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GRADIENT-BASED ITERATIVE ALGORITHMS FOR THE TENSOR
NEARNESS PROBLEMS ASSOCIATED WITH SYLVESTER TENSOR
EQUATIONS*

MAOLIN LIANG! AND BING ZHENGH

Abstract. This paper is concerned with the solution of the tensor nearness problem associated
with the Sylvester tensor equation represented by the Einstein product. We first proposed a gradient-
based iterative algorithm for the Sylvester tensor equation mentioned above, and then the solution to
the tensor nearness problem under consideration can be obtained by finding the least F-norm solution
of another Sylvester tensor equation with special initial iteration tensors. It is shown that the solution
to the above tensor nearness problem can be derived within finite iteration steps for any initial iteration
tensors in the absence of roundoff errors. The performed numerical experiments show that the algorithm
we propose here is efficient.
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1. Introduction

Tensors are multi-dimensional arrays [1]. An Nth-order and I} X Io X -+ X In-
dimensional tensor over the real field R, consisting of I1I5--- Iy entries, can be rep-
resented as

d:(«gfil.uiN) with ’inbuiN ER, 1<ip<Iy, k=1,2,...,N.

The set of this kind of tensors is denoted by Rt X12X-XIn For of ¢ RTL X XTI X Jix-XJn
and ZB € RI ¥ xInxEix-xKi the Binstein product [2] of o/ and %, denoted by &7
A, is defined by the operation *y via

(%N B)iy..ingkr.. by, = E Qi inggnjn Ore k.. kp-

Ji,--JN

Tensor models are employed in numerous disciplines addressing the problem of finding
multilinear structure in multiway data-sets. In particular, tensor equations with Ein-
stein product model many phenomena in engineering and science, including continuum
physics and engineering, isotropic and anisotropic elasticity [3-5]. For example, by us-
ing the central difference approximation, the three-dimensional Poisson equations can
be discretized as the following multilinear system [7]

M*S%:%7 %ERNXNXN’

where tensors .7 € RVXNXNXNXNXN = gpc RNXNXN = The general form of the above
tensor equation is as follows:

oA oy X =B, (1.1)

where o7 € RE1x - xKpxhix--xIn and g8 c RE1X<xEKpxJixXJN are given tensors, and
X e RIv<xIaxJux-XJN ig ynknown. Brazell et. al [7] researched the tensor Equation
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(1.1) and the associated least-square problem by introducing the notion of inverse or
pseudo-inverse of a tensor. Recently, Sun et. al. [9] extended the inverse in [7] and
put forward the concept of Moore-Penrose inverses of tensors which provides the way
to represent the general solution of the tensor Equation (1.1) in the sense that it is
consistent (namely, there exists a tensor .2 * satisfying (1.1)). Besides, the authors also
considered the Sylvester tensor equation

in which the tensors o € RIv<-xImxlhix-xlu @@ cRIAXXINXIixxXIN gnd Ge
RIv< XX JixxXJN gre known, and 2 € Rt ¥ *ImxJix--XJn ig the one to be de-
termined. Obviously, when M = N =1, this tensor equation reduces to the well-known
Sylvester matrix equation

AX+XC=D,

which arises from the finite element, finite difference or spectral method [3,4], while
the former also play an important role in discretization of linear partial differential
equations in high dimension [5-7,9].

The purpose of this paper is to solve the following constrained minimization problem
related to the Sylvester tensor Equation (1.2):

min 12" = Zoll, (1.3)
Axpy X+ X *kNC=D
where 2( € RI1> X arxJix-XJIN ig 5 given tensor, the symbol || - || denotes the Frobenius

norm (F-norm for short) of a tensor. This problem is a natural generalization of the
matrix nearness problem [13-16], low rank approximation problem [17-19] and tensor
completion problem [20-22] equipped with F-norm and multilinear constraints. We call
(1.3) the tensor nearness problem.

Under certain conditions, it turns out that the solution to the tensor nearness
problem (1.3) is unique. When the tensor % in (1.3) vanishes, we have proved that
the unique solution to the corresponding tensor nearness problem can be represented
by means of the Moore-Penrose inverses of the known tensors [23]. Nevertheless, it is
well-known that it is not easy to find the Moore-Penrose inverse of a tensor. In order to
address the aforementioned problem efficiently, we first consider to solve the Sylevester
tensor Equation (1.2) iteratively, and design a gradient-type algorithm for it. This
approach is derived from the ones presented in [7,8,10-12]. Furthermore, the solution
to the tensor nearness problem (1.3) can be gained by applying the proposed method
to another Sylvester tensor equation, see Section 4 for details. Therefore, the method
presented in this paper avoids the curse mentioned above, and thus can be regarded as a
continuation of [23]. One can also refer to [27-30] for the latest developments on tensor
equations. As far as we know, this is the first time that iterative method is considered
to solve the tensor nearness problems.

The remainder of this paper is organized as follows. Section 2 reviews some nota-
tion and definitions related to tensors. Section 3 contains the gradient-based iterative
algorithm for solving the tensor Equation (1.2) as well as its convergence analysis. It
is theoretically shown that the proposed approach is capable of finding the solution of
(1.2) within finite iteration steps for any initial iteration tensors. Especially, the least
F-norm solution of which can also be derived by choosing appropriate initial iteration
tensors. Section 4 is devoted to addressing the tensor nearness problem (1.3). Section
5 provides some numerical examples to illustrate the efficiency of the proposed iterative
algorithms. Finally, a conclusion is appended to end this paper.
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2. Preliminaries

Throughout this paper, tensors are denoted by calligraphic letters, e.g., &7, &, €;
matrices are denoted by boldface capital letters, e.g., A, B, C; vectors are denoted by
boldface lowercase letters, e.g., a, b, c; scalars are denoted by lowercase letters, e.g.,
a, b, c. For a higher-order tensor, subtensors are formed when a subset of the indices
is fixed, and a colon is used to indicate all elements of a mode. For example, for a
tensor &/ € RI**K "its column, row, and tube fibers are denoted by .27 (:,5,k), </ (i,:
,k) and 7 (i,j,:), respectively. Moreover, the horizontal, lateral, and frontal slices are
represented by & (i,:,:), &/(:,7,:) and & (:,:,k), respectively.

The following definitions and conclusions will be used later.

DEFINITION 2.1 ([7]). For o = (< ) € REv XD X ix XN itg transpose,
denoted by /T, is a Jy x -+ x Iy x Iy X --- x I tensor with the entries ot

1AM J1---JN

CANJ1edM T
"Q{jl---jlwilu-iN
Particularly, if o =(%, . ivir..jat) e RIvx<xIauxDix-XIm the trace of of , denoted

by tr(), is defined as tr()= . i, irrir..ine-

U100t

By Definition 2.1, the inner product of two tensors .o, B € Rt X XImxXJix-xJIn g
defined by < o7, B >=tr(%#" x); ), which induces the F-norm of a tensor, i.e., ||| =
V<, of >. Especially, if <o/, >=0, we say that the two tensors are orthogonal
to each other. Furthermore, since

tr(BT «p o) = Z (B sp0 A )i ingin.in

1N

e T . . . .
- Z Z ‘%ilmiz\rjlu.jM'Q{JlijanN

114N \J1---JM

= § : E : ‘@jl~--jMi1miN"Q{jl---th---iNv

1. AN J1eJM
and

tr(? T xpy B) = Z (T 5 0r By kr. on
ki...kn

- ( dklkNlllN]‘%lllelkN>
...y

ki...kn

= E E Dy dngkr. ko Bla . daikr . ks

ki...knli...lm

which deduce that
<A, B>=<RB, o >. (2.1)
Moreover, by simple algebra we can obtain the following results.

LEMMA 2.1. Let o/, B,¢ c RIv<xIuxhix-xIn gnd o BER, then
@) tr(a-o +8-B)=a-tr(H)+B-tr(B);
(IT) tr(of xpg Brps C) =tr(Bxps € xpg A ) =tr(C xp1 A %01 B).

These formulas are important to simplify the proof of the relevant conclusions in
this paper.
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DEFINITION 2.2, For tensor o € RIV< XX JixXIn Voe( g ) @ RUneIn) X JixexIn

is obtained by lining up all the subtensors, o/ (i1,...,0inm,5...,:) with 1<i;<I;
and 7=1,2,....M, in a column; e.g., the k-th subblock of </ is the subtensor
(i1, ity ey:) satisfying k=ivec(i,I), where ivec(:) is the index mapping func-

tion [24], i.e.,
Jj—1

IS andH:{Il,...,IM}.
=1

S

M
ivec(iJI) Z:il + Z (’LJ — 1)
j=2
Specifically, if o7 € R2X2X2XJ1XXJN then

gLy dyeyeeeys
gLy dyeyeenyt

( )
( )
52,2,1,:,...,:3
Vee(/) = (1,1,2,5,...,0)
(2,1,2,:,...,1)
( )
( )

gy Ligeyecnye

RRRERERRER

gy Ligeyecnye

We should mention that the definition of Vec is slightly different from that given in [9].

DEFINITION 2.3 ([9]). The Kronecker product of o =(,. iyvjr..in)E
RO I X uxe XN qnd BB e RE1xKpxLix-xLq - denoted by of @A, is a ‘Kr-block
tensor’, whose (r,s)-subblock is (<7, i, i1...in %) in which r=ivec(i,I) and s=ivec(j,J)

for I={J1,...,In}.

From the definition of the Kronecker product of tensors, it has the following basic
properties:

LEMMA 2.2 ([9,25]). Let of € RIv<xImxDix-xIn & gg e RIv< X I xJixxJx
%ERJ1X---XJN><J1><---><JN and @ERllx»»-xIMlex---xJN' Then

0 (B+2)T =87+ 7.
(I (X RB)RE=A RBRIE).
(I) (A R@B)xN (P REC)= (A %01 D) R (B*NE).
(IV) Vec(o #pr BN C) = (€T @ o) x5 Vec(B).
DEeFINITION 2.4 ([7]). Define the transformation 1 from the tensor space
RI XX T X1 XIN 4o the matriz space RUT D)X (Nindn) g
s Clx X Iarx i x Iy @ Tan) X (i)

iy inggr g — Aivec(i,D), ivec(j,])-

Obviously, the transformation 1 is a bijection, which provides a way to unfold one
tensor. For example, if o7 € R3*3%3X3 "each frontal slice <7(:,:,k,l) with k,1=1,2,3 is
a 3 x 3 matrix. If we partition the modes of the tensor &/ from the middle, then the
vector vee(/ (:,:,k,1)) corresponds to the [k+3(I —1)]-th column of the unfolding matrix
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A =1(), that is,

1111 Dhi21| D131| Di112] Do) Di132) D113 D123 D133
o111 Da121| Da131| D112 Fa122| Fa132| Ha113| D123 2133
3111 D3121| D3131| D3112| F3122| P3132| H3113| H3123| 3133
o11| P221| G231 F1212| F1222| G239 F1213 F1223| F1233
A = | ahon1| Haoo1| Da231| Dao12| Ga2o| Ha232| o213 Ha223| Wa233
3911 D3221| D3231| D3212| 32| D3239| H3213| H3223| 3233
1311 D1321| D1331| 1312 1322 F1332| F1313| F1323 1333
o311 Daz21| Ha331| Hasz12| Fazoo| Faz32| Ha313| Ha323| 2333
| 93311| F3321| H3331| H3312| F3322| H3332| H3313| F3323 3333 |

From the definition of v, one can observe that the entry <7, ;.. jn of the tensor
of € RIv<xIaxJixXJN g exactly the (ivec(i,I),ivec(j,J))-element of the image matrix
(/). Thus, the identity tensor of size Iy X --- X Ipy X Iy X --- X Iy, denoted by .7,
consists of the entries

M
. 1, if i =7k
Ty evinsirodng = H Oirji With &g, 5, = { Ty .
ee f .
k1 0, it #.]k

For ease of reading, we recall the concept of the Moore-Penrose of tensors [9,23].
DEFINITION 2.5. Let of € ClvxoxIuxJixxXJIN = then the tensor Z €
CTixxInxhixIm - satisfying the following tensor equations

is called the Moore-Penrose inverse of the tensor <f , denoted by </t.

In addition, for tensor .7 € RIvXxInxJix-xJN “itg range space is defined by
R ={ W | W =cd sy X,V X RN >Iny,

3. Iterative algorithm for the Sylvester tensor Equation (1.2)

In order to solve the tensor nearness problem (1.3), we, in this section, present the
gradient-based iterative algorithm for solving the Sylvester tensor Equation (1.2), and
then analyze its convergence.

The iterative algorithm for solving the tensor Equation (1.2) is described as below:

Algorithm 3.1
Step 1: Input %GRAX X Ipg XTIy XX 1Ipg %ERLX XJIN XTI X ><JN
@ € RIx X Ia X Jix XN - and anmltlaltensor5&””61&11X X XXX IN
Step 2: Compute %(1)=@—ﬂ*M 2 MW yyE, and
g(l):%T*Mﬁ(l)+%(l)*N%T.

Step 3: C te 2 (k+1) = %<k>+”‘@(k)”2 k)
ep ompute ||<@(k)||2 .

Step 4: Compute Z*TD) =G — of 5y 2 F+D — 7B+ 4 €, and
(k+1) |2
P = o7 Ty BEHY + D 5y 6T + Hf@ |||2|
If 2%+1) =0, or 2+ £0, 2(k) =0, stop; otherwise, goto Step 3.
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In what follows, we show that the sequence {2 ()} generated by Algorithm 3.1
converges to a solution of (1.2) within finite iteration steps in the absence of roundoff
errors for any initial iteration tensor 2 (1. For ease of expression, denote

“%(k+1)‘|2

<@(lc) 2
oz(k)'—i” H B(k—l—l):—i“%(k)H2 .

Ce®E

LEMMA 3.1.  Let {Z# D} and {2D} (i=1,2,...) be the sequences generated by Algo-
rithm 3.1. Then, for j>2, it holds that

tr (%’“H)T*M%(j)) =tr (%’(i)T*M%(j)) —af(i)-tr (@(i)T * g ﬂ(j))
+ali)-BG) tr (%“T*M @U—”). (3.1)
Proof. By the Steps 3 and 4 of Algorithm 3.1, we have
RHFHD = %) _ (k) - (o %20 PP+ 2F) s E), (3.2)

and then

=tr (2 ~ai)-( a1 PO+ 2D sy @) w0 2D

=tr (20" 51, 2D —a(i) tr (o a1 PO+ PO sy 6) sy 2D
. (%wT w29 —ali)-tr (290" sar (7 501 29+ 29 N "))
—tr (%(i)T*M@(j)) —ali)-tr (ga(i)T*M (2D _B(5)- gz(jfl))> ’

which implies that the equality (3.1) holds true. 0

The next lemma reveals the orthogonality of the sequences {#Z(®} and {£2()}
generated by Algorithm 3.1, which is similar to the classical conjugate gradient method
[26].

LEMMA 3.2.  Let {#D} and {2D} (i=1,2,...) be the sequences generated by Algo-
rithm 3.1. Then

tr(%@)T*Mﬁ@):o, tr(@(i)T*M@(j)>:O, =12, b (t>2),i 4] (3.3)

Proof. 'We prove (3.3) by induction.
By (2.1), tr (%(i)T*M%(j)) =tr (%(j)T*M%(i)>, so we only consider the case:
i>7.
When t=2, from Algorithm 3.1, we obtain
tr (%(Q)T *M%(l))

—tr (%“)T*M%D) —a(1)-tr ((mM 20 4 W4 %)T*M%U)

tr (%(1)T * 0 %(1)) —a(l)-tr (93(1)T sar (T xpr BV + B x5 %T)>
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=tr (%’(1) ) A 1)> a(l)-tr (@mT*M 32(1))
=0, (3.4)
and
tr (@(2)T*M @(1))

tr

AT wpf BPD + B 5y CT +B(2) POV 5y 9’(1))

((
tr(%(2) *ar %*M9(1)+@(1)*N%)>+B(2)-tr<32(1)T*M32(1))

—tr (% AT 4 (2D — 2?). >+ﬁ( )otr (20 s 20)

a(1)

——ﬁ-h“(%m @) +5(2)-tr (20 sy 20)

—0. (3.5)

Suppose that (3.3) holds for ¢t =s, that is,
tr (%(S>T*Mﬂ(1>) —0, tr (%S)T*M ,@U)) —0,j=1,2,...,5—1.
In view of Lemma 3.1, when t=s+1, we have
tr (%’(SH)T *M,%@) —tr (%@T *Mgz@)) —a(s)-tr (@<8>T y @<8>)
+a(s)Bs)-tr (29" 5y 200
=tr (%(S)T*M&”(S)> —a(s)-tr (@(S)T k01 @(S))
~0, (3.6)
and
- (gz s+1)T (s))
=tr

MR 1 B s 6T 4 B(s+1). 2O)T *M32<8>)

—tr(%(s+1 a (B — g+, )+,3(s+1)-tr<33(s)T*M32(s)>

1
a(s)
_ 7) tr (0D g B0 ) 4 B(s 4 1)t (20w 2
—0. (3.7)

Now we consider the cases j=1,2,...,s—1. In fact, when j =1, similar to the proofs
of (3.4) and (3.5), we have

tr (0 D) =tr (29— als)- (50 2+ 2 iy €)1 2V
=—a(s)-tr (W(S)T sar (T 50 BV + BN sy ‘KT)>
=—a(s)-tr (,@(S)T * 01 ,92(1))
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=0, (3.8)
and
tr(,@(sﬂ)T u W)
:tr( R 4+ 7V ey €T 4 B(s+1) - 2T *M9(1)>
=tr (2 S+1>T*M (o 13 PV + 2V iy 6) )
1 T
:_m.tr(%(s—&-l) *M(%<1>_%<2>))
=0. (3.9)

When 2 <j <s—1, similar to the proofs of (3.6) and (3.7), using Lemma 3.1 once again,
we can respectively deduce that

tr (%<s+1>T*M%<j)) 0 and tr <9(5+1>T*M %a‘)) _

which, together with (3.4)-(3.9), indicates that (3.3) holds. 0

LEMMA 3.3.  Suppose that Z is an arbitrary solution of the tensor Equation (1.2),
then the sequences {#®} and { PP} satisfy

tr ((557— 2 0NT s y(k)) =|2®|2, k=1,2,.... (3.10)

Proof. 'We prove (3.10) by induction as well.
When k=1, it follows from Algorithm 3.1 and Lemma 3.2 that

tr ((éf— 2T ), ,@“)) =tr ((é’— XN s (T 50y B + 2D *M%T))
—tr (7= o3 20 = 2Dy 6) 0 2V
=tr (%(I)T*M%’(l))
— |22 (3.11)
Assume that (3.10) holds for k=s, then
tr (2= 2Ty 200) =t (= 27 = a(s)- 2O Ty 2)
=tr ((327— 2N sy gz(S)) —a(s)-tr (%s)T 1 9’(8>)
= | 2|2 —a(s) tr (L@(S)T “ar 9(8))
=0.
Furthermore, we have
i (@g_ 2 EHNT 4, (@(s-ﬁ-l))
—tr (2= 20T g (T g R L B sy 6T 4 B +1)- 2))
—tr (o g (2= 2 D) 1 (F = 2 D)y @)y 24D
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—tr (7= g 2D = 24D sy )Ty 71D
= |2tV (3.12)

The proof is complete. ad
Making use of Lemmas 3.2 and 3.3, we can prove the main result of this paper.

THEOREM 3.1. If the tensor Equation (1.2) is consistent, then for any initial iteration
tensor 2| its solution can be derived by Algorithm 3.1 within finite iteration steps.

Proof. For simplicity, denote
m:z[l-...-IM, n::J1~...-JN.

If Z%) 40, k=1,2,...,mn, it follows from Lemma 3.3 that 2(*) =0, then one can
compute 2 (M1 and 2(™"+1) by Algorithm 3.1. Furthermore, from Lemma 3.2 we
know that

tr (%(W"H)T*Mﬁ(m> =0 and tr (ﬂ(m"H)T*M 32(”) =0,

where k,l1=1,2,...,mn, k#1. Since the sequence {Z*)} is an orthogonal basis of tensor
space RItx I xJux-xJy which implies that 21 =0, i.e., 2 (™"+1) is a solution
of (1.2). |

Moreover, according to the basic properties of Algorithm 3.1 mentioned above, we
can show that the solvability of the tensor Equation (1.2) can be determined automat-
ically during the iteration process.

THEOREM 3.2.  The tensor Equation (1.2) is inconsistent if and only if there exists a
positive integer ko such that Z%0) £0 and 22*0) =0.

Proof.  If the tensor Equation (1.2) is inconsistent, it follows that %Z(*) 0 for
any k. Provided that 22 =0 for all positive integers k, then, from the proof of
Theorem 3.1 we know that there must exist 2 (*) satisfying (1.2), which contradicts
the inconsistency. Conversely, if there is a positive integer ko, such that Ry, #0 but
Py, =0, which contradicts Lemma 3.3, so the tensor Equation (1.2) is inconsistent. The
proof is complete. 0

In addition, since the tensor equation is always over-determined, we are often inter-
ested in the least F-norm solution. Next we can show that the least F-norm solution of
the tensor Equation (1.2) can also be gained by means of Algorithm 3.1. We first prove
the following lemma for this aim.

LEMMA 3.4.  Let Z* be a solution of the tensor Equation (1.1), then 2 is the unique
least F-norm solution if Z* € R('T).

Proof. For convenience of expression, we use the same symbol ¢ to represent the
unfoldings of different tensors, e.g., A= (o), B=¢(%) and X =(Z"). We prove the
conclusion by two steps:

Step (1) The tensor Equation (1.1) is equivalent to the matrix equation

AX =B with X e R™*", (3.13)
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In fact, from the definition of Einstein product, we can respectively rewrite (1.1) and
(3.13) in terms of the components as

(T 501 2 Vs okpinin = D v okpivecing Linviniinin =Bl kpin.ins

D15y M
and
> ApXi =B,
t
Since 1) is a bijection, then there must exist, respectively, the unique index {k1,...,kp},

{i1,...,ip } and {j1,...,Jn} such that ivec([k1,...,kp|,K)=p, ivec([i1,...,in],I) =t, and
ivec([j1,...,in],J) =s in which K={K;,...,Kp}. Therefore, the above two systems are
equivalent.

Step (2) As is well-known [21], the least F-norm solution of matrix Equation (3.13)
is X=A'B ER(AT)7 where the superscript 1 denotes the Moore-Penrose inverse of a
matrix. In view of the uniqueness of the least F-norm solution, and together with the
fact that v is a bijection, we complete the proof. 0

Depending on the above lemma, we can prove the following theorem.

THEOREM 3.3.  Assume that the tensor Equation (1.2) is consistent, and let the initial
iteration tensor £V =T sy W+ W «ny €T with arbitrary W € RIV< > I xJix Xy
or especially, 'V = @ e RIv < *ImxJixxJIN then the solution generated by Algorithm
3.1 is the unique least F-norm solution.

Proof. From Algorithm 3.1 and Theorem 3.1, it is known that if we choose
the initial iteration tensor 2 () =g/ T sy W +# xny €T for some tensor #, then the
approximate solution 2 *) of the tensor Equation (1.2) possesses the form 2 (F) =
AT xpp A+ 5%y €T for some A € ROV xImxJixx N Using the definition of Vec
and Lemma 2.2, we deduce that

Vec (%(k)) :Vec(%T*M%+%*N%T)
= (A1 0dT+€® ) *y Vec(H)
ER(A A+ @5)T), (3.14)

where 4, and %, are the identity tensors of size J; X --- X Jy X J; X -+ x JJy and I; X
<o x Ipg x Iy x --- x Ipg, respectively. On the other hand, by using the properties of the
Kronecker product, one can demonstrate that (1.2) is equivalent to the tensor equation

(S @ +CT @ 5) xn Vec( ) =Vec(2),

which, together with (3.14) and Lemma 3.4, implies that 2 ) is the least F-norm
solution of the Sylvester tensor Equation (1.2). The proof is complete. ]

4. Solving the tensor nearness problem

In this section, we apply Algorithm 3.1 to the solution of the tensor nearness problem
(1.3). Suppose that the tensor Equation (1.2) is consistent, i.e., its solution set, denoted
by @, is nonempty. It is easy to verify that the set ® is a closed and convex set in the
tensor space R XX I X Ty XJJL which reveals that the solution to the tensor nearness
problem is unique, denoted by 2 for convenience.
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We should point out that the unique solution 2 can also be derived by using
Algorithm 3.1. Actually, noting the fact that to solve the tensor nearness problem with

the given tensor Zp is equivalent to find the least F-norm solution (denoted by %) of
the following Sylvester tensor equation

Ak Y+ snC =,

where % =2 — 2, and D=9 — o xyr Zo— Zoxn €, then, it follows from Theorem
3.3 that 2" can be obtained by applying Algorithm 3.1 to (4.1) with the initial iteration
tensor 2 =T sy W+ W «ny €T for some W e RIvx - xInuxJixXJn o1 egpecially,
2V =@ eRE¥xIuxJixxJIn je  the null tensor with zero elements. In this case,
the nearness solution of (1.3) can be obtained by =W+ 2.

(4.1)

5. Numerical experiments

In this section, we perform some numerical examples to illustrate the feasibil-
ity and effectiveness of the proposed algorithm in present paper. All computations
were written using MATLAB (version R2016a) on a personal computer with 2.50GHz
central processing unit (Intel(R) Core(TM) i5-3210M) and 4GB memory. Specially,
all the tensor calculations in our tests were carried out with the Tensor Toolbox
Version 2.6.! The iterations will be terminated if the norm of the residual, i.e.,
RES= |2 — ot %3y Z'®) — 2B s« €|| <e=1.0e—10, or the number of iteration steps
exceeds the maximum k., = 1000.

EXAMPLE 5.1.  Suppose the tensors of € RA*3X4%3 @ c R3X3X3X3 = g c RAXIXIX3 4y
(1.2) are given as follows:

(11 7 7] [—2 —2 —2]
-2 11 -2 3 -2 3
o (::,1,1)= -2 7 A (:,:,2,1) = 93 9|
| -2 11 -2 | 3 -2 3 |
[ 3 —4 —4] [2 -9 9]
-1 3 -1 —6 2 —6
d('? ,3,1)— 3 _1 _4 ,M(.,.,Zl,].)— 2 —6 _9 9
-1 3 —1] |6 2 6]
[—-16 3 3 07 7]
—11 —-16 —11 11 0 11
o (:,:,2,2)= 16 -11 3 A (:,:,1,2) = 011 7
| —11-16 —11 11 0 11 |
[—11 15 15 —4 -2 —2]
0 —-11 0 16 —4 16
A (:,:,3,2)= 11 0 15 G (:y:,4,2) = 416 -2
| 0 —110 16 —4 16 |
[3 —3-3 26 0 0
13 3 13 -4 26 —4
o (:,:,1,3)= 3 13 _3 9 (:,:,2,3) = % —4 0 |
|13 3 13 —4 26 —4

Lhttp://www.sandia.gov/tgkolda/TensorToolbox/index-2.6.html.
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[—4 1 1] 2 -8 -8
8 —48 —-16 2 —16
A (:,:,3,3) = 481 A (y,4,3) = 9 _16 -8 |’
| 8 —438] —-16 2 —16
(10 0 6 6 —917
€(::1,1)=|151010 |, €(:,:,2,1)=| -9 6 6 |,
|10 15 10 | 6 —9 6
4 —19 —37 9 -22 —8
¢(:,:,3,1)=-14 4 4|, ¢(:,1,2)=|10 9 9 |,
| 4 —14 4 9 0 9
[0 —9 —3] —7 —17 12
€(:,2,2)=|-13 0 0 |, %(;:,32)=| 6 -7 -7/,
| 0 —13 0 | -7 6 -7
5 —131 0-34
€¢(::,2,3)=(-5 5 5|, €(,;,1,3)=|50 0],
5 —55 050
0 —123
%(::,3,3)=|—-1 0 0],
0 —-10

and the tensor 2 is chosen such that P =of xp; *+ Z* Ny E with Z* =reshape(1:
108,1[4,3,3,3]) cR4X3x3x3

In this case, the tensor Equation (1.2) is consistent and 2™ is an exact solution.
Applying Algorithm 3.1 with initial iteration tensor 2 (1) =@ e R**3%3%3 {0 (1.2),
we obtain the least F-norm solution, denoted by 5&,\;, and the corresponding residual
RES=9.6392e— 11 after 86 iteration steps. In addition, since the conjugate gradient
least squares algorithm (CGLS) has better performance than the bi-conjugate gradient
algorithm and the bi-conjugate residual algorithm [30], we only compared Algorithm 3.1
(denoted by T-CG) with CGLS method for the above initial iteration tensor. In Figure
5.1, we plotted their convergent curves over the norm of the residual versus iteration
number k, which imply that our method converges faster although the latter takes less
iteration steps.

[42.9784 46.3496 53.2346 ] [32.9897 36.6903 42.0641
o 53.0555 68.2438 49.0433 | 38.3122 47.6399 40.5920
(5511 = 54.4996 54.9506 59.0609 Z(2,1) = 39.5236 41.8336 45.8862 |’
| 61.1020 53.8303 73.3694 | | 43.1914 41.8239 53.2235 |
[46.9887 50.6593 56.1705 [37.0000 41.0000 45.0000 ]
> 52.7434 62.6039 54.4513 | > 38.0000 42.0000 46.0000
Z(53,1)= 53.9760 56.1170 60.1748 Z(551,2)= 39.0000 43.0000 47.0000 |’
L 57.9106 56.0063 68.1459 | | 40.0000 44.0000 48.0000 |
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[50.9990 54.9690 59.1064
52.4312 56.9640 59.8592
53.4524 57.2834 61.2886

| 54.7191 58.1824 62.9224 |

[73.0000 77.0000 81.0000 ]
74.0000 78.0000 82.0000
75.0000 79.0000 83.0000
| 76.0000 80.0000 84.0000 |

59.0196 63.5885 64.9782

53,3)

51.8069 45.6842 70.6751
52.4051 59.6161 63.5163

48.3363 62.5345 52.4753

Next we consider the tensor nearness problem (1.3).

[41.0103 45.3097 47.9359 ]
37.6878 36.3601 51.4080
38.4764 44.1664 48.1138 |’

| 36.8086 46.1761 42.7765 |

[57.0144 61.4336 63.5103
51.9630 48.5042 67.9711

52.6669 59.0329 62.9594 |’
| 49.9320 61.4465 55.0871 |

2287

log(RES)

-25 '

10

F1G. 5.1. Convergence behavior of two algorithms for the tensor equation in Example

EXAMPLE 5.2.

20 30

40 50
Iteration k

60

and assume that the given tensor 2y is as follows:

Zo(:,:,1,1)=
Z0(23,1) =
%(:7:a272) =

[0 11 —107

| 7 —6

| -16 -8 9 |
[—10 5 18

-7 -1
—4 -4

—4
5
-5 |
-5 11 0 T
—-16 -2 4
33 -2 -1

—6 -8 8
—-16 —4 8

| —12 -4 9

7‘%-0(:7:7271):
7%(:7:7172):
y <Q//'0(:7:73a2) =

Let the tensors </, € and 2 in (1.2) be the

90

s

5.1.

same as in Example 5.1,

4 —11 —12]
-3 6 —20
~13 4 0 |’
6 —6 —4 |
76 —47]
14 —4 —11
~13-32 9 |’
|—28 0 —10]
—7 11 4
—4 -1 0
—14 -5 -21|"
4 6 14
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15

10

log(RES)
S &

R
(6]

N
o

25 I I I I I I
10 20 30 40 50

Iteration k

80

Fic. 5.2. Convergence behavior of two algorithms for the tensor nearness problem in Example

1 1 4
7 21 =5

%(:7:a173): 4 2 0 7%0(:a:7273):
—16 5 —18

0 -9 1 7

8 —16 —14

Zo(nd3)=1 g 15 1

19 -3 —2 |

9 4 5
2 —2-4
-7 —213
| -16 6 —4

)

Applying Algorithm 3.1 with .2"(") = & to the tensor

Equation (4.1), we obtain the

solution to the tensor nearness problem (1.3) after 79 iteration steps, i.e., Z .

[44.1912 54.1943 43.7075
50.4602 68.6229 49.3393
48.1731 53.1240 62.4182

| 79.5249 53.7313 65.1154 |

a1l 52,1

[40.5057 59.6836 56.9232 ]
41.8432 65.1252 55.9031
83.6837 59.5245 59.2572

| 52.0225 56.2288 71.7468 |

[41.7494 54.6924 71.7399 ]
49.8603 58.7485 67.0232
33.7992 61.6395 66.1633

| 53.6123 55.2035 71.7550 |

[73.0000 77.0000 81.0000 ]
74.0000 78.0000 82.0000
75.0000 79.0000 83.0000

L 76.0000 80.0000 84.0000 |

[39.4807 25.7036 37.5108 ]
39.1969 44.5352 36.9080
41.6060 39.9043 56.2875

| 45.9264 37.6248 44.2264 |

[37.0000 41.0000 45.0000 ]
38.0000 42.0000 46.0000
39.0000 43.0000 47.0000

| 40.0000 44.0000 48.0000 |

[34.5193 56.2964 52.4892]
36.8031 39.4648 55.0920
36.3940 46.0957 37.7125

| 34.0736 50.3752 51.7736 |

[66.1178 55.6214 63.4721 ]
57.5053 53.0468 68.9621
44.5545 56.3846 70.5580

| 50.0412 66.5350 56.9444 |
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64.4359 52.8083 61.1574
%y 62.3311 36.4565 60.7722
& (553,3)= 56.7895 56.3274 48.6033
36.7992 60.3013 46.4383

At this time, |2 — 25| = 640.2422.

Meanwhile, we compared our method with the conjugate gradient least squares
method proposed in [30] for the same initial iteration tensor as above, and described
their convergence curves in Figure 5.2, which indicate that our method has a slightly
better performance.

6. Conclusions

In this paper, we first present an iterative method for solving the Sylvester tensor
Equation (1.2), i.e., Algorithm 3.1. For any initial iteration tensor, it is shown that the
solvability of this equation can be determined automatically (see, Theorem 3.2), and
that the solution (if it exits) can be obtained within finite iteration steps in absence
of roundoff errors (see, Theorem 3.1). Particularly, the least F-norm solution of (1.2)
can also be derived by selecting appropriate initial iteration tensor (see, Theorem 3.3).
Furthermore, applying this iterative method to another Sylvester tensor equation, i.e.,
(4.1), we can obtain the unique solution to the tensor nearness problem (1.3). Many
other examples that we have tested in MATLAB confirm the theoretical results pre-
sented in this paper. Of course, for a problem with large and not sparse tensors .o/, ¢
and 2, Algorithm 3.1 may not terminate in a finite number of iteration steps because of
roundoff errors. This is an important problem which we should study in a future work.
Moreover, the approach we propose in this paper can not be directly used to solve the
Sylvester tensor Equation (1.2) when it is inconsistent, which will be considered in our
future work as well.
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