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STATIONARY SOLUTIONS OF OUTFLOW PROBLEM FOR FULL
COMPRESSIBLE NAVIER-STOKES-POISSON SYSTEM: EXISTENCE,
STABILITY AND CONVERGENCE RATE*

HAKHO HONGT, JONGSUNG KIM¥, AND KWANG-IL CHOE?

Abstract. In this paper, we study the asymptotic behavior of solution to the initial boundary
value problem for the non-isentropic Navier-Stokes-Poisson system in a half line (0,00). We consider an
outflow problem where the gas blows out the region through the boundary for general gases including
ideal polytropic gas. First, we give necessary condition for the existence of stationary solution by use
of the center manifold theory. Second, using energy method we show the asymptotic stability of the
solutions under assumptions that the boundary value and the initial perturbation is small. Third, we
prove that the algebraic and exponential decay of the solution toward supersonic stationary solution is
obtained, when the initial perturbation belongs to Sobolev space with algebraic and exponential weight
respectively.

Keywords. Navier-Stokes-Poisson equations; outflow problem; stationary solution; stability; con-
vergence rate.
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1. Introduction and main results

The compressible Navier-Stokes-Poisson (called NSP in the sequel for simplicity)
system may be used to simulate the transport of charged particles (e.g., electrons
and ions) under the influence of the electro-static potential force governed by the self-
consistent Poisson equation. In this paper, we consider the following compressible NSP
equations in Eulerian coordinate:

pr+(pu)z =0,

(pu)e+(pu +p)e = pE+ pttsa,

[p(e+ u?)]t +[pu(e+ u?) +pule = puE + K05, 4 p(utiy) o,
aa:E:p_era

(1.1)

where the unknown functions are the density p(x,t) >0, the velocity u(x,t), the tem-
perature 6(z,t) >0, and the electron field E(xz,t). Also, p=p(p,0) is the pressure and
e=e(p,0) is the internal energy, while ;1>0, x>0 and p4 >0 denote the viscosity, the
heat-conductivity and the doping profile, respectively.

We consider the system (1.1) supplemented with the initial data and far field con-
dition

(p,u,ﬁ) ‘t:O: (,00,U0760)(x)a (E>0,

. (1.2)
llmw%+oo(p7u79,E>(x?t) = (p+7u+’9+’0)’
and the outflow boundary condition
u|x=0:u_<0, 9‘3;:0:9_, (13)
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where uy, L >0 are prescribed constants. We are interested in the large-time behavior
of solutions for the initial-boundary value problem (1.1)-(1.3) in the case of u_ <0, that
is, outflow problem.

Throughout this paper, we assume that

Pp(p,0) >0, eg(p,0)>0. (1.4)

Setting v=p~!, it is well-known that given any two variables of the thermody-
namical variables (v,p,e, # and s), the remaining three are smooth functions of the
others, where s is entropy of gas. The second law of thermodynamics #ds=de+ pdv
asserts that, if we choose (v,0) or (v,s) as the independent variables and write
(pre.s) = (p(0,0),e(0,0),5(0,60)) or (p.c,0)=(P(v,5).(v,5),8(v,5)) respectively. Then,
by (1.5) in [5] and (1.4), we can deduce

0(po(v,0))?

co(0,0) <0, (1.5)

51)(1}75) :pv(vae) -

and

~ ~ Opg (v,0
i o i

Cou(v,8) = —pu(v,0) + 2220 .,

which means that e(v,s) is convex with respect to (v,s).

Notation: Throughout this paper, O(1),c or C' denote a generic positive constant
independent of ¢,z and ¢;(-,-) or C;(+,-)(i € Z) stands for generic constant that depends
only on the quantities listed in parentheses. H*:= H"(0,00) denote the Sobolev space
with norm ||-||x and ||-|jo=]| - || will be used to denote the usual L?—norm.

Now, we state the results of this paper. The stationary solution (p, .6, E)(x) of the
problem (1.1)-(1.3) must satisfy the system (1.7):

(ﬁﬂ +=0, x>0,
(/3{1'2 +D)o= ﬁE+Nazxa

[pa(e+ %)wa]w: DB+ Kby + ity ), (1.7)
E{L’ :ﬁ_er
(ﬁ,ﬂ)(O) = (u—ae—)a lim (ﬁ,ﬁ,é,E‘)(x) = (p+au+70+70)7

where p=p(p,0), é=e(p,0).
THEOREM 1.1 (Existence of stationary solution). Let p1>0,0L>0, u_<0. The
necessary condition for the existence of a solution to the system (1.7) is

px)i(z) =pyrusr =p(0)u_, Vo >0. (1.8)

If uy >0, then there is no stationary solution for the system (1.7).

Ifuy <0 and (1.4) holds, then there exists a positive constant 69 and a local manifold
M Ms, :={(u,0) € (—00,0) x (0,00) |0 < |(u—1us,0—04)| <o} such that if (u_,0_)€
M, then the system (1.7) has a unique solution (ﬁ,ﬁ,é,E‘)(m) satisfying

|5§(ﬁ—p+,ﬁ—u+,é—9+,E)|SC&exp(—éCL‘), k:071727”'u (19)



HAKHO HONG, JONGSUNG KIM, AND KWANG-IL CHOE 2197

where § =|(u— —uy,0_ —0,)| and C,é are positive constants independent of x,d.

REMARK 1.1. If §#0, then E cannot vanish. Compared with the previous results
(see [17]), E#0 is a fundamental difference, and the stationary solution of the system
(1.7) converges to the spatial asymptotic state with an exponential rate even for the
case M =1, where M, denotes the Mach number at far field z =oco defined by

|u |
\/ pp(P+7S+)

Next, we state the result for the stability toward the stationary solution for the
problem (1.1)-(1.4).

M+:

THEOREM 1.2 (Asymptotic stability of solution). Let py>0,uy <0,0L>0. Sup-
pose that there exists the solution (p,1,0,E)(x) to the system (1.7) satisfying (1.9). In
addition, suppose that the initial data (po,uo,00) satisfies

(po — pyuo — 1,00 —0) € H(0,00), uo(0) =u_, 0p(0) =0_. (1.10)
Then, there is a positive constant g such that if
1(po = pruo— 1,00 —0) |1 + || E(-,0) — B +6 <o, (1.11)
where § =|(u— —uy,0_—0,)|, then the problem (1.1)-(1.4) has a unique global solution
(p,u,0,E)(x,t) satisfying
(p—pu—1,0—0)eC([0,00); H*(0,00)), E—FEeC([0,00);L%(0,00)),
pa, Ep € L?(0,00; L (0,00)), tg,0, € L?(0,00; H(0,00)).
Moreover, AthAe solution (p,u,0,F)(x,t) tends time-asymptotically to the stationary solu-
tion (p,u,0,F)(x) in the sense that

lim sup |(p,u,0,E)(x,t)— (p,i,0, E)(x)| =0.

t4>00$e(0700)

THEOREM 1.3 (Convergence rate of solutions).  Let p+ >0,ux <0,0L>0. Suppose

that there exists the solution (p,a,0)(x) to the (1.7) satisfying (1.9) for the case of
My >1. If (1.10) and (1.11) hold, we have

(1) exponential decay of solutions if (p—p,u—a,0 —0,E — E)(-,0) eL?,,,(0,00), there

is a constant >0 depending on the ¢ such that the solution (p,u,0)(z,t) to the
problem (1.1)-(1.4) satisfies

sup |(p,u,0,E)(z,t) — (p,0,0,E) ()| < Ce™ P
z€(0,00)

(2) algebraic decay of solutions if (p—ﬁ,u—ﬁ,G—é,E—E)(-,O) € L2(0,00), then the so-
lution (p,u,0)(x,t) to the problem (1.1)-(1.4) satisfies

sup |(p,u,0,E)(x,t) — (p,10,0,E)(z)| <C(1+1) "2,
z€(0,00)

where ¢ >0 and
Laexp(O’oo):: {fGLlQOC(ano);/O e f2(z)dx < o0},

L?(Opo) ={feL} .(0,00); /000(1 +x)° f2(x)dx < 0o}
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REMARK 1.2.  In the case of isentropic gas, similar results as in Theorem 1.2 and
Theorem 1.3 were recently obtained by [31] and [16].

Related results: From a physical point of view, the motion of the ion-dust plasma
([10,19]), the self-gravitational viscous gaseous stars [4] and the charged particles in
semiconductor devices [22] can be governed by the NSP system. In recent years, there
have been a great number of mathematical studies about the compressible NSP system.
In what follows, we only mention some of them related to our interest. Recently, the
global existence and convergence rates for the three-dimensional NSP system around
a non-vacuum constant state were studied through carrying out the spectrum analysis
by [13,14,20,21,34] etc. The pointwise estimate of the solution for the multi-dimensional
NSP system was discussed in [30]. In addition, the global strong solution to the one-
dimensional non-isentropic NSP system with large data for density-dependent viscosity
was established by [27] and nonexistence was discussed in [3]. The above works show that
the momentum of the NSP system decays at a slower rate than that of the compressible
Navier-Stokes system in the absence of the electric field. This fully demonstrates that
the electric field could affect the large-time behavior of the solution.

For the Cauchy problem of the NSP system, the large-time behavior around non-
linear wave patterns began to be studied (see [2,8,9,26]). For the multi-dimensional
isentropic NSP system, the stability of stationary states was studied by Tan-Wang-
Wang [26] and Cai-Tan [2] in the case with non-flat doping profile and with an external
force, respectively, under the assumption in that the gas states at far fields +oo are
equal. For the one dimensional two-fluid NSP system with different gas states at far
fields, the stability of rarefaction waves was studied by Duan-Liu [8] and Duan-Liu-Yin-
Zhu [2] in isothermal and non-isentropic cases, respectively, with the nontrivial electric
potential.

Another interesting and challenging problem is to study the stability of the NSP
system on half space with different gas states at boundary and far field. In general, it
is well known that the large-time behavior of solutions to the NSP system in the half
space is much more complicated than that for the corresponding Cauchy problem due
to boundary effect.

Recently, the mathematical studies to clarify the stability of nonlinear wave pat-
terns for outflow and inflow problem on the compressible NSP system was begun
(see [6,7,11,12,16,31-33]). Duan-Yang [7] first proved the stability of rarefaction
wave and boundary layer for outflow problem on the two-fluid isentropic NSP system.
Later, for outflow problem on the two-fluid isentropic NSP system, Zhou-Li [33] showed
convergence rate toward stationary solutions and Yin-Zhang-Zhu [32] proved the stabil-
ity of the superposition of stationary solutions and rarefaction wave. Also, for outflow
problem on the two-fluid non-isentropic NSP system, Cui-Gao-Yin-Zhang [6] proved the
stability and convergence rate toward stationary solutions. Recently, for inflow problem
on the two-fluid non-isentropic NSP system, Hong-Shi-Wang [12] proved the stability
of stationary solutions. One important point used in [6,7,12,32,33] was that the large-
time behavior of the electric field was trivial and hence the two-fluids indeed had the
same asymptotic profiles which were constructed from Navier-Stokes equations without
any force under the assumptions that all physical parameters in the model must be
unity, which was obviously impractical since ions and electrons generally had different
masses. On the other hand, for outflow problem on the unipolar isentropic NSP system
with doping profile, Jiang-Lai-Yin-Zhu [16] and Wang-Zhang-Zhang [31] studied the
existence, stability and convergence rate of stationary solutions. Recently, Hong [11]
obtained the stability result for inflow problem on the unipolar non-isentropic NSP sys-
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tem with doping profile. However, to the best of our knowledge, there is little research
about the stability of nonlinear wave patterns for the outflow problem on the unipolar
non-isentropic NSP system with doping profile which is of interest in our paper.

Here, we briefly review some main difficulties. For the outflow problem of the sin-
gle quasineutral Navier-Stokes system (1.1),-(1.1), with £ =0, there have been many
mathematical studies about the existence, stability and convergence rate of the sta-
tionary solutions, please refer to [5,15,17,18,23-25,28,29] and the references therein.
Compared to the Navier-Stokes model in [17], our problem is more general and more
complex for the electric field is taken into account. For instance, in order to obtain the
existence of stationary solutions, we have to introduce the new variable to deduce the
stationary equations to a 4 x4 system of autonomous ordinary differential equations,
and examine dynamics around an equilibrium by applying the manifold theory (see Sec-
tion 2). Next, to deduce our results desired for the stability of the stationary solutions
by the elementary energy method as in [17], it is sufficient to deduce certain uniform
(with respect to the time t) a priori estimates on the perturbations (y,,(,x) around
stationary solutions. In the first step of a priori estimates, comparing with [17], the
main difficulty is to control the energy form (3.4) so that we get the uniform estimate
for Lo—norm of the perturbations, which is not trivial for the general gas including ideal
polytropic gas (see Section 3). Finally, the main point of the proof for the convergence
rate of the solutions is how to get the lower estimate for the term —w,G" in weighted
energy form (4.3). To do this, we derive a lower estimate (4.9) for the leading order
term —G1 for Taylor expansion of the —G' and rely on the fact that the other terms
are smaller than the leading order term (see Section 4).

The remainder of this paper consists of the following: In Section 2, we discuss the
existence of the stationary solutions and present the proof of Theorem 1.1 with the aid
of the stable manifold theory. Section 3 is devoted to showing the asymptotic stability
result (Theorem 1.2) of the stationary solutions. In Section 4, for the supersonic case, the
convergence rate mentioned in Theorem 1.3 is obtained by a time- and space-weighted
energy method.

2. The existence of stationary solutions
2.1. Reformulation of stationary problem. Integrating the first, second

and third equations in (1.7) over [z,00) yields

pAa:p+u+7 x>0,
oo

pia=pyus(i—up)+ (-p)+ [ pEdy, (2.1)

x

~ R 1 R ~ R .
Ko = pus (<e—e+>+2<u2 —a) —El) + (pii—pyus) — piti,

where py =p(vy,04), ex =e(vy,04), El(l”) == fwa(y)dy-
Integrating the first equation in (1.7) over [0,z) yields
pt=p(0)u_, x>0. (2.2)

By (2.1) and (2.2), there holds (1.8). So, if u4 >0, then there is no solution to the
system (1.7). Using p=FE,+ p4, we have

o0 . 1 ~o .
/ ﬁEdy:—iE —p+E. (2.3)
xT
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We set 4= Z—if}(f;:[fl, vy =p;'), 4 =1,. Then, we have from (2.1) and (2.3)

N U4 v A v 12

Vg = o (U U+) + @(p7p+) - 2M$+ EE— ;Lu+ El’
j = U+ (é—e )—ui(@—v )2+u—+p (0—vy)
T Koy + 2[{1}3_ + KUy + +

+ ap2, Ut
FE E
+2m)+v +/<c+ 1(0—vy),
E””:%_i’ (El) =F.

Also, we have

(6,0)(0) = (v_,0_) withv_ = vy, (8,0,E,E1)(c0) = (vs,64,0,0).

Ut

(2.5)

To discuss the solvability of the system (2.4), (2.5) near the infinity asymptotic
state (v4,04,0,0), we need to introduce the stationary perturbation variables given by

(v,0,E,Ey) = (0,0, E,E1) — (vy,6,,0,0).

Then, the system (2.4), (2.5) is transformed into the vector equations for (v, g,E,El)

v v 91(v, 0. E)
d 0 %
B B v 92(” 0, E E))
F1 F4 0

(@,0)(0)=(v- —vy,0-—01), (3,0,F,E1)(o0)=(0,0,0,0),

where J is the Jacobian matrix at an equilibrium point (0,0,0,0) defined by

u2
:ui_:_ (ﬁ +pj) g _i ai1 a2 0 ayy
g | el 4pe) Eeefo 0 | _|aman0 0
* RS *0 0 o | lam 000
v 0 010
0 0 1 0O
and g;(i=1,---,4) are nonlinear terms such that

01(5,0,B) = (p—py —pi 5—pf0) — — B> =02 +0%+ E?),

Py 2MU+
3
_ = = u U s u ~ ~
92(1)79,E>E1)=m1(€—6+—6 T—ef0)— o7 U+U2+2H::+(U+U+)E2
+ L B\o =02+ 62+ B+ Eyp),
:‘ﬁ'/U+
N 1 1 7 N
93(0) = =——— —+ 5 =0(1"),

v+uvy vy v

where pt =p,(vy,01), eX =e,(vs,04) and so on.
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2.2. Proof of Theorem 1.1. By (2.6), we have

aii—A a2 0 auyy
a1 (122—)\ 0 0

J+ A= a3zl 0 -2 0
0 0 1 =X
and the characteristic determinant of J is
au—)\ a2 0 any (122—)\ 0
|J+—)\I|:(—)\) any a22_)\ 0 — Q14 |Q31 0 —-A
asy 0 —-A 0 0 1

ail—A a2

+a14a31(a22 7)\)
a1 az—A

=)\2

Assume that vy <0 and (1.4). Then, the eigenvalues A;(i=1,---,4) of J; must be
satisfied

M 401 A3 A + b3\ + by =0, (2.7)
where

2
V4 U+ U4
by=—(a11+axn)=——— = +p | - ——¢;,
[LU+ ’U+ HU+

1 ui 1
b =a11a22 —a12a21 = E (2 +pff) 63 - % (ej +p+)p3’,

vy
-1
b3 =—aisa3; = —5—>0,
’U+U+
1 +
by =a14a31092 = 376 > 0.
RS

From Vieta’s formula, its roots have the following properties:
A1+ A2+ A3+ Ay =—by,
A2+ A1 A3+ A1 A0+ A2 A3+ A dg + As Ay =bo,
A1 A2 A3+ A1 A2 A+ A1 A3 Ay + Ao A3 Ay = —b3 <0,
A A2 A3 Ay =by > 0.
By using
A1 A2A3Ag >0,
A A2(As+Ag) + (A1 +A2) Az Ay <O,
we obtain that (2.7) does not have any zero real root and the following possible cases :

(1) A<0,A2<0, A3>0, Ay >0

(2) Ai=a+bi, Aa=a—bi(a<0), A3>0, Ay >0, (2.8)
(3) Ai=a+bi, \a=a—bi, A\3<0, \y <0,

(4) M=a+bi,a=a—bi, \s=c+di,\y=c—di(a<0orc<0),

where b#0,d#0 and i denotes the imaginary number.
Without the loss of generality, we can assume Re\; <0 and Rels <0 due to (2.8).

Therefore, applying the center manifold theory (see [1]), we can prove Theorem 1.1 by
the same lines as in [11]. We will omit it for brevity. Thus Theorem 1.1 is proved.
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3. Asymptotic stability of stationary solutions
We can rewrite (1.1) and (1.7) as

pe+ (pu): =0, >0, t>0,
p(ut +uua:> +pr= pE+/~‘”azm

ples +uey) +puy = kbOyy + pu?, (3.1)
pO(s1+usy) = Kby, + puz, s=s(p,0),
Er=p—ps

and

(ptt), =0, x>0,1t>0,
f)’&ﬂx +ﬁx = ﬁE‘F,Uﬁxa:a ﬁ:p(ﬁ79)7

Pty + Plig = K0y + i, é=e(p,0), (3.2)
P08, = KOgy + 2, §=s(p,0),
Ea: :ﬁ_er'

Let us set the perturbation (p,1,(,x) as

(‘Pﬂ/’anX)(x?t) = (p,uﬁ,E)(m,t) - (@fb,é,EA’)(CC)

and the solution space X (1) as

X(D)={(p,¥,¢.0) (. %,¢) € C(LH"), x € C(LL?),
(s Xa) € LA(LL?), (¥0,Co) € LA (LHY)}
for any interval IC [0,00).
The local existence of the solution to the outflow problem (1.1)-(1.4) can be estab-

lished by the standard iteration argument and hence will be skipped in the paper. To
prove Theorem 1.2, a crucial step is to show the following a priori estimate.

PROPOSITION 3.1 (Priori estimate of the solution).  Besides the assumptions of the
Theorem 1.2, suppose that (p,u,0,E) is the solution to the problem (1.1)-(1.4) satisfying
(¢,0,(,x) € X([0,T]). Then, there is a positive constant e1 such that if

sup ([[(@, 0, Q@)1 +Ix@®)l) <e1, and d=|(u- —uy,0-—04)[<en,
0<t<T

for any t€[0,T, it holds that

||(<p,¢,é)(t)||?+||><(t)||2+/0 (e xa) (DI + (e C) (DF) d

+/0 (@5 00,)(0,7) Pdr < C ([l (2,4, ) (O) 1+ [ x (0)]]). (3:3)

where C' is a positive constant independent of t,T,e.

We will prove Proposition 3.1 by the following four steps.

Step 1: Energy estimate.
For notational simplicity, we introduce A< B if A<CyB holds uniformly on the
constant Cy independent of ¢,z,T,e1.
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Setting

. >
52(6—é)—9(8—§)+?+ﬁ(v—ﬁ), (3.4)

we have (see (3.10) and (3.18) in [5])

(PE)e+ (pu)s thg ¢2+'€ C2 Avp+ A2+ As+ Ay +pyx, (3.5)

where

= paphs + H% —(p—p)¥,

_ 0.CCx NS (o
NAy=kK 02 (m?m—i— )90+2u 9

Ag=—ita (p—5—Bp(5,5) (p— ) — B (5,5) (s — 3)),
+pitdy (8—0-0,(5,8)(p— ) —u(p.8) (s —5) ) + (pit — pu)fa(s—5).

Ug +Mp¢um (U 'U) wzﬂaz»

Due to (1.6) and the assumptions of Proposition 3.1, it is easy to check that

(¢*+07+C7) SE,1) S (9" +9° +(7). (36)
By using (3.6), u|z=o=u_ <0 and (¢,() |s=0=0, we have
At le=0=0, —(pu€)|o=02¥"(0,1). (3.7)

Noticing that y=E—E= —[Z(p—p)dy and
Xo =, Xt =pli— pu=—p — @i, (3.8)

and by using integration by parts, we have

/ pYxdr =— / xxtdr — / XXz Udz
0 0 0

1d [~ , U_ o 1.
—__ do+ — t)+ = X dz. .
2dt J, X ar 2X(07) 2/0 Ug X AT (3.9)

After integrating (3.5) for (z,t), taking the summation of the resulting equations and
using (3.6)-(3.9) yields

1ot Co) )7 + / (s Co) ()Pl + / (0.0)(0,7) s

3 t [e'e) t 00
<t OO+ / / |Aldedr + / / il Cdedr,  (3.10)
i—e’0 Jo 0 Jo

where it is essential that u_ <0. Using (1.9), (¢,() |z=0=0 and
|f (@) FO)|+ V| foll, Vf € H(0,00) (3.11)
yields

|82] £ 018, G )2 + 0] (19,4, C)” exp(—ca)
01, Co)[* +010(0,7) 2+ (@t Co) [P wexp(—ca),
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which implies

/ /°°|A2|dxd755 / | (ortbe, Co) (7|2 46 / (0. Pdr. (3.12)
0 0 0 0

By the same lines as in (3.12), we have
t [ee] t fe’e]
/ / |A3|dxd756/ / (Il + [91? + |CI2) exp(—éx)dwdr
0 0 0 0
t t
<5 [ 1(@ostinsCo)(DIPdr + / 0(0.7) 2dr.
0 0
Also, using (1.9) and (3.11) yields
/ i dr <6 [ xPexp(—éx)de SO (DI +oIXO.02  (313)
0

0

By the estimations for Ag(k=2,3) and (3.13), we get from (3.10)
t t
||(90’1/),C7X)(t)||2+/0 H(meI)(T”lZdT‘F/O (. x)(0,7)dr

Sl 9. ¢ ) ()] +5/0 12, x2) (7)1 dr. (3.14)

Step 2: Estimation for ||, (¢)]].
By the same lines as in Lemma 3.2 of [5], we have

2 2
s wxib) (/ws@z ot > L P2
+ + - = Lo =(pE— pE—+ f, 3.15
<2p3 o) G ) e p Z (3.15)

where

P, A N ~
fl = —MF(PM% +sz§0+pzx¢)a

p p P p

o= (poGat he 0y —0) + 02 (po— ).

x>

By using ¢ |y=0=0, u|z=o=u_ <0 and (1.9), we have

e s} 2
pups o =
Ere Yy de= 2(0,t) > ©2(0,1),

\f1|<5e><p(—A ) (p5+v2+¢° +w ) (3.16)
|f2l Sdexp(—éx) (02 + 92 +¢° +9°) +eph +¢ 3,
|fa| Sdexp(—cx) (o° +C%) +epr+€ 12, Ve>0.

After integrating (3.15) for (z,t) and using (3.16) and p,(p,#) >0, by the same argu-
ments as in step 1, we have

t t
loa ()2 + / lpa(r)|2dr + / (00 (0.7)Pdr < |02 (0)]
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Fe)? + / (o Ca) ()b + / / w(pE—ﬁEfjj’dm.

Noticing that

~ 7 P r x
(pE—pE);ZXﬁpm—FE%y Xz = (XP)x — X3

we have
/ (pEfﬁEA)ﬁdz
0 P
z—/ Xﬁdx—(xga)(O,t)—t—/ B2 4y
0 0

p
Therefore, using (1.9), we have

/ m(pE—ﬁE>‘jj”dxs—||xx<t>||2+<x2+¢2><o,t>+6|%<t>||2.

Substituting the estimations on (3.18) into (3.17) yields

t t
||<Px(t)||2+/0 ||(<Pa:aXx)||2dT+/O |02(0,7)[2dT < |02 (0)I?

2 ' 2 2 T T ! T 2 T .
+(||w<t>|| = [eereonirs [ ol d)
By (3.19) and (3.14), we get

t t
loa ()] + / (s xa) |12 + / (00 (0,7)Pdr < | (0218:C 0 ) (O) 2.
0 0

Step 3: Estimation for ||¢,(¢)]].
Subtracting (3.2), from (3.1), and multiplying it by — Yoo

P
2 2 R
<1/;x> _(wt¢1)1+%:_xwm$_E%+f4v
’ P P

By using (1.9) and ¥ |,=0=0, we have

yields

fal S (e+0)5, + e |(Pathe, Co)[* +dexp(—cz) (0,4, €)%, Ve > 0.
It is easy to check that

- / wad = / Xethadz < | (e )|,
0 0

-/ T BV <5 | " expl(—éa) (0 +2,) de <6 (0 (0.0) + | (0t 7).
0 P 0

2205

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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After integrating (3.21) for (x,t), taking the summation of the resulting equations and
using (3.22), (3.23), we have

a2 + / sl < [16(0)]2

t t
2 2
+ / |(ortbn,Co) P +6 / 22(0,7)dr. (3.24)

Step 4: Estimation for || (t)]].
Subtracting (3.2), from (3.1), and using e; =eg(p,0)0; —e,(p,0)(pu),, we have

PEo (pae)ct + pu(a: - Hsz = pep(p79> (pu - ﬁﬁ)x
+(0p— pu)éy — (pug — piie) + p(ul —a3).

Multiplying it by —% yields
2 w2
< 2 >t (Gte) peg(p,0) Is (3.25)
where
Coa - B
o0 0) ((ap—pu)és +p(u2 —a2)).

By using (1.9) and ¢ |,=0=0, we have

A (CtCz)zdxzov
5] SAH0)CE0 + A (P8, Co) [P+ exp(—éx) (9,4, 0) 7, YA>0.

After integrating (3.25) for (x,t), using (3.26) and eg(p,8) >0, we have

(3.26)

t t t
(D]1? ve||2dT S |C(0)))? 2l Co) IPdT + 6 2(0,7)dr. 3.27
||<<t>|\+/0||< |2dr IIC()II+/OH(<pw<)H T+/030(T)T (3.27)

The proof of Proposition 3.1: By (3.14) and (3.20), we get
t
Ier:6pr )OI+ [ Wpert G

+/0 |(2,02,)(0,7)Pdr S1(0,4,¢, 00, X) (0)]1*. (3.28)

By (3.28), (3.24) and (3.27), we get (3.3) which completes the proof of Proposition 3.1.

4. Convergence rate for supersonic stationary solution

In this section, we show the convergence rate stated in Theorem 1.3 by using a time-
and space-weighted energy method.

The a priori estimate is obtained in the weighted Sobolev space X,,(0,7) defined
by

X (0,7):={(,4,¢,x) € X([0,T)) | Vw(e,1,¢,x) € C([0,T];L*(0,00))}.
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For a weight function w(z):=(1+z)* or w(x)=e**, we use the notation

|fl2w = OoW(fE)fz(fE)dx y [flla,o = [fl2, 142y [[flle,a =12 e00-
0

To prove Theorem 1.3, it’s enough to show the following the weighted norm esti-
mates (see [17]).

PROPOSITION 4.1.  Suppose that the same assumptions as in Theorem 1.3 hold.

(1) exponential decay. Suppose that (p,u,0,F) is the solution to the outflow problem
(1.1)-(1.4) satisfying (,1,(,X) € Xes2(0,T) for certain positive constants ¢>0 and
T >0. Then there exist positive constants e1,a(<<),B(K a) such that

if  sup ([0, 9, )@l +IIx@B)) +0<ex,

t€[0,T]

then the following weighted estimates are satisfied:

7 (11, @I+ (0,2, ) (@)112.0)
<C (I, ) OT + (2,2, ¢ ) ()12 ) (4.1)

where C' is a positive constant independent of t,x,T 1.

(2) algebraic decay. Suppose that (p,u,0,F) is the solution to the outflow problem
(1.1)-(1.4) satisfying (©,1,(,X) € X(144)s(0,T) for certain positive constants ¢>0
and T'>0. Then there exist positive constants €1 such that

if  sup ([0, )@l +IIxB))) +0<eq,

te[0,7]

then the following weighted estimates are satisfied:

SRR (CXNSIO] el ([RINSI()] R [CRINSIIO] R (4.2)

where C' is a positive constant independent of t,x,T 1.

In the remainder of this section, we will prove Proposition 4.1. As in Section 3, we
denote A < B if A<CyB holds uniformly on the constant Cy independently of ¢,x,T,e1.

Step 1: Weighted energy estimates.

Suppose that 7(t) and w(z) is the weight function like (14¢)? (or €°*) and (1 +x)*
(or e** a< %, where ¢ is the positive number in (1.9)), respectively.

Setting w(x,t) =n(t)w(z), we get from (3.5)

i, 0
(wp)r+ {w(pus = An)fa —w, G +w (Wi +“92<5>

=wyp€ —wyG? +w(Ag + Ag) +wpipx, (4.3)

where

G = pul 4 (=P, =i 4 ROSE

Using (3.7) yields

/ " (w(ou€ - A} da 2 () (0,0). (4.4)
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We estimate G'.
Using €,(v,s) =—p and €,(v,s) =0 (see (1.5) in [5]), we obtain from (3.4)

E == (V2480 (0,8)0 + 26,5 (0,8) 0 + €55 (0,8)0) + O (1) (|0 + |9), (4.5)

DN | =

where ¥ =s—§, Using (4.5) and
p—D=D0(0,8)¢+Ps(0,8)9+0(1)(|o] +[9]?),
we can rewrite G as
G =0 (42 42,0 (0,8)67 428, (0,5)00 + 2,4 (0,5)0%)
+19 (Po(0,8)0+Ps(0,3)0) +O(1)(|6° + [0 ) + O(1) (] + [9]*) ||
=G} +G3+Gj,
and

Gi Z% (V2 4 € (v4,51)9% = 2805 (V4,54 )P0+ Es (V1,54 )0%)
+ 19 (Do (v4,54)0+Ds(v4,54)0),

Gl :% (% 4 B (8,8) % + 28,4 (0,8) 40+ Eas (8, 8)9°)
- % (w2 + (Vg ,54)07 +gv3(v+75+)¢79+g88(v+a5+)792)
+¢ ((ﬁ’u (’&73) _5U(U+a5+))¢+ (5&(@7§) _ﬁs(v+78+))19) )

Gy =0 (¢ +[01°) + O()(|g]* + [9]*)[¢].

By using (1.6), (1.5) and ps(v,s) = % (see (1.5) in [5]), we rewrite G} as

Gl =" f(0,0,9)

2 2 2 2by 2bs (46)
f(p,,0) = <¢ +b19° —2ba¢p) +b30° — oY+ 19¢>7
P+ U+ P+ U+
where
~ 0-+po(v,0+) 0+
b1 =—py(v1,51)>0,by= , b= > 0. 4.7
V=P ) 20 0= 0 T e 0y) (1)

The A corresponding to the f(¢,1,9) is as the following:

by —-b— —p
11) prus 2
JU ) 1 _b2
A P4 U+ P+U+
—bo be 3

P+U+

If all principal minors A;(i =1,2,3) of A are positive, the matrix A is positive. Noticing
that

b
[ Sl o,

Mt =
~ 2
—v?rpv(v+,8+) (p+uy)
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and by using (4.7) and (1.4), we compute A;(i=1,2,3) as follows:

_ _ b2
Ay =by=—py(v4,51)>0, Ag=b——1— >0,
(p+us)
b 0. po(v,0.) b (48)
Ag=det A= (bybs— b3 (1—1>=— SR SLE (1— ! )>o.
’ (bbs =b2) (p+us)? eo(v,0+) (p+u)?
By (4.6), (4.8), p4+ >0 and u4 <0, we have
—Gi2 (0 + 0 +9%) 2 (6* +0° +(7). (4.9)
Noticing that
G2 S (o= P+ [u—u [) (& + 9 +9%) + (Jo — vy |+ s — 54 )(¢° +0?)
U= peri—usf=0,)|+1(6,ON (" +¢° +7).
and using (1.9), we have
| walGhide S @ omlie. .0 ... (110)
0
Similarly, we have
| walGds g em®le . 0B.... (4.11)
0
By (4.9)-(4.11), we obtain
- [ w6z a0 O, (@.12)
0

Similarly, it’s easy to check that

/ |w,G?|dz Sn(t) (e[ (,O) 3.0, +€ H(W,G)3,0,)  Fe>0,
0 (4.13)

/0 wep€ldz <1 (1) (0,0

By using (3.8) and integration by parts, we have

/ wm/dex:—/ wxxtdm—/ WYXz Udx
0 0 0

_ 1d <2 1, /OO 2
= th(n(t)/o wx dm>+2n(t)0 wx“dx

+ %n(t)xQ(O,t) + %n(t) /Ooo(ﬂxw+awx)x2dx. (4.14)

Noticing that in fye[0,00)(—t(z)) >0, we have

o0
- [ twaidez OB, (4.15)
0
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Integrating (4.3) for z,t and using (4.4), (4.12)-(4.15), we have

n(t)I@(t)Ig,w+/O (1) (12(7)[3 0, + (¥, C) (7) 3. +1(0,3) (0, 7)) dr

<[BO)R., + / (1 (DB 2+ 1) (o) ()R )

t 0
+/ 77(7-)/ w(|ﬁx|X2+‘A2|+|A3|)d$dT,
0 0

(p,9,¢,x)- Using (1.9) and (3.11), it is easy to show that if w(z)=(1+z)%,

(4.16)

where & =
then

/ wliialPde < / 2(142) expl(—é)de < 8| xa (D)% + 8x(0,1) [
0

and if w(z) =€, o< £, then

| wlialdess [ esplan - én)da S8l O +x0.0F
0 0

which imply that

/ wltiaxdr <6l (8)]2 + 61 (0.2, (4.17)
0

By similar arguments as in (4.17), we have

/0 (1 Aa| 4| As))dz S8 (9athasCe) ()12 +81i0(0,0) 2. (4.18)

By (4.17), (4.18) and ||| S| |2.w, We get from (4.16)

n(t)l‘@(t)li,ﬁ/o (1) (12(7)[3 w0, +1 (W2, Ca) (7[5 0 +[(0,)(0, 7)) dr S 2(0)]3,,

t T 2 T
+ [ IR 1) DB )b+ [ el (1.19)
Setting w=1 in (4.19), we get
DO+ [ 1) (100 6+ 2000.7) )
<O+ [ wDleex@Par s [ w@llePar  @20)

where &= (¢,1,(,X).
Step 2: Weighted estimation for ||, (t)].
By (3.15), we have

2 2
((usox+soz1/1)> +< (et )> y%g»a)@g_n(pE_ﬁE)erG{ (4.21)
t T

2p3 20 p
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where

‘P;’jb) =G +G3.

2
Gr=nlt)(u fot ) +of 1) (B +

Using (3.16) and the assumptions of Proposition 4.1 yields

/Ooo |Gildz S (6+e)n(t) || + ()0 (0,8) + Cen(t)l| (¢ Co) I,

/ 1G3lde <1 (8) | (o), Ve > 0.
0

Integrating (4.21) for (z,t), and using (3.16),, (4.22) and (3.18), we obtain

t

n(6)l| e ()] + / 0| (9o ) (7) |2 + / 0(r)@? (0, 7)dr

SII%(O)IIQ+n(t)llw(t)||2+/0 (1) | (¥, Go) (7) | dr

t

4 / n(7)] () (0,7) Pdr + / 7 ()| () () |2

By (4.20) and (4.23), we obtain

t

00 lex (O + / n() (l0e x2) ()P +2(0,7)) dr
<@, 00) ()] + / (o () (120 + (7)) dr,
where ® = (¢,%,¢,x).

Step 3: Weighted estimation for ||1),.(¢)].
By (3.21), we have

(U¢§)t — (i )z+1

N |

2

l“/’m = —NXYzz —NE P + G4,
p p

where G*=n(t) f1+ 17/ (t)¥2. By (3.22), we have

/0 (Gl <n(8) (e +8)||thaal P + 1 (D)5 00,
() (@t o) 12 (8) 46 2, Ve 0.

Integrating (4.25) for (z,t), and using (4.26), (3.22), and (3.23), we obtain

n(t)ll¢x(t)ll2+/o U(T)Il%z(T)IIQdTS||1/Jx(0)||2+/0 0 ()|l (7)|*dr

+/O 77(7)H(%,%,Cx,xx)(f)H2d7+5/0 n(7)|¢(0,7)*dr.

Step 4: Weighted estimation for ||, (¢)]|.

2211

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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By (3.25), we have

e
peq(p,0)

where G*=1n(t) fs+ 37/ (t)¢2. By (3.26), we have

C2
<n;) —n(GCe)a+1
t

=G°, (4.28)

/O |G®lda Sn(t)(e+0) | Caall* +11(2)8]0(0, 1)
+0(6)e (0o, Y, Co) I+ ()1 all?, Ve>0. (4.29)

Integrating (4.28) for (z,t), and using (4.29), (3.26), and eg(p,0) >0, we obtain

t

n(t)HCm(t)H?Jr/O n(T)IICm(T)II2dT§HCx(O)H2+/O 0 ()]|¢ (7)||*dr

+/O 77(7)II(%,%,mew)(T)||2d7+5/0 n(7)lp(0,7)*dr. (4.30)

The proof of Proposition 4.1:
We first prove (4.1). Using (4.20), (4.24), (4.27) and (4.30), we have

DO RO+ 1ot + [ 1) (12 [ G ()F)
[ 0020 0 i S (RO + .G O))
+ [ A RO+ et (131)
Also, by using (4.19), (4.31) and ||- | <|- |z, we get
DO (@OB .+t IO + [ 1) () +1(00:6P)B )
[ U 24 N Gan) O + (50 O b
<1 (@O B+ o tsG O +C2 [ ()10

+Cs/0 77(7_)|(1/)ragr)(7_)|§,wmd7_+C4/0 1 (T (s, &) (7) | 2dr, (4.32)

where ® = (p,1,(,x) and C;(i=1,---,4) are positive constants independent of ¢,z,T e .
Setting w(x) =e*® and n(t) =e”*, we obtain from (4.32)

t
P (B2 0+ [(ortirsC)DIP) + (a— CaB) / 7D (r) |2 pdr
t t
(1 Cya) / 7| (he: o) (1) |2 il + (1~ CaB) / 71y (7) |2dr
0 0

+ / &7 (| (s Caa) (7)1 + (2100, X) (0,7)[2)
0
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<C1 (12012 o + 1 (Pas ¥, ) (0)]]7) - (4.33)
If we choose o and B(0< < a <) satisfying

1 1
OZ—CQ,BZO, 1_030[277 1_045257

\}

then (4.33) yields (4.1).
Next, we prove (4.2). Setting w(x)=(1+2)* and n(t)=(1+t)?, we obtain from
(4.32)

A+ (12O7 0 +11(2r 2, GO
+/ (1+7)° (@ @(T) 1701+ (W, G ) (P17 0) d

0

+/O (L+7)7 (12 (D12 + (s G ) (D1 + (0,02, X) (0,7) %) dr

<(IB(O)[2.0 + 1 @ore C)(O)?) +a / L7 (s o) (P2

+ﬁ/0 L+ (1R (7,0 + (00 ¥0,C) (T)]1?) dr (4.34)
Setting

Ea(t)? = [12)]2 o +1I (0, %, C) ),
D(t)*:= @2 ()I* + | (Woa Coa) )P +1 (2,02, ) (0,8) %, (4.35)
Do (t)*=D(t)* +al|®O)[7 a1+ (2, C) B2 0

we rewrite (4.34) as

(1+t)PEy(t)? +/t(1 +7)P Do (7)2dT

0

SEa(0)2+a/0t(1+T)BII(¢z,Cz)(T)||3,a1dr+ﬁ/0t(1+7)ﬂ_1Ea(T)2dT- (4.36)
By the same induction argument as in Section 4 of [5], we obtain from (3.3) and (4.36)
(1+t)kE§k(t)z-i-/ot(l-l-T)kDgk(T)2d7§E<(0)2 (4.37)

and

(1+t)kE0(t)2+/Ot(1—|—7')kD0(T)2dT§E<(0)2 (4.38)

for any ¢ >0 and integer k=0,1,2,---,[]. If ¢ is an integer, we obtain (4.2) from (4.38)
letting k=g.
In the case that ¢ is not an integer, we prove (4.2). Letting =0 in (4.36), we have

(1+1)PEo(t)2 <CEy(0)% + cg/tu +7)P 7 By (1)2dr. (4.39)
0
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We estimate the second term on the right-hand side of (4.39). Letting k=¢] in (4.37)
and noticing (4.35), we have

t
(Ht)k]Eg—[g](t)QHc*[C])/O (147 E g1 (7)%dr <CE((0)*. (4.40)
Noticing that

EO(T)2 < E§—[§] (1)e E§—[<]—1 (7)7,

where p=(s—[s])7!, ¢=(1—¢+[c])~! and using (4.40), we have
t
/ (1+7)° "1 Ey(r)%dr
0
' B—1—[q] [¢] 2 a [¢] 2 »
< o (1+7) (1+47) E<—[<](T) (1+47) E<—[<]—1(T) dr

t 1
SCEc(O)E/O (14+7)° 1 ((1+T)[<]E<f[q71(7)2)”dT

t Tt :
SCEg(O)g (/ (1+7')(51[§])da> (/ (1+T)[C]E§[§]1(T)2d7'>
0 0

t B—1-[q] 1=+l
<CE.(0)? </ (1+47) <71 dT) . (4.41)
0
Letting B=c+ 3 in (4.39) and (4.41), we can get (4.2).
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