COMMUNICATIONS IN
NUMBER THEORY AND PHYSICS
Volume 1, Number 3, 513-537, 2007

Frobenius action on f-adic Chen—Ruan cohomology

MICHAEL A. ROSE

We extend the definition of the Chen—Ruan cohomology ring to
smooth, proper, tame, Deligne-Mumford stacks over fields of
positive characteristic and prove that a modified version of the
Frobenius action preserves the product.

1. Introduction

The Weil conjectures describe a strong relationship between the arithmetic
and topological properties of a smooth projective scheme X over Spec(Z).
In [19], Weil himself observed that the conjectures would follow from an
appropriate cohomology theory for abstract schemes (analogous to singular
cohomology for complex varieties), and in the 1960’s a great amount of work
was done by Artin, Deligne, Grothendieck and others to develop ¢-adic coho-
mology for this purpose. In particular, by considering a smooth reduction
X, and applying the Lefschetz trace theorem to the geometric Frobenius
morphism F on X := X XF, Fq, one obtains the fundamental equation

(1) det(l- Fot | B (Xe, Q) =exp 3 X (Eg )|
r=1

where det denotes a graded determinant, and [ is coprime to q.

Now we replace X with a smooth Deligne-Mumford stack X over
Spec(Z) (further hypothesis to be considered below), and one is naturally
led to consider the Weil conjectures on X. Again, one focuses on finding
an appropriate cohomology theory. On one hand, there is already a nat-
ural notion of f-adic cohomology in this setting, and several of the prop-
erties crucial to proving an analog of the Weil conjectures for stacks have
been established: Poincaré duality appeared in [11,12] while a Lefschetz
trace theorem was established in [4]. On the other hand, while motivated
by string theory, Chen and Ruan [8] constructed a ring now bearing their
names: the Chen—Ruan cohomology ring, H g (Xc). (The authors actually
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defined the ring for an almost complex orbifold; the theory was developed
for Deligne-Mumford stacks in [1,2,3].)

The aim of this article is to study the relationship between the Chen—
Ruan cohomology ring and the arithmetic properties of X. If X is now
a smooth, tame, Deligne-Mumford F,-stack with projective coarse moduli
scheme and X := X XF, F,, then we define the ¢-adic Chen—Ruan cohomol-
ogy ring of X denoted H{p(Xet, Q). Most of the technical requirements
for this construction already appeared in [1]. Furthermore, we construct
an action of the arithmetic Frobenius on H¢g (Xet, Q). (We use the arith-
metic Frobenius as opposed to the geometric Frobenius merely to simplify
the proofs. In the context of Artin stacks, however, this distinction is crucial
for convergence issues, see [4].)

This latter result deserves comment. In general, H¢p is not functorial.
Let F: X — X denote the arithmetic Frobenius on X. While F' naturally
induces a linear map Z,,(F)* : Hig (Xe, Q) — Hig (Xer, Q) (see Section 2
for a detailed definition), Z,,(F)* is not a ring homomorphism. However, the
main proposition of this article shows that a slight modification of Z,,(F)*
indeed preserves the product structure.

Proposition 1.1. The orbifold Frobenius morphism Fy.1, given by

Forp : HEg (X et Q1) — HEg (Xet, Q)
o — q_age(o‘) T, (Fx)* (o)

s an isomorphism of graded rings.

Here, age : Hig (X4, Q) — Q is a function appearing also in the grading
on H¢p (Xet, Q) described in Section 3.

We study the arithmetic information contained by this Galois represen-
tation in Section 6 below. In particular, we include the analoges of equa-
tion (1.1) with H* (resp. F™*) replaced by H¢p (resp. F(g), and we list
a consequence of Yasuda’s proof [20] of an additive version of the crepant
resolution conjecture.

Conventions. Unless specified otherwise, assume that all sheaves on a
Deligne-Mumford stack X are defined on the étale site of X. We fix an
isomorphism of the Tate twist Q;(1) = Q; as sheaves on X, inducing an
isomorphism Q;(r) =2 @Q; for each r. Then for smooth X of dimension n,
the duality theorem in [12, Theorem 7.7] yields H'(X,Q;) = H*" (X, Q;)".
This isomorphism is used implicitly throughout. We define homology groups



Frobenius action on ¢-adic Chen—Ruan cohomology 515

H;(X,Q)) := H* (X ,Q;). To improve the exposition proofs of several
lemmas appear only in the appendix. Also, no attempt is made to make
the statements as general as possible, and we work over explicit base fields
F, and F,.

2. Arithmetic Frobenius and inertia stacks

In this section, we review inertia stacks and the induced action of the arith-
metic Frobenius on them. The notion of inertia stack is essential to the
Gromov—Witten theory of stacks, and its ¢-adic cohomology will form the
underlying vector space for main object of study in this article: the ¢-adic
Chen—Ruan cohomology ring.

Let & be a Deligne-Mumford stack over F,. Fix an algebraic closure

? D F, and denote X=X XF, F Let Fq i) Fq denote the Frobenius mor-
phlsm given by A — A4, and let F5 = 1x x Spec(¢) denote the arithmetic
Frobenius morphism on X'. The subscrlpts will be dropped when no confu-
sion arises.

Let p, := Spec(Z[t]/(t" — 1)) denote the group scheme over Z of rth
roots of unity, and also denote by u, the base change to F, when the context
is clear. Let B, := [Spec(F;)/u-] denote the quotient stack corresponding
to the trivial action of p, on Spec(F,).

Definition 2.1.

1. We denote by Z,,(X) = Hom'y’ (By,, X) the stack of representable
1-morphisms over F, from Bpu, to X.

2. The cyclotomic inertia stack is given by
X) = |7 (X).
T

Z,(X) is a Deligne-Mumford stack and is smooth when X’ is tame and
smooth (this follows from [1, Section 3]).

Example 2.2. Let G — Spec(FF;) be a finite étale group scheme acting on
[F4-scheme X, and consider the corresponding stack [X/G]. Assume that the
action is tame or equivalently that the stack [X/G] is tame. For simplicity,
assume that [, contains the rth roots of unity for each r dividing the order
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of G. We then have Z,,([X/G]) = Z([X/G]) the usual inertia stack, and thus

(2.1) T.([X/G) = |_|ix9/C(g)]-
(9)

Here the union is over conjugacy classes of elements of G(F,), C(g) denotes
the centralizer group scheme of g, and X9 denotes the fixed subscheme of g.

Let X and Y be F4-stacks. Let f and g be 1-morphisms from X to Y,
and let ¢ : f = g be a 2-morphism. Then composition induces 1-morphisms
Z,(f) and Z,(g9), and a 2-morphism Z,(¢) making Z,(—) into a
2-functor.

Definition 2.1 and the above remarks clearly also apply to ?q—stacks.

The map F, 2 F, then induces two morphisms on Z,(X) which agree by
the following lemma.

Lemma 2.3.
1. There is an equivalence

T.(X xg, Fy) = T (X) xg, F,.

2. We denote the latter simply by Z,,(X). Under the identification above,
the following functors are 2-isomorphic:

1w
&

Z,(F%) )"
Proof. The proof proceeds exactly as in the proof of Lemma 5.2 appearing
in the appendix. O

Remark 2.4. It is important to note that there are several variations of
the definition of inertia stack appearing in the literature. In particular, to
work in the most general setting one should consider the rigidified iner-
tia stack [1,2]. However, since our aim is to study the Chen—Ruan coho-
mology (and hence only degree zero stable maps), Definition 2.1 above is
preferred.

3. f-adic cohomology

Let [ be coprime to ¢ and denote by Z; (resp. Q;) the f-adic integers (resp.
numbers). Let X be a proper, smooth, tame, Deligne-Mumford Fg-stack
with projective coarse moduli scheme, and let X' := X xy_F,.
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Definition 3.1. The orbifold (-adic cohomology of X is a graded
Qj-algebra. As a vector space, it is given by

HER(X,Qr) = H*(Z,(X),Q)

EB (L H(Z.(X), Z)I"Z) ) 2 Q.

Any morphism g : X — Y induces Z,,(g) : Z,(X) — Z,,(¥). Since Z/I"Z
is a constant sheaf we have Z,,(9)*(Z/I"Z) = Z/1"Z. Passing to the limit, we
obtain a linear map on H*(Z,(X),Q;). Corresponding push-forward maps
on homology groups are then 1nduced by duality.

We now introduce the grading on H*(Z,,(X),Q;) using the notion of age.
We include the definition at this stage because the definition itself is fairly
direct. The motivation, however, arises later from the appearance of age in
the Riemann-Roch theorem on curves [1, Theorem 7.2.1] (and hence also
appears in the computation of the degree of the virtual fundamental class on
the moduli stack of stable maps into X'). Since one aim of this article is to
determine the effect of the Frobenius morphism on this virtual fundamental
class, we proceed without assuming our base field is algebraically closed.

For every r, fix an embedding p, < G,,,. Then a group scheme morphism
p: ptr = Gy, over Fy is determined by an integer 0 < k < r — 1 with p(g) =
g*. Define

age(p) = *6@

When (¢,r) =1, this function extends by linearity to a function on the
representation ring of the group scheme. For any object ((Bpu,)s ENgY )
in Z,, (X)(S), each fiber of f*Tx over S gives a representation of p,, and
we obtain a locally constant function on Z,, (X). We obtain a well-defined
locally constant function also denoted by age:

age: Z,(X) — Q.
Finally, we may pull this function back to a function on Iu(?), and this

induces a function age : Hg (X, Q;) — Q. The various uses of this notation
will be clear from the context. The grading is then given by

(3.1) HER(X, Q1) = @D Hég (X, Q),
1€Q
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where

(3.2) Hig(X,Q) = @ H%age 1(b), Q).
a+2b=i

Note that the choices of embeddings p, < Gy, will change the age func-

tion on Z,,(X).

Remark 3.2. Note that, in general, an automorphism of Z,(X) over X
will not preserve the age function. An essential example is the involution
i:Z,(X)— Z,(X) given by precomposing each (B,)s — X with the auto-
morphism (Bpu,)s — (Bpy)s induced by g+ g~ ! : pi. — p,. On the other
hand, any automorphism of Z,,(X) induced by an automorphism of X does
preserve the age. An essential example is the arithmetic Frobenius on X.

Remark 3.3. In [20], Yasuda defines the additive Chen-Ruan cohomology
as in Definition 3.1 above with the following exceptions. If we define a
function on Z,(X) by sht := age o i, where i is as in Remark 3.2, then Yasuda
replaces the right side of (3.2) with

P H(sht™(b), Qu(-b)).

a+2b=i

(Strictly speaking, Yasuda also works with the cohomology of coarse moduli
space.) The Tate twist Q;(—b) changes the weight as a Galois representation,
and one motivation for this arises from Yasuda’s proof ([20, Corollary 4.9])
of an additive version of the Crepant resolution conjecture [6,16,17]. In the
current paper, another motivation is found via the Galois action on the ring
structure of Chen—Ruan cohomology defined in the section.

4. Ring structure
In this section, we gather the results in [1,3,5] needed to define the ring
structure. One subtlety is the cycle map from Chow groups to ¢-adic coho-
mology which requires the moduli stack to be smooth (see Remark 4.7).
4.1. Introduction
The ring structure we shall impose on HER(?, Q) is motivated by quan-

tum cohomology, and so we give a brief description. For simplicity, consider
a smooth projective scheme Y over C. The quantum cohomology of Y
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is a deformation of H*(Y,C). If Hy (Y,Z) C H2(Y,Z) denotes the classes
generated by effective curves in Y, then the parameter space of the defor-
mation is given by the semigroup algebra Q[H, (Y,Z)]. The product in this
deformed ring requires integrals over the moduli stack of curve in Y (more
precisely over a compactification by stable maps due to Kontsevich [9]).
Finally, the original ring H*(Y,C) is recovered by setting the deformation
parameters to zero (i.e., by only considering the moduli stack of constant
stable maps). However, when Y is replaced with a stack ), this limit of
quantum cohomology does not agree with H*(), C). The new ring obtained
is called the Chen—Ruan cohomology ring. In what follows we define the ring
structure directly using the complex case as motivation.

4.2. Stable maps

Let X be a proper, smooth, tame, Deligne-Mumford stack over F, with
projective coarse moduli scheme X, and let X' := X xp,  F,. We define the
moduli stack of stable maps into X as constructed in [3].

Definition 4.1. A balanced twisted stable n-pointed map (C ER Xs, {%:})
is a commutative diagram of F,-stacks

Ll?:lEZ < > C > XS

where

1. C is a proper Deligne—-Mumford stack with coarse moduli space C.
2. (C,{m(X%;)}) is an n-pointed nodal curve.
3. Over the node {zy = 0} of C, C has étale chart

[{zy =0}/ (1), ],

where the action is given by (z,y) — (£u, o).
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4. Over a marked point 7(%;) of C, C has étale chart

[AY/(pr)w, ),

where the action is given by u +— £u and X; is the substack defined by
u = 0.

5. 7 is an isomorphism away from the markings and nodes.
6. f is representable with |f| the induced map on coarse moduli spaces.

7. |f| is stable in the sense of Kontsevich [9].

We shall refer to the above merely as stable maps.

For any d,g > 0, we say that (C EN X,{%;}) has degree d and genus g
if | f| does. After appropriately defining such objects over an arbitrary F,-
scheme, one obtains the stack ICy (X, d), a proper stack of finite type over
[F, with projective coarse moduli space [3, Theorem 1.4.1].

Our purposes only require the case when ¢ =0, d =0, and n = 3. We
shall denote Ko 3(X, 0) simply by K(&X'), and we have the following additional
properties.

Lemma 4.2. K(X)=Ky3(X,0) is a smooth Deligne-Mumford stack
over .

Proof. See the appendix. O

Lemma 4.3. There exist evaluation morphisms over Fy denoted e; for
1=1,2,3:

K(X) = T,(X)

which applies to objects over Fy as
f f‘EL
(C—uc,{zz-}) LA

Proof. The proof of [2, Lemma 6.2.1] carries over to this context without
change. O

Remark 4.4. The subtlety of this lemma lies in the definition of stable
maps over more general base schemes.
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4.3. Virtual classes

Finally, we consider integrating cohomology classes on this moduli space,
and for this purpose we need a fundamental class. However, even though
K(X) is smooth, the natural vector spaces holding obstructions to deforming
stable maps may still be non-trivial. In [5], the authors define an obstruction
theory to describe this phenomenon. They proceed to construct a virtual
fundamental class in the Chow group of the moduli stack as a replacement
of the usual fundamental class. In the case of interest in this article, these
constructions have the following concrete description.
Let

(4.1) T

be the universal curve and universal stable map to X. Then we have the
following lemma.

Lemma 4.5.

1. The natural map
o * (b
(Bomef Toe)” = Qe m

is a perfect relative obstruction theory with virtual dimension (denoted
vdim) given by the locally constant function

vdim = dim X — age o e; — age o es — age o e3.

2. Rim, f*Tx is locally free (denote the locally constant rank by r), and
the virtual fundamental class (denoted [K(X)]'") in Ayaim(K(X))o
induced by ¢ is

KX = ¢ (R 'm, f*Tv).

Proof. See the appendix. O
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Remark 4.6. The previous lemma will also hold if X is replaced by X.
However, the statement over the non-algebraically closed field is essential in
the proof of Proposition 1.1 (specifically Lemma 5.3) where we compute the
action of the Frobenius on [C(X)]'" in the Chow group.

Remark 4.7. Since K(X) is smooth, one can construct the cycle map

A(KX))g g Q S Ho(K(X),Qr) = H*(K(X), Q)

by proceeding as in [14, VI. Section 9] using the Gysin sequence in [4, Corol-
lary 2.1.3] and a slight refinement of the long exact sequence in Section 2.1
of [ibid.]. We denote the image of [IC(X)]¥™" under cl also by [IC(X)]V*".

4.4. Ring structure

The ring structure can now be constructed formally on HER(?, Q) just as
in the original formulation [8]. For o, 8 € H{ R (X, Q) define

a*x 3 :=1i.(e3)(ejaUes[N [K(?)]Vir),

where ¢ : Z,(X) — Z,,(X) is the morphism induced by the isomorphisms A
A =

Proposition 4.8. The operation x makes H{gp(X,Q;) into a (graded)
commutative, associative ring with unity.

Proof. The description of the boundary strata of IC074(?, 0), and the proofs
in [1, Sections 5 and 6] apply to this context as well. Note that, since we
are only concerned with degree zero maps, there is no need to decompose
Ko,n(X) via curve classes on the coarse moduli space of X. il

Example 4.9. Suppose b is coprime to ¢ and G, = Spec(FF,[t, 1/t]) acts
on A? with weights 1 and b. Assume for simplicity that b is prime and F,
contains the bth roots of unity. The stack X := [(A2\{0})/G,,] has étale
neighborhoods

A1) — X
Al 5 x

whose induced map on coarse moduli spaces form a cover of P!, the coarse
moduli scheme of X. Here the pu; action is given by the character
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A= Ay — G,,. We may then use Example 2.2 above to compute
1,(%) = & || Ul By,

Let A denote the copy of Buy C Iu(?lwith age equal to %. Denote also by
A a generator of HY(A,Q;) € HY(Z,(X),Q;). Then one has

HEp(X,Qu) = Qu[A]/(A%H).

In particular, A® generates H?(X,Q) C H?(Z,(X),Q;) and has age
equal to 0.

5. Frobenius actions

Let X, X be as in the last section. The arithmetic Frobenius morphism F+
on X induces the morphism Z,(Fy) = Fr @ on Iy, (X). Thus we have an
induced map on Chen—Ruan cohomology groups which we denote by

I/.L(Ff)* : HéR(y7 Ql) - HéR(y7 Ql)

Consider Example 4.9 above. Z,(F5)* acts on the orbifold ¢-adic coho-
mology by fixing A!, ..., A*~1 and sending A to ¢ =1 Ab. Thus Z,,(F5)* does
not preserve the ring structure. However, by composing Z,,(F5)* with the
morphism sending A" — ¢~28%(4) A% we indeed obtain a homomorphism of
rings sending A’ — ¢~/ A*. Proposition 1.1 from the introduction shows
that this phenomenon holds in general.

Proposition 1.1. 7The orbifold Frobenius morphism given by

F?ﬂ’orb : HéR(y7 Ql) —> Hé‘R(?7 Ql)
ar— q ") - Tu(Fp )" (@)

18 a homomorphism of graded rings.
When no confusion arises, the subscripts X and ¢ on F' may be dropped.
Remark 5.2. Note that instead of twisting the natural map Z,(F3)* to

obtain Fy,p, one could twist the coeflicients of the Chen—Ruan cohomology.
For instance, if we redefined the Chen—Ruan cohomology groups by replacing



524 Michael A. Rose

the right side of (3.2) with

@ H%age 1 (b), Qi(=b)),

a+2b=1i

then the natural map action of Z,,(F5) on these new groups would be a ring
isomorphism.

Before proving the proposition we make a few observations. First, we
consider the map on K(X') induced by F5. For any F,-scheme S, and any
object

I_l,i)’:lzl < > C fS > ?
S T Spec(F,)
of K(X)(S9), the commutative diagram
Fso _
E DR L LI
Ff om

S . Spec(F,)

is clearly an object of K(X) once we check the stability condition. However,
this is easy since fg has degree zero. The obvious map on morphisms then
determines a functor we denote by KC(F5). Note that IC(F%) covers the

Frobenius map on Spec(Fy).
The following lemma compares K(F3) with the Frobenius morphism

Lemma 5.3.

1. There is an equivalence

K(X xx, Fy) = K(X) xz, By

q
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2. We denote the latter simply by KC(X). Under the identification above,
the following functors are 2-isomorphic:

K(Fg) = Fe

Proof. See the appendix. O

These identifications allow us to determine the image of the virtual
fundamental class under IC(F%) in homology.

Lemma 5.4. K(Fg).[KK(X)]VF = ¢ Vam[IC(x)|vr

Proof. See the appendix. O

Proof of Proposition 1.1. For simplicity, denote Fy., := F;q obr L(—) =
Zu(=), and F:=Fg . Let I(X) = L, Z(X); be a decomposition into
connected components. Define a; := age(l’(/‘()j) and a; := age(i(Z(X);)),
where i : Z),(X) — Z,(X) is the isomorphism appearing in the definition of
* above. To prove the proposition it suffices to check that

(51) Forb<a1)*Forb(a2) = Forb(al*QQ)

for any ay € H*(Z(X)(a,), Q) C H*(Z(X),Q) (k=1,2). Apply I(F)*
Z(F)« to the left side of ( 1), where Poincaré duality isomorphisms have
been suppressed. By the projection formula and since K(F') and Z(F)
commute, we then have

(5:2)
(F

V

"L(F) s (Forp (1) x Forp(a2))

I(F)*ix(e3)K(F)u(q " K(F)* efar UK(F)*esaz N [K(X)]"™)
I(F)*ix(e3) (g~ " efar Uesan N K(F)L[K(X)]MT)
Z(F)*i(e3)s(q %" —vdim el Uesan N [/C(?)]Vir).

Now note that the operator Z(F)*Z(F). decomposes according to the
following lemma whose proof is left to the reader.

Lemma 5.5. Let 1; denote both the fundamental class of Z(X); and the
operator given by taking cup product with 1;. Then

I(FYZ(F). = 3 g~ 70,
J
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Thus (5.2) implies

Forb(al) * Forb Ckg Z 1; dlm Z(X ( ) i*<63)*

(5.3) X (q_a1 az—vdim ejar Uesan N [IC(?)]Vir)

— Z 1. Forbz* 63 ( al7&2*Vd1m+dimz(})j+a3eial
Uesas N [IC(X)]V”).

Now for each j, the 1; in (5.3) restricts the class to Z(X);. This
contribution will not be changed if we replace [IC(X)]V'" by its restriction
to e ' Z(X);, N e3 ' Z(X)j, N (ioe3) 'Z(X;), where j; (vesp. jo) is the
index of the component of Z(X) supporting oy (resp. az). On this locus of
K(X), vdim is constant and equal to dim X — a; — as — ag.

Since for each k,

ap + a; = dim X — dim I(j)j(ak%

the exponent of ¢ in (5.3) is zero. Thus (5.3) implies

Forp(0n) * Forp(02) = Y 15 Fori(es)«(efon U esag N [K(X)]Y)
J
= orb(al * 042)7

and the proposition is proved. O

6. Orbifold zeta functions
Let X, X be as in the last section. For simplicity assume in addition that

X is Gorenstein condition: X has generically trivial isotropy, and for any
geometric point { € X' (F,), the representation

Aut(€) — GL(Twle)

has determinant 1. The latter condition is equivalent to age : Z,(X) — Q
taking integer values. Thus H¢y (X, Q) is Z-graded.
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For a linear map F': V — V on a Z-graded vector space we write V =
®V;, F = ®F; and we denote

det(F|V) = [ [ det(Fi[vi) D™

Te(F|V) = > (1) Te(F|Vp).

i
Definition 6.1. The orbifold cohomological zeta function is given by

ZHéR(Xa t) = det(l — Forbt|HéR(y7 @l))

= exp (Z Tr(Fo | HER(X, Ql))L:) :
r=1

One obtains a trace formula for Zy: (X,t) by applying the Lefschetz
trace theorem of [4] to Z,,(X). For a Fg-scheme S, let [Z,,(X)(S)] denote the
set of isomorphism classes of the groupoid Z,,(X)(.S). For £ € [Z,,(X)(95)], let
Aut(&) denote the automorphism group of any representative of . Finally,
let Z,(X) =||; Z,(X); be a decomposition into connected components so
that age and dimension (dim) are constant on each Z,,(X);. Then [4, Theorem
3.1.2] yields

Tr(Forn| HER (X, Q1)) ZTY Forlz, @), | H (Zu(X)i, Q1))
_Z —age(Z, (X)i )Tr( |H*( ()5 Qr))

q—dim(g)

_ N\ aee(Z (X))
2 2

ge[zu (X)7(Fq)]
g —2ge(§)—dim(¢)
#Aut(S)

(6.1) = >

EE[T0(X)(Fy)]

Remark 6.2. One is led to claim that the trace of Fy., counts objects of
U, Hom"” (Bpy, X)(Fy) counted with weights by the age and dimension.
It is natural to ask if the trace of F,p, counts some natural objects on X
without weights.

Recall that Fi,, = F}; or1, depends on the base field. Since F, F; R
equation (6.1) yields a formula for the trace of each iterate of F, 1. We
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then obtain the following analog of (1.1):

det(1 — Fopt|HEg (X, Q1))

(6.2) = expz Z

r=1 \E€[Z,(X)(Fqr)]

(qr)fage(f)fdim(f) t
H#Aut(€) r

We attempt to further interpret the arithmetic information contained by
Zpe, (X, t) motivated by the crepant resolution conjecture [6,16,17]. A the-
orem of Yasuda [20, Corollary 4.9] gives the following result. Two smooth,
proper stacks X7 and Xy are K-equivalent if there exists smooth, proper
stack ) and proper, tame and birational maps m; and 7o

y
/ y
Xl XQ

such that 7 Kx, = m5Ky,, where Ky, is the canonical line bundle on &j.

Theorem 6.3. If X7 and X are K-equivalent, proper, smooth, tame
Deligne-Mumford stacks (recall also the Gorenstein assumption made
throughout this section), then

A

CR(

X1,t) = Zg;, (Ao, t).

Proof. We simply show that the orbifold zeta function defined above agrees
with the natural zeta function built from the Galois representation in [20,
Definition 4.6] for which the statement holds [20, Corollary 4.9]. Following
Remarks 3.3 and 5.1 above, it suffices to show

Tr | Z(F)'| €D H"(age™ (b), Qu(-b))

a+2b=j

=Tr|Z(F)*| @ H((ageod) " (b),Qu(-D)) |,

a+2b=j

where i : Z(X) — Z(X) is the involution. However, this follows from io
Z(F) =Z(F) o4 which one can easily show. O
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In particular, we see that the orbifold zeta function carries the arithmetic
information of any crepant resolution (when one exists) of the coarse moduli
scheme.

Corollary 6.4. Let X be a proper, smooth, tame Deligne—Mumford stack
satisfying the hard Lefschetz condition with trivial generic stabilizer. Suppose
Y — X is a crepant resolution of the coarse moduli scheme X of X, then

Zhs (X, t) = Z(Y, 1),
where Z(Y,t) is the classical zeta function.

Remark 6.5. Yasuda also proves an analog of [20, Corollary 4.9] over the
complex numbers, and this result was obtained independently by Lupercio
and Poddar [13].

Remark 6.6. It is natural to associate to an orbifold, the zeta function of
any crepant resolution (when one exists) of the coarse moduli space (see for
example [18, page 9]). The above corollary then shows that this definition
agrees with Definition 6.1 above in the special case when such a crepant
resolution exists.

Example 6.7. Suppose 2 is coprime to ¢, and suppose G,, = Spec(F][t, %])
acts on A3 with weights 1, 1 and 2. The stack X := [A%\{0}/G,,] has étale
neighborhood [A2 /5] — X, where the action of us = 7 /27 is given by the
direct sum of two copies of the non-trivial character of uo. If

X x|

denotes the morphism to the coarse moduli scheme, then |X| is the projective
closure of A%/ = Spec(Fy[z,y, 2] /(xy — 2%)). The canonical sheaf K|y is
locally free and 7{ K|y = Kx. Furthermore, the blow-down map

Y :=P(Op & Opi (1)) 25 |X|

is a resolution of singularities with 75 K|y = Ky. Thus the fibered product
Y X|x| X induces a K-equivalence between Y and X. On each space, the
cohomology is generated by algebraic classes and so the Frobenius action is
easily computed.

Since Y is a scheme, Z,(Y) =Y, Hig (Y, Q) = H*(Y,Q), and Fop, =
Fy is the map on cohomology induced by the usual arithmetic Frobenius
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morphism. The cohomology of Y is well known, and we have

1
1-t)1-qg ')’ 1 —q2t)

For the cohomology of X', we proceed as in Example 4.9 obtaining

Z-

en

Y, ) =

T,(X) =X U Bus,.

The substack Bps has age 1 and H°(Bug, Q) is fixed by Fy,. Thus Bus
contributes a factor of 1/1 — ¢~ 't to Zg:_(X,t). The substack X C Z,,(X)

has age 0 and the action of F, on H*(X,Q;) agrees with the action of Flfl

on H*(|X|,Q;). Thus X contributes a factor of 1/(1 —t)(1 — ¢~ '¢)(1 — ¢~ %t)
to Zpy;, (X,t), and we have

1
Q-6 —-g¢"t)*(1—q%t)

Zye (X 1) =

A. Appendix

Here we collect the proofs of several lemmas used above.

Lemma 4.2. K(X)=Kp3(X,0) is a smooth Deligne-Mumford stack
over F,.

Proof. First, the moduli of stable maps to the coarse moduli scheme X is
given by Ko3(X,0) 2 Mps x X = Spec(F,) x X, and hence is a Deligne—
Mumford stack over F,. Thus by [3, Theorem 1.4.1], K(X') is a Deligne-
Mumford stack as well.

To see that KC(X) is smooth, it is sufficient to prove smoothness of K(X).
Let K(X) & My’ be the forgetful functor to the F,-stack of (not necessarily
stable) genus zero twisted curves with three marked points (see [15]). It
follows from Remark 1.10 in [ibid.] that Mg% is smooth over F,, thus
it suffices to show that p is smooth. By Proposition 17.10 and Corollary
17.9.2, p is smooth if and only if Q}C @)/ M, is locally free of finite rank. For
this is suffices to show RO, f Ty is localfy free of finite rank, where 7 and
f are the universal curve and stable map, respectively, as in (4.1).

Let Spec(F,) £ K(X) be a geometric point corresponding to the stable
map (C % X, {%;}). Then to show R'm,f*Ty is locally-free it suffices to

show that dim H%(C, g*T%) is locally constant as p varies.
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For a tuple b = (b1, b, b3) of positive integers, let ./\/lg"g (b) C ./\/18"3 denote
the locus of curves with isotropy group uy, at the ith marked point. The
decomposition Mg = [ |, Mg%(b) [15, Section 5.4] induces a decomposition

K(X) = || (Mi5(0)).
b

Note that since K(X) consists of degree zero maps, the image of p is con-
tained in the locus of smooth curves with stable coarse moduli space. Fix b
for which p_l(/\/lgv"é (b)) is non-empty and let C be the unique domain curve
of maps in p_l(MB‘jV?) (b)). Then we have a morphism of F,-stacks

pHMES(b) 2 Pic(C)

sending (C x S EN X, {%;}) to (f*T'y — C x S). (@ is defined on morphisms
in the obvious way). Since Pic(C) is discrete [7, Section 3.1], ® is locally

constant. Thus the functions (C x S ERN X, {%:}) = h(C, f*T5) are locally
constant as well. This proves the lemma.

We note that over the complex numbers the smoothness of K(X) is
asserted in [1, Section 6.2]. O

Lemma 4.5.

1. The natural map
] * ¢
(B f Toe)” = Qe m

is a perfect relative obstruction theory with virtual dimension (denoted
vdim) given by the locally constant function

vdim = dim X — age o e; — age o e5 — age o e3.

2. Rz, f*Tx is locally free (denote the locally constant rank by r), and
the virtual fundamental class (denoted [KK(X)]'") in Aygim(K(X))o
nduced by ¢ is

()] = e (RM'mef*T).

Proof. Part (2) follows from [5, Proposition 7.3] using Part(1), Lemma 4.2
above, and [10, Theorem 5.2.1]. (The fact that Rm, f*T is locally free also
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follows from the proof of Lemma 4.2 above.) For Part (1), we proceed exactly
as outlined in [1, Section 4.5]. Finally for the virtual dimension, it suffices
to compute x(C, f*Tx) = x(C, f Tx), where (C ER X, {%;}) is a Fy-point in

K(X), and (C ER X, {%;}) is the corresponding point in K(X). However,
then the formula follows from the Riemann-Roch theorem on curves [1,
Theorem 7.2.1]. O

Lemma 5.2.

1. There is an equivalence
/C(X XF, Fq) i ’C(X) XIFq Fq.

2. Under the identification above, the following functors are 2-isomorphic:
K(Fz) = P

Proof. First we note that Part(1) appears in [3, Prop. 5.2.1]. However, we
include an elementary and explicit proof required for Part(2).

Denote the structure map by A : Spec(F;) — Spec(F;), and denote
projection maps by p (e.g., px : X — X). For part (1), an object of K(X xw,

[F,) over base F,-scheme S is given by a commutative diagram:

L343 < - C - X

(5.1) TS

S — Spec(F,),

where we have suppressed the map on coarse moduli spaces. Define a functor
¢ by associating the pair consisting of the map ¢ together with the diagram
given by composing fs (resp. ¢) in (5.1) with py (resp. with A). It is
clear that py o fg is representable. To see that it is stable, note that the
map on coarse moduli schemes induced by py is px, the projection onto X.
Moreover, p5Ox (1) = Ox(1) and so fs is stable if and only if px o fg is
stable. One can define ¢ on morphisms in the obvious way, and it is easy to
see that indeed ¢ is a functor.
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For the reverse, an object of (X)) xp, F, over base F -scheme S is given
by a commutative diagram:

U?lel < > C

(5.2) TS

/

s 4 Spec(F,),

where ¢’ factors through the structure map ¢” : S — Spec(F,) (i.e., Ao ¢’ =
q’). Then define 9 (inverse of ¢) by sending (5.2) to the diagram given by
(5.1) with ¢ replaced by ¢” and fg replaced by the unique map induced by
the pair (¢ o mg, f§). One can define ¢ on morphisms in the obvious way.
It easy to check that indeed v is a functor and that the pair (¢, ) gives the
required equivalence.

For the second part, we show that the following diagram is 2-
commutative:

Let 7 denote the diagram (5.1) in K(X) above. Since Fey = v X Fgpee(m, )
we have that ¢ o F@ o1(n) is given by a diagram similar to (5.2) with ¢
replaced by FSp ec(F,) © 4 and fg replaced by the unique morphism induced
by the pair (Fspec(E) oqomg,px o fs). Denote this unique morphism by .

On the other hand, consider the commutative diagram:

s

=l

q a)

Spec(

el
=l

S

Spec(F,) Spec(F,) — Spec(F,),
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with two right squares Cartesian and Fgopy = py. This diagram shows
that * is given by Fy o fg. Thus we see that ¢ o FW o(n) = K(F%)(n).
One can further check that ¢ o Fieey o and KC(F5) agree on morphism as
well and this proves the lemma. O
Lemma 5.3. The equation

K(Fg)[CE)T = g am i)
holds in H.(K(X), Q).

Proof. Consider the Cartesian diagram:

Spec(Fy) —r Spec(Fy),

where we identify (X)) with (X) by Lemma 5.2. The projection PK(X)
induces a map on Chow groups pi. ) : A (K(X))g = A(K(X))g. We first
show that pi- ) ()] = [IC(X)]V'". Let Ux (resp. Us) denote the univer-
sal curves over (X) (resp. K(X)). By [3, Corollary 9.1.3], Ux (resp. Us)
is an open and closed substack of Ko 4(X,0) (resp. Ko4(X,0)). Thus the
proof of Lemma 5.2 identifies Uz with Uy xp, ﬁq, and we have the following
diagram with Cartesian squares:

g . X
Ix fx
Uy LIS
7'('? Tx
— Pr(x)
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Since piTx = T3 and p,*C(X)Rl(ﬂX)* =~ RY(my)«pj;, a simple diagram
chase gives

Preaoy KO = cyaim (R (m20)4 f3Tx)
= cvaim (R (7)< f3Tx)
= [KC(X)]"".

Now fix a connected component K(&X')g C IC(X) so that the virtual dimen-
sion (vdim) is constant. If the virtual class on IC(X)g is given by > n;[Vi],
where each V; is a substack of pure dimension vdim, then [IC(X)]V" = 3" n;

[Vi]. Thus we have K(Fg)(V;) = F, k(@) (Vi) = V,. Furthermore, if F ’?EO?)
denotes the geometric Frobenius morphism, then we also have F&2 (V;) =

< - > o K@)

V;. Hence (F,%e(%))* [Vi] = ¢"4™[V;] in the Chow group. However, after
passing to (co)homology the arithmetic and geometric Frobenius maps are
inverses, and this proves the lemma. U
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