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TIME-PERIODIC SOLUTION FOR AN INCOMPRESSIBLE
MAGNETOHYDRODYNAMIC SYSTEM WITH
AN EXTERNAL FORCE IN RV*

YITONG PEIT AND BOLING GUO#

Abstract. In this paper, we study the existence and uniqueness of time-periodic solutions to
incompressible magnetohydrodynamic equations. Our approach combines energy estimates with topo-
logical degree theory, and our result follows from a limiting process. The main difficulty is to prove the
compactness and continuity for a key operator A given in Definition 2.1, the proof is based on parabolic
regularization.
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1. Introduction and main results
The purpose of this paper is to investigate the following incompressible magneto-
hydrodynamic equations (MHD):

Op+u-Vp=0, (1.1)
p(Oru+u-Vu)—Au+VP(p)—B-VB=pf(x,t), (1.2)
8:B+u-VB—AB=B-Vu, (1.3)
divB=0, divu=0, (1.4)

where x€Q=(—L,L)",n>2 is the space dimension, p(x,t) represents the density,
u(z,t) = (u1,ug,...,up)(z,t) ER™, H(x,t)=(Hi,Hs,...,H,)(z,t) ER™ are the velocity
and magnetic field. P=P(p) stands for the pressure, P(p) is a smooth function in
a neighborhood of p satisfying P’(p) >0, p is a given positive constant. Let f= f(x,t)
be an external force function which is periodic in ¢ and odd in x. Indeed,

fxt+T)=f(x,t) (z€Q,teRT),
f(=z,t)=—f(z,t) (zeQteRT),

for a constant T>0. The system (1.1)-(1.4) describes the interaction between the
magnetic field and the conductive fluid which couples the Navier-Stokes equations with
the Maxwell equations.

In recent decades, the time-periodic solution of the magnetohydrodynamic equa-
tions have been extensively studied, cf. [3-7,10, 11, 14-16, 19, 20, 23-25]. In the case
of compressibility, Tan and Wang [20] obtained the existence, uniqueness, and time-
asymptotic stability of periodic solutions to the equations defined on the whole space
R™, where n>5. In [24], Yan and Li derived the periodic weak solutions to the equa-
tions in a finite domain Q CR3. Cai and Tan got periodic solutions of the equations
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in a periodic domain, cf. [26]. For the case of incompressibility, Notte, Rojas, and Ro-
jas [19] established periodic strong solutions of incompressible magnetohydrodynamic
equations in the bounded region 2 C R™ by using the spectral Galerkin method and the
compactness arguments for n=23 or 4.

Specially, the magnetohydrodynamic equations can be reduced to the Navier-Stokes
equations without the electromagnetic field, cf. [1,2,8,12,13,17,18,22]. The existence
of the periodic solutions to the incompressible Navier-Stokes equations on a bounded
domain or an unbounded domain is well-known. In [22], the authors proved the existence
of a strong periodic solution. Matsumura, Nishida and Feireisl [8,18] obtained the small
periodic solution to the equations in a bounded domain Q2 C R", n=3. Ma, Ukai, Yang
[17] established the periodic solution in an unbounded domain 2 CR"™, where n>5. In
[19], the authors got the existence and uniqueness of the periodic strong solutions when
n=3,4. In particular, Jin and Yang [12] studied time-periodic solutions to the isentropic
compressible Navier-Stokes equations in a periodic domain. It’s worth mentioning that
they used the parabolic regularization method to prove the compactness of the operator.
Jin and Yang [12] also considered the existence of time-periodic solutions to whole
space R? through the topological degree theory. By the spectral properties, Y. Kagei
and K. Tsuda [13] obtained time-periodic solutions for sufficiently small and symmetry
conditions on the time-periodic external force when the space dimension is larger than
or equal to 3.

Inspired by the method introduced in [12], we defined an operator corresponding
to the incompressible magnetohydrodynamic equations, and proved its compactness
and continuity by using the parabolic regularization. Then, by exploiting the energy
estimates and the topological degree method, we established the existence of the time-
periodic solution of the regularized problem. By the spectral properties and a limiting
process, we got the existence of time-periodic solutions of the system (1.1)-(1.4) around
the constant state (p,0,0) in a periodic domain, which extends the space dimension
n [12]. Besides, we obtain the uniqueness of the solution under the assumption of the
smallness of the period.

P%(f) , h(o)= Plpte) _ @ >0, we reformulate the

By substituting o=p—p, 7=
system (1.1)-(1.4) by:

pte

O (p+o)+u-V(p+0)=0, (1.5)
(P+0)0wu+ (p+o)u-Vu—Au+VP(p) - B-VB=(p+0)[(x,1), (1.6)
8,B+u-VB—AB=B-Vu, (1.7)
divB=0, divu=0. (1.8)
We also note that
VP VP(p+ P (p _
— o) _ 7(,0 2 =h(0)Vo+ @Vg:h(g)vﬁww,
p+o p+o p
then the system (1.1)-(1.4) can be rewritten as follows:
dro=—u-Vo, (1.9)
1 B-VB
Ou———Au=—(u-V)u—h(p)Vo—vpVo+ + f, 1.10
- (u-V)u—"h(0)Ve—~pVe ote f (1.10)
B—-AB=B-Vu—u-VB, (1.11)
divB=0, divu=0. (1.12)
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We obtain our results on the existence and uniqueness of the time-periodic solution for
the system (1.9)-(1.12), and equivalently, we solve the original problems. We state our
main result in the following theorem:

THEOREM 1.1. Let m be an integer satisfying m>[%]|+1, assume that f(x,t)€

L2(0,T; H™Y(Q)), f(—x,t)=—f(x,t) and fo | f(z,t)|| m+1dt is suitably small. Then
the system (1.9)-(1.12) has a time-periodic solution (g,u,B) with period T and satisfies
0€ L>®(0,T;H™2(Q)), (u,B)e€L>(0,T;H™2(Q))NL*(0,T; H™(Q))and(o,u,B) €
Ss where

56={(p7v7H)65;031t15TH(pvv,H)(t)\I%Im+1+IOTH(p,v,H)(t)II%mdefSQ} and

S={(pv,H) € L (0, T; H™ 1 (Q) NL*(0,T: H™2(Q)):pyv, H
satisfy (1),(2),(3)which are defined as follows}

(1) (p,v,H) is periodic both in time and space.

(2) [op(x,t)dz=0, [ v(x,t)de=0, [, H(z,t)dz=0.

(3) p(x,t)=p(—=x,t),v(x,t)=—v(—2z,t),H(z,t)=—H(—z,t)
and the uniqueness of time-periodic solution of (1.9)-(1.12) holds with
sup |[(0,u,B)(t)|| gm+2 being suitably small.
0<t<T

The rest of this paper is organized as follows: In Section 2, we introduce some no-
tations and auxiliary lemmas for later in this paper. Specifically, we define the key op-
erator A (see Def. 2.1) and prove its compactness and continuity by using the parabolic
regularization. Section 3 aims to establish the energy estimates, and considers the exis-
tence of time-periodic solutions for (1.9)-(1.12) by using topological degree theory and a
limiting process. The uniqueness of small periodic solutions of the equations is derived
in Section 4.

As a remark, 'C’ denotes positive constants which vary at different lines in this
paper.

2. Preliminaries

In this section, we elaborate on several basic lemmas that will be needed to demon-
strate our main results. Before that, we introduce some notations on functional settings
which will be used later. For a given Banach space X,||-||x stands for the norm of X.
LT (2)(1 < P <o0) represents the usual L spaces with norm |||/, ». For a non-negative
integer K, HX stands for the usual L2-Sobolev space of order K with norm ||| gx,
H°=1L2. C represents positive constants which are variable in different estimates. We
denote the gradient operator V=(01,0s,...,0,),0; =0,,,i=1,2,...,n. For any integer
1>0, V!f represents x—derivatives of order [ of a function f. QT:QX (0, 7). We
denote the commutator of operators Ly and L by [Ly,Ls], then

[L1,Lo]f=Li(Laf) — La(Ly1f).

In order to find the time-periodic problem for the system (1.9)-(1.12), we first
regularize it to:

Oro—eAo=—u-Vo, (2.1)

1 B-VB
3tu_mAu:—(u-V)u—h(g)Vg—vﬁVQ—k +, (2.2)

pt+o
0B—AB=B-Vu—u-VB, (2.3)
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divB=0, divu=0. (2.4)

To study this system, we introduce the space of the triples of functions consisting of
(p,u, H)€ L>®(0,T; H™1(Q))NL2(0,T; H™+2(Q)), where p, v, H satisfy the following
conditions:

(1) (p,v,H) is periodic for both the time and the space.
prxtdx OfQ v(z,t)de= OfQ (z,t)dz=0.

(3) p(.%‘,t)—p( z,t),v (I,t)z U( ;&t),H( T, ):_H(_xvt)‘

We use S to represent this space, and for d >0, we define

T
Ss={(poH)€Si sup [ (0 H)O) [3pms + [ (o0 H)OIEpndt <82).
0<t<T 0

Based on the above function spaces, we define the operator as follows:
DEFINITION 2.1. We define the operator:

A 55 X [O 1] — .S

((p,v, H),7)— (0,u,B)

where T €[0,1},0 is sufficiently small, m>[§]41, and (o,u, B) is the solution satisfying
the following linear problem:

8t9_5AQ_Q1(p7U H,7), (2.5)
atu_ﬁ‘i’T Ay = QZ(pvv H )+Tfa (26)
atB_AB_Qi%(anaH? )? (27)
divB=0, divu=0, (2.8)
where
Q:1(p,v,H,7)=—70-Vp, (2.9)
H-VH
Q2(p,v,H,7)=—7(v-V)o—h(1p)Vp—7pVp+7 St7p +7f, (2.10)
Qs(p,v,H,1)=7H -Vuv—10v-VH. (2.11)

With this definition, the linear problem can be reformulated as:

U=AU+QW)+F

where
eA 0 0
A= ﬁ—&-‘rpA 0 ’ U:(QvuvB)aW:(pvva)v
0 0 A

Q(W) = (Q17Q27Q3)7F: (07Tf70>
Now, we investigate the properties of the operator A. Before that, we introduce the
following lemmas: cf. [9,21]:

LEMMA 2.1. Let K be a positive integer and ueH%‘H(Rn), then there holds:
lull3 <CIVEHl [VETul,  (n=2K)
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lullfee <CIVEFul|[VEull, (n=2K+1)
LEMMA 2.2.  Let K be a positive integer and u€ H2 1 (R™), m>[2]+1, then,
[ul| Lo < Cllullgm.

LEMMA 2.3. Let K be an integer satisfying K >1, we give the definition of the
commutator as follows:

VX, flg=V"(fg)~ FV¥y,
then there holds the estimate which is useful to estimate the high order term:

IV, Agllz. CUV L IVE gl +IVE flrallgle.)-

LEMMA 2.4. There uniquely exists a time-periodic solution (o,u,B) € S which satisfies
the linear parabolic problem (2.5)-(2.8) for any (p,v,H)€Ss, and any 7€[0,1] as §
sustably small.

Proof. Let us consider the initial value problem with periodic boundary conditions
of (2.5)-(2.8) as follows:

Oro—eAp=0, (2.12)

Opu— — ! Au=0, (2.13)
p+Tp

8.B—AB=0, (2.14)

divB=0, divu=0, (2.15)

(¢,u, B)(x,0) = (00, u0, Bo) (), (2.16)

with even function gg(z) satisfying fQ 0odr =0 and odd functions ug,Hy. Then the
solution (g,u,B) also satisfies the same properties.

We deduce the following identity by applying V™! to (2.12), and multiplying the
equation by yV™*!p:

vm+1 Vm-i-lAQ 0, (2.17)
which follows
(Vm+1Qt7’va+1Q) _ (evm+1 AQ,’yvm+1Q) =0, (2.18)
then, we have
1d m+1 2 m+2 2
—— | AV olPdrtey | |V o|*dx=0. (2.19)
2dt Q Q

By applying V" *! to (2.13), and multiplying the equation by V™*lu, we have the
following identity:

1
V™ 0u— VT (———Au) =0, 2.20
u (ﬁ+7p u) (2.20)

which infers
VT ou— Y ChV (p+Tp)vm+1 'Au=0, (2.21)

0<i<m+1
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then, we have

(varla u, varl Z m+1 p+Tp)vm+1 ZA’LL vm+1 )
0<I<m+1
1
/|Vm+1u\ dx— / Z b1V (——) V" ARV yud,
24t Qo<i<m41 p+Tp
where
/ C’fn—&-l l( + )vm+1 lAuvm+1 udx
Qo<i<m+1 P
/ C7ln+1 l( )vm-‘rl lAuvm+l
Q1<i<m+1 '0+ P
+/ 77V’”+1Auvm+1udx
p+Tp
1
/ Cl V (=——) V" Auv ™  uds
Q1<i<mat1 prTp

1 1
—/ — |Vm+2u|2dx—/V(fi)vm“uvm*ludx,
QP+Tp o p+Tp

then, we obtain

1
vm+l d / vm+2 2d
2dt/| u\ T p+7'p| ulde

/ Z )vm-‘rl—ZAuvm—i-lu

Q 1<i<m+1 p—|—7'p
1

_ V(ﬁJer)V’”“uvm“u)d%

by applying Lemma 2.3, we see

/ CfnJrl l(7+ )vm-i-l lAuvm-H
Q1<i<m+1 p
1
Y GV )V Al [V
1<l<m+1

<C(IVoll L IV2ullzzm +IV2ull 2o ol rrms ) [V il 2

1
/ V(=——)V"2uV" udz < C|[Vpl| L V"™ 2ul L, |V |,
Q pPtTP

which infers:

1
Vm+1 2d / Vm+2 2d
2dt/| u|“dz+ 7p+Tp| ul“dx

<CIVpllL IV ullarm + V2l ol ) [Vl
NVl V™ 2ull 2, [V il 2,
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Then, we deduce the following inequality by Lemma 2.1:

1Pllci@r) SC sup ||pllgm+r(q) <C6.
0<t<T
Noting that ¢ is assumed to be small enough, we have

<p+71p<2p,

[N

and then
1 1 2
—<= <-.
2p " pt+Tp D
By applying the Poincaré inequality, we deduce

d
dt

|Vm+1 | da:—|—/ 3p|Vm+2u|2dm§0. (2.22)
On the other hand, the following identity can be deduced by applying V™! to
(2.14), and multiplying the equation by V™1 B:
V"™H9,B— V™ AB=0,
which follows
(V™" T19,B,V™ T B) — (V" AB,V" 1 B) =0,

then, we have

th/ \vm+1B|2da:+/ V™2 B|2dx =0, (2.23)

by adding (2.19) to (2.23), we deduce

1d

R (7|Vm+1g|2+|V”L+1B| )dm+/(e’y|Vm+QQ|2+|V7”+2B|2)d:c20, (2.24)

and by adding (2.24) to (2.22), we see

o (y|vm+1g\2+|vm+1u\2+|vm+13\ )d:z:Jr/ 3p|vm+2u\2dx

+2/(e’y|vm+2g\2+|vm+23\ )dx <0,
Q

then, the Poincaré inequality implies
IV (0,u, B)(w,t)l| 2 < V™ (e0,u0, Bo) | 2e ™,
which follows
" Ul zrmsr < [|Uol prm+re™ .
The solution of the system (2.5)-(2.8) can be obtained by using the Duhamel’s

principle

U(t)= / =IA(Q(W) (s) + F(s))ds,

— 00
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Moreover,

WU @)l s < / |4 (Q(W)(5) + F(5)) || srmsrds

oo t—1T
<3 / e~ C=9)||(Q(W)(5) + F(5)) g ds
o=+ 1)T

e
:Z/ e_ce((iH)T_S)”(Q(W)(S‘i't)+F(S+t))HHm+1ds
i—0”0
ooo T 2Ce((i41)T—3) N 0 , A
S;% e ds)z(/T QW) (s)+ F ()| 2ymirds)?

T
<O [ @YY+ F(a)) o).
Since both W and F hold the time and space periodic properties, U(t) is periodic with
time and space, i.e.
t+T
U(t+T)= / U T=A QW) () + F(s))ds

—0o0

t+T
- / U==TNAQW ) (s—T)+ F(s—T))ds

- / DA (QW)(s) + F(s))ds
U (1),

this completes the proof of the existence of time-periodic solution (g,u,B) with any
(p,v,H) € Ss,7€10,1].

We give the uniqueness of the time-periodic solution next. We assume U; =
(01,u1,B1) € S,Us =(p2,u2,B2) €S are two periodic solutions, and (p,v,H)€ S5, 7€
[0,1]. We denote

(U —=Us) =AUy —Us),
then

(01— 02)t —€eA(01—02) =0,
(Ul — u2)t — ﬁ—i—liTpA(Ud 7’&2) = 0,
(B1—Bs);—A(B; — By)=0.

By applying V™2 to (2.12), and multiplying the equation by yV™%2(9; — 02), we
deduce

V™2 (01— 02)e — eV T2 A (01 — 02) =0,
then, we see

(V™ 2(01—02)1,7V"™ 2 (01— 02)) — (V™" T2 A(01 — 02),7V" (01 — 02)) =0,
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we also have

1d

—— 7|Vm+2(91—g2)|2dm+67/ |V 301 — 02)|?dx =0, (2.25)
24dt Jq, o

Next, by applying V%2 to (2.13), and multiplying the equation by V™2 (u; —us), we
deduce

1

m+2 _ _yym+2 A _ —
\Y% 8t(u1 UQ) \Y% (ﬁ+7p (Ul ’LL2)) 07
then, we see
1
V29, (uy —un) Z Tm)vm+27lA(ul —1ug) =0,

0<I<m+2
and then, we have
(vm“at(ul fug),Ver2 (u1 —u2))
S OV e VA G — a), VI () )

0<i<m+2 pETp
1 d
=37 \Vm+2(u1—u2)|2da¢
C’fﬂ V2 A (ug —u) V™2 (ug —us)de,
/QO<IZ11:1+2 +2V p+7p) ( ) ( )
where
1
/ Cfn+2vl(T)Vm+27lA(u1 — ) V™2 (uy —up)dx
Qo<i<m+2 pTTP
v ( )vm-‘rZ—lA(ul _u2)vm+2(ul —Uz)dl’
m+2
/S;l<l<'m+2 'D+Tp

m+2A m—+2 _
+/Qp+7pv (ug —u2)V (ug —ug)dx

-[ ¥ c

YW (g —u) V™2 (ug —up ) d

Q1<i<m+2 p+7p
1 1
— | —— V"3 —u de—/v —— WV —ug) V™2 (1 —us)dz.
/QW[J (1= u2) o= [ V()™ s ) 97 1~ )

Then, we obtain

1
m+2 _ d vm+3 _ 2d
2dt/ |V Ul UQ)‘ $+/ ﬁ+7p| (u1 UQ)| X

:/Z

2 1<i<m+2
1 ,
—V(———)V" 3 (g —uz) V™2 (ug — ug))dz.
(ﬁ+7p) (u1—u2) (u1 —uz))dx

p+7_p)vm+2 ZA( ug)Vm+2(u1—u2)
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According to Lemma 2.3, we see

1
/ Cl V(= YV F2EA (ug —ug) V2 (g —ug)da
Qi<i<m+2 prTP
1 m - m
[ OV )V A — ), [V (01— a)
1<l<m+2 P P

SC(IVollLo V2 (ur = un)l grmss + 11V (ur = u2) | Nl arms2) [V (ur = u2)l| 2.

and

1
/Qv(ﬂ)vm“’(m —up) V™2 (uy —up)dx
<CIIVpllL V™2 (ug — ) | L, [| V"2 (ur —u2) || L,

then, we have

1
m+2 d m+3 _ 2d
th/ \Y (ug — U2)| x+/ ﬁJerlV (u —us)|*dx

<CUIVPlL V2 (ur —u2) || grmss + V2 (ur — u2) | Lo ol grms2) V™2 (ug —u2) |,
+CIVpl Lo V™3 (w1 —u2) | £, [V (ur —u2) || 1, »

by applying the Poincdre inequality, we deduce
d m—+2 2 1 m—+3 2
pn Q|V (u1 —ug)|*dx+ Q3—ﬁ|v (u1 —u2)|*dx <0. (2.26)

By applying V™12 to (2.14), and multiplying the equation by V" *2(B; — By), we have
V™ *29,(By — By) — V™2 A(B; — By) =0,
which follows
(V™20,(By — By), V™ 2(B) — By)) — (V™2 A(By — By),V™2(B; — By)) =0,

then, we have

th/ |V Bl—Bg)|2d:r+/ |V 3(By — By)|*dx =0, (2.27)

by adding (2.25) to (2.27), we see

1d m m
2t J, 01V 0= )P+ (973 (B~ By de
+/ (9| V™3 (01 — 02) [+ | V™3 (By — By)[2)dz =0, (2.28)
Q

by adding (2.28) to (2.26), we see

d

dt (7|Vm+2( —02) P+ V" (uy —ug) |+ |V (By — By) ) da

1
+/ 3—ﬁ|Vm+3(u1—u2)|2dx+2/(e’y|Vm+3(Q1—Q2)|2+|Vm+3(31—Bg)|2)dm§0,
Q Q
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then, by applying the Poincaré inequality, we obtain
(Ql —Q02,U1 _u27Bl _BQ) = (0a070>7

which implies the uniqueness of the time-periodic solution. ]

REMARK 2.1. One can verify that if (o(z,t),u(z,t), B(x,t)) is the periodic solution of
(2.5)-(2.8), then (o(—=,t), —u(—=z,t),—B(—=z,t)) is also a solution of (2.5)-(2.8). More-
over, we have

(Q(I,t),u(ﬂj,t),B(l‘,t)):(Q(—I,t),—U(—$,t),—B(—l‘,t))
by the uniqueness of solution.

We will show some key properties of the operator A. Firstly, we derive the com-
pactness of the operator A as follows:

LEMMA 2.5.  The operator A is compact as § is sufficiently small.
Proof. By applying V™2 to (2.5), and multiplying the equation by yV™2p, we
deduce
V20, —eV™ T2 Ap= -V 21 (v-Vp), (2.29)
which follows
(V20,9 V ™ H20) — (VM2 A0, AV H20) = (V21 (v-Vp) A V™), (2.30)
then, we see

1d
—— 7|Vm+29|2dx+/67\Vm+3g|2dx:—/TyVmH(qu)Vm“Qdm. (2.31)
2dt Jg Q Q

By applying V%2 to (2.6), and multiplying the equation by V"*2u, we obtain

1
2y, - A)
p+7p
H-VH
V1 (0 V)0~ () Vo=Vt ) + VP

P ), (2.32)

which follows

1
(vm+2ut7vm+2u> _ (20§l§m+2cin+2vl(, )Vm+2_ZAu,Vm+2u)
p+Tp
H-VH
=(V" (0 V)0 hrp) Vo= 1Vt ),V ) + (V7 () T ),

(2.33)

then, we have

1

+2 +2 ! l
(V" 20y, V' 20) — (S1<i<m+2C05, 40V (erTp

)v'm—i—?—l Au, V7n+2u)

1
- (ﬂvm'ﬂAu, Vm+2u)

=(V" 2 (=7(v-V)o—h(1p)Vp—~pVp+7f), V" ?u)
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TH-VH

+ (vm+2( =
p+Tp

), V), (2.34)
and then, we obtain

m 1 m—+2— m
th/\V Pyl da— /ElglngrQC +2V(p+7_p)v T2 AWV 2 ude

+/ |V 32 de — /V VT3V 2ude
aP+Tp ™

= [ VR Vo= bl ) V= p V4 )T

H-VH
/ v ( Tﬁfp )WV 2udz. (2.35)

By applying V"2 to (2.7), and multiplying the equation by V2B, we deduce
V2B, V" PAB=V""}(tH -v—7v-VH), (2.36)
which follows
(V™2 B, V™2 B) — (V"2 AB, V"2 B) = (V"2 (tH-v—7v-VH), V"™ B), (2.37)
then, we see
/ |V 2B der/ |V T3 B|2dr = / V"2 (rH-Vv—10-VH)V™ 2 Bdz,
(2.38)

2dt

and then, we obtain

ld
24t J,

1
+/ 77|Vm+3u|2dw
QP+Tp

——/T'yVm+2(v~Vp) m+29d$+/21§l§m+207ln+2vl(
Q Q

(7|vm+2g|2+|vm+2u|2+|vm+23|2)dx+/(ey|vm+3g\2+y|vm+33\2)dm
Q

1

m)va—Q—l Auvm+2udx

/Vﬁvmﬁiuvmwud:wr/Vm+2(77(v-V)vfh(Tp)foyﬁVerTf)VmJﬂudm
Q

/ v Ti’fjf W udr + / V"2 (rH-Vu—7v-VH)V™?Bdz. (2.39)
Q

We estimate the integral terms above as in the following:
|/7'7V7”+2(U-Vp)vm+29dx\
Q

:|/T'7(20§l§m+10 HVZUV’”“ le)Vm+3gdx\
Q
<OIV™ ol 2 (vl V™ 2plle + 1V 0l L, Vol L)
Y om
< IV el + Clllpl gm0l + ol Fmez [0l i), (2.40)

1
\/Q21§l§m+207ln+zvl(ﬂ)VmH_ZAUVmHUdﬂ
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1
=| / V2 (—— Au) V" udr — / —— V"2 AUV udz |
Q p+Tp 0P+ Tp

S\/Verl(;A )Vm+3udx|+|/ Vm+1Au)Vm+2ud9:|
+|/ VmHAuvm”udﬂ

—\/ Vi(——)vmti= lAuVm+3udx|+\/ Vm+1AuVm+3udx|
Q0<l<zm+1 " p+7’p

+|/V(,—)vm+1Auvm+2udx|
Q pPtTp
<COIV™2ul| g2 ([lpll = [V ul 2 + [ pll s [| V]| o< )
+OIV™ 2 ul 2| pll = IV Pull 2 +Cl [V pl oo [V P 2|V 20| 2
<Cllpll g+ [V | L2
<CO| V™| 2, (2.41)
1
[ TV | < 9l e [V 12 [V
o PtTp

<COS||V™F3u| g2, (2.42)
|/Vm+2 (U V) )V"H'Qudx\
—|/Vm+1 7(v-V)u) V" Pudz|

= / T80<1<m+1Ch, 1 VOV I Vuv By dy|
Q

<CIV™ P ul (vl oo V™20l L2 + [V 0l 2|V L)
<CIV™ Pull 2 o] s [V 20| 2, (2.43)

[ 2tV s
Q

| [V b V)T
Q

=|/ So<i<mi1C0, 41V (A(1p)) VIV oV P uda|
Q

<CIV™ P ull g2 (llpll = V"2 pll 2 + V" pll L2 [Vl o)
<Cllpllazm s [V 2pll 2|V 2, (2.44)

| /Q V215V p) V" 2udz| = | /Q VL (7B )V Buda| < CIVT ] 12 [Vl 2,
(2.45)

|/Vm+2(7'f)vm+2ud.r|:|/Vm+1(7'f)vm+3ud.%‘|§C||Vm+1f“L2va+3u||L2,
Q Q
(2.46)
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H-VH
|/ v ( Tp+vp YWV 2udz]
T

H-VH )
*|/ AVAa( Th-v )Vm+‘3udm|

1
*|/20<l<m+1 +1V (TH VH)Vm“ l(i

YV B ud|
p+7p

<C|H ||z [ VH| = [|pll s [V ]| 2

+C (| H oo [1H | v + [ H || grmss [V H | oo )|l 22 [V | 2

<CO|IV™ 2l g2 (IVH || oo [|H || grmss + | || s | H || =),

| / V"2 (rH - Vo) V™2 Bdz|
Q
=| / V™Y (T H-Vo—T10-VH)V™ " Bdz|

_|/20<l<m+1 A V(T H) V™Y (Vo) VT Bda |

SC(IH | L= V™20 2 [V 2B 2 + V™ H| 12| Vo e [V 42 B 2)

<C|V™ 2 Bl| 2| H| gy V]| g2

v
<G IV B 4 Cllwlfmea | H s,

| / V™2 (r0-VH)V™ 2 Bdz|
=| / V™t (ru-VH)V™ " Bdz|
_|/20<l<m+1 Ol Vi o)V (VH) V™3 Bdz|

—|/Eo<z<m+1 b Vi)V (Y H) V™ Bdz|

SO([vll V™2 H | 2 [V B 2 + V™ o 2 [ VH | oo [V 42 B 2)

<C| V™ Bl| 2 |v]| s | HI| g2

1%
<2 IV B+ CH e ol s

By summarizing up the estimates above, we deduce

1d
2dt Jq
1
+/(e’y|Vm+39\2+V|Vm+3B\2)da:+/ j|Vm+3u|2dx
Q Q2p

<Cl(p, v, H)|[zm1 (0,0, H) [ + CIV™ L f 7.

(V22 + [V 2| 4 [V 2B da

Noting that ¢ is assumed to be sufficiently small, we have

T
1
/0 (V™20 o[Vl + 97 B

(2.47)

(2.48)

(2.49)

(2.50)
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T T
<C sup ||(P,vaH)(t)||§1m+1/ ||(P»U»H)(t)||§1m+2dt+c/ IV f[ 2t
0<¢<T 0 0
=M. (2.51)
Clearly, there exists t* € (0,7 such that
1
AV o(t)17e + ﬁ\lvmﬁu(f*)lliz HIVTEBE)|7 <CM, (2.52)
then, we see
* 1 m * m *
VT2 o(t )”%2+%HV Pu(t)|Z. +IVTTB(E)|I7: <OM, (2.53)
and then, by integrating (2.32) from t* to ¢, t € (t*,T)], we see
m 1 m m
21A% +2@(75)||2L2+%||V Put)l|Z VB

m * 1 m * m *
<[V o(t )II%ﬁﬁllv FRu(t)|| 2+ VB |12

t
m m 1 m
+ [ @IV el 4 T B+ IV )
g

<CM. (2.54)
Therefore, we obtain
YNV F2o(T)7 + 2*15 IV 2u(T) |22 + [V B(T) |7 <CM (2.55)
by the arbitrariness of ¢. This implies
V™ 20(0)172 + 2% IV 2u(0)[[Z> + V"2 B(0) |7 <CM. (2.56)
By integrating (2.32) from 0 to ¢, we deduce

1
sup (V[V™ 2 o(t)]72 + = IV Pu() |7 + [V B()[172) <CM, (2.57)
0<t<T 2p

then, we have

T
1
sup (VIIQ(t)H?{mw+||(U7B)(t)|\§{m+2)+/ (WHQHf{mH+2i|\UI|?;m+s+V|\B||§m+3)dt
0<t<T 0 P

T T
<C sup ||(p7v7H)(t)H§{m+1/ ||(p,v,H)(t)H?{det—l—C/ V™ F(@)||3 2 dt. (2.58)
0<t<T 0 0
By integrating (2.32) from ¢ to t+h, we see
m 1 m m
VIV +29(t+h)lliz+ﬁ\lv P2u(t+h)|72 + [V B(t+h)|7-
m ]' m m
-1V *%(ﬂll%rﬁlv Put)|7: — IV B(1)]|7-

<Ch sup 1o, 0, H) O Fpma | (0,0, H) () |22 + CRIV™ L f (217 (2.59)
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By integrating (2.32)from 0 to T', we obtain
T
/0(||Vm+2(97u,3)(t+h)||%z—||Vm+2(97u,3)(t)\|%2)dt
T T
<Ch swp [[(p.0 E)Oos [ (o0 HYOFiadt + Ch [ 9710t
0<t<T 0 0
(2.60)
By applying V"*! to (2.5) and multiplying the equation by (V™ *1p);, we have
Vg, — eV Ag= V™1 (v-Vp) (2.61)
then, we see
(V"™ 00, (V7 0)s) = (V™ Ag, (VT 0)e) = (V™ 7 (v- V), (V" 0)),  (2.62)

which implies
/ |V H o |2da 4+~ 5 dt/ |V 202 de = —/ V™ (0-Vp) V" gda. (2.63)
Q
By applying V™! to (2.6) and then multiplying the equation by (V™ *1u);, we deduce

1
V7 — VT (——— Au)
p+Tp

m . m TH-VH
=V (—7r(v-V)v—h(1p)Vp—1pVp+T7f)+V H(W)’ (2.64)

which follows

(V" g, (V")) = (VI (o Ol (V™))

p+
=(V" (=1 (v-V)o=h(1p)Vp =7V p+7f), (V" u))
H-VH
vtz (vt 2.65
( ( St7p ):( u)t) (2.65)
then, we have
(vm-‘rlut?(v’rn—i-l Z + p)vm-‘rl lA (V’m-i-lu)t)
1<I<m+1
1
_ V"L'HA vm+1
() V" A (V)
=(V" (=1 (v-V)o=h(rp)Vp =78V p+7f), (V" u))
H-VH
vm-‘rl Ti ; vm—i—l ; 2.66
HET D) (T ) (266)

and then, we obtain

/Q IV P — / > o p)vmﬂ "Au(V™ u)d

Q1<i<ma1
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m+2 d m+2 m—+1 d
+72(p+7p dt/'v ul*dx — /V7+Tpv uV™m T updx

:/ V™ (1 (v-V)v—h(1p)Vp—~vpV p+7 ) (V™ ) d
Q

H-VH
+ QV7"+1(7%+7TP)(V’”+1u)tdm. (267)

By applying V! to (2.7) and multiplying the equation by (V"*!B);, we deduce
V"B, V"M AB=V" (1 H-Vv—T1v-VH), (2.68)
which follows

(VB (VHB),) — (VM AB, (VT B),)
=(V™(tH -Vv—7v-VH),(V"B),), (2.69)

then, we have

/|vm+1B| dz + /|vm+23| dx

:/ V" (rH-Vuo—1v-VHV™ ' B),dx, (2.70)
Q
and then, we obtain

li (€|Vm+29|2 |vm+2u|2+|vm+23‘ )

2dt Jq p+

-ﬁ/uvm+w4%uvm+mgﬁuvm+ua\mx
Q

/ V™ (0-Vp) V" orda + / Cl VY YW Aw(V™ ) da
Q

Q1<i<mt1

1
+/V77Vm+2uvm+lutd:ﬂ
Q P+Tp

+/ VI (1 (v-V)o—h(rp) Vo= 15V p+7f) (V" ) da
Q

p+Tp

+ V’”H(%)(V’"‘Hu)tdx—&—/ V"t Y rH -Vuo—T10-VH)(V™ ' B)dz.
Q Q
(2.71)

We estimate the integral terms above as follows:
[ 79 VT
—|/ (Zo<i<mt1Ch, 41 VOV )V o, da |
<OIV™ o]l 2 (vl o= V™2 pll L2 + [V 0| 2]V p | o< )

1 m
<1V ez +Cllpll s 10l trme2 |V Fpmen) (2.72)

Frmee 1)
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1
VH{=——) V™ Au(V™ ), da|
m+1
‘/Ql<l<m+1 p-l—Tp

<CIV™ ol 2ol V" Pull 2 + [lpl e [ V20l )
<Clpllzzm V™ |72 <OV e |72,

1
|| Vo T Y el <[Vl [V 12V
Q

<C|IV™" g7z,

| / V(o (0T )0) (V™ ) da

:|/TEOSlgm_HCﬁn_HVlvaJrl*leVerlutdﬂ
Q

<CIV™ |2 (ol 2= V™20l 2 + IV o] 22 [Vl o)

<CIV™ g 2ol s [V 20 e,

| / VI (h(rp) V) (V™ )]
Q

:‘/20§l§m+1O,£n+1Vlh(’rp)vm+17lvpvm+1u7gd$|
Q

<CIV™ gl 2 (lpl e [V F2pll L2 + IV ol 2| Vol Lo )
<CIV™ gl 2ol g [V 2 2,

[ 97 GnV) (97 el < CI ™ 52 [

I/ VI ) (VT ) da] < OV g 2 [V £ e,
Q

om TH VH m

1

= VirH -VH)V T
=| o V(T ) (7+Tp

QO<l<m+1
<SO|H| = [VH| o< | pll s | V™ g 22
+O(|H| oo [ H grms2 + [ H | zma [V H | o) || ol e [V e[ 2
<OV || 2 (IVH | g || H | prmes + [ H | e | H || rms2),

)Vm+1utdm|

|/vm+1(7H.vU)(vm+1B)tdx|

=| Cl VYV (TH)V" T IV ov™ ! By dx|
Q0<z<m+1

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)
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SOva+1Bt HL2 ||H||H'm+1 ||U||H1n+2

1
< IV B L + ClH s [0l s, (2.80)
4

|/vm+1(m.VH)(vm+1B)tdx|
Q

:|/ S LV o)V IV HY T By dal

Lo<i<m+1
SC|V™ Byl 2 [|H || grmea [[0]| g+

1
< IV Bz + CIH e [0 e, (2.81)
By summarizing these estimates, we have

1d 1
-9 V'm+2 2 Vm+2 2 vm+2B2 d
o (7m0 L [ [ B

+/(|vm+lgt|2+|vm+1ut|2+|vm+lBt‘2)d$
Q
<C|\(p, v, H)[zrm+1 (0,0, H) |3z + C V™ f[7 2 (2.82)

Noting that ¢ is assumed to be sufficiently small, we have

T
/ (\Vm+1gt|2+|V’”+1ut|2+|Vm+1Bt\2)dt
0

T T
<C sup H(p,%H)IIf{mH/ H(p,v,H)llimwdHC/ V™ £zt (2.83)
0<t<T 0 0
Therefore, the compactness of the operator A is proved. ]

LEMMA 2.6. The operator A is continuous as 9 is sufficiently small.

Proof.  We assume that (pn,vn,Hy) € Ss, 7 €10,1],(p,v,H) € S5, 7 €1]0,1] satisfy
the following condition:

T
lim  sup ”(pn_pvvn_van_H)”%{mH+/ H(pn_pvvn_Uan_H)H%I"“r?dt
0

’I’L‘)OOOStST
:nh_{IOlo(Tn —7)=0. (2.84)
Let (QnaunaBn) :A((Pnavan),Tn)a (Qvu7B) :A((p7U7H)7T)7Q* =0n—0,u" =

U, —u, B* =B, — B, we have

Ont — GAQTL =—TpUn" V,Dn,
ot —€eAo=—TV-Vp,
which implies
0 — €A =—TpUn -V, +70-Vp

:(T — Tn)U . Vp— TnUn Vﬂn + TnUp - Vpn +Thv- Vp
=(1=7)v-Vp=10(V-(Vpp = V) + (0, =)V py). (2.85)
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We also have

1 TnHy,-VH,
Upt — S Up =—Tn (U - V)V — (70 pn)V o =9V pr + m +7nf
1 _ TH-VH
Up — p+7pAu——T(U-V)v—h(Tp)Vp—'ypr—i— W—I—Tf,
therefore, we see
uy — (= ! Aunffl Au)
P+ Tupn p+Tp
== (Tn(Un - V)vn =7(v-V)0) = (W(T0pn) Vo — h(7p)V p)
_ _ wH,-VH, TH-VH
—(PVpn =7V p) +( - )+ (T =7) 1) (2.86)

P+ TnpPn ptTp
Let us expend some terms of the equation above as in the following:

1 1
—Auy, — = Au
P+ Tnpn p+Tp
1 1 1 1 1 1
=—Aup — — Au+ — Ay — — Ay —— Au+ —
P+ Tnpn P+ Tnpn P+ Tupn p+Tp P+Tpn pP+Tpn
)Au, (2.87)

Au

1 . 1 1 1 1
=—Au — — = Au+(= — =
P+ Tnpn P+Tapn  PH+Tpn P+Tpn  PHTP

—(Tn(vn - V)Up, = T(v-V)V)
=—Tp(Un - V)Up +7(V- V)V =T (Vn - V)V + T (0, - VIV +T7(0p, - V)V
—7(Up - VIO —=T (V- VU, +7(Vp - VU, —7(0- V), +7(v- VU,
=—(Tn—T)(Vn - V)o=7(((L, —v) - V)Up + (v- V) (v, —v))
—Tn(Un - V) (Up —0) +7(Vn - V) (v, — ), (2.88)

- (h(TnPn)Vpn - h(Tp)Vp)

P'(p P'(p+Tnpn
:—h(TnPn)Vanrh(Tnpn)VerMV fMV

pP+Tp P+ Tnpn

1
=—h(Thpn " — P (p —Pl(p -
(Tnpn)(Vp Vp)+ﬁ+7p( (p+7p)—P'(p+70p))Vp
1 1 1
+ P'(0+Tup) = P (p+Tnpn))Vo+ P (54 Tnpn) (=——— —
ﬁ+7p( (P+7up) = P (P+Tnpn))Vp+ P (p+ Tup )(ﬁ+7p ﬁan)

1 1
_ v 2.89
Pt e (259

Vp

+Pl(ﬁ+7—npn)(

ToH, VH, TH-VH

P+ Tnpn p+TP
H,-VH, 7(H,—H)-VH, 7tH-V(H,—H)
=(Tn—7T)—= +— +—
P+ Tnpn P+ Tupn P+ Topn

1 1 1 1
+7H-VH(= —= )+TH-VH(= -
P+Tnpn  P+Tnp ptThp PFTTP

). (2.90)
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Basing on these expansions, we have

1
uf ————Au’
P+ TnpPn
1 1 1 1
=(= —= JAu+ (= —=
P+Tapn  P+TPn pP+Tpn  pETP
—7((Vn = 0) - V) + (V- V) (U, = V) = T (U - V) (05, —0) + 7 (0, - V) (0, — V)

1
_h nMFn n - - P/ 1 _Pl 1 n
(Tnpn)(Vp Vp)+ﬁ+7p( (p+7p) =P (p+7ap))Vp

YAU— (T, = T)(Un - V)V

1
+ = P'(p+7up) — P (p+Tnpn))Vo+ P (p+Tnpn)(—— — = \Y
pHp( (P+70p) = P'(p+Tnpn))Vo+ P (p+Tnp )(p+Tp p+Tnp)
_ 1 1 H,-VH, 7(H,—H)-VH,
+ P (p+Tnpr - Vo(r, — +
(p Tan)(ﬁ+Tnp ﬁ+7npn) p(Tn T) P+ TnpPn P+ TnpPn
H-V(H,—H 1 1 1 1
+¥+TH-VH(7 — = )+7H-VH(= — = )
P+ Tnpn P+Tapn P+ Tnp pPtTap  pETP
+ (T —7)f- (2.91)
On the other hand, we have
B,;—AB,=1,H, -Vv,—T,v,-VH,,
B;—AB=7H-Vv—71v-VH,
then, we have
By —AB*=(r,H,-Vv,—7H -Vv)— (1,0, -VH, —Tv-VH)
=(1—7)Hy -V, +7(H,— H)Vv,+7H -V (v, —v)
— (1 —7)vy-VH,—7(v,,—v)-VH, —7Tv-V(H, — H). (2.92)

Having this, we get the following system:

‘Q: —EAQ* :Gl(memanTn,anvHaT)
1
w——Au"=G n,'Un,anTna 7U7H7T
t ﬁ+7p 2(p P )
B:—AB*:GS(PnavannaTnvanaH77-)

divB* =divu* =0
where
Gl(pna’un7Hn7Tnap7U7HaT) = (T—Tn)U'vp—Tn(’U‘ (vpn —Vp)—!—(vn _U)vp7l)7

G2(pn;Un,yHnyTnap7U7HaT)
1 1 1 1
=(= —= JAu+ (= -—)
PHTapn  P+TPn P+TPn  PETP
—7((Vn = 0) - V) + (v- V) (U, =) = T (V- V) (U, —0) + 7 (0, - V) (0, — V)

1
— h(Tnpn) (Vpp — ——(P'(p —P'(p+

(T0pn) (Vo =V ) 2P (p470) = P (pHmap)) Ve

1 1 1
+ P'(p+Tup) = P'(p+Tnpn))Vo+ P (54 Tnpn) (=——— —
7y L PATp) =P (ot Tapn) )V p 4 P (pt Tupn) (S = =)

Au— (1, —7)(vn- V)V

Vp
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1 1 H,-VH, 71(H,—H)-VH,
+ P (P+Tnpn) (= — = Vo(r, —7)—= + —

(e )(p+Tnp p+Tnpn) A )p+Tnpn P+ Tnpn
H-V(H,-H 1 1 1 1
+¥+TH-VH(? — = )+7H -VH(= — = ,

P+ TnPn P+TnfPn  P+Tnp p+Tnp  pETP

G3(pn7vn7anTnap7U,HaT)
=(rn—7)H, Vo, +7(H,—H)Vv,+7H -V (v, —v)
—(Tn—T)Un-VH, —7(p, —v)-VH,—710-V(H, — H).
Basing on this, the following identity is clear:
T
tim sup [0~ 0vtn By~ BYO)rss + | (0= 0stn =B = B)(O) Fmsadt =0.
n—=000<¢t<T 0

Therefore, we proved the continuity of the operator A, and complete the proof of the
lemma. 0

3. Existence of periodic solution
LEMMA 3.1. Let f(x,t)€ L*(0,T; H™TY(Q)), f(—x,t)=—f(z,t),m >
an integer, then there exists a solution (o,u,B)€Ss of system (2.1)-(2.
fOT IIf (2, 6)]| gm+1dt is suitably small.

8
where

[5]+
4),

Proof. Considering system (2.5)-(2.8) and replacing (p,v,H) with (o,u,B) as
follows:

ot +eAo=—7u-Vo (3.1)
1 7B-VB

— A \Y% h \Y% oV _ 3.2

WS A= —7(u-V)u—h(ro)Vo—~vpVo+ ST7e +7f (3:2)
—AB=1tB-Vu—7u-VB (3.3)
divu=divB=0. (3.4)

By applying V"2 to (3.1), and multiplying the equation by yV™*29, we deduce

vm+2 Vm+2AQ_ vm+2 (u VQ) (35)

which follows:
(V7" 20,7V 20) = eV T2 A0, AV 20) = —(V" 27 (u- Vo), 7V 20),  (3.6)
then, we have

1d

—— 7|Vm+29|2dx+/957|Vm+3g\2dx:7/T’yvm+2(u~Vg)Vm+29dx. (3.7
2dt Jq Q

By applying V"2 to (3.2), and multiplying the equation by V" 2u, we deduce

1

V2 — VT2 (—— Aw)
pt+To
B-VB
:Vm+2(—7'(u-V)u—h(Tg)Vg—vﬁVQ—i-Tf)+Vm+2(i), (3.8)
pt+TO
which implies
(V7" 20,, V" 20) = (So<i<m 2012V (=——) V" 27 Au, V)

p+w
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=(V" (=7 (u-V)u—h(r0)Vo—vpVo+Tf), V" 2u)
rB-VB

ymt2 vmt2 3.9
(V)Y ), (3.9)

then, we see

(vm”ut,vm“u)f(Elgg,mc 12V YV Ay, VT 2y)

p+w
7( Vm+2Au Vm+2 )
,0+TQ
=(V"2(=7(u-V)u—h(ro)Vo—vpVo+7f), V" u)
mi9, TBVB. _
+(V +2(m),v +2'1,6), (310)

which follows

m 1 m+2— m
th/\v PulPdr — /ElglngrQC +2V(p+7_g)v AWV 2 ude

—l—/ |Vm+3u\2dx /V V7 H3uV T 2ude
Qp+TO ptTo

/Vm+2 7(u-V)u—h(ro)Vo—vpVo+7f)V™ ?ud

B-VB
/ vz +V )WV 2ydz. (3.11)
)

By applying V"2 to (3.3), and multiplying the equation by V™2 B, we deduce
V2B, V"2 AB=V"*?(71B-u—71u-VB), (3.12)
which follows
(V2B V™2 B) — (V"2 AB, V™ B) = (V" 3(rB-u—7u-VB),V""2B), (3.13)
then, we obtain
37 / V™2 B2 da+ / [V BPde = / V" *2(1B-Vu—7u-VB)V"*?Bdz,
(3.14)

and then, we have
1d
2 dt
—|—/ VR de
Q P+7'Q| |
1

=— Tvm+2u.vgvm+2gdx+/z maaCh oV (——
/SZ y ( ) | 1sigm+2Cmis (p+w

(’y|Vm+29|2+|Vm+2u|2+|V7"+QB|2)d:c+/(e’y|V7”+SQ\2+V|V7”+SB\2)d
Q

W AWV P ude
—/V;ijrguvmﬁudx—i—/Vm+2(—7'(u~V)u—h(TQ)Vg—’yﬁVg+Tf)Vm+2udm
Q@ Pt+TO Q

+ / Vm’LQ(w)Vm”udx—k / V"™ (rB-Vu—71u-VB)V" " Bdz. (3.15)
Q p+To Q
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The estimates for the integral terms of the expansion above are as in the following:
| / AV (u- Vo)V pdx|
Q
=y [ (VT [V V) gl
Q
Ivm+29|2 m—+2 m+2
=|—77 u-VT—I—([V yul - Vo)V™ 2 odz|
Q
T’y - m m m m
< 7/ divu| V"2 2| + OV 20| 12 (V" 2 ol| 2| Vull e + [V oll oo [V ul|2)
Q

<CIV™ 2ol LIVl + IV ol 22 [V el Fpm + 0l V™ P ul 7,

1 m — m
\/E1<l<m+20m+2V (p—i—rg)v 2 AUV 2y d|
Z\/Vmﬂ(iAu)Vm“udx / L —— VP2 AUV udz |
Q p+T0 Qp+79

1

<| vm“(—TQA w) V" Budr| 4 | V(p VT H AWV 2 ud|

Q P TO
1

+| / V(——)V™ T AuV™ 2udz|
ptTo

—\/ o V(—— " yvms ZAuVm+3ud:r|+\/ Vm+1AuVm+3udx|
Qo<i<m+1 prTe

1
+|/V(77)Vm+1AuVm+2udz|
o pPtTO

<CIIV™ Pul| 2 ([ V?ull s [| Vel oo + [Vl oo [l rrmsa)

<CIV"Pull L Vel mm + IV P ullgz + 7 lull Fmse ol Frms

|/V%V"z+3uvm+2udx\
Q pPTTO

<C|Vollze V" Pul| 2 [ V2| 2

<C|Vollzn V" 2l L + 0l V" PullZs, (3.16)

| / V2 (1 (u- V)u) V™ 2 udz|
ﬂ/vm“ (u-V)u) V" Budz|

*|/720<z<m+1 GNP VA7) VAL R VATA VAR R T £

<CIV™ull g2 (Jull = V™ ull g2 + [V ] L2 Vul L)
<CIV™ 2 ullZallull Frmss +0l V" P02z, (3.17)
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|/Vm+2(h(Tg)Vg)Vm+2udx|
Q
| [ T (o)) T uda
Q

:I/QEOSZSmHCinHVl(h(TQ))Vm“’lVQVm*Sudﬂfl

<OV ul 2 (ol V™ 2ol 2 + 1|V ol| 12]| Vol - )
<Clolfzmr V™ 2ol + 0l V™ Pul 2, (3.18)

| / V™ (4pV )V 2 uda] = | / T (4pV 0) VP udz| < O™ gl 2 +l| Va2
Q Q

|/QVm+2(Tf)Vm+2udx\:|/9Vm+1(7'f)vm+3udx|§C’|\Vm+1f\|2Lz+77||Vm+3u||2Lz (3.19)

B-VB
|/ v BV )Vm+2udx|

B-VB
:|/vm+1(%)vm+3udx|

1

7o YWV B udz]

_|/20<l<'m+1 +1V (TB VB)Verl l(

<O||Bl L=V B|| = llo] gm+: [V Pul| 12
+ (Bl | Bl gmz + | Bl g1 [V Bl o) [l ol o= [[ V™ ]| 2
<nd||V" Pl R+ CUIV Bl G | Bl grmsr lollzpmss + | Bl [V Bl gmsr)  (3.20)
| / V"2 (7 B-Vu)V™ 2 Bdz|
Q
=| / V" (7B -Vu) V™3 Bdz|
Q

- / So<imi1Cl 4 VH(rB) V™1 (T0) V3 Bz
Q

<C(IBllz IV 2ull 2 [V B 2 + [ V" Bl 2| V|| oo [ V7 Bl 2)
<C|IV" 2B L2 || Bll g+ [[ull g+

14
<GV BT+ Cllullfmea [ Bl (3.21)

| / V™ 2(ru-VB)V™ " Bdz| =| / V™ (ru-VB)V™ 3 Bdz|
Q Q

|| SacteminChy V! (r) V7 (T B) 9™ B
Q

=| / Yo<i<m+1Ch, 41V (Tu) V™YV B) V™ Bdz|
Q

<C(lulle= V"B L2 [V B 2 + [ V"l 12| VB e [ V7 Bl 2)
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<C|IV™ Bl 2 [l grm1 [| B]| prme+2

v
<XV B+ OBl (3.22)

Therefore, we have
14
1
—|—/(67|Vm+3g\2+V|Vm+33\2)dx+/ — V™) dx
Q a2p

(’Y|Vm+2Q|2+ |vm+2u‘2+ |Vm+23‘2)dﬂf

<Cl (0.t B) [y [l(0:u B)[3pmsr + CIIV™ T f |12
+CIVBI3mer | Bl lollzmer + CIIV™ 20l 72

By applying V"1 to (3.2), and multiplying the equation by V™1V, we deduce

Verlut —ymtl (;AU)
pt+To
B-VB
VT (e V)u=hro) Vo= Vo) + VD) (323)

then, we see

(V7" VIV ) — (VI (=———Au), V" V)

o
B-VB
(V™ (—r(u-V)u— (o) VoV o4 f), V) + (vt (VB

vm+1v
7o ) 0),

(3.24)

and then, we have

p+To

B-VB
— [ Vvt —r(u-V)u—h(r0)V +T,
[V s htrg o S

1
’yﬁ/ |Vm+29|2dx:f/Vm“utvang:cf/Vm“(iAu)Vm“ngz
Q Q Q

+ 1)V MV odx

1
<- / V", VY oda + |V (———Au) || 2|V | 2
Q p+TO

7B-VB

p+TO

V™ (=7 (u- V)u—h(re) Vot +7 )22 IV ol e,

where

— / vV, VIV od
Q

d
:—%/Vm“uV’”“V@dw‘/Vm“divu-VmHQtdx
Q Q

d +1 +1
_ m m d
dt/ﬂv uV Vodx

+6/ Vm+1Vng+1Audx+/TV"H'I(u-VQ)V’”Hdivud:E
Q Q

<—/V’”+1utvm+1VQda?
Q
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+el[ V20| 2V u| L2 + 7]V div (ou) || 2|V divul| 2,
and
V™ (u-Vo)llL2 <C(lull L= [V ol 2 + [V ull L2 [ Vol < ). (3.25)

Therefore, we have the following estimate:

7 d
P / IV +22de + / VY pd
<CIV™ 3 u 22+ Cllollzpme 1l Fpm + [l Fmsa [l Fmsz

+llollzpmes 1ol Fmes + IV Bl e | Bllgpmsillolzpmes +CIV™ T fl2. (3.26)
and then, we have
Ld
2dt Jq
—I—/Q(|Vm+29|2+|Vm+3u\2+|vm+33\2)dac

(YIV™ 20 + [V 20 + [V B2+ OV - VTV o) dae

<C|l(osu, B)|Fms1 10y, B) 3pms2 + VBl Fmia | Bl 3pms1 [0l Fma
+C|V™Tf3. (3.27)

by integrating (3.27) from 0 to T, we deduce

T T
/ V™2 (0,u, B)(#)|[72dt <C sup II(Q,u,B)II?qu/ (0,1, B)|[37m+2dlt
0 0<t<T 0

T T
+C sup 1BZmes sup [l / IVB|Z e +C / IV 2 e
0<t<T 0<t<T 0 0

T
§C<54+C’56+C/ [V f15 2 dt. (3.28)
0
Clearly, there exists t* € (0,7") such that
T
||vm+2<g,u,3)(t*)u%2g054+056+c/ [V HE f]|3 2t
0
By integrating (3.27) from t* to t, we deduce
IV™2(0,u, B)(t)[|72 — V™2 (0,u, B)(t) || 22
T
§054+C(56+C/ V™ f||13 2 dt. (3.29)
0
Then, we see
T
V"2 (0,u, B)(t)||72 3054+056+0/ [V H f|3 24t (3.30)
0

because of the arbitrariness of ¢, we have

T
V™ F2(0,u, B)(T)||2: < 054+056+0/ V™ f||3 2 dt. (3.31)
0
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Then, since g, u, B are periodic, we have
T
V™2 (0,u, B)(0)]|32 3054+056+c/ [V )17 - dt.
0
By integrating (3.27) from 0 to t, we obtain

0<t<T

Then, we have

T
50 (00 B)O s + [ 00t BYO e
0<t<T 0
T
< sup (0w DY e+ [ et BYOIpn ot
0<t<T 0
T
§C<S4+C<56+C/ V7L f13 2 dt,
0

which implies

T
52§054+056+c/ [V f|3 2 dt.
0

T
sup [V (o, B)OIE <CO+C8+C [ [V f
0

(3.32)

(3.33)

(3.34)

(3.35)

One can verify this inequality does not hold forever, i.e. we get a contradiction here.

We have shown that the system (2.1)-(2.4) is equivalent to the equation

U—-A(U,1)=0,U=(p,u,B) €Ss,

so we are able to show the existence of solution (g,u,B) of the system (2.1)-(2.4) by the

topological degree theory. Since the contradiction, we infer

(I-A(-,7))(9B5(0)) #0,

where B;(0) is a ball of radius of ¢ centered at the origin in .S, and § >0. We only need

to show that
deg(]_A('71)7B5A(O)7O) #0
If 7=0, by multiplying (2.5) by o, we have

1d 9 9
et d dz =
531 | letdave [ Voldr=o,

we integrate this equation from 0 to 7', and deduce

T
//5\VQ|2dx:0.
o Ja

According to the Poincdre’s inequality, we obtain

0=0,
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likewise, we obtain
o=u=B=0,
that is
Al(p.v,H),0)=0.
Then, we see
deg(I—A(1),B5(0).0) =deg(I ~ A(,0), B5(0),0) = deg (I, B5(0).0) =1,

which shows that the system (2.1)-(2.4) admits a solution (g,u,B) € Ss, where § is
independent of €. Therefore, Lemma 3.1 is proved. 0

Let (on,un,By) be the periodic solution of the system (2.1)-(2.4), then, we have

1d
iﬁ/(7|Vm+2gn|2+\Vm+2un\2+|Vm+2Bn|2+CV"’Hun~Vm+1Vgn)dx
Q

+/(lvm+29n|2+|vm+3un|2_’_|vm+3Bn‘2)d$
Q

SC”(QmunaBn)H%ImH H(anumBn)”%mH + ||VBn||%IM+1 HBnH%{mH ”QnH%{m‘H
+ OV 3. (3.36)

By integrating (3.36) from 0 to T', we have

T
LS, II(Qn,umBn)(t)llimw+/0 (llon O+ + | n, Br) ()| Fpmes )t < C5%. (3.37)

We have
0n € L¥((0,7); H™*2(Q2)),
then, it is clear that
on €CY(Q),a€(0,1),

therefore, we obtain

/ l0n (s t1) — 0n (3, t2)|dy

/ |/ 6Qnya 90n9:8) 414y

Br t1

// 39" 2ddt%//1dydt%
BR BR

§C|t1—t2|2R2, (338)

where Bp is a ball of radius R, R=|t; —t|’, 0= 2a1+n. There exists a point z* € Bgr
such that

719

||Qn({£*,t1) Qn(l' t2)||<0|t1—t2| R~ 2_C|t1—t2‘
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Then, we have
|Qn(x7tl)79n(xat2)|
S|Qn(x7t1)_Qn($*7t1)|+|Qn(l'*at1)_Qn(x*atQ)‘+‘Qn($*7t2)_9n(x7t2)|
* |0 1-no
<C(le—a* %+ [ty — 1] F). (3.39)
Therefore, we obtain

1—no
|on(x1,t1) — 0n (w2,12)| < c(|w1 — 22|+ [t1 — 12| %), B = :

Moreover, we have
0, €C*P(Qx(0,T)).
On the other hand, we have

U, € COVPL(Q % (0,T)),

H, € C**P2(Q % (0,T)),
where a;,53; € (0,1),5=1,2. By integrating (3.36) from ¢ to t+h, we have
IV %2 (0 tn, B) (t+h) 172 = [V 2 (00, tn, Br) ()| 72 < Ch (3.40)

Then, we integrate (3.40) from 0 to T, and we deduce

T
/ |‘vm+2(‘9n7unaBn)(t+h)||2L2_||vm+2(9mumBn)(t)”%?dtSCh' (3'41)
0

Let € — 0, according to the Arzela-Ascoli theorem, we infer that there exists a subse-
quence denoted by (g, un,By) such that

(1) (on,tn,Bn)— (0,u,B) uniformly,
(2) (0nstn,Bn) —* (0,u,B) in L®((0,T); H™2),
(3) (un,By) = (u,B) in L2((0,T); H™*?),
(4) on—0in L2((0,T); H™ 1),
(5) (un,Bn)— (u,B) in L2((0,T); H™*2).
This completes the proof of the existence part of Theorem 1.1.

4. The uniqueness of periodic solutions
In this section, we give the uniqueness of the periodic solution to (1.9)-(1.12).

Proof. (Proof of Theorem 1.1, Uniqueness) Let (o1,u1,B1)€
W Ss,(02,u2,B2) € W[)Ss be two periodic solutions of (1.9)-(1.12) such that

sup H(Qi,ui,B,‘)HHnwrz Se,(i: 1,2),
0<t<T

where 6 is sufficiently small. We set o= 01 — 02,4 =u1 —uo, B= By — By, then we have

01t =—u1-Vor,
02t =—uz- V2. (4.1)
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Then, we see

or=—u1-Voi1+uz-Voo
=—(u1-Vo1—u1-Voa)—ui-Voas+uz- Voo

2111

Z—U1~VQ—U'VQ2~ (4'2)
We also have
B:-VB
ultf7+91Au1:f(ul'V)ulfh(gl)Vgl—’yﬁVQl+ﬁ+f
1 _ By -V By
Ugp — —— Aug = —(ug-V)ugs — h Vos—vpVos+———+ 4.3
2t 5+ 02 2 (2 )2 (92) 02 —7YPVO2 5+ 0o f ( )
therefore, we have
1 1
ut_(, Aul—fAug)
p+01 p+ 02
=—((u1-V)ur — (ug-V)uz) — (h(01)Vor —h(02)Voz)
_ B1-VB; By-VBsy
—vpVo+(— - — . 4.4
Ve T T e 44
Two terms of the identity above can be expanded as in the following:
1 1
— A
o )
1 1 1 1 1 1
=—(=A Auy — A Auy — Aus—=A
T L T T
1 1 1 1 1
= ZAu-— AU — (—— — 2)Au—((u1- V)u1 — (uz-V
7o Gre e T Grg i (e Vi~ Vua)
=— ((u1 . V)ul — ('LLQ . V)ul) + (ug . V)ul — (UQ V)UQ
—(u-V)ur = (uz- V)u—(h(01)Vor — h(02)Vo2)
Plf Plf Plf Plf Plf Plf
:7,(p)VQ1*7,(p+gl)VQ1+ 7(P+Q2)v027 ,(p)VQQJr ,(p—’_Ql)VQz* ,(p+gl)VQ2
p p+o1 p+o2 P p+o1 p+o1
P'(p) P'(p+o1) P'(p+e2) Ppto1)
=(——=—-— Vo+(— - — Vo2; 4.5
= e VT 5T, ra Ve (45)
Bi-VBi B>-VB,
p+o1 P+ 02
_BiVBi_ By VB, By VBi By VB, By VB ByVB
C pto ptoi pt+or P02 ptor tor
B-VBy A B2-VB 1 1
= B> -VB — . 4.6
o pte VB v e (46)
On the other hand, we have
Blt—ABlszVul—ul-VBl, (47)
BQt*ABQZBQ’vu27U/2'vBQ, (48)
therefore, we have
Bt—AB:Bl~VU1—BQ-VUQ—(U1~VB1—UQ-VBQ). (49)
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We note that

B1-Vu; — By -Vus=B;-Vu; — B1-Vus+ B -Vus — By-Vug
=B1-Vu+B-Vus,
—(u1-VBy—u3-VBy)=—(u1-VBy—uy-VBas+u; - VBy—uy-VBs)
=—(u1-VB+4u-VBy), (4.10)

then, we obtain the following equations:

ot=—ur1-Vo—u-Vpa, (4.11)
1 1 1 1 1
U — —Au=(— — = Aui+(—— = =)Au—(u-V)us — (us- V)u
B T A
P'(p) Pp+e) P'(p+02) P'(p+o1) _
(= - Vo+(— -— Vor —7pV
= v e S ro VT PVe
B-VB; DBy-VB 1 1
+ = 4= + By -VBy(— — = , 4.12
pto1 pt+o1 2 2(p+91 P+Q2) (4.12)
Bt—AB:Bl'VU+B'VU2—(U1'VB+U‘VB2), (413)
divB =divu=0. (4.14)

By applying V! to (4.11) and then multiplying the equation by vV *!g, we have
VT gy = V™ y Vo — V™ -V, (4.15)
which implies
(V™o AV = (V™ Ty - Vo, A V™) — (V7 u- Vg, V). (4.16)
Then, we see

1d

sa | IV elPde=— / (Y9 (- Vo) V™ otV (u- Vo) V" 0)dv.
Q Q

(4.17)

By applying V! to (4.12) and then multiplying the equation by V™1, we deduce

1
V7, — =V Ay
p
1 1

ptoi pto
=V (- V)ur) = V™ ((ug - V)u) —pV™ Vo

=VmE(( )Au1) + V" (=~ =) Au)

P'(p) P(p P'(p P'(p
pyre (P P ) \g ) g g (Pt )P0 yg,)
D p+ 01 p+02 pt+o
B.-VB B,-VB 1 1
+ymtl 7V L ym+1 22 v + V™ (By-VBy(= — = ))s (4.18)
D+ o1 p+o1 pro1 ptoo

which follows:

(V™ g, vmtly) — évaAu,vau)
P
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m—+1 1 1 m—+1
=(V —_— = VAu), V" )
pto1 pto2

1 1
T v7n+1 _ = Au ,V"H'lu
(V" (g =580, V7 )

_ (Vm“((u-V)ul),Vm“u)

_ (Vm+1<(u2 .v)u)’vm-&-lu)
_ (,yﬁvm-s-lvg,vmﬂu)+(vm+1((P’(ﬁ) _ P(p+o1)

Vo), V")

P pto1
P'(p P'(p B-VB
w(er (T PO g, gy g g ZV0 gy
2 1 1
By-VB 1 1
”VmH;TZ’W“uH(Vm“(B2-VB2(

— V). (419
pto1  p- 92)) ) ( )
Then, we have

m—+1 m+2, (2
th/\v ul dx+/ p|V ul*dx

1 1 1 1
:/ mtl(—— )Aul)vm+1udx+/Vm*'l((fi—f)Au)VmHudx
Q pt+o1 pto2 Q p+ 02

7
- / V(0 V) ) V™ Luda — / V(5 - V)u) V™ uda
Q Q

/(= /(=
,/,}/pvm+lvgvm+lud1+/Vm+1((P£p)7P(p+91))v )Verl d

Q p pto1
P'(p B-VB
/vm+1 p’f:;m) [()lf_gl))Vm)VmHudx—i—/Vm“ pf@ !
2 01 1
B B 1 1
+/vm+1 2° \Y vnz-‘rl dx+/v’m+1 B v32<
Q p+o1

—) mlyde.
pto1 ptoe
(4.20)
By applying V" *! to (4.13) and then multiplying the equation by V™1 B, we have
vmHiB, -V HIAB

V" ude

=V By -Vu)+ V™ (B-Vuy) = V™ (uy - VB) = V™ (u-VBy)

(4.21)
which follows:
(V"B V™ B) — (V" AB, V™1 B)
=(V™ (B, -Vu), V™ B)+ (V™ T(B-Vuy), V" B)
— (V™ (uy -V B), V™ B) — (V™" (u-VBy), V" B). (4.22)
Then, we deduce

1 d
|vm+1B|2dz+/ V"2 B2 dx
24t [,

= / (V™Y By -Vu)V™ M B+ V™ (B - Vuy) V™ B)dx
Q

- / (V™ (uy - VB)V™ B4 V™ (v VBy) V™! B)da (4.23)
Q
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By summarizing the identities above, we obtain

1d 1
f—/(7|Vm+lg|2+|Vm+1u|2+|Vm+1B|2)daz+/(:|Vm+2u|2+|vm+2B|2)dx
th 0 QP

=— / (Y™ (uy - Vo)V o+ 4V (u- Voo ) V™ g)da
Q

1 1
+ | VP (—— — = Au Vm“udz—/vm+1 us - V)u) V™ udx
/Q ((P+Q1 P+02) ) Q (uz-V)u)

1 1
+ | VT ((—— —2)Au Vmﬂudac—/ V7 (- Vug ) V™ ude
IR e [ 97 (V)

P'(p) Pl(p
/ pvm—&-lvgvm+1udm+/ vm+1 (p) _ (p+Q1))VQ)Vm+1Ud$

P pto

+/ LI (R AR —P,(p”l))v@g)vmﬂudﬂ/vmﬂLmlvm“udm

Q p+o2 pto Q p+o01

1

+/vm+132 VB gmit, dx+/vm+1 By -V By ! — —— )V luda

Q p+01 pto1 p+o2
+/(Vm+1(31-Vu)vm+1B+vm+1(B-vu2)vm+1B)dx

Q
- / (V™ (uy - VB)V™ M B+ V™ (4 VBy) V™ B)dx

Q

16
= Wi (4.24)

=1

We estimate the integral terms above as in the following:
|W1|=|—7/(“1'VVmHQHVmHMH-VQ)Vm“del
Q

| |le+19|2 m—+1 m—+1
=[—v [ w Ve +([V™u1]- Vo) V™ odz|
Q

<13 | diver |94 o]+ O™ gl 12V Vel 2 T
Q

+CIV™ ol 2 Vol oo [V ua || L2
<CO|IV" | 2, (4.25)

|[Wao|=|—~ / Z +1vluvm+1 IV 0o V™ pdz|
Qo<i<mt1

<C|IV™ ol 2 (Jlull L= V™ 02l L2 + V™ 1l 12 [V 02| 1<)
<CO(IV™ ol T2 + V™ ul 72, (4.26)

[Ws| <CIIV™ 2ull 2 (ol V™ ]| 2 + IV oll 2| V2us [ )
<CO(|IV™ el + IV ull72), (4.27)
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(Wil CIV™ 2ul 2 ([|oal L= [V 2ull 2 + ([ V™ 02| 22 V20l £ )
<COO||V™ 22, (4.28)

[Ws| <CIIV™ 2l g2 (ull L [V 20 || 2+ [Vl 12 [ Ve [ o)
<CO|V™Tul2,, (4.29)

(Wl SCIIV™ 2ul| 2 (uzll = [ V™ 2ul| g2 + [V ]| 2| Vul| 1 )
<CO|V" |3, (4.30)

(Wr| <CIV™ 2ull ([ Voll = V™ o1l 22 + [V el 2l er | )
<CO(|V™ el + IV ull), (4.31)

(Ws| <ClIV™2ull 2 (I Vo2l V™l 22 + [V 02 22 [l el )
<CO([V™ollLz + V™ *ullZ2), (4.32)

B-B
|W9|:|/Vm 1vm+2 d.’tl

P+ 01
1
= CLVYB-B)V™ Y —— )V 2udz|
Q0<§l<:m p+Q1
<CIIV™2u| L2 (IVB|| o< | Br | o< |01 | erm + [V Bl oo || By L [ 01| o<
+IVB|lam||Bill<lloill=) <COIV ™' B72 + V" 2ull7z), (4.33)
|W10|—|/Vm Vm+2 d(E|
1
= Cl V(= vV 2yds
=y 22 OV BBV G |
<CIV™?ul L2 (IV Bzl Lo | Bl Lo |l 01l 5 + |V Ba || oo | Bl || 01| oo
+[IVBa| || Bl <01l o) < COIV™ Bl|72 + IV F2u72), (4.34)
1% |—|/vm(B B L1 NV 2ud|
g 250 Do

<CIV"™ 2ul 12 (| VBal| < | Be | o< V™ 0l 2 + |V Ball o< [[ V™ Ba| o< el o
IV Byl 2| Bal| < [lell o) < CO* (V™ el L2 + V™ 2 ullZ2), (4.35)

[Wia|=| /QVﬁVmHQVm“udII <C(IV™ ol T + 1V 2ul72), (4.36)

[Wis| = / V™(By-Vu)V"™ 2 Bdz|
Q
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= L V!B,V IVuV™ 2 Bdx|
Q0<l<m

<CIV 2Bl 2 (V™ ull 2| Bul| 2 + [Vl 2 [ V™ Bi | 2)
<CO([V™ 2B + V™" ullZ2), (4.37)

|W14|:\/VM(B-vug)vm”de\
= / > CLV'BV™'Vuy V™ Bda|
Qo<i<m
<C|V™ 2B L2 (IV"  usl| 2 || Bl L + | Vual| L [V B 2)
<CO||V" 2 B[, (4.38)
|W15|:\/VM(MVB)vm“de\
= [ > CLV'uV"'VBV™ Bz
Qo<i<m
<CIV™ 2B 2 (IV™ ' Bl L2 [lu | L + [V Bl poe [V ua || 22)
<CO(|V™2B|[1.+ (V™ B72), (4.39)

|W16|—|/vm u-VBy)V™ 2 Bdzx|

=[[ Y VvV B,V Bda|

Qo<i<m
<C|IV™ 2B L2 (V™! By 2 ||ul| o + |V Ba|| o< [| V" u| 2)
<CO(IV™T2B||32 4+ [|[V™ |3 2). (4.40)

Basing on these estimates, we deduce

d
o (7|Vm+lg|2+|Vm+1u|2+|Vm“B| )dx+2/( [V 2l 4 [V B2 da
SC(9+92)(IIVm+1gHLz+||V’”+2(u7B)IIL2)- (4-41)

By applying V™ to (4.12) and multiplying the equation by V™V, we have

VM — iVmAu
D
1 1 1 1
=V"((—— ———)Au)+ V™ —=)Au
e pra 2V (G 2
—V"((u-V)ur) = V™ ((ug-V)u)—vpV"Vo

_’_vm((Pl(ﬁ) _ Pl(ﬁ"' Ql))

P'(p+02) P'(p+o01)
Vo)+V™ - \Y
7 ara OV, v %
B-VB B, VB 1 1
+vr L vm 2 2 L V™(By- VBy( ). (4.42)

p+o1 p+o1 p+@1fﬁ+gz
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Then, we see

1
(V"u,,V"Vo)— (%VmAu, V™Vo) (4.43)
(v (—— — 1) Aw), v Vo)
pron pros Y Ye
11
Jr(V"’((erQ2 - 5)AU)7V’"V9)— (V™ ((u-V)u1),V"Vo) = (V" ((uz- V)u), V" Vo)
— m m m Pli Pl 7+ m
—(ypV™Vo,V"V )+ (V™ (( ,(”)— ,(p Ql))VQ)V Vo)
P ptot
P'(p+o2) P'(p+o1) B-VB;
+(V™ - V02), V"V )+ (V"= Avilv
(V™ (( ot o oter )Vo2) 0)+( o 0)
B, VB 1 1
+ (v V"'V o)+ (V™(By-VBo(—— — ——)),V"Vo). 4.44
( = 0)+ (V™ (B z(pﬂ)1 p+92)) 0) (4.44)

We note that
8 [ [V ofdn <= [ 970V odat 97297
+CO+0) (V" oll72 + IV (u, B)|172), (4.45)
where
—/V"Lut-VmV,dez—i/Vmu-VmVQdm—/deivwvmgtdx
Q dt Jo Q

d
T Vme’"Vde*/ V™ (u1-Vo+u Vo) V™divudz
Q Q

d
<— %/ V- V™V odx +CO(||[ V™ ol|32 + ||V 2ul|3.).
Q

(4.46)
Therefore, we have
D d
E/ |Vm+lg|2dx+—/vmu-VmVde
<CO+0*)(IV"*ollZe + V™2 (w, B)|[72) + O V" u 2, (4.47)
then, we deduce
1d
5T (7| Vo2 + | V™ w2 + [V B2 420V ™u- V™V p)dx
Q
+/ (V™2 + | V™ 202 + V™2 B|?)dz < 0. (4.48)
Q
By integrating (4.48) from 0 to T', we obtain
T
/O (V™ ol 2 + V™ 2ull2 + |V 2B 22)dt <0, (4.49)

which implies that
o=u=B=0.

Therefore, we obtain the uniqueness of periodic-solution to (1.2), and as well complete
the proof of Theorem 1.1. ]
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