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Frobenius polynomials for Calabi—Yau equations

KIRA SAMOL AND DUCO VAN STRATEN

We describe a variation of Dwork’ s unit-root method to determine
the degree 4 Frobenius polynomial for members of a 1-modulus
Calabi-Yau family over P! in terms of the holomorphic period
near a point of maximal unipotent monodromy. The method is
illustrated on a couple of examples from the list [3]. For singular
points, we find that the Frobenius polynomial splits in a product
of two linear factors and a quadratic part 1 —a,T +p*T?. We
identify weight 4 modular forms which reproduce the a, as Fourier
coefficients.

1. Introduction

Given a projective morphism f:X — P! with smooth generic n — 1-
dimensional fibre, the sheaf R"~1f,(Qx) restricts to a Q-local system H
over the smooth locus S C P! of f and hence determines, after the choice
of a base-point sg € S, a monodromy representation (S, sg) — Aut(Hs,).
The local system H carries a non-degenerate (—1)"~!-symmetric pairing

<—,—>H®H — Qg

induced by the intersection form in the fibres. Hence we can identify H with
its dual and the monodromy representation lands in a symplectic (n — 1
odd) or orthogonal group (n — 1 even). The primitive part of H underlies a
variation of Hodge structures (VHS), polarized by < —, — >, see [18].

We call a sub-VHS L € H a CY(n)-local system if the local monodromy
around 0 € P!\ S is unipotent and consists of a single Jordan block of size
n. Hence, L is irreducible of rank n and the non-vanishing subquotients
Grg[,g(k =0,1,...,n — 1) of the monodromy weight filtration all have dimen-
sion equal to one. The Hodge filtration F" of the limiting mixed Hodge
structure at 0 is opposite to the weight filtration [9,17]. If w is a section of
the smallest Hodge space F~! and v a local section of L near 0, then the
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period function
Jo=<7,w>

is holomorphic near 0 and satisfies a linear differential equation of order n,
called the associated Picard—Fuchs equation.
We call a linear differential operator of order n

dn dn—l

P = % +6Ln71($) du

+-+ag(z) € Q) LZJ

a CY(n)-operator if
1. P has maximal unipotent monodromy at 0 (MUM).
2. P is self-dual in the sense that

2 2
P =(-1)"exp (—n/an1> o P* o exp (n /%1) ,

where o means the composition of differential operators.

3. P has a convergent power series solution fo(z) € Z[[x]] with fo(0) = 1.

The first condition implies that the operator P is irreducible and can
(after left multiplication by ™) be written in the form

0" + 2P (0) + 2Py (0) + - - - + 2@ Py(h),

where 0 := z-4 and P,(0) € Q[f)] is a polynomial in 6. We remark that
exp( [ an—1) € Q(z) precisely if the differential Galois group of P belongs to
SL(n). In the second condition P* is the formal adjoint of P. The condition

is equivalent to the condition that the transformed operator

~ 1 1 dr dnfl
P =exp /an_l o Poexp —/an_l =—40 4.
n n dz dx

satisfies

P (-1)"P

which translates into |(n — 1)/2] differential-polynomial conditions on the
coefficients a;. These express the conditions that the differential Galois
group of P is in the symplectic or orthogonal group. For n = 4, one finds
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the condition of [2]:

ay = 1agag - fag + a’Q — —azaz — lag’
2 8 4 2
If the Yukawa coupling is non-constant, then the differential Galois group is
Gal(P)? = Sp(4) in general, see [6]. In [3], one finds a list with more than
350 examples of such fourth-order operators.

Because of the MUM-condition, the solution fo(z) from the third con-
dition is unique and conversely determines the operator P. As fp is a
G-function, the operator P is a G-operator and hence by a theorem of Katz
is of fuchsian type with rational exponents, see [4].

A Picard-Fuchs operator that arises from a geometrical situation as
sketched above will satisfy the first two conditions and the period function
fo will be a so-called G-function, see [4]. It would therefore perhaps seem
more natural to require fy to be a G-function. However, requiring integrality
of the solution covers all interesting examples and helps fixing the coordinate
x. In [2], for n = 4, further integrality properties for the mirror map and
Yukawa coupling were required.

CY(2)-operators arise from families of elliptic curves, CY(3)-operators
arise from families of K3 with Picard-number 19 with a point of maximal
degeneration (type III in the terminology of [12]). CY(4)-operators arise
from families of Calabi-Yau 3-folds with h'? = 1 that are studied in mirror
symmetry, [7].

Dwork and Bombieri have conjectured conversely that all G-operators
come from geometry. So one may ask: is the local system of solutions Sol(P)
of a CY(n)-operator of the form C ® L, where L is a CY(n)-local system in
the above sense?” When can one achieve L = H? If L = H, can one find a
family f: X — P! with generic fibre a Calabi—Yau n — 1-fold?

We refer to [11] for a conjectural approach via mirror symmetry for
CY (4)-operators.

Now suppose the whole situation is defined over Z and consider the
reduction of X — P! modulo some prime number p. The object £ C
R £,.(Q)) (I # p now defines an l-adic sheaf on P!, lisse (that is, smooth)
in some subset S. In particular, for each point s : Spec(k) — S, one has an
action of Gal(k/k) on the stalk £s. Hence one obtains a Frobenius element
Frob, € Aut(Ls) and

P,(T) :=det(1 — T - Frob,) € Z[T

determines a factor of the zeta function of the reduction X mod p.
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To get a computational handle on these Frobenius polynomials, it turns
out to be useful to change to a de Rham-type description of the cohomol-
ogy [14]. It was Dwork who realized early that there is a tight interaction
between the Gauss—Manin connection and the Frobenius operator. This
leads in general to a relation between periods and the zeta function and in
1958 he gave his famous p-adic analytic formula for the Frobenius polyno-
mial in terms of a solution of the Picard—Fuchs differential equation for the
Legendre family of elliptic curves, which we will now review.

The affine part of the Legendre family is given by

X,y =z(z—1)(z — s),

where s # 0,1. Over C, the relative de Rham cohomology H jR of the fam-
ily is free of rank 2, and the Hodge filtration Fil' H éR is generated by the
differential
_dx

-
Let V be the Gauss—Manin connection on H, (}R. Then, w satisfies the differ-
ential equation

w

1
s(s — D" 4+ (1 — 2s)w" — Y= 0,

where w’ = V(w). Let fp be the unique solution in C[[s]] to the above differ-
ential equation satisfying fo(s) = 1. fp is then given by the hypergeometric

series )
11 o ((1/2);)°
fo(s)=F (2, 2,1,8) = Z ( i ~
7=0
Now let sp € Fp« such that fépil)m(so) # 0, where fépil)/Z is the trun-

cation of fy up to degree (p — 1)/2. Let § be the Teichmiiller lifting of s¢ to
W (Fp.). The formal power series

fo(s)
) = foo(sp)

converges at § and can be evaluated there. If e = (—1)P~1/2 the element

=€ fo(8) fo(8P) - fo(8" )

is a reciprocal zero of the Frobenius polynomial, and the zeta function of
X, is given by
(1= 7T)(1 = p/rT)

(1-=T)(1 —pT)

C(XSO 9 T) =
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Thus, Dwork found a way to derive a formula for the Frobenius polyno-
mial, which does only depend (up to €) on the solution of the Picard—Fuchs
differential equation. The geometrical origin of € lies in the geometry of the
singular fibre X, which has a node with tangent cone z? 4+ y? = 0, which
splits over [F,, precisely when € = 1.

In this paper, we will consider the following

Question. Given a CY(n)-operator P of f: X — P! defined over Z, is
there a way to calculate the Frobenius polynomials Ps(7T)?

We describe a method to solve this problem for n = 4 (modulo “¢”) and
illustrate the procedure on some non-trivial examples.

2. Dworks unit-root crystals

We give a short introduction to the theory of Hodge F-crystals, which pro-
vides a framework to formalize the interaction between the Gauss—Manin
connection and the Frobenius operator. (see [8,13,20,22]).

Let k be a perfect field of characteristic p > 0, and let W (k) be the
ring of Witt vectors of k. Let A be the ring W (k)[2][g(z)7!], where g is
a polynomial in z (which will be specified later according to the actual
situation), and let A, be the ring A/p"T1A. By Ay :=lim A/p" 1A, we
denote the p-adic completion of A. -

Let o be the absolute Frobenius on k, given by o(z) = aP. Following [22],
we define

Definition 2.1. 1. An F-crystal over W (k) is a free W (k)-module H of
finite rank with a o-linear endomorphism

F:H—H

such that F ® Q,: H ® Q) — H ® Q, is an isomorphism. If F' itself
is an isomorphism, we call H a unit-root F-crystal.

2. A Hodge F-crystal over W (k) is an F-crystal H equipped with a fil-
tration by free W (k)-submodules

H=Fl'HOFI'H> - ->FIN 'HoFIVH =0

(called the Hodge filtration on H) which satisfies F(Fil'H) C p'H
for all <.
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The Frobenius automorphism o on k lifts canonically to an automorphism
o on W(k).

There are different lifts of the Frobenius ¢ on A, which restrict to o
on W (k) and reduce to the p-th power map modulo p. Let ¢: Ao — Ao
be such a lift of Frobenius.

Definition 2.2. An F-crystal over Ay is a finitely generated free A.-
module H with an integrable and p-adically nilpotent connection

V:H—)QAOC/W(]C) ®AH

such that for every lift ¢ : Ao — Ao of Frobenius, there exists a homomor-
phism of A,.-modules

F(¢): ¢*H — H

such that the square

H Q.leo/W(k) ®H
F(¢)p J{¢®F(¢)¢*
H Q}AM/W(R) ®H

is commutative, and such that F'(¢) ® Qp : ¢*H ® Q, - H ® Q) is an iso-
morphism. If F(¢) itself is an isomorphism, we call H a unit-root crystal.

From now on, to simplify the notation, we set F' := F(¢)¢*.

Definition 2.3. A divisible Hodge F-crystal H is an F-crystal H equipped
with a filtration by free As.-submodules

H=Fil"HSFil'H> - DFIN'H O FiIVH
(called the Hodge filtration on H) which satisfies

L. VFI'H C Q) ®a. FIITH;

2. F(Fil'H) C p'H.

Proposition 2.1. Let H be a divisible Hodge F'-crystal where H/FiIIH 18
free of rank 1. Then A?>H is a divisible Hodge F -crystal, with homomorphism
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of Aso-modules
1
~ AN F:A’H — N°H
p

and with Hodge filtration given by

7
Fil ' (A’H) =) Fil*H AFil*H
k=0

fori>1.

Proof. Since H/Fil'H is of rank 1, Fil° A Fil® = Fil’ A Fil'.
Let a € Fil*H and b € Fil'""*H.Then, a A b € Fil'"}(A2H) and

1 1 1 . 4
“A2F(aAb)==-FanFbe ~p*H Ap"FH = p=t A2 H.
p p p
For 1 > 2,
V(aAb)=V(a) Ab+aAV(b) € Qa_wr ®a. FiI' 2(NH).

Let k¥ be a perfect field extension of k and let ey: Ag — k' be a
k-morphism. Let eg(2) = ap, let a be the Teichmiiller lifting of o in W (k')
and let e : Aoo — W(K') be the W (k)-morphism with e(z) = a. By H,, we
denote the Teichmiiller representative Hy := H ®(4__ ¢) W (k') of the crystal
H at the point eg, which is an F-crystal with corresponding map Fy, := e*F.
If H is a Hodge F-crystal, then so is H,.

On W (K')[[z — «]], we put the natural connection V and choose the lift
of Frobenius given by ¢(z) = zP. O

Theorem 2.1 ([22, Theorem 2.1] or [13, Theorem 4.1]). Let k be the alge-
braic closure of k, and let H be a divisible Hodge F-crystal over Aso.

If H/Fil'H is of rank 1 and if for every k-morphism ey : Ag — k with
eo(2) = ag and o € W (k) a Teichmiiller lifting of o, Hy contains a direct
factor of rank 1, transversal to Fil'H,, which is fized by the map induced
by F on H,, then there exists a unique unit-root F-subcrystal U of H such
that H =U @® Fil'H as A-modules.

Suppose that over A, U is locally generated by u. Write F(u) = r(z)u

forr(z) € A%,. Then we have

1. Let eg : Ag — k' be a k-morphism to a perfect field extension k' of k
with ep(z) = ap where u is defined. Let o be the Teichmdiller lifting
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of ay. Then there exists an fo € W(K')[[z — o] such that v:= fo-u €

W (K')[[z — a]] ®a.. H is horizontal with regard to V and the quotient
P . )

fo/ fy is in fact the expansion of an element in As.

2. There ervists c € W (k) such that c-v € W(k) @y H is fived by F
and r(2) = (cfo)/(cfo)?.

The fact that fo/fg) € A although fy € W(k)[[z — a]] means that fo/f(?
is a local expression of a “global” function. Although fy itself does only con-
verge in a neighbourhood of «, the global function expressed by the ratio
fo/ fgS converges at any Teichmiiller point in Spec(A).

2.1. CY(4)-operators and the corresponding crystals

Now let P be a CY(4)-operator. We assume that P is the Picard-Fuchs
operator on a rank 4 submodule H C H3g(X/So) for some family f: X —
S of smooth CY 3-folds.

Let k be the finite field with p” elements. From now on, we have
Soo = Spec(Awo), where A = W (k)[z][(25(2)g(2))~!] for some polynomials
g(z) and s(z). We assume that over the roots of s(z), the family becomes
singular. We will specify the polynomial g(z) later (see Section 2.4); it
will be chosen in a way such that over each Teichmiiller point o € Sy, the
Frobenius polynomial on H, is of the form

P:=1+aT + bpT? + ap®T3 + p°T*.

with four different reciprocal roots

P2 3
ry, Ppra, ) )
2 ™
where 1 and ry are p-adic units. Hence, giving a formula for the polynomial
P is equivalent to giving formulas for the p-adic units r1 and ro.

In general, if f:V — V is a homomorphism of vector spaces, then the
eigenvalues of A2f : A2V — A2V are given by products ab, where a and b
are eigenvalues of f corresponding to linearly independent eigenvectors.

Let ag € Sy, and let a € S be the Teichmiiller lifting of ag. By Propo-
sition 2.1, the Frobenius automorphism on each fibre A2H,, of the crystal
A?H is given by % A2 F,, where F,, is the Frobenius on H, C Hg’R(Xa). The
eigenvalues of the relative Frobenius (A%2F,)" on the fibres A2H,, are of the
form aqnba/p, where a, and b, are eigenvalues of the relative Frobenius F
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on the corresponding fibre H,. Thus, if r; is the unit root on a fibre H,,
and 71 is the unit root on the corresponding fibre A2H,, then the roots of
the Frobenius polynomial det(1 — T'F") on H, are given by

pri pri p
(21) T1, -, = s
™ It (&}

We will give p-adic analytic formulas for the unit roots r1 and ;.

2.2. Horizontal sections for CY differential operators of
order 4 and 5

Let P be a CY(4)-operator. The differential equation Py = 0 can be written
in the form
y @ + asy® + a2y® + a1y + agy =0,

where the coefficients a; satisfy the following relation:

1 1, 3 1
(2.2) a1 = 50203 — Ca3 + ah — Zagag — 5@5’.

Proposition 2.2 [22]. Let P be a CY(4) differential operator and let
(H,V) be a Q(2)/Q differential module. Let w € H such that

Viw + a3V3w + asV2w + a1 Vw + apw =0
and let fo € Q[[z]] be a formal solution to the differential equation Py = 0. If

Y :=exp (1/2 [a3) € Q[[z]], then the following element uy € H ®qp,) Q[[2]]
s horizontal with regard to V:

ug = Y[foV3(w) — fiV(w) + fiV(w) = fi'w]
+(Yaz = Y)[foV*(w) — fiw]
(2.3) +(Yag — (Yaz)' +Y")[foV(w) — fow].

Proof. See [22]. The proof is by direct computation, using (2.2). O

Now let Q be a CY(5)-operator. The differential equation Qy = 0 can
be written in the form

¥ 4+ bay D + b3y® + boy@ + by + boy = 0.
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Proposition 2.3. The operator Q satisfies the second condition for CY(5)
of the introduction if and only if the coefficients b;(z) satisfy the relations

(2.4) bo 75354 — fb4 + b3 b4bil — by
and
by = 1b’ - lb b3 + 1b b b 1+ b’”b + b” 10 s
0 15301 1bg — —b3 4 125
I Y/ / 2ph Sy 4
25(64) b4 1ob bt 5b4b4 10b i - 5b4b3 4b3 3125b4
(2.5) —|— b//// 35b3b4b4.
Proof. By direct calculation, for details we refer to [6]. O

Proposition 2.4. Let Q be a CY(5) differential operator and let (H,V) be
a Q(z)/Q differential module. Let n € H such that

Vo1 4 by Vi 4+ bsV3n + b V20 + bV + by = 0

and let Fy € Q[[2]] be a formal solution to the differential equation Qy = 0. If
Y :=exp (2/5 [ bs) € Q[[2]], then the following element us € H ®qp,) Q[[2]]
15 horizontal with regard to V :
= Y[FoV*(n) — FgV2(n) + Fg'V2(n) = Fg'V (n) + Fy""n)
1
b= )[R0 — SRV - SR () + £
+(Ybs — (Yba)' +Y")[FoV?(n) + Fy'n]

# (50 =y - abs) i)
+ (GO = sy =) ) (Fon+ Vo)
@0+ (Vb 5(0m) = G(h) -Y™) Ry

Proof. Applying the identities (2.4) and (2.6), one directly verifies that us
satisfies V(us) = 0. O
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2.3. Dwork’s congruences

Let p be a prime number. We say that a sequence (c,)nen satisfies the
Duwork-congruences for p, if the associated sequence C(n) := c(n)/c([3]) € Zy
satisfies

C(n) = C(n+ mp*) mod p°

for all n,s € N and m = {0,1,...,p— 1} and if ¢(0) = 1. We say that the
Dwork-congruences hold for a CY(n) differential operator P if the Dwork-
congruences hold for the sequence (¢, )nen of coefficients of the holomorphic
solution

fo(z) = Z cnz"
n=0

to the differential equation Py = 0 around z = 0. Dwork shows (see [10,
Corollaries 1 and 2]) that hypergeometric-type numbers satisfy these Dwork
congruences for all p.

Theorem 2.2. (see [10, Lemma 3.4]) Let y(z) =), cn2™ such that (cp)
satisfies the Dwork congruences. Let D := {x € Z, |y"P~Y(z)| = 1}. Then,
for allx € D,

y" V()
y(Psfl—l) (xp)

mod p°.

=2

This leads to an efficient evaluation of the left hand side at Teichmiiller
points. (Here y®"~1)(z) is the polynomial obtained from y(z) by truncation
at 2P".) This crucial fact was used in all of our computations.

2.4. A formula for the roots of the Frobenius polynomial

Let P :=P(0,z) be a CY(4)-operator, where 6 denotes the logarithmic
derivative z0/0z.

As before, we assume that P is the Picard—Fuchs operator on a rank 4
submodule H C H%{(X/SOO) for a family f : X — S of smooth CY 3-folds.

The rank 6 = (2) Aoo-module A2H is a direct sum of an A.-module G
of rank 5 and a rank 1 module. The rank 1 module is generated by a section
that corresponds to the pairing < —, — > and is horizontal with respect to V.

We construct a fifth order differential operator @ on the submodule G
by choosing Q to be the differential operator of minimal order such that

for any two linearly independent solutions y;(z),y2(z) of the differential
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equation Py = 0,

yr Y2 ‘
9/1 Ya

is a solution of Qw =0 .

Proposition 2.5. The operator Q satisfies the first and the second condi-
tion of CY(5).

Proof. The statement that Q satisfies the first condition of CY(5) is the
content of [2, Proposition 4]. A direct computation shows that since P is
a CY(4)-operator, the coefficients of Q satisfy Equations (2.6) and (2.4), so
the second condition of CY(5) holds. O

In all examples, it was found that the operator Q also has an integral
power series solution, and thus satisfies the third condition of CY(5). For
the moment, however, we are unable to prove this is general so we

Conjecture 2.1. The differential operator Q, constructed from a CY(4)-
operator P as above, satisfies the third condition of CY(5).

So if Conjecture 2.1 holds true, the differential operator Q is a CY(5)-
operator.
Q can be expressed in terms of A?P(0, z) as

Q(0,2) = A*P(0 — 1,2).

For the differential operators P and Q, we use the same notation with coef-
ficients a; and b; as in Section 2.2.

Proposition 2.6. Let Q be the CY(5)-operator constructed above, and let
w € H such that

Viw + asV3w + aa V2w + a1 Vw + agw = 0.
Then, the element nn := zw A Vw € G satisfies
VO + by Vi + b3 V30 + by V2 + b1V + bon = 0.
Proof. The proposition follows by a straightforward calculation, applying

the relations between the coefficients a; of the CY(4)-operator P and the
coefficients b; of the CY(5)-operator Q listed in [1].
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It still remains to point out how to choose the polynomial g(z) in the
definition of the ring W (k)[2][(25(2)g(2))~!] to obtain divisible Hodge F-
crystals H C H3z(X/Se) and G C AH which satisfy the conditions of
Theorem 2.1. g

The following conjecture was crucial for the choice of the polynomial g(z):

Conjecture 2.2.

1. Let fo be the solution of the differential equation Py = 0 around z =0
with fo(0) = 1. If the coefficients ¢, in the expansion

f()(Z) = Z ann
n=0

satisfy the Dwork congruences, then H satisfies the conditions of
Theorem (2.1) if the polynomial g(z) in the definition of As is chosen

as g(z) = fép_l)(z).

2. Let Fy(z) be the solution of the differential equation Qy =0 around
z =0 with Fy(0) = 1. If the coefficients d,, in the expansion

Fy(z) = i dpz"
n=0

satisfy the Dwork congruences, then the sub-F-crystal G C N*°H sat-
isfies the conditions of Theorem (2.1) if the polynomial g(z) in the
definition of Aso is chosen as g(z) := Fép_l)(z).

According to the conjecture, it seems to be the right thing to choose
g(z) = fép_l)(z)Fép_l)(z). So from now on, we fix the ring A by

A= WE)(zs(2) V) EP V()74

This choice was confirmed by our numerous computations; for each parame-
ter value z = a with fép_l)(ao) # 0 mod p and Fép_l)(ozo) # 0 mod p, in the
examples we considered, we were able to compute the Frobenius polynomial
explicitly.

For each pair of CY(4) and CY(5) operators we treat in this paper, the

functions
1 2
Y, =exp <2 /a3> and Y; =exp <5/b4>
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satisfy Yi € Q(z) and Y5 € Q(z). Thus, in each of the examples we consid-
ered, the following proposition holds:

Proposition 2.7. Let

_ Jfo(2)
Jo(zP)

Assuming that Conjecture 2.2 holds, if |as(oz)fép_1)(oc)Fép_l)(a)\ =1, there

exist constants €4 and es € W (k) such that the p-adic units r1(a) and 71 ()
determining the Frobenius polynomial on H, C HSR(XQ) are given by

o Fo(z)
and 7(z) = Fo(0)"

r(z)

ri@) = (") rar(an) (el
and
Ai(a) = (77T i (@)i(ar) A,
If we assume furthermore that

(611170')1+0+-~~+0T_1 _ (eéfa)l—o—a—l—---—l—ar_l =1,

the p-adic units are given by
ri(a) = r(a)r(a?)---r(a”)

and

1) = Fa)f(aP) - #(a® ).

Proof. There exists an w € H such that the horizontal section w.r.t. V is
given by formula (2.3), while on G, it is given by formula (2.6), where n =
zw A Vw by Proposition 2.6. These sections u4 and us play the role of the
section v = f - win Theorem 2.1. Hence, the section u in the theorem is given
by (foYs) 'us and (FoYs) 'us, respectively, where Y, =exp (1/2 [a3) €
Q(z) and Y5 = exp (2/5 [ bs) € Q(2). Since

1+o+-40om 1 1404401
Ya(z) ’z:oz =1 and Ys(2) ‘z:a =1,
Yy(2P) Y5(2P)

by Theorem 2.1 there exist constants ¢4 and e5 € W (k) (where k denotes
the algebraic closure of F),) such that

ri(a) = (63170))1*'*"“1r(a)r(ap) . ,r(apT—l)
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and

r—1

fi(a) = () HTEET M a)i(ab) (et ).
Now we assume that the constants satisfy

N e o e

Then, the proposition follows.
3. Some special Picard—Fuchs equations

We will apply the method explained in the previous section to compute
Frobenius polynomials for some special fourth-order operators. These oper-
ators belong to the list [3]. A typical example is operator 45 from that
list:

0" — 42 (20+1)* (762 + 760 +2) — 12822 (20 +1)* (26 + 3)°.
This operator is a so-called Hadamard product of two second-order operators.

3.1. Hadamard products

The Hadamard product of two power series f(x):=)  apz" and g(z) =
>, bnx™ is the power series defined by the coefficient-wise product:

fxg(x):= Zanbn:r”.

It is a classical theorem, due to Hurwitz, that if f and g satisfy linear
differential equations P and Q, resp., then f x g satisfies a linear differential
equation P x Q. Only in very special cases, the Hadamard product of two
CY-operators will again be CY, but it is a general fact that if f and g satisfy
differential equations of geometrical origin, then so does f x g. For a proof,
we refer to [4]. Here we sketch the idea. The multiplication map

m:C*"xC*— C*,(s,t) —>s-t

can be compactified to a map

p:Plx Pl — P!
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by blowing up the two points (0,00) and (00,0) of P! x P!. Given two
families X — P! and Y — P! over P!, we define a new family X *Y — P!,
as follows. The cartesian product X x Y maps to P! x P! and can be pulled
back to X *Y over P! x PL. Via the map p, we obtain a family over P'. If
n resp. m is the fibre dimension of X — P! resp. Y — P!, then X x Y — P!
has fibre dimension n + m + 1. The local system H"t™*! of X xY — P!
contains the convolution of the local systems of X — P! and Y — P!. Note
that the critical points of X * Y — P! are, apart from 0 and oo, the products
of the critical values of the factors. In down-to-earth terms, if X — P! and
Y — P! are defined by say Laurent polynomials F(z) and G(y) resp., then
the fibre of X * Y — P! over u is defined by the equations

F(z)=s, Gy)=t, s-t=u.

If the period functions for X — P! and Y — P! are represented as

then

wAnAdsAdt _ o mdj
/7><6><Sl (F(z) —s)(G(y) —t)(st —u) _/512 ns bmt "

= Z apbpu”™ = f(u) * g(u)

is a period of X *Y — P

For example, if we apply this construction to the rational elliptic surfaces
X =Y with singular fibres of Kodaira type Iy over 0 and I; over oo and
two further fibres of type I;, we obtain a family X * Y — P!, with generic
fibre a Calabi-Yau 3-fold with h'? =1 and y = 164.

3.2. Some special CY(2)-operators

We will use Hadamard products of some very special CY(2)-operators
appearing in [2] from which we also take the names. These operators all are
associated to extremal rational elliptic surfaces X — P! with non-constant
j-function. Such a surface has three or four singular fibres [16]. The six cases
with three singular fibres fall into four isogeny classes and each of these gives
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rise to a Picard—Fuchs operator of hypergeometric type (named A, B,C, D)
and one obtained by performing a Mobius transformation interchanging oo
with the singular point # 0 (named e, h, i, j).

Name Operator Gn
A 07 — 42(20 + 1)? (2n)!1? /n1t
B 0?2 —32(30 +1)(30 +2)  (3n)!/n!3
C 02 —42(40 +1)(40 + 3)  (4n)!/(2n)!n!?
D 62 —122(60 + 1)(60 +5) (6n)!/(3n)!(2n)!n!
Name Operator an
02 — 2(320% +320+12) 16" X, (~1)F () ((1?)
e 2(326% + 320 + 12) 6" >k (=1 () %)
+25622(6 + 1)*
—1/3\2
h 62 — 2(546% + 540 +21) 27" 3, (—1)R(TA3) (T1)
+7292%(0 + 1)2
i 02 — 2(1280% + 1280 +52) 647 3, (—1)F (/4 (714
+40962%(0 + 1)?
. n _ _ 2
j 62 — 2(8646% + 86460 + 372) 432" 3", (—1)F(75/6) (71/6)

+1866422(0 + 1)2

The six cases with four singular fibres are the Beauville surfaces [5] and
also form four isogeny classes and lead to the six Zagier operators, called
(a,b,c,d, f,q).

These are also of the form

0% — z(ab® + af + b) — cz*(0 + 1)?

2

but now the discriminant 1 — az — cz“ is not a square, so the operator has

four singular points.

Name Operator Gn
0 (11 T0+2) 820+ 1) 3y ()

a (
c — 2(100% +100 +3) +922(0 + 12 Y, (1)*(*)
p 62 — 2(176° + 176+ 6) + 7222(6 + 1) Y, 8" (—1)*(") ()"
d 02 — 2(120% +120 + 4) + 32220+ 1)2 Y, (2) (2F) (>=2F)
f 02 — 2(96% + 90 + 3) + 27220 + 1)2 Y, (—1)F3n—ok
( 1) (3K)! /K1)
b 62— z(1162 + 110 +3) — 220+ 1)2 3, (1)* (")
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The ten products A * A, etc. form 10 of the 14 hypergeometric families
from [3]. The 16 products A * e, etc. are not hypergeometric, but also have
three singular fibres. The 24 operators A x a, etc. have, apart from 0 and
00, two further singular fibres. The operators a * a, etc. have four singular
fibres apart from 0 and oco.

Observations

)

The Dwork congruences hold for the operators a,b,...,j. For the
Apery sequence (case b) this was also conjectured in [22]. (It follows
from [10] that A, B,C, D satisfy the Dwork congruences). It follows
that the Dwork congruences hold for all fourth-order Hadamard prod-
ucts within this group.

For the hypergeometric cases A x A, etc. and the cases A * a, etc. the
Dwork congruences also hold for the associated fifth-order operator,
although even for the simplest examples like the quintic 3-fold, this is
not at all obvious. In the case of the quintic, the holomorphic solution
around z = 0 to the fifth-order differential equation is given by the
formula Fy(z) = > 07 5 Anz™, where

"L (5k)! 5(n — k)!
A, = Z (5k) L)(l + k(=5Hy, + 5Hy,—k + 5Hs, — 5Hs (1)),

15 — kI
= k! (n—k)!

and Hy, is the harmonic number Hy = 25:1 % Thus, by the formula,

it is not even obvious that the coefficients A,, are integers.

In fact, the Dwork congruences hold for almost all fourth-order opera-
tors from the list [3]. It is an interesting problem to try to prove these
experimental facts. On the other hand, it is clear that they cannot
hold in general for differential operators of geometrical origin: if we
multiply fp with a rational function of z, we obtain a (much more
complicated) CY-operator for which the congruences in general will
not hold.

3.3. Computations

In the hypergeometric cases, we reproduced results obtained in [21]. In the
appendix of [19], the results of our calculations on the 24 operators which are
Hadamard products like A * a, etc. are collected. We computed coefficients
(a,b) of the Frobenius polynomial

P(T) =1+ aT + bpT? + ap®T? + p°T*
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for all primes p between 3 and 17 and for all possible values of z € F.
In our computations, we assumed that Conjecture 2.2 holds true and took
the constants (2.7) appearing in the formula for the unit root to be one. To
generate the tables of coefficients in [19], we used the programming language
MAGMA. We computed with an overall p-adic accuracy of 500 digits. This
was necessary, since in the computation of the power series solutions to
the differential equations Py =0 and Qy = 0, denominators divisible by
large powers of p occurred during the calculations (although the solutions
themselves have integral coefficients). The occurrence of large denominators
reduces the p-adic accuracy in MAGMA, and thus we had to compute with
such a high overall accuracy to obtain correct results in the end. For the
unit roots themselves, we computed the ratio

M|z:a mod p3

fO(Zp)(p -1
with p-adic accuracy modulo p3. We checked our results for the tuples
(a,b) determined the absolute values of the complex roots of the Frobenius
polynomial, which by the Weil conjectures should have absolute value p~3/2.
Needless to say, this was always fulfilled.

3.4. Example

In this section, we describe the computational steps we performed in
MAGMA for one specific example. We consider the operator A x a, which
is nr. 45 from the list [3].

We compute the Frobenius polynomial for p =7 and ag = 2 € F7 with
4 digits of 7-adic precision, i.e., modulo 74. Since 2 # —% and 2 # ﬁ in
F7, ag is not a singular point of the differential equation.

First of all, we computed the truncated power series solution fép D (2)
to the differential equation

and obtained
(7*=1) _ 2 3 4 5
fo (z) =1+ 8z + 360z% + 22400z + 1695400z~ + 143011008z° 4 - - - .

Thus, fé7_l)(a0) =1 € F; is non-zero. Let o® be the Teichmiiller lifting
of ap with 7-adic accuracy of four digits. Evaluating fo in this point, we
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obtain
((]74_1)(04(4)) = 1709 mod 7*

and
A = 151 moa

Thus, the unit root of the Frobenius polynomial is

(7*=1)/ (4)
rt = fo (a7) = 582 mod 7%.

T ()7

To compute the second root of the 4Frobenius polynomial, we compute
the truncated power series solution FO(7 _1)(2) of the fifth-order differential
equation

Qy =0,
where Q is the second exterior power of the differential operator P, given
by
Q = 6° — 2(44 4 2600 + 62862 + 7926° + 5600* + 2246°)

+ 2%(—6512 + 4000 + 441600% 4 710406° + 422400* + 84480°)

+ 23(4177920 + 1318092860 + 1658880062 + 105676806°

+ 34406400* + 4587520°)

+ 24220 + 1)(0 4+ 2)3(0 + 3).

The solution is given by

F{T 7Y 21 4 442 + 3652224 33771225 + 339097002 + 356787742425 + - - - |

Fé7_1)(ao) = 2 € F; is non-zero and we compute
Fé74_1)(a(4)) =51 mod 7
and
(T°=1) r (ANTY — 4
Fy ((')") = 1387 mod 7°.
Thus,

4 ETV ()

= = 1101 mod 7*.
73—1
Fy Y ((a@)7)
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Since the Frobenius polynomial (with 7-adic accuracy 4) is given by

P(T) = (1—7'T) <1 — ::;) <1 — Zi) (1 - :;) ;

we finally obtain

P(T) =177 —73.873 +7-27% — 8T + 1.

As expected, the complex roots of P do have complex absolute value 7-3/2.

Exemplarily, we now list all values (a,b) we computed for the differen-
tial operator A x a. If there occurs a “—” in the table instead of the tuple
(@, b), then the corresponding z € F), is either a zero of fép_l) or Fép_l) or of
both, where fy was the power series solution of the fourth-order differential
equation and Fy was the solution of the fifth-order equation. The appear-
ance of (a,b)’ means that the polynomial is reducible. The appearance of
(a,b)* means that the corresponding z is a singular point of the differential
equation.

z 1 2 z 1 2 3 1
- - (6,—6) (28,38)" — (32,62)"

z 1 2 3 1 5 6
(2,—46) (—8,2) (32,—94)* (80,290)* (10,50) -

p=11

z 1 2 3 4 ) 6 7 8
(56,290)" - (-16,2)" (6,26) (16,98) (12,114)" (26,106) -

z 9 10

(—8,2) (—36,210)

p=13
z 1 2 3 4 5
(—8,270)" (20,—106) (—4,86) (—204,646)* (22,—30)
z 6 7 8 9 10
(—160,30)* (—34,50) (—16,302) (58, 146) (18, 34)
z 11 12

(84, 406) (56,206)
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p=17
z 1 2 3 4 5
(256, —322)" (256, —322)* (—24,542) (44, 166) (210, 1218)
z 6 7 8 9 10
(24,—-178)" (—100,278) (22, 50) (—4,70) (52,470)
z 11 12 13 14 15 16
(—84,342)  —  (22,-334)" (18, 258) (184, 974) (—56,302)

3.5. Modular forms of weight 4

In some cases, the so chosen accuracy was too low, and we had to compute
mod p?. This happened in case the parameter ag € F,, was a critical point of
the differential equation. But it is somewhat of a miracle that our calculation
made sense at the critical points at all. In order to understand what is
supposed to happen at a singular point, recall that if the fibre X, of a
family X — P! over s € P}(Q) acquires an ordinary double point, then the
Frobenius polynomial should factor as

P(T) = (1 - x(mT)(1 —px(p)T)(1 - a,T + p°T?)

for some character x. The factor (1 —a,T + p3T?) is the Frobenius polyno-
mial on the 2-dimensional pure part of H>. This part can be identified with
the H® of a small resolution X, which then is a rigid Calabi-Yau 3-fold.
According to the modularity conjecture for such Calabi—Yau 3-folds, the
coefficients a, are Fourier coefficients of a weight 4 modular form for some
congruence subgroup I'o(N) [15].

This is exactly the phenomenon that occurs at the singular points of our
differential equations. For the hypergeometric cases, we refind the results
of [21]. For 16 of the 24 operators A * a, etc., we have two rational critical
values. In 31 of the cases, we are able to identify the modular form.

We use the notation of modular forms as in [15]: the notation a/b means
the bth Hecke eigenform of level a. “Twist of” means the modular forms
differ by character. We remark that the critical points of the operators are
reciprocal integers and the level of the corresponding modular form divides
that integer. For the cases involving the operator ¢, one usually has equality
and so the modular form for D % ¢ presumably has level 3888, which was
outside the range of our table. Remark that all levels appearing only involve
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primes 2 and 3.

Case  Point Form Twist of Point Form  Twist of
Axa —1/16 8/1 — 1/128 64/5 8/1
Bxa —1/274 27/2 27/1 1/126 54/2 -
Cxa —1/64 32/3 32/2 1/512 256/3 -
Dxa —1/432 216/4 216/2  1/3456 1728/16  216/1

Axc 1/144  48/1  24/1  1/16  16/1 8/1
Bxc 1/243  243/1 - 127 27/1 =
Cxc 1/576 576/3  94/4  1/64  64/3 32/2
Dxc 1/3888 1944/5 1/432  432/9  216/2
Axd 1/128  64/4  32/1  1/64  32/2 -
Bxd 1/216  9/1 - 1/108  108/4  108/2
Cxd 1/512  256/1 - 1/256  128/4  128/1
Dxd 1/3456 576/8  288/1 1/1728 864/3  864/1
Axg  1/144  24/1 - 1/128  64/1 8/1

Bxg 1/243 243/2  243/1  1/216  54/4 54/2
Cxg 1/576 288/10 96/4  1/512  256/4  256/3
Dxg 1/3888 1944/6 1944/5 1/3456 1728/15 -

The simplest modular forms appearing are the well-known 7-products
8/1=n(¢?)*n(¢")*, 9/1 = n(d*)®.
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