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Moment zeta functions for toric Calabi—Yau
hypersurfaces

ANTONIO R0OJAS-LEON AND DAQING WAN

Moment zeta functions provide a diophantine formulation for the
distribution of rational points on a family of algebraic varieties over
finite fields. They also form algebraic approximations to Dwork’s
p-adic unit root zeta functions. In this paper, we use l-adic coho-
mology to calculate all the higher moment zeta functions for the
mirror family of the Calabi-Yau family of smooth projective hyper-
surfaces over finite fields. Our main result is a complete determi-
nation of the purity decomposition and the trivial factors for the
moment zeta functions.

1. Introduction

Let n > 2 be a positive integer. We consider the following family

X)\2$1+"‘+:En+;=>\
T1-Tp
of (n — 1)-dimensional toric Calabi—Yau hypersurfaces in G}, parameterized
by A € Al. Let Pa be the projective toric variety associated to the Newton
polytope of the above Laurent polynomial. The projective closure Yy of X
in P is simply the quotient by G = (Z/(n + 1)Z)" ! of the following Dwork
family of projective Calabi—Yau hypersurfaces in P":

WA:x8+1+'--+xz+1:)\xo-~mn.

The crepant resolution of the family Y) is the mirror family of Wj.

Let F, be a finite field of ¢ elements with characteristic p. In this paper,
we are interested in the moment zeta function [29] which measures the arith-
metic variation of the zeta function of X, over I, as A varies in F,. The
moment zeta function grew out of the second author’s study [26,27, 28] of
Dwork’s unit root conjecture. Its general properties were studied in Fu—Wan
[9] and Wan [24,29]. Note that the zeta function of Y) differs from the zeta
function of X by some trivial factors, see Section 7 in [32].
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The zeta function of the Dwork family W) over finite fields had been
studied extensively in the literature, first by Dwork [7] and Katz [15], and
more recently in connection with arithmetic mirror symmetry by Candelas
et al. [2,3], and by Wan [31, 32] and Fu-Wan [12]. By the congruence mirror
theorem in [31,32], the zeta function of X is the most primitive piece of
the zeta function of W). Thus, we shall restrict ourself to the family X,.
The Hasse-Weil zeta function (but not its higher moment zeta function which
would seem to be too hard at the moment) in a similar number field example
is studied in a recent paper by Harris et al. [14].

More precisely, for a positive integer d, let Ny(k) denote the number of
points on the family X, such that x; € Fgax for all 1 <7 <mn and A € Fy.
The dth moment zeta function of the morphism X, — X € Al is defined to be

2. Ny(k)
k

Zy(A', X)) = exp ( Tk> €1+ TZ[[T]).

k=1

This sequence Zg(A', X)) (d =1,2,...) of power series gives a simple dio-
phantine reformulation on the arithmetic variation of the zeta function of
the family X,. It is a rational function in T for each d. In the special
case n = 2, X is a family of elliptic curves and the moment zeta function
Zg(Al, X)) is closely related to arithmetic of modular forms [25]. In general,
Dwork’s unit root zeta functions [8] attached to this family are the p-adic
limits of this sequence of moment zeta functions. They are thus infinite
p-adic moment zeta functions in some sense. Our aim of this paper is to
give a precise study of this sequence Z4(A!, X,). One main consequence of
our results is a determination of the purity decomposition and the trivial
factors for the moment zeta function Zy(A!, Xy) for all d, all n such that
(n+ 1) divides (¢ — 1). This provides the first higher dimensional example
for which all higher moment zeta functions are determined. Let

[(n—2)/2] dk n—1
1—q%T i _qyiti(
Sa(T) = I | 1 — g@k+iT | | (1—q +1T)( D)
k=0 =0

Theorem 1.1. Assume that (n + 1) divides (¢ — 1). Then, the dth moment
zeta function has the following factorization

Qa(T)
Pd,T)

n+1
Za(, ) = pu(r) () RATSD),
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We now explain each of the above factors. First, Py(T') is the non-trivial
factor which has the form

PT)= [  Pap(m)DCY,
a+b=d,0<b<n

and each Py p(T) is a polynomial in 1+ TZ[T], pure of weight d(n — 1) +1,

whose degree r is given explicitly in Theorem 3.11 and which satisfies the
functional equation

1
_ r (d(n—1)+1)r/2
Py(T) = £T"q Py <qd(n—1)+1T) .

Second, P(d,T) € 1+ TZ|[T] is the dth Adams operation (see Definition 3.2)
of the “non-trivial” factor in the zeta function of a singular fibre X, where
t=(n+1)Ct1 and Cpr1 = 1. It is a polynomial of degree (n — 1) whose
weights are completely determined. Third, the quasi-trivial factor Qq(T)
coming from a finite singularity has the form

QuT) = [ Qup(mV 10D,

a+b=d,0<b<n

where Qqp(T) is a polynomial whose degree Dy o, and the weights of its
roots are giwen in Corollaries 3.7 and 3.8. Finally, the trivial factor Rq(T')
s given by
Ry(T) = (1 — qd(n—l)/2T)(1 _ q(d(n—l)/2)+1T)(1 _ q(d("_2)/2)+1T)
if n and d are even,
Ry(T) = (1 — gln2/2417)
if n is even and d is odd,
Ra(T) = (1 - 4 D/2)7)
if n and d are odd,

Rd(T) — (1 _ q(d(n—l)/2)+1T)—1

if n is odd and d is even.
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Corollary 1.2. Assume that p does not divide n + 1. Let Nq(k) denote the
number of points on the family X such that x; € Fyax for all1 <1 < n and
A € Fge. Then for every positive integer k, we have the estimate

kd n
¢ -1 1 n—
Na(k) — ((qk(dl)) +50+ (—1))gH 1)/2)+1)> ‘

< (D + 2)qk((d(n—1)+1)/2)’

where D is the total degree of Py(T)(Qq(T)/P(d, T))" .

Since the first Hodge number h%"~1(X,) = 1, the zeta function of each
fibre X has at most one non-trivial p-adic unit root. One deduces the p-adic
continuity result: If nm + 1 < d; < dy are positive integers such that

dy = ds (mod (p—1)p™),

then
Zg, (A, X)) = Zg, (A, X)) (mod p™1).

For a p-adic integer s € Z,, and a residue class r € Z/(p — 1)Z, let {d;}°,
be a sequence of positive integers in the residue class » mod(p — 1), going to
infinity as complex numbers but approaching to s as p-adic numbers, then
the limit

Grs (A1, X)) = lim Zy, (A, X)) € 1+ TZ,[T]]

11— 00

exists as a formal p-adic power series. This limit depends only on s and
7, not on the particular chosen sequence {d;}3°;. The limit ¢, s(Al, X)) is
precisely Dwork’s unit root zeta function attached to the family X,. It is
a p-adic meromorphic function in T for every s € Z, and r € Z/(p — 1)Z,
as conjectured by Dwork [8] and proven by Wan [28]. It should be viewed
as a two variable p-adic zeta function in (s,7"). The results of the present
paper can be combined with the p-adic methods in [28] to obtain some new
information on these unit root zeta functions. These applications will be
spelled out in another paper.

We now briefly explain the ideas in proving the above theorem. For a
prime £ # p, let K € ch’(A}c, Q¢) be the complex obtained by taking direct
image with compact support with respect to the morphism X, — A of the
trivial f-adic sheaf Q; on X. The cohomology sheaves H/(K) are the rel-
ative f-adic cohomology with compact support of the family X,. Then,
Zg(A', X)) can be expressed in terms of the L-function over Al of the dth
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Adams operation of the sheaf H’(K):

2(n—1)
Za(AL, X)) = [[ LA E))HY"
j=0

The L-function of the dth power Adams operation is defined to be

1
det(I — FaTde(@) | i (K)l=)’

Ll () = ]

z€|Al|

where |A!| denotes the set of closed points on A!, I, denotes the inertia
group at x and F, denotes the Frobenius element at x. The dth moment
zeta function Zg(A!, X)) is thus a rational function in 7" for each positive
integer d.

Fix a prime number ¢ different from p. Let F be the non-trivial part
of the relative f-adic cohomology with compact support of the family Xy
parameterized by A € Al. Then F is the non-trivial part of the middle
dimensional relative cohomology H" !(K). It is a geometrically irreducible
smooth sheaf on the dense open set

U=A—{(n+1)¢: " =1},

of rank n and punctually pure of weight n — 1. The dth moment zeta func-
tion is then given up to trivial factors, by the dth moment L-function:

n—1

Za(A', Xy) ~ LAY, [F]HED

where [F]? denotes the dth Adams operation of the sheaf 7 on Al. As
a virtual sheaf on U, one can write (Lemma 4.2 in [26]) the dth Adams
operation as

F14= > ()b - DSym"F @ A'F,
a+b=d

where a and b are non-negative integers.
Let

Gap = Sym*F ® NF,

which is an f-adic sheaf on A', smooth on U, vanishing if b > n. Thus,
we shall assume that 0 < b <n from now on. The generic rank of G, is
(”+a_1) (%), which goes to infinity as a goes to infinity. On the smooth part

a
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U, the dth moment L-function is then given by the formula

n

LW, [F]?) = [T LU, Ga-pp) D" 0.
b=0

Thus, to a large extent, the moment zeta functions are reduced to the study
of the L-function L(U, G, ;) of the sheaf G, for all non-negative integers a
and b. To understand the purity decomposition and the trivial factors of this
last L-function, the key is to determine the local and global monodromy of
the sheaf F. This is accomplished in Section 2. As a consequence, we obtain

Theorem 1.3. Assume that (n+ 1) divides (¢ —1). Let a and b be non-
negative integers with 0 < b < n. Then, we have the formula

Pa,b(T)Qa,b(T)”H HL(iBrb)(nfl)/ﬂ(l _ qkT)%«b(k)

LU, Gap) = 1 @b 072T)on (1 = g /A1 T) s

where Py y(T), Qap(T) € 1+ TZ[T)] are polynomials whose degrees are explic-
itly given, Pyy(T) is pure of weight (a +0b)(n—1)+1, Qqp(T) is mized
of weights <(a+ b)(n — 1) + 1 (the precise weights of its roots are given in
Corollaries 3.7 and 3.8), 645 = 0 or 1 is explicitly given by Proposition 3.10,
aap(k) is the coefficient of 2¥z° in the power series

{ (1 _ xn) . (1 _ anrnfl)
(T —a2)-(1—2%)

b san e,

where the quantity in the bracket is understood to be 1 —x™ if a =1, and
11—z ifa=0.

The paper is organized as follows. In Section 2, we determine both the
local and the global monodromy of the sheaf F. These results are then
used in Section 3 to calculate the L-function of the sheaf G,; and its local
factors at bad points. In Section 4, we treat the degenerate case when
p divides n + 1.

2. The monodromy via Fourier transform

Let £ =T, be a finite field of characteristic p, n > 2 an integer, X C AZH
the hypersurface defined by z1---zp,41 =1, and 0: X — A11€ the restric-
tion of the sum map (z1,...,2p41) > 1+ -+ xpy1 to X. Fix a prime
{# p. We want to study the local monodromy of the non-trivial part of
the object K := RonQy € DS(A}C, Qy), which parameterizes the cohomology
of the family described in Section 1. Let n be a generic point of A}. The
main results are summarized in the following theorem:
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Theorem 2.1. The cohomology sheaves H/ (K) = RIc\Qy vanish for j <
n—1and j > 2n — 2. We have isomorphisms

n

H(K) = @5“"”)(“ -1-3j),
forn <j <2n—2, and an exact sequence
0—Qp > H"HK)—F —0,

where F is the extension by direct image of a geometrically irreducible smooth
sheaf on the dense open set U = AL — {(n+ 1) : ("' =1}, of rank n and
punctually pure of weight n — 1. It is endowed with a non-degenerate pairing
O : F x F — Qu(l —n), which is symmetric if n is odd and skew-symmetric
if n is even. As a representation of the inertia group at infinity, F is unipo-
tent with a single Jordan block.

If p does not divide n+ 1, F is everywhere tamely ramified. The iner-
tia group at each of the n + 1 singular points x = (n + 1)¢ acts on Fy with
invariant subspace of codimension 1. On the quotient .7:,7/.7:,—5’, I, acts triv-
tally if n is even, and through its unique character of order 2 if n is odd.

If p divides n+ 1, let n+ 1 = p*m, with m prime to p. Then F is
smooth on Gy, and the inertia group at 0 acts with invariant subspace of
dimension m — 1. The action of Iy on the quotient .7-",7/‘7-'7—50 15 totally wild,
with a single break 1/(p® — 1) with multiplicity m(p®* —1) =n—m+1. In
particular, the Swan conductor at 0 is m.

The determinant of F is the geometrically constant sheaf Qu(—n(n —
1)/2) if n is even or p divides n + 1, and the pulled back Kummer sheaf

—n(n —1)
Lyvett—(ma1ywen) (2) )

if n is odd and (p,n + 1) = 1, where x is the unique character of order 2 of
the inertia group Iy.
The geometric monodromy group of F is given by

Sp(n, @) if n is even
O(n, ®) if nis odd and (p,n+1) =1
SO(n, ®) if n is odd, pln + 1

and (p,n) # (2,5) or (2,7)
Go in its standard
7-dimensional representation ifp=2, n="7
SL(2) in sym* of its
standard representation ifp=2,n=5
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We will deduce most of the properties of the object K from the properties
of its Fourier transform L € D(A},Q,) with respect to a fixed non-trivial
additive character ¢ : k — C* 5 @’g The Fourier transform L is closely
related to the Kloosterman sheaf. This connection of the Dwork family
with Kloosterman sums was first discovered by Katz [16] (Section 5.5) who
uses the properties of the family to get information on certain Kloosterman
sums. We will use this connection the other way around and apply Katz’s
fundamental results for the Kloosterman sheaf.

Recall (cf. [20]) that the Fourier transform is defined by

FTy(K) = Rray (77 (K) © " Lyp)[1,

where mq, w9 : A% — A}c are the projections, u : A% — A,ﬁ is the product map
and Ly is the Artin—Schreier sheaf on A}C associated to the character . It
is an auto-equivalence of the triangulated category DE(A,{;, Q¢), and has the
following involution property:

FT;FTy(K) = K(-1).

One of the main advantages of this equivalence is that, following Laumon
(cf. [22]), the local properties of the object K can be read from those of its
Fourier transform. This is the method that we will use to deduce most of
the results about K.

Let us first determine what the Fourier transform of K is explicitly.
Using proper base change on the cartesian diagram

X« X x Al

| £

AL T A2
we get
™ (K) = 11 (RoQr) = Ro171Qr = R Q.
By the projection formula, we have then

L = Rray((R&Qe) © *£)[1] = Ry (R34 (6*1* L) (1] = Ry (L) 1]

where 71 and 79 are the projections of X x A,lﬁ onto its factors and
fi: X x Af — A} is the map ((@1,...,%p41),t) = t(x1 + - + Tnt1).
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Extend the canonical map L — j,j*L to a distinguished triangle
(2.1) M —L— j,j°L—

in ch’(Ak, Q), where j : A} — {0} < A} is the open immersion. The object
M is punctual supported at 0, since L — j,j*L is an isomorphism away
from 0.

At 0, the object L is just R[.(X ® k, Q)[1] by proper base change. Since
X is just the product of n copies of G,,, we have

Lo = ® RI(G,, 5, Qo)[1].
=1

From Hé(ijc, Qg) == @g, H(Q:(Gmfﬂ @g) = @g(—l) and Hi(ijc, @3) =0 for
1 # 1,2, we conclude

M (L) =0 ),

for n <14 < 2n, and 0 otherwise. Thus, we get a quasi-isomorphism

2n n
Ly = @@w (n —i)[1 —1i].

=n

Away from 0, we have L = Ra(fi*Ly)[1], where we now regard 7o as
the projection X x G,,, — G,,. Consider the automorphism ¢ of AZ“ X G,
given by ¢((z1,...,2nt1),t) = ((tx1, ..., txny1),t). The image of X X Gy,
under ¢ is the variety Y defined by the equation zi---z,4+1 = t"T!, and
[ =& o ¢. Since ¢ is an automorphism, ¢* = R¢, = R¢y, and we get

J*L = Rito (i Ly)[1] = R (¢"6"Ly)[1]
= R(720)1(6"Ly)[1] = Ritar(6*Ly)[1].

The stalk of j*L at a geometric point ¢ € G, ;. is then
RE ({1 @par = "7}, Ly (L
By [5, Théoreme 7.4], we deduce that H'(5*L) = 0 for i #n — 1, and H" !

(j*L) is the pull-back by the (n + 1)th power map of the Kloosterman sheaf
given in [5, Théoreme 7.8], and, more generally, in [17, 4.1.1]. Therefore, we
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have a quasi-isomorphism
F*L 22 [0+ 1)Kl ()1 — n]

Denote by £ the sheaf [n+ 1]*Kl,+1(¢)) on Gy,. It is geometrically irre-
ducible, because it is already irreducible as a representation of the inertia
group at 0: by [5, Théoreme 7.8], the action of a topological generator is
unipotent with a single Jordan block. In particular, the invariant subspace
for the inertia action at 0 has dimension 1, so the stalk of j,j*L at 0 is
quasi-isomorphic to Q[1 — n].

Taking stalks at 0 in the distinguished triangle (2.1), we get

2n n

My~ @O (n -1 — ] = Qult —n]

i=n

and consequently a quasi-isomorphism

Mox @ o m— i - = @A it —n—1,
=1

i=n-+1

Then since M is punctual supported at 0, the distinguished triangle (1)
reads

GB@E i)l —n—ilo— L — jL[1l—n]—.

Taking Fourier transform with respect to the complex conjugate charac-
ter ¢ and using the facts that FT); o FTy(K) = K(—1) and that the Fourier
transform of the punctual sheaf (Qg)o is the shifted constant sheaf Q[1], w
get the distinguished triangle

@@g?)(_i)[z —n—i] = K(~1) > FT;(j,L)[1 —n] —

Since L is a geometrically irreducible sheaf of rank >2, its direct image 7, L
is a Fourier sheaf in the sense of [17, 8.2] (cf. [17, Lemma 8.3.1]). Then
its Fourier transform is a sheaf of the same kind, by [17, Theorem 8.2.5].
Namely, it is the extension by direct image to A! of a geometrically irre-
ducible sheaf on a dense open set U C A', and we get a distinguished
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triangle

é@g?)(l —i)[2—n—i] = K = F[l —n] -,
=1

where F = FTy(jxL) (1). Taking the associated long exact sequence of
cohomology sheaves and using the fact that F has no punctual sections, we
get an exact sequence

(2.2) 0-Qf »>H" " HK)—>F—=0

and isomorphisms

(2.3) HI(K) S @gf‘-:“) (n—1—3) forn<j<2n-2

and
HI(K)=0 forjg{n—1,...,2n—2}.

Thus the cohomology of our family has a “constant part”, which has
dimension (jiz +2) and is pure of weight 2(j5 — n + 1) on degree j for every
j=n-—1,...,2n — 2, and a non-constant geometrically irreducible part on
degree n — 1 given by the sheaf F. If n + 1 is prime to p, this sheaf is the
pull-back by the (n + 1)th power map of a hypergeometric sheaf, as defined
by Katz in [18] (Section 8). Namely, using the same notation as in the
reference, it is [n + 1]*Hyp(,11)n+ (!, ¥,all non-trivial characters x of order
dividing n + 1; n times the trivial character) (cf. [18, Theorem 9.3.2]). We
will not make use of this fact in what follows.

Proposition 2.2. The sheaf F is smooth of rank n and punctually pure of
weight n —1 on U = Al — {(n +1)¢ : ("1 =1},

Proof. If n + 1 is prime to p, by [10, lemma 1.4], the wild inertia group of A]%
at infinity acts on £ as @iy Ly(,.0r Where ¥ q1)c(t) = ¥((n + 1)¢t).
By [18, Lemma 7.3.9], F is smooth at t € A}C if and only if all breaks of
L ® Ly, at infinity are >1. But, as a representation of P,

LoLy = @ Lopinnes

¢nt1=1

has all its breaks equal to 1 unless ¢t = (n + 1)( for some ¢ € fip41(k). This
proves that F is smooth on U. If p divides n + 1, all breaks of £ at infinity
are <1, so F is smooth on U = G,, ;, by [17, 8.5.8].
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Since L is pure of weight n, so is its direct image j,£[0] as a derived
category object. The Fourier transform preserves purity and shifts weights
by 1, so F(—1)[0] is pure of weight n + 1 as a derived category object. In
particular, on the open set where F is smooth, it is punctually pure of weight
(n+1) —2=n—1. To compute the rank, we use the formula in [18, 7.3.9],
which gives

rank(F) = dropy(L) = (n+1) — 1 =n. O

Proposition 2.3. There is a non-degenerate pairing ® : Fiy x Fy — Qp
(1 —n) which is symmetric for n odd and skew-symmetric for n even.

Proof. According to [17, 4.1.3], the dual of the sheaf Kl,,11(¢)) on Gy, is
Kl,11(¢)(n — 1). Therefore, the dual of the object 7,£[0] € D3(A}, Q) is
3xL[0](n — 1), where £ = [n + 1]*Kl,,+1(¢)).

By [20, Théoreme 2.1.5], the dual of the Fourier transform with respect
to 1 of an object is the Fourier transform with respect to 3 of the dual
object. Therefore, the dual of FTj(j.L[0]) = F[0] is FTy(j.L[0](n — 1)) =
F[0](n — 1). In particular, we have a non-degenerate pairing on the open set
U, where F is smooth: Fyy x Fy — Qu(1 — n). Since Fy is irreducible, the
pairing is unique up to a scalar and either symmetric of skew-symmetric.
The actual sign is given by the usual cup product sign, since F is a subsheaf

of Rnﬁlm(@g). O

Proposition 2.4. The sheaf F is tamely ramified at infinity. The tame
inertia group at infinity I'9™¢ acts unipotently on Fi with a single Jordan
block.

Proof. Since L is tamely ramified at 0 and the inertia group acts unipo-
tently with a single Jordan block, the same is true for F at oo by [18,
Theorem 7.5.4]. O

Proposition 2.5. Suppose that n + 1 is prime to p. Then F is everywhere
tamely ramified, and for every (n + 1)th root of unity ¢ in k, the action of
the inertia group at (n + 1)¢ on Fy has invariant subspace of codimension 1.

Proof. Let ¢ be a (n 4 1)th root of unity in k. Then

C : (mla' . '7xn+1) - (Cxla'-' >an+1)

is an automorphism of X. Therefore,

K :=RoQr = R(0 0 O)1Q¢ = R({ 0 0)1Q = [{J\RonQy = [(]L K,
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where [f] : Al — Al is multiplied by ¢. So the sheaf F is invariant under
multiplication by (n + 1)th roots of unity on A}C. In particular, the local

monodromies at (n + 1) are isomorphic for all ¢ € pip41(k).
By the Euler—Poincaré formula,

Xe(F) = rank(F) — Z (drop; F + swan; F),

te(m+1)phn41(k)

since F is tamely ramified at infinity and smooth on U. We can compute
this Euler characteristic directly:

XC(K) = XC(RJ!QE) = Xc(Xa @6) =0,

since X is a product of copies of G,,. Therefore,

2n—2
0=xc(K)= Z (—1) xe(H (K))
e 2n—2 . n
=B 0 ()

(L) )+ Sy (”) = (1) () — (—1)™,

$0 X¢(F) = —1. We conclude that

Z (drop; F 4+ swany F) =n + 1
te(n+1)pn41 (k)

and therefore the only possibility is drop; F = 1 and swan; F = 0 for every

t € (n+ 1)pns1(k). In particular, F is everywhere tamely ramified. O

Proposition 2.6. Suppose thatn + 1 is prime to p, and lett € (n + 1)pin41
(k). Ifn is even, the inertia group Iy acts trivially on the 1-dimensional space
.7-"7—7/.7-"#. That is, the action of Iy on Fj is unipotent with a Jordan block
of size 2 and all other blocks of size 1. Ift € Fy, the action of a geometric
Frobenius element at t on .7-"# has one of +¢"=2/2 as an eigenvalue, and
all other eigenvalues of absolute value ¢("—1)/2.

If n is odd, I; acts on the I1-dimensional space ]:77/.7-',%‘ via its unique
character of order 2. In particular, the action of I; on Fj is semisimple.
If t € Fy, the action of a geometric Frobenius element at t on .7:%‘ has all
eigenvalues of absolute value ¢("~ /2.
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Proof. This can be proven using the Picard—Lefschetz formulas (cf. [6,
exposé XV]), since the fibres of o : X — Al have only isolated ordinary
quadratic singularities. Alternatively, one may use the explicit description
of the monodromy at infinity of the Kloosterman sheaf and Laumon’s local
Fourier transform theory.

According to [10, Theorem 1.1], the action of the inertia group at infinity
on Kl,;1(¢) is given by [n+ 1].Ly,,, if n is even and [n + 1],(Ly,,, ®
Ly,) if n is odd. Therefore, the action on [n + 1]*Kl,41(¢) is given by
Bentr =1Ly 1) if 7 is even and ©enir =1Ly, ® Ly, if nis odd (cf. [10,
Lemma 1.4]). We conclude by [18, 7.4.1 and 7.5.4].

In particular, the Frobenius eigenvalues of }',%‘ all have weight n — 1 if
n is odd by [17, 7.0.8]. If n is even, there are n — 2 eigenvalues of weight
n — 1 and one of weight n — 2. Since the local L-function has integral coeffi-
cients, the non-real eigenvalues must appear in complex conjugate pairs, and
therefore the one with weight n — 2 must be real, necessarily +¢("~2/2. 0O

Proposition 2.7. Suppose that p divides n+ 1, and write n +1 = p*m
with (p,m) = 1. Then the inertia group at 0 acts with invariant subspace of
dimension m — 1, and its action on the quotient ]:77/.7:,%0 1s totally wild, with
a single break 1/(p® — 1) with multiplicity m(p® — 1) =n —m + 1.

Proof. In this case,
L = ju[n +1]"Kly11(¥) = ju[m]* [p ] Kl 11 (¥) = j*[m]*K1n+1(¢/),

where ¢ is the additive character given by /(t) = ¢ (t*"). We deduce by
[17, 1.13.1] that £ is totally wild at oo with a single break m/(n+1) <1
with multiplicity n + 1. Therefore, by [18, 7.5.4], we conclude that F has
break m/(n —m+ 1) at 0 with multiplicity n —m + 1. In particular, the
Swan conductor at 0 is m.

It remains to compute the tame part of the monodromy at 0. By the
Euler—Poincaré formula,

—1=x.(¥) = dim .7-"7—50 —swang F = dim .7-"%0 —m.

Thus, dim .7-"%0 = m — 1, which is precisely the codimension of the wild part.
Therefore, the inertia group at 0 has dimension m — 1 invariant subspace,
and the action in Fj /.7-"%O is totally wild, with a single break m/(n —m +
1) =1/(p® — 1) with multiplicity n —m + 1. O
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Proposition 2.8. The L-function of F on A,lc s given by
LAY, F,T)=1-T.

The eigenvalues of a geometric Frobenius element Fuy at infinity acting on
Foarel,q,...,q" "

Proof. By (2.2) and (2.3), we have

L(A', K, T) LAY, #/(K), T)V

||,:13

H 1 — qj+2—nT)(—1)j+1(j+;7n) ' L(Al’ f, T)(_l)n71

-1

- H 1—gT) V" C) LAl F o)L
]:

On the other hand, we have
L(Avia T) = L(AlvRO—!@K’T) = Z(X’ T)

Since X is a product of n copies of the torus G,,, we get
n i
AlKT:H1—q9T e,

Comparing both expressions, we conclude that L(AY, F,T) =1 —T.

Let j : U — P! be the inclusion. Since JF is irreducible and not geomet-
rically constant, H(P!, j,F) = H*(P!,j,F) = 0. On the other hand, the
Euler—Poincaré formula gives

XPLF)=n+1- > 1=0,
(rti=1

if n + 1 is prime to p, and
Y(PL, joF) =1+ dim FP* — SwoF =1+ (m—1) —m =0,

if p divides n + 1. In either case, H'(P!, j,F) = 0. Therefore, the L-function
of 7, F on P! is trivial, and we deduce

LAY, F,T) = L(P", j,F,T) det(1 — TFx|F'=) = det(1 — TFx|F'>).
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In particular, the action of Dy /I on the one-dimensional space F'= is
trivial, and the eigenvalues of a geometric Frobenius element acting on F
are 1,q,...,¢" ! by [17, 7.0.7]. O

Proposition 2.9. If n is even or p _dz'm'des n+1, the determinant of
F is the geometrically constant sheaf Qu(—n(n —1)/2). If n is odd and
(pn+1)=1,

det(F) = Ex(tn+1_(n+1)n+1)(—n(n —1)/2),

where x is the unique character of order 2 of the inertia group of A' at 0
and Ly (gn+1_(ny1)n+1) 18 the pull-back of the extension by zero to Al of the
corresponding Kummer sheaf on G, under the map t — t"*1 — (n 4 1)"+1,

Proof. If n is even, there is a non-degenerate symplectic pairing F x F —
Q¢(1 —n). In particular, F is geometrically symplectically self-dual, and
therefore its determinant is geometrically trivial.

If p divides n + 1, let n + 1 = p®m as in Proposition 2.7. If { is a prim-
itive mth root of unity, exactly as in the proof of Proposition 2.5 we get
an isomorphism F & [t — (t]* - F. In particular, there is a sheaf G on G,,
such that Fig, = [m]*G, where [m] : Gy, — Gy, is the mth power map. By
[17,1.13.1] and Proposition 2.7, as a representation of the wild inertia group
at 0, the sheaf G has a single positive break 1/m(p* —1) =1/(n+1—m)
with multiplicity n+1—m = m(p* — 1) > 1, and Swan conductor 1. At
infinity, the inertia group acts quasi-unipotently with a single Jordan block,
and after tensoring with a suitable Kummer sheaf we can assume that the
action is unipotent. Then det G is smooth of rank 1 on G,,, unramified at
infinity and its break at 0 < 1/(n+1—m) < 1. Since this break (which is
the Swan conductor of det G at 0) is an integer, it has to be zero. Thus,
det G is tamely ramified at zero, and therefore geometrically trivial, and the
same is true for det F = [m|*det G.

So in both cases, there is some f-adic unit a such that det F =2 od°8,
where €8 is the pull-back to 71(G,, ) of the character of

(G k) /m1(G,, ;) = Gal(k/k)

that maps the canonical generator F' to «. To find the value of a, we
need to compute the determinant of the action of an element of degree 1 of
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71(Gp, k) on det F. But from Proposition 2.8, we know that the action of
the geometric Frobenius element at infinity (which has degree 1) on F has
eigenvalues 1,q, . ..,¢q" t. Therefore, a = ¢gt+2+ =1 — gn(n=1)/2 4nq

det F = (¢""=1/2)dee — Qy(—n(n —1)/2).

If n is odd and (p,n + 1) = 1, from Propositions 2.4 and 2.6, we know
that det F is smooth on U = A]% —{(n+1)¢: ¢"* =1}, unramified at infin-
ity and tamely ramified at the n + 1 singular points (n + 1)¢, with the iner-
tia groups acting via their character x of order two. Therefore, (det F) ®
Ex(t"+1—(n+1)n+1) is everywhere unramified, and thus geometrically trivial.
So there is some f-adic unit o such that det F = a9 @ Lo (tr+1—(ng1)n+1)-
To find the exact value of a, we again evaluate the determinant at ¢ = oo to
be ¢n(n—1)/2 using Proposition 2.8. On the other hand, using

L=ty = Lx(ere) © L) /em41)) = Lx(a () em)),

since x has order 2 and n + 1 is even, we conclude that the Frobenius element
at infinity acts trivially on L, (n+1_(p41)n+1), and therefore o = ¢""=1/2 and

—n(n — 1)> |

det(F) = ﬁx(t"“—(n—f—l)”“) ( 2

O

Corollary 2.10. Suppose that n is odd and (p,n+1)=1, and let t €
Fy. Then the action of a geometric Frobenius element Fy at t on F has
Xt — (0 + 1) g =D/2 45 an eigenvalue (where x : Fy — C* is the
unique character of order 2) and the remaining eigenvalues appear in com-
plex conjugate pairs.

Proof. From the previous theorem, we know that the product of the eigenval-
ues is ("1 — (n 4 1)"T1)g"=1/2 They all have absolute value ¢("~1)/2
and, given that F((n — 1)/2) is self-dual, they are permuted by the map
2+ q""'/z. So the non-real eigenvalues show up in complex conjugate
pairs. There are an odd number of real eigenvalues, all of them necessarily
equal to ¢ 1/2 or —g(n—1)/2, Grouping them in pairs of identical eigen-
values, we are left with just one, whose sign must be x(t"*! — (n 4+ 1)"+1)
(since the product of the other ones is positive). O
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Proposition 2.11. The geometric monodromy group G of F is given by

Sp(n, @) if n is even
O(n, ®) if n is odd and (p,n+1) =1
SO(n, ®) if n is odd, pn+1

and (p,n) # (2,5) or (2,7)
G+ in its standard
7-dimensional representation ifp=2,n=7
SL(2) in sym* of its
standard representation ifp=2,n=>5.

Proof. The connected component Gg of G containing the identity is
semisimple by [4, 1.3.9]. Since G contains a unipotent element with a single
Jordan block, its Lie algebra g is simple and contains a nilpotent element
with a single Jordan block and the representation g — End(Fy) is faithful
and irreducible, by [17, 11.5.2.3]. By Proposition 2.3, we have an a priori
inclusion G C Sp(n, ®) for n even and G C O(n, ®) for n odd.

Suppose that n + 1 is prime to p. Then G contains pseudo-reflections
(i.e., elements with invariant subspace of codimension 1). Since any element
in G normalizes g, from [18, Theorem 1.5], we conclude that g = sp,, if n
is even and g = so,, if n is odd. Consequently, G = Sp(n,®) if n is even
and G = SO(n, ®) or O(n, ®) if n is odd. But the local monodromies at the
points ¢ € (n + 1)1 1(k) contain elements of determinant —1, so G' must
be the full orthogonal group.

When p divides n + 1, we will make use of the classification theorem in
[17, 11.6]. According to it, the possibilities for g are: sly in the (n — 1)th
symmetric power of its standard representation, sp,, if n is even, so,, if n is
odd and g in its standard 7-dimensional representation if n = 7.

Suppose that g = sle, and let n 4+ 1 = pm with m prime to p. As in
the proof of Proposition 2.9, we find a smooth sheaf G on G,, such that
Fig,, = [m]*G. Since the geometric monodromy group of F has finite index
in that of G, their Lie algebras are the same.

Let G’ be the monodromy group of G. The proof of [17, 11.5.2.4] shows
that we have a faithful representation G’ < GL(2) if n is even and G’ —
SO(3) X pn, C GL(3) if n is odd. Let H be the corresponding sheaf. As a
representation of the wild inertia group Py at 0, the breaks of G are 0 and
1/(n+1—m), so the breaks of H are at most 1/(n + 1 — m). In particular,
the Swan conductor of H as a representation of Py is <2/(n+1—m) if n is
even (<3/(n+1—m)ifnisodd). If n+1—m > 3 (or >2 if n is even), this
automatically implies that H is tame at zero as a representation of 71(G,, r)
(since the Swan conductor is an integer) and therefore if factors through the
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abelian tame fundamental group of G,,. In particular, the monodromy group
would be finite, which contradicts the assumption that g = sly. This rules
out the possibility g = sly for all cases except (p,n) = (2,3), (2,5) or (3,2).

Therefore, the classification theorem forces g = sp,, if n is even and g =
s0, if n is odd as long as (p,n) # (2,3), (2,5), (2,7) or (3,2). So in that
case G = Sp(n,®) if n is even, and G = SO(n,®) if n is odd (since the
determinant of F is geometrically trivial by Proposition 2.9).

If (p,n) = (2,3), (2,7) or (3,2), n + 1 is a power of p, so F is totally wild
at 0 with Swan conductor 1. By [17, Theorem 8.7.1], applied to the sheaf
*F (where ¢ : G, — Gy, is the inversion map), ¢*F is just a translation of a
Kloosterman sheaf on Gy,, so it has the same geometric monodromy group.
Using [17, Theorem 11.1], we conclude that G = Sp(n, ®) if (p,n) = (3,2),
G =8S50(n,®) if (p,n) = (2,3) and G = G2 if (p,n) = (2,7).

For the remaining case p = 2, n = 5, we have two possibilities, g = so5
or g = sly in the fourth symmetric power of its standard representation. In
the first case, G would be SO(5), since the determinant is trivial. We will
rule out this possibility by computing the third moment of F over Fais.
Suppose that G = SO(5), and let V' be the stalk of F at the generic point
of Al, viewed as a representation of SO(5). The alternating square of A2V
of V is irreducible, and the symmetric square sym? V' contains the trivial
representation and another irreducible factor W. So V ® V' decomposes
as A’V @1 @ W. None of these irreducible factors is isomorphic to V, so
VeVeV=Homg(VeV,V) (since V is self-dual) does not contain the
trivial representation. Therefore HZ(G,, 7, F®?) vanishes, being the dual
of VeV ®V)¥=0. Since F%3 does not have punctual sections, its HO
vanishes too, and then the trace formula gives

> Tr(Ftlfo?" — [Te(FIHA(G,, 1, )| < dim HL(G,, 5, F&4)q*+(1/2
tek*

since F®3 is pure of weight 12. Now F®3 has rank 125, it is smooth on G,,,
tamely ramified at infinity and all its breaks at 0 are <1 (since the only
breaks of F at 0 are 0 and 1). Therefore, its Swan conductor at 0 is at most
125, and then the Euler—Poincaré formula gives

dim HX(G

FO) = —x(Gy, 1, F?) = Swo(F?) < 125

m,k> m,k>

SO

> Tr(F|F)?| <125 g0/,

tek*
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Now using the explicit formula given in Proposition 4.1, we find for
k= FQ]G that

> Te(F|F)? ~ 5.48857 - 10% > 2.5353 - 10% ~ 125 . 2!6(6+(1/2))
tek*

in contradiction with the inequality above. So g = sly in sym? of its standard
representation, and therefore Gy = SL(2) in sym? of its standard represen-
tation. Gp is normal in GG, being its identity component. For every g € G,
conjugation by g gives an automorphism of Gg. But every automorphism of
S = L(2) is inner, so there is an element gy € Go such that ggy' is in the
centralizer of Gy. Now the centralizer of Gy in GL(5) is the set of scalar
matrices (a matrix commuting with all matrices of the form

4 1 a 4 1 0
sym (0 1 and sym o 1

must already be a scalar). But G C SO(5), and the only scalar matrix in
SO(5) is the identity. Therefore, g = go € Go, and G = Gy = SL(2) in sym*
of its standard representation. Il

3. L-functions of symmetric and alternating powers of F

Throughout this section, we will assume that n 4 1 is prime to p. We will
describe the L-function of the smooth sheaf Sym®F @ AYF on the set U =
Ap—{(n+1)¢: ¢t =1}

Proposition 3.1. The L-function of F on U is given by
L(U,F,T)=(1-T)P(T)"*,
where P(T) € 14+ TZ[T) is a polynomial of degree n— 1. If n is odd, all

reciprocal roots of P(T) have absolute value ¢"~1/2. If n is even, P(T) =

(1 £ ¢=22T)P(T), where all reciprocal roots of P1(T) have absolute value
(n—1)/2
q )

Proof. Since F is smooth, geometrically irreducible and not geometrically
constant on U,

L(U,F,T) =det(1 — F - THL(U ® k, F)).
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If j: U — P! is the inclusion, the Euler-Poincaré formula gives
X(Pp,juF)=14+n—(n+1)=0.

Therefore, H (]P%, J«F) =0 for all i, and we get an isomorphism

H (UekF) = | @ Flow | or~
¢rii=1

A similar argument gives
Fle = HL(AL F).
By Proposition 2.8, we have then

LU,FT)=1-T) J] det(1—F-T|F+e),
(n+i=1

But the isomorphism F = [(]*F implies that
P(T) = det(1 — F - T|Fln+ne)

is independent of (. The absolute values of the reciprocal roots of the
polynomial P(T) are given by Proposition 2.6. (]

Definition 3.2. Let P(T) be the polynomial of degree n — 1 in the above

proposition. Write
n—1
P(T) =[] - euT).
i=1
For a positive integer d, the dth Adams operation of P(T') is defined to be

n—1

P(d,T) =[]0 -ofT).

We now turn to the study of the L-function of the sheaf G, j, := sym* F ®
APF, which is smooth of rank ("”LZ_I) (}) and pure of weight (a + b)(n — 1)
on U. Let us find the bad factor of the L-function at infinity first. The
local monodromy of G, it infinity is clearly unipotent, since that of F
is. By Proposition 3.1, the eigenvalues of the geometric Frobenius element
at infinity acting on G, are gittTiletiit+i for all possible choices of
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integers 0 <41 <9< <ijg<n—1land 0<j1 <jo< - <jp<n-—1.
Let Ny, qp% be the number of such possible choices with 41 + -+ - + i, + j1 +
-+ jp = k, that is,

Nma’b,k:#{(il,...,ia,jl,...,jb):0§i1312§-~-§ia§n—1,
0<ji<jo<-<jp<n—Llir+ - +iat+ji+-+5 =k}

It is clear that Ny apk = Ny ab,(atb)(n—1)—k (just change i; —n — 1 —ig11-y
and j; —n—1—jpy1-y) and Ny gpp =0 for £ <b(b—1)/2 and k> (a+
b)(n—1)—=b(b—1)/2.

Proposition 3.3. The dimension of the invariant subspace Qé"g i85 Npab.c
where ¢ = [(a+b)(n—1)/2]. If (a+b)(n+1) is even, all Jordan blocks
for the action of I on G, have odd size, and the number of blocks of size
2k +1 is Npape—t — Nnabe—k—1 for all k> 0. If (a +b)(n+ 1) is odd, all
Jordan blocks for the action of I, on Gap have even size, and the number
of blocks of size 2k + 2 is Ny qb.c—k — Nnape—k—1 for all k> 0.

Proof. This is just a translation of [4, 1.8.4] and [17, 7.0.7] to this particu-
lar situation, considering that G, is pure of weight (a +b)(n — 1) and all
Frobenius eigenvalues of G, ;, at infinity are integral powers of ¢ (that is, they
have even weight). In fact, the multiplicity N, 4.0 of the minimun Froebnius
eigenvalue ¢° is equal to the number of Jordan blocks with length (a + b)(n —
1) + 1. Removing these blocks, then the multiplicity Ny, q.51 — Ny .50 Of the
minimun remaining Frobenius eigenvalue ¢ is equal to the number of blocks
with length (a4 b)(n — 1) — 1. By induction, for 0 < k < ¢, one deduces
that Ny apk — Nnapk—1 is equal to the number of blocks with length (a +
b)(n — 1) — 2k + 1 and with minimun Frobenius eigenvalue ¢*. The dimen-
sion of the invariant subspace QCI:; is simply the total number of Jordan
blocks:

C

E (Nn,a,b,k - Nn,a,b,kfl) = Nn,a,b,o
k=0 U

Corollary 3.4. The local L-function of j.Gap at infinity has degree Ny, q . c
and is given by

C

det(1 — Fy - T|g§j;) = H(1 _ F )R,
k=0
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where o p(k) = Nyapk — Npapk—1 is the coefficient of zF2b in the expan-
sion of

{ (1 _ xn) . (1 _ xa+n71)
(T—a2)- (1 - 2%

} 1+ 2)(1+z2)- (1+ 2" 12).

Proof. We construct a generating function for «(k) in the following way. Let
Cn,a,k:#{(ila--'aia):Ogil <ig <<y Sn_l,i1+"‘+ia:k}:
#{(ho,...,hn—1) : 0 < hyyho + -+ + hyo1 = a,hy + 2hp +--- + (n— 1)
hn—1 =k} (to check that both numbers agree, just let h; be the number
of I =1,...,a such that 7; = j). By [11, Section 3], we have

S (Cra = Crogop 1) = { (1—am)-(1—amte) } |

< 1—a2) - (1—a9)

where the quantity in the bracket is understood to be 1 — 2™ if ¢ = 1, and
1—zifa=0. Let

Bupj=#{(1,- . gp):0< i< <jp<n—17+-+7j =3}

It is the coefficient of 27 2% in the expansion of (1 + 2)(1 4 z2) - -- (1 + 2" 12).
Then

k
Nn,a,b,k = Z On,a,k:—jBn,b,ja
7=0

and thus
k—1
aa,b(k) = Nn,a,b,k - Nn,a,b,k—l = Z(Cn,a,k—j - Cn,a,k—j—l)Bn,b,j + Bn,b,k-
j=0

Therefore aq (k) is the coefficient of zF2% in the expansion of

— ") ... fma-‘rn—l
{(1(1—5)32)(1(1_xa) )}(1+Z)(1+xz)(]_+xnlz)

In particular, the number NV, , . is the coefficient of z¢2% in the expansion
of the power series

(L—am)---(1—a") 21y
1—2)-(1—29) (I4+2)(14zz)--- (14 ). .
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We now look for the bad factors of the L-function at the finite singu-
lar points t = (n + 1)¢ with ¢("*! =1 and ¢ € F,. Suppose that n is even.
Then the local monodromy at ¢ is unipotent, with a Jordan block of size
2 and all other blocks of size 1. The Frobenius eigenvalues on F't are
eq¢™2/2 with e =1 or —1, and (n — 2)/2 pairs of conjugate complex num-
bers a1, ..., a@—1)/2, 01, - - -, Q(n_1)/2 of absolute value ¢"1/2_ That is, as
a representation of I;, F = Uy @ 1"~2, where U,, denotes the unique (up to
isomorphism) non-trivial unipotent tame representation of I; of dimension
m with a single Jordan block. Therefore, we get isomorphisms

a ) ) a n—3+a—i
Sym® F = @ Sym* Us ® Sym®™* 172 = @ Ui(ﬂ’“3 )
i=0 i=0

n—2

NF = AP12 @ (Uy @ A1172) @ Ab21m2 2 162)H() UQ(::l).

Lemma 3.5. Let V and W be vector spaces of dimensions n > 2 and 2,
respectively, over an algebraically closed field k of characteristic 0, and let T :
V-oVandU: W — W be unipotent endomorphisms with a single Jordan
block. Then TQU : VW — V & W is unipotent with two Jordan blocks
of sizesn+1 andn — 1.

Proof. Let {x,y} be a basis for W such that U(x) =x and U(y) =x+y.
We claim that the invariant subspace of T'® U is the subspace of elements
that can be written as v x+ (v —T(v))®y for v € Ker((T — Iy)?),
which has dimension 2 by hypothesis:

(TRU) veax+(v-TWV)Qy)=TV)x+T(v-T(V))Q(x+Yy)
—T(v)@x+(v-T(V) & (x+y) =vEx+(v—THV) @Y.

Conversely, if (TR U)(vRx+wWRy)=vRx+wQRy, we get T(w) =w
and T(v) + T(w)=v, so w=T(w) =v —T(v) = and (T — Iy)?(v) = 0.
This shows that T'® U has precisely two Jordan blocks. From

TRU-IRI=T-NoU-1)+I1U-I+(T-1)®I

we get that (T ® U — I ® I)"*! is a sum of terms (T — 1)* ® (U — I)? with
a+ >n+1 and therefore equal to 0, since (T — I)" = (U —I)?> = 0. So
the Jordan blocks of T'® U have size <n + 1. Finally, if v € V is a vec-
tor such that w := (T — I)"1(v) # 0 and x,y € W are as above, the same
expression shows that (T@U —I®)"(vey)=(n—1)(T —-I)"(v)®



Moment zeta functions for toric Calabi—Yau hypersurfaces 563

U-Dy)=n—-1)wex#0, so v®y generates a Jordan block of size
n + 1, and the other block must have size 2n — (n +1) =n — 1. O

Corollary 3.6. Suppose that n is even. As a representation of Iy, G =
Sym® F @ AF is isomorphic to

a+2

@ Ud(z

n—34+a—i (n—3+a 1 n 2

71 34a— @ n 2 n—2 n-2
@UH-ln 3 b 2)+( b )] @U( n—3 )(b—l) EBUH—Q -

2

where

0=( 506 (6 - 07)
wo=[(" ) (G
(TG ()]

Corollary 3.7. Suppose that n is even. The local L-function of j.Gap at
t, det(1 — F; - T|gétb) has degree

a+2
. n—24a\(n
Dn.ap ¢=Zd(z>:< n—2 )(b)
i=0

For everyi=1,...,a+ 2, it has d(i) roots which are pure of weight (a + b)
(n—1)—(i—1).

For n odd, the situation is much simpler. In that case, as a representation
of Iy, F = xo ® 1", where xo : [} — Q7 is the unique character of order 2.
Therefore, we get isomorphisms

n—24+a— L

Sym® F = @Sme2®Sym“’1"1N@ nfi;l@@m“

=0

, even odd
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APF 2 A1 @ (@ AP 2 105) @y L),

n—1
b

Symaj:® /\bf ) la( )Jrﬁ(?;:ll) D X;(b:I)Jrﬁ("; )

where

a . a .
n—24+a—1 n—24+a—1
i, even %, odd

Corollary 3.8. Suppose that n is odd. The local L-function of j,Gap at t,
det(1 — F} - T\Qaltb) has degree

n—1 a4 n—2+a—1 n—1 “ n—2+a—1
pra= (") 2 (a5 )+ Go) 2 ()

i, even i, odd

All its roots are pure of weight (a + b)(n —1).

Consider the sheaf j,G,, on P'.  Since F=F(n—1), we get an
isomorphism G, p = G, p((n — 1)(a + b)). By Poincaré duality, we conclude
that there is a perfect pairing of Gal(k/k)-modules

Hi(P]l@j*ga,b) X HZ_i(P]le*ga,b) - @f((a + b)(l - n) - 1)

for i =0,1,2. Since G, is smooth on U, the zeroth cohomology group
H O(P]%, JxGap) corresponds to the maximal geometrically constant subsheaf
of Ggp. Since G, is pure of weight (n —1)(a + b) and all Frobenius eigen-
values of j, G, at infinity are integral powers of ¢, such a subsheaf must be
a direct sum of copies of Q((1 — n)(a + b)/2). Incidentally, this shows that
HO(P, jxGap) = 0 if (n — 1)(a + b) is odd. Therefore, we have:

Proposition 3.9. The L-function of j,Gap on P! has the form

Pa,b(T)

1 . _
L(P 7,7*ga,b) - (1 _ q(a-&—b)(n—l)/QT)(Sa,b(l _ q(a+b)(n—1)/2+1T)6a,b’

where 045 = dim HO(]P’Ilﬁ,j*gmb), and P, p(T') is a polynomial that satisfies
the functional equation

1
_ r_((a+b)(n—1)+1)r/2 -
Pap(T) = +T"g Fap <q(a+b)(n—1)+1T) ’

where r = deg(Pyp).
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Proof. We have just seen that

M) - b Oa,b
HO(PL, jxGap) = Qo ((171)2(a+)> |

and Poincaré duality implies that

Oab
H2(P}, 5.Gap) = Qo <(1_n)2(a+b) - 1) :

This gives the denominator.

The numerator is Ppp(T) = (1 —aqT)--- (1 — o, T), where aq,..., 0
are the Frobenius eigenvalues of H 1(IP’]%;, J«Gap). By Poincaré duality, these
eigenvalues are permuted by a — ¢(@)®=D+1 /o In particular, ([T oy)? =
¢t (n=D+Dr Ve have

P, L = |1 L 1 !
o\ garoez )\ ar) o\ T e

1 (="

— 70[1 ol (Ole — 1) e (Cer — 1) = j:TTq((a+b)("—1)+1)7”/2

Poy(T)

and the functional equation follows. O

To find the dimension of H O(IF’}C, JxGap), we will use the knowledge of
the global monodromy of F, as in [19]. Let V' be the geometric generic fibre
of F, regarded as a representation of 71 (U ® k). We know that the Zariski
closure G of the image of m1 (U ® k) in GL(V') is Sp(n) if n is even and O(n)
if n is odd. The dimension we are looking for is

dim(Sym®(V) @ A (V)¢ = dim Homg (Sym?®(V), A(V)),

since V is self-dual as a representation of G.

Suppose n = 2m is even. The representations of G = Sp(n) are in one-
to-one correspondence with the representations of the Lie algebra g = sp,,.
If Ly,..., Ly, are generators of the weight lattice for g, then Sym?V is the
irreducible representation with maximal weight dL,, and the kernel of the
natural contraction map A%V — A%2V is the irreducible representation of
maximal weight Ly + -+ + Lg for 1 < d < m [13, ch.17]. Therefore, we have

NV WL+ 4+ L) WL+ + Lp2) @BV,
if b < m is odd and

NV EW(Ly+ 4+ L)@ W(Li+ -+ Lyo) @ @1,
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if b <m is even and A’V 2 AP0V for m < b<mn. So Sym*V ® APV con-
tains exactly one copy of the trivial representation if ¢ = 0 and b < n is even
orif a =1 and b < n is odd, and does not contain the trivial representation
otherwise.

Suppose n =2m + 1 is odd. The representations of SO(n), the con-
nected component of G containing the identity, are in one-to-one correspon-
dence with the representations of the Lie algebra g = so0,, contained in the
tensor algebra of the standard representation. Each of them gives rise to
two different representations of O(n) (given one of them, the other one is
obtained by tensoring with the determinant). If Lq,..., L,, are generators
of the weight lattice for g, then A?V is the irreducible representation with
maximal weight Ly + --- + Lg for d < m, ANV 2 A4V for m+1 < d < n,
and the kernel of the natural contraction map Sym?V — Sym?=2V is the
irreducible representation of maximal weight dL; (cf. [13, ch.19]). Therefore
we have

Sym®V = W(aL1) @ W((a—2)L1)@®--- &V,
if a is odd and

Sym®V 2 W(alLi) ®W((a—2)L1)®--- P 1,

if a is even. So Sym®V ® APV (as a representation of g) contains exactly
one copy of the trivial representation if a is even and b =0 or n, or if a
is odd and b =1 or n — 1, and does not contain the trivial representation
otherwise.

For G itself, since the determinant becomes trivial only in even tensor
powers of the standard representation, we get that Sym®V @ APV contains
exactly one copy of the trivial representation and no copies of the deter-
minant representation if a is even and b =0, or if @ is odd and b=1. It
contains exactly one copy of the determinant representation and no copies of
the trivial representation if a is even and b = n or if ¢ is odd and b =n — 1.
It does not contain the trivial or the determinant representations otherwise.
Therefore we get

Proposition 3.10. The dimension 0,5 = dim HO(IP)}C,]'*QM) is

. . 1 ifa=0and b<nisevenor a=1andb<n is odd
if nis even

0 otherwise
if ais even and b=0 or a is odd and b =1

otherwise

1
if nis odd
f {0
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Putting everything together, we get the following expression for the
L-function of G, p, in the case where n + 1 divides ¢ — 1 (which is always
true after a finite extension of the base field):

Theorem 3.11. Assume that (n+ 1) divides (¢ —1). The L-function of

Gap on U has degree n(nJrZ*l) (}) and is given by

Pop(T)Qup(T)" IS O=0/A (1 — grgyon.s(®)
(1 — gt (n=1)/2T)30s (1 — (a+b)(n=1)/24+17)du,s

L(U7 ga,b) -

where dqp =0 or 1 is given by Proposition 3.10, oy p(k) = Npapk—
Ni.apk—1, Qap(T) is a polynomial whose degree Dy, qp and the weights of
its roots are given in Corollaries 3.7 and 3.8 and Py (T') is a polynomial in
1+ TZIT] of degree

-1
n(n +a ) (Z) + 2046 — Npape — (n+1)Dyy gp,
a

where ¢ = [(a+b)(n —1)/2]. Furthermore, Py (T) is pure of weight (a +
b)(n — 1) + 1 and it satisfies the functional equation

P, b(T) _ :l:Trq((a+b)(n—l)+l)r/2Pa b(l/q(a+b)(n_1)+1T).
Proof. For t € (n+ 1)up+1, the factor
Qap(T) = det(1 — F, - T|GL",)

is independent of t. Its degree D, ,; and the weights of its roots are given
in Corollaries 3.7 and 3.8.

The degree of the L-function is the negative Euler characteristic
—X(U,Gqp). Since G,y is everywhere tamely ramified, this Euler charac-
teristic is x(U)rank(G,p) = —n("t*")(}). The stated formula is just the
decomposition

L(U,Gap) = L(P", jiGap) det(1 — Fu, - T|GL5)

x ] det(1—F-TIGL,).
te(m+1)pnta

The shape of each of the factors has already been determined. O
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Corollary 3.12. The L-function of Gap on Al is given, with the same
notation as in the previous theorem, by

Py (T) Eqp(T)" LTI 0=072 (1 — gheyans(®)
(1-— q(a+b)(”—1)/2T)5a,b(1 _ q(a+b)(”_1)/2+1T)5a,b

L(A17 ga,b) -

where the polynomial E,,(T) is a factor of Qqp(T'), whose degree is given by
("_EJQF“) (2:11) if nis even

(%Y X 2T+ G X () if s odd

Its reciprocal roots are pure of weight (a + b)(n — 1) if n is odd, and mized
of weights <(a + b)(n — 1) if n is even.

Proof. Let j : U < A! be the inclusion. The isomorphism F = j,j*F gives
an injection of sheaves G, = Sym®F @ AP F = Sym® j,j*F @ Al j*F —
J«J*(Sym* F ® /\b]:) = JxJ"Gap-

For t € (n 4 1)pp+1, let

Q4 p(T) = det(1 — Fy - T|Sym® F; @ A" F),

which does not depend on the choice of ¢t. Since F; has dimension n — 1,
' »(T) is a polynomial of degree (”;EJQF“) (";1) and, by the previous injec-
tion, it divides the polynomial Q,,(7"). The L-function of G, on Al is then

given by

(U ga b)
Q/ ( )n—i—l
_ Pa,b(T)Ea7b(T)n+1 Hgi—gb)(n_l)/ﬂ(l _ qk’T)aa,b(k’)
(1 — qatd)(n=1)/2T)00s (1 — glatb)(n=1)/2+17)dus ’

(Al ga b)

where Eqp(T") = Qap(1)/Q,(T) is a polynomial of degree Dy, qp — (";E;“a)
(";1). Replacing D,, 4 by its explicit value gives the formulae stated. [

Theorem 3.13. Assume that (n + 1) divides (¢ — 1). Let

HPd pp(T) D 07D, HQd pp(T) V07D,
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Then, the L-function of [F]% on U is given by
J ) [(n—2)/2] 1_ qdkT
L(U, [F]%) = Pd(T)Qd(T)n+ Ry(T) H H]T“T’
k=0
where Rq(T) is given by
Rd(T) _ (1 _ qd(n—l)/2T)(1 _ q(d(n—l)/Z)-HT)(l o q(d(n—2)/2)+1T)
if n and d are even,
Ry(T) = (1 — q(d(n72)/2)+1T)

if n is even and d is odd,

Ra(T) = (1 - ¥"-1/2)7)
if n and d are odd,

Rd(T) _ (1 . q(d(n—l)/2)+lT)—1

if n is odd and d is even.

Proof. From the L-function decomposition

n

LW, [F)") = [T LU, Gapp) 0" 7Y
b=0

and Theorem 3.11, we get

[d(n—l)/2}(1 _ qkT) no (=17 (b=1) g, (k)

dy _ n+1 Llg=0
LU, [F]%) = Pa(T)Qu(T)"" (1 — gdn=1)/2T)3a (1 — qdln=1)/2+17")bu

where
n

a=> (=)’ (b= 1)04-pp-

b=0

Using Proposition 3.10, we find 64 = —d + (d — 1) = —1 if n and d are even,
dg =1if n is odd and d is even and 64 = 0 if d is odd. Let N(T") denote the
numerator of the previous expression. It remains to compute N (7).
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Let

- n b—1 o n b—1
7‘[+ = @b:O,b oddgd— b H_ = @b:O,b evengd—b,b'

These are “real” sheaves. Then,

det(] — FooT|HE)
 det(] — FaoT|H™=)

N(T)

We know that H, and H_ are pure of weight n — 1, the inertia group
I acts unipotently on them and all their Frobenius eigenvalues at infinity
are integral powers of q. If u(k) (resp. v(k)) is the number of Frobenius
eigenvalues of H, (resp. of H_) at infinity which are equal to ¢*, then by
[4, 1.8.4] and [17, 7.0.7], we deduce

[d(n—1)/2]
det(I — FOOT|Hf:°) = H (1 — ¢*T) R —nlk=1),
k=0
Similarly,
[d(n—1)/2]
det(I — FOOT|’HI_°°) = H (1- qkT)(u(k)—y(k—l))'
k=0
Thus,
[d(n—1)/2]
N(T) = H (1 — ") w®) =)~ (ulk—1)~v(k-1))
k=0

On the other hand, for every r > 1 the trace of the action of the drth
power of the local Frobenius at infinity on [F]? is

Trace(Fgg\]—“) =14+ qdr 4t qdr(nfl)_

But

Trace(F%|F) = Trace(FL|[F]) = S (u(k) - v(k))g".
k>0
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Since this holds for every r >1, we conclude that u(k)—rv(k)=1 if
k=0,d,...,(n—1)d and 0 otherwise. Therefore,

[d(n—1)/2]
N(T) = H (1— qkT)(ﬂ(k)*'/(k))*(M(kfl)*lf(kfl))
k=0
n—3/2 dk
_ 1—q*T
d(n—1)/2
:(1_q( )/T)H 1_qdk+1T
k=0
if n is odd, and
[d(n—1)/2]
N(T) = H (1-— q’fT)(M(k)—V(k))—(u(k—l)—'/(k—l))
k=0
(n/2)—1 dk
_ 1—q¢**T
_ d(n—2)/2)+1
= (1 — ¢dn=2)/2+17) H T
k=0

if n is even. This combined with the explicit description of §; shows that

[(n—2)/2]

N(T) 1 — q%T
—Rrar) [ LT
. dn—l 2 54 _ dn—l 2+1 (54 — dk)+1
(1 = qn=D/2T)0a(1 — gdn=D/241T) i e
The theorem is proved. O

We can now finish the proof of Theorem 1.1. By Theorem 2.1, we deduce
L(AY [H"H(K))Y) = LAY [FIY) LAY, Q) = LA, [FI)(1 - ¢T) ™"
= LU, [F])P(d, T)~ "D (1 = qT)7",

where P(d,T') is the dth Adams operation of the polynomial P(7T) in
Definition 3.2. On the other hand, for n < j <2(n —1),
LAY [ (K))Y) = LAY, Qe(d(n — 1 — j))l-ne2)
— (1 — qd(j_(n_l))+1T)_(j—:+2)_

Also, by Theorem 2.1 and the Grothendieck trace formula,

2(n—1)
ZaA' x0) = [[ Ll m/ @)=,

j=n—1
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Substituting the above calculation, we obtain
Zg(AY, X))V = LU, [A1P(d, 7)Y H gy D),

This together with Corollary 3.11 gives Theorem 1.1. The proof is complete.

4. Zeta function in terms of Gauss sums

In this section, we give an elementary formula for the number Ny () of Fy-
rational points in the fibre X, in terms of Gauss sums for every A € IFy.
This type of elementary formulas for a general equation can be found in
Koblitz [23]. We derive a more explicit formula in the special case of X
and in particular deduce an explicit formula for the zeta function of Xj.
This allows us to determine the rank of the sheaf F when p divides n+ 1
and the local factor at 0 of the sheaf F.

Let w : F; — C* be a primitive character of order ¢ — 1. For every k € Z,
define the Gauss sum G4 (k) by

— TI‘]F F, Q
Gylk) = = 3 wla) g,

a€ly

where ¢, = exp(27i/p). It is clear that G4(k) = 1if (¢ — 1)|k, and |Gk(q)| =
V/q otherwise. We have the inversion formula

(4.1) Tr(a) =

for every a € F;. We find that

Z E : Tr(:Jco:Jcl+---+zomn+(:vo/wl---wn)fznA)

xOEIF L1,y EIF*

(g—1)" 1
=2 4+ -5.(N),
p . ey
where
Sg = > rleemtetmorat@o/mm) —od),

To,T1y .- ,%LEF;
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Using Equation 4.1, we deduce for A # 0:

Sy(\) = Z Cgf(%wl) ... Cgf(l"ofn)CpTr(%/fl"'%) pTr(—IOA)

T0,T1 55T EFY

2 Gky) - Cylky
= Z a( (11) ~ q)nq£2 +2)

iy kng2=0

kﬂ,+1
D (o) -+ (oun)™ (ylyoyn> (yow(—N))kw+2

yi =1

2 Gylky) -+ Gylkn f
- Z ( (11) - q)n£2 +2)w(*)‘)k”+z

]{?1,...7k‘n+2:0

2 : kit tknio kl —knt1 kn—kn
X y 1 e yn +1
q 1 =1

q—2
Go(a)™1 Gy (b)
= (—1)" Ma\*)  Mq\Y) — b
(—1) zb::o 1 w(=A)
(n+1)atb=0(g—1)

— [ Y

q-— (n+1)at+b=0(qg—1)
(a,b)#(0,0)

Gq(azlnjlle(b)w(—)\)b

Thus, we obtain

Proposition 4.1. If A\ # 0, the number of F,-rational points in X, 1is
given by
(=" = (0" ()" (=)

q q—1  qlqg—1)

XD Gl TGN
(n+1)a+b=0(q—1)
(a,b)7#(0,0)

(g = (=) (=)™ (="
N g R T P

Nq(/\) =
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If A =0, then Equation 4.1 gives

Sq(()) _ Z C;Fr(:t:o:cl+-~+xoxn+(cvo/x1-~~:cn))

xo,xl,...,xneF;

Tr(xox, Tr(xox,) ~Tr(xzo/x1 - T0
= Z p( )...p( )Cp(/ )

T0,T1 55T EFY

_ i Galk1) - Gylknt1)

_ n+1
kl?"'vkn+1:0 (1 Q)
Yo Fonta
<) (yoy)® - (yoyn) <>
s Y1 UYn
q—2
. Gq(k1) - - Gg(kny1)
- _ A\n+1
bz 170
k1++kn 1 kl_kn 1 n " fn4+1
X Z yo + yl +1 yz k +
yi =1
q—2
— (_1)n+1 Gq(k)n+1
(n+1)i;?)(qfl)
q—2
:(_1)n+1 14+ Gq(k)nJrl
k=1

(n+1)k;0(q71)

And therefore

n n n 9—2
Nq(O) — (q - 1) q_ (_1) + (_1; +1 Gq(k)n+1-

(n+1)k=0(q—1)

Writing (n + 1) = p*m with (p,m) = 1, this is

q—2

(¢-D"—(=1)" , ()"
(42) N, (0) = p - > Gylk)™T
k=1
mk=0(q—1)
Let S, = %, %, ey mT_l} It is clear that multiplication by p induces

an action on S,,, called p-action:

r— {pr},
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where {pr} denotes the fractional part of pr. For a given r € S,,, let d(r)
denote the length of the p-orbit containing r, that is, the smallest positive
integer d such that (p? — 1)r € Z. Let S,, 4 denote the set of p-orbits of
length d in S,

Since Gpa ( )= d(pk), it is clear that if ry and 79 are in the same
p-orbit ¢ in Sy 4, Gpa(r (pd 1)) = Gpa(r2(p? — 1)). Let us denote this
common value by G (o(p? —1)). Since the set of p-orbits of S, is the
union of Sy, 4 for all d > 1, we have (see [30] for more general such formula)

Theorem 4.2. The zeta function of Xo over F), is given by

n—1

2(Xo, 1)V = T](1 = p) () D!

1=0
<11 11 ( TdGZ+1( (fd—l)))

d>1 O'GSmyd p

Proof. By Equation 4.2,

h=1
mh=0(pk—1)

The second sum is

Tk -1 n+1

]{(p)k Z G (T(pk _ 1))n+1
rESm

r(pk-1)ez

T G par (r(p* — 1))+
=Y Y Y )

d>10€S, a7€0 \ k>1 p

dk wl(o dk __ n+1
:(_1)n+1z Z T‘ka ( (p - 1))

d>10€8,,.4 \k>1 p

k>1

By the Hasse-Davenport relation, this sum becomes

Tk G (o (p? — 1))+

n+1 p
S S S ]
d>10€Sm,a \k>1

which gives the stated formula for the zeta function. O
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Corollary 4.3. 1. The rank of the sheaf F at 0 is m — 1.
2. The local L-function of the sheaf F at 0 is given by

n+1o_ d _
111 (1—Tded ( (5 1))>.

le O'GSm,d p

Proof. From the given formula for the L-function, we see that the degree of
the non-trivial part is given by |S,,| = m — 1. O
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