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McKay correspondence for Landau-Ginzburg
models

ALEXANDER QUINTERO VELEZ

In this paper we prove an analogue of the McKay correspondence
for Landau-Ginzburg models. Our proof is based on the ideas intro-
duced by T. Bridgeland, A. King and M. Reid, which reformu-
late and generalize the McKay correspondence in the language
of derived categories, along with the techniques introduced by
J.-C. Chen.

1. Introduction

The goal of this paper is to describe an analogue of the McKay correspon-
dence for Landau—Ginzburg models. Before going into details, it is useful to
review some aspects of the McKay correspondence that are relevant for our
considerations.

In its original form, the McKay correspondence was observed as a nice
relation between the irreducible representations of a finite subgroup G of
SL(2,C) on the one hand, and the geometry of the exceptional divisor in
a minimal resolution of C2/G on the other hand (cf. [24]). The first hint
of a McKay correspondence in higher dimensions came from the work of
L. Dixon, J. Harvey, C. Vafa and E. Witten. It was conjectured in [11] that
for a finite subgroup G C SL(n, C) acting on C”, the Euler characteristic of
a crepant resolution Y of the quotient space C"/G equals the number of
conjugacy classes, or equivalently the number of equivalence classes of irre-
ducible representations of G. If n = 2, the equality can be viewed as a version
of the McKay correspondence. As a result, this formula may be regarded as
a generalization of the McKay correspondence to an arbitrary dimension n.
The McKay correspondence recently became a subject of intense study in
both physics and mathematics. However, the term is now primarily used
to indicate a relationship between the various invariants of the actions of
finite automorphism groups on quasiprojective varieties and resolutions of
the corresponding quotients by such actions.
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The guiding principle behind the McKay correspondence was stated by
M. Reid along the following lines:

Principle 1.1. Let M be an algebraic variety, G a group of automor-
phisms of M and Y a crepant resolution of singularities of X = M/G.
Then the answer to any well-posed question about the geometry of Y is the
G-equivariant geometry of M.

Applied to the case of quotient singularities X = C"/G arising from a
finite subgroup G C SL(n,C), the content of this slogan is that the
G-equivariant geometry of M = C" already knows about the crepant reso-
lution Y. In particular, any two crepant resolutions of X should have equiv-
alent geometries.

Reid suggested that one manifestation of Principle 1.1 should be a
derived equivalence D(Y) = D% (M), where D(Y) is the bounded derived
category of coherent sheaves on Y and D% (M) is the bounded derived cate-
gory of G-equivariant coherent sheaves on M. This has been worked out by
Kapranov and Vasserot [18] in dimension n = 2 and generalized to higher
dimensions including all cases of finite subgroups of SL(3,C) by Bridgeland
et al. [5]. In the latter case the quotient singularity X = C3/G always has a
crepant resolution, a distinguished choice being given by the Hilbert scheme
of G-orbits G-Hilb(M). This scheme is perhaps best thought of as a moduli
space of representations of the skew group algebra A = C[z,y, z] * G that
are stable with respect to a certain choice of stability condition. Indeed, this
is closely related to the physicist’s understanding of D-branes as objects in
the derived category.

In string theory, space—time X is represented by a two-dimensional
quantum field theory with N = 2 supersymmetry. A quite important class
of such theories are nonlinear sigma models on a Kéhler manifold X. In
this case, E. Witten explained how to manufacture two-dimensional topo-
logical field theories. He showed that any nonlinear sigma model with a
Kahler target space X admits a topologically twisted version called the
A-model; if X is a Calabi—-Yau manifold, there is another topologically
twisted theory, the B-model. A similar construction exists in the equiv-
ariant setting. Given an action of a finite group G on a space X satisfy-
ing certain properties, one can construct a two-dimensional topological field
theory that represents the G-equivariant physics of X. To be more precise,
one associates a (G-gauged sigma model to a presentation of the quotient
stack [X/G]: the gauged sigma model can be interpreted as a sigma model
on [X/G].
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Open strings are associated to extended objects, different from strings,
which go under the name of D-branes. Loosely speaking, a D-brane is a
“nice” boundary condition for the two-dimensional quantum field theory.
To any topologically twisted sigma model one can associate a category of
D-branes. In the case of the topological B-model of a Calabi-Yau X, the
category of D-branes is believed to be equivalent to the bounded derived
category D(X) of coherent sheaves on X. In the equivariant setting this
should be replaced by the bounded derived category D([X/G]) = DY (X) of
G-equivariant coherent sheaves on X.

From the previous consideration we see that the McKay correspondence
has a completely natural explanation in terms of nonlinear sigma models
with boundaries. Indeed, arguments from topological open string theory,
formalized in the “decoupling statement” of [7], suggest that there is an
equivalence D(Y') = D([M/G]) for any crepant resolution Y of the singular-
ities of X = M/G.

In this paper we study another class of topological field theories: topolog-
ical Landau—Ginzburg models. The general definition of a Landau—Ginzburg
model involves, besides a choice of a target space X, a choice of a holo-
morphic function W: X — C called a superpotential. In particular, non-
trivial Landau—Ginzburg models require a non-compact target space X . For
a smooth affine variety X = Spec A, a simple description of the category
of D-branes in Landau-Ginzburg models has been proposed by M. Kont-
sevich and derived from physical considerations in [19]. It turns out that
the category of D-branes is equivalent to the category MF(W) of matrix
factorizations of W.

For non-affine X, the following construction was proposed [27]. Suppose
that we are given a Landau—Ginzburg superpotential W: X — C with a sin-
gle critical value at 0 € C. Let Xy denote the fiber of W over 0. Consider
the bounded derived category of coherent sheaves on Xg. A perfect com-
plex is an object of D(X() which is quasi-isomorphic to a bounded complex
of locally free sheaves. One can define a triangulated category of singular-
ities Dgg(Xo) as the quotient of D(Xy) by the full subcategory of perfect
complexes Perf(Xj). If Xy were non-singular, the quotient would be trivial,
since in that case any object in D(X() would have a finite locally free res-
olution. Therefore Dg,(X() depends only on the singular points of Xy. The
main result of [27] is that the category of matrix factorizations MF (W) for
a smooth affine X = Spec A is equivalent to Dgg(Xo). Thus for non-affine
X the category Dgg(X() can be considered as a definition of the category
of D-branes.

One may also consider Landau—Ginzburg models on orbifolds. Such mod-
els are particularly important because they provide an alternative
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description of certain Calabi—Yau sigma models. In the affine case D-branes
are described by the category MFY(W) of G-equivariant matrix factoriza-
tions, cf. [1,2] and Section 6 of this paper. In general, one may consider a full
subcategory of perfect complexes Perf([Xy/G]), which is formed by bounded
complexes of locally free sheaves in D([X(/G]) = D%(Xy), and also the quo-
tient category Dgg(Xo) = D% (Xy)/ Perf([Xo/G]). In Section 7 we show that
the category of G-equivariant matrix factorizations MF® (W) for a smooth
affine X = Spec A is equivalent to DSGg(XO).

Let us assert our version of the McKay correspondence for Landau—
Ginzburg models. Consider the Landau—Ginzburg model on the affine space
M = C™ with polynomial superpotential f: M — C and its orbifold with
respect to the action of some finite subgroup G of SL(n,C). Let 7: Y —
M/G be a crepant resolution and consider the Landau—Ginzburg model
(Y, g), where g is the pullback of f to Y. We expect the following to hold.

Assertion 1.2. The category of D-branes in the Landau—Ginzburg model
(Y, g) is equivalent to the category of D-branes in the Landau—Ginzburg
orbifold (M, f).

In this paper we prove a special case of this assertion. The main result
is the following. Consider the Landau—Ginzburg orbifold defined by (M, f),
where the superpotential f is a regular G-invariant function with an isolated
critical point at the origin and G is a finite subgroup of SL(n,C) which acts
on M = C" freely outside the origin. Assuming favorable circumstances, a
crepant resolution is given by the irreducible component Y C G-Hilb(M)
dominating X = M/G. Then the category of singularities Dgg(Yp) of the
fiber Yj is equivalent to the G-equivariant category of singularities Dgg (M)
of the fiber My. Bearing in mind that the categories of singularities are
equivalent to the categories of D-branes, we obtain the connection between
D-branes mentioned above.

To finish this introduction we make some remarks of a more philosoph-
ical nature. Non-commutative geometry, as propagated by M. Kontsevich
in [21], is based on the idea that to do geometry you really do not need
a space, all you need is a category of sheaves on this would-be space. A
non-commutative space X is a small triangulated C-linear category %x
which is Karoubi closed and enriched over complexes of C-vector spaces (this
notion is explained in detail in [8]). If X is a smooth scheme of finite type,
then X can be considered as a non-commutative space with ¢x = D(X).
Any Landau-Ginzburg model (X, W) is also a non-commutative space with
G (x,w) = Dsg(Xo). We see that the physical meaning of non-commutative
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space is to replace the space by the category of D-branes. If we return to the
McKay correspondence, then we deduce that the non-commutative space Y
is isomorphic to the non-commutative space A = C|x,y, z] * G. This leads
naturally to a generalized notion of McKay correspondence as an isomor-
phism of non-commutative spaces. Note that this fits well with M. Reid’s
Principle 1.1, where the word “geometry” was left deliberately vague. We can
restate assertion 1.2 by saying that the Landau—Ginzburg model (Y, g) and
the Landau—Ginzburg orbifold (M, f) are isomorphic as non-commutative
spaces.

2. The physical argument

It is instructive to look at the physical argument involved in justifying Asser-
tion 1.2. The set-up is the so-called gauged linear sigma model.

The gauged linear sigma model is a very useful model, which in an
appropriate sense “interpolates” between nonlinear sigma models on Calabi—
Yau manifolds and Landau—Ginzburg orbifolds. Such a model is determined
by a “radial” parameter 7.

Here are some of the basic ideas concerning gauged linear sigma models.
We will just indicate enough details to see the parameter r appearing. Let us
consider the U(1) gauge theory with n chiral matter superfields X;,..., X,
of charge 1, and one chiral superfield P of charge —n. We also consider a
twisted chiral superfield ¥ with values in the complexification of the adjoint
bundle over 2|4-superspace. Write each of these superfields in components

Xi:$i+9("')+"‘a

The bosonic potential is a function V' = V(z, p, o) of the bosonic components
of these superfields. It has the form

1 n
V= 2762D2 + |0\2(Z Els Jr”2|19|2>~

=1

The “D-term” is equal to

n
D = Z |lzi|> — nlp|® —r.
i=1
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This is actually a familiar function mathematically; it is the moment map
generating the U(1)-action on the flat Kiihler manifold Z = C"*! with coor-
dinates z1,...,z, and p.

The moduli space of classical vacua — that is, the special field configu-
rations of minimal energy — for this theory is

M = V_l(O)/U(l)

The quotient by U(1) comes from the gauge symmetry. So we need to set
V' = 0 and divide by U(1). Thanks to the form of the potential, this requires
that D = 0, and either 0 =0 or Y, |z;|*> 4+ n?|p|> = 0. Now, setting D =0
and dividing by U(1) is the familiar mathematical operation of symplectic
reduction, in which D = 0 defines a level set for the moment map of the
U(1)-action (with the choice of r specifying the level). There is another
mathematical interpretation of this process, as a quotient in the sense of
GIT: we complexify the group U(1) to C* and consider the action of C* on
Z = C"*! with the same weights as before (the z;’s have weight 1 and p has
weight —n).

It turns out that there are two possible GIT quotients depending upon
the sign of r. For r > 0, D = 0 implies that not all ; can vanish and thus o
must be zero. The variable p is free as long as the condition D = 0 is satisfied.
Owing to these, the quotient can be interpreted as the total space Y =
tot(Opn-1(—n)) of the line bundle Op.-1(—n) (p serves as a fiber coordinate).
For r < 0, vanishing of the D-term requires that p # 0. We can therefore use
the C*-action on (x;,p) to set p = 1. This leaves a residual invariance under
the subgroup G = Z,, on U(1) (because p has charge —n). Thus, the quotient
is C"/@G. This will therefore be what is known as an orbifold theory.

Let us note that r determines the ‘size’ of the non-compact Calabi—Yau
manifold Y. In this sense, the variable r can be thought of as determining
the Kéahler modulus of the theory. Geometrically, taking » — 0 corresponds
to blowing-down the P"~! at the base of the line bundle &p.-1(—n) and the
geometry becomes isomorphic to C"/G.

The real Kahler modulus r is complexified by the #-angle of the gauged
linear sigma model (which becomes the B-field in string theory) through
the combination % +ir, and the complexified Kahler moduli space has two
phases. When r > 0 the infrared fixed point of the gauged linear sigma
model is a nonlinear sigma model on the target space Y and this is called
the Calabi—Yau phase. The phase r < 0 corresponds formally to an analytic
continuation to negative Kéhler class. For Opn-1(—n) this means “negative
size” of the P" 1, i.e., we pass to the blow-down phase where the P*~! has
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been collapsed to a point, and the target is C"/G. The singularity at r = 0
can be avoided by turning on a non-zero f-angle.

We are particularly interested in trying to understand D-branes (in par-
ticular, D-branes with B-type boundary conditions) in gauged linear sigma
models with boundary. In the Calabi—Yau phase the category of D-branes is
D(Y'), the derived category of coherent sheaves on Y. In the orbifold phase,
this should be replaced by the derived category D%(C") of G-equivariant
sheaves on C™. We can try to use the boundary gauged linear sigma model
as a tool to “flow” the category D% (C") to the category D(Y'), thus real-
izing the equivalence of the two categories by means of a physical system.
Thus D-branes give a completely natural explanation of the McKay corre-
spondence in terms of the interpolation between small and large “volume”
phase of a gauged linear sigma model with boundary.

Now it is time to supplement the gauged linear sigma model by a super-
potential W: Z — C. It must be a holomorphic function on Z = C**'. We
are chiefly interested in superpotentials of the form W = pf(x1,...,x,),
where f is a general homogeneous polynomial of degree d. The potential
energy for this linear sigma model is

1 2 2 2 2 2 - 2 21,12
V=g D2+ P+ pP ISP + o D lif® +n?lpf* |

i=1

Let us restrict attention to polynomials that are transverse, meaning that the
equations f = df = 0 have no simultaneous solutions except at the origin.
This implies that the hypersurface S of P"~! defined by f = 0 is a smooth
complex manifold. Moreover, if d = n then S is a Calabi—Yau manifold. We
will assume this in the sequel.

Let us analyze the spectrum of the classical theory. As before, the struc-
ture of the moduli space of classical vacua is different for » > 0 and r < 0,
and we will treat these two cases separately.

First, let us take » > 0. In this case, D = 0 requires at least one x; to be
non-zero, forcing o to vanish. If we assume p # 0, the equations f =df =0
with the transversality condition imply that all x; must vanish. However,
this is inconsistent with D = 0. Thus p must be zero. Our equations for
classical vacua become p =0, > .|z;|* =7 and f =0, and we must divide
by the action of the gauge group U(1). This gives the hypersurface S defined
by the equation f = 0 in P"~!, with Kéhler modulus r. Thus, classically our
theory can be described as a nonlinear sigma model whose target space is
this hypersurface S.
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Let us move to the case r < 0. The space of classical vacua satisfies x; =
0 and n|p|?> = —r. We can use a gauge transformation to fix p = \/—r/n,
leaving a residual gauge invariance of G = Z,. The local description of the
theory is this: for 7 < 0, the field P has a large mass and can be integrated
out, leaving an effective theory of n massless chiral superfields Xq,..., X,
with an effective interaction

Weg = const - f(x1,...,Ty).

Such a theory of n massless fields with a polynomial interaction is called
a Landau—Ginzburg model. We should notice, however, that the Landau—
Ginzburg model is not an ordinary one, but a G-gauge theory. Physical
fields must be invariant under the G-action, and the configuration must be
single-valued only up to the G-action. Such a gauge theory is usually called
a Landau-Ginzburg orbifold.

In this way, the gauged linear sigma model interpolates between the
Landau-Ginzburg orbifold and the Calabi-Yau nonlinear sigma model.
These two regions can be considered as a sort of analytic continuation of
each other.

In both these theories we know how to describe topological D-branes. In
the Calabi—Yau phase the D-brane category is the derived category D(S) of
coherent sheaves on S. In the Landau—Ginzburg phase, D-branes are realized
as G-equivariant matrix factorizations of f. Using the gauged linear sigma
model realization, the previous discussion naturally leads to the statement
that there should be an equivalence of categories D(S) = MFY(f), where
MF%(f) is the category of G-equivariant matrix factorizations of f.

Now, we can consider Y = tot(Opn-1(—n)) as a Landau—Ginzburg model
with superpotential g given by the pullback of f to Y. As mentioned in the
introduction, in this case the category of D-branes is defined as the category
of singularities Dgg(Y)), where Y} is the fiber of g over 0.

On the other hand, we can describe Y as a GIT quotient of an affine
space Z = C"*! by the linear action of C*. The underlying superpotential
W = pf(x1,...,2,) on Z = C""! descends to a holomorphic function on Y
that coincides with g. In the presence of a C*-action one can also consider
the category MF&" (W) of graded matrix factorizations of W. We can think
of the latter as being the category of D-branes in the gauged linear sigma
model.

Now we reach the crucial step. One of the main outcomes of [15] is that
the categories of D-branes in the Calabi—Yau and Landau—Ginzburg phases
are both quotients of MF8&"(WW). However, at » > 0 and at “intermediate
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energy scale” one could always choose the description as the Landau—
Ginzburg model with superpotential g over Y. This superpotential gives
masses to the field P and to the “transverse modes” to the hypersurface S.
At “lower energies”, it is more appropriate to integrate them out, and we
have the nonlinear sigma model on S.

In the light of all this we can expect that the categories of D-branes
Ds,(Yp) and MFE(f) are also equivalent. Now, our Theorem 7.3 gives an
equivalence between the category of D-branes MFG( f) and the G-equivariant
category of singularities Dgg(Mo), where My is the fiber of f over 0. So, we
arrive at the statement that the category Dgy(Yy) should be equivalent to the
category DSGg(MO). This equivalence allows us to compare the category of D-
branes on the Landau—Ginzburg model (Y, g) with the category of D-branes
in the Landau-Ginzburg orbifold (M, f). Given this simple observation, it
is natural to think that the correspondence between D-branes in the two
theories is given by a McKay correspondence.

3. Localization in triangulated categories

In this section we will review the definition of localization of triangulated
categories. The reader is referred to [13], for example, for a more complete
discussion.

Recall that a triangulated category & is an additive category equipped
with the additional data:

(a) an additive autoequivalence T: Z — 2, which is called a translation
functor,

(b) a class of exact (or distinguished) triangles

u v w

X Y VA TX.

These data must satisfy a certain set of axioms (see [13] and also [14]).

An additive functor F': 2 — 2’ between two triangulated categories &
and 2’ is called ezact if it commutes with the translation functors, i.e., there
is a natural isomorphism FT = TF, and it sends exact triangles to exact
triangles, i.e., any exact triangle X — Y — Z — T'X in & is mapped to an
exact triangle

X FYy rz FrXx

in 2', where FTX is identified with TFX via the natural isomorphism of
FT and TF.
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A full additive subcategory A4 C Z is said to be a full triangulated
subcategory, if the following condition holds: it is closed with respect to
the translation functor in & and if it contains any two objects of an exact
triangle in Z then it contains the third object of this triangle as well.

With any pair A4~ C 2, where .4 is a full triangulated subcategory in a
triangulated category &, we can associate the quotient 2 /.4". To construct
it denote by X the class of morphisms s in Z fitting into an exact triangle

s

X Y N TX

with N € 4. It is not hard to see that ¥ is a multiplicative system. We then
define the quotient 2/.4 as the localization 2[X~!] and observe that it is
a triangulated category. The translation functor on Z/.4" is induced from
the translation functor in the category Z, and the exact triangles in /.4
are triangles isomorphic to the images of exact triangles.

The category /.4 has the following explicit description. The objects
of /.4 are the objects of 2. The morphisms from X to Y are equivalence
classes of diagrams (s, f) in Z of the form

Xéy'#;}/ with s € 3,

where two diagrams (s, f) and (¢, g) are equivalent if they fit into a commu-
tative diagram

Y/

Z 1N

X<—Y"—>Y

N

Yl/

with r € 3.

The quotient functor Q: ¥ — Z/.4 annihilates .4". Moreover, any exact
functor F': 2 — 2’ between triangulated categories, for which F(X) =0
when X € 4, factors uniquely through @. This implies the following result
which will be useful later.

Lemma 3.1. Let A and A" be full triangulated subcategories of triangu-
lated categories 2 and 9, respectively. Let F: 9 — 2" and G: 2" — P be
an adjoint pair of exact functors such that F(A) C A" and G(AN") C N
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Then they induce functors
P9/ —P)N and G: DN — D)W,

which are adjoint as well. Moreover, if the functor F': 9 — 2’ is fully faith-
ful, then the functor F: @) N — D' A" is also fully faithful.

4. Triangulated categories of singularities

In this section we give the definition and basic properties of triangulated
categories of singularities. We refer to Orlov’s papers [27] and [26] for all the
proofs of the assertions below.

We are mainly interested in triangulated categories and their quotient by
triangulated subcategories that are coming from algebraic geometry. Let X
be a separated Noetherian scheme of finite Krull dimension over C such that
the category of coherent sheaves Coh(X) has enough locally free sheaves.
For future reference we denote the category of quasi-coherent sheaves on X
by Qcoh(X).

Denote by D(X) the bounded derived category of coherent sheaves on
X. The objects of the category D(X) which are isomorphic to bounded
complexes of locally free sheaves on X form a full triangulated subcategory.
It is called the subcategory of perfect complexes and is denoted by Perf(X).!

Definition 4.1. Define the triangulated category of singularities Dgg (X))
of X as the quotient category D(X)/ Perf(X).

It is known that if our scheme X is regular then the subcategory of per-
fect complexes Perf(X) coincides with the whole bounded derived category
of coherent sheaves. In this case the triangulated category of singularities
Dgg (X)) is trivial. Thus Dgg(X) is only sensitive to singularities of X.

Let f: X — Y be a morphism of finite Tor-dimension (for example, a
flat morphism or a regular closed embedding). It defines the inverse image
functor Lf*: D(Y) — D(X). It is clear that the functor Lf* sends perfect
complexes on Y to perfect complexes on X. Therefore, the functor L f*
induces an exact functor Lf : Dg,(Y) — Dgg(X).

! Actually, a perfect complex is defined as a complex of &x-modules locally quasi-
isomorphic to a bounded complex of locally free sheaves of finite type. But under
our assumption on the scheme any such complex is quasi-isomorphic to a bounded
complex of locally free sheaves of finite type (see [34]).
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Suppose, in addition, that the morphism f: X — Y is proper and locally
of finite type. Then the direct image functor Rf,: D(X) — D(Y) takes per-
fect complexes on X to perfect complexes on Y (see [34]). Hence it deter-
mines a functor Rf, : Dgg(X) — Dgg(Y) which is right adjoint to Lf . We
should remark, however, that all the specific morphisms we consider are
non-proper.

A fundamental property of triangulated categories of singularities is a
property of locality. Here is a precise statement.

Proposition 4.2. Let X be as above and let j: U — X be an embedding of
an open subscheme such that Sing(X) C U. Then the functor j : Dg,(X) —
Dg, (U) is an equivalence of triangulated categories.

Triangulated categories of singularities of X have additional good prop-
erties in case the scheme is Gorenstein. Recall that a local Noetherian ring
A is called Gorenstein if A as module over itself has a finite injective reso-
lution. It can be shown that if A is Gorenstein then A has finite injective
dimension and the natural map

M — R Homy(RHom} (M, A), A)

is an isomorphism for any finitely generated A-module M and, as a conse-
quence, for any object from D(Spec A). A scheme X is Gorenstein if all of
its local rings are Gorenstein local rings. If X is Gorenstein and has finite
dimension, then O is a dualizing complex for X, i.e., it has finite injective
dimension as a quasi-coherent sheaf and the natural map

& — RAom (RHomx(8,0x),Ox)

is an isomorphism for any coherent sheaf &. In particular, there is an integer
ng such that &zt (&, Ox) = 0 for each quasi-coherent sheaf & and all i >
ng.

The following gives a useful description of the morphism spaces in tri-
angulated categories of singularities.

Proposition 4.3. Let X be as above and Gorenstein. Let & and F be
coherent sheaves such that Exts (&, 0x) =0 for all i > 0. Fiz n such that
Ext' (S, F) =0 fori>n and for any locally free sheaf .. Then

Homp, (x)(&, #[n]) = Ext (&, F)/%,
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where X is the subspace of elements factoring through locally free, i.e., e € #
if and only if e = af with a: & — .7 and § € Ext% (Y, %), where . is
locally free.

5. Triangulated categories of matrix factorizations

In this section we introduce the category of matrix factorizations and give
some of its basic properties. The origin of this category goes back to the work
of D. Eisenbud [12] in the context of so-called maximal Cohen-Macaulay
modules over local rings of hypersurface singularities.

As proposed by M. Kontsevich (see also [19]) the category of D-branes
associated to a Landau—Ginzburg model can be characterized in terms of
matrix factorizations. For us, a Landau—Ginzburg model is simply a pair
(X, W), where X is a smooth variety (or regular scheme), and W: X — C
is a regular function on X called the superpotential. To keep things simple,
we will assume throughout that W has a single critical value at the origin
0 € C. To these data one can associate two categories: an exact category
Pair(IW) and a triangulated category MF(W). We give the construction of
these categories under the condition that X is affine.

Let A be a commutative algebra over C. Then one can regard A as the
algebra of functions on an affine scheme X = Spec A. Denote by Mod-A the
category of all right modules over A. It is a well-known fact that the global
section functor

H®: Qcoh(X) — Mod-A

is an equivalence with inverse denoted by (—). It is also well known that this
functor restricts to an equivalence

H°: Coh(X) — mod-A4,

where mod-A is the category of finitely generated right modules over A. Note
that under this equivalence locally free sheaves are the same as projective
modules.

For a non-zero element W € A, a matriz factorization of W is an ordered
pair

— Po
P=(P==n),
where Py, P; are finitely generated projective A-modules and pg, p; are A-

homomorphisms such that pypg = W -idp, and pop1 = W -idp,. Since pop1
and p1pg are W times the identities, where W is a non-zero element of A,
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the rank of Py coincides with that of P,. We call the rank the size of the
matrix factorization.

The above construction can be reformulated in terms of Zy-graded A-
modules as follows. A Zy-graded A-module P = Py @ P, can be thought of
as an ordinary A-module P equipped with a C-linear involution 7: P —
P, 72 =id. The homogeneous parts Py and P; are the eigenspaces of 7
corresponding to the eigenvalues 1 and —1, respectively. A pair P can be
similarly thought of as a triple (P, 7, Dp), where Dp: P — P is an odd A-
homomorphism satisfying D% = W -idp. Given two matrix factorizations
P = (P,7,Dp) and Q = (Q,0,Dg), the A-module Hom(P, Q) forms a Zs-
graded complex

Hom(P, Q) = Hom(P,Q)o ® Hom(P,Q)1,
where

)Jo = Hom 4 (Py, Qo) ® Hom (Pr, Q1),

Hom(P,
P,Q)1 = Homy (P, Q1) ® Homy (Pr, Qo),

Q
Hom(P,Q
and with differential D acting on homogeneous elements of degree k as

D¢ =Dq-¢—(—1)"¢- Dp.

The set of objects of the categories Pair(WW) and MF(W) is given by the
set of matrix factorizations of W. The space of morphisms Homp,;,(w) (P,Q)
in the category Pair(W) is the space of homogeneous morphisms of degree 0
which commute with the differential D. The space of morphisms in the cat-
egory MF (W) is the space of morphisms in Pair(7#’) modulo null-homotopic
morphisms, i.e.,

Ql
I
N
T
o
g
| ol
Q|

))’
))-

Q|

HomMF(W)( ) ): HO(Hom(P,

Thus a morphism ¢: P — @ in the category Pair(W) is a pair of morphisms
¢o: Po — Qo and ¢1: Pr — Q1 such that ¢1po = gogo and g1¢1 = ¢op1. The
morphism ¢ is null-homotopic if there are two morphisms ¢y: Py — @1 and
t1: P — Qg such that ¢1 = qot1 + top1 and ¢g = t1po + qito.

It is clear that the category Pair(I¥) is an exact category with respect
to componentwise monomorphisms and epimorphisms (see the definition
in [30]).
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The category MF(W) can be endowed with a natural structure of a
triangulated category. To determine it we have to define a translation functor
[1] and a class of exact triangles.

The translation functor can be defined as a functor that takes P to the
object

M Pll=(P==h).

i.e., it changes the order of the modules and signs of the morphisms, and
takes a morphism ¢ = (¢o, ¢1) to the morphism ¢[1] = (¢1, ¢o). We see that
the functor [2] is the identity functor.

For any morphism ¢: P — @ from the category Pair(W) we define a
mapping cone C(¢) as an object

(2) C(¢):(Q0@Plz<:>?Q1@Po)

(a0 PN (a1 %o
CO_(O —p1>’ Cl_<0 —p0>'

There are maps ¥: Q — C(¢), ¥ = (id,0) and &: C(¢) — P[1], £ = (0,id).
Now we define a standard triangle in the category MF (W) as a triangle
of the form

such that

_ 6 — ¥ &
P—>Q—C(¢) — P[1]
for some ¢ € Hompyi, ) (P, Q). A triangle P — Q — R — P[1] in MF(W)
will be called an exact triangle if it is isomorphic to a standard one.
As a consequence we get the following.

Proposition 5.1. The category MF (W) endowed with the translation func-
tor [1] and the above class of exact triangles becomes a triangulated category.

The proof is the same as the analogous result for a usual homotopic
category (see, for example, [13]).

Definition 5.2. The category MF (W) constructed above is called the tri-
angulated category of matrix factorizations for the pair (X = Spec A, W).
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Denote by Xy the fiber of W: X — C over the point 0. With any matrix
factorization P we can associate a short exact sequence

P1

0 P Py coker p; — (.

We can attach to an object P the sheaf cokerp;. This is a sheaf on X.
But the multiplication by W annihilates it. Hence, we can consider coker p;
as a sheaf on Xy. Any morphism ¢: P — Q in Pair(W) gives a morphism
between cokernels. In this way we get a functor Cok: Pair(IW) — Coh(Xj).
We have the following result, see [27, Theorem 3.9].

Theorem 5.3. There is a functor F that completes the following commu-
tative diagram:

Pair(W) —<°% Coh(X,)

| |

MF (W) —= Dgg(Xo).

Moreover, the functor F' is an equivalence of triangulated categories.

6. Orbifold categories

As is well known, for the Calabi-Yau/Landau—Ginzburg correspondence,
one must consider orbifolds of D-branes in a Landau—Ginzburg theory. The
definition of triangulated categories of singularities and matrix factorizations
can be extended to this situation.

We start by recalling the definition and basic properties of equivariant
coherent sheaves. More details can be found in [28]. Let G be a finite group
acting on some scheme X. A G-equivariant coherent sheaf on X is a coherent
sheaf & on X together with isomorphisms )\51 & = g*& for all g € G subject
to AZ = idg and X%, = h*(Ag)A;, . Mumford calls this a G-linearization of &.

If & and ¥ are two G-equivariant coherent sheaves, then the vector
space Homx (&, %) becomes a G-representation via g - § = (Af)*lg*ﬁ)\g for
0: & — F. Let Cth(X ) be the category whose objects are G-equivariant
coherent sheaves and whose morphisms are the G-invariant sheaf morphisms:

G-Homx (&,.7) = Homx (&, 7).
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This category is abelian. It is not difficult to define the usual additive
functors ®, s#om on this category. Furthermore, if f: X - Y is a G-
equivariant map between G-schemes, then one defines in an obvious way the
additive functors f.: Coh®(X) — Coh®(Y), f*: Coh®(Y) — Coh®(X).
For example, if & € Coh%(X), then f,& is canonically a G-equivariant coher-
ent sheaf via f*)\fz f+& = f.g*& = g* f+&. One now also has the usual
adjunctions and relations among these functors.

We shall have to deal with the special case where G acts trivially on
X. Then a G-equivariant coherent sheaf & is merely given by a group
homomorphism \¢: G — Aut(&). As G is finite, this representation decom-
poses into a direct sum over the irreducible G-representations pg, p1, - - -, Pn,
where we take pg to be the trivial one; i.e., & = @), & Qg pi in Coh%(X)
with ordinary sheaves &; € Coh(X). There exist no homomorphisms between
sumands corresponding to two different representations, and hence we obtain
two mutually adjoint and exact functors, the latter of which is ‘taking
G-invariants’:

— ®po: Coh(X) — Coh%(X),
[—]¢: Coh®(X) — Coh(X).

We come back now to the general case. Given two objects & and .% in
Coh%(X), we consider Ext’ (&, .%) as a G-representation in the usual way.
Then it is easily seen that

G-Ext’ (&, F) = Exti (&,.7)C.

Denote the bounded derived category of Coh(X) by D(X). We shall
refer to D%(X) as the derived category of G-equivariant coherent sheaves
on X. Using induction on the length of complexes, the above relation for
equivariant Ext groups translates to

for complexes of G-equivariant coherent sheaves & and .%" in D%(X). Note
that all facts about G-equivariant coherent sheaves also apply to complexes
of G-equivariant coherent sheaves.

It will be useful for us to look at DY(X) in another way. Consider the
quotient stack [X/G]. It is covered by one étale chart, given by the projection
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X — X/G, or more explicitly by the fiber diagram

Gx X —2sx

L

X X/G.

Now a sheaf on the stack [X/G] is just a sheaf & on the chart X with p*& =
0*&, and the descend condition translates into the linearization property.
Therefore, the abelian categories Coh([X/G]) and Coh®(X) are equivalent,
and consequently they give rise to equivalent derived categories.

A perfect complexr of G-equivariant coherent sheaves is an object of
D([X/G]) which is quasi-isomorphic to a bounded complex of locally free
sheaves on [X/G]. The perfect complexes of G-equivariant coherent sheaves
form a full triangulated subcategory Perf([X/G]) C D([X/G]) = D%(X).

Definition 6.1. Define the G-equivariant category of singularities Dgg(X )
of X as the quotient category D%(X)/ Perf([X/G]).

One can show that the entire discussion we had in Section 4 goes through
in the case of G-equivariant coherent sheaves.

It also makes sense to define G-equivariant matrix factorizations. Sup-
pose X = Spec A is a G-scheme. It is natural to define the following abelian
category Mod“A. Its objects are A-modules M with the property that
for every g € GG, there is given an A-isomorphism )\f]\/[ : M — g*M, such
that for every g,h € G, we have )\% = h*()\g/[))\hM and AM =idy;. Note
that in this expression g*M = g;'M is just the abelian group M with its
A-module structure induced by g~': A — A. A morphism ¢: M — N is just
an A-homomorphism, which should satisfy the property that for all g € G
and m € M, we have qﬁ()\y(m)) = )\év(gb(m)). This clearly gives rise to an
abelian category in a natural way. Likewise, it has an abelian subcategory
determined by the full subcategory of finitely generated A-modules, which
we will denote by mod“A. Note that if X happens to be a trivial G-scheme,
we have mod“-A = CG-mod-A (just a category of bimodules). We can now
define in an obvious way a functor

H°: Qcoh%(X) — Mod“ 4,
which is an equivalence with inverse (T) Moreover this functor restricts to
an equivalence

H°: Coh%(X) — mod“ A,
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Note that these functors are just extensions of the previous ones.

Now assume that there is an action of the group G on the Landau-
Ginzburg model (X = Spec A,W) such that the superpotential W is
G-equivariant. In this case, we can consider two categories: an exact cat-
egory Pair®(W) and a triangulated category MFY(W). Objects of these
categories are ordered pairs

where Py, P, are finitely generated projective G-A-modules and pg, p1
are G-equivariant maps such that the compositions pgp; and pipg are the
multiplication by the element W € A. A morphism ¢: P — @ in the cat-
egory Pair®(W) is a pair of G-equivariant morphisms ¢g: Py — Qo and
¢1: P1 = Q1 such that ¢1pg = qoopo and q1¢1 = Pgp1- Morphisms in the cat-
egory MFY (W) are classes of G-equivariant morphisms in Pair® (W) modulo
null-homotopic morphisms. The shift functor and the distinguished triangles
can be constructed by imposing equivariance conditions on Equations (1)
and (2).

Definition 6.2. The category MF® (W) constructed above is called the
triangulated category of G-equivariant matrix factorizations for the pair
(X = Spec A, W).

7. Categories of matrix factorizations and categories
of singularities

Our aim now is to describe an equivalence of categories between MF% (W),
the category of G-equivariant matrix factorizations, and Dgg(XO), the
G-equivariant category of singularities. In the non-equivariant setting, we
have seen in Section 5 that MF (W) is equivalent to Dgg(Xp). The gener-
alization to the equivariant situation is straightforward. Our proofs in this
section are modeled on those in [27].

With any object P in Pair® (W) we associate the module coker p; and
its free resolution

P1

0 P B coker p; —= 0.

It can be easily checked that W annihilates cokerp;. Hence the module
coker p; is naturally a right G-A-module. For each object P in PairG(W)
we define CokG(?) = coker p1; this is a G-equivariant coherent sheaf on Xj.
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If ¢: P— Q is a morphism in Pair®(W) then ¢ induces a morphism
CokG(¢): coker p; — coker ¢;. This construction defines a functor Cok?:
Pair® (W) — Coh%(Xy).

Lemma 7.1. The functor Cok® is full.

Proof. This is essentially Lemma 3.5 proved in [27]. We recall its proof for
the convenience of readers. Fix two objects P and @ in Pair® (W) and let
f: cokerp; — coker q; be a morphism in Coh®(Xj). Since Py and P are
projective f can be extended to a map of exact sequences

P1

0 P Py cokerpy ——= 0
Jdo e )
0 Q1 o Qo coker g — 0.

We want to show that ¢ = (¢, 1) is a map of pairs. We have that

q1(P1p0 — qodo) = Pop1po — q1q0P0 = poW — W = 0.

Using that ¢; is a monomorphism, we obtain that ¢1pg = go¢o, which shows
that ¢ = (o, 1) is a map of pairs, as required. O

Next we show that the functor Cok® induces an exact functor between
triangulated categories.

Proposition 7.2. There is a functor FE which completes the following
commutative diagram:

Pair (W) 25 Coh%(Xo)

| |

MF (W) —> D, (Xo)-

Moreover, the functor FC is an exact functor between triangulated cate-
gories.

Proof. Most of the argument is identical to the non-equivariant case proved
in [27, Proposition 3.7]. We define a functor FC: Pair®(W) — DSGg(Xo)
to be the composition of Cok® and the natural functor from Coh%(Xj) to
DSGg(Xo). To prove that F¢ induces a functor from MFY (W) to DSGg(Xo) we
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need to show that any morphism ¢ = (¢g, ¢1): P — Q in Pair® (W) which is
homotopic to 0 goes to 0-morphism in Dgg(Xo). Fix a homotopy t = (to, 1)
where tg: Py — Q1 and t1: P; — Qq. Consider the following decomposition
of ¢:

p1

P By coker pq

(t1u¢1)l l(toﬂﬁo) \L

QO@Ql%Ql@QOHQO/W

prl ) lpr l

Q1 Qo — coker ¢y,

Po

q0

. —qo id . —q1 id
CO_<0 fh)’ 01—(0 QO>'

This gives a decomposition of F¢(¢) through a G-equivariant locally free
object Qo/W on Xg. By Proposition 4.3 we have that F%(¢) =0 in the
category Dgg(Xo). It is not difficult to check that F® takes a standard
triangle in MFY (W) to an exact triangle in Dgg(X(]). Therefore F¢ is exact.

U

where

Notice that there is a natural forgetful functor U: MF%(W) — MF(W),
which simply forgets the G-action. We have the natural second forgetful
functor U : Dgg(Xo) — Dgg(Xp). For each P in MF% (W), the two objects
UFGP and FUP coincide. More precisely, there is a commutative diagram

MFE (W) —~ D, (Xo)

Ui v

MF (W) %) Dg, (X0).
We can now prove the main result of this section.

Theorem 7.3. The functor F¢: MF%(W) — Dgg(Xo) is an equivalence
of triangulated categories.

Proof. First we verify that the functor F& is fully faithful. This follows
from the arguments of [29, Lemma 5]. We repeat the proof in the current
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setting. Fix two objects P and @ in MFY(W). By definition of morphisms
in MF®(W) and DSGg(Xo), we have a diagram

Homyr ) (UP,UQ)

)

Homyie(w) (UP,UQ)¢ Homp,, (x,)(UF“P,UF“Q)

Homype iy (P, Q) Hompg (x,)(F “P,FYQ)

HomDSg(XO) (FU?, FU@)

and the top morphism is a bijection. Thus the lower map of the diagram is
injective, and hence F¢ is faithful. To see that FC is full as well, consider
the following variation of the former diagram

HOHIMF(W)(UP, U@) I’IOH’I]:)Sg(‘XO)(lejﬁ7 FU@)

i Lp

Homyie(w) (UP,UQ)¢ Homp,, (x,)(UF“P,UF“Q)¢

Hompg (x,) (F9P, FCQ)

using the averaging (or Reynolds) operators m and p. We obviously have
w(¢) = ¢ (respectively p(f) = f) if and only if ¢ (respectively f) is a
G-equivariant morphism. In particular, 7 and p are surjective. The fact
that the functor F is full then implies the same property for F©.

What remains to be proved is that every object &/ in Dgg(Xo) is iso-
morphic to FEP for some P. A complete proof of this is given in [27,
Theorem 3.9]; it carries over without change. g

8. McKay correspondence for Landau—Ginzburg models

Here we use the results from the preceding sections to prove a version of the
McKay correspondence for Landau—Ginzburg models. We begin by review-
ing the basic setting.

Let M = C"™ be the complex n-dimensional affine space, and let G be
a finite subgroup of SL(n,C). Put X = M/G and let 7: M — X denote
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the natural projection. We assume that G acts on M freely outside the
origin, which means that X has an isolated singularity.? Write G-Hilb(M)
for the Hilbert scheme parametrizing G-clusters in M, that is, the scheme
parametrizing G-invariant subschemes Z C M of dimension zero with global
sections HY(0z) isomorphic as a CG-module to the regular representation
of G. Let Y be the irreducible component of G-Hilb(M ), which contains the
G-clusters of free orbits. There is a Hilbert—Chow morphism 7 : G-Hilb(M )—
X which, on closed points, sends a G-cluster to the orbit supporting it.
This morphism is always projective and the irreducible component Y C
G-Hilb(M) is mapped birationally onto X. We use the same notation 7 for
the restriction of the map to Y.

Now let 2 C Y x M denote the universal closed subscheme, and con-
sider its structure sheaf &'. We remark that &2 has finite homological
dimension, because O« is flat over Y and M is non-singular. Let D(Y") and
D% (M) denote the bounded derived categories of coherent sheaves on Y and
G-equivariant coherent sheaves on M, respectively. If my and ;s are the pro-
jections from Y x M to Y and M, we define a functor ®: D(Y) — D% (M)
by the formula

®(—) = Ry (O [n] @ 73 (= ® po))

where ﬁép denotes the derived dual Rs#omy, (O, Oy xpr). Our main
result will be shown under the following assumption.

Assumption 8.1. 7:Y — X is a crepant resolution and ® is an equiva-
lence of triangulated categories.

The quasi-inverse ¥: D%(M) — D(Y) can be calculated using
Grothendieck duality as the right adjoint of ®, given by the formula

U(—) = [Ray.(0z @ m3,(—)))°.

Assumption 8.1 is known to hold if dim(Y xx Y) <n+ 1 due to the work
of Bridgeland et al. [5] together with the results of [6]. In the case of n <3,
this dimension condition is always fulfilled because the exceptional locus of
7 has dimension < 2. However, for n > 4 this condition rarely holds.

2This is for the purpose of simplicity — the method would seem to be applicable
to the general case with some modifications.
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We need to make a remark here. In [5], the definitions of ® and ¥ differ
slightly from the ones we took. Bridgeland et al. define

®(—) = Rmae (O @ 73 (— @ po)),
U(—) = [Ray.(0y[n] @ m3,(-))]°.

It is clear that this difference does not really change the proof of the main
result of [5]. The only difference is that everywhere 0 and & become
interchanged.

Assume now that f: M — C is a regular function with an isolated crit-
ical point at the origin which is invariant with respect to the action of G on
M. We can regard M as a Landau—Ginzburg orbifold with superpotential
f. We denote by My the fiber of the map f over the point 0 € C. Next, let
f: X — C be the unique morphism such that f = fr. Another Landau-
Ginzburg model consists of the variety Y and superpotential g: ¥ — C
obtained by pullback of f to Y. We let Yy be the fiber of g over the point
0. Note that Yj contains the exceptional locus 77 1(7(0)) of the resolution.
Note also that the function g will, generally speaking, have non-isolated crit-
ical points. For future use, we let ig: Yy — Y and jo: My — M denote the
corresponding closed immersions of fibers.

We now head towards proving the main result of this section, which
asserts that there is an equivalence between the category of singularities of
Yp and the G-equivariant category of singularities of Mj. First, however,
we must provide preliminary results. Let us denote by py and pjs the pro-
jections of the fiber product Y x¢ M onto its factors so that we have the
following cartesian diagram:

YXCM

Y M
C
The universal sheaf 0% on Y x M is actually supported on the closed sub-
scheme j: Y x¢ M — Y x M. Thus there is a sheaf ¢ on Y x¢ M, flat over
Y, such that Oy = j,9.
Let D(Yp) denote the bounded derived category of coherent sheaves on

Yy and D¥(My) the bounded derived category of G-equivariant coherent
sheaves on My. Write kg for the natural immersion Yy x My — Y x¢c M.
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Then ¥; = Lk;¥ has finite homological dimension and we may define a
functor ¥y: DY (Mp) — D(Yp) by the formula

To(—) = Ry % @ iy, ()]

where 7y, and mjys, are the projections of Yy x My to Yy and My. That
the functor Rry,.(%; @Y —) takes DY (Yy x M) to DY(Yp) can easily be
seen from the argument of [9, Lemma 2.1] since the support of ¥%; is proper
over Yj.

We obtain a useful and probably well-known result, a version of which
can be found in [9, Lemma 6.1].

Lemma 8.2. There is a natural isomorphism of functors:
i0xWo(—) = Wjox(—).

Proof. We first note that there exists a natural isomorphism between the
functors

[-1°

DY (Yp) - D(¥p) 2= D(Y)

and

[-1¢

DY(Yp) > DE(Y) = D(Y) .

The cartesian diagram

Yo x My~ Y xe¢ M

TMg i lpM

My M

Jo
shows that
Koxm g, (=) = phsdos (=) = L mhydos ().

By the projection formula, we can then write

Jekor (kGG @ 73y, (=) = (9 @Y koumhy, (-))
= (9 " Lj* o« (—))
= )G @Y whyjon(~)
=0y R TarJos(—)-
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Putting these observations together, we obtain the desired isomorphism:

i0:Wo(—) = dox[Rry (% @ iy, (—))]
= [io. Ry, « (% @™ ﬂ%(‘))]a
> [Rary.(io X jo)«(%5 @ iy, (—))]¢
[Ryejickos (LY @ iy (<))€
Ry (O @ mhjon(—))]¢
= \I’jﬂ*(_)‘ 0

I

I

We want now to consider a correspondence in the opposite direction. The
main problem is the right adjoint to Ry, as my, is manifestly non-proper.
However, using Deligne’s construction of wéfo in the context of general
Grothendieck duality theory (cf. [10,22,23,32]) we can still obtain a right
adjoint to Ry, for the full subcategory of D% (Yy x M) consisting of
objects whose support is proper over Yy. Let us see how this comes about.

Let Mg be the closure of My in the projective space P". Then the map y,
factorizes as my, = Ty,¢ where ¢: Yy x My < Yy x My is an open immersion
and Ty, : Yo X My — Yy is the projection. In this way we get an extension
of my, which is a proper map. Now define the functor 71'%/0 : D(Yp) — D(Yp x
Mp) to be L*ﬁlyo . A reasoning as in [23, Lemma 4] shows that there is a
functorial isomorphism

Homp,y,) (Ry,«&”,. ") = Hompy, x11,) (67 7y, F ),

for every object & in D(Yy x Mj) whose support is proper over Yy and any
Z in D(Y)). Furthermore, since the map 7y, is of finite Tor-dimension and
of finite type, it follows from [22, Theorem 4.9.4] that there is a functorial
isomorphism

Wéfoﬂ' = ngoﬁyo 3. F
for any .7 € D(Yp). Let us remark that the above extends straightforwardly
to the corresponding G-equivariant categories.

Let ®p: D(Yy) — D%(Mp) denote the functor in the other direction
defined as

q)o(_) = RWMO*R‘%()m.YOXMO (g07ﬂ-;/0(_ ® PO))

Observe that the fact that 7 is proper implies that the support of ¥4 is proper
over Mp. Arguing as before one can check that Ry« Romy, o 1/ (45, —)
sends D% (Yy x Mp) to DE(My), so ®q is well defined.
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The following is an immediate consequence of the definition.
Lemma 8.3. @ is right adjoint to Vy.

Proof. Indeed, for any & € D(Y) and .%" € D%(Mj) one has a sequence of
isomorphisms:

Hompa (az,) (F 7, Po&™)
= Hompe () (F ", R R om0, (95, 7y, (67 @ po))
= Hompe (v, ) (hg, s RA 0mi (%, 7y, (67 @ po)))
=~ Hompe (v, x 1, (%5 @ 7hp, F 7 7y, (67 @ po))

= Hompe (v,) (Rmry,« (95 @ mhy, F7), 6 @ po)

> Homp vy ([Ryse (% &% 73y, )1, &)

= Hompy,) (Yo7, &7).

Here, the third isomorphism is the aforementioned duality for my,, which
can be applied since ¥ has proper support over Yj. O

We now make an observation to be applied in the subsequent argument.
Lemma 8.4. There is an isomorphism
LkgRAZ omy o (9, Py Oy) = R omy, v, (%0 7@0 Oy,).
Proof. We have to prove that the natural morphism
LkgRA omy o (9, py Oy) —» R omy, y \y, (LkGY 7@0 Oy,)

is an isomorphism. Since kg is a closed immersion, it is enough to prove that
the induced morphism

ko« LK§RA omiy o 1 (9, Dy Oy) — kox R omiy, 11 (LEGY, Ty, O,

is an isomorphism. Consider the cartesian diagram

Yo x My~ Y xe¢ M

Wy(,l ipy

Yo , Y.

10
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We have ko.my, (—) = py-io«(—). By the projection formula, we deduce that
the first member is isomorphic to

R omiy . 11(9, Dy Oy ) @ ko Oy, x,
= RA om0 (9, Dy Oy) @ kourty, Oy,
= RA omy 1 (9, py Oy) ® piio. Oy,
= RA omy y 1(Y, Dyion Oy, ),

where the last step follows from the observation that ¢ has finite homological
dimension. The second member is isomorphic to

RAomy . 11(¥Y, ko*ﬂg/o Oy,)

by the adjoint property of Lkj and ko.. Thus, we have to prove that the
natural morphism

RA omiy 11 (9 Py ionOy,) — RA omiy 11(9, koury, Oy,)

is an isomorphism. Then, it is enough to see that p!YiO* Oy, = k‘O*TI'!YO Oy,.
This follows from the isomorphisms

Homp (yx .11y (67, Py 0+ Oy, ) = Homp vy (Rpy+&” i O,)
= HOII]D(YO)(LZ.Spr*éa', ﬁyo)
= HOH’ID(YO)(RWYO*L]{SéD, ﬁyo)
& I‘IOI’I]])(YO><A]MO)(I1]€6£7 s 7'('%/0 ﬁYO)
(

= Homp(y x.an) (&, kouy, Oy, ),

which hold for any object & in D(Y x¢ M) whose support is proper over
Y (here we used the base change theorem for the above cartesian diagram;
see [16, Section 1]). O

Before stating our next result, it will be convenient to provide the fol-
lowing piece of information. As pointed out earlier, there exists a functorial
isomorphism 7T§/O (—) = 7T§/O Oy, @ 7y, (—). Using the fact that ¢; has finite
homological dimension we obtain an isomorphism

= RA omiy, o, (95, 7y, Ov,) @ 73, ().
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Thus, denoting 7 = Romy, . 1 (45, 7T!Y0 Oy, ), we can rewrite ®¢ as
Do(—) = Rragye(Hy @ 75 (— @ po)).
Combining these remarks with Lemma 8.4 we have the following.

Lemma 8.5. There is a natural isomorphism of functors:
Jox®@o(—) = Pig.(—).

Proof. The argument is very similar to that used in the proof of Lemma 8.2.
We give it for the sake of completeness. To begin with, we observe that there
is a natural isomorphism between the functors

D(Y5) —2 DE(Yy) —2> DE(Y)
and
D(Y;) —“>D(Y) —2 DE(Y).

Invoking Lemma 8.4 and the projection formula, we obtain that

Juko (g @ 7Y, (= © po))
= jokow(LEGRA 0miy o 11 (9, py Oy) @ 75, (— @ po))
> j.(RAomy 11 (9, Py Oy ) @ kourry, (— ® po))
= j.(RA omiy (9, Py Oy) @ pyrio(— @ po))
=~ j.(RAomy (9, py Oy) ®" Lj*m5ion(— @ po))
=~ jRA omiy . (9, Py Oy) @ myioe(— © po).

On the other hand, by relative Grothendieck duality, we obtain

j*R‘%ﬂomi/xcM(gap!YﬁY) = j*Rﬁomi/xcM(g>j!7T§/ﬁY)
>~ R omy o s (+ G, Ty Oy )
> RA omy o 1y (O, T Oy)
= Oy[n),
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where we used the isomorphism 7T§/ Oy = Oy prn] which follows from the
triviality of the canonical bundle wj;. Hence

Jekou(Hy @F my, (= @ po)) = 0% [n] @F wion(— @ po)-
Wrapping things up, we conclude that

Jox®0(—) = josRawags (A @ 73, (— @ po))
= R (io X jo)« (A @ w3, (— @ po))
>~ R prfikow (K @ Ty, (— ® po))
> R (0% [n] @ 73 (i0.(—) © po))
= Pige(—),

as asserted. O

The following result is the goal we have been striving for throughout
this whole section.

Theorem 8.6. Under Assumption 8.1, the functors ®¢ and ¥y define
inverse equivalences between D(Yy) and D& (My). These equivalences induce
equivalences o and Wo between Dgg(Yy) and Dgg(Mo).

Proof. Let us prove that the composition ®3¥¢ is isomorphic to the identity
functor on D (Mjy). The composition in the different order is computed sim-
ilarly. Consider an object & € D% (M) and denote the cone of the adjunc-
tion morphism & — ®gVe&" by % . Applying jo. vields an exact triangle

J'O*(ga' HjO*qDO\I’Og' H]O*ﬁ HJO*@(&.[” .
Combining Lemmas 8.5 and 8.2 we obtain
JoxPoWo(—) = Pig.Vo(—) = @Wjo.(—).

Hence, jo«.% " is isomorphic to the cone of the morphism jg.& — PV jo.& .
Since @ is an equivalence and jg is a closed immersion, one obtains .#* = 0.
The conclusion is that the adjunction morphism & — ®¢Wy&" is an isomor-
phism.

We next show that the functors &y and ¥ induce equivalences between
Dg,(Yp) and Dgg(Mo). Let us first make an observation. Let & be a perfect
complex on Yy x My and let us consider the object Rz« (5 @ &) in the
derived category of coherent sheaves on My. We claim that Ry, .(H#y L
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&) is a perfect complex on M. To substantiate this claim, it suffices to verify
that Ry, . (#y @ &) @ F is an object of D(My) for every Z* in D(M)
(see, e.g., [17, Lemma 1.2]). But this follows at once from the projection
formula for the morphism 7y, Similarly, we check that Ry, .(¥; @& &)
is a perfect complex on Yy. The same situation prevails in the equivariant
setting.

Now, the functors 7y, (— ® po) and 7y, are exact and take perfect com-
plexes to perfect complexes. By what we have just seen, the functors Ry, «
(Ay @ —) and [Rrry,+(4; @ —)]¢ also preserve perfect complexes. Hence,
owing to Lemma 3.1, we obtain a functor ®¢: Dgg(Yy) — Dgg(Mo) and this
functor has the left adjoint Uy: Dgg(Mo) — Dg,(Yp). As the composition
®¥, is isomorphic to the identity functor, the composition oW, is also
isomorphic to the identity functor on Dgg(Mo). A similar argument shows
that the composition W(®y is isomorphic to the identity functor on Dg, (V).
The result then follows immediately. O

It seems appropriate to conclude by examining the implications of this
result in the specific context of Section 2. Let G = Z,, be a cyclic group
in SL(n,C) acting on M = C" and let Y be the canonical crepant resolu-
tion of the quotient X = M/G. Explicitly we choose coordinates z1, ..., z,
on M in terms of which the action of the generator in G is given by
(x1,...,2n) — (ex1,...,exy) where € = exp(27i/n) is a fixed nth root of
unity. The space Y is the blow-up of the unique singular point of X. It
can be described explicitly as follows. Write P = P"~! for the projective
space with homogeneous coordinates x1,...,x,. Then Y = tot(Op(—n)) is
the total space of the line bundle &p(—n) and the natural map 7: ¥ — X is
simply contracting the zero section. Let 2 C Y x M denote the fiber prod-
uct of Y and M over X. Then % can be identified with the total space
% =tot(Op(—1)) and the map ¢q: & — M is again the contraction of the
zero section, this time to a smooth point — the origin 0 € M. All these data
can be conveniently organized in the commutative diagram

q

C ¥ M
P/p ™

N
Y X

T

wheren: Y — Pand (: & — P denote the natural projections and p: & —
Y is the map of taking a quotient by G. Note that the group G acts on &
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by simply multiplying by € along the fibers of &p(—1) — P and so the map
p: Z — Y can also be viewed as the map raising into nth power along the
fibers of the line bundle &p(—1). Conversely, we can view 2 as the canonical
nth root cover of Y which is branched along the zero section Q C Y of n.

Now let f € C[xy,...,z,] be a homogeneous polynomial of degree n.
Then f can be viewed as a regular function on M with a critical point
at the origin which is invariant with respect to the action of G on M. In
this way, we get a singular Landau—Ginzburg model (M, f) with an action
of G. Let S be the hypersurface of degree n in P =P"~! given by the
homogeneous equation f = 0. Consider the associated affine cone over S,
namely, the hypersurface My given in M = C™ by exactly the same equation
f =0. It is evident that the singular fiber of the map f: M — C over the
point 0 € C is precisely My. Let g: Y — C be defined as before, and let Yj
denote the fiber of g over the point 0. Then Yj is a normal crossing variety
with irreducible components Y and Y;'. One component Yj is isomorphic to
the total space of the line bundle &p(—n)|s over S. The second component
Yy is isomorphic to Q.

It is proved in [3, Proposition 2.40] that G-Hilb(M) is isomorphic to Y.
Moreover, the tautological bundles on G-Hilb(M) (see [31] for the definition)
are N*Op,n*Op(1),...,n*Op(n — 1). It then follows from [4, Example 4.3]
that ® is an equivalence of categories and we can apply Theorem 8.6 to
obtain Dgg(Y)) = Dgg(Mo). We are now set to establish the claim made at
the end of Section 2.

Corollary 8.7. Let the context be as above. Then the category of D-branes
in the Landau—Ginzburg model (Y, g) is equivalent to the category of D-branes
in the Landau—Ginzburg orbifold (M, f).

Addendum. In a recent preprint P. Seidel [33] gave another example
illustrating the use of Theorem 8.6 in the context of Homological Mirror
Symmetry.

Note added. After this paper was posted on the arXiv, I have learned that
similar results were obtained by S. Mehrotra in his PhD dissertation [25]. In
the situation described above, he has shown that the G-equivariant category
of singularities Dgg(Mo) embeds fully and faithfully into the category of
singularities Dgg(Yy). However, Mehrotra’s approach is different to ours in
that it does not use the techniques of [9] in the context of the generalized
McKay correspondence. Our proof uses in an essential way these techniques.
It is a natural question to try and understand to what extent the result
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really depends on the derived McKay correspondence, but not a question
we explore in this paper.
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