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GLOBAL DYNAMICS BELOW THE GROUND STATES FOR NLS
UNDER PARTIAL HARMONIC CONFINEMENT"*

ALEX H. ARDILAT AND REMI CARLES!

Abstract. We are concerned with the global behavior of the solutions of the focusing mass super-
critical nonlinear Schrédinger equation under partial harmonic confinement. We establish a necessary
and sufficient condition on the initial data below the ground states to determine the global behavior
(blow-up/scattering) of the solution. Our proof of scattering is based on the variational characterization
of the ground states, localized virial estimates, linear profile decomposition and nonlinear profiles.
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1. Introduction
In this paper we study the initial-value problem for the nonlinear Schrédinger equa-
tion under partial harmonic confinement

i0u=Hu+Au|*u, zeR? teR, (11)
u(0,2) =uo (), '

where u: R xR?—C, A€ {—1,+1}, d>2 and 0 <o < 2. The operator H is defined as
H:=—A,+y?—A,, z=(y,2) ER"xR™

where 1<n<d-—1. Nonlinear Schrédinger equations in the presence of a harmonic
potential arise in various branches of physics, such as the Bose-Einstein condensates
or the propagation of mutually incoherent wave packets in nonlinear optics. For more
details we refer to [29]. In this context, anisotropy of the potential is often considered.
Strong confinement in special directions leads to dimension reduction phenomena (see
e.g. [4,12]), while, as proven initially in [2], the case of partial confinement may lead to
dispersive phenomena and asymptotically linear behavior (scattering).

As recalled briefly in Section 2, the Cauchy problem for (1.1) is locally well-posed
in the energy space’

By = {u e ' (R%O): fyulf = [ oflute)do <o),

equipped with the norm

lullB, = (u, Hu) = | Voul 22 + [lyull 22 + ul| 72
In particular, the linear propagator e~ " preserves the Bj-norm. We can use a con-
traction mapping technique based on Strichartz estimates to show that (1.1) is locally
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994 NLS UNDER PARTIAL HARMONIC CONFINEMENT

well-posed in B; (see Lemma 2.1): For any ug € By there exists a unique maximal solu-
tion ue C((—T-,T4);By) of (1.1), Ty € (0,00]. Furthermore, the solution u enjoys the
conservation of energy, momentum and mass,

E(u(t))=E(uo), G(u(t))=G(uo), M(u(t))=M(u), Vte(-T_T), (1.2)
where E, M and G are defined as

1 1 p i
E(u):i/Rd|Vmu\2dx+§/Rd|y|2|u\2dx+720+2/w|u\2 24z,

and

Gu)=Im [ uV,udx, M(u):/ |u|?dz. (1.3)
Rd Rd

We recall the definitions of scattering and blow-up in the framework of the energy space
Bi.

DEFINITION 1.1.  Let u be a solution of the Cauchy problem (1.1) on the mazimal
existence time interval (—=T_,T}). We say that the solution u scatters in By (both
forward and backward time) if Ty =oc and there exist * € By such that

lu(t) == =g, = [l u(t) —yF |5, =0 as t—£oo.

On the other hand, if T4 <oo (resp. T— <00), we say that the solution u blows up in
positive time (resp. negative time). In the case T < 0o, this corresponds to the property

||Vasu(t)‘|L2(]R<d)t5>+ 0.

We refer to the proof of Lemma 2.1 below to see why the momentum does not appear
in the blow-up characterization. In [2], scattering was considered in the conformal space

Y=Bin{f; z|z|f(z) € L*(RY)} = H (R N{f; = |z|f(x) € L2 (R},

which is of course smaller than B;. In the present paper, we investigate the large-
time behavior of the solution to (1.1) in By, both in the focusing (A=—1) and in the
defocusing (A=1) case. As a preliminary, we state a result concerning the small data
case.

PROPOSITION 1.1.  Suppose 7%~ <o < 25 and A€ {—1,41}. There exists v>0 such
that if ||uol| B, <v, then the solution to (1.1) is global in time (Tx =00) and scatters in
B.

This proposition follows directly from Lemma 5.1 below. We note that in [2], for
the similar statement in the smaller space X, the lower bound on o was o> mﬁ
(see [2, Theorem 1.5]). In terms of the variable y € R™, confinement prevents complete
dispersion. On the other hand, in the variable z € R4™™, we benefit from the usual
dispersion for the Schrédinger equation posed on R4~". In other words, scattering is

expected somehow as if we considered
10w =—A v+ \v|*v, zeRI™",

and the above lemma is the counterpart of small data scattering in H'(R9~") for L2-
critical or supercritical nonlinearities, and the presence of the extra variable y reads
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in the upper bound o< d%, to make the nonlinearity energy-subcritical. For large
data, global existence and some blow-up results have been considered in [7]. Moreover,
scattering for (1.1), for some o, d and n, was studied in [2,9,23].

Consider the focusing case A\=—1, which is the core of this paper. In the case
0 <o <2/d the Cauchy problem (1.1) is globally well-posed, regardless of the sign of A.
Moreover, for small initial data the solution can be extended to a global one in the case
2/d<o0<2/(d—2). The issue of existence, stability and instability of standing waves
has been studied in [4,21,34].

Introduce the following nonlinear elliptic problem

Ho+o—|o[*¢=0, @B\ {0}. (1.4)

We recall that a non-trivial solution @ to (1.4) is said to be the ground state solution,
if it has some minimal action among all solutions of the elliptic problem (1.4), i.e

S(Q)=inf{S(¥): ¢ is a solution of (1.4)}, (1.5)

where the action functional S is defined by

1 1 1 2ot
S(u)i= IVt + 5 lyula+ 5 s — 5 Nl

In Lemma 3.2 we obtain the existence of at least one ground state solution (see also
Remark 3.1).

REMARK 1.1. We could also consider, for any w >0,

Ho+we—|o|*¢=0, ¢€B\{0},

up to adapting the notations throughout the paper. We consider the case w=1 for
simplicity.

Our main result consists in establishing a necessary and sufficient condition on
the initial data below the ground state @ to determine the global behavior (blow-
up/scattering) of the solution. As recalled above, when scattering occurs, it is remi-
niscent of the nonlinear Schrédinger equation without potential, posed on R?~". With
this in mind, we define the following functional of class C? on By,

P(u)= o= [IVaullze — — llu (At (1.6)

and we define the following subsets in B!,

Kt ={peBi:5(¢)<S(Q), P(y)=0},
“={peBi:S(p)<S(Q), P(p)<0}.

By a scaling argument, it is not difficult to show that * # (. In our main result, we will
show that the sets KT and K~ are invariant under the flow generated by the Equation
(1.1). Moreover, we obtain a sharp criterion between blow-up and scattering for (1.1) in
terms of the functional P given by (1.6). In the case of a full confinement (n=4d), such
results were initiated in [36,40]. Of course, in the absence of fully dispersive direction,
the dichotomy concerns global existence vs. blow-up, and scattering cannot hold. The
proof of scattering properties represents a large part of the present paper.
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The assumption o > ﬁ is needed to prove the Lemmas 3.2 and 3.4 (existence
and characterization of the ground states) and the profile decomposition result (see
Proposition 5.1). Thus, in the case A=—1, we assume

This condition implies that n=1 in the statement below, a condition which is remi-
niscent of [38], where a partial one-dimensional geometrical confinement is considered
(yeT). Also, a step of our proof requires the extra property o> %, and so we restrict
to dimensions 2<d<35.

THEOREM 1.1.  Let A\=—1, n=1, 02% with ﬁ <o< ﬁ, and ug € By. Let ue
C(I;By) be the corresponding solution of (1.1) with initial data uo and lifespan I =
(T—aT-i-)'
(i) If up €K, then the corresponding solution u(t) exists globally and scatters.
(ii) If ug € K~ then one of the following two cases occurs:

(1) The solution blows up in positive time, i.e., T4 < oo and

Jm IVau(t)l|72 = co.

(2) The solution blows up at infinite positive time, i.e., Ty =00 and there exists a
sequence {tx} such that ty — oo and limy, o0 ||Vau(ts)||3. = oc.

An analogous statement holds for negative time.

REMARK 1.2. We note that if the initial datum satisfies up € K~ and zug € L?(R?)
(that is, ug € X), then the corresponding solution blows up in finite time (see (4.8) below
for more details, with R=00). In particular, the condition P(u)>0 in Theorem 1.1 is
sharp for global existence.

The proof of the scattering result is based on the concentration/compactness and rigidity
argument of Kenig-Merle [30]. In [15], Duyckaerts-Holmer-Roudenko studied (1.1) with
d=3, o =1, without harmonic potential, and proved that if ug€ H'(R3) satisfies (see
also [24] in the radial case)

M (uo) E(uo) < M(Q)E(Q), luollzz[|Vuolzz <l|QllL2[|VQ|| L2,

then the corresponding solution exists globally and scatters in H'(R3), where Q is
the ground state of the Equation (1.4). However, it seems that the method developed
in [15,24] cannot be applied to (1.1) with harmonic potential. The main difficulty
concerning (1.1) is clearly the presence of the partial harmonic confinement. In partic-
ular, we cannot apply scaling techniques to obtain the critical element (see the proof
of Proposition 5.4 in [24]). To overcome this problem, we use a variational approach
based on the work of Ibrahim-Masmoudi-Nakanishi [27] (see also [28]). We mention the
works of Tkea-Inu [28] and Guo-Wang-Yao [39] who also obtained an analogous result to
Theorem 1.1 for the focusing NLS equation with a potential. The proof of the blow-up
result is based on the techniques developed by Du-Wu-Zhang [14].

It is worth mentioning that Fang-Xie-Cazenave [16] and Akahor-Nawa [1] extended
the results in Holmer-Roudenko [24] and Duyckaerts-Holmer-Roudenko [15] in terms
of dimension and power. Concerning the scattering theory with a smooth short range
potential in the energy-subcritical case, we refer to [8, 10,25, 33]; see also [3,32] for
scattering theory with a singular potential in the energy-subcritical case. For other
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results, see e.g. [5,13,17], and [23] in the case of a partial confinement leading to long
range scattering for small data.

REMARK 1.3.  The tools that we use also yield scattering results in the defocusing
case A=+1. For d>2, n=1, and O’Z% with %<a<d—32, consider ug € By and u €
C(R; By) the solution to

i0pu= Hu+ |u|* u; Ujp—o = Ug-

Then wu scatters in B;. As pointed out in [15, Section 7] in the case of the 3D cubic
Schrédinger equation without potential, the proof is essentially the same as for scattering
in the focusing case (Theorem 1.1). Also, in this defocusing case, we simply recover
[9, Theorem 1.5], based on Morawetz estimates, where the assumption 02% was not
needed.

REMARK 1.4. In the case of a partial geometric confinement (z € R x T, like in [37,
38]), the Kenig-Merle route map was used in [18] to prove scattering for the defocusing
Klein-Gordon equation.

Organization of the paper. In the next section we introduce Strichartz estimates
specific to the present context, and show that a specific norm suffices to ensure scatter-
ing. In Section 3, we show variational estimates, which will be key to obtain blow-up
and scattering results in the focusing case. In Section 4, we show the blow-up results
and the global part of Theorem 1.1 (i). Finally, in Section 5 we prove the scattering
part of Theorem 1.1.

Notations. We summarize the notation used throughout the paper: Z denotes the
set of all integers. We will use A<SB (resp. A2 B) for inequalities of type A<CB
(resp. A>CB), where C is a positive constant. If both the relations hold true, we
write A~ B. We denote by NLS(t)uq the solution of the IVP (1.1) with initial data ug.

For 1 <p<oo, we denote its conjugate by p’ = ﬁ. Moreover, LP = LP(R%;C) are
the classical Lebesgue spaces. The scale of harmonic (partial) Sobolev spaces is defined

as follows, see [6]: For s>0
B,=B,(R%) = {ueL2(Rd):Hs/QueL2(Rd)}

endowed with the natural norm denoted by ||-||5,, and up to equivalence of norms we
have (see [6, Theorem 2.1])

lullg, = llelizr + Iyl ullZ--

For ye€Z, we set I, =w[y—1,7+1). Let ££L{(I,;L;(R%)) be the space of measurable
functions u: R — L7 (R?) such that the norm lwller a(r, ;L7 (ray) is finite, with

p — p
a1, gy = 2Nl g ey
YEZ

To simplify the notation, we will use ||lul[;z Loz~ when it is not ambiguous. Finally, we

write ||u\|450Swéwl La(1,;rr) to signify

p _ P
bl o eoizn = 22 Telifs gy
Yo<y<71
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2. Strichartz estimates and scattering

2.1. Local Strichartz estimates and local well-posedness. Denote the
(partial) harmonic potential by V(z)=|y|? (recall that x=(y,z) €R" xRI™™). As V
is quadratic, it enters the general framework of at most quadratic smooth potentials
considered in [20]. In particular, the propagator associated to H enjoys local dispersive
estimates (as can be seen also from generalized Mehler formula, see e.g. [26])

—; 1
lle™ " || 1 (ray— Loo (Re) S a7 t]<1,

which in turn imply local-in-time Strichartz estimates,

1 1

. 2
e ol Laqr; e ray) < Ca(Dluol| L2 (g q:d(Q_T)’ 2<r< 2

where the constant C,(I) actually depends on |I|. Indeed, we compute for instance
efitH (67|y|2/2vo(z)> :ef\y\2/2+int (eitARd_n UO) (Z)

Local-in-time Strichartz estimates suffice to establish local well-posedness in the energy
space, as proved in [7]. We give some elements of proof which introduce some useful
vector fields.

LEMMA 2.1. Let d>2, 1<n<d-—1, 0<0<£, and ug€ B1. There exists
40+4

T=T(|luol|B,) and a unique solution we C([-T,T);B1)NL @ ([-T,T];L?>**3(R%)) to
(1.1). In addition, the conservations (1.2) hold.

4044
Either the solution is global in positive time, u€ C(Ry;B1)NL, 7 (Ry; L2 T2(RY)),
or there exists Ty >0 such that

||Vavu(t)HL2(JRd)t5>+ 0.

4044

If \=+1, then the solution is global in time, u€ C(R;B1)NL, = (R;L?*T2(RY)).

loc

Proof. (Sketch of the proof). The proof relies on a classical fixed-point argument
applied to Duhamel’s formula

¢
u(t)=e "ty — i)\/ e it=o)H (Jul*u) (s)ds,
0

using (local in time) Strichartz estimates. The gradient V. commutes with e~ "

since there is no potential in the z variable. On the other hand, in the y variable, the
presence of the harmonic potential ruins this commutation property. It is recovered by
considering the vector fields

A1 (t) =ysin(2t) —icos(2t)V,, Aa(t)=—ycos(2t) —isin(2t)V,.

We recall from, for example [2, Lemma 4.1], the main properties that we will use:

()= (s i) (L, )
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they correspond to the conjugation of momentum and position by the free flow,
Al (t) — efitH(_iVy)eitH’ Ag (t) — _efitHyeitH7

and therefore, they commute with the linear part of (1.1): [i0; — H,A;(t)]=0. These
vector fields act on gauge-invariant nonlinearities like derivatives, and we have the point-
wise estimate

|45 (t) (Jul7u) | < ul*7|A; (t)ul.

Once all of this is noticed, we can just mimic the standard proof of local well-posedness
of NLS in H'(R?) (see e.g. [11]), by considering (A (t),A2(t),V,) instead of (V,,V)
(see also [2,7]). The conservations (1.2) follow from classical arguments (see e.g. [11]).

From the construction, either the solution is global, or the Bj-norm becomes un-
bounded in finite time. Like in the statement of the lemma, we consider positive time
only, the case of negative time being similar. The obstruction to global existence reads

Ju(t) 5, = .

for some T >0. But a standard virial computation yields

d
Gl =t [ a(t.a)y- 9ty
Rd

Cauchy-Schwarz inequality shows that if ||V,u(t)| L2 remains bounded locally in time,

then so does ||yu(t)||r2, hence the blow-up criterion. Global existence in the case A=+1

is straightforward. 0
For future reference, we note that

le*u(®)], ~ > IA@) w122 ga)- (2.1)
Ae{ld,A1,A3,V .}

2.2. Global Strichartz estimates. To prove scattering results, we use global-
in-time Strichartz estimates, taking advantage of the full dispersion in the z variable,
and of the local dispersion in the total variable z = (y, z).

LEMMA 2.2 (Global Strichartz estimates, Theorem 3.4 from [2]). Let d>2, 1<n<
d—1 and2<r< dQTdT Then the solution u to (10, — H)u=F with initial data uy obeys

el o s S o2+ 1 g g, (22)

provided that the following conditions hold:

2 1 1 2 1 1
Zod(z-=), Z=@d-n(=-=), k=12 2.3
qk (2 Tk) Dk ( )(2 T“k) (2:3)

Moreover, as in e.g. [24] or [38], we will need the following inhomogeneous Strichartz
estimates.

LEMMA 2.3 (Inhomogeneous Strichartz estimates). Let d>2, 1<n<d-—1. Then we
have

t
/ e 1= Hy (5)ds

0

< u 51 -
gquLrNH ||g£ Lq/Lr’)
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provided that q,q € [1,00] and:

2 2 2
Syi=(d—n) 1—>7
p P r
pdzn dzmn Loden _d=n o eptable pairs)
— —_— - _— acceptaote parrs
» 7 2 0 57 2 prabie p
11
Shicl
p P

Proof.  The proof of the inhomogeneous Strichartz estimates for non-admissible
pairs is a direct adaptation of the proof of Theorem 1.4 in [19]. We emphasize that we
consider the same Lebesgue index in space on the left- and right-hand sides in the above
inequality, which makes the adaptation of [19, Theorem 1.4] easier. |

We will also need a weaker dispersive property:

LEMMA 2.4. Let1<n<d- 1and2<7"< . For any € By,

—itH

f2 <PHLT(Rd)t—> 0.

—+oo

This result is actually valid more generally if the harmonic potential |y|? is replaced by
a potential bounded from below, as shown by the proof.

Proof.  When ¢ belongs to the conformal space, p €%, we consider the Galilean
operator in z (see e.g. [11,22]),

T.(t) =2+ 2itV, = 2itell A"/ (40 y (-e—i|z|2/<4t>) .
Gagliardo-Nirenberg inequality yields
lle™* ol Lrmay ST lle ™ @ll 2 Gy (Vi T () e 0122 oy
where 6= (d—n) (4 —1). Since the harmonic potential is non-negative,

)1/2

1(Vy, Jo())e ™ pll p2may SN ((— 2y + yl T (t))e™ " o]l L2 (o),

and since the operator (—Ay—|—|y|2)1/2 commutes with e~ ®H  which is unitary on
L?(R%), and
J (t) _ 6itAz ZefitAz _ efth itH
z - I
we infer

—i =5
le™ ™ |l Lrgay S It~ llepll -

In view of Sobolev embedding and the fact that e=**# preserves the B;-norm,

—itH

e pll gy S e ™ el ey S e ™l =l s

the result follows by a density argument. ]
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2.3. Fixing Lebesgue indices for the scattering analysis. From now on,
we fix the exponents ¢, p, p, ¢, po, qo, © as follows.

LEMMA 2.5. Let ﬁ <o< ﬁ, and set

_ do(oc+1) _ 4o(c+1)
=500 v o(d—2)—2" YT 2de? fo(d—2—n)—2(no2+1)’
do(c+1) 4do(c+1)
P 20+2—(d—n)o’ =5 12—do " o+s
_ 4do+4 _4do+4
po_(d—n)a’ qo= i

Then the triplet (po,qo,r) satisfies the condition (2.3). Moreover, the triplets (p,q,r)
and (p,q,r) satisfy the conditions in Lemma 2.3.

Proof. That the triplet (po,qo,r) satisfies the condition (2.3) is readily checked.

We note that g€ [1,00] iff ¢’ €[1,00]. Thus we must check that ¢>20+1. In turn
this inequality follows provided that 40(c+1) > (20 +1)(20 +2 —do) and it is equivalent
too>o0.(d)=2—d++vd?—12d+4/4d, a threshold which is classical in scattering theory
for NLS (see e.g. [11]). Since o.(d) <2/d<2/(d—n), the condition is fulfilled. Now we
focus on the exponent p. We compute

1 204+1 1
S (d—p) 2
D ( n)4a—|—4 20’
and thus
2 2 20 1 1
—+-=(d— =(d— 1———— .
p+]5 ( n)2o+2 ( n)( r r)
We also have, from the above formula,
1 1 o 2 2
—+=-=(d—n)——<1 i .
p+]5 ( n)20+2<, since J<d—2<(d—n—2)+

All that remains is to check that we have acceptable pairs:
1 d—-n d—n 1 d—n d—n

P r < 2 {:)%+40+4< 2
Since o >2/(d—n), we infer that
i_’_ d—n <d—n+ d—n
200 4o+4~ 4 40 +4’
and the above inequality is satisfied as soon as
d—m d—n
do+d =4
which is trivially the case. Last, we check
1+d—n<d—n(:) d—n <i
p r 2 4o+4 20’

which is again the case since

2 < 2
d—2 " (d—n-2);

o<

d
We note that (qg,r) corresponds to the admissible pair appearing in Lemma 2.1.
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2.4. Scattering. The interest of the specific choice for (p,q,r) appears in the
following lemma.

LEMMA 2.6. Let ug € By and u be the corresponding solution of Cauchy problem (1.1)

4o0+4

with w(0) =ug. If u is global, u€ C(R; B1)N L, .~ (R; L2 +2(R%)), and satisfies

loc

lwller parr <o,

then the solution u scatters in B1 as t — £oo.

Proof. We first show that [[Aul/pzope - <oo for all A€{ld, A1, A2, V.}. As
Aue L{® (R;L"), we need to show that for ~vo>>1, [Aullgr  pao(r,,Lry <0, the case
Y270 ’

loc
of negative times being similar. We consider the integral equation

t
u(t) = e ™0 oy () —iX / e 71 H (14,270, (s)ds.

Y0
Notice the algebraic identities,

1 1 2 1 1 2
+=, S=—+—

Py po P 4 g g

For ~1 >0 >0, Strichartz estimate (Lemma 2.2) and Holder inequality yield

< —itH 20

HAuHZfrgSwSﬁ LaoLT ~> ||A6 uoH[zSSWSM LaoLr * H ‘u| AUHE:ES’YSw LQ(IJLT/
< 20
S [[Auol| L2 + ||U||eg0SvSw1Lqu||AU||zzg§791quLr-

For vy >1 so that ||qup> rar- is sufficiently small, a bootstrap argument yields
Y=270

lAulloo__ panze SllAuollz2 S lluolls,

uniformly in 1 >0, hence Au€ f° L L".

Using Strichartz estimates again, we have, for t5 >t >0,

IIA(tz)U(tz)A(tl)U(tl)leuzeiSHA(S)(IUI%U)(S)dS

SlA (P

L2
PO b
Y2t1

S HUH?{’;H LaLw HAuHe:UztquoLr t1_>—>000a

and so, in view of (2.1), e u(t) converges strongly in B; as t — oco. d

With Duhamel’s formula in mind, we show that the homogeneous part always be-
longs to the scattering space considered in Lemma 2.6.

LEMMA 2.7. Letv € By. Then

le™ ™ ez Larr S 1, - (2.4)

Proof. We recall some details of the proof of [2, Theorem 3.4]. Consider a partition
of unity

Zx(t—wy)zl, VieR with  suppx C [—7,7].
YEZ
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Lemma 2.2 is actually proven by considering

||¢||§gmy ZHX - wHLq(]R L (R4))"
YEZL

By Sobolev embedding,
—itH < —itH 1 1
IX(-=ym)e™ " | La;nrmayy S IXC—ym)e™ P Pllwsr ;L (may) PRt
We note the relations

el freli) 5

hence p>pog since o > 7=-. Therefore,

le™" T llgr Lo S IIX(G—=vm)e ™ |l oo @ 1o (ray) - (2.5)

If we set k=gqp (in order to recover our initial triplet), we find

11 d _df1 1 X 1fd 1
¢ 20 4do+4 2\2 2542) % e sma gL )
—_——

=1/qo0

Using

HX('*7”)67”H¢||WS,QO(R;LT Rd))NHH X(-—m)e 7“H1/}||L‘10(R;LT(R‘1))
Slix( =ym)e” T H* Y| pao gy (r1))

the homogeneous Strichartz estimate yields

||€_itH¢||é£Lqu Slx( —WW)G_itHHSdJHe’;Uqu(R;Lr(Rd)) SIYls.. S4By,

<U<—. 0

: 1 2
since 0 <s< 3, as E<d —<

3. Variational estimates
From now on, we assume A= —1.

We define on B; the Nehari functional

I(w) = Vaullts + lyulZ> + ull > - ull 775,

In this section we show that the set of ground states is not empty. Moreover, we prove
that I'(u) and P(u) have the same sign under the condition S(Q) < S(u), which plays
a vital role in the proof of Theorem 1.1. Here @ is a ground state. To prove this, we
introduce the scaling quantity @i’b by

P53 (x) =ep(y,ez), w=(y,2) ER" xR, (3.1)
where (a,b) satisfies the following conditions

a>0, b<0, 2a+b(d—n)>0, oca+b>0, (a,b)#(0,0). (3.2)
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A simple calculation shows that

IVy o3 72 =Pt m) |0, 0l|7a,  [[Vap} |7 = CHH =200 0| 2,
a,b a —n) b20 a(20 —n) o
Q37172 =X EeH@=D g Ta, [0 7547, = Aot HEmD ) 9072,
lye3 172 = A=) |y 2.
We define the functionals J*® by
T ()= S(p3")]
2a+b(d—n) 2a+b(d—n—2)
= TVl + R 9 g2
2a+b(d—n)
lyell7

_a(2042)+b(d—n) 551
ol 72 20+2 | ||L20+2'

In particular, when (a,b)=(1,0) and (a,b) =(1,—2/(d—n)) we obtain the functionals I
and P respectively. In the next result, we see that J%? is positive near the origin in the
space Bj.

As a technical preliminary, denote
lullg, =1 Voullzz +lyullZ:

the homogeneous counterpart of the By-norm. From the uncertainty principle in y, and
Cauchy-Schwarz inequality in z,

lellZe < *llywllml\vywllm

In particular, ||lul|z, ~ ||ullz, -

LEMMA 3.1.  Let (a,b) satisfy (3.2), with in addition 2a+b(d—n)>0. Let {vg},—, C
B1\{0} be bounded in By such that limy_,o[|vk|| 5, =0. Then for sufficiently large k,
we have J*°(vy,) >0.

Proof. Gagliardo-Nirenberg inequality yields

. 2a+b(d—n) a(20+2)+b(d—n) -
J ’b(vk)z 9 HkaZB‘l - 20+2 HUkHin-EQ
2a+b(d—n) 5 a(2042)+b(d—n) 2042

where C is a positive constant. Since 2a+b(d—n) > 0, we infer that for sufficiently large
k, J%°(vi) > 0. This proves the lemma. O

Next, we consider the minimization problem

d*:=inf {S(u): u€ By \ {0},J*"(u 0} (3.3)
U ={peB;:S(p)=d™" and J“b )=0}. (3.4)
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LEMMA 3.2.  Let (a,b) satisfy (3.2), with in addition 2a+b(d—n)>0. Then the set
U%" is not empty. That is, there exists Q € By such that S(Q)=d*"* and J**(Q)=0.

Proof. We introduce the functional

1
~ a(204+2)+b(d—n)

= o |[VyullZs +aol|Vaul g +aullyulZe +aaflul 72, (3.5)

B*(u) =S (u) T (u)

_ 1/ 2a+b(d—n) N _ 1/ 2a+bd—n-2)
0‘1"<1 a(20+2)+b(d—n)>>0’ 2"2<1 a(za+2)+b(d—n)>>0'

To claim that ag >0, we have used oca+b>0. From (3.5), it is clear that there exist
constants Cq, Cy >0 such that for all u€ By,

Cillul, <B*(u) < Callul3, - (3.6)
Notice that
d** =inf { B**(u): ue By \{0},J*"(u) =0}. (3.7)

Step 1. We claim that d*® > 0. Indeed, let u# 0 such that J*®(u)=0. Then we have,
in view of (3.2) and since 2a+b(d—n) >0,

lull, S llull 752 S llull 32,
where we have used Gagliardo-Nirenberg inequality and the uncertainty principle like
in the previous proof. This implies ||u| g, =1, hence B**(u)>1 from (3.6).
Step 2. If uc B satisfies J%*(u) <0, then d*®< B*®(u). Indeed, as J*’(u)<0, a
simple calculation shows that there exists A€ (0,1) such that J%®(Au)=0. Thus, by
definition of d*?, we obtain

d*" <B**(\u) =X*B*"(u) < B**(u).

Step 3. We will need the following result that was proved in [4, Lemma 3.4] (see
also [34]): Assume that the sequence {uy},-, is bounded in By and satisfies

limsup ||ug Hi‘ﬁﬁg >C>0.
k—o0

Then, there exists a sequence {zj}p-; CRY™™ and u#0 such that, passing to a subse-
quence if necessary

Top Uk (Y, 2) ;= uk (y,2 — z;;) ~u  weakly in Bj.

Step 4. We claim that U*? is not empty. Let {uy},—, be a minimizing sequence of
d*b. Since B®*(uy)—d®" as k goes to oo, by (3.6) we infer that the sequence {ug}pe,
is bounded in B;. Moreover, as J%*(u;) =0 we have

||uk||2Lo-2j+22 2 ||uk||231 2Ba’b(uk) %da’b >0’

as k—oo. Therefore, limsup,_, . [lux||32/% >C>0. Thus, by Step 3 there exists a
sequence {z;} CRY™™ and u#0 such that 7, up —u weakly in B;. We set vi(x):=
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7., ur(z). Now, we prove that J%b(u)=0. Suppose that J*’(u)<0. By the weakly
lower semicontinuity of B** and Step 2 we see that

d** < B**(u) <liminf B*®(u,) = d*®,
k—o00

which is impossible. Now we assume that J%®(u)>0. From Brezis-Lieb lemma we get

lim J(u,, —u)= lim {J*"(u,)—J""(u)} =—J""(u) <0.

n—oo n—0o0

This implies that J%®(u, —u) <0 for sufficiently large n. Thus, applying the same
argument as above, we see that

d** < lim B**(u, —u)= lim {B*"*(u,)—B*"(u)} =d** — B*"(u) <d™®,

n—0o0 n—0o0

because B*?(u) > 0. Therefore J%*(u)=0 and

d*? < S(u)=B**(u) <liminf B*®(u, ) = d*®.

n—roo

In particular, S(u)=d*® and u € U%?. This concludes the proof of lemma. O
REMARK 3.1. Lemma 3.2 shows that the set of ground states is not empty. Indeed,
in the case (a,b)=(1,0), from Lemma 3.2 we have that there exists ) € By such that
S(Q)=inf{S(¢): I(p)=0}. This implies that (see [11, Chapter 8])

S(Q)=inf{S(p): ¢ is a solution of (1.4)}.

Now we define the mountain pass level 8 by setting

;= inf S 3.8
B:= nf max (a(s)), (3.8)

where I' is the set

I':={ceC([0,1];B1):0(0)=0,5(c(1)) <0}.

LEMMA 3.3.  Let (a,b) satisfy (3.2), with in addition 2a+b(d—n)>0. We have the
following properties.

(i) The functional S has a mountain pass geometry, that is T #0 and 5> 0.
(ii) The identity B=d*® holds. In particular, if Q is a ground state, then S(Q)= 3.
Proof.
(i) Let ve By \{0}. For s >0 we obtain
S2U+2
el
o+2

20+2

S(SU)ZSQHU”%%_ L2042

Let L>0 such that S(Lv)<0. We define o(s):=Lsv. Then o€ C([0,1];B1), 0(0)=0
and S(o(1)) <0; this implies that " is nonempty. On the other hand, notice that, by
the embedding of By < L2°*2 we have

_C
2042

20+2

1
S() =S, - [v]I5,
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Taking € > 0 small enough we have

1 c
§im g2 = 2042
25 T 2012

Thus, if [Jv]|%, <e, then S(v) >0. Therefore, for any o €I’ we have [lo(1)[|%, > ¢, and
by continuity of o, there exists sg € [0,1] such that o(sg) =¢. This implies that

Sren[%’)i] S(o(s))>S(o(s9))>0>0.

By definition of 8, we see that §>4§>0.

(ii) Let o0 €T. Since 0(0)=0, by Lemma 3.1 we infer that there exists so >0 such that
J%*(0(s9)) >0. Also we note that from (3.5) we have

J*(0(1)) = (a(20+2)+b(d—n)) {S(c(1)) = B“*(c(1))}
(a(20+2)+b(d ))S(O’(l))<0.

By continuity of s+~ J%’(c(s)), we infer that there exists s*€(0,1) such that
J%*(a(s*))=0. This implies that

Srél[%?i] S(o(s))>S(o(s*))>d>*.

Taking the infimum on T', we obtain 3>d®®. Now we prove 8 <d*®. Let p€ B;\{0}
be such that J**(¢)=0. We put f(s):=¢%"(y,2) for s€R, where %’ is defined in
(3.1). Notice that as ac+b>0, it follows that S(f(s)) <0 for sufficiently large s>0.
Since 955(f(8))],.—o=J**(p) =0, it follows that maxscr S(f(s))=S(f(0))=S(p). Let
L >0 be such that S(f(L))<0. We define

_Jfe) i -5<
)= {z<s+L>f<—§
Then s~ h(s) is continuous in By, S(h(L)) <0, S(h(—L))=0 and

max S(h(s)) =S(h(0)) = S(¢p).

s€[—L,L]

By changing variables, we infer that there exists o €' such that max,ecp,11S(0(s))=
S(p). Thus,

A< max S(o(s)) =S(p)

s€[0,1]
for all ¢ € By \ {0} such that J%®(¢)=0. This implies that 3 <d*®. O
Now we introduce the sets K»** defined by
Kbt ={peB1:S(p)<B, J"(p)20},
Kb ={peB1:5(p)<B, J(p)<0}.

LEMMA 3.4. The sets K% are independent of (a,b) satisfying (3.2).
Proof.  Suppose first that in addition to (3.2), we have 2a+b(d—n) > 0.
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It is clear that KX»"~ is open in B;. Now we prove that K*%* is open. First,
notice that by Lemma 3.2, if S(¢)<fB and J**(¢)=0 then ¢=0. Moreover, using
the fact that a neighborhood of 0 is contained in K*®* by Lemma 3.1, this implies
that K% is open in B;. On the other hand, since 2a+b(d—n)>0 (notice that this
implies that ||g0§b|| B, — 0 as A — —o0), using the same argument developed in the proof
of [27, Lemma 2.9] it is not difficult to show that K®%* is connected. Thus, since
0€K*b+ and K»*+UK®®~ is independent of (a,b) (see Lemma 3.3 (ii)), we infer that
JCabt = Y+ for (a,b) # (a’,b') such that 2a+b(d—n)>0 and 2a’+b'(d—n)>0. In
particular we have %%~ =Ko,

Now assume that 2a+b(d—n)=0. We choose a sequence {(aj,bj)};il such that
(aj,b;) satisfies (3.2), converges to (a,b), and 2a; +b;(d—n) >0 for all j. Then J%% —
J* and we have

Ka,b,:l: C U ’C(lj,bj,:l:.
Jj=1

By using the fact that the right side is independent of the parameter, so is the left,
which finishes the proof. 0

The following remark will be used in the sequel.

REMARK 3.2.  If ¢#0 satisfies P(p)=0, then S(¢)>p. Indeed, we put ¢"(z):=
r%w(y,rz) for »>0. Then

I(@") =r?[Vaplia =7 loll5g 15+ K,
where
= I VyPllL2 L2 L2 .
Ko =IVyeliz+lelli: +lyelli. >0

From P(¢)=0, we see that

r (d—n)o 5  s- 20+2
I(¢") = (MT =7 ) pll35 13+ K
Since o(d—mn)>2, there exists ro€(0,00) such that I(¢™)=0. This implies that
S(¢™)>B. Moreover, since o(d—n)>2 and 0,5(¢")|,_, = (%452) P(¢) =0, it is not
difficult to show that the function r+— S(¢"), r € (0,00), attains its maximum at r=1.
Therefore,

S(p)>S(¢™) > p.

The next two lemmas will play an important role to get blow-up and global existence
results.

LEMMA 3.5. Let o€ Kt, then

o 1
m”@HQBl <S(p) <=l

Proof.  From Lemma 3.4 we see that I(¢) and P(p) have the same sign under the
condition S(p) < 8. Since p € KT, we obtain I(p) >0, which implies that

lel 753 < llell3,
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Therefore,

2042

1 1 o
Sels, > S(0) =3 el — s Iel258h = el

20 —|—2
and the proof is complete. ]

LEMMA 3.6. IfpeK™, then

P(p) <= (5-S(¢).

Proof. We consider o € L~. We put s(\):=5 <p1’72/(d7n) see (3.1)). Then
A

1 ) 4/\/(d n) ) 1 ) e20 042
s = 51Vl + Vol + el + 5 Iyl — ool 225,
2 —n o o

SN = T WV g - Tl 2282, (39)
//()\)_ 8 4X/(d—n) |V ||2 _ 20° 20>\H ||2a+2 (3 10)

S —me | 2P L2 Tﬂe "2} L2042+ .

Thus, we infer
20 2 4 4
" _ _ 20\ 2042 / /

SN = 20 (o) I S . )

where we have used that o >2/(d—n). Since P(p) <0 and s’(A) >0 for small A <0, then
by continuity, there exists Ag <0 such that s'(A) <0 for any A€ (Xo,0] and s'(Ag) =0.
Since s(A\g) > (see Remark 3.2), integrating (3.11) over (Ag,0], we obtain

P(e)=5/(0)=5'(0) = ' () < 7 (5(0) = 5(%)) £ 7 (5(¢) ~ ).

hence the result. O

4. Criteria for Global well-posedness and blow-up
In this section we prove our global well-posedness and blow-up result, that is, The-
orem 1.1 up to the scattering part.

Proof. (Proof of Theorem 1.1.)
(i) Let up € KT. Since the energy and the mass are conserved, we have

u(t)e KYUK™, for every t in the existence interval. (4.1)

Here u(t) is the corresponding solution of (1.1) with u(0)=wg. Assume that there
exists tg >0 such that u(tg) € K. Since the map t+— P(u(t)) is continuous, there exists
t1 € (0,t9) such that P(u(t)) <0 for all ¢ € (t1,t9) and P(u(t1)) =0. Thus, by Remark 3.2
we see that if u(t1)#0, then S(u(t1)) > 5. However, by (4.1) we have S(u(t1)) < 5, which
is absurd. Therefore, u(t) € KT for every ¢ in the existence interval. Now, by Lemma
3.5 we obtain that ||u(¢)||p, ~ S(u(t)) <8 for every t. By the local theory (Lemma 2.1),
this implies that u is global and u(t) € KT for every t € R. The scattering result will be
shown in Section 5

(ii) Similarly as above, we can show that if ug€/X~, then u(t)eK~ for every t
in the interval [0,7). If T} <400, by the local theory (Lemma 2.1), we have
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limy— 7, [|[Vou(t)||3. =+400. On the other hand, if Ty =+oo we prove that there ex-
ists ¢ty — 0o such that limy, e || Vau(ts)||%2 =400 by contradiction: suppose

ko :=sup||Vyu(t)| L2 < +oc.
>0
Now we consider the localized virial identity and define
V(t):= / 6()u(t,z)Pde, w=(y,z) €R™ xR, (4.2)
Rd

Let ¢ € C*4(R4™™). If ¢ is a radial function (that is, ¢(z) = ¢(]2])), by direct computations
we have

V'(t)=2Im V.o -V, uu, (4.3)
Rd
20

V”(t):4/ Re (V.u, V¢V, u)— —— Az¢\u|2”+27/ A2plul?. (4.4)
R 0+1 Jra Rd

Before continuing the proof of Theorem 1.1 we first state the following result:

LEMMA 4.1.  Let n>0. Then for all t <nR/(4kol||uol/r2) we have

/ lu(t,z)|?*dx <n+or(1). (4.5)
21> R

Proof. Fix R>0, and take ¢ in (4.2) such that

where r=|z| and

From (4.3) we infer that

t
V(H)=V(0) +/0 V'(s)ds <V (0) +t[|¢']| oo [uol| L2 Ko

Ao 2k
<[ o) Pae Lzt
21> R/2 R

Moreover, Lebesgue’s dominated convergence theorem yields
[ w(@)Pde=on(u)
|z|>R/2
and
/ lu(t,2)|?dz <V (t).
|z|>R

Therefore for given 1> 0, if

nR
t< —7—o,
4kolluol| L2
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then we see that
/ |u(t,x)|2d:r:§77+oR(1).
|z|>R

This concludes the proof of the lemma. 0

Next we choose another function ¢ in (4.2) such that

qb(r):{rQ’ 0<r<R;

0, r>2R,
with
4
0<¢<r?, ¢'<2, ¢><4>§@

By (4.3), V'(t) and V" (t) can be rewritten as

v =2tm [ 20, (4.6)

R4 r

V' (t / ﬂlw |2+4/ <i;/—¢/)z V. ul?

20 1 2042 / 2 2
2 [ (¢4 a=n-0E ) AZglu? (47
—=4(d—n)P(u)+ Ry + Ry + Rs, (4.8)
where
R1=4/ (W—Q) |vzu|2+4/ <¢~_¢/> |z-V ul?
Rd T 7"
R 20 ¢ +(d—n— 1)3/—2(d ) ) Jul?7 2 (4.9)
2 0'+1 Rd ’ '
— [ aofur
Rd

First we show that R; <0. Indeed, we can decompose R? into

Rdz{¢H/T2—(f)//r3SO}U{¢///T2—¢//T3>O}.

=:0 =:Q

On Qg, since ¢’ <2r,

o[ (Lo2)wapeaf (G-%)1var<o

Q1 r 1941 r

Ol’l QQ,
L(E-2)ivars [ (%-%)1vaps [ @ -29.ataso
Qo r Q2 \7 R

Secondly, notice that suppx C [R,00), where

—|¢" )+ @-—n-1

2(dn)‘.
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For 20 +2< g < 2% there exists 0 <0 <1 such that -— %—F%, and

d—2" 2042 =
PrEs —6 —0
Ry Slull oo+ (2> ) < ||u||2tz(|z|>R)HUH%?(\ZDR)Ské [l %2215 ) (4.10)
Finally,
Ry <CR™*||ullZ2(2 15 R)- (4.11)

Combining (4.8), (4.10) and (4.11) we obtain
o 0 —
V(1) S4(d—m) P(®) + Cllul| 20 +CR [l oy (412)

where C' >0 depends only on ||ug||r2, ko and 0. By Lemma 4.1 we obtain that for all
t<T:=nR/(4kolluo|72),

V() S4(d—n) P(u() +C (07432 +0p(1) )
and since u(t) € K~, Lemma 3.6 yields P(u(t)) < — -2 (8- S(uo)) <0. Thus,
V() < =16(8~ S(uo)) + C (077 432+ op(1) ). (4.13)
Integrating (4.13) from 0 to T" we infer
V(T) SV(0)+ V' (O)T+ (~16(8 - S(uo)) + € (n27+27 4-0? + 0n(1)) ) T2

Choosing n sufficiently small and taking R large enough, it follows that for T'=
nR/(4kol||ug||r2) we have

—16(5— S(uo)) +C (122 43 +on(1)) < —8(6 - S (o)),

and

where

(8= S(uo))n?

<0.
2k [[uol|7 -

Ho=—

Next notice that we have V(0) <ogr(1)R? and V'(0) <ogr(1)R. Indeed,

Vo) [ Plu@Pdet [ )P
l2l<VR VR<|z|<2R

< Rluolfis +4 [ fuo(a) P
|z|>VR

ZOR(I)Rz.

Moreover,

V/(o)g/ f|z||u0||Vzuo|dx+/f 12|l uo| [V o 0| da
z|<VR

R<|z|<2R
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S\/EHUOH%H‘FW{/ ||V a0 de
|z|>VR

=ogr(1)R.
Thus we get
V(T) < (or(1) + po) R,
and for R sufficiently large, or(1)+ 1o <0, which is a contradiction since V(T') >0. The
proof of Theorem 1.1 is now complete. ]

5. Proof of the scattering result

In Section 4 we showed that if ug € KT, then the solution is global and belongs to
KT for all t €R. In this section we show that under this condition, the solution scatters
in Bl.

5.1. Small data scattering. We begin with some lemmas complementing the
results of Section 2.4. Recall that the indices considered here were introduced in Sec-
tion 2.3. The first lemma covers both the Cauchy problem (t; € R) and the existence of
wave operators (|to| =00).

LEMMA 5.1 (Small data scattering). Suppose ﬁ <o< ﬁ, Axe{-1,1}. Let p€ By.

There ezists 6 >0 such that if ||e_”H<p||szqu <4, then for all ty € [—00,00], the solution
u to

¢
u(t)zefitHgo—i)\/ e it=o)H (|ul*7w) (s)ds (5.1)
to

1s global for both positive and negative times, and satisfies

ulleg porr <2lle™* Follgp porr-

There exists v>0 such that if ||¢|lB, <v, then ||e_”H<p||gquLr§(5, and for all to €
[—00,00], the solution u to (5.1) is global for both positive and negative times, and
satisfies

[ull s, <2[l¢llB, -

Proof. Denote by
D(u)(t) ::e_”Hgo—i)\/te_i(t_s)H (|u\2‘7u) (s)ds.
to
First, consider
X ={ueC®:B); [ullegror- <2le™pllgpar-,
VAE{1d, A1, A2V}, [|Aulligo oo <20l A1z },

where (Y is the constant associated to the homogeneous Strichartz estimate (2.2) (F =0)
in the case (p1,91,71) = (po,qo0,7). Let u€ X. In view of the inhomogeneous Strichartz
estimates (Lemmas 2.3 and 2.5), and since

p=Q20c+1)p, ¢=020+1)q, r=2c+1),
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we have

H‘I’(U)Hz:mu < ||6_itH§0H€£LqLT +CH|U‘20“He§’Lq'U’

<Nl g o+ CllullE -

For ¢ > 0 sufficiently small, the right-hand side does not exceed 24.
Reproducing the estimates of the proof of Lemma 2.6, for A€ {Id, A;,45,V.},

HA‘I’(U)szOquLPo < CollA¢|[r2+C1 HU”%LQU HAUHﬁOquLPo-
Up to choosing ¢ >0 smaller, we infer
[A® ()]l ¢z0 pao oo <2C0llAl| L2,
and so ® maps X to itself. We equip X with the metric
d(u,v) = ||U*U||22LQLT
which makes it a complete space (see e.g. [11]). We then have
19 () = @)l o e S |||l =070 | g0 o
S H(|u|2"+|v\2") (“_U)Heg””m’u’

S (1l e+ 10028 oz ) Nl = vleg o,

so contraction follows, up to choosing § >0 smaller, hence the first part of the lemma.
For the second part, note that in view of Lemma 2.7, for v >0 sufficiently small,

||67’L—tH

also yield, for A€ {Id,A;,45,V.},
[Aull e r2 < | Apll 2 + CollullF pap Il Aullgro pao oo -
Up to choosing ¢ >0 smaller, we infer

|Aul| g 2 <2[|Agl| L2,

@ller o <6, and we may use the first part of the lemma. Strichartz estimates

hence the second part of the lemma, from (2.1). |
We now go back to the focusing case, A=—1.
LEMMA 5.2 (Wave operators for not so small data). Suppose dfn <o< ﬁ. Let
Y € By such that
1 5 1 s 1 9
L T A 1 ) (52)

where 3 is given by (3.8). Then there exists ug € K+ such that the corresponding solution

u(t) of (1.1) with u(0)=wg satisfies
WH, 4\ _
€ u(t) =5, — 0.

Proof. Consider the integral equation

+oo

u(t):e_itHz/J—i/ e O H (14270 (s)ds =: @ (u) (t). (5.3)

t
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We first construct a solution defined on [T,00) for T>>1 by a fixed-point argument
similar to the one employed in the proof of Lemma 5.1. Introduce

Xy ={ue Cin(T=1),00B1); lulls_, oz <2e ™ bl parr,

> Aullpe, oo <2Col6]s, |,

AG{Id,Al,AQ,Vz}

where Cj is the constant associated to the Strichartz estimate (2.2) in the case
(p1,q1,71) = (Po,q0,7). By Lemma 2.7, ||e_lthl}||[P ,rarr —0 as T'—oo. Therefore,
choosing T sufficiently large is equivalent to requiring ¢ sufficiently small in the proof
of Lemma 5.1. The proof is then the same, and we omit it. We must now prove that
the solution w is defined for all time.

itH

Since e~ conserves the linear energy and ||67itH1/JH%%jfz —0 as t—o0 (see

Lemma 2.4), we have

S(u(t) = Jim S(e )= L[V 13a + 3 Iyl + 53 <6,
Tim Z(u(t)) = Jim ([le=" 3, - e 13252) i, >0
Thus, there exists t* sufficiently large such that u(t*) € K. By using the fact that T

is invariant by the flow of (1.1) we obtain that u(0)=uo€K™.
By Strichartz estimates, like in the proof of Lemma 2.6,

le™ T u(t) =] 5, ~ > [A(#)u(t) — A0)¢]| L2

AE{Id,Al,AQ,VZ}

2
5 Z HA(|U| (71'1')Hep(/)> LCIE)LW
Ae{ld,A;,A2,V.} TRt
S Z lullZZ ., LaLr HAUHWJ JLooLr T 0,
Ae{ld,A;,A5,V .} R
hence the lemma. ]
5.2. Perturbation lemma and linear profile decomposition. We begin

with the following result

LEMMA 5.3 (Perturbation lemma).  Suppose 7= <o < 7=5. Let 1€ C([0,00);B1) be
the solution of

10— Ha+|a[* u=e, (5.4)

where e € L, ([0,00); B_1). Given A>0, there exist C(A)>0 and £(A) >0 such that if
ueC([0,00);B1) is a solution of (1.1), and if

|@llep arr <A, <e<e(4),

”e”g?j’m’L“ - =
e~ (u(0) —w(0))|lwparr <e<e(A),

then ||U||glf{Lqu S C(A) < 00.

(5.5)

Proof. We omit the proof, which can be obtained by suitably adapting the
argument of [16, Proposition 4.7], thanks to the same Strichartz estimates as in the
proof of Lemma 5.1. ]
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We need the following linear profile decomposition, which is crucial in the construc-

tion of a minimal blow-up solution. This is where the assumption o > ﬁ becomes
o> -2 in order to prove (5.13) below.

PRrROPOSITION 5.1 (Linear profile decomposition). Suppose ﬁ<a<ﬁ. Let
{¢1}rey be a uniformly bounded sequence in By. Then, up to subsequence, the following
decomposition holds.

M _
or(x) :Ze“inj (y,z—zi) JrW,fV[(x) for all M >1,

j=1

where tf; €R, zi €RI=" I € By are such that:
e Orthogonality of the parameters

[t} —thl + |2k = 2k] — 00, for j#L, (5.6)

o Asymptotic smallness property:

lim (hm |e_itHW]£W||ef{Lqu> =0. (57)

M—o0 \ k—oo

e Orthogonality in norms: for any fixred M we have

M
IklZ2 =Y 17122+ [WI72 +ox (1), (5.8)
j=1
M .
0%, =D 19715, + W13, +ox(1). (5.9)
j=1
Furthermore, we have
M .
o it j 1120 o
HQSkHisz :Z e o) ||izj+22 + ||WkM||izj+22 +ox(1)  for all M >1. (5.10)
j=1
In particular, for all M >1
S(ox) =38 ("7 ) + W) + 0y (1) (5.11)

1

~
Il

M=

I(gr) =) I(e“v’;%j) +I(WM) + 0y (1). (5.12)

1

<
Il

We note that cores are present only in the z-variable, not in the y-variable. This is so
because the partial harmonic potential has a confining effect, hence in y, the situation
is similar to the radial setting (as in [24,30]).

Proof.  First, we show that there exist 6 € (0,1) such that

le™ ™ fleare SIS e fll iy, VS € B (5.13)
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Indeed, from (2.5) we have
le™™  fller parr SIXC=vm)e™  fllepwsmo @;Lr-we)-
Since o > -2, we have py < p and thus there exists a € (0,1) such that

d—n’

HeiitHszﬁLqu SlixC *VW)eiitHf“?go Wea0 (R; L7 (Rd)) X

IXC=vm)e ™ Fll o5y evao (2 () (5.14)
vy
By the homogeneous Strichartz estimate we get, like in the proof of Lemma 2.7,

X (- —W’W)e_itHfHeZOstqo ®;Lr (DY) S X C —WW)e_itHHSsz:OquLr

(5.15)
S Ba. SISl By
Next we interpolate between Sobolev spaces in time, there is n € (0,1) such that
Ix (- =vm)e™ ™ Fllws.a0 m;Lr R2))
—i 1— —1q
S ||X(—’}/7T)e tHf”wln/?,qO(]R;Lr(Rd))HX(-_’yﬂ-)e tHfH’Z‘Io(]R;Lr(Rd))' (516)
Moreover, we have
lIx (- —7”)67”Hf||zgowl/2vqo(R;Lr(Rd)) S ||€7itHH1/2f||é:°Lq0Lr
S ||e_itHH1/2f||420quLr
SIEY2 2 =113, (5.17)
and
lIx(- _VW)e_itHfHZgOLqD ® LRy Slle ™ fllpee - (5.18)

Combining (5.14), (5.15), (5.16), (5.17) and (5.18) we obtain (5.13).
Since we will know that |[WM ||, is uniformly bounded, then to prove (5.7), it will
suffice to show that

. . —itH M
M <k1§20”6 Wi ”Lm)zﬁ
We can then essentially repeat the proof of [16, Theorem 5.1], which generalized [15,
Lemma 2.1]. Note that in the confined variable y, the situation is similar to the radial
setting without potential (see e.g. [24, Lemma 5.2]), this is why no core in y will appear,
only cores in z (denoted by z7), due to the translation invariance in z. Another technical
difference is that Sobolev spaces H® have to be replaced with the spaces B, defined in
the introduction. Unlike in the case without potential, e~**# does not commute with
the convolution with Fourier multipliers, nor is unitary on H#, and this imposes some
extra modification in the analysis.

Step 1. First we construct ¢, z}, ¢! and W;l. This is done by adapting [16, Lemma 5.2].
By assumption, there exists a positive constant A >0 such that ||¢r| s, <A. We infer
le= " H || oo nr Slle™ " pl| Lo B, = |k || pr < A. Passing to a subsequence, we define

Ap:=lim |le "™ ¢y oo s (5.19)
k— o0
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If A;=0, we set /=0 and W}!=¢y for all k>1. We now suppose that A; >0.
We introduce a real-valued, radially symmetric function ¢ € C§°(R?) supported in
{€eRY; €] <2}, such that (&) =1 for |(|<1. For N>1 (to be chosen later), in the
same fashion as in [23], define the operator

Ay +y? -A
szv@( T ol w2 )
where the first operator is to be understood as a spectral cut-off, since the harmonic
oscillator possesses an eigenbasis consisting of Hermite functions, and the second oper-

ator is a Fourier (in z) cut-off. By considering this operator instead of a Fourier cut-off
in z (presented as a convolution in [16,24]), we gain the commutation property

[e_itH, PSN] =0.

Also, since —A, +|y|*> and —A, commute and are positive operators, we have for s€
(071) and f € By,

so1 o 1-s 1
If =Penflla, = (1= Pen)H = H = fllp, < 5= 11|31
In view of the Sobolev embedding H*®(R%) < L2 +2(R%) with s= %, and of the fact

that e~ is bounded on B,

le™ " pp —e T Pendpllnseory Slle™ " o — e Pan il e gy
Sle ™ gy, — e H Pon eyl o b,

Ay

Séok — P<norllL B, SC'OiNkS < X (5.20)
. acoa\/(1—9)
wi = (=508 . Tt follows by (5. at for k large,
th N=(252) +1. Tt follows by (5.20) that for k 1
—itH 1
1P<ve™ dullogery = 7 Ar (5.21)
Moreover, by interpolation we have
1P<ve™ ™ gyl ey <[|Pene ™ opl| T | Pane ™ gy | 7L
r—2)/r —q 2/r
<l a2 Py e G| 75 o
S
Thus by (5.21) we obtain, for k large enough,
] Al r/2
P<N€_ZtH¢)k, [,o° [,o0 Z —_— Al—r/Q. 5.22
— t x 4

In view of Lemmas 3.1 and 3.2 from [35], there exists ¢ >0 independent of ¢, and ¢ such
that for all z € R,

n

1/2
|Peye gy ()] < N™/2eelul*/N? ( / |P§Ne"H¢k<y,z>|2dy> .
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Since P<n localizes the frequencies in z, Bernstein inequality implies

—i 2 n » )
/]R |P§N6 thbk(y,z)‘ dygNd /Rd |P§N6 tH¢k(y’Z)| dydsz,
and so
|Pe e gy (2)] S NW2e= vl /N

We deduce from (5.22) that for R sufficiently large,

) 1 A r/2
—itH 1
|[P<ne ¢k‘|L?°Lf§|SRZW <4> . (5.23)

It follows that there exist t: €R, 2} € RY"™ and yi € R", |yi| <R, such that

r/2
|P<Ne*“iH¢k\(y1 zl)>; A1 ) (5.24)
< ky*k) = gAr/2—1\ 4

Since |y,ﬁ| < R, possibly after extracting a subsequence, we get y,ﬁ —y'. Let

w () =" H gy (y, 2+ 21).

Then {wy},o; is uniformly bounded in B; and there exists ¢! € By such that, passing
to a subsequence if necessary, wy — 9! in By as k—oco. In particular, ||¢!]|5, <A. As
|P§Ne_”llngbk|(y1,z,1) = |P<nwi|(y!,0), by (5.24) we get

1 A r/2
10,1 1
|P§N¢ (y ’0)24Ar/21<4> .
We note that the previous computations yield

1 Ar/2
||1/)1||L2(1Rd) > ||P§N¢1||L2(1Rd) 2 \P§N¢1|(y1a0) 2 Nd/2 W

d
s o+1
> (Al) A

A Ao’

for a universal constant Cy. Set W} (z):=¢y(z) — et Hypl(y 2 — 21): WE—0 in B.
Furthermore, since

. —it! . _itl
1%, = tm (e g (42l ) = lim (eIl g+ 2)),
—00 k—o0
this implies that
loelly, =10 1%, +IWellE, +or(1),
Ioellze = 19172 + 1We 172 + ok (1),

as k—o0. Thus (5.8) and (5.9) hold. In particular we see that |[W;![|%, <A.
We next replace {qbk}iozl by {Wkl};il and repeat the same argument.
If Ay :=limsup,,_, . [[e " # W || Lo L» =0, we can take /7 =0 for every j >2 and the proof
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is over. Notice that the property (5.7) is an immediate consequence of (5.13 ) Otherwise
there exist ©? € By, a sequence of time {t }k 1 CR and sequence {zk} C R4 such

that e “RHWL(. . 4 22) =2 with

d
Ay -9 AZH

2> .
[KEIP Cl(A) G

‘We now show that

|ti—t,1€|+|z,§—z,ﬂk—> 0. (5.25)
—00

Let gy ::e_“llquSk(-,wl—z,i) Pl —e‘“/chWl Notice that g —0 in B;. Moreover, by
definition e_i(ti_ti)Hgk(-7 +(zf—2})— w2 #0 weakly in Bj. Suppose by contradlctlon
that [t2 —t1| 4|27 — 2} | is bounded. Then, after possible extraction, tZ —t} —¢* and 27 —
zi — z*. However, since g, — 0, we infer that e UR—t)Hg (.4 (22 —2})) —0, which is
impossible.

An argument of iteration and orthogonal extraction allows us to construct {ti} e
R, {zk} 51 C C R%" and the sequence of functions {1/) } 1 in Bj such that the properties
(5.6), (5 7) and (5.8) hold and

d
AM> 21-5) A7t

My, > —
Wiz (4] i

In view of (5.8), we obtain
[ee)

1 Z A20+1 s <A2
A20+2+1 s M=1

hence Apr —0 as M — oo. Finally, from (5.13) we infer that
e Wl gr parr SATOAY,

and the property (5.7) holds.
Step 2. It remains to show (5.10). To this end, we show that for all M >1,

[t

J o
H+Q—§:HtH¢NEJi+oM) (5.26)

We proceed as in [15, Lemma 2.3]. By reordering, we can choose M* <M such that
(i) For 1<j < M*: The sequence {t }k>1 is bounded.

(if) For M*+1<j<M: We have that limy_, |t§€| =00
Consider the inequality

M

= 1z < Com D Izl P,

Jj=1 J#3!

2042

M
>
j=1
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for z; €C, j=1,2, ..., M. If 1 <j <£< M*, the pairwise orthogonality (in space) (5.6)
leads the cross terms in the sum of the left side of (5.26) to vanish as k — co. Therefore,

20+2

M* )
z;eitiHl/Jj(w—Zﬁ _Z
iz

L20+2

it ij 20+2

or(1). (5.27)

L2<7+2

On the other hand, if M*+1<j< M, then |t?€| — 400 and, from Lemma 2.4,

lim [|eitmya | <o, 2
Aol =0 (52%)
Moreover, since (see proof of Step 1)

Jim <k1Lm ||e—“HW,;”||LooLT) =0, (5.29)

combining (5.27), (5.28) and (5.29), we obtain (5.26). This shows the last statement of
the proposition and the proof is complete. 0

Finally, we will show the following result related with the linear profile decomposi-
tion.

LEMMA 5.4. Let M €N and let {w]} o C B1 satisfy

M
> S()-e<S E:wﬂ <B-m, —e<I }:wﬂ <§:I¢J
7=0

j=0 j=0 j=0
where € >0 and 2 <n. Then for all 0<j <M we have ¥’ € C+.

Proof.  Assume by contradiction there exists k€ {0,1,...,M} such that I(y*)<0.
Using the definition of (wk)i’o (see (3.1)) it is not difficult to show that there exists A <0
such that I((zbk)}\’o) >0. This implies that there exists Ao <0 such that I((qlzk)i’oo) =0.

Moreover, a simple calculation shows that 8,\31’0((1&)}\’0) >0 where BV is given by
(3.5). Thus, by Lemma 3.2 we get

BYO(g*) > BYO((9%)3) = S((1*)3) = B.
Notice that B10(z7) >0 for 0<j < M, by Lemma 3.2. Since 2¢ <7, we obtain

M

M 4 1
p> 50w =3 (s~ 110))

Jj=0

3=0
Mo
<S ngj 8—71 Zcp + - a<,8 n+2e<f,
§=0
)=

This is absurd. Therefore we infer that I(¢y7
S(W):BI’O(W) 204,_2 (¢J)>O and

0 for all 0<j< M. In particular,

M M
D S@WH<S Y v | +e<B,

=0 =0

which implies that S(¢7) < 8. It follows (see Lemma 3.4) that ¢/ € K. This completes
the proof. ]
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5.3. Construction of a critical element. We define the critical action level
7. by

Te ::sup{T:S(go) <7and p€ KT implies lwller parr <OO}-

Here, u(t) is the corresponding solution of (1.1) with u(0)=¢. We observe that 7.
is a strictly positive number. Indeed, if o € KT, by Lemmas 3.5 and 2.7 we see that
||e_itH<p||Z;;Lqu Slells, SS(w). Therefore, taking 7> 0 sufficiently small we obtain
that |[ullgpparr <oo by Lemma 5.1. Hence 0 <7, <. We prove that 7.= 03 by contra-
diction.

We assume 7, < 3. By the definition of 7, there exists a sequence of solutions uy to
(1.1) in By with initial data ¢ € KT such that S(¢x) — 7 and [lugr papr =00. In the
next results, we construct a critical solution wu.(t) € KT of (1.1) such that S(u.(t)) ="
and [[ucllgz arr =00. Moreover, we prove that there exists a continuous path z(t) in
R~ such that the critical solution u. has the property that K = {u.(-,-—z(t))} is
precompact in B;. This is where the requirement 02% appears, in addition to the
previous assumption ﬁ <o < ﬁ.

PROPOSITION 5.2 (Critical element).  Let n=1 and 0> 1 with 2 <o<%;. We
assume that 7, < 3. Then there exists u.o € By such that the corresponding solution u. to
(1.1) with initial data u.(0) = uc,o satisfies u.(t) € KT, S(uc(t)) =7c and |lucl|¢p papr =00.

Proof.  Since S(¢x) — 7¢, from Lemma 3.5 we see that {¢y} -, is bounded in Bj.
Indeed, ||¢k|lB, SS(ér), and S(¢r) <B. Thus, by Proposition 5.1, up to extracting to
a subsequence, we get

M .
Sp= eI ( —z )+ W for all M €N, (5.30)
j=1
and the sequence satisfies

S(o) =D (41 ) + W) +oi(1),

J

Il
—

M=

1(6x)= Y1 (707 ) +1(WLT) +0x(1).

<
Il
—

By using the fact that ¢; € KT, we infer that there exists €, 7> 0 such that 2¢ <n and
M o
S(6r) 2 Y5 (e ) + S —e,
j=1
I(¢k) 2 —¢,
Iow) <1 () + (W) e
j=1
for sufficiently large k. Thus, from Lemma 5.4 we obtain that

eitinj ek, WMeKkT for sufficiently large k. (5.31)
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This implies that S(e“{cij) >0, S(WM)>0 and for each 1<j< M,

OglimsupS(e“in)j) <limsup S(¢y) ="Tc. (5.32)

k—o0 k—o0

Now we have two cases: (i) limsup,_, S(e”inj):Tc fails for all j, or (ii) equality
holds in (5.32) for some j.
Case (i): In this case, for each 1<j <M there exists n; >0 such that

limsup S(e"+Hpl) <, —n;,  S(eHpi)>0, (e H i) >0. (5.33)

k— o0

Suppose that ti —t*. If t* < oo for some j (at most one such j exists by the orthogonality
of the parameters (5.6)), then from the continuity of the linear flow we infer that

et Hypd s ¢t Hyd  strongly in Bj. (5.34)

k— o0

We set 1] = NLS(t*)(e #4)7), where we recall that NLS(t)¢ denotes the solution to
(1.1) with initial datum ug=¢. Notice that NLS(—t*)y=e" Hy)J. Moreover, by
(5.31) and (5.33) we have that 1 € Kt and S(¢) <7.. Thus, by definition of 7, we get
INLS(-)¢i|l¢z Lo pr < 00. Finally, by (5.34) we obtain

INLS(—t)1d — e Hopl || g, =0 as k— oo. (5.35)

On the other hand, suppose that |t | = o00: ||et wH i ||z20+2 — 0, and therefore
N 1
lim S(e”in/ﬂ) =73, <7 < B. (5.36)
k—o0 2 !
By Lemma 5.2, there exists ¢/ such that ¢? € K+ and
INLS(~#)d — 4|5, — 0. (5.37)

Moreover, by (5.36) we have S(¢])= 31107 ||%, <7e. Again, by definition of 7. we see
that ||NLS(')1/)1H4?;LQLT < o0.

In either case, we obtain a new profile wi for the given 17 such that (5.37) holds
and [[NLS(-)4i|[r papr <00, We rewrite ¢y as follows (see (5.30)):

M
$r=Y NLS(—t))vi (-, —2]) + W,

j=1

where
M
itd j j j j
Z [ (- = 2) = NLS(—H)d (- — 24) | + W3 (5.38)
We observe that by Lemma 2.7,

M
e WM lgparr S e~ pd =NLS(=t4)9 |5, + e WM [l -
=1
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Thus, we have

M—00 \ k—o0

lim <hm e~ tHWM ||¢quLT>_o. (5.39)

The idea now is to approximate

M
NLS(t)dr~ Y NLS(t— L)l (-, — 21),

j=1

and use the approximation theory from Lemma 5.3 to obtain [[NLS(-)¢kllez Larr < oo,
which is a contradiction. With this in mind, we define

M
ur(t) =NLS(8)dr,  vl(8) =NLS(t =)0 (- —20), ul! ()= _v](t).

Jj=1

A simple calculation shows that i9,ul — HuM + [u}|?7uM =eM | where
M _ |, M|20, M J|20,J
er =luy [Fuy — E |0k *7 v,

and
u (0) —udt (0) =WM, (5.40)

We rely on the following two claims.

Claim 1. There exists A>0 (independent of M) such that for each M, there exists
k1 =k1 (M) with the following property: If k> k; then we have the following estimate

[ur" |l et parr < A. (5.41)
Claim 2. There exists ko =ka(M,e(A)) such that if k> ko, then we have the

following estimate

lew | o7 o oo S(A), (5.42)

where A is given by (5.41) and £(A) is the associate value provided by Lemma 5.3.

To prove Claim 1, we note that following the same strategy as in e.g. [16, 24,30,31],
relying on an interpolation of the norm involved in the asymptotic smallness of WM
((5.7), in our case) by norms of the form L}, and L H", seems doomed. Indeed, since
q>p, it does not seem easy to control the E”L‘ILT in thls fashion. However, as noticed
in [3], it is possible to do without, by just using the fact that the Lebesgue exponents
at stake are all finite. We therefore resume the main ideas from [3, Appendix A], to
obtain

timsup ! |35, <230 INLSOUL - (5.43)
— 00 j:l

Recall the identities p’' = (20 +1)p, ¢ =(20+1)q and " = (20 +1)r. To prove (5.43), we
first notice that if f1, fo € C(R;B1) NEELILT and

[tk — sk|+ |2k — k| —> 00,
k— oo
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then
|||fl(t7tkayazfZk)|20f2(t78kaya Ck ||€p La LT/ ‘) 0. (544)

Indeed, Holder inequality in space yields

H|f1(t7tkay727Zk)|20f2(t75kayazick)

<[t =t IZF N fa(t = s0) e

&L

=/
P rg
05 La

and (5.44) follows in the case |tk—sk|k—> o0, since p’ and ¢ are finite. In the case
—00

where this sequence is bounded, for vo > 1, Holder inequality in space and time yields

H|f1(t,y,2—2k)|2”fz(t+tk —5k,Y, 2 — C) (

<l

3] / ’
o LT L

AL falt+ts=sp)ller, . porr —2 0.

>~ Y0 Yo —+00

Now for ¢ fixed,

H|f1(t7y7z—2k)|20f2(t+tk _Skava_Ck)HLrl

— 0,
Tk%oo

:H|f1(t7y>z)|2af2(t+tk*Sk,y,ZJer*Ck)’
T
since |z — (x| — 00, | f1(t,-)|?° € L2e for all t, using the property f; € CyH' and Sobolev
embedding, and, for the same reason,
{fo(t+tx — sk,y,2+ 2K — (i), kEN} is compact in L", Vt.
Invoking Hoélder inequality in space again,
171522 e+ tn = sz 42—
<A

the Lebesgue dominated convergence theorem implies, for any given vy >1,

(t+tr—si)]

L7y

118,92 = 2017 Folt -t = swy.2 =Gl pargr 52,01

<~
hence (5.44). Now we observe that for M > 2, there exists a constant C; > 0 such that

2 M M
7 20
‘ D 2= 1%z
j=1 j=1

<Cu Y 1zl (5.45)

1<j#A<M

Writing

20+1

! iszjy—\)ZNLSt ALCIGEE

ELaLT

= H (Z |NLS(t—t-£)¢1(,7,_zi)|)20+1

& La L
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20+1

& i

M
<|| > [Nusee—twic,—=)
j=1

20+1

M . . . 2041 M ) ) )
o (OB GO ) M DI L CATHEEE S
J=1 =

L

The last term goes to zero as k— oo, from (5.44) and (5.45), hence (5.43) thanks to
triangle inequality. Now using (5.9) and (5.35), there exists My such that

”wi”B1 <v, VJZM(),
where v is given by Lemma 5.1. Lemma 5.1 then implies, for all j > My,
INLS ()2l ez porr <2l lllgp porr SN0 5,

where we have used Lemma 2.7. For o > %, we infer

o0
> INLSOWLl L. S Z W5 < Z 12113, <oo.
=My J=Mo Jj=Mo

Now for j < My, we have seen that
||NLS(')w§z”ZE’,L<1LT < 00,

hence Claim 1. Claim 2 then follows from (5.44) and (5.45).

Next notice that combining (5.40) and (5.39) we infer that for €(A) there exists
M, = M; (¢) such that for any M > M, then there exists k3 =k3(M;) such that if k> k3
then we obtain

le™* (ur (0) = uy” (0)) e Larr <e(A). (5.46)
Therefore, by (5.41), (5.42) and (5.46) we see that for k> max {k1,k2,ks} we obtain that
o gt <A, e g e <=(A) o e (g (0) ~ ! 0))s o <<(A). Thus
by Lemma 5.3 we get ||¢g |l Loz <oo, which is absurd.

Case (ii): We note that if equality holds in (5.32) for some j (we may assume
j=1 by reordering), then M =1. In particular, limsup,_, .. S(W})=0. Since S(W})~
W%, (see Lemma 3.5), we have that W;! —0 in B;. Thus {¢z},—, has only one
nonlinear profile

pp=e" Yl (.~ 2)+ W} and W} —0in By. (5.47)

Suppose that ¢} —¢*. If |¢*| <oco (we may then assume t*=0), we put ¢* =1'. Then
as k— o0, |l pt —NLS(—tL)ip*|| 5, —0. Now if [t*| =00, then ||+ ihl(| 2042 — 0.
This implies that

SI0H B =S e T2 = tim 8 () =7, <.

Thus, by Lemma 5.2 there exists 1)* such that the corresponding solution NLS(¢)y* € KT
for all teR and

etk Hpl —NLS(—t1 )0 ||l g, =0 as k— oco.
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In either case, we set u.:=t¢*. We note that u.o €Kt and S(uco)=S@*)=7.. By
(5.47) we can rewrite ¢y, as
¢ =NLS(—t3)0" + Wy,
where Wl =W} +ettiH )t —NLS(—t})y*. Since W} =0 in By, it follows by Lemma 2.7

M—o0 | k—oo

lim { lim |e—“HW,§4||£5LqLT}:0.
Therefore, by the same argument as above (Case (i)) we infer that [[uc[/eporr =00,
which proves the proposition. ]

5.4. Extinction of the critical element. In this subsection, we assume
that [lullpr_ pap-=o00; we call it a forward critical element. We remark that the same
Y=z

argument as below does work in the case |lul[;_ pqpr=00.
RS

LEMMA 5.5. Let u. be the critical element given in Proposition 5.2. Then u.=0.
To prove Lemma 5.5, we need the following result.

LEMMA 5.6. Let u. be the critical element given in Proposition 5.2. Then there exists
a function z € C([0,00);RY™™) such that {u.(t,-,-—=z(t));t >0} is relatively compact in
By. In particular, we have the uniform localization of u.:

sup/ [[Vu(t,z) >+ |ut,z)[* 2+ |u(t,z)|*] dz — 0. (5.48)
20 J|z+2(1)|>R R0

Proof. By [15, Appendix A] (see also proof of Proposition 6.1 in [16]), it is enough
to show that the following condition is satisfied: For every sequence {tj},—,, tx — 00,
extracting a subsequence from {t;},—, if necessary, there exists {zx},—, CR?™™ and
¢ € By such that wu.(tx,, - —2k) — ¢ in Bj.
We set ¢ :=u(tx). We note that ¢ satisfies:
S(¢r)=7. and ¢rckT. (5.49)

Since [|¢r[|B, S S(¢r), it follows that {¢x},~, is bounded in B;. Thus, using the same
argument developed in the proof of Proposition 5.2, we obtain that {¢x},;-, has only
one nonlinear profile

1
¢k :eZtkHw*('f _Zk> +W]§7

with W} —0 in By (see proof of Case (ii) above). Assume that |¢}| = co. Then we have
two cases to consider. We first assume that ¢}, — —oco. By Lemma 2.7 we see that

— Y7
e~ el s S I DG e o+ W
Since W,g —0in By and
. —1 p— 1 . —1
kli{go He it tk)Hd)*HfzzquLr :klingo H@ 1tH¢*||£f127t£LqLT =0,

it follows that ||e*“Huc(tk)H€p>1Lqu —0 as k—oo. In particular, for k large, we have
Y

||€_itHUc(tk;)||gP>quLr <48, where § is given in Lemma 5.1. Then from Lemma 5.1 we
Y2z
obtain that

INLS(#)ue(tr)ller arr $6,
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which is absurd. Next, if ¢}, — oo, then a similar argument shows that
||e_itHuc(tk)||e:§1LqL7- <4, for k large.

Again from Lemma 5.1 we have |uc|p oSO, Since tp — oo we infer that
v<tk

[teller parr <0, which is also absurd. Therefore ti —t*, t* €R. Thus
ue(ti, s, +2n) e " in By,

and this completes the proof. ]

Proof. (Proof of Lemma 5.5.) We proceed by a contradiction argument. Assume
that @ :=wu.0#0. We observe that G(¢)=0 (G, we recall, is defined in (1.3)). Indeed,
suppose that G(p)#0. We define

G(y)

P(x):= lzzosp(% ), where zp=-——05".
lellZ

It is not difficult to show that G(¢) =0, ||V,¢||2. < ||[Vul2. and ||[¢]|p20+2 =||¢|| p20+2.
Notice that 1€ K. Indeed, since ¢ € Kt we see that S(1) < S(p) =7, <. Moreover,
I(¢) >0. Assume by contradiction that I(¢)) <0. Then there exists A€ (0,1) such that
I(A\))=0. By using the fact S(p) > ;55 H<p|\2L"2j+22 we have

g g g g g
SOW) = 5 T00) + ~ N2 <~ w232 = — el 322 <6,

which is absurd by Lemma 3.2. Therefore, I(3)>0, S(3))<7. and Y€K (see
Lemma 3.4). The corresponding solution v € C(][0,00);B;1) of (1.1) with v(0)=1 is
given by

v(t,y,z)= ei(z'zo_t‘zo‘2)u(t,y,z —2tzp).

Since [[ucller parr =00, it follows that [|v[|sz ez =00, which is a contradiction with the
definition of 7.

Step 1. We claim that

BV, (5.50)

t—oo ¢

where z(t) is given in Lemma 5.6. The proof in [15, Lemma 5.1] can be easily adapted
to our case by considering the truncated center of mass of the form

t):/Rd () |uelt, ) 2dz,

where ¢r(2)=Rp(%), ¢(2)=(0(21),0(22),...,0(za—n)), z€RY ™™ such that 6 € C2°(R),
O(s)=1 for —1<s<1, 0(s)=0 for |s|>2/3 |0(s)|<|s|, ||0]|r~ <2 and ||0'||~ <4.
Assume that (5.50) is false. Then there exist a sequence ¢, — oo and a>0 such that
|2(tr)| > aty. Without loss of generality we may assume z(0) =0. For R>0 we set

to(R) =inf {t>0;|2(t)| > R}.
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We define Ry =|z(tr)|. Notice that Ry > ato(Ry) and to(Rg) — 00 as k—o00. On the
other hand, I, (¢) = ([T (t)]1, TR (H)]2. .., [Tz (t)]a—n), with

[[(t)]; = 2Im » 0' (%) 0jucticdr, je{1,2,...,d—n}.

Since G(u.(t)) =0 for all t€R, we infer that

Im Ojuctcdr = —Im Ojucucdx.
lzi|<R |zj|>R

By using the fact that §'(3)=1 for |z;| < R, we conclude
[Tz (t)]; =—2Im djucticdz +2Im 0' (34) 0jucticda.
|zi|=R |z|=R

This implies

(1) < 10 /

| |>R|Vuc||uc|dx§5/ [Vl + fuel?] de. (5.51)

|z|=R

Combining Lemma 5.6 and (5.51), given € >0 (to be chosen later) there exists R. >0
such that if Ry := Ry + R., then

|F;?k (t)] <5e. (5.52)

Moreover, by following the same argument as in the proof of [15, Lemma 5.1] we get

T4, (0)] < Rellpl 72 +2Rxe, (5.53)

IT 5, (t0)| = Ri(lloll72 —3¢) = 2Re [l 22, (5.54)
where t; =to(Ry). Since Ry > Ry, > aly, combining the inequalities (5.52), (5.53) and
(5.54) we infer that

28
seti= [0, 0012 g, (5) =T, 0)
> tial[lll7e —3¢) = 2R: || pll7,
that is,
ti [allellz: —e(3a+5)] <2Rc|l oIz

By taking € >0 sufficiently small, letting ¢; — co in the inequality above yields a con-
tradiction. This proves the claim.

Step 2. There exists >0 such that P(u.(t)) >n for all ¢ >0. Indeed, if not, there
exists a sequence of times t; such that

1
P(uc(ty)) < z for all k.

Since {u.(t,-,-—z(t));t>0} is precompact, there exists f € B; such that, passing
to a subsequence if necessary, gp:=uc(tx,,-—2(tx))—f in By. Notice that S(f)=
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limg 00 S(gr) = 7. <8 and since P(u.(tr)) >0, it follows that P(f)=limg_ . P(gx)=0.
Thus, S(f)<p and P(f)=0. By Remark 3.2, we infer that f=0, which is absurd
because S(f)=17,>0.

Step 3. Conclusion. We use the virial identities (4.6) and (4.8) with . in place of
u. We recall that

V"(t)=4(d—n)P(uc(t))+ R1 + Ro + Ra, (5.55)

where Ry, R and Rj3 are given by (4.9). Notice that there exists a constant K inde-
pendent of ¢ such that

|R1+ Ry + Rs+ Ra| gK/ [ Vue(®)? +uc(t)|® + uc(t)|* 2] da. (5.56)
|z|=R
By (4.6) it is clear that there exists a constant L >0 such that
[V'(t)| <LR. (5.57)
From Lemma 5.6, there exists p>1 such that

/ [\Vuc(t)\QJr|uc(t)|2+|uc(t)|2"+2] dxgw, (5.58)
|z+2(8)|2p K

for every t >0, where 7 is given in Step 2. Moreover, by (5.50) we obtain that there
exists tg > 0 such that

2n(d—mn)

()] < 21

t for every t >ty. (5.59)

For t* >ty we put
2n(d—n)
4L

It is clear that {|z| > Ry} C{|z+2(t)| > p} for all t € [ty,t*]. Therefore, by (5.56) and
(5.58) we get

Rt* :p+ t*. (5-60)

|R1+ R+ Rs+ Ra| <2n(d—n), for all te [to,t"]. (5.61)
Thus, by (5.61) and Step 2 we have
V"(t)>2n(d—n) for all t € [ty,t*]. (5.62)

Integrating (5.62) on (to,t*), it follows from (5.62) and (5.57)

-
2n(d—n)(t* —to) < V'()dt <|V'(t*) = V'(to)| <2L Ry~
to
=2Lp+n(d—n)t*.

Choosing t* large enough, we get a contradiction. The proof of lemma is now completed.
d

Proof. (Proof of Theorem 1.1 (i) (scattering result)). The proof of scattering
part of Theorem 1.1 is an immediate consequence of the Proposition 5.2 and Lemma 5.5.
0
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