twist involves graded representations — we briefly mentioned these
in section 1.2. In this subsection we rewrite Sections 4.1-4.7 of [40], by inter-
preting graded representation rings, etc very concretely in terms of ordinary
representations of an index-2 subgroup. To our knowledge this interpreta-
tion, which seems conceptually simpler and more amenable to computations
than that given in [40], is new. We conclude the subsection with examples
of Dirac induction.

Let G be a compact group, and H an index-2 subgroup. Let g € G\ H.
If p is an irreducible G-representation, then one of the following holds (see,
eg., Section III.11 of [100]):

type %: P ::Resgp is irreducible; the character x, is not identically 0
on G\ H; there is an irreducible G-representation p’ with character
X (h) = Xp(h), Xp(gh) = —X,(gh) for all h € H; nd$p=p @ .

type é: Resgp has irreducible decomposition p; @ p2, where x,, (k) =
Xp, (gkg™!) for all k € G; x,, is identically 0 on G \ H; Indgpi =p.
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A graded irreducible G-representation is an irreducible G-representation
p of type ; and a choice (the Z/2Z-grading of [40]) of calling one of p;
“ps” and the other “p_"; we denote this graded representation py & p_.
The group-homomorphism € : G — {1} with kernel H is an element of
H}(pt;Zs). Then “Rg = K2(pt) is the span of these pi & p_ (where
—(p+ ©p=) = p— © p4). Similarly, R}, = K} (pt) consists of all possible
sums of irreducible ?-representations, modulo the sums of all combinations
p @ p' — as pis then equivalent to —p’, we will write the class containing p
as the anti-symmetrization p~ = (p — p’)/2. These representation rings for
H3-twists 7 are defined analogously.

The restriction map eResg :9TRg — "Ry takes py ©p_ to py —p_,
while induction 6Imdfl : "Ry — “"Rg takes py to py © p— (if the usual
induction Indgm is type ;) and to 0 otherwise. Graded restriction ‘Res’¢; :
E’TRlc — "Rg takes p~ to p— p/, while graded induction ‘Ind’g: "Rg —
E’TRlG takes p to p~. Frobenius reciprocity becomes the exact sequences
(4.7) of [40] — those equations are special cases of sequences (4.14) and
(4.15) of [40] on p. 14, which in turn are a special case of the exact sequences
(4.2) of [50]. Because ‘Res and “Res’ are injective, the Rg-module structure
of ™" Rg and ”Ré is obtained by restricting to "Ry and " Rq, respectively.

This connects nicely with a description of graded K-theory due to Pim-
sner. Let A be a (finite-dimensional) graded C*-algebra. Then according
to [87] the graded K-theory is described by graded traces. More precisely,
Ky(A), K1(A) are generated by graded traces supported on the even and
odd subspaces of A. A graded trace ¢ on A is a linear map which van-
ishes on the graded commutators [z,y] = zy — (—1)%%%yzx, where z,y are
homogeneous, and 9 denotes the grading. Let G be a finite group, and o an
element of H}(pt; Z2) = Hom(G, Zs). Then “K(,(pt) ~ *K.(C*(G)), where
A = C*(G) is graded by a. Thus *Kf(pt) is described by graded charac-
ters on G supported on the degree i elements in GG;. A graded character of
degree i is a map x : G; — C, such that for i = 0: x(z4+y+) = x(y+24) (for
T4,y+ € Go) and x(z_y-) = —x(y—z—) (for x_,y_ € G1); and for i = 1:
X(z+y—) = x(y—z4) for x4 € Gp,y— € G1. This is reminiscent of Section
4.8, p. 13 of [40]. In any case for p of type %, take x = x,, whereas for type
% take x = x, — Xp-

For example, consider G = O(2) and H =T, so ¢ is the determinant 9.
The irreducible %—representations are precisely the k;, while 1 and § are the
% ones. Thus “R¢ can be identified with Span{a’ © a~"};>1, and R, can be
identified with Z1~. In ‘R, 0 acts like 1 and k1 takes a © a™ ! to a? © a2
and a’ Sa™ (for i > 1) to (¢ a1 & (¢t ©a™). In ‘R, § acts
like —1 and &; like 0.
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This picture is quite pretty when G is a finite subgroup of SU(2), in
which case G is associated via the McKay correspondence to a graph of
(extended) A-D-E type. A grading, i.e., a homomorphism ¢ : G — Zo,
corresponds to an involution of the diagram; the node corresponding to
the trivial G-representation is sent to the node of a different G-character
. The graph of the kernel Gy = ¢~ 1(0) is obtained by folding that of
G by that involution, which identifies G-representation p with p®1. A
node fixed by the involution corresponds to a G-representation of type é;
that node splits into the nodes of the Gg-representations pi, p2. On the
other hand, two nodes interchanged by the involution correspond to the
type f G-representations p, p/, and they collapse into the Gp-node corre-
sponding to p. Conversely, not all involutions correspond to gradings —
indeed, folding by some involution of the Gy graph fixing the trivial Gp-
representation will in some cases recover the G-graph (eg., Gy = Eg folds to
G =Eq).

In particular, As,_1 has a unique grading, given by rotation by n in the
graph; the folded graph is A,,_1. Similarly, Dy, has a unique grading, given
by reflection through a horizontal mirror; the folded graph will be Ayy,_~.
Do, has two inequivalent gradings, given by reflections through vertical or
horizontal mirrors; the former folds to D, while the latter folds to Agy,—5.
E- has a unique grading, given by reflection through a vertical mirror, and
the folded graph is Eg. The D — A and E; — Eg foldings are reversed by an
appropriate folding. The remaining groups, namely As,, g and Eg, do not
have a grading.

As we know, infinite inductions involve Dirac induction, which we have
already discussed in Section 1.2. An independent example of Dirac induction
is given in Section 4.12 of [43]. The situation we need later is G = SU(2) and
H = O(2). The coadjoint orbits of G on g* are (see Section 5.3 of [68]) the
fixed point 0 (stabilizer G) and the sphere of radius r > 0 (stabilizer T).
The obvious six-term exact sequence identifies Rgye with coker Res%UQ, i.e.,
oy <> [a’] for £ > 1. Similarly, the coadjoint action of O(2) identifies T Roo
with ~ R}, @ coker “Res{?, i.e., 14> 17 +[1], § <» —17 + [1] and k¢ «> [a’]
for £ > 1, whereas the graded ring ~ Rpo is identified with coker +Res% 2 ie.,
a’ ©a~* « [a’] for £ > 1; finally, for “RY,, Z17 is identified with ker ReS%Q,
fe,1” ¢ 1—6.

This means both Dirac restriction +D-Res%g2 and Dirac induction TD-
Imd%(gJ2 interchange oy € Rsys and k¢ € Rps, while JrD—Ind%g2 kills both 1
and §. Similarly, both _D—Res%g2 and _D-Imd%g2 interchange oy and a’ ©
a~*. Note that Dirac induction D-Ind3V? is the composition of +IndQ? with
Dirac induction +*D-Ind2j2.
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The special case of Dirac induction between finite and Lie groups does
not seem to appear explicitly in the literature. For concreteness, consider the
situation we will encounter later: G = O(2) and H a finite subgroup, eg., a
cyclic or binary dihedral group. Give O(2) the grading ¢ coming from deter-
minant. Then the Dirac induction from Ry and 6Rlo2 will send p € Ry to

Dacire(0z)[N  (dim Hom(Res$*Vy, p) — dim Hom(Resy Vs, p @ Res%?6))
(2.1) = 17 (Mult1(p) — Multy(p)),

where d = Res%?(9) (see Theorem 2 of [70]).
2.2. The geometry of adjoint actions

In this subsection we explain how to construct the bundles we will need
below. Knowing the bundle is valuable in identifying some of the maps
needed in later sections. What we are after, for 7K (X), is a bundle over
X with fibre the compact operators on a G-stable Hilbert space H, i.e.,
H ~H ® L*(G) as G-spaces (though sometimes we can get away with H =
L?(G) itself). We will focus on the most interesting case: G acting adjointly
on itself. As explained in Section 1.1, it suffices to consider separately the
H, é— and Hg—twists.

Consider first the group G being n-torus T' = R" /L, where L C R" is an
n-dimensional lattice. Of course in this case, the adjoint action will be triv-
ial. By Kiinneth, H:(T;Z2) ~ HY(T;Z2) ® Zs and H3(T;Z) ~ H3(T;Z) ®
H2(pt;Z) @ HY(T;Z). Consider first a trivial H'-twist; transgression implies
(see Section 7 of [40]) we can ignore H3(T;Z); thus, introducing the dual
lattice L* ~ H2(pt;Z) ~ HY(T;Z), we obtain that the twist 7 here (the
“level”) lies in Hom(L, L*). This level 7 € Hom(L, L*) can be written in
integer matrix form, once a basis {f1,...,0,} of L is chosen, by k;; =
7(6i)(Bj) € Z. The level defines a map T — T defined by (t1,...,t.) —
s tikgy - 205 tikrj)-

Consider now the easiest case: the 1-torus T. The T-equivariant bun-
dle A, on T associated to level k can be constructed as follows. Take
Hilbert space H = L?(T) and let K = K(H) be the algebra of compacts.
Let Uy € U(H) be the unitary operator corresponding to multiplication
by the T-character x, so UpmU}; = xpm where 7 is the regular represen-
tation of T (i.e., Uy defines an equivalence 7 ® xj ~ 7). Then Ay is the
T-bundle with fibres IC, whose sections f are maps f : [0,1] — K satisfying
f(0) = U, f(1)U};. Define a T-action on Ay by (t.f)(s) = Ad(w(t))(f(s)) =
m(t)f(s)m(t)~! (that this acts on Ay, sending sections to sections, follows
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quickly from UpnU; = xjm). If we were to ignore this T-action, then Ay
would be trivialized by any continuous path from 1 to Uy, however as a
T-equivariant bundle it is nontrivial, for k£ # 0 (as can be seen by comput-
ing K-homology). We call Uy, the twisting unitary for the bundle.

This bundle construction is easily generalized. Let G be the torus T' =
R"/L, for some r-dimensional lattice L (we are most interested in 7" being a
maximal torus of a compact Lie group, in which case L is the coroot lattice
Q). Fix a level k € Hom(L, L*). The Hilbert space is H = L?(T); for any v €
L* we have a character x., for T = R"/L defined by x,(t) = ¢>™7); define
U, as before by U,mU; = x,m. The bundle Ag on T', with fibres the compacts
K = K(H), is defined using the gluing conditions f(t) = Uy f(t + E)U,;k(g),
forall ¢ € L, t € R".

An H'-twist is possible for T on T, arising from the target T (as opposed
to the group T'), and the associated bundle is as follows. Return for simplicity
to T' = T acting adjointly on itself. Let 7" ~ T be a double-cover of T (so the
angle parametrizing T is half that of T). Identifying the space L*(T) with
the completion of the space C[z*!] of polynomials, the space H = L?(T)
becomes the completion of the polynomials (C[zié] (half-integer powers are
the spinors, and integer powers are the nonspinors). This nonspinor/spinor
decomposition H = Ho & H1 provides a natural grading on the compacts
KC(L%(T)); act on the overlap of the cover of the circle by the odd unitary
U — O1 23

z

(interchanging those two subspaces) — i.e., as you wrap

around the circle, the compact operator ¢ becomes UcU*.

By contrast, consider the bundle for the orthogonal group G = O(2)
acting trivially on a point. Here the (trivial untwisted) “bundle” over that
point consists of the compacts K(L?(O(2))) with its obvious O(2) action,
and the H3-twist (H2,(pt; Z) = Zs) is obtained by replacing L(O(2)) by its
spinors (the O(2)-spinors consist of half of the two-dimensional irreducible
representations of the double-cover O(2) ~ O(2)). The untwisted bundle can
be H!-twisted (thanks to the group O(2) being disconnected), essentially by
doubling the point (which splits O(2) into its two components, each a copy
of T). More precisely, the graded space here will be H = L?(T) & L?(T), and
the grading on K(H) is given by the odd unitary U : (f, g) — (g, f).

Let G be a compact semi-simple Lie group of rank r, eg., G = SU(r + 1).
The orbits of G acting adjointly on itself are of course the conjugacy classes
of G. A convenient way to parametrize these orbits uses the Stiefel diagram.
Fix a maximal torus 7' of G, which we can identify with R"/Q" (where
Q" is the coroot lattice). The Stiefel diagram is an affine Weyl chamber:
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the affine Weyl group is a semi-direct product of translations in the coroot
lattice with the finite Weyl group. More precisely, remove from the Cartan
subalgebra R” = R ®7 Q" the hyperplanes fixed by a Weyl reflection r,, as
well as the translates of those hyperplanes by elements of the coroot lattice
QV. The Stiefel diagram S is the closure of any connected component. Any
orbit of the adjoint action intersects S in one and only one point. Points in
the interior of S correspond to generic (“regular”) elements of G and have
stabilizer T', but points on the boundary will have larger stabilizer (if G is
simply connected, the dimension of the boundary stabilizers will be greater
than that of the interior).

In the special case that G is of A-D—E type, we can be more explicit. A
natural basis for the Cartan subalgebra b is provided by the dual basis AY
to the simple roots «; € h*. The Killing form is an inner product on b, and
so allows us to identify h and its dual, and through this A} will be identified
with the fundamental weights A;. The Stiefel diagram is the convex span of
{0,AY,..., A/}, so any element £ in it can be written as a linear combination
€ =>""_1 &N/, where the Dynkin labels all satisfy 0 < & < 1.

For example, the Stiefel diagram for G = SU(2) consists of a closed seg-
ment, whose endpoints correspond to the fixed points &1 € G with stabilizer
G; we can identify those endpoints with the weights 0, A; (see figure 4). The
Stiefel diagram of the (nonsimply connected) group G = SO(3) is an inter-
val with endpoints I (stabilizer G and weight 0) and diag(—1,1) (stabilizer
O(2) and weight A;); generic points have stabilizer T (see figure 4). The
Stiefel diagram for G = SU(3) is an equilateral triangle with vertices we can
identify with the weights 0,A; and Ay (A; are the fundamental weights;
exponentiated, these correspond to the three scalar matrices in SU(3));
the stabilizers at the vertices are G and those on the edges are U(2) (see
figure 5).

The Stiefel diagram of the symplectic group G = Sp(4) ~ Spin(5) is a
right isosceles triangle with vertices 0, A; and As (in our labelling conven-
tions, a is the longest root, so A; is the longest fundamental weight, corre-
sponding to the five-dimensional representation SO(5); these correspond to
the diagonal matrices I, —I4, diag(1,—1,1,—1) in Sp(4)) (see figure 5(b)).

SU2) SU2) SO(3) 002)
-1 1 SO0@2) -1 I 1 so2 (1) I
Y

w
1 wy

Figure 4: The Stiefel diagrams for SU(2) and SO(3), respectively.
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Figure 5: The Stiefel diagrams for SU(3), Sp(4) and G2, respectively.

We can take the maximal torus of Sp(4) to be the diagonal matrices diag(§, ¢,
£,4) for complex numbers &, of modulus 1; then the edges 0 <> Ay, Ay <
Ao, 0 <> Ao, respectively, of the Stiefel diagram correspond to the diagonal
matrices diag(¢, €, €, €), diag(é, —1,&, —1) and diag(1, &, 1,€). The stabilizers
at the vertices are G, G and SU(2) x SU(2), respectively. The stabilizer at
the edge 0 <» A; is U(2), at the edge Aj <> Ay is T x SU(2) and at the edge
0> Ay is SU(2) x T.

The level-k bundle for G = SU(2) can be constructed as for 77, by
decomposing a representation of G into weight spaces (i.e., modules of the
maximal torus which are organized by the Weyl group). In particular, let
T be the maximal torus consisting of the diagonal matrices — we can nat-
urally identify it with the circle R/Q where Q = /27 is the (co)root lat-
tice. The Hilbert space is H = L?(G). We want to associate a unitary U,
to any weight v € Q* = 1/4/2Z. To do this, first fix a Stiefel diagram S
(here, half of a fundamental domain for T'). For any subrepresentation
in L?(G), define “r ® 4" as follows: restrict m to T (i.e., write its weight-
space decomposition), and in the Weyl-image wS C T act like the character
Xury (€7711) = 2™ wy(t) Then thanks to infinite dimensionality, H @ v ~ H as
both a representation of 7" and the Weyl group, so let U, be the unitary
defining that equivalence. We can cover G ~ S3 with two G-equivariant
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patches: D; about the scalar matrix I and Dy about the scalar matrix
—I. The bundle A on G (for k € Z the level), with fibres the compacts
K =K(H), is defined by the following G-equivariant gluing condition: for
x € TN Dy N Dy identify (gzg~!,c) in Dy with (g:cg_l,Ad(WgUkﬂ'g_l)c) in
Dy for any g € G, ¢ € K (where we write Uy here for Uk/\/ﬁ)' Again, Uy is
called the twisting unitary.

The consistency condition for these bundles is then that when gzg~! =
x, then Ad(ﬂ'gUkﬂ'g_lUEI) should be the identity, i.e., 7TgUk7Tg_1 = AU}, for
some character (i.e., one-dimensional representation) g — A, of the stabilizer
Ca(x).

When G = SO(3) we have H},(G; Zs) ~ Zo and HZ(G;Z) ~ Z & Zsy. The
representation ring R is the polynomial ring Z[os], while the spinors (cor-
responding to the torsion part of Hg) form the Rg-module 09Z[o3]. The
nontorsion part 73pon € Z of Hg is done as for SU(2); the torsion part
T3.t0r is done by decomposing the SO(3)-module L?(SU(2)) into nonspinors
(the space for T3or = 0) and spinors (for 75or = 1). The H}-twist is han-
dled analogously to that of T, by putting a grading on the SO(3)-module

L*(SU(2)) = Hns ® Hsp and using the odd automorphism U = (aoi a02>
(where a € L2(T) at a generic point) on the overlap.

The level-k bundle for G = SU(3) is similar to that of SU(2). Cover the
Stiefel diagram with a patch Dg, D1, Do about each vertex. To the overlap
between patch ¢ and patch j, assign the twisting unitary Ujj := Uy, —a,)
(where Ag := 0). We must check the consistency condition — it suffices to
consider the boundary of the Stiefel diagram, say the edge diag(z, z,272) C
T?. Which character of the stabilizer {diag(U),det(U)™!)} ~ U(2) restricts
to the character kAj of the torus 72 of SU(3)? On that edge the twisting
unitary acts like determinant® (the only one-dimensional representations of
the stabilizer U(2)).

The level-k bundle for G = Sp(4) is the same; the unitary on the edges
again corresponds to det”. From these examples it should be clear how to
obtain any other bundle for G acting adjointly on itself — the Ga-bundle is
explicitly described at the end of Section 2.3. Torsion in Hg corresponds to
groups G which are nonsimply connected, as we explained with O(2). An
H (l;—twist is obtained by using a double cover of G to get a grading.

Note that these considerations imply H, g(G ; Z) contains Z; of course, the
former can be calculated by eg., spectral sequences and is found to equal
that Z.
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For G compact semi-simple (say of rank r), Meinrenken [75] found an
elegant construction of the G on G bundle at level 1, using the basic rep-
resentation of the associated affine algebra. Think of the Stiefel diagram
as an r-dimensional simplex with r 4+ 1 vertices, labelled say from 0 to r.
Every nonempty subset I of {0,1,...,r} are the vertices of a subsimplex,
parametrizing points in G containing some stabilizer G (though the bound-
ary points of this subsimplex will have larger stabilizer). The Lie algebra of
(1 is naturally identified with the Lie algebra obtained from the affine alge-
bra of G, obtained by deleting the vertices I from the affine Dynkin diagram.
More precisely, we get a natural embedding of the (finite-dimensional) Lie
algebras of these stabilizers, into the (infinite-dimensional) loop algebra. The
level 1 basic representation of that affine algebra then restricts to a coherent
family of projective representations of those stabilizers, and from this the
bundle is formed (see Equation (21) in [75]). By using the affine algebra
representation, he obtains almost for free a global description of the bundle,
avoiding our complicated explicit construction of unitaries and verification
of their consistency conditions. On the other hand our construction is more
general, permitting eg., Hé—twists, is more explicit (which can help in iden-
tifying some of the maps in six-term and Mayer—Vietoris sequences), and is
inherently finite dimensional.

In both the physics literature [37,73] and mathematics literature (this is
done very explicitly in [75]), primaries are identified with certain conjugacy
classes in G. For example, when G is of A-D—E type, the level k primaries are
naturally identified with the conjugacy classes corresponding to points in the
Stiefel diagram with Dynkin labels & € (1/(k + hY))Z. From our standpoint,
a natural task would be to associate to each of these conjugacy classes, a
section of the G on G bundle.

This is fairly straightforward to do for G = T — see the end of Section
3.1 for the details for twisted K-theory.

2.3. The level calculations

Using the bundles constructed in Section 2.2, we can compute the level k of
the conformal embeddings Hy — (1. This provides a nontrivial consistency
check. In this subsection we work out several examples.

Consider first the Ty — SU(2); conformal embedding. The level “2”
arises as the inner product «-a: as we wrap around T, we traverse the
Stiefel diagram of SU(2) twice, and so pass through the overlap of the bun-
dle cover, twice. The first time picks up the unitary Uy, and the second
picks up the unitary U, where we Weyl reflect the fundamental weight
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A (we invert U because the overlap is traversed in the opposite direction).
The resulting unitary corresponds to weight A —r(A) = «, and hence to
T-character a - a = 2.

The level k € Hom(As, A}) for T2 — SU(3)1 (As is the hexagonal lattice)
is recovered very similarly, and this shows how this works in general for
conformal embeddings of the maximal torus. For convenience make the patch
about the Aj-vertex of the SU(3) Stiefel diagram very small, as in figure 6
(the dashed lines indicate the patches). This As (co)root lattice is the span of
the simple roots a1, as. Move first along the aq-direction: we cross from the
0-patch to the Ao-patch, given by unitary Ur..,(As) = Un;—as,, and back again,
given by U;‘alm2 ) = Uho—ar—as- As with the SU(2) calculation, k(o) € A
will be the net weight picked up, and will equal the difference (Ay — ag) —
(A1 — a1 — ao) = ay. Similarly, k(az) = a2, so the LT?-level k is given by
the identity map.

More interesting is to recover from the bundles the level for the conformal
embedding of SU(2) (or more precisely SO(3)) into SU(3). This map R®) is
given explicitly in (5.2) below, from which we read off that the SU(2) Stiefel
diagram I <» —I> embeds into the line (2¢,0,—2t) in the SU(3) Cartan
subalgebra (x,y, —x — y) as in figure 6: the endpoints correspond to ¢t =0
and % (the —Is-endpoint should lie at the first coroot lattice point on the
segment after 0, since —Iy lies in the kernel of R(®)). The SU(2) simple

oal

(X/l-i-OCz

Figure 6: SU(2) Stiefel diagram in SU(3), Sp(4), G2 Cartan subalgebras.
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root, in this SU(3) notation, corresponds to ¢ = 1. As we move along this
SU(2) Stiefel diagram, we see we twice have to change patches in the SU(3)
bundle. As always, this is where the twisting unitaries arise: the net twist
here is A1 — ro,4a, (A1) = a1 + a2 = (1,0, —1). This will correspond to an
SU(2) twist of kA$*? where the level k is obtained by the inner product of
the net twist (1,0, —1) with the SU(2) simple root (2,0, —2). In this way we
recover the value k = 4.

The conformal embedding of SU(2) into Sp(4), given explicitly by R*)
in (6.2) below, behaves similarly. The SU(2) Stiefel diagram embeds into
the line %(3t,t) in the Sp(4) Cartan subalgebra (z,y) as in figure 6, with
endpoints at ¢ =0 and 1; ¢t = 2 is the SU(2) simple root (here, the simple
root should correspond to the first coroot lattice point on the segment after
0, since —I does not lie in the kernel of R(*). As we move along this SU(2)
Stiefel diagram, we change patches three times, for a net twist of %(1, 1) —

%(—1,1) + %(1,1) = %(3,1). The level k is thus %(3, 1)- %(6,2). In
this way we recover the value k = 10.

The conformal embedding of SU(2) (more precisely, SO(3)) into the
compact Lie group of type G2, can be analysed similarly, except we do not
give the explicit form for it (it will take the form of the seven-dimensional
irreducible two-to-one representation of SU(2), embedded into the seven-
dimensional irreducible representation of G5, whose image can be identi-
fied with Gz). Choosing the realisation roots a3 = (—1,2,—1)/V/3, as =
(1,—1,0)/+/3, the Stiefel diagram can be taken to be the triangle with ver-
tices at 0, A = (1,0, —1)/v3 and A1/2 = (1,1,-2)/2V/3 (with the twist-
ing unitaries in each patch given by the weights 2(A2 —0), 2(A1/2 —0),
2(A1/2 — A2) — the doubling is needed to get G2 weights). Because we
do not have the explicit mapping, we need help to see how the SU(2)
Stiefel diagram fits inside the Gy Cartan subalgebra: Table 13 of [27] tells
us the SU(2) Cartan subalgebra is the line #(10a; + 18c) = %(8, 2,-10)
(see figure 6). The endpoints of the SU(2) Stiefel diagram are thus at t = 0
and %, and the SU(2) simple root is at ¢ = 1. We get eight patch cross-
ings, for a total twist of 2 x ((2,0,-2) — (0,2, -2) 4+ (=2,0,2) + (—1,0,1))/
V3 =(-2,-4,6)/v/3. Thus the SU(2) level is k= (—2,-4,6)-
(8,2,-10)/3 = —28.

3. Conformal embeddings: the first examples

Given a conformal embedding H, — Gy and the choice of diagonal Gy mod-
ular invariant Z =3 | Xul?, it is natural to guess that " K (@) recovers the
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full system of the corresponding Hy modular invariant — see the end of Sec-
tion 1.4 for the finite group analog of this statement, which works perfectly.
As we will find, this K-homological interpretation of conformal embeddings
of loop groups is not as clean as one would like. We will give in this section
the easiest nontrivial examples, and in Sections 5 and 6 give more serious
examples.

In order for this approach to conformal embeddings to work, we should
have that H3(G;Z) contains a copy of Z which can be identified with
Hg(G; Z). But an element of Hg(G; Z) corresponds to a G-equivariant
bundle K, of compact operators on G, as explained in Section 1.1, so
restricting equivariance to H defines the appropriate element of H I?’{(G; 7).
This can also be seen from the Borel construction of group cohomology
H{(X) = H*((X x EG)/G): we can identify the universal coverings EH
with EG, so the natural projection (X x EG)/H — (X x EG)/G becomes
the map H}(X) — Hf(X).

3.1. The Verlinde algebras for the circle

We consider here the K-homology calculations of the level k£ Verlinde algebra
of the circle T, where this is understood as in Section 1.2. This falls under
the Freed—Hopkins—Teleman umbrella and constitutes the easiest example.

In fact the calculation is given in Section 4 of [42]. Let L C R™ be an
n-dimensional lattice and L* = Hom(L,Z) be the dual lattice, and consider
the n-torus T'=R"™/L. As mentioned earlier, the twist 7 here (the “level”)
lies in Hom(L, L*). They obtain "K' (T') ~ Z(L*/7(L)), the Verlinde alge-
bra, and "K{ (T) = 0.

In order to motivate the calculations given next section, it is helpful
to redo this calculation explicitly for the maximal torus R/v/2Z of SU(2).
The orbit analysis is trivial: we have T acting on itself by conjugation, but
because it is abelian this action is trivial. So each point of T is itself an orbit,
with full stabilizer T. Here, L = v/2Z and L* = %Z, and the twist 7 can be
identified with a nonzero even integer k (so L*/7(L) ~ Z/kZ).

The K.-groups are most simply computed by Mayer—Vietoris (1.10):

TKG(T) — Kj(R)x2 — KJ(R)x2
(3.1) T U
KIR)x2 ° KIR)x2 «+— 7"KIT)

«—

K{(R) is the representation ring Rt = Z[a™']; we have dropped the twist on

those K-homology groups because Hi(R; Zy) and H3(R; Z) both vanish. The
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map 3 : Rr? — Rp? presumably sends (p(a),q(a)) to (p(a) + q(a),p(a) +
a*q(a)), where “k” is the LT level. The effect of the H'-twist would be to
introduce the sign (“+” should correspond to ungraded, in order to recover
the nonequivariant K-homology K,.(T)=7Z). Then 7K (T) = coker 3
= Z[a™']/(1 F a*) (where we take the lower sign, i.e., “4+7, if we H'-twist)
and "K{(T) = ker 3 = 0. We can also handle the H'-twist through (1.7),
writing "K ! (T) ~ 7 KT, ,(M&b) where Méb is the open Mobius strip, and
7' € H3(G;Z) is the nontorsion part of 7.

Now, Z[a™']/(1 — a*) corresponds to a k-dimensional ring with cyclic
fusion product generated by a. For k odd, Z[a*]/(1 + a*) is also cyclic, with
generator —a, but for k£ even that k-dimensional ring is not cyclic. This
seems to suggest that we should not H!-twist here.

In summary, for this LT example, K1 vanishes and Ky gives the Verlinde
algebra. We should not H!'-twist these K,-groups.

Using the bundle A; constructed in Section 1.2, the six-term exact
sequence (1.9) (removing a point from T) becomes

0 «— KO(Co(X;Ak)NG) — Z[ail]

(3.2) 1 e
0 — KYCo(X;A,) xG) — Z[a™]

where 3 corresponds to multiplying by 1 F a*, depending on the sign of the
H'-twist. This recovers the previous result.

We can give a more precise description of the dual K*-groups which are
again most simply computed by Mayer—Vietoris (1.10):

TKQUT) <+ KYR)x2 +— KO(R)x2

(3.3) i P
Ki(R) x 2 N Ki(R)x2 — TKL(T)
To keep track, we call the open sets U; and U both homeomorphic to
R in T. Regard this as : 7y is surjective on the first co-ordinate, so K%(Ul)
does not contribute to qur(']I‘) under the map v — indeed it is killed by . So
KL(T) is described by K&(Usz) — under «. However, because of exactness
there are relations imposed on K+(Us) when mapped into K1(T), namely

Ki(T) ~ Ki(Uy) /(1 — o®)KL(U)) ~ Ry /(1 — o*)Ry.

An alternative viewpoint is via the six-term exact sequence for K-theory,
for the open set U = T with a point removed. This gives K:(T) ~ K1(U)/
exp(K+(pt)), using the exponential map.
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This yields the following description of K£(T) in terms of unitaries in
the (unitalisation) of the twisted bundle Ay of Section 2.2 of compacts on
the circle. The sections of the bundle are maps f from [0, 1] into (L*(T))
such that f(0) = Ad(Ux)(f(1)), where Uy is the unitary associated with the
twist k. Take the equivariant Bott map 3 : KQ(pt) — Ki(U), where 1 is
the unit of (T") Then (1) = wog = zeg + 1 — eg, where z is the natural loop
in T, and e; is the projection in L?(T) corresponding to the character j.
The action of Zg, identified with the {w : j} where w = exp(27i/k) on T by
rotation induces an action on the bundle Ay and hence on K&(T). (This is
best seen by breaking up the bundle into an equivalent one where we have
k cuts on the circle with a jump indicated by U; at each, so that sections
of the bundle are maps f from [0,1] into K(L?*(T)) such that f(j/k) =
Ad(Uy)(f((7 +1)/k)),i =0,1,...k —1) This rotation takes the generator
[wo] to [w;] = [ze; + 1 — e;], compatible with the equivariant Bott maps (3 :
K9(w) — KL(U). Note that [wy,] = [w,4x] in K due to the nature of the
bundle Aj. The labelling of the k primary fields has a dual meaning in terms
of the representations of T or of the (conjugacy classes) of the points {w” : j}
on the circle.

3.2. The T2 — SU(2); conformal embedding

We consider next the K-homology calculations of the conformal embed-
ding Ty — SU(2); (corresponding to “A” on the A-D-E list of modular
invariants in [20]). The T level is most easily obtained by comparing char-
acters: the two irreducible level 1 characters of the loop group LSU(2) are
theta functions divided by n(7), and coincide with the two LTy charac-
ters (so the branching rules here are trivial). This conformal embedding,
together with the diagonal SU(2); modular invariant, yields the diagonal
Ty modular invariant Z = I. The resulting full system should thus be two
dimensional. In fact, it should be identifiable with the cyclic Verlinde algebra
Z[a™] /(1 — d?).

The orbit analysis is easy: we have the maximal torus T acting on SU(2)
a 0
0 @)
The orbits are Oy = T (the diagonal matrices), with the full T as stabilizer,
and the generic points, with Cy = +1 as stabilizer (corresponding to the
centre of SU(2)). The generic orbits together form Oy = R? x T/C5. To see

this, parametrize SU(2) with matrices —57 % where |3|% + |y|* = 1. The

by conjugation, where we identify T with the diagonal matrices

generic orbits correspond to y # 0; the resulting T orbit will contain exactly
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one matrix whose y entry is a positive real number. Hence each generic orbit
is uniquely determined by its value of 3, which will lie in the interior of the
unit disc, and this is the R2.

Next, we need the cohomology groups H(T;Za) = Zo, H(T;Z) = Z,
HL(R? x T/Cy;Z2) = Hom(Cy, Zs) = Zo and HE(R? x T/Ca; Z) = 0. H} for
Oy was easiest to compute using Kiinneth. Also, spectral sequences imme-
diately tell us Hi(SU(2);Zs) = 0 and H2(SU(2);Z) is either Z or 0 (hence
we know H32(SU(2); Z) = Z, since it must see the level k).

The obvious six-term exact sequence reads

KC(pt) «— TE(SU@) +— TE(T)
(3.4) ) 18
KT — TKT(SU@) —  K§*(pt)

The K,-groups for orbits Oy are computed last subsection, and we obtain
TKY(T) = Z[a™]/(1 — a®*+2)) =~ 72(:++2) and 7 KT(T) = 0 (since there is
no H'-twist here). Here, a is the generator of the representation ring Rr,
and k + 2 is the LSU(2) level shifted as usual by its dual Coxeter number
(k =1 corresponds to the conformal embedding). The factor there of 2 is
explained in Section 2.3. Also, KOC2 (pt) = Re, ~ 7% and K (pt) = 0, and
f3 is an injection. We obtain " K] (SU(2)) ~ Z?**2 and TK7 (SU(2)) = 0. (We
compute this more elegantly in the following subsection. This example was
also computed in [95].)

Again, k =1 corresponds to the conformal embedding, but its full sys-
tem is only two dimensional, not four. Next subsection we find that a similar
phenomenon occurs with many other conformal embeddings. There we iden-
tify the multiplicity two occurring here with the order of the Weyl group Cs
of SU(2), or if you prefer with the Euler number of the sphere SU(2)/T. We
discuss what this could mean in the concluding section.

3.3. The Hodgkin spectral sequence

The Hodgkin spectral sequence (Theorem 6.1 of [93]) is a powerful tool for
calculating many K-groups "Kj;(G). In particular, suppose G is a compact
connected Lie group, with torsion-free fundamental group (eg., a torus 7" or
a simply connected group), and H is a closed subgroup of G. As in Section
1.1, let X be a space on which G acts, so B = Cy(X; ;) is a C*-algebra
carrying a G-action. Then there is a spectral sequence of Rg-modules which
strongly converges to KX (B) = "K}(X), with

(3.5) E} , = Torfl¢(Ry, KL(X)).
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We are most interested in X = G, with the adjoint action of GG, in which
case K (X) = Very(G) or 0, for a level k determined from 7.

Consider first the situation where H is maximal (i.e., of full rank) in
G. There are many examples of this, eg., SU(n); — SU(p)1 x SU(n — p)1 X
U(D)npn—p)> G2 — SU(2)3 x SU(2)1, Eg1 — SU(9)1 are some among inf-
initely many ([96] used essentially this method to compute a subset of these,
namely those corresponding to Hermitian symmetric spaces). When H is
of maximal rank, Pittie [88] (together with the validity of Serre’s con-
jecture that projective modules over polynomial rings over fields or PIDs
are free) tells us that Ry is free over Rg, say Ry ~ (Rg)?. This means
that Equ = Ver1(G) ®g,, Ry for q odd, and all other E? , vanish. Hence
TKY%(G) =0 and

(3.6) TK}5(G) = Ver1 (G) ®p, Ry = Ry /I = (Ver1 (@),

where I; is the level-1 fusion ideal given by Ver;(G) ~ Rg/Z;. This rank d
is given by d = |W¢|/|Wg|, the Euler number of G/H, where W, Wy are
the Weyl groups of G, H respectively (see Equation (2.9) of [96] for the easy
derivation).

One of the easiest of these examples is Eg; — SU(9);: there is only one
Eg 1 modular invariant, namely the diagonal one, and it restricts to the
SU(9)1 modular invariant Z = ’XOOOOOOOO + X00100000 + X00000100‘2. The full
system of Z will be nine-dimensional. On the other hand Ver;(Eg) is one-
dimensional, and [Wgs|/|Wsug| = 1920, so "Kdq(Es) is 1920 dimensional.
There certainly is room in "Kl;4(Es) for the full system, but the meaning
of the rest is unclear to us, and again is discussed in Section 7.

For most conformal embeddings, H does not have full rank, but at least
when G has small rank, then this spectral sequence can still be very use-
ful. We will see this in Section 6.1 below, where we compute "K7;(G) for
SU(2)10 — Sp(4):. Unfortunately, for the embedding SU(2)4 — SU(3); con-
sidered in section 5 (similarly SU(2)28 — G'2,1), it is the homomorphic image
SO(3) and not SU(2) which is embedded in SU(3), while we are interested
in the K-groups with respect to SU(2). For those examples, the Hodgkin
spectral sequence does not seem to have a direct use and we must dive into
the orbit analysis.

4. Permutation orbifolds

Let G be connected compact and simply connected (although we also take
G =T below), and let 7 be any subgroup of the symmetric group S,.
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Over C, the corresponding orbifold by 7 of n copies of G on G, will be
given by the centre of the crossed-product construction ("K§" (G™))xm =
K°(C(G™;K;) @ C*(G™)) 7, where G™ acts adjointly on G™ in the obvious
way, and 7 acts by permuting these n factors. It is tempting to approximate
this geometrically, by guessing that the Verlinde algebra of this
m-permutation orbifold of G is "KE" ¥7(G"), where * =0 and G acts
adjointly on G™ while 7 acts on the space G™ by permuting. We need the
semi-direct product G™ xm of groups, rather than direct product, for this to
be a group action (7 will likewise act on the subgroup G™ by permuting).
For « = 1, we had expected a trivial K-homology group.

For this idea to work, we would expect that HJ., (G";Z) contains a
Z which can be identified with H2,(G;Z). This can be seen as follows. An
element of Hg(G; Z) corresponds to a G-equivariant bundle K of compacts
on G. Taking the product of n of these bundles, we have a G™ bundle of
compacts on G". For this to make sense under the action of the permutation
group , we require choosing the same bundle (i.e., one element of H2,(G;Z))
n times. This gives a map from H(G;Z) to HY.. ., (G";Z), which should
not be the zero map. In Section 4.2 we generalize slightly this construction,
owing to an extra large cohomology group.

To see that this is not unreasonable, consider the Zs-permutation orb-
ifold of the quantum double of finite abelian groups. Let G be a finite
abelian group, of order n say, write H = (G x G)xZg, and take trivial twist
o € HYBG;Z). Then K{{(G x G) is readily seen to vanish, and K'(G x G)
can be computed by writing the finite set G X G as the union of the diag-
onal elements D = {(g,9)} and the off-diagonal, the latter parametrized
by a set F of (n? —n)/2 Zs-orbit representatives (g,h). Then K (D) is
| D|| = n copies of K (pt) = Ry, which has dimension 2n + (n? — n)/2 (the
type ?— resp. é—representations, using terminology of Section 2.1). Also,
K (F x H/(G x G)) consists of ||F|| copies of K& (pt) = Rgxq, which
has dimension n?. Thus K{'(G x G) has dimension n(n? + 3n)/2 + (n? —
n)n?/2 = (n* 4 3n?)/2, which matches exactly the number of primaries in
the Zs-permutation orbifold of the quantum double of G. The only curi-
ous aspect of this calculation is that (n® + 3n?)/2 dimensions are associ-
ated to the diagonal D, whereas 2n? primaries in the orbifold result from
the doubling of the n? fixed points. This means the n? fixed point pri-
maries of D(G) should not be identified with the n? diagonal elements of
the “space” G x G, but this should be clear since they are parametrized
differently.

We further test this with the Ss-permutation orbifold of both T and
SU(2).



254 David E. Evans & Terry Gannon

4.1. The Verlinde algebra of the 2-torus

Before computing the Ss-permutation orbifold of the circle T, it is con-
venient to compute the Verlinde algebra of T2 explicitly by K-homology.
(The result for the loop group of any torus is quoted in Section 3.1.) Being
abelian, the torus 72 = (R/v/2Z)? acts trivially on itself. The level here

can be any matrix K = (:1 i) with det K # 0. Judging from Section 3.1,

there should be no H!-twist.

Let A be the diagonal (z, ) in the torus T2. The six-term sequence will
involve the K-holomogy of the circle A and the cylinder 7?2\ A =R x T,
and we will first compute these from Mayer-Vietoris:

TK(A) — 0 — 0
(4.1) T ) ;
2x KIP(R) <& 2x KI'(R) «— 7'KI*(A)

TKT'RxT) — 2xKIT'(RY) 25 2x KT'(R?)
(4.2) 1 !
0 — 0 «— TKT(RxT)

Now, K{" (R?) = K{*(R) = Ry> = Z[a*",b*!]. The map « sends the Lau-
rent polynomials (p(a, b), g(a,b)) to (p + ¢, p + a*F'b™"q), and so we obtain
T KI(A) = Zlat, b /(1 — aF T t) and T KT (A) = 0. Similarly, the
map (3 sends (p(a,b), q(a,b)) to (p + g, p + a* o™+ "g) (it involves the same
cycle on T?), and so we obtain 7 K7~ (R x T) = Z[a™!, bF']/(1 — aF*ipmtn)
and " KIF(R x T) = 0.

Thus, the six-term sequence becomes

0 «+— KEINT?) «— Z[a*vH]/(1 - o Homtn)

(4.3) i T ;

0 — KK'%“2 (TQ) N Z[ail,bil]/(l _ ak+lbm+n)

where v([r(a, b)]) = [(1 — a*b™)r]. This gives KK’iFQ (T?)=0and KK{{Q (T?) =
Z[a™, b1 /(1 — aF o™+ 1 — ™), which as an additive group is isomor-
bl > ) (:z) }. This is in agreement

phic to the group ring of Z2?/Span{ (m ‘o

with Theorem 4.2(i) of [42].
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4.2. The S;-permutation orbifold of the circle

Consider for simplicity the Ss-permutation orbifold of T at level k. Over
C, this will be given by the centre of the crossed-product construction
("Ky“T(T x T))x Sy = KO(C(T% K,) ® C*(T?)) x Sa. As mentioned above,
this suggests the geometric approximation K°(C(T?;K,) ® C*(T?)xSs) =
TKOT2>4$2 (TQ).

Let U = T?xS,. We will mimic as much as possible the previous cal-
culation. There are only two orbits: the diagonal circle A = {(x, z)}, which
is fixed by all of U; the off-diagonal is the cylinder (x,6) with free Si-
action (z,0) — (—z,0 + 7). The level K here should commute with Ss, i.e.,

K = <I; ]i) Again, K should be invertible, i.e., |k| # |I|. From the bun-

dle picture, it is clear this gives an element of HJ (T?;Z). Strictly speaking,
the permutation orbifold of Ty would require taking I = 0; nonzero [ would
correspond to a Sp-orbifold of T2 level K.

The K-homology of A can be computed from Mayer—Vietoris:

KA — 0 — 0
(4.4) T 3
2x KVR) <~ 2x KV(R) +— ™'KV(A)

Now, K" (R?) = Ry= = Z[a™!,b*'], while K (R) = K]~ (R?) = 0. The rep-
resentation ring of a double cover such as U, together with its induction and
restriction maps, is described in Section 2.1:

(45)  K{(R) = Ry = Zlux', 1, 01/(6* = 1,6p = p) = Zlpij = pji, Spsaal,

where p19 = @, pua = p11, and ,uij,uz = itk j+k- Induction from T2 to U
takes both a’t’ and a’b’ (for i # j) to the two-dimensional irreducible rep-
resentation p;;, and it takes the So-fixed point a”b™ to finn + Oftnn (S2
acts on Rp2 by interchanging a and b). The map o sends the polynomials
(p(pa, i, 6), q(pa, 1, 9)) to (p+q,p + ,u]Zrlq), and so we obtain 7' KY (A) =
Ry /(1 — pity and "' KV (A) = 0.

The K-homology of the cylinder cyl = 7%\ A is more difficult. Write
TKY(cyl) = K% (C(cyl; Kr) ® C*(T?)) (which we can do because T? is nor-
mal in U), and split these representations C*(T?) ~ Cy(Z?) into the So-fixed
points Co(Z) (the diagonal) and Co(Z?\ Z) (the upper and lower trian-
gles). Because S fixes that diagonal, we may write Kg (C(cyl) ® Co(Z)) =
kH ETX52 (cyl), and because Sy is normal in T x Sy and acts freely on cyl,
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TKfyg,(cyl) ~ T Ki(cyl/S2) (see (1.15)). But cyl/Ss is the open Mébius
strip Mob. Hence Mayer—Vietoris gives us

ﬂ/

TKJ(Mob) — 2x KJ(R?) = 2 x KJ(R?)
(4.6) 1 1
0 — 0 +—— T K{(Mob)

The map 3 sends (P(a),Q(a)) to (P + Q, P — a**'Q) (the minus sign comes
from the topology of Mdb), and so we obtain 7 KT (Méb) = Z[a™']/(1 +
a* 1) and T K (M&b) = 0.

For the remaining “off-diagonal” part of C*(T?), the freeness of this
Sy-action identifies K (C(cyl; Kr) ® Co(Z*\ Z)) with K*(C(cyl K;) ®
Co(tri)), where “tri” denotes (say) the lower triangle {(m,n) € Z? |m > n}.
Mayer—Vietoris applied to the cylinder then gives us

2x K'(C(R)® g 2x K°(C(R?*)®

K%(C(eyl) ® Co(tri)) — Coltri)) Co(tri))
i
(4.7) KY(C(cyl) ®
0 — 0 — Co(i/ri))

As usual, the twist on cyl can be trivialized on the open subsets R?, so

K°(C(R?) @ Cy(tri)) is the off-diagonal part uRy of Ryy. The map 3” sends
(p,q) € pRy ® pRy to (p+q,p+ ,u,lzrlq), by analogy with Section 4.1.
Therefore we find K°(C/(cyl; K, ) ® Co(tri)) =ker 3" =0 and K*(C(cyl; K;) ®
Co(tri)) = coker 8" = pRyr /(1 — pk™).

The six-term sequence then tells us how to obtain 7KY (cyl):

0 — TK{(cyl) «— 0
(4.8) 3 U
2/ - i) — TEY(l) — pRo/( - )

Hence "KY (cyl) = 0 and "KV (cyl) = Z[p£'/(1 — p5X™) @ pRy /(1 — piH,
where the left summand is the submodule and the right one is its quotient
into K.

Finally, we again use the six-term to compute the desired K-homology:
(4.9)

0 + TKY(T? +— Ry/(1— pkHh

} Ty :

0 — TE{(T?) — Z[x'l/(1—pit) © uRu /(1 - uiuRy



Modular invariants and twisted equivariant K-theory 257

The map ' first projects "K Y (cyl) to uRy /(1 — ,u]Zrl), killing the submodule

Z[uil]/(l — MZH), and then (by analogy with Section 4.1) multiplies p €
pRy by (1 — pg—uky), since pg—ypty, =D-Ind¥,a*b!. Thus we obtain the final
answer:

(4.10) TKSY(T?) = Ry /(1 — pik, (1 = pp—apin)),
(411) TRV (T?) = 210+ k).

Consider for simplicity I = 0; then this K-homology does not quite
recover the permutation orbifold of the circle at level k. In particular, RCFT
tells us that the k diagonal points (a, a), being fixed by S, should get dou-
bled, while (a,b) and (b,a) for a # b should be identified. We discuss this
further in Section 7.

4.3. The Sz-permutation orbifold of SU(2)

Now let G =SU(2), T be the diagonal matrices, H = (G x G)xZg, and
U= (T x T)xZy as before, where Zs acts on G x G and T x T by per-
muting. The orbit analysis for H on G X G is reminiscent of that of G on
G given at the beginning of Section 1.4. The poles (+1I,+1) € G x G form
three H-orbits: Oy = (I,1) U (—I,—1) is fixed by everything, while Ogxg =
(I,-I)U(—=I1,I)=H/(G x G) has stabilizer G x G. Let gen = SU(2)\
{£I} =R x G/T be the generic points in G; then the orbits Ogyxr = +1 X
genUgen x £ =2 xR x H/(G x T) have stabilizer G x T. The points
(z,y) € gen x gen are of two kinds: those with x, y conjugate form the orbits
Oy =R x H/U, while the remainder form O7: = R? x H/T?. Figure 7 gives
the resulting picture.

O X
OGxc & Oy
Oger OTxT
OU OTxT
Oy

Figure 7: The orbits of H on G x G.
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Using the method of Section 2.1, we easily find that the irreducible H-
representations are p;; = pj; (4,7 > 0), D, and Dp;;, where 1 = pog and D
are one dimensional, and these obey D? =1 and Dp;j = pij for i # j. The
induction IndgX G(Jia;) equals p;; = pj; for 7 # j, and p;; + Dp;; otherwise.
Analogous comments for the U-representations were discussed last subsec-
tion. We will shortly need the Dirac inductions D-IndZ, , = IndZ, ;o D-

dgi% (see Section 2.1 for D- Ind$), and D-Ind?. The latter sends ph
(resp. 5uA) to p|jj—1,lj|=1 (resp. Dpjjj—1,j/—1) provided j # 0, and kills both
1 and ¢; it sends p;; for ¢ # j to sgn(zj),o| |-1,lj|~1, unless ¢ = —j in which
case it yields —pjjj_1,jj—1(1 + D).

Let k be the (unshifted) level of SU(2), and 7 the corresponding element
of H %(G x G;Z), as explained in the second paragraph of Section 4. The
twist will not survive on any of these orbit spaces, so their K-homology
groups can be simply written down: the nonzero ones are Ki'(Op) = 2 x
Ry, Kg((')gxg) = Raxa, K]_FI(OGXT) =2 X Rg ® R, KlH(OU) = Ry, and
K({J(OTz) = RT2 = Z[aﬂ, b:ﬂ].

First we use the six-term sequence to glue the compact set O U Ogxa
to Oaxr U Oy:

0 +«— TKO( %) — 2X Ry ® Rgxa

(4.12) i} T a ;
0 — TK{I(O%Q) — 2 X Rax1® Ry

where a : Rgxr ® Rex1® Ry — Ry @ Ry @ Raxq is given by a(p1,p2,q) =
D-Ind(q + b¥py, —uikq + pa,p1 + b¥ps). The sign in front of the ua comes
from considering orientations of the edges; the powers k or 2k are clear from
the bundle picture, where traversing an edge crosses patches in the bundle
once or twice, respectively.

A tedious but straightforward calculation shows that

TKL(0%:) = cokera
= Ru/(pij — p2r+ii, (1 + D)pii — paryii
(4.13) (1 = D)(pii — pitak,i+ar)s (L — D)(pii — p—itak—2,—i+ak—2))
TKH(0%:) = ker a
= Span{ (201 + 20;_ b 2k, 20i+kb_j_k + 20,1 b ITE
(4.14) — (1= 0)(pi—hj—t + P—i—te—j—k)) }-

The 2’s in (4.14) are spurious for i # j, since then ¢ acts like 1. Determining
(4.14) is the more difficult: first solve the simpler problem by restricting
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Rexr and Ry to RT”. This then requires finding all ¢, ¢ € ker (D—Ind%),
" € ker (D-Ind$X®), such that a=*b=2F — aFb?* divides bF¢' + b Fe — .
This can be done by (anti-)symmetrizing with respect to a <+ a=!,b < b~ 1.

The desired K-homology is now obtained from the six-term sequence by
gluing in Op2:

Rr: «— TK{(GxG) «— cokera

(4.15) 51 t

kera — TKH{(GxG) — 0

Presumably, the map [ is an isomorphism, sending irreducible T2-
representation a’d’ to e.g., the (i, j)-element in (4.14). This would mean
we obtain

KNG x G) = Ry /(pij — pakrisis (1 + D) pis — parriss
(1= D)(pii — pirar,ivar), (1 — D)(pii — p—itan—2))
(4.16) ~ ZFRD/2.

(4.17) "KH(Gx @) =0,
We interpret this result in Section 7.

5. The D4 modular invariant of SU(2)

We will realize this modular invariant through the conformal embedding
SU(2)4 — SU(3);. From the finite-dimensional perspective, this is the two-
to-one projection of SU(2) onto SO(3). Explicitly, this representation is given
as follows. We can parametrize the 3-sphere SU(2) by

& (%5 5

where 7, § € C satisfy |y|? + |6|? = 1. The canonical choice of maximal torus
is T, i.e., d =0, and the other component of the canonical O(2) is v = 0.
Then

v2—id?  —iy2442 26~6
(5.2)  RO(y,6):=RE (7 5) =Re | iv?+62 402 2w |,

_5 ~
i oy 2ies y|—lof?

where £ = exp[ri/4] and “Re” denotes the real part. Note that R (el 0) =
diag(Rap, 1) and R)(0,e?) = diag(Rhy, 1), where Ry, R, are the rotation
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resp. reflection matrices

(5.3) Ry = ( cos 8 sin 9) 7 Rg _ (sin 0 cosd ) .

—sin @ cos 6 cos § —sin 6

Of course, RgRg = Ry, R(;be = g+¢ = RﬁbR,g, R/GR:b = Rg_4. Write
T = R®)(x,0) and T" = R®)(0, %) for the two components of the image of
0(2).

Throughout this section we write G for SU(2) and G for SO(3).

Even though G acts by first projecting to SO(3), the groups "K&(SU(3))
and "K$93(SU(3)) are different. Indeed, the K-homology "KS3(SU(3)) is
easy to compute using the Hodgkin spectral sequence (Section 3.3). In par-
ticular, write R for Rgus; then as R-modules we have Rgo3 = R/(p10 —
po1) and Veri(SU(3)) = R/(p20, po2), where here f1;; denotes the SU(3)-
representation with highest-weight (i,j). As general facts we have
Torf(A,B) = A®gr B and Torf(R/I,R/J) = (INJ)/(IJ), valid for any
ring R, any R-modules A, B, and any ideals I, J. In this example Tor, will
vanish for p > 1, since Rgos has a free resolution of length 1. We quickly
find that Tor{’(Rsos, Ver1(SU(3))) =~ Z and Torf*(Rgos, Ver; (SU(3))) ~ Z,
with the R-module structure given in both cases by p19 and pg1 acting like
1. Hence "KQy3(SU(3)) ~ Z ~ TK},5(SU(3)) for the appropriate twist 7.
Of course the K-homology then follows by Poincaré duality. This differs
from (5.25) in both the absence of torsion and a different module struc-
ture (the generator o3 of Rgos acts as +1 in "TKP93(SU(3)), and as —1 in
TKSY2(SU(3)). The K-theory "K}n5(G2) for the Eg modular invariant (cor-
responding to the conformal embedding SU(2)25 — G2,1) can be computed
similarly. The relevance of this K-homology to conformal field theory is not
so clear to us though.

5.1. The orbit analysis
We need to understand the orbits of the adjoint action of G = SO(3) on

SU(3). By “StabzB”, we mean the set of all A € SO(3) commuting with B.
It is convenient to write A € G and B € SU(3) in block form as

A a
a o’

(5.5) B— <f g) ,

(5.4) A
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where A, B are 2 x 2 matrices and «, 8 are numbers. A simple observation
is that if @ =0 in (5.4), then |a| =1, so ’ = 0 and hence A € O(2), with
det A =a = =+£1.

Lemma 1. If B € SU(3) commutes with some A € G with (possibly infi-
nite) order n > 2, then Stabg(B) contains a mazimal torus of G.

Proof. Without loss of generality (by conjugating A and B simultaneously
by G), we can take A € T, i.e., A = diag(Ry, 1) for some 6. Then A com-
mutes with B in (5.5) iff RyB = BRy, Rgb =0, and 'Ry =V'. But Ry # I
can have no eigenvector with eigenvalue 1, so b =0 and b = 0. Hence B €
U(2). RyB = BRy requires B and Ry to be simultaneously diagonalizable;
since Ry # +1, we get B = ein(b. But any such B will commute with all
of T. O

Therefore the finite stabilizers Stabz(B) are the finite groups of A-D-E
type with exponent < 2: namely, the trivial group 1, the cyclic group Cs and
the dihedral group Ds = Cs x Cs. Lifting these to G yields the double-covers
Ay = Cy, Ag = Cy and the quaternionic group Dy = Q4.

Case 1. Orbits with infinite stabilizer: By Lemma 1, without loss of gener-
ality, (conjugating by G if necessary) we can take B to be of form

YR 0
(5.6) B = < 0 ¢ e2iw>

for some angles v, ¢, so Stabz(B) contains T'. Suppose now that such a
matrix commutes with some A ¢ T in (5.4). Then RyA = ARy, Rpa =
e 3Wa, /Ry = e™3Wd'. If a # 0, then a would be a real eigenvector of Ry
with eigenvalue e 3¥; this would require e¥ to be a sixth root of 1. This
quickly forces B to be a scalar matrix: B = w'I for some %, where w = e27/3,
These are the three fixed points, each with stabilizer G.

Otherwise, a = 0 so A = diag(A, «) where A € T and o = det(A4) = —1.
Then RyA = ARy forces Ry = R_g4, i.e., Ry = £1. Therefore, we may take
the orbit representative to be B = diag(eiwf ,e*m’). But three values of ¥
recover the fixed points w'l. The others all yield B with Stabz(B) =T U
T' ~ O(2). Because only TUT" in G stabilizes T'UT’, we know that each
1) corresponds to a distinct orbit.

The remaining B in (5.6) will have Stabz(B) = T'. Note that the param-
eter values (¢ + m, ¢ + m) and (¢, ¢) correspond to identical B and should
be identified. Also, conjugating by A € T” sends (¢, ¢) to (¢, —¢), so these
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correspond to the same G-orbits and should be identified. Since the nor-
malizer of T in G is T UT", these are all the redundancies we need to con-
sider. A fundamental domain for this is then 0 < ¢ < 7,0 < ¢ < m; since
(0,7) ~ (7, m — ¢) the resulting surface, parametrizing the orbit representa-
tives, is an open Mobius strip.

Case 2. Finite stabilizers # 1: By Lemma 1, any such stabilizer contains
an order-2 element, which without loss of generality we may take to be
A, =diag(—1,1). Any B commuting with A; will look like

(5.7) B-— <§ 2)

for some B € U(2), 5 = det(B).

If anything else lies in the stabilizer, then it must generate Co x Co.
Without loss of generality (up to conjugation by T'UT"), it can be taken
to be Ag = diag(1l,—1,—1) (the easiest way to see this, as with any other
statements we make about G, is to lift to G). Requiring B to commute with
A, forces B = diag(e?1, el2, e%), where >, 6; = 0 (mod 27). Now, the nor-

maliser of (A1, Ay) in G is (A1, Ag, diag(—1, <(1) é)),diag((? (1)> ,—1)),

an extension of Cy x Cy by S3 = Aut(Cy x C3). Conjugating by this nor-
malizer means that we should identify the S3-permutations of 6;, since
they lie in the same G-orbit. Moreover, the fixed points of this S3-action
(namely the three diagonals 6; = 6;) have a stabilizer larger than C x Cs,
and hence must fall into Case 1. Deleting those diagonals from the 6;-torus
yields six disconnected components (namely the six triangles with vertices at
0; € {0,27/3,47/3}). S3 permutes these six triangles, so the G-orbits with
stabilizer Cy x Co are parametrized by any one of those (open) triangular
regions.

Now, consider the orbits with stabilizer Stab5(B) = (A1) ~ C, where B
is asin (5.7). The normalizer of (A1) is T U T’ (as always, this is easiest to see
by lifting to ). Diagonalizing T' makes the T-action clearer, so parametrize
B by
(5.8)

B=|v2li 1 I\ 5 V2 i1 :
0 0 1

1 0 e 2

where |y]2 + |§|% = 1. We must identify (v + 7, —, —3) with (1,7, §), since
they correspond to the same B. Conjugating by T tells us we can replace
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§ with |§| (as it will have the same G-orbit). Finally, conjugating by T”
identifies (1,7, |0]) with (¢,,|d]). We must exclude 6 =0 and v € R as
these will have an enhanced stabilizer. Thus the G-orbits with Cy stabilizer
are parametrized by (1, ¢,7) where 0 < ¢ <7, 0< ¢ <m, 0<r <1, and
the boundaries (0, ¢,7) and (7, ™ — ¢, 7) are identified. This forms the direct
product of the open Mobius with the interval (0,1).

Case 3. Trivial stabilizer: Being unitary, B is diagonalizable. First, note that
Stabg(B) = 1 iff B has no real eigenvector, since rotating such an eigenvec-
tor to (0,0,1)" amounts to conjugating B into a matrix of form (5.7). This
forces all eigenvalues of B to be distinct (a complex plane in C? neces-
sarily contains a nonzero real vector). Thus the eigenvalues of B, which
are constant on any G-orbit, will lie on the torus minus the three diago-
nals, quotiented by an Ss-action (since the eigenvalues come unordered). We
know (from case 2) this to be an open triangular region. B is then uniquely
determined once we choose an ordered triple (Cvy, Cvg, Cuz) of orthogonal
complex lines in C3 (corresponding to the three eigenspaces). G acts on this
triple by simultaneously acting on each component.

We can always find in the complex line Cv; a vector (call it v1) with
norm 1, with ||Re(v1)| > [[Im(v1)]|, and with Re(v;1) orthogonal to Im(vy).
Assume first that = := ||[Re(v1)]| > ||Im(v1)||. Then v; is uniquely determined
up to multiplication by £1. We can then use SO(3) to simultaneously rotate
Re(v1) to (z,0,0)* and Im(v1) to (0,y,0)* where y = v/1 — 22, so without
loss of generality we can take

T iyw Yz
(5.9) vp=|iy|, v=zw ]|, vs=| 2z |,
0 z —w

where (w, z) € CP! other than (1,0) or (0,1). We can uniquely rescale (w, z)
to (re?, v/1 —1r2) where 0 < r < 1.

The remaining possibility is when ||Re(v1)| = [[Im(v1)]| = % We can
again require (5.9) to hold, where z =y = % The difference here is that
when we simultaneously rotate the v; by diag(Ry, 1), the effect on v; can be
undone by rescaling it by e . This remaining T freedom means we can take
w, z to both be positive. Thus these v; are determined up to a single real
parameter 0 < r < 1. Recalling the parametrization (x,r,#) of the previous
paragraph, this special case corresponds to the limit x — %, and so together
they form a sphere with one point removed (parametrized by z, ) times the

interval (0,1) (parametrized by r).
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Thus the orbit spaces of the adjoint action of G on SU(3) are:

Osua: three fixed points, with stabilizer G = SU(2);
Op2: the space 3 x R x G/O(2) ~ 3 x R x PR?, with stabilizer O(2);

Or: Mob x G/T ~ Moéb x S2, with stabilizer T, where M&b denotes the
open Mobius strip;

Opa: R? x G /Dy, with stabilizer Dy ~ Qy;
Oas: R x Méb x G/As, with stabilizer Ag ~ Cly;
Op1: R? x G/Aq, with stabilizer Ay ~ C.

They are placed in such an order that Ogys is compact; Ogys U Opo is
compact; Ogys U Opo U Or is compact, etc. We need this for our six-term
exact sequences. This compactness is clear from the descriptions of the orbits
given above.

For later use, we need to see more clearly some of this topology. The
three R’s in Opo are three arcs joined at the three points of Ogys, to form
a circle S, so think of Ogys U Opq as three sausages linked in a circle. The
boundary of the Mobius strip in Or is that circle S, so in Ogya U Ope U Op
we imagine gluing the circle of Osys U Opo (doubly coiled) to the Mdbius
strip, forming a closed Mdobius strip Mob; to each point on Méb we place
a sphere, and to each point on OM&b = S we place a projective plane of
varying radius. This is depicted in figure 8. To the boundary S' of the
Mobbius strip, we glue the disc R? of Opy, forming a projective plane. So the
boundary of Opy is Osye U Ops. As we head in Opy to a boundary point on
the three arcs, two of the eigenvalues of B become equal, which selects one
of the three order-2 subgroups of Cs x Cbs.

Figure 8: The closed Mobius strip M = Og U Op2 U Or.
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Intriguingly, the quaternionic group )4 is given name “D,” in the McKay
A-D-E correspondence for finite subgroups of SU(2); Dy is also the name
given to this SU(2) modular invariant, in the Cappelli-Itzykson—Zuber A—
D-E classification [20].

5.2. The K-homological calculations

Write G = SU(2) and G = SO(3) as before. In this section we compute the
equivariant K-homology of SU(2) on SU(3), acting by conjugation after
first projecting onto SO(3). The appropriate bundle is that of SU(3) on
SU(3) at level 1, with the group G restricted to SO(3) C SU(3) — we let
T € HL(SU(3);Z2) & HZ(SU(3); Z) denote the appropriate restricted twist.
This bundle is crucial in identifying the relevant twisting unitaries at various
spots in the calculation, as we shall see. Using spectral sequences (see Section
1.2), we quickly compute that HL(X;Zs) = H'(X;Zs) for any connected
X (indeed, E21’0 =0 because G is connected). Thus H}(SU(3);Zs) = 0,
which means there is no global H!-twist. Likewise, the spectral sequence
says H2(SU(3);Z) = kerdy is Z or 0, and so it must be Z, since from the
Sp(4) on Sp(4) bundle of Section 2.2 it is clear HZ(SU(3)) contains Z.
Thus 7 € Z.

It is useful that all K&-groups carry an Rg-module structure. The rep-
resentation rings we need are identified at the beginning of Section 1.2 —
recall figure 1.

In Section 5.1 we decomposed SU(3) into six spaces of G-orbits: Oguy2,
..., Oa1, where the spaces Ogyo, Osuz U Opa, ..., Osua U Opa U - - - U Oy =
SU(3) are each compact. We will use the six-term exact sequence (1.9) a
number of times, to recursively build up K& (SU(3)).

Step 1. "TKG(Ogya U Opz U O1): Orbit Ogys consists of the three fixed
points, so K& (Osua) = 3 x K&(pt) = 3 x Rsys, 0. Since the global H!-twist
is trivial, the Hl'-twist on Ops =3 x R x G/O(2) will also be +.
We obtain

TEH (00s) =3 x TKG,(G/0O(2)) =3 x “KLT(G/0(2)) =3 x "KL} (pt),

where the grading — € H},,(pt) arises from Poincaré duality and the nonori-
entability of the projective plane P? = G/O(2). Hence +KJG(OOQ) =3x
_RIOQ, 3 X T Rpa. These graded representation rings are explicitly described
in Section 2.1.



266 David E. Evans & Terry Gannon

We learned in Section 5.1 that the orbits with infinite stabilizers together
form a “closed Mo6bius strip” Ogys U Opg U O, which we’ll call M. It is
drawn in figure 8, and consists of three copies of the SU(3) Stiefel diagram.
The dotted lines in the figure are the “cuts”, i.e., the overlaps of the open
cover of the bundle over M constructed in Section 2.1 (more precisely, this
bundle is that of Sp(4) on Sp(4), where the group is restricted to G, and the
space is then restricted to M).

The first step computes the K-homology of M by first removing two
closed “intervals” ab and cd. Here, a,b,c are the three fixed points, while
the “point” d is a copy of the projective plane, with stabilizer O(2). See
figure 8.

The “interval” ab = 1-S2-1 is the Stiefel diagram for G on G (see fig-
ure 4), so "K%(ab) is 2K (G) = Very(G), where the shifted level 0 + 2 is
obtained from the bundle, which gives the twisting unitaries attached to each
cut. Thus "K§ (ab) = Rg/(0) ~ Z and "K{(ab) = 0. Likewise, the “inter-
val” cd = 1-S2-P? is the Stiefel diagram for G on SO(3) (again see figure 4),
and "K (cd) ~ (H2 K (SO(3)) (the first component of the (adjoint-shifted)
twist (4, 2) is the component in H(SO(3); Z2) ~ Zs). This K-homology was
computed in Section 4.5 of [14] to be Rg /(o) and Z1~ (the graded repre-
sentation arises here through the application of Poincaré duality and the
nonorientability of the projective plane P? = G/O(2)). Both "K%(ab) and
TK&(cd) can also be easily constructed from first principles (and the bun-
dle), by using the six-term sequence and removing the endpoints as in (1.26).
Indeed, we also need the K-homology of the “closed interval” P?-S?-P?:
this is readily found to be Rg/(o) and Z21~. Finally, M \ (ab U cd) falls into
two copies of R x (P2-5%-P?), and the bundle is trivial in the R-direction,
so TKE(M \ (abUcd)) ~ Z*17, 2 x Rg/(0).

We can compute "K (M \ ab) using the six-term exact sequence:

7' «— TK§(M\ab) <—  Rg/(o)
(5.10) al Tp
71~ — TKS(M\ab) — 2x Rg/(0)

By considering the nonequivariant diagram, we see that the map a can
be written (mi,m);mo, mh)1~ — (m1 4+ m} +mg+ mh)1~, while 8 sends
(n1;n2)[1] = (n1 4+ n2)[1]. We obtain

(5.11) TKS (M \ ab) = 231,
(5.12) TK{' (M \ ab) = Rg/(0).
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Now glue in ab:

7217 +— TK{(M) +— Rg/(o)

(5.13) 1 T
0 — TKf M) — Rg/(o)

To see what +y is, consider the nonequivariant version of this calculation: the
closed Mgobius strip is homotopic to S, so its nonequivariant K-homology
K, = K, ¢ will be that of S1, namely Z, Z. Computing this from the six-
term by removing a closed interval (homotopic to pt) and thus opening
up the strip, we likewise get a vertical map ' : Z — Z which must vanish
in order to recover these K,-groups. The equivariant K-homology here is
likewise 1 4+ 1 dimensional, so 7 should likewise vanish. Hence we obtain

(5.14) TK§(OgU0p2UOr) = Rg/(0) @ 731~ ~ 7,
(5.15) TKY(Og U002 UOr) = Rg/(0) ~ Z.

As an Rg-module, TK§ (M) is a semi-direct sum, where Rg/(o) is the sub-
module, while Z31~ is a homomorphic image.

Step 2. "KE&(Osua U Op2 U O U Opy): The K-homology of Opy is immedi-
ate from (1.14) (in Section 1.2 we explain why the application of Poincaré
duality needed to relate K&(G/T') to the representation ring of the finite
subgroup I' < SU(2) does not introduce any H}- or HZ-twists):

(5.16) K§ (Ops) =0,
(5.17) K% (Opy) = Rpy ~ Z°.

The six-term exact sequence becomes

0 — TK§(MUOpy) <— 721~ @ Rg/(0)

(5.18) } T
Rg/(a) — TKIG(MUOI[M) — Rpy

First let us identify the composition of ¢ with the projection from 7 Ky(M)
to Z31~. We learned in Section 5.1 that the R? of Op, is naturally a trian-
gle, whose three edges can be identified with the three Rs of Opo; heading
from the interior to each of those edges gives three embeddings of D4 in
0(2), identifying § in turn with each s;, ¢ # 0. In particular, each of these
edges can be identified with the value of Resgf 1 there, which will be one of
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the nontrivial representations s;. The composition of 1) with the projection
should be three copies of Dirac induction (2.1) from Rpg to ~ R}, each with
the different embedding. In particular, the kernel of this composition will
be Span{l + s; + s2 + s3,t}. By the Rg-module property of v, the image of
1 must intersect Rg /(o) trivially, and so that also equals the kernel of 1
itself. We obtain

(5.19) "K§(OgU---UOp) = Rg/(0) ~ Z,
(5.20) TKE(OgU---UOpy) = Ra/(0) @ Span{l + s1 + so + s3,t} ~ Z3.

Here, Rg/(0) is a submodule of "K{*.

Step 3. TKE(OSUQ U OOQ U O'ﬂ‘ U O]D)4 U OA:})-’ Recall OAg =R x Mob x G/Ag
We compute K&(Op3) by Mayer-Vietoris:

2%

710G G (2

K (Oas) — 2x K§(R2x G/A3) — KO(R? x G/As)
2 x KF(R? x G/A3) +— 2x KF(R? x G/A3) +— TKF(On3)

By the usual arguments K& (R? x G/A3) = Ry3 but K§(R? x G/A3) = 0.

We take €(f,g) = (f +9g,f — g) (the sign arising because of the Mobius).

For this map, (5.21) says K&(Oa3) = Zs ® Rp3, 0 and the six-term sequence
immediately gives

(5.22) "KS{(OqU---UOys) = (Zy ® Ry3) @ Ra/(0) ~ Z3 & Z,
(5.23) TKIG(OG U---UOp3) = Rg/(0) ® Span{l + s1 + s2 + s3,t} ~ Z3,

with the first summand of both these K-homology groups being the sub-
module. Note the torsion in TKOG .

Step 4. "KE(SU(3)): We get by the usual arguments that K& (0y1) =
KA (pt) is Ry, 0 for * = 0,1, respectively. The six-term exact sequence
becomes
(5.24)
Ra1 +— TK{(SU@3)) «— ZioZ
¢l T
Rc/(0) ® Span{l + s; + s3 + s3,t} — TKF(SU3)) — 0

As usual, compose ¢ with the projection from K% (Og U --- U Oy3) to the
submodule of Rpy. Now, Ops = R? x G /Dy consists of the boundary points
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of Oy1 = R® x G/Aq, as we move along two of the five Rs. So that compo-
sition of ¢ with the projection should be given by the induction from Ry
to Rp4. Indeed, it is well-defined, sending r{ to Y, s; and 7, to t. By the
Rg-module property ¢ cannot see Rg/(0). The final answer is then

(5.25) TKS(SU(3)) = (Z2 @ Rp3) ® Ra/(0) ~ 73 & Z,
(5.26) TK{(SU(3)) = Rg/(0) ~ Z.

We discuss the meaning of this K-homology, and in particular its relation
to the full system of the Dy modular invariant, in the concluding section.
The torsion in "K§(SU(3)) is mysterious though.

6. The Eg modular invariant of SU(2)

Write G = SU(2) as before. The “Eg” exceptional modular invariant of
SU(2) arises from the conformal embedding of SU(2) at level 10, into Sp(4)
level 1. This conformal embedding belongs to an infinite series of Spin(n)
level 5 into Spin((n —1)(n 4+ 2)/2) at level 1 [5,97], where the embedding
Spin(n) into Spin((n — 1)(n +2)/2) is given by the representation with
Dynkin labels (2,0,0,...,0). For us, n =3 and we identify Spin(3) with
SU(2) and Spin(5) with Sp(4); the doubling of the level from 5 to 10 comes
from the identification of Lie algebras so(3) and su(2). This doubling can
be confirmed by a conformal charge calculation, or indeed the calculation in
Section 2.3 above.

We will identify the symplectic group Sp(4) with the set of all 4 x 4
unitary matrices B commuting with J = (7012 ]02): this commutation with J

is equivalent to the block form

6.1) B-— (g g) ,

where B'D = D'B, E'C = C'E, I = B'E — D'C.
In a few spots in the orbit argument, it is very convenient to have an
explicit description of this embedding G < Sp(4), which we will call R():

3 \/5,725 53 _\/5752

5

—V3v%6 3|y]2 -2 V3762 (1 -3|y*)o

62) RO =| VR0 Ch —Pr v s
—d V376 ~ V3526

=2 = . _
-3y~ Bh[P-18 —V3y%6 (3B -2)7
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(recall (5.1)). This can be written in block form A = ( ’?4 A) Useful spe-
(:1al cases of (6.2) are R™W (e, 0) = diag(e?*, e, e =% e~) and R™(0,1) =
( ) Write T = R®(x,0),T" = R™(0, %) for the two circles coming from
the image of O(2) C G. It will be useful in Section 6.2 to note that the
normaliser of 7' in R™W(G) is TUT' ~ O(2).

6.1. The K-homology groups

The K-homology here can be elegantly computed by the spectral sequence
methods of Section 3.3.

The representation rings Rsys and Rgps are identified with Z[o], and
Z[s,v], respectively. Here if o4 is the d-dimensional representation of SU(2),
then o = o9, and the restriction of the spinor representation s from Sp(4)
to SU(2) is 04 = 03 — 20, and the restriction of the vector representation v
is 05 = 0* — 302 + 1. Restriction makes Rgys into an Rsps-module. At level
1, the fusion rules of Sp(4) coincide with those of the Ising model, and are
described by the fusion ideal I; generated by s> — v — 1,v% — 1,vs — s, how-
ever v2 — 1 is redundant as v2 — 1 = (1 —v)(s®> —v — 1) + s(vs — 5). If G =
Sp(4), we have a free resolution of the Verlinde algebra at
level 1 by

0= Re 5 R4 % Re — Re/I — 0,

where  f(a) = ((vs — s)a, (s> —v—1)a) and g(a,b) = (s> —v—1)a+
(vs — s)b. This resolution has the same length as that of Meinrenken
[75] but smaller degree. To compute TorfG (Rsu2, Ver1(Sp(4))), we ignore
the last term in the free resolution and tensor with Rgys to get a
complex

0
0— (RG QR Rsuz ~ RSUQ) = (Ré @R Rsuz ~ R%U2)
o
= (Re ®Rr, Rsuz2 ~ Rsuz) — 0.

Here, if p, ¢ € Z[o], then

01(p,q) = (s* —v—1)p+ (vs — s)q
= (0’2 — 05— 1)p+ (05 — 1)ouq
(6.3) = (02 = 2)[(c* = 30% + 1)p + 03 (0% — 3)q].
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Hence the image of 9 is (02 — 2)Z[o], and Tort®(Rguys, Veri(Sp(4))) =
Hy = ker(9p)/im(0;) = Z[o]/(0? — 2) is two dimensional. Similarly

d2(p) = ((vs — s)p, (s> —v — 1)p)
(6.4) = (0® —2)(c* (0 = 3)p, — (0" — 30> + 1)p),

and so im(d) = (03(0? —3), —(0* — 302 + 1))(0? — 2)Z[o] C ker(0) =
(03(0? = 3),—(c* =302 +1))(0? —2)Z[o] and H; = ker(d;)/im(0s) =
Z[o]/(0? — 2) is again two dimensional.

Thus in the Hodgkin spectral sequence (Section 3.3), Ef,,qeven is two
dimensional for p = 0,1 while all other Eg,q vanish. Therefore for r > 1, all
maps dy : B, — EJ_, .. ; in this spectral sequence will be trivial (having
either trivial domain or range), so E% = E2  and

(6.5) K&y, (Sp(4)) = Z[o]/(0” ~ 2)

is two dimensional for any p. By comparison, "K§ ,(Sp(4)) is 73, 0 (recov-
ering the Ising fusions); in (6.5) the spinor s € Ver;(Sp(4)) is sent to 0 and
the vector v € Ver;(Sp(4)) goes to 1.

The full system of the SU(2)1¢ “E¢” modular invariant is 12 dimensional,
built out of two copies of the (unextended) Eg Dynkin diagram, as in figure 3.
We do not know yet how to reconcile this with (6.5) (see the concluding
section for some thoughts in this direction), but based on similar calculations
earlier in this paper, we may hope that the full system arises by having SU(2)
act instead on some closed submanifold of Sp(4). For this purpose, we now
proceed to work out the SU(2)-orbits in Sp(4) and recompute (6.5) the long
way.

6.2. The orbit analysis

We want the orbits of the conjugate action of G on Sp(4), using the embed-
ding R™.

We will be finding the orbits in inverse order of the size of their stabiliz-
ers, by taking an element of maximal order and diagonalizing it. The simplest
way to verify that we are not counting some orbit twice, i.e., that what is
written for the stabilizer is the full stabilizer and not merely a subgroup
of it, seems to be to diagonalize the different generators of the stabilizer,
and confirm visually that the resulting expression for B does not fall into a
different orbit.
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First of all, recall that any element A € G lies in a maximal torus, i.e.,

- — e~ i0
there is some matrix P € G such that P~1AP = < e%). It is clear

e

0
from this that if A has order n, then so will A = RW(A).
Lemma 2. If B € Sp(4) has finite stabilizer, then any A € RW(Q) in its
stabilizer has order < 4 or 6.

Proof. Suppose A has finite order n > 6 or n = 5. Diagonalizing it, with-
out loss of generality, we can consider A = diag(&2,&,,&,3,&,1) where &, =
exp[27i/n]|. Commuting with B in (6.1), we get that B and F are both diag-
onal and C' = D = 0. But such a B commutes with the full maximal torus
T, and so would have infinite stabilizer. O

Note that R (—1,0) = —TI is always in the stabilizer. The only finite
subgroups of SU(2) of even order, whose elements all have order < 4 or 6, are
the cyclic groups A; = Cq, A3 = C4 and A5 = Cg, the binary dihedral groups
Dy = B(Cy x C3) = Q4 and D5 = BS3, as well as the tetrahedral group Eg =
BA,4. The character tables and other information about these groups are
given in e.g., [59].

Case 1. Orbits with infinite stabilizer: The only orbits with infinite stabi-
lizer are

(6.6) Og = +I,
. Ops =2 x G/O(2),
(6.8) Or = (S? —4) x G/T.

The four points in Og U Opy are the punctures of S2, so the union Og U
Oop2 U Or is compact, as is both Og and Ops. So we can take care of the
issue of infinite dimensionality, with a single six-term exact sequence.

The reason only +1 € Sp(4) have stabilizer G, is Schur’s Lemma: R™) is
an irreducible representation of GG, so the only matrices which can commute
with all R((G) are the scalar matrices.

Now suppose the stabilizer contains a maximal torus, which without loss
of generality we can take to be the “canonical” one T. Write the block-forms
A = RW(a,0) = diag(A4, A) and B in (6.1). AB = BA requires B and E
to be diagonal, and C' = D = 0. Since B € Sp(4), we also have E = B. The
set of such B form a torus 72. It is elementary to confirm that such a matrix
B commutes with some A ¢ TUT' iff B = +1I, and commutes with some
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A e T’ iff B = diag(+1,+1,+1,+1), where the first and third, and second
and fourth, signs must be equal for B € Sp(4).

The final ingredient is the Weyl group of G. More precisely, conjugating
by any reflection in 7”7 will amount to a nontrivial involution of Or, sending
B to its complex conjugate. This simultaneous complex conjugation of T x T
fixes the four points making up Og and Op2 (as it must). We should identify
points identified by this involution, so this gives (T? — 4)/2, which naturally
folds to a tetrahedron with its vertices removed, i.e., is homeomorphic to
the sphere with four punctures.

Case 2. All finite stabilizers containing elements of order 6: These orbits are

(6.9) Ops = (B%\ 3R) x G/As,
(6.10) OD5:2XRX G/]D5,
(611) OIEIG =R x G/Eﬁ,

where B? denotes an open solid ball (whose boundary is the tetrahedron of
Or), and the 3 R’s of Oy5 are the 2+ 1 R’s of Ops and Ogg. The R’s of Ops
are chords with endpoints 1 € Og and diag(F1,+1,F1,4+1) x G/O(2) €
Opa. The R of Opg is a chord with endpoints at the orbits &7 in Og. Of
course Eg is the symmetry group of the tetrahedron, and we find that it is
the largest finite stabilizer for this action of G on Sp(4).

Let u be an order 6 element in the stabilizer of B € Sp(4). Without loss
of generality, diagonalize p, so A = R (&,0) = diag(—1, &, —1,&). Then
B commuting with A requires

(6.12) B=

(we avoid writing the 0’s), and B € Sp(4) then forces Ve’ = 1, [b/| = 1,e = b,
d = —¢ and 1 = |b]2 + |¢|?>. Because B has finite stabilizer, ¢ # 0.

The finite stabilizers containing an order 6 element are Ag, D5 and
E¢. Which of the B in (6.12) have stabilizer D5? All subgroups of G iso-
morphic to D5 are conjugate in G to (diag(&,&6), (_01 é)) (this fails if G
is replaced with U(2)). The matrices B of (6.12) which commute with
R (0,1) have ¢, b, b’ € R,sob= e and b’ = ¢ = £1. Conjugating everything
by R (&12,0) (which normalizes this Ds), we see we can take ¢ > 0. Thus the
orbits with D5 stabilizer form two circular arcs: (b,¥,¢) = (cos 6, £1,sin 0)
for 0 < 6 <.
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Likewise, all subgroups of G' isomorphic to Eg are conjugate in G' to
(diag(&6, &), ) for T = %((_1:)5 (1+§)§24) (again this fails for U(2)). The
matrices B of (6.12) which commute with 7 have ¢ = —2v/2y, ¥ = x — 3yi
where b = z + iy. Conjugating by R (0,£12) (which normalizes Eg) again
shows we can restrict to ¢ > 0. We thus get one elliptical arc, where 1 =
22 + 92,

The complement of these three chords will have stabilizer As. Conjugat-
ing any such B by T C G, we see that again we may take c real and positive.
The parameter space so far is a solid torus — the interior of the torus of
case 1. As was the case there, there is a final folding that can be done: by
e.g., RW (0,1). This replaces the torus with the tetrahedron as before.

Case 3. All finite stabilizers containing elements of order 4 but not higher:
These orbits are

(6.13) Ops = (B*\ 4R) x G/As3,
(614) O]D)4 =R x G/D4

This open ball B2 also has boundary the tetrahedron S? of Case 1 (though
of course it is disjoint from the open ball of Case 2). The endpoints of the
chord R of Opy lie in distinct Opg-orbits. The four R’s in Qa3 come from
overlaps with Opy4, Ops and Ogg, and form a square with vertices on the
boundary S2.

Without loss of generality, we can diagonalize an order 4 element in the
stabilizer. We find that B commutes with R (i,0) iff it is of the form

(6.15) B =
d e

Such a matrix B lies in Sp(4) iff it is in fact of the form

b c
cb/@
-7 b ’

—C cb/c

o,
~

(6.16) B =

where |c| = |¢/| # 0 (they must be nonzero, otherwise the stabilizer will be
infinite) and [b|?> + |c|? = 1.
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The finite stabilizers containing an order-4 element are D5 and Eg (both
already dealt with) and Az and D4. Consider first 4. Any such subgroup
of G will be conjugate to <((i)_oi), (_01(1))>. Requiring B in (6.15) to also
commute with R (0,1) means

(6.17) B =
—c b

and imposing (6.16) then tells us b,c are both real, b*> +c®> =1, ¢ = *c
and b = +b (same sign). But we could have diagonalized any of the other
order-4 elements in the stabilizer; conjugating by the order-6 element p =
%(fg g) € G, or by the order-4 element v = (fgg) (where & = &) cyclically
permutes these order-4 elements, so we should identify B with its conjugates
by R™ (1) and R™ (). Doing this, we see that ¢ = 4+ actually commutes
with R (1), so these B actually have stabilizer containing (Dy, u) = Eg
and so have been considered already in Case 1. Thus it suffices to consider
the other sign, ¢ = —¢/. The action of p on b,c can then be described by
the order-3 rotation b + ic — &3 (b + ic) on the unit circle, while that of v is
complex conjugation: b + ic — b — ic. The six points €™/ on the unit circle
lie in the orbits Ops U Og, so should be removed. The result is a single arc
worth of D4-orbits.

To identify the Ag orbits, return to (6.16). Conjugating by arbitrary
elements of T', we see that we can require ¢ > 0. Hence the A3 orbits are
parametrized by the value of b (in the unit disc) and the value of Arg(¢’) (in
the circle), i.e., a solid torus. We must eliminate the case where b and ¢’ are
both real, as their stabilizer would be at least 4. We must also eliminate
the case with stabilizer at least D5. Finally, we must identify conjugates by
RW(0,1), which sends (b, ¢, ) to (b,c,@). The result is described above.

6.3. The K-homological calculations

We consider here the K-homology calculations of the Eg conformal embed-
ding for SU(2) at level 10. Recall the representation rings in Section 1.2.

First, we need the cohomology groups H(Sp(4); Zs) and HZ,(Sp(4); Z).
For the former, EX = Hom(SU(2),Zs) = 0 since SU(2) is connected. We
have HZ;,(pt; Z2) = 0 so the desired HL,(Sp(4); Z2) equals E%' = HY(Sp(4);
Z2) ~ Hom(H;(Sp(4)),Z2) = 0 (see p. 291 of [54]). This means that there is
no possibility for a global H'-grading here.
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Computing HZ(Sp(4); Z) by spectral sequences requires knowing H?
(Sp(4);Z) = Z,0,0,Z,0 for ¢ = 0, 1,2, 3,4 resp. (see p. 434 of [54]), as well as
H{(pt; Zo) = Zg or 0, and H{(pt; Z) = Z or 0, both depending on whether
or not 4 divides p (see Section 1.2). Then HZ(Sp(4);Z) = kerdy for dy :
H3(Sp(4); Z) — HZ(pt; Z). From the bundle picture, Hg(Sp(4); Z) contains
at least Z (associated to the level of the Sp(4) Verlinde algebra), and so it
must equal Z.

Step 1. The infinite stabilizers: This is where finite dimensionality is won (or
lost) — assuming the parameter spaces of the orbit spaces Og, Opg, . .., Op1
are sufficiently nice (which they are). The tetrahedron Tet = S? of (6.8) is
drawn in figure 9(a); the vertices are a,b € O¢g and ¢,d € Opa. In figure 9(b)
the closed edges ad and be are removed, resulting in an open cylinder cyl.
Four copies (the triangles in (b)) of the Sp(4)-Stiefel diagram tile this tetra-
hedron, although they coincide with only half of the faces of the tetrahedron
(the triangles in (a)). The dotted lines in (b) are the cuts (i.e., pairwise
intersections) of the open cover of the tetrahedron coming from the bundle
constructed in Section 2.2.

We compute the K-homology of Tet in two steps: first work out the
cylinder cyl, then use the six-term exact sequence to glue in the two edges.
The K-homology "K&(cyl x G/T) collapses to 2K, ;(S'), where the twist
2 € H3(S') is determined from figure 9(b) and the bundle of Section 2.2
(which gives the twisting unitary across each cut — the bundle on cyl =
S' x R splits as a product and is trivial on R). Thus the K-homology of cyl

a :
T
b ¢
a d a a b
(a) (b)

Figure 9: (a) The tetrahedron Tet, and (b) The cylinder cyl.
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(recall Section 3.1) is

(6.18) TKS(S%\ (ad U bc))

(6.19) TKE(S?\ (adUbc)) = Z[aF] /(1 — a?).

I
o

Note that "K%(ad) and "K%(bc) can both be identified with ™ K¢
(SO(3)) for some level 7/ (which is found in the usual way to be 1 for both
intervals). This K-homology is computed in Section 4.1 of [14]:

(6.20) TK§(ad) ~ TK§ (be) = 0,
(6.21) K (ad) ~ K (be) = 21~

Here, 17 € "R}, (recall Section 2.1); the reason for the H'-twist is the
nonorientability of the projective plane G/O(2).

From this and (1.9), the K-homology of the tetrahedron Tet is
immediate:

(6.22) TKS§(OgU 0oy UOT) =0,
(6.23) TKE(OqUOpa UOT) =721~ @ Ry/(1 — d?) ~ 72

This is really a semi-direct sum of Rg-modules; Z?1~ is a submodule of
TK{, while Ry/(1 — a?) is a homomorphic image (quotient).

Step 2. The Ag-ball: Recall the “tetrahedron” Tet = Og U Opo U Ot of Step
1. The boundary of the genus-3 volume B2\ 3R of (6.9) is Tet together with
the three chords Ops U Opg. First let us glue those chords to Tet using the
six-term sequence:

2 x Rps @ Rre — TKg(Tet U Ops U OEG) +— 0

(6.24) al 0
7Z°1- ® Rr/(1 —a?) — TKF(TetUOpsUOgs) — 0

As explained in Section 1.2, the representation rings in the upper-left entry
are untwisted. We claim « = 0. Neither the Ds- nor the Eg-“chords” touch
Or, so « ignores the Ry /(1 — a?) summand. Likewise, Eg cannot be related
tol™ € _R})z' The easiest way to see a must vanish is because the alternative
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would mess up (6.31) below. We will return to this shortly, but assume o = 0
for now. We then get

(6.25) TKg(Tet U Ops U Ogg) = R]%)5 ® Rpg ~ Z1°,
(6.26) TKE(Tet U Ops U Ogg) = Z21~ @ Ry/(1 — a?) ~ Z*.

As with (6.23), TK{ is a semi-direct sum with Z21~ the submodule.

Note from (1.13) that K% ((B%>\n x R) x G/H) ~ Ry ®z K*(T,,) where
T, is the open solid torus of genus n; its nonequivariant K-homology is eas-
ily found by induction to be K°(T},) ~ Z", K'(T},,) ~ Z. Thus K& (Oy5) ~
Ras, Rf’% (the dimension-shift comes from factoring off an implicit R? before
applying Poincaré duality). Writing Bas for the closed ball Tet U Ops U
Org U Op5, we obtain

(6.27)

é
Ryus — TK(?(BA5) — R]]Q)g)@REG

Bl T
721~ ® Rr/(1—a?) — TKS(Buy;) — RS,

The map 7 is clear from the nonequivariant calculation: it will be the diag-
onal inductions (p1, p2, p3) — (IndR2p1, IndR2 po, IndsS p3) (these inductions
are explicitly described in Section 1.2). We claim # must be the 0-map.
This can be seen by calculating By in a different order, as follows. We can
compute the K-homology of cyl U Qa5 using Mayer—Vietoris: choosing our
open cover U,V appropriately, so both open sets are G-homeomorphic to
R? times L := (R x G/As) UG/T, we get

TKS(cyluOps) — K§(L)x2 — K§(L)x2® Rps x 2

(6.28) T }
KE(L)yx2 +— KFL)x2 +— TKS (cylU Ops)

The groups K& (L) are easily determined from the six-term sequence to be
Rt @ Rys, 0. Putting these into (6.28), we obtain in the usual way " K& (cyl U
Ops) = Ras, Rr/(1 —a?) @ Rf&g). We can cap this bounded cylinder by glu-
ing in ad and bc as in Step 1, and we find that the K-homology of Tet U Oy
is Ras, (Rr/(1—a®) @ R3;) @ Z*1' (the induction (2.1) from Ra5 to ~Rp,
will vanish). Finally, gluing in Ops U Ogg, we recover TK*G(BA;)), in parti-
cular obtaining that the map " Ko(Bas) — " Ko(Tet U Op5) appearing in this
final six-term is manifestly surjective. Now, we can calculate "K§(Oy5) in
exactly a parallel way as Tet U Op5, and we find that they are naturally
isomorphic. Therefore the map § in (6.27) is likewise surjective, and hence
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B must be identically 0. (What we need in Step 4 below are 3,7 — it is
unnecessary to determine the K-homology K& (Bys), though this is now
immediate.)

Step 3. The Ag-ball: We want to repeat the above analysis, for the As-
ball. The boundary of the genus-4 volume B2\ 4R of (6.13) is Tet together
with the four chords Ops U Ogg U Opy. As in Step 2, we know K&(Op3) =
Ras, R‘%A?). First, we fill the Op4 hole in Oa3, in order to obtain:

"K§ (O3 U Opy) = coker (Indys) ® K§ (On3)
(6.29) = (Span{[so — s2],[s1 — s3]}) ® Ras,
(6.30) "KS(Op3UOpy) = ker(Ind23) @ R, = Z(rl — 1) ® R35 ~ 713

Write By for the closed ball Tet U Ops U Org U Oaz U Opy, we obtain
the analogue of (6.27):

(6.31)
Span{[sp — s2|, [s1 — s3]} & Ra3z +— TKS;(BA:%) — R]%)S D Rge
) Tty
7Z°1~ @ Ry/(1 — a?) — TK{(Bas) — Z(r{—1";) @R},

The map 7" will again be the diagonal inductions, sending (x; p1, p2, p3) to
(Ind25p1, IndR3 pa, IndS p3). Incidentally, this is why « in (6.24) must vanish:
the alternative would be the (nontrivial) induction (2.1) from Rps to ~Rb,,
which would kill some of the R]%B and ' here would no longer be defined
everywhere in Rf&5. Again, we will have 3 = 0. To see this, recalculate the
K-homology of Bps by gluing the four chords Ops U Ops U Opg simultane-
ously into Tet U Ous: the analog of the map vy must as usual be diagonal
inductions; the analog of the map 3 goes from Ra3 to Z21~ @ Rr/(1 — a?),
and must be 0 for easy reasons: (2.1) is 0, and the Rg-module property
says Rj3 cannot see Rp/(1 —a?). Thus 8 in (6.31) is required to vanish
identically. (As in the previous step, all that we are after here is to identify
B,9" — we do not need "K%(By3).)

Step 4. Gluing together the As- and As-balls: The final step is just the six-
term, gluing Tet U Ops U Opg to Ops U (Oas U Opy):

(6.32)
Ras ® Raz @ 72 — TKg(BA5 UOa3UOpy) «— R]%)5 @ Rpg
p+p6 1 Ty+y
721" @ Ry/(1 —a?) — "KY(BasUOa3UOp) — R ®Z®R3,
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where the vertical maps (using obvious notation) are given explicitly in Steps
2 and 3 above. We thus obtain the final answer, for the K-homology of the
complement of the generic orbits Qg1 in Sp(4):

TKG (Sp(4) \ gen) = coker(y ++") @ ker (5 + )
(6.33) = Ras @ Rys @ Span{[so — s2), [s1 — s3]} ~ Z'2,
KT (Sp(4) \ gen) = coker (8 + ') @ ker (v +7/)
= (221" ® Z[a™]/(1 - ) ® Z(r] — 1)
@® Span®{ry, —ryz, T —T_2, 71+ 2ry—1] =1 4,
r_y+2r_,—ri—r";}
@ Span{r{—r", ri+r,+r,e—r]—1" 4,
(6.34) P 4 T —2r]} ~ 716,

Presumably, gluing in the generic orbits (i.e., those with stabilizer A;)
reduces this Z'2,7Z' to the Z? we obtained in Section 6.1. We interpret
this in the concluding section.

7. Outlook

This paper is the first of a series devoted to deepening the connection
between twisted equivariant K-homology and conformal field theory. We
constructed the relevant bundles and provided several detailed calculations
of K-homology which should be relevant to the full systems, nimreps, branch-
ing coeflicients, etc. of conformal embeddings and orbifolds. This concluding
section suggests some preliminary interpretations of these.

It should be remarked that although deep connections between K-theory
and conformal field theory/string theory have been known for some time,
their precise relationship is often very subtle. An old example of this is the
D-brane charge group, which for space-time X is identified with a twisted
nonequivariant K-theory K*(X), with twist 6 € H3(X;Z) given by the
H-flux (determined locally by the B-field). This charge group can also be
calculated independently from conformal field theory, at least when X is a
Lie group G, and the answers agree apart from a multiplicity 2'"%¢ appear-
ing in the K-homology. There still is no noncontroversial explanation of this
multiplicity (see [15,46,77] and references therein for this story). A more
recent example is K (G) when G is compact but nonsimply connected, as
mentioned in Section 1.4. The role of the H'-twist in that SO(3) example
is to choose between the identifications o; ~ o10_; and o; ~ —0k12_;; the
former holds for the standard Wess—Zumino-Witten SO(3) theory, and a
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possible physical realisation of the latter is proposed in [39]. In this spirit,
H'-twists of TK}(G) for finite G is often possible, although its conformal
field theoretic meaning it seems has never been explored.

In Sections 3.2 and 3.3 we computed the K-homology "K¢(H) of con-
formal embeddings of equal rank, and obtained a result of higher dimension
than we would have naively expected, which would have been the dimension
of the corresponding full system. By comparison, the K-homology for the
conformal embeddings of Sections 5 and 6 was smaller than the correspond-
ing full systems. What does all this mean? Consider for concreteness the
Ty — SU(2); example of Section 3.2, with k& = 1. Perhaps we should have
stopped that calculation at the generic Orbits R? x T/Cs, with Cy stabilizer.
Perhaps including the other orbits (with stabilizer T) incorrectly doubles the
answer. So more generally the full system of Hp — G, should perhaps be
obtained as KJ!(S) for some H-invariant submanifold, and only rarely will
S = G. We expect this to be the correct explanation, as it seems to be in
line with the discussion on conjugacy classes given below. Another possible
interpretation of the Section 3.2 calculation is that the K-homology cal-
culation sees two different versions of this conformal embedding, and adds
both answers together. The two embeddings of T in SU(2) would be distin-
guished by their orientation; more generally, the Weyl group would permute
these conformal embeddings. This could tie in with the appearance of the
Weyl group in Section 3.3, and with the aforementioned explanation of the
D-brane charge group multiplicities.

The holomorphic orbifolds by finite groups ([32] and Section 1.4 above)
performs beautifully. Likewise, permutation orbifolds of quantum doubles
of finite abelian groups also works out (see the beginning of Section 4).
Another class of accessible and important orbifolds are the Zs-orbifolds
of lattice theories — we will consider these in future work. By contrast, the
orbifold calculations in Sections 4.2 and 4.3 also do not quite match what
happens with orbifolds in conformal field theory [69]: the primaries fixed by
the orbifold group Zs would be doubled (“fixed point resolution”) and the
remaining primaries replaced by their Zs-orbits. However in Section 4.2, K3
in Equation (4.10) is k-dimensional while K is k(k + 1)-dimensional, so we
recover the doubling of the fixed points, but not the folding of the remain-
der. In Section 4.3 the reverse happens. In particular, the primaries of the
Sa-permutation orbifold of the SU(2) level k theory are parametrized by
pairs (i,j) where 0 < i < j < k (these are the Sy-orbits of nonfixed points),
as well as double multiplicities of the fixed points (i, ). In Section 4.3 we get
the correct folding for the nonfixed points, but not the correct doubling of
fixed points. As mentioned at the beginning of Section 4, it is clear that this
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K-homology should only be an approximation; it is tempting to guess that
there is a natural “symmetrizing map” from the K-homology computed in
those subsections to the groups (namely the centre of the crossed-product
construction) exactly capturing this permutation orbifold; in one example
this map would be surjective and in the other it would be injective.

In Sections 5 and 6 we study in detail the SU(2)4 — SU(3); and
SU(2)10 — Sp(4); conformal embeddings, which give rise to the modular
invariants called D4y and FEg, respectively, in the SU(2); list of Cappelli
et al. [20]. Perhaps the most interesting observation to come out of this
analysis is that the largest finite stabilizer in this action of SU(2) on SU(3)
resp. Sp(4), is called Dy resp. Eg on McKay’s list [74]. We expect this pattern
to continue with the “Fg” conformal embedding SU(2)2s — G21. We also
expect the [E7 group to arise in this way, using the realization of the “FE7”
modular invariant by a Zso-orbifold of the “D1¢” modular invariant. To our
knowledge the only other direct relation between the A-D-E of Cappelli—
Itzykson—Zuber and McKay’s A-D-E of finite subgroups of SU(2) are some
unrelated observations in Section 13 of [20] itself, and some speculative
remarks near the end of [52] relating orbifolds of certain supersymmetric
gauge theories with SU(n); modular invariants; see also [56]. (For a fairly
direct construction of the SU(2); modular invariants from the Lie groups
of A-D-E type, see [79].) Will the largest finite stabilizers in the conformal
embeddings for SU(3), agree with the SU(3)-subgroups which [52] asso-
ciate to those modular invariants? These conformal embeddings, namely
SU(3)3 — 80(8)1, SU(3)5 — SU(6)1, SU(3)9 — E671 and SU(3)21 — E7,1,
will be studied in the sequel to this paper.

The conformal embedding SU(2)s — SU(3); considered in Section 5
yields the SU(2)4 modular invariant |xo + x4|? + 2|x2|?, called Dy in [20].
The full system is eight dimensional, consisting of two copies of the D, dia-
gram, as in figure 2. To what extent can we see these D4’s in the
K-homological groups of Section 57 The distinguishing feature of the (unex-
tended) D4 diagram is the S5 symmetry of the three endpoints, which fixes
the central vertex. This S3 symmetry exists throughout Section 5: on the full
space SU(3) it is generated by multiplying any orbit by a scalar matrix w'l
(these form the centre of SU(3)), and by complex conjugation — all of these
commute with the SU(2) action. This is realized by arbitrarily permuting the
three connected components of Ogys and Ope, as well as S3 = Aut(Dy/(—1))
(responsible for permuting the three nontrivial one-dimensional representa-
tions s; of Dy).

The final K-homological groups (5.25) of SU(2) on SU(3) are only one
dimensional. However, we can see copies of the D4 diagram in TKOG (Osy2 U
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Op2 U Or) and KIG(OHM). The map v of (5.18) identifies these two Dy’s.
As with the previous examples, we would expect that there is an SU(2)-
invariant submanifold of SU(3), whose K-homology consists of two copies
of Dy, one of which is in Ky and defines the nimrep; the three endpoints of
that D4 should be a copy of Ver;(SU(3)).

Unfortunately, these considerations are made more difficult because the
Rgyo-module structure obtained in Section 5.2 from K-homology does not
agree with that of the full system (which should come from a-induction).
Is there a meaning in CF'T of this other Rsys-module structure, manifest
in the K-homology of Section 57 The presence of torsion in (5.25) suggests
that we may need to use K-theory over QQ, rather than Z.

The conformal embedding SU(2)19 — Sp(4); considered in Section 6
yields the SU(2)19 exceptional modular invariant (1.25), called Eg in [20].
The full system is 12 dimensional, consisting of two copies of the Fg diagram,
as in figure 3. Again, the final K-homology groups (6.5) are likewise too small
to contain the full system. However, the Zs symmetry of each diagram pre-
sumably comes from the centre Zy of Sp(4) — this corresponds for instance
to permuting the two connected components in each of Ogtr2, Op2, Ops. The
(unextended) Fg diagram can be built from two Az and one Ag groups, glued
together at the midpoint —1 (see (1.8)).

Clearly, a key (but difficult) question is to see a-induction directly in
these examples. This is responsible for the “correct” Rg-module structures
in the full system; they will differ from the “obvious” Rg-module structure
inherited directly from the K-homology, because there are two a’s (namely
o) but only one “obvious.” Incidentally, the obvious one is the Rg-structure
in both "K,(G) [40] and 7K, (SO3) [14]. For the finite groups the a® are
found in [32] (see also Section 1.4 of this paper). Tu and Xu [104] find the
natural ring structure on the K-groups of twisted equivariant K-theory —
it is essentially the external Kasparov product in equivariant K K-theory. In
particular, for twisted equivariant K-homology (see Remark 4.30 of [104]),
there will be a graded product "K&(X) x TK]-G(X) — TKgrj(X) (at least
when the twist is transgressed). This should agree with the algebra of the
full system, and from this we can obtain the braiding, etc.

Two distinct A-D-E graphs can be associated to a given finite subgroup
I of SU(2): in the McKay or cohomological picture [59,74], the vertices of
the extended Dynkin diagram are labelled with irreducible I'-representations;
and in the Du Val or homological picture [18,60], the vertices of the corre-
sponding unezrtended Dynkin diagram are labelled with nontrivial conjugacy
classes of I'. The former is described in Section 1.2; the latter can be illus-
trated nicely in the Eg case. Indeed, the binary icosahedral group Eg =
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{a,b,c|a® = b® = c® = abc = —1) has eight conjugacy classes other than 1:
we can take as representatives a* fori = 1,2,3,4, b* for i = 1, 2, and ¢, as well
as a® = b3 = ¢> = —1. Then the unextended Eg Dynkin diagram is obtained

by identifying an endpoint (corresponding to —1) of a 5-chain (correspond-
ing to the @), a 3-chain (the b’) and a 2-chain (the c?). This really is the
unextended diagram: the missing conjugacy class, namely 1, should be the
affine vertex, but its edges would be all wrong. (This homological picture
is very reminiscent of the generators of e.g., the Eg Lie group representa-
tion ring found in [1]: denote by a, b, ¢ the fundamental Eg-representations
of dimension 248, 3875 and 147,250, respectively; then the exterior powers
A'a for i <4, \"b for i <2, and ¢, together with either A°a or A*b or
/\2 ¢, generates the polynomial ring Rps.)

This cohomological picture is the one used exclusively in our calcula-
tions, and indeed conformal field theory identifies the primaries (i.e., the
basis of the Verlinde algebra Rg/I)) directly with representations. How-
ever, D-branes in Wess—Zumino—Witten models (the conformal field theories
of primary interest in this paper) have long been associated to conjugacy
classes in G (see, e.g., [37,73]). More fundamentally, Verlinde’s formula (1.18)
identifies all characters (one-dimensional representations) A +— S\, /Sox of
the Verlinde algebra, labelling them with primaries . In the case of Wess—
Zumino-Witten models on a Lie group G, Sy./Sox equals the character of
the A-representation of G, evaluated at the (conjugacy class of the) element
of finite order exp(27i (k + p)/(k + h")) in G. This is precisely the conjugacy
class which e.g., [75] associates to the primary k.

It is interesting that [75], who like us works in the language of K-
homology, interprets primaries as special conjugacy classes. Indeed the rep-
resentation rings appearing in our K-homology groups arise through the
(unnatural) application of Poincaré duality. The Dynkin diagrams which
both conformal field theory and subfactors attach to the SU(2); modular
invariants and full systems are unextended. This suggests that a more natu-
ral treatment of these K-homology calculations could be to directly involve
conjugacy classes rather than representations. (See the end of Section 3.1 for
an explanation of how conjugacy classes arise in the K-theoretic treatment
of the Verlinde algebra of a circle.)

String theory is well-defined on singular spaces, and many relations
between it and the McKay correspondence and resolution of quotient sin-
gularities, have been explored. Let us briefly describe one which bears some
formal similarity to the considerations of Section 2.2. In type IIB string
theory, the 10-dimensional background comes factored into R3! x I, where
the transverse or internal space I® is a Calabi-Yau three-fold. For ease of
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calculation it is common to locally model I with a (noncompact) toric
variety Y, e.g., C3/T where T is a finite abelian subgroup of SU(3). These Y
have a singularity at the fixed point (0,0, 0); probe that singularity with N
D3-branes. These branes will fill space-time R3! but be localized to a sin-
gle point (namely 0) in the transverse space Y. We are supposed to live in
this R3!, and the optimistic among us may hope that the low-energy effec-
tive gauge theory of this string theory (for the vacuum corresponding to
0 € Y) would be that of a supersymmetric extension of the Standard Model
of particle physics. The method of brane tilings (see, e.g., [53]) is a success-
ful way of determining that effective theory. Periodic quivers are polygonal
tilings of a 2-torus, just as in figure 5 (e.g., the Sp(4)-Stiefel diagram would
correspond to the square tiling of the conifold); their dual (brane tilings)
is what we would call the graph of cuts associated to our covers of the
bundles of Section 2.2. The vertices of the periodic quiver label irreducible
D-representations. I' breaks the U(NN) gauge symmetry of the N coincident
branes down to some [[, SU(N;) (one factor SU(N;) for each vertex) —
perhaps these gauge groups could correspond to some of our stabilizers. To
the directed edges of the quiver graph are associated the matter fields of the
theory (called “bi-fundamentals” because they carry the SU(NV;) x SU(Nj)
representation ¢; ® <Z>7 of Nj-, Nj-dimensional fundamental representations).
These resemble the unitaries of Section 2.2. The final ingredient needed to
identify the effective theory is the superpotential, a polynomial in the bi-
fundamentals, each term of which is determined from the faces of the peri-
odic quiver. For us these terms would be constants. These dimer models are
two dimensional (so for us correspond to rank-2 Lie groups), but a three-
dimensional generalization (corresponding to three dimensional superCFT,
toric Calabi—Yau four-fold singularities and hence rank-3 groups) has been
recently proposed — see, e.g., [72]. We do not know if there is anything deep
underlying the formal similarities of these seemingly independent pictures.

The H3-untwisted “Verlinde algebra” for SU(2) (so k = 00) is the repre-
sentation ring Rgye. This can be realised through the K-theory of the fixed
point algebra of the product action on the Pauli algebra of the infinite ten-
sor product of 2 x 2 matrices [105]: Ko((®@nM2)5Y2) =~ Rgys. If we identify
Rgus with Z[t], the polynomials in an indeterminate t, then the nonzero
elements of the positive cone are identified with {P : P(t) > 0,t € (0,1/4]}.
The fixed point algebra (®nM2)5Y2 is the generic TemperleyLieb alge-
bra. Indeed if we deform this situation with a quantum group SU,(2) to
(@nM3)3Y«() then we have the Temperley-Lieb algebra at say a root of
unity ¢ = exp(ir(k + 2)). The K-groups Ko((@ynM3)3V«()) of these algebras
can be identified with Z[t]/(Py), the corresponding Verlinde algebra at level
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k [33]. Here, P, are the polynomials defined by P, = P,_o —tP,_1, Py =
1, P_; = 0 and the non zero positive elements of the K-group are {Q + (Py) }
where Q((2 cos(m/(k +2)))~2) > 0. The ring structure on the Verlinde alge-
bra is induced by the multiplication map (®@yMa2) X (®nyM2) — @My on
the Pauli algebra. The K-group Ko((®nM3)SY4(?)) should in turn be identi-
fied with the equivariant K-group K S Ua(2) (®nMs3) [80]. This should general-
ize to the other groups. It would be interesting to pursue the considerations
of this paper (conformal embeddings, orbifolds, etc.) from this quantum
group context.

In these remaining lines, we will give a small taste of the work in progress.
There is more to Freed—-Hopkins—Teleman than writing the Verlinde alge-
bra as a K-group. They have bundles/equivalence = Verlinde algebra. If
we only look at equivalence classes, then we never see the braiding and
hence the associated representation of the modular group SL(2,Z), as the
Verlinde algebra is commutative. But there is here a special choice of iso-
morphism of bundle products V x W ~ W x V which gives the braiding.
Similarly, it is useful to think in terms of concrete algebras — i.e., a graded
equivariant bundle of compact operators over a space X, with appropri-
ate H3 and H' invariants, such that the K-theory of the C*-algebra A of
its sections is really K(X). We should think in terms of objects realising
K-theory and K-homology, rather then just their equivalence classes. The
analysis of Freed—Hopkins—Teleman of the Verlinde algebra already realises
the primary fields as supersymmetric operators. Mickelsson [76] wrote this
out explicitly for the case of SU(2). If A are the smooth su(2)-valued vec-
tor potentials on T, write Q4 = Q + A, A € A, where Q is the free super-
charge on H; ® Hy satisfying Q? =Ly, and H ¢ are fermions with a level
2 representation and Hp are bosons with an irreducible level k represen-
tation of LSU(2) and A is an interaction term. Then Q4 is a family of
self-adjoint Fredholm operators, equivariant with respect to a central exten-
sion of the loop group LSU(2), and exp(—imsgn(Q4)) basically defines an
element in the K-group K&i,(SU(2)). (The index computations of Jaffe-
Lesniewski-Weitsman [22] produce from supercharge operators @) spectral
triples giving elements in K-homology.) However, it is not just the primary
fields which need to be explicitly realized in this way, but all the associ-
ated objects of a modular invariant, such as the boundary yXj; and the
full system »;Xy, including the Dirac-like canonical inclusion ¢ € y Xy,
the canonical endomorphism 6 = v in the Verlinde algebra and the dual
canonical endomorphism v =i € jy X5 as spectral objects via Fredholm
modules, Dirac operators and spectral triples. Indeed going beyond this,
the maps between these K-groups, such as the modular invariant itself,
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branching coefficients, sigma-restriction and alpha-induction should have
K K-theoretic
interpretations.

In (1.1) we interpreted K-homology as classifying certain extensions.
More generally, the extensions

(7.1) 0O-K®A—-FE—-B—=0

together with suspensions, yield the Kasparov groups KK,.(A, B) (p. 118
of [34]). Now by a Universal Coefficient Theorem there is an exact sequence
KK,(A,B) - Hom(K.(A), K.(B)) — 0 as on p. 120 of [34]. In particular,
taking A = B to be the object giving the Verlinde algebra, a modular invari-
ant is just an element of Hom(K(A), K(A)) and so gives rise to an ele-
ment of K K;(A, A). Hence a modular invariant will give rise to very special
K K-elements, as would sigma restriction, alpha induction, which should be
analysed via spectral triples, Fredholm modules and Dirac operators.! This
should be relatively straightforward for finite groups.
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