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On solutions to Walcher’s extended holomorphic
anomaly equation

YUKIKO KONISHI AND SATOSHI MINABE

We give a generalization of Yamaguchi—Yau’s result to Walcher’s
extended holomorphic anomaly equation.

1. Introduction

Let X be a non-singular quintic hypersurface in CP*. The case of the X and
its mirror is the most well-studied example of the mirror symmetry. After
the construction of the mirror family of Calabi—Yau 3-folds [10], the genus 0
Gromov-Witten (GW) potential of X were computed via the Yukawa cou-
pling of the mirror family [4]. The predicted mirror formula was proved first
by Givental [7].

For higher genera, Bershadsky—Cecotti-Ooguri-Vafa (BCOV) [2] has
predicted that the GW potential at genus ¢ is obtained as a certain limit
of the B-model closed topological string amplitude F) of genus g.! They
have also proposed a partial differential equation (PDE) for F 9), called the
BCOV holomorphic anomaly equation, which determines F up to a holo-
morphic function. The prediction of BCOV for the genus 1 GW potential
was proved by Zinger [21].

Recently the open string analogue of the mirror symmetry has been
developed by Walcher [18] for the pair (X, L) of the quintic 3-fold X defined
over R (called a real quintic) and the set of real points L = X (R) which is a
Lagrangian submanifold of X. Open mirror symmetry gave the prediction
for the generating function for the disk GW invariants of X with bound-
ary in L and it was proved by Pandharipande—Solomon—Walcher [16]. Then,
Walcher [19] further proposed the open string analogue of BCOV, the extend-
ed holomorphic anomaly equation, which is a PDE for the B-model topologi-
cal string amplitude F@") for world-sheets with g handles and k boundaries.?

1For genus g = 0, the third covariant derivative of F(©) is the Yukawa coupling,
and for g = 1, it is recently proved that F() is the Quillen’s norm function [6]. For
genus ¢ > 2, the mathematical definition of F(9) is yet to be known.

2There is also a proposal by Bonelli-Tanzini [3].
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At present there are two ways to solve the BCOV holomorphic anomaly
equation. The one is to repeatedly use the identity called the special geom-
etry relation, or equivalently to draw Feynman diagrams associated to the
perturbative expansion of a certain path integral [2]. The other is to solve
the system of PDE’s due to Yamaguchi-Yau [20]. They showed that F(9)
multiplied by (g — 1)th powers of the Yukawa coupling, is a polynomial in
finite number of generators and rewrite the holomorphic anomaly equation
as PDE’s with respect to these generators. This result were then reformu-
lated into a more useful form by Hosono—Konishi [12, § 3.4].

It is a natural problem to generalize these methods to Walcher’s extended
holomorphic anomaly equation. The generalization of the Feynman rule
method can be obtained from the result of Cook-Ooguri-Yang [5]. The
objective of this article is to generalize Yamaguchi—Yau’s and Hosono—
Konishi’s results to the extended holomorphic anomaly equation. It gives a
more tractable method in computations than the one given by the Feynman
rule.

The organization of the paper is as follows. In Section 2, we recall the
special Kahler geometry of the B-model complex moduli space and Walcher’s
extended holomorphic anomaly equation. We also describe the Feynman
rule. In Section 3, we rewrite the holomorphic anomaly equation as PDE’s
(Theorem 3.8). Section 4 is devoted to discussion on holomorphic ambigui-
ties. We tried to fix them with certain ad hoc assumptions in several cases.
In appendices, we include the Feynman diagrams and the solution of the
PDE’s for (g,h) = (0,4).

After we finished writing this paper, we were informed that Alim-Léange
[1] also obtained a generalization of Yamaguchi—Yau’s result.

2. Walcher’s extended holomorphic anomaly equation
2.1. Special Kahler geometry

Recall the mirror family of the quintic hypersurface X C P* constructed in
[10]. Let Wy, be the hypersurface in P* defined by

4 4
wa’ — 51/1H:Ei =0.
i=0 i=0

After taking the quotient by (Z/5Z)® and a crepant resolution Yy of
Wy /(Z/5Z)3, we obtain a one-parameter family of Calabi-Yau 3-folds
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Ty — Mcpl =P\ {0, & £5,00}, where a local coordinate z of My is given
by z = (5¢)7°

Consider the variation of Hodge structure of weight 3 on the middle coho-
mology groups H3(Y,,C). Let 0C F?C F2C F! C F' = R®m,.C® O,
be the Hodge filtration and V be the Gauss—Manin connection. The holo-
morphic line bundle £ := F3 over My, is called the vacuum line bundle (the
fiber of £ at z is H>%(Y})). Let Q(2) be a local holomorphic section trivi-
alizing L, i.e., a nowhere vanishing (3,0)-form on Y,. The Yukawa coupling
C,., is define by

= z 302
C.o.im /X Q(2) A (Vo )2),

which is a holomorphic section of Sym? (T’ M) ® (£*)2, where T M., denotes
the holomorphic cotangent bundle of M. "A suitable choice of Q( ) gives
(see [4])

5
(1 —552)23
It also gives the following Picard—Fuchs operator D which governs the peri-
ods of Q(z):

szz =

D =02 —52(50, +1)(56, + 2)(56, + 3)(50, + 4),

where 0, = zd%.
Consider the pairing

(6,1) == ﬁ/y oA, b € HY(Y:,C).

Then (, ) induces a Hermitian metric on £. Let K(z,%) := —log(Q(z2),
Q(z)). This defines a Kihler metric (the Weil-Peterson metric) Gz :=
0.0: K on M.p. There is a unique holomorphic Hermitian connection D
on (Tp,,,)™ @ L™ whose (1,0)-part D, is given by

D,=0,+ml';, +n(—0,K),

where I'?, = G**9,G ;. An important property of G is the following iden-
tity called the special geometry relation [17]

(2.1) 0:1%, = 2G.z — C...Co:e?K G G2,

where ngg = Uz
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Now we introduce the open disk amplitude with two insertions A,,,
which is the open sector analogue of the Yukawa coupling. Let 7 be a
holomorphic section of L£* locally given by

- (7/2)5n n+i
(2.2) T=607(2), 7(2)= PN
nz% (3/2)”

Here (a), is the Pochhammer symbol: (a), := a(a+1)---(a+mn—1) for
n >0 and (a)o:= 1. T is a solution to

60

(2.3) DT = o

Vz.
Following [19], we define a C*-section A, of Symz(T/*V,Cpl) ® L* by

K
e?Chrze=

(2.4) N,, =D,D, T — DT ,

2z

where Dz = 05 + 0;: K denotes the (0, 1)-part of D. By (2.1), it follows that
A\, satisfies the equation

(25) agAzz = —CZZZBKGZZAEE,

where Asz = A\ ,,.

Remark 2.1. In [19], it is argued that 7 and A, should be written as

T@:K}mmm@,Am5LQ@AW@%@,

z

where 7 is a C®-section of the Hodge bundle F° which is the “real hori-
zontal lift” of a certain Griffiths normal function v associated to a family of
homologically trivial 2-cycles.® The normal function v should be determined
from the Lagrangian submanifold L C X under the mirror symmetry with
D-branes.

3By definition, v is a holomorphic and horizontal section of the intermediate
Jacobian fibration J3 — Mcp of Y — Mcp1. See, e.g., [9,11].
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2.2. Extended holomorphic anomaly equation

Let F@") be the B-model topological string amplitude of genus ¢ with h
boundaries, and let

FM = Fob) - Flah) = pFON (> 1),

FM ig a 0 _section of the line bundle (Thy,)" ® L2972+h For (g,h) =
(0,0),(0,1),

(2.6) f:§070) = Chzz, ‘7:2(071) = Dz
For (g, h) - (170)a (07 2)74

(2.7)
1 b 1 co.H
.7:1(1’0) = 58,2 log(e(%ﬁ)Kng_l(l —5%2) ez ) ,

75

1 N
f1(072) = —AZZAZ - iczzzAZAz + 582‘[( + f(0’2)7 f(O,Q) - m7

where x = —200, ¢ - H =50, N = 1 and A* = — 2= (cf. §2.3).
As in [19], define

2z 2K —2 z K -1
Cz = sz Gz , AEZAEEG G.z .

Then Walcher’s extended holomorphic anomaly equation for (g, h) # (0,0),
(1,0),(0,1),(0,2) is as follows.

(2.8)

1 - _
O F0M = o | 30 FOMERM ¢ FT ) - azEet
g1,92,h1,h2

In the RHS, the summation is over g1, h1, g2, ho > 0 satisfying g1 + go = g,
hi+ he = h and (g1, h1), (g2, he) # (0,0),(0,1). The second and the third
terms in the RHS should be set to zero if ¢ = 0 and h = 0, respectively.

4}"1(1’0) and }'1(0’2) are solutions to the following (extended) holomorphic anomaly
equations [2,19].

1 N
0 = 5CsCF = (55 ~1)Gury BF™ = —Duali 4 56
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2.3. Propagators and terminators

We introduce the propagators S#*, 5% S and the terminators A% A [2,19].
By definition, they are solutions to

8:8%% = CZ%,  9:87 = §%G,z, 98 = S*G.z,

2.
( 9) 82AZ == A§7 85A == AZng.

These equation can be solved by using (2.1) and (2.5). The solutions of the
propagators are [2, p. 391]:

g% — 01 (20, log (| f[2) - 0. log(vG.z)),
iZZ B
5% = ((az IOg(eK‘f‘z)Q —v 1827)62 IOg(eK‘ﬂz))a

2
IS
N

(2.10) ) ) )
S = (sz - D57 - 2(SZZ)20ZZZ> . log(eX|f)?) + 5 D=5

—_

=5%5%C,.

[\

Here f,v are holomorphic functions of z. We take f = z"/5 and v = g—;
(z = 50—25), so that S?#,8% S do not diverge at z = 00.> Solutions of the
terminators are [19, (3.12)]

AZZ
)
CZZZ

(2.11) A* = — A =D,N*

2.4. Feynman Rule

We describe the Feynman rule which gives a solution to (2.8).

)

For non-negative integers g,h,m and n, we define 5’,(19,7};
follows.

recursively as

212 c = = =
213 a = oy <o

~ N
(2.14) %D = -5

5If rewritten in the t-coordinate, (2.10) are the same as those used in [19, 3.11;
20, (2.21)).
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~(1,0 ~(1,0 X
(2.15) cl =0, LY = o L
2.16 CUOM — Floh) i 99 94 hin>1,
n:0 n
2.17 ClOh = (29— 2+ h+n+m)CEn.
n:m—+1 n:m

Definition 2.2. A Feynman diagram G is a finite labeled graph
G = (Vi By, BN, By B B9 j),

which consists of the following data.

(i) Each vertex v € V is labeled by a pair of non-negative integers (gy, hy)-

ii) There are three kinds of inner edges E™ = Ei" L Ei* U Ei* and two
0 1 2
kinds of outer edges E°"* = E§"* LI E{"*. The end points of the edges

are specified by the collection of maps j = (jit, 71, jin, jout, jout):

Ji BN S (Vx V) /o, jER 5V XV, jinER 5 (VxV)/o,
jgut . E(O)ut N ‘/’ j(l)ut . E8ut N Vv,

where o : V x V — V x V is the involution interchanging the first and
the second factors.

In a more plain language, an edge of type Eli-n has both endpoints
attached to vertices, and an edge of type E{"" has only one endpoint attached
to a vertex. We represent edges of types E(i)n and E§" by solid lines, edges of
types E;n and E{"* by dashed lines and an edge of type Eiln by a half-solid,
half-dashed line. See figure 1.

For a vertex v € V, we set

Liy={ec E"|j"e) ={v,v}}, Li=|]Liw (i=0,2),
veV

Liy={e € E* | ji"(e) = (v,0)}.

In other words, L;, is the set of self-loops attached to the vertex v whose

edges are of the type EZln Define non-negative integers ni®, nd% mi" and
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~—————— o =25
U1 e v2 (iv)
—————-—0O =A
(ii) v e
— ¢ =5
U1 e V2 (v)
o o = A*?
(iii) v e
= _G#%
0
U1 e (%]

Figure 1: Three types of inner edges and propagators: (i) e € B, ji(e) =
{v1,v2}, (ii) e € EI*, ji(e) = (v1,v2), (iii) e € B, ji*(e) = {v1,v2}. Two

types of outer edges and terminators: (iv) e € EJ", j§"(e) = v, (v) e €
EUt jout(e) = v,

mg" by

=#{e € B3 |v e ji'(e)} + #{e € B | ji"(e) = (v, %)}

+ #L2,w
=#{ec By |veji'(e)} +#{e € B | j"(e) = (x,0)}
=+ #LO V)

out #{6 c Eout ‘ v E]OUt( )} out #{6 c Egut ’ v G]OUt( )}

The valence val(v) of v € V is given by val(v) = n, + m,, where n,, := ni" +
n%" (the number of solid lines attached to v), m, := m® + mo* (the number
of dashed lines attached to v). See figure 2.

out 1; R . in 13
ny™ lines. / . my* lines

~(gvhy
= Cfi{ilfml})

\) o m" lines

Figure 2: A vertex v labeled by (gy, h,) to which n, = ni* + n2" solid lines
and m, = mi® + m%" dashed lines are attached and its value.

ny' lines -,
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Definition 2.3. (i) For a Feynman diagram G, define
(2.18)

Fo =[] T (=29 T =89 [T (=) ]I a- ]I &~

veV e€Ein ecEin e€En ecEgt e€c Egut

(ii) Let Aut(G) be the automorphism group of G. Define the group Ag by

Ac= ][ z/2z x Aut(G),
e€LoULy

i.e., Ag fits into the following exact sequence:
— (Z)2Z) Pt # L 4 A — Aut(G) — 1.

This means that each self-loop of type Ei* and EL* contributes the factor 2
to #Aq.

Definition 2.4. Let G(g, h) be the set of (isomorphism classes of ) Feynman
diagrams G which satisfy the following conditions.

(i) G is connected.
(i) For any v € V, C{5M) £ 0.

(iii) }(l; satisfies Y, oy go + #E™ —#V +1=g and Y,y hy + #E°" =

(iv) For any v € V, val(v) > 0.

Note that the set G(g, h) is a finite set. Note also that the graph whose
amplitude is F9") i.e., the graph with only one vertex with label (g, h) and
without edges is not a member of G(g, h) by (iv).

Define

(2.19) Floh .~
Ge

Q

(g,h)

The next result follows from [5].

Proposition 2.5. 82fé%h) = the RHS of (2.8).
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Therefore, the general solution F(9") of Walcher’s holomorphic anomaly
equation is of the form

(2.20) Floh) — Floh) o ploh),

where f(@") is the holomorphic ambiguity which cannot be determined from
the equation (2.8).
2.5. Holomorphic ambiguity

Recall that the holomorphic ambiguity £ (g > 2) for the closed sector
h =0 is of the form [2; 20, (2.30)]

29—-1
(g,0) _ @0 + a1z + + agg-1% j
f - (1 _ 55z>29—2 + Z Z

Huang-Klemm-Quackenbush [13] determined 90 up to g < 51 by using

the vanishing of the BPS numbers ng (cf. footnote 7), the gap condition at

the conifold point z = 5% and the regularity condition at the orbifold point

z = 0.
For h > 0, we assume that F@" has poles of order at most 2g —22:12—41
at z = 5% and also that the asymptotic behavior at z = oo is F(@") ~ z =

[19, §3.3]. Therefore we put the following ansatz for f(@"):

. 539—3+32
Floh) — ot Mzt Hsg-app? ’ (h even)
- (1 _ 55Z)2972+h ’
(2.21) s
e (ao +a1z 4+ ag ,3+M239_3+T)
Floh = I (h odd).

(1 —55z2)29—2+h

3. Polynomiality and PDE’s for Floh)

In this section, we consider extending Yamaguchi—Yau’s and Hosono—
Konishi’s results [20,12] to F@),
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3.1. The generators of polynomial ring

Let 60, = 28 We define

(6:)PG-= (6:)Pe
Ap— GZE 5 Bp:e—iK (p:172,),
(31) Qp 2(0 ) T ( _071727"‘)7
Ry = 528 T2z CZZZE;'T, Ry = 2"2e5C,..T.

k7

The generators A,’s and B),’s were defined in [20]. The new ingredients
are (0p’s, Ri and Ry which are necessary for incorporating A .
Consider the polynomial ring

(3.2) I = C(2)[A1, B1, Ba, B3, Qo, @1, Q2, @3, 1, Ry
with coefficients in the field of rational functions C(z).

Lemma 3.1. 1. A, €l (p>2),B,€l (p>4),Q,c1 (p>4).
2. 6,1C1T

Proof. First, notice that the logarithmic derivation 6, acts as follows:
0:Ap = App1 — ApAr,  0:B, = By — BpB,
1
ezQp = §Qp + Qp-l—l:

(3.3) o § 0.C...
0,R1 = (2 Ay — B+ C... )Rl + Ra,
7 0.C...
0,Ry = <§ — By + C )RQ

Next we show Ag, By, Q4 € I. By the special geometry relation (2.1), we
have

(3.4)

0.(zC
Ay = —2A,B) + 2B} + 2B — 4B, + 0:(2C5zz)

s (14+ A1 +2By1) + h(2).

Here h(z) is determined by comparing the behavior of the RHS and the LHS
at 2 =0:
1-3-5%

hz) = =53,
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Let us write the Picard—Fuchs operator as D = 22:0 H,(2)0.”, where H,(z)
€ C[z]. Since De~X =0, By satisfies

N HB),  Ho)
(3.5) By =— pzl HZ(z)Bp - =0.

Moreover, since 7 satisfies (2.3),

3
(3. Q==Y 20+ G

p=0

These together with (3.3) implies that I is closed with respect to the
logarithmic derivation 6,. Moreover, by applying 6, recursively, we can
show that A, €I (p>3), B, (p>5), Q<1 (p>5). O

3.2. Polynomiality

For simplicity, we will use the notation
(37) Vi=A1+2B1+1, Vo=By— BV

from here on.
Since D, acts on (Thq,,)™ ® L™ as

1
D, = *(92 +mAy + nB1),
z
we have the following

Lemma 3.2. Let f be a section of (Ta,,,)" @ L". Then D f €1, if fel
and D, f € /2L if f € \/zI.

Lemma 3.3. ]:,sg’h) €2y

Proof. We prove the lemma by induction on (g, h).
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For (g,h) = (0,0),(1,0),(0,1),(0,2), the lemma is true since

Féo’o) =0,,, €1,

Loy _ L, 62, 31 16.(1-5%)
v B B 6(1—?@] L

FOU 2 AL = 27520y — ViQ1 — VaQo — Ri] € V7 I,
2

_ _ B 02 g
S 2C,., 2z +/ €L

(3.8)

For (g, h) # (0,0), (1,0), (0,1), (0,2), assume that F ") € 27'/2] holds
for every (¢', h') # (g, h) such that ¢’ < g and ' < h. Consider the contribu-
tion Fg from a Feynman diagram G € G(g, h) to fégf)h) (2.18). The assump-

tion of the induction implies that a vertex factor satisfies 5’7(1972 ) € /2],
As for edge factors, the followings hold. From (2.10),

(3.9)

1
SZZ

2C,;,

8 1 2
—A —2B1 — = I, S*= By + 3B — I.
( 1 1 5) € ) ZQCZZZ ( 2+ 1+ 25> S

By Lemma 3.2, S also satisfies S € I. Similarly by (3.8) the terminators
(2.11) satisfy
VASVANI=BVZ) B

Therefore, by the condition (iii) in Definition 2.4, we have Fg € 2"/2I and

thus ]:}(?%h) € 2"2]. As to the holomorphic ambiguity f(@" it satisfies

floh) e 2h2C(2) c 2"/? I by assumption (2.21). Therefore F9:h) ¢ 2h/2 .
For n > 1, F¥" € 2/2 [ by Lemma 3.2. O

Definition 3.4. Let g,h,n > 0 be integers satisfying 2g — 2+ h +n > 0.
We define

(3.10) Poh) = (B0, )eth=1 02 Eeh) - plah) — plon)
For other values of (g, h,n), we set P,(Lg’h) =0.

Lemma 3.3 implies that

poh) ¢

n
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Remark 3.5. Let z = 23C,,, = 1% Consider the graded ring

55z°
(C[szl;BlaBQaB?nQO?'"7Q37R17R2]7
where the grading is given by deg x = 1, deg A1 = 1,deg B, =p (p = 1,2, 3),

deg Q, =p (p=0,1,2,3), deg Ry = 2 and deg Ry = 3. Then P(") belongs
to this ring and its degree is at most 3(g +h — 1).

3.3. Rewriting the extended holomorphic anomaly
equation (2.8)

There are relations among the 0s-derivatives of the generators (3.1).

Lemma 3.6.

0:By = V10: By,
0;B3 = (A2 + 241+ 3By +3By +3A:B1 + 1)85B1
Qz(zgczzz)
3.11 =( — RN\ TREET
(3.11) (—v+ e
ang =0 (p: 0,1,2,...),
0;Ry = —R10:B;.

Vi + h(z) — 1)0231

Proof. The first and the second equations were obtained from (2.1) in [20].
The third is trivial, since ()),’s do not depend on z. The calculation of 0; Ry
is as follows.

0:Ry = 2°T1C,(0:T + 0:K - T) = 2G.:R) = —R10: By,
where we have used the identity G,z = 0,0:K(z,z) = —0:B1 /2. O

If one assumes that d; A, 0;B1, J:R; are independent, then Walcher’s
extended holomorphic equation (2.8) is rewritten as follows.

Lemma 3.7. The equation (2.8) is equivalent to the system of PDE’s:

0 0 0 0
A2 — -2
(3:-12) [ Mo %04, Yo T Vas,
az(zsczzz) 0 (g,h) _
+ <_V2+Z302Z,3V1+h(2)_1> (.933:|P =0,
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ap(gﬁ) 1 1,1 2,h2 —1,h
! g1+92=g,
h1+h2:h
+(Bi1Qo — Q)P Y,
oP(g:h) (0h—1
3.14 — _plgh=1)

Here the summation in (3.13) runs over (g1, h1), (g2, ha) such that (gi, hi) #
(0,0),(0,1).

Proof. By (2.8), we have

1 _
0:PUP = S0:(:Ceees™) - | 3 PP 4 P

g1+9g2=g,
h1 +h2 :h

— 8:(72C.. %) - POV,
Note that, by (3.9) and (3.11),

ai(zczzzszz) = _(aEAl + 26231)7
32(chzzzﬁz) —(0zA1 +20:B1)(—Q1 + B1Qo) + 0:R;.

On the other hand, by (3.11), 0z in the LHS is as follows:

0 0 0 0 0

gz (chzzz)

" <_V2 * Z3szz

0
Vi+h(z)—1]—/|.
1+ (z) > 3 B3:|
Inserting these and comparing the coefficients of 0;A1,0:B1,0:R1, one
obtains Lemma 3.7. O

To write the equations in a more useful form, we change the generators.
We define

3 2
u = Bj, v1:V1+5, 02=V2+%»

92 (23szz)

=B3— B | -V
U3 3 1( 2t 0.

Vi+h(z) — 1) + s(2),
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2 3
(3.15) m; = ?5@0 + ng + Q2 — Ry,

2 0,(23C,,.,
ma = Qo (5(2) - 25230%2 )

+ Q3 — Ry — B1Ry,

ez(zsczzz)
ZBszz

)+ai(s - h) - @

where

12 1 3 0.(23C...)

Define the ring

J = (C(Z)[U,’Ul,’UQ,’U37 QO) Ql? QQa Q?)a mlamQ]-

It is isomorphic to I since (3.15) is invertible. Notice that 6, :J — J
increases the degree in u at most by 1.

Now we regard P(¢") ¢ J. Then (3.12) implies P(9") is independent of
w. In turn, P € J has degree at most n in u. Following [12, (3-4.c)], let
us define u-independent polynomials Yy, Y1, Wy, W1, Ws € J by

Yo+uY = Pl(g’h_l),

(3.17) )
Wo + uWp + u*Ws = (the RHS of (3.13)).

Then applying the change of generators (3.15) to the equations (3.12)—(3.14),
we obtain

Theorem 3.8. The equation (2.8) is equivalent to the following system of
PDE’s for P9" ¢ J:

0

—_plg:h) —

8uP 0,

o ploh) =y, 0 ploh) — vy,
6m1 ’ 8m2 ’

(319 ip(gﬁ) =W ip(g,h) =W, + 92(’23CZZZ)W

ovy - Ova N ! Z3CZZZ >
ip(gﬁ) = —Wh.

(%3
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Let us comment on the constant of integration. Decompose P9") ag
P — ploh) o p@h)| - mma=0,

where P91 consists of terms of degree >1 with respect to at least one of
v1,v2,v3, My, my. The equations (3.18) can determine P(g’h), but not the
second term. The latter is a priori a polynomial in Qq, @1, Q2, @3 with C(z)
coefficients. However, the choice of the new generators (3.15) is “good” (cf.
[12, (3-4.d)]) so that we have the following

Proposition 3.9.

pla:h g+h=1,h/2 ¢(g:h)

) |vl,v2,v3,m1,m2:0 = (chzzz)

Proof. We have

U1 UV + U2
7% — _ S —
ZCZZZ’ ZQCZZZ '
1 15 552 U3
5= S [‘z“ U1~ (“+2(1—55z)>”2+2}’
N = m(—ml + Qv + QOUQ)a
1
A = m |:Um1 — mo — UQO'Ul
55z
—v2 (uQo+ 55 Qo+ Q1 | + Qovs| -

Notice that every monomial term in the propagators S%*,5%,S and the
terminators A%, /A contains at least one of vy, vo, v3, m1, mo. Therefore the
Feynman diagram part }“1%") of F9") has degree at least 1 with respect
to one of vy, va,v3, m1, my by (2.18) and (2.19). This implies that the first
term in the RHS of

ploh) — (Zsczzz)gquh/z}-%h) + (Z3szz)g+hflzh/2f(g,h)

vanishes as v1, v2, v3, m1, Mo tends to zero. This proves the proposition. [
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4. Discussion

We discuss how to fix the holomorphic ambiguity f(@").
Let wo(z),w1(2),w2(2),ws(z) be the following solutions to the Picard—
Fuchs equation Dw = 0 about z = 0.

w;(z) = 9, Z (50 +71)5n P

5

Let t = wi(z)/wo(2) be the mirror map and consider the inverse z = z(q),
where ¢ = e!. Explicitly, these are

wo(z) = 1+ 120z + 1134002> + - - -,

w1(2) = wo(2) log z + 770z + 8102252% + - - -,

3225308000 4
—_—2z" +-

t =logz + 770z + 71782522 + 3 -

z=q—T770¢> +171525¢° + - - -.
Let

(4.1) Fﬁf”h) = lin% FloM wy(2)%91h=2,
Z—

for (g, h) satisfying 29 +h — 2 > 0.5 The limit Z — 0 in the RHS means

dt

G,z — e e K wo(z), A, — D.D,T.
z

SFor (g, h) = (0,0),(1,0),(0,1),(0,2), one should consider

n
opFh = (iZ) lim F9Mwgsth=2,

z—0

where n = 3,1, 2,1, respectively.
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Define n'¥™ for h > 07 by the formula [14; 15; 19, (3.22)]:

oo
the terms in positive powers in ¢ of Zg829+h_2F£‘g’h)

g=0
o0 1 ks \ 2902
ST (2 )
k 2
g=0 d k

Here the summation of k is over positive odd integers and that of d is over
positive even (resp. odd) integers when h is even (resp. odd).

(4.2)

Remark 4.1. It is expected that Fjgg ) i the A-model topological string
amplitude of genus g with h boundaries for the real quintic 3-fold (X, L),
and that n((ig’h) be the BPS numbers in the class d € Ha(X, L; Z). See [7,21]
for (g,h) = (0,0),(1,0) and [16,18] for (g,h) = (0,1). It is expected that
n dg ) are even® integers for h > 0.

The holomorphic ambiguity could be fixed by assuming some conditions
on Fzgg M and 9" In [19], the following boundary conditions were pro-
posed.

(i) ni" =0 if n27th-1 0.

(ii) If h is even, the g-constant term in FIS‘ ) vanishes except for (g, h) =
0,2).

However, these do not give enough equations to fix unknown parameters in
@M unless (g, h) = (0,1),(0,2),(0,3),(1,1) (these cases were done in [19];
see also commens in [1, Appendix B]). Without any other guiding principle,
we might assume the following ad hoc condition together with (ii):

(i) n((ig M — 0 for d < dp, where dy is the smallest number necessary to

completely determine unknown parameters in f(9")

For example, dy = 3 for (g,h) = (0,3),(1,1), do = 6 for (g,h) = (1,2),(0,4)
and dp =9 for (g,h) = (1,3),(0,5). When we fix holomorphic ambiguities

"For h = 0, the BPS number nf is defined by [2.8]

o0 o0
1 kgs\29—2
Z 9529_2F,£19’0) _ Z Z Z ngE (2 sin gs) ¢"® + polynomial in log g.
9=0 9=0d>0 k>0

8The authors thank a referee for pointing out this property.
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with these assumption, for (g, h) = (0,4) we obtain

F00) _ 2 — 20125 z + 70618750 22 — 86493078125 23
10000 (1 — 3125 2)2

9

(0,4) (0,4)

and n = —307669500, n;, "’ = —1290543544800 and so on. In the cases
of (g,h) =(0,4),(0,5),(0,6),(1,1),(1,2),(1,3),(1,4), we obtain integral
nég’h) for small d. For (g,h) = (0,4),(0,5),(0,6), they are even, but for
(9,h) =(1,1),(1,2), some of them are odd. For (g,h) = (0,7),(1,5),(2,1),
the holomorphic ambiguities determined by our assumptions do not give

integral nilg’h)’s. It will be interesting to investigate systematic ways to

fix holomorphic ambiguities so as to get the BPS numbers n'M with the
desired properties, as was done in the closed case [13].
As a final remark, let us comment on the expansion about the conifold

point z = E% If one imposes the gap condition to F(®4 such as the one
found in [13, (1.2)] instead of néOA) = 0, then the integrality of n&oA)’s does
not hold.

Appendix A. Examples of Feynman diagrams

Feynman diagrams for .7-"1%3) and .7-"1%’1) have been given in equations (2.109)
and (2.108) of [19] respectively (#G(0,3) = #G(1,1) =4). For (g,h) =
(0,4), we have #G(0,4) =19. See figure 3. It is clear that the number
of Feynman diagrams grows rapidly as g and h increase. For example, one
can check that #G(0,5) = 83, #G(1,2) =29, #G(2,1) = 97.

Appendix B. P©%
2 — 9500z + 1601562522)m, 2

20(—1 + 31252)°
(=9 +125002)m1?  752%(—1+31452)ma  my13ma

POD _ 2030, )3 p04) _ 2(

120(—1 + 3125z) 4(—1+ 31252)° 6
N _ Bzmp® (37523(—3 + 31252) N 3752%my >
A(-1+31252) '\ 2(—1+31252)"  2(—1+ 31252)°

Q' L (34 250002)Q0"  Qo’Q: 0l
8 40(—1 + 3125z) 6 2
gt (M@ (F94125002)Q1"  QuQiPey
! 2 120(—1 + 31252) 2
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AR AR AR

Figure 3: The elements G in G(0,4) and the orders of Ag. The vertices are
expressed as bordered Riemann surfaces to visualize the labeling.

( 2522 _ T52%(=1+31452)Q0  3752°miQo
8(—1 + 3125z)* 4(—1+ 31252)° 2(—1 + 3125z)
_m13Q0 ~ 9zmelo n 52Q0%v3?

6 2(—1 + 31252) 4(—1 + 31252)

o (z(—l + 47502z + 11992187522) Qo>
2 10(—1 4 31252)°

—52Qo meQo” 80002*QoQ1 520,
+my + — 5 +
2(—1+ 3125z2) 2 (—1+31252) 4(—1+ 3125z)
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2 <(—9 +437502)Q0° Q0Q1> B m1Q0303>

20(—1 + 3125z) 2 2
3 5ZQ02 m2Q03 —((—9 + 593752’)Q03) Q02Q1
+ V2 — + mq
4(—1+ 3125z) 6 30(—1 4+ 3125z) 2
+Q04v3> o3 < —37522Q1°  3mi’Q1” (=9 +125002)m1Q;°
6 " \4(—1431252)° 1 30(—1+ 31252)
meQ:® 3miQo@1?  3Qu@*  Qit
— + + — V2
6 2 10 6
3Q0%Q1%12% | QoQ1’vs 8187523 23662523Qq
- + + V2 3 3
4 6 8(—1+31252)%  4(—1+ 31252)
5z maQ) -3Q Q1
2 _ 20 3 0 w0l
m (4(—1—1—31252) 2 > m ( 0 6 >
7522(—1 + 31452)Q1 . <z(—1 +16252)Q 37522Q >
4(—1+ 3125z2)° 5(—1+31252)%  2(—1+3125z)°

< —800022Qq 52Q1 )
-+ mo 3
(=14 31252)*  2(—1+31252)

< 800022Q* m12Qo* 52Q00Q1 ) )
+ 3

(-1 + 31252)2 2 2(—1+3125z)
o < —1406252" ' 3752%(=3 4 31252)Qs
8(—1+31252)* 8 2(—1 4 31252)*
2(2 — 95002 + 1601562522)m1Q1 (=9 + 125002)m13Q1
10(—1 + 31252)° ©30(—1+31252)
37522ma Q1 9 —37522 mol
T o(C14312522 (4(—1 +31252)° 2 )

n <m1Q03 L9+ 593752)Q0°Q1 Q02Q12> vy Qo*va’

2 30(—1 + 31252) 2 8
( 37522QoQ1 m12Q0Q1>
+ 2 V3
2(—1 + 3125z) 2
e <m13Q0 C 2(=1416252)QoQ1  3752°Q1°
2 B(—1+31252)2  2(—1+ 31252)°
37522Q 52Q1 )
+ - +
- (2 o~ T g+ Qo

2
+my? <9QlOOQ1 = Q;) - m1Q02le3>
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+ vy ( “3T5R” 3o’ 52Q0Q1  maQo*Q:
4(—1+ 3125z)* 4 2(—1 + 3125z) 2

—((=9 + 437502)Q0°Q1) 2\ | Qo°Qivs
m < 0(—1+31252) T Q@ ) T ))

o <m13Q1 2(2 — 9500z + 1601562522) Q1>
U1 —

2 20(—1 + 31252)°
N (=9 + 125002)m12Q1 2 . ( 37522Q m2Q12>
20(—1 + 31252) ! 2(—1+ 3125z)2 2
n 3m1Qo° Q1 n (=9 +437502)Q0°Q1°  QoQ1” o2
2 20(—1 + 31252) 2 2
CQoPQuive® miQoQivs + o < —3752°QuQ1  3m1*Qu@:
2 2 2(—1 4+ 3125z2)? 2

+

52Q1° maQoQ1? <—9Q0Q12 Q13> Q02Q12’03))
— _|_m1 + .

4(—1+ 3125z) 2 10 * 2 2
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