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A BISMUT-ELWORTHY-LI FORMULA FOR SINGULAR SDES
DRIVEN BY A FRACTIONAL BROWNIAN MOTION AND
APPLICATIONS TO ROUGH VOLATILITY MODELING*

OUSSAMA AMINET, EMMANUEL COFFIE, FABIAN HARANG!, AND FRANK PROSKEY

Abstract. In this paper we derive a Bismut-Elworthy-Li-type formula with respect to strong
solutions to singular stochastic differential equations (SDE’s) with additive noise given by a multi-
dimensional fractional Brownian motion with Hurst parameter H <1/2. “Singular” here means that
the drift vector field of such equations is allowed to be merely bounded and integrable. As an application
we use this representation formula for the study of the § price sensitivity of financial claims based on
a stock price model with stochastic volatility, whose dynamics is described by means of fractional
Brownian motion driven SDE’s.

Our approach for obtaining these results is based on Malliavin calculus and arguments of a recently
developed “local time variational calculus”.

Keywords. Bismut-Elworthy-Li formula; singular SDEs; fractional Brownian motion; Malliavin
calculus; stochastic flows; stochastic volatility.
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1. Introduction

In recent years the construction and computation of risk measures have become an
indispensable tool for the risk analysis and risk management of portfolios in banks and
insurance companies worldwide. An important class of risk measures often applied by
investors on financial markets to hedge their positions is given by the “greeks”. These are
market sensitivities usually denoted by Greek letters e.g. “Delta”, “Gamma”’, “Rho”,
“Theta”, “Vega”..., and hence the name. For example the Delta A, which can be used
for the construction of delta hedges in portfolio management, measures the sensitivity of
price changes of financial derivatives with respect to the initial price of the underlying
asset. Roughly speaking, greeks are derivatives with respect to a parameter \ of a
(risk-neutral) price, that is, for example of the form

0
aE[@((X%))], (L.1)

where @ is the payoff function of a claim and X7 the underlying asset at terminal time
T, which depends on A.

In general, greeks cannot be obtained by closed-form formulas, especially in the case
of discontinuous payoff functions. Therefore, one has to resort to numerical techniques
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to approximate such sensitivities. A ground breaking method in this direction, which
is also applicable to path-dependent options, has been developed in Fournié et al. [13,
14]. Assuming that the dynamics of asset prices X; =X} is modeled by a stochastic
differential equation of the form

dX(t)=b(t, X (t))dt+o(t, X (t))dW;, Xg=2z€R?,0<t < T, (1.2)

where W;,0<t<7T is a d—dimensional Wiener process and b, ¢ are continuously differ-
entiable coefficients, the authors in [13] were able to represent (1.1) in a derivative-free
form, that is by

E[®(S(T))x], (1.3)

where 7 is the so-called Malliavin weight. Such a representation is also referred to as
Bismut-Elworthy-Li formula (BEL-formula) in the literature. See [7] and [8].

An advantage of this method is that the representation in (1.3) does not involve
derivatives of ® and that it exhibits numerical tractability via efficient use of Monte-
Carlo simulation. However, a deficiency of this approach is the requirement that the
coefficients of the SDE, which describe the dynamics of the asset prices in (1.2), are
continuously differentiable. The latter assumption is rather restrictive and excludes
the study of interesting financial models. Such models could, for example, pertain to a
generalization of the Black-Scholes model with “regime-switching” drift, that is

Sy =xexp(Y:), (1.4)

where
1
dY;=(b1X{v,>Rr} +b2X{v,<r})dt — 502dt+ath

for constants by, b, and a “threshold” R.

Another possible application is to interest rate or commodity markets with a model
whose dynamics is given by a generalized Ornstein-Uhlenbeck process with regime
switching mean reversion rate, that is

dYt:(@1X{Yt>R}+G2X{}Q§R})(b—n)dt+0’th (1.5)

for mean reversion coefficients ai,as >0, a threshold R, the long-run average level b € R,
interest rate volatility o > 0.

In the above models (1.4) and (1.5) the drift coefficients are chosen to be discon-
tinuous and used to capture regime-switching effects which may arise from regulations,
credit rating changes, market crashes or other financial disasters.

We mention that a BEL-representation for Wiener process driven SDE’s with merely
bounded and measurable drift functions as, for example, the one in (1.5) was first
obtained in Menoukeu-Pamen et al. [17, Theorem 4.6, Remark 4.7]. To be more precise,
for strong solutions X;,0<t¢<T to SDE’s with additive Wiener noise

AXT =b(t, XT)dt+dW;,

where be L>([0,T] x R%:R4), the authors prove, for bounded Borel-measurable ® and
bounded open sets U C R%, that
0]

5, 12X 1) = E[®(X7)r]" (1.6)
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for all x €U a.e., where the Malliavin weight 7 is

/OTa(s) (;UX;”)*dWS.

Here the derivatives appearing on both sides of (1.6) are Sobolev derivatives on U,
a:]0,T] — R is a bounded Borel-measurable function with fo s)ds=1 and * denotes
transp081t10n See also the related articles [3,4,20] and the references therein.

Using techniques from Malliavin calculus and arguments of a “local time variational
calculus” as recently developed in the series of works [2,5,6] in the case of fractional
Brownian motion, we aim at obtaining in this paper an extension of the above mentioned
results to the case of fractional Brownian motion driven singular SDE’s. More precisely,
we want to derive a BEL-formula of the type (1.6) with respect to strong solutions to
SDE’s of the form

dX;=b(t,X;)dt+dBf , Xo=2,0<t<T, (1.7)

where B 0<t<T is a d—dimensional fractional Brownian motion with Hurst param-
eter H € (0, %) and where the vector field b is singular in the sense that

be L1 =LY (R% L2 ([0,T];R?)) N L (R L ([0, T];RY)).

As an application of the techniques used in connection with the BEL-formula, we
also wish to study a Black-Scholes model with “turbulent” stochastic volatility, where
the dynamics of stock prices is described by the (singular) SDE

dX? =pX7dt+ 0 X7dW,, X§ =x,0<t <T.

Here W;,0<t<T is a one-dimensional Wiener process, 1 the mean return and o; the
volatility at time ¢, modeled by means of the SDE

Ay =b(t,Y)dt+ B ) Y{ =y,0<t<T

for small Hurst parameters H € (0,1/2) and singular vector fields be L%, which can be
used as explained above for the modeling of regime switching effects in stock markets.
Let us also mention that the choice of fractional Brownian motion with small Hurst
parameters H in the latter model, which becomes “rougher” the lower H is, is in fact
supported by empirical evidence (see [15]) and useful for the description of stock price
volatilities o; in “turbulent” stock markets.

Finally, we also point out the interesting work [12], where the authors derived
BEL-formulas for (functional) SDE’s driven by fractional Brownian motion with Hurst
parameters H € (0,1) in the case of differentiable vector fields, which they applied to
e.g. the study of Harnack type of inequalities.

The paper is organized as follows: In Section 2 we prove a BEL-formula with respect
to the SDE (1.7) for H < 2(d+2 See Theorem 2.2. We then show in Proposition 2.2,

that the BEL-representation has a continuous version, if H < 3(d+3) Finally, in Section

d+3)'
3 we discuss an application of our techniques used in Section 2 to the sensitivity analysis
of prices of options based on a Black-Scholes model with “rough” stochastic volatility

(Theorem 3.1).
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2. Bismut-Elworthy-Li formula

In this section we aim at deriving a new Bismut-Elworthy-Li-type formula with
respect to SDE’s driven by discontinuous vector fields and a fractional Brownian motion
with a Hurst parameter H < % We also propose a stock price model with “rough”
stochastic volatility, which allows for the description of regime switching effects with
respect to volatility data caused e.g. by economical crises, political changes or other
shocks on markets. Here, regime switching effects are modeled by means of singular
coefficients of SDE’s driven by a fractional Brownian motion. On the other hand, the
“roughness” of the volatility paths in the sense of paths with low Holder regularity is
described through the driving fractional noise of such SDE’s. Further, we also prove a
BEL-representation for the delta of an option with respect to that model.

In what follows, let us consider a fractional Brownian motion B ¢+ >0 with Hurst
parameter H € (0,1) on some complete probability space (€, F,u), which is (in the
1—dimensional case) a centered Gaussian process with a covariance structure Ry (¢,s)
of the form

1
S 2 ="

for all ¢,5s>0. See the Appendix. In the special case, when H:% the fractional Brow-
nian motion coincides with a Wiener process.
We also recall that the fractional Brownian motion is self-similar, that is

{BE}50 "2 (o B} 159

for all @ >0. Further, B¥ has a version with paths, which are (H — ¢)-Holder continuous
for all e€ (0,H). Another property satisfied by B¥, which actually rather complicates
the study of fractional Brownian motion, is that it is neither a Markov process nor
a semimartingale, when H # % See, for example, [18] and the references therein for
further information on the fractional Brownian motion.

In this section, we consider for H < % the SDE

dXF=b(t, X )dt+dB , X§=2,0<t<T. (2.1)

We mention that B in this case has the representation
t
B = / K (t,5)4xqd B, (2.2)
0

for a d—dimensional Brownian motion B., where I 4 € R4*? is the unit matrix and Ky
the kernel as given in (A.2) in the Appendix.
In the sequel, we also need the following notation for function spaces:

LY, =LY (R4 L2 ([0, T];RY)),
L =L (R L>([0,T;RY)),

L% =L NLZ.

We have the following result for the existence and uniqueness of strong solutions to
the SDE (2.1) which is due to [5] (compare also the results in [9] and [19], which cannot
be used to treat the case be Lé’ocfooo for d>1):

THEOREM 2.1. Let beLé’Ofooo. Then if H < m there exists a unique (global) strong

solution X® of the SDE (2.1). Moreover, for every x€R% t€[0,T] X7 is Malliavin
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differentiable in the direction of the Brownian motion B in (2.2) and X; is locally
Sobolev differentiable 1 —a.e.
That is, more precisely,

X;e (L2 (uwhr(U))
p>2

for bounded and open sets U C RY.

In preparation of our main result (Theorem 2.2), we also need a series of auxiliary
results:

LEMMA 2.1.  Let b€ C((0,T) x RY). Fix integers p>2. Then, if H < we have

2(d+2) ’

a p
sup 51| 27 | 1< Cpar (It Il ) <0
z€eR4 T i oc

for some continuous function Cyp g a1 [0,00)* — [0,00).
Proof. See [5]. d

LEMMA 2.2. Let H< (d+2), bEL})gfooo. Further, let X" n>1 be the sequence of
strong solutions to (2.1) associated with functions b, € C2°((0,T) x R%),n>1 such that

by (t,x) R b(t,x) (t,z)—a.e., (2.3)
sup ||bp || 1 <o0 (2.4)
n>1 o
and
[b(t,z)| <M <oo,n>1 a.e. for some constant M. (2.5)

Fiz t€[0,T] and x €R®. Then there exists a € (0,1/2) such that

/ t E[|| Do X7 — Do X7|%]
sup

!
o g 5w O (g by ) <0

n>1

and

Slifl)HD'X?HL%QX[O,T]) SSliIiCH,ul,T(”bn||Lg ) anHL,}m) <00 (2.6)

for some continuous function C g7 :[0,00)* — [0,00).
Proof.  See [5]. 0

PROPOSITION 2.1. Let X*" n>1 be a sequence of strong solutions as in Lemma 2.2
and X. the strong solution to (2.1). Then

X[ — X in L*(Q)

for all t,z.
Proof. See [5]. O
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LEMMA 2.3. Let UCR? be an open and bounded subset. Consider the sequence
X®" n>1 in Proposition 2.1. Then

0 0

— X" — —X

Ox n—soo O

in L2([0,T] x Qx U) weakly.

Proof. This result is a consequence of Proposition 2.1 and the estimate in Lemma
2.1. a0
We are coming now to the main result of our article:

THEOREM 2.2 (Bismut-Elworthy-Li formula). Let H < and let X7 be the unique

strong solution to the SDE

2(d+2)

dXT=b(t,X")dt +dBF X =2,0<t<T

forbe LY . Further, assume that U is a bounded and open subset of R and ® :R% —
R a Borel measumble function such that

O(X;) e LA(QxU,px dz).

In addition, consider a bounded Borel-measurable function a:[0,T] — R such that

T
/ a(s)ds=1.
0
/uTa(s—u)(S—u) —H g3 (%Xf_u>*d35dur
2.7)

for all t€U a.e., 0<t<T, where * denotes the transposition of matrices and where

Cu=1/(cul(3+H)T'(3 —H)) for

Then

) . oy [T _mo
%E[Q(XT)]:CHE@(XT)/O uw

[NE
[NIE

2H
((1—2H)B(1—2H,H+1/2)

CHg = )1/2.

Here T' and B are the Gamma and Beta functions, respectively.

REMARK 2.1. Let P be the predictable c—algebra with respect to the y—augmented
filtration {F;}o<i<r generated by BH. Then 8 7=X{,0<t<T on the right-hand side
of Theorem 2.2 stands for a process Y :[0,7] x Q xU— R in L2([0,T|x QxU,P®
B(U);R¥*4) such that Y, (w) is the Sobolev derivative of X;(w) (t,w)—a.e.

REMARK 2.2. The condition of boundedness of the Hurst parameter by the function
(d— m) poses some serious questions on the applicability of the previous result.
The results in [15] show, see also Section 3, that when the volatility is modeled as a
one-dimensional process the restriction can accommodate many of the observed time
series. When d > 2 the previous result as it is is not directly applicable and two potential
solutions are as follows:

e The strength of the previous result lies in its applicability to very singular vector

fields. This, not surprisingly, is also the reason for the restriction on H as a
function of the dimension, see [5]. Thus a possible solution would be to restrict
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the class of vector fields that are covered by the previous theorem or by working
in Besov spaces, in the spirit of [9], where the interplay between the regularity
of the vector field and the roughness of the driving noise is much more explicit.
This is in fact a work in progress and an extension to the results in [5].

Provided one can accommodate a multiplicative volatility of volatility (vol-of-
vol), then a Black-and-Scholes-type model where the volatility is driven by
rough one-dimensional volatility is a very rich model that can accommodate
many of the stylized facts observed in the markets. This is in principle possible
to achieve but at the cost of either strong smoothness requirement on the vol-
of-vol or the use of the theory of rough paths in order to give a meaning to
integrals with respect to fBm with H < % At this moment in time it is not
clear to us how to integrate the last solution with the method used in the proof
of the theorem.

Proof. (Proof of Theorem 2.2.) Let ®<€C(R?) and choose a sequence of
functions b, € C°((0,7) x R?), which approximates the vector field b in the sense of
(2.3), (2.4) and (2.5).

Denote by X>*" the unique strong solution to

dX7"" =b, (t, X" dt+dBH  X$" " =2, s <t<T

for all n. Since b, € C2°((0,T) x R?), it follows that there exists a Q* with pu(Q*)=1
such that for all weQ*,0<s<t<T

(= XD (w)) € C(RY).

See e.g. [16].
The latter and dominated convergence then give

9 T,m\] __ | x,n 0 T,n
BB = Bl@ (X5") - X5,

where ®' is the derivative of ® and X" = X" On the other hand, we have that for
all 0<s<t<T,xelU

5,X5" n
X=X, " ae.

So we obtain that

9 MmN | z,n 0 s,Xf’”,nE z,n
S BRG] = B (X)X L e,

We also know that the Malliavin derivative D X" of X;"*" in the direction of B
exists and satisfies the equation

where I;x4 is the identity matrix. Further, we see that Q%X.u X

t
D xpmn :/ by (8, X5 D X3 dr X,y uy Taxds

u

x,n
N

solves the same

equation for s=0. Therefore, we obtain by uniqueness of solutions that

Hyzn _ 0 u, X" n
Du Xt —%Xt “ a.e.
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Hence

BB = Bl@ (X5 DI XL Xz

9
ox
Let ¢ € C°(U). Then
z,n 0 | z,mn H yz,n 0 z,n
— | E[o(Xp")]5-e(@)de= | o(z)E[Q(Xp") DS Xy - X" da.

Further, using the fact that the function a sums up to one combined with the chain rule
for D (see [18]), we obtain that

-/ E[@(X?")]a%wm
0

/ / {a(s) x")DHXz"a—X:’"}ds]dx
H z,n 9 z,n
= | p(a)E] {a(S)Ds O(X7") 7 X hds]d
U 0 6x
On the other hand, Proposition 5.2.1 and p. 285 in [18] show that
H sl [T H-1 H-1
DHO(XE™)=Cst™ (/ (u—s)~H-Ty *EDU@(X%”)du).
for a constant C' depending on H. D, stands here for the Malliavin derivative in the
direction of the Brownian motion B..
Hence, we obtain by substitution (first for u substituted by w+s in the above

relation and then for s by s—u in the next step), Fubini’s theorem and the duality
formula with respect to the Malliavin derivative D. that

- E[@(X%’")}a%(x)dx
U

=C/U<p /{a )Cs?™
0

x(/ (u—s)"H-24""3D @(X”””)du)%X?”}ds]dx

T
X / a(s—u)(s —u)%*HsH*%DSCI)(X;’”)ngdesdu}dx

ox
~¢ [ ewro)
x/OTu—H—é/Ta(s_u)(s_u)%—HsH— (aa X”>*stdu]*dx
L)+ B,
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T 1 T 1 1 a
></ u_H_é/ a(s—u)(s—u)2 HsH2 (8 Xx") dBsdu]*dz
0 u

and
T 1
Bn):=C [ p@Ele(xF) [ u i
U 0
T 1 1 8 *
x/ a(s—u)(s—u)2 HsH~2 (Xf_ﬂ) dBsdu]*dz
“ oz
T 1
—¢ [ p@B(xy) [ uh
U 0
T ) a *
></ a(s—u)(s—u)z HgH—3 (6 X ) dBsdu)*dx+I3(n),
where

U
x{(in_ﬂ) —<aafo_u) YdBsdu)*dzx.

It follows from Fubini’s theorem, Holder’s inequality, the Itd isometry, Lemma 2.1,
Lemma 2.1 and dominated convergence that

L)
<Clol., / (B[ B(XE™) — o (XF)[2]) >
U
T s
><(/0 sQH_lE[(/O U,_H_%‘CL(S— HXI" V] ds) /2 dx

SCH<PHOO/U(E[|<I>(X;i’”)—c1>(Xﬂr)| ])1/2(/ 2

S % _H-1 1_yg —H-1% 1_
//u (s — )| (s — ua) "y T H (s — ug)| (s —uz) 1 H

2
HX””‘ 7 Ko s 1Y2duy dugds) 2 dx

S—Uu1

T
:CH@HOO/U(EHCID(X””") (I)(Xx)|2])1/2(/ n
X(/OsuHém(su) H X
<l [ (EIROG") ~ 8(5) ) 2da / -1

0

1/2d V2ds) 2 da

xsupCy o ar (bl - [Bull )4 / WS (s — )| (s — u)t " du)?ds) /2
n> 0

n—»oo

<Clel.. /U (BI®(XE™) - &(X2) )Y 2da( / sH-bas)l2 g,
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where we used the boundedness of the function a in the last estimate.
By applying the Clark-Ocone formula (see e.g. [18]) in combination with It6’s isom-
etry and the chain rule for the Malliavin derivative, we see that

I5(n)
=0 [ el)EERe) | L / als—u)(s—u)p st

x{(in”L) T (aaxxgu> *}stdu]*dx

+0 [ el e / " a(s—u)(s—u)i "1 D, ()
0
:C/ng(:c)E[/O u*H*%/u a(s—u)(s—u)2 Hs" 29 (XE)D, X%

0 x,mn 0 x * *
x{%Xsfu—astfu} dsdu]*dx.

x{%Xf’_nuf X7 Vdsdu]*dx

Then using Lemma 2.3, Lemma 2.2 and dominated convergence in connection with
Lemma 2.1, we find that

[3(n)| — 0.

Here we mention that D.X; used above stands for a weak limit of a subsequence of
D.X7"n>1in L*([0,T] x Q2 x U) such that D.X#% is a representative of the Malliavin
derivative of X7 for almost all = in U. The latter however is a consequence of Lemma
1.2.3 in [18] in connection with Lemma 2.1, dominated convergence and the bound (2.6),
which is independent of x.

Similarly, we also obtain that

- [ B — [ el
U

n—>oo Jir xr

o(x)da.
So
- | PG s
~c [ ewrlox)

T 1 T 1 1 6 *
x/ u_H_f/ a(s—u)(s—u)2 Hsf—2 (Xfu> dBsds]*dx.
0 u or

Finally, we can apply the monotone class theorem in connection with dominated
convergence and the Cauchy-Schwarz inequality and verify the latter relation for Borel
measurable functions ®:R¢ — R such that

O(X;) e LA (QUxU,px dz).

Hence the result follows. 0



O. AMINE, E. COFFIE, F. HARANG, AND F. PROSKE 1873

In financial applications the right-hand side of relation (2.7), say M may be inter-
preted as a sensitivity measure- known as delta- for changes of the fair value of an option
with payoff function ® and underlying d stock price processes X* (under a change of
measure) with respect to the initial prices x € R% of the stocks. The quantity M, is a
priori, for H < 3(@+2) +2), only defined for almost all initial values x. In practice, however,
where a trader is interested in sensitivities with respect to specific initial prices of the
stocks, the choice of M as a sensitivity measure would be not satisfactory. On the other
hand, in order to make sense of M as a delta for all x €R?, one can in fact choose a
version of M, which is continuous and hence defined for all z. It turns out, however that
such a version of M exists, if the Hurst parameter is allowed to be a little bit smaller
than in Theorem 2.2, that is H < See Proposition 2.2, whose proof requires the

2(d+3)
following new estimate, which is based on Theorem A.3:
LEMMA 2.4. Let b€ C°((0,T) x R?). Fiz integers p>2. Then, if H < 2(d+3), we have
P
sup E[H x| 1< (bl I8l ) <00
z€R?
for some continuous function Cyp p a7 [0,00)* — [0,00).
Proof. Since the stochastic flow associated with the smooth vector field b is
smooth too (compare to e.g. [16]), we obtain that
8 S,T ¢ s,z a s,
%Xt :Idxd+ . Db(u,Xu’ )%Xu’ dU7 (28)

where Db: R4 —>L(Rd,Rd) is the derivative of b with respect to the space variable.
Using Picard iteration, we see that

2X”_IMJFZ/ Db(u1, X5") ... Dbty X" )t dus, (2.9)

0
m>1

where
ATy ={ (1) €[0, T 10 <ty <. <ug <t}

By using dominated convergence, we can differentiate both sides with respect to x
and get that

da? 7Z/m ox [Db(ur, X3y).-- Db, X3 | du, .. duy.

Then application of the Leibniz and chain rule yields

a S,T S,T
g[Db(ul,Xu’l ). Db(tpm, X577)]

m a
= Db(uy, X5")...Db(ur, X577 2= X" .. Db(tgn, X327,

am Um
r=1

where D2b=D(Db): R? —» L(R, L(R?,RY)).
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So it follows from (2.9) that

9? s,z « S,z s,T
@Xt’ = Z /leDb(uthl )ng(’uﬂ,‘?Xu;)

my>1 Ast r=1

x| Tyxa+ Z/ L Db, X357)...Db(0y X3 ) v, ..y
K

mp>1" Teur
XDb(urg1, X7 ) Dbt s X007 )ty -...dus

my
=y Z/ Db(ur, X5:®)..D?b(tr, X3 Dbty , X% )t ... dus
ATl N

my>1r=1

mi
3N /Ml /Amz Db(u1, X5®)...0%b(u,, X3:7)

mi1>1r=1mas>1

X Db(v1, X3;7)...Db (v, X527 )Db(ttp 1, X

u’il )...Db (s, ,Xj;fl )
AUy ...dvidUn, ...du;

We now aim at applying Lemma A.3 to the term I in (2.10) and find that

my
L=> >3 /Am1+m2 HX oy (W AU, 4y -..dUy (2.11)

mi1>1r=1mg>1

for w= (u1,...,Um, +m, ), where the integrand H;y . (u) € R?@R?@R? has entries given
by sums of at most C(d)™1 ™2 summands, each of which is a product of length mj +mo

of functions belonging to the class
o7 ,
Y (X5 i =1.2. 0 =1 ... .d\.
{axllaxlj (u, X3"), 0 =1,2,l1,12,i=1,..., }

Here it is crucial to mention that the number of times second-order derivatives appear
in those products of functions in (2.11) is exactly one. Thus the absolute value of the
multi-index o with respect to the total order of derivatives of those products of functions
in connection with Proposition A.4 in the Appendix is given by

|a]=my+ma+1. (2.12)

We now choose p,c,r € [1,00) such that ¢p=27 for some integer ¢ and % + % =1. Then we
can employ Holder’s inequality and Girsanov’s theorem (Theorem A.2) in combination
with Lemma A.2 in the Appendix and get that

E||12])"]

<ol [ TEY Y

mi>1r=1mo>14i€l

(2.13)

BH
/ H7 (W) dum,y +my---dug
Azntl +mo

L2 (Q4R)
where C':[0,00) — [0,00) is a continuous function. Here #I < K™ ™2 for a constant

K =K(d) and the integrands 'HZBH (u) are of the form

mi+ma
HE ()= T hilw)hi€ AI=1,...;my +my
=1
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where

9i _
A= ———p@ BHY j=1,2,11,l5,i=1,....d ;.
{axlla% (u,er u )7] s 451,02, [REES)

Also in this case functions with second-order derivatives only appear once in those

products.
Define

24
J= (/ HZBH (u)dum1+m2...du1> .
ATt

Using again Lemma A.3 in the Appendix, successively, we obtain that J can be written
as a sum of, at most of length K(g)™*™2 with summands of the form

29(m1+mz)

/Qq( L4mg) H Ji(ur)duga (m, +my)---dus, (2.14)
A57tnL m P

where f; € A for all [.

Here the number of factors f; in the above product, which have a second-order
derivative, is exactly 29. Thus the total order of the derivatives involved in (2.14) in
connection with Proposition A.4 is given by

la] =29(m1 +mg+1). (2.15)
We can now invoke Theorem A.3 for m=29(my +ms) and €; =0 and find that

29(m1+m2)

E / 29(my+mg) H fl(ul)dqu(mlJ’_”Lz)“'dul
Al =1

§0m1+m2( )2q(m1+m2)

||b||L1(Rd;L°c([0,T];Rd))
((229(my +mg + 1))/

X
F(—H(2d2‘1(m1 +m2) —|—42‘1(m1 +meo + 1)) + 22’1(m1 +m2))1/2

for a constant C' depending on H,T,d and q.
So the latter combined with (2.13) shows that

B[ 12]]
SC(||b||L£)( Z Z Km1+m2((||b||L1(Rd;L°°([07T];Rd)))2q(m1+m2)

mi1>1mo>1
((2(27(m1 +ma+1))H)1/* 1/29\p
X 7))
T(—H(2d29(my +mg) +429(my +ma+1))+229(my +ms))

for a constant K depending on H,T,d,p and q.
Since 2(d1+3) < 5 for mqy,mo >1, the above sum converges, when H <

1
My fmo+1
(d+2 'rizli»'r?zz )

1
2(d3)"
Further, one establishes in the same way a similar estimate for E[||I1]|”]. Altogether,
the proof follows.

Using Lemma 2.4, we can obtain the following result:
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THEOREM 2.3. LetbeLL>™®  H<

0,007

for all 0<t<T we have that

2(d+3) and U CR? a bounded and open set. Then

X; e (L2 (uW?P(U)).

p=2

In particular, for all 0 <t <T there exists a Q* with u(Q*)=1 such that for all w e Q*
(x+— X7 (w)) has a continuous version on U.

Proof. Following the ideas of Proposition 4.2 in [17], we approximate b by a
sequence of vector fields b,, € C°((0,T) x R?),n>1 in the sense of the conditions (2.3),
(2.4), (2.5). Let X" ,n>1 be the sequence of strong solutions to (2.1) associated with
those functions. Let ¢ € C2°(U;RY) and define for fixed ¢ € [0, 7] the sequence of random
variables

(X;™,¢) ::/U(Xf’”@)Rd dz,n>1.

By invoking similar arguments as in the proof of Proposition 4.2 in [17], which relies on
a compactness criterion for square integrable functionals of Wiener processes (see [10]),
in combination with the estimates of Lemma 5.6 in [6] one proves that there exists a
subsequence n;,j > 1 such that

(X™.9) = (X5.9) (2.16)

in L2(Q) strongly for all ¢ € C°(U;R?), where X*,0<s<T is the strong solution of
Theorem 2.1. Note that we also have from Proposition 2.1 that

Xz ,n X’E
n—>oo

in L2(Q2) strongly.
Further, one gets from Lemma 2.4 that

2
0 [ [ gy < D | sup [0 ) <o
"= i=0

for H < (d+3)

On the other hand, we know that L?(Q;W?2P(U)) is a reflexive space for p>1.
Hence there exists a subsequence n;,j > 1 such that

X" —Y

j—>00

in L?(Q;W2P(U)) weakly. For simplicity, suppose n;,j>1 coincides with the subse-
quence in (2.16). In addition, we obtain for all A€ F, ¢ € C(U;R?Y), 0 ... +a(d) <2
with a® €Ng,i=1,...,d that

. 80‘(1)_‘_”_4’_&(@
1 X v -
A 8a(1>x1...8a‘d’xd¢

aa(1)+...+a(d)
14 - 0 X" ¢
8a(1)$1...6a(d>l’1 ¢ ’

E

_ (—1)a(1)+"'+a(d)E
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aa(1)+...+a(d)
(g )|
On the other hand (2.16) also implies that

9o+ tal®
{5 A e

b .
0 1.0 x4 j—ro0

N (_l)a(1>+...+a(d>E
j—>00

E

aa(1>+“_+a(d)
x-S s\
A < £ 9am g 90D gy ¢>]
Hence X; € L?(Q;W?2P(U)) for all p>2. |

Denoting by M =M (z),x €U the right-hand side of relation (2.7), we prove that
M possesses a continuous version:

PROPOSITION 2.2. Retain the conditions of Theorem 2.3. Let p>max(d,4) and
®:RY—=R be a bounded continuous function. Then M has a continuous version on
U, which is obtained by replacing in M on the right-hand side of (2.7) the derivative
of the flow by a predictable version {Y;,0<t<T}e L*([0,T] x Q,dt x u; WP(U)) with
Y, (w)eC(U) for all (t,w).

Proof.  As before denote by P the predictable o—algebra on [0,77] x € with respect
to {Fi}o<i<r. Then, by using almost the same proof of Theorem 2.3 combined with
Lemma 2.4, one shows that there exists a %Xj € L%([0,T) x Q,P,dt x u; WhP(U)) with

p>max(d,4) such that (%X]; (w) is the Sobolev derivative of X;(w) on U (t,w)—a.e. So
in particular, we see for ¢ € L*°(U;R) that

0
— X7 <t<
/U@xthS(x)dx’O*t*T

is a predictable process. Now let us choose a continuous version Y; (w) of a%X,g (w) for
all (t,w) (which exists by a classical Sobolev space theory and our assumptions). Then
the process

/ Y2 (w)(z)dz, 0<t<T
U

is predictable, too. Let &, € L®°(R%),e>0 be an approximation of the Dirac delta
measure in y € U. Further, let V be an open and bounded set with V CU and y€ V. In
addition, consider a continuous function ¢ on U with compact support in U such that
¢(x)=1 for all z€ V. Then

| Y@@ s v

for all (t,w). So Y}Y,0<t<T is a predictable process for all y€U.
Using It6’s isometry we find that

sup E[
zeU

T
:CsupE[/
0

zeU

T T
/ u*H*%/ a(s)(s—u)%*HsH*% (Yf_u)*stdu
0 u

2
T

| ot i Sats) (s s (V) d
0
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2

T T
<Csup / E[( / u-H-zx<u,T><s>|a<s>|(s—u)stH‘2Hmndu) Jds

zeU

On the other hand, we see that

E[(/o w2 X iy (s) a(s) | (s —u) 2~ sH 2 ||quHdu>

T T
—_g-1 1_ _1
=/0 / uy T i () as) (s —uy) A= H M

(S—UQ)%_HSH_%

_H-—1
XUy X(us 1) (8)]a(5)

BV Y s

//u{ @)l (s w) 513

x5 1) () la(s) | (5= ua) B 1

B[y, 1Bl Y, |1 2 dudus. (2.17)

Let b,,n>1 be a sequence of smooth functions, which approximates b in the sense of
Theorem 2.3. Denote by X*" n>1 the corresponding solutions. Then it follows from
Lemma 2.1 that for all B€ B([0;T]), GeB(U):

// < X””"aX””"> Jdadt
0 Rdxd

< X 8Xg”""> ]dxdt’
al’ Rdxd

0
< Y yvzn
/B/GE[HamX’f H

U?E -~
P =
< [ Comartballg Mol ) *(Comir (Pl Pl ) o

g//Kda:dt,
BJa

where K <oo is a constant only depending on H,d,T and the “size” of b. Hence,
by using Lemma 2.1 and weak convergence both in L2([0,T] x Q x U,dt x j1 x dx;R4*?)
and L2([0,T] x Q,P,dt x u;WLP(U)) for suitable subsequences with respect to n and m,
successively, we see that t—a.e, z—a.e.

2
xpm| 12 dadt

Ely7|*]<C

Using Fatou’s Lemma combined with the continuity of (x+——Y"(w)) for all (t,w), we
also find that t—a.e.

E(|y7f)<cC (2.18)
for all x € U. Similarly, one shows that

E(ly7|" <0 (2.19)
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for a constant C' < oo for all z€U. So we obtain from (2.17) that

T 2
supE[< / u R Xy (8)[a(s) (s —u)? “W\YMIdu)]

zeU
<C// T i 8) s ) E s
u2 X(uz (s )(37u2) “H =3 duy dus
—C/ / (s—u)? "3 dsdu < co. (2.20)
So
T 1 T 1 1 * 2

supE[/ u” 75/ a(s)(s—u)2 HsH ™2 (Y7 ) dBdu| | <oo. (2.21)
zelU 0 U

Now let z,,, — x€U. Then
m—7>00

1

T T
E[@(Y;m)/ u_H_f/ a(s)(s—u)z Hst=2 (V2 )" dB,du
0 u

T T
7@(}/’1‘?)/ u*H*%/ a(s)(sfu)%*HsH*% (Ysz_u)*dBSdu]
0 u

<N+ 11221,

and

T T
b ;:E[@(Y;f)/ u—H—%/ a(s)(s—w) i HH=3(Yon)* — (V2 )" )dB,dul.
0 u
It follows from It6’s isometry and (2.20) that

1L ]| < E[(@(YE™) — B(Y))2] /2

T
x(supE[< / w5y () |a(s)| (s—u) 2~ H st 3 an_uudu) )2

zeU

<SCE[(®@(Y7m) - (Y§)?)H 2.

So because of dominated convergence Iy =I;(m) — 0.
m—>00
On the other hand

12|l

T T
<CE| /O wH—4 / a(s)(s—w)FHH=H(YEn)* — (V2 ) )dB,du
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2

T
<supE[< / w2y ) (s)|a(s)| (s —u) 2~ sH 2 Hm—mndu) ]

zeU
/ / u1 X(ul, 1) (s )|a(s)|(3_u1) —H H-}
xuy X(u2T( s)|a(s)| (s —up) 2 ~HsH~3

) B(||Y 0, =Y, 1BV, =Y, [ durdus.

Because of continuity we know that

v =¥

— 0

—r 0

for all (t,w). So it follows from uniform integrability in connection with (2.19) that

T Tom (|2
BIYE Y7 ) — 0

—>00

for all ¢. Then using (2.18) and dominated convergence shows that

IQZIQ(m) — 0.

m—>00

In summary, we see that M = M (x) with the derivative of the flow replaced by Y;,0<
t<T is continuous in z on U. 0

3. Application: Stock price model with stochastic volatility
In this section we propose a model for stock prices S;*"?,0<t¢<T with stochastic
volatility 072,0<t<T described by the following SDE

t t
spre = [ pspedus [ glo)siea,
0 0
t
ng:x2+/ b(u,0%)du+ B 21,00 €R,0< 1 <T, (3.1)
0

where W. is a Wiener process, Which ib independent of a fractional Brownian motion B
with Hurst parameter H < 2(d+2) , and where p€R, be L1 and ¢g:R — (a,00)

belongs to CZ(R) for same a > 0. Let us also assume that 2 =Q; x Q5 for sample spaces
Q1, Q9, on which W. and B are defined, respectively.

For a moment, let us assume that b€ C2°((0,7) x RY). Then X¥ := (S;V* 072)* 2=
(z1,72) is Malliavin differentiable with respect to Z=(ZW), Z(Q)) = (W,BH)* with
Malliavin derivative D= (D", DH)* and we get

t
z p0
DX} = /(Ob( )>DXdu
E /E o —a;(§¥2, 12)(D5Xff)rle¢(Lj)
S _ l

X0, (s) (@i (ST, 03))1<i <o

_ p0 x
7/5 <0 b(u’052)>Dqudu

0,00

1<i,r<2
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(/ Za all le 2, 12)( 5)7“1qu>
s i 1<i,r<2

+X[0 t](s) (aZ] (val’z2 22))1§7L,jg2

where

(aij(®1,22)) <4 j<o = (g(ml)m ?> '

We know that X;*Y is twice continuously differentiable with respect to (x,y). Then
using a substitution formula for Wiener integrals [18, proof of Theorem 3.2.9], one finds
similarly to the proof of Theorem 2.2 that

0 s,.x°
DX} = %X: * o () (@65 (S57%,05%)) 1 <4 <o

Similarly, we get for a payoff function ® € C°(R?) that
0 0 s, X7 0

2 plagepm) =g (33 x; Ly

So
0 T T1,T2 T2 -1 0 T
75 L @(X7)] = BI® (X7) Ds X7 (a5 (S72,05)) 14 j<o 5 K5 |-

Hence, for a bounded measurable function a summing up to one we obtain by means of
the chain rule with respect to D. that

)

s 1<4,5<2 oz

_E/ {a(s)®' (XF) Dy X7 (4 (S772,052)) 12 J - X hds]

T1,T To 0 x
/ als) DuB(X) (035 (577 ,072)) L1y X7}

We have that

r1,T2 xr2 - a x
(aij(Ssl’ 0 ))1<1ij<2%
_((Smrmgom) T sz (Spheg(gre) 1 S
0 c’)gzas .
Thus
T1,Ty LT -1 0 T
Dy ®@(X7) (aij (S 0 ))1§¢,j§2%
x T1,T2 xTo 8 X1, 12
= (DY @(X7)(S572g(052))” 5$15
0
DW(I) Xz T1,T2 ) T1,T2
s ( T)(Ss g(O’S )) 8$25

d
DHQI>(XT)a o"2)*,
T2
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So it follows that

9 x
2 pla(xs)
! 0
= (E[/ CL(S)DZV(D(X%)(S:LIzg(Ufz))*lisfl,zgds],

0 ) 8371
! 0

E[/ a(S)DZVq)(X%‘)(S;h’x29(052))_17551’x2d8]
0 6I2

T
+E[/ a(s)qu>(X;)ia§2ds])*.
0 Oz,

In fact, using the independence of W. and B¥ | we can employ the proof of Theorem 2.2
and get that

o¥2ds]

B[ at)Dlo (x5 -

1

T T
:CHE[Q(X%)/ uiH*é/ a(sfu)(sfu)istHfégafiustdu},
0 u T

where B. is a one-dimensional Brownian motion with respect to the representation of
BH in (2.2).

Finally, we can apply the duality formula with respect to W. and similar arguments
as in the proof of Theorem 2.2 based on regular functions g, b, ® and we obtain the
following BEL-formula for our stock price model (3.1):

THEOREM 3.1.  Let U CR? be a bounded, open set and bEL})g?"OC in the stock price

model (3.1). Further, assume that g:R —> (a,00) belongs to CZ(R) for some a>0 and
that ® :R? — R satisfies

®(Sy,00) € L* (X U, pux dz).

In addition, let a be a bounded and measurable function on [0,T], which sums up to 1.
Then

a T1,T2 T2
a—IE[CIJ(ST O )]

T
-1 0 T1,T
—(EB(X) [ a(s)(S717g(072)) 5 S W)
0 1

s

T
BIR(XF) [ a(s)(S5"g(0t) ! 5 - STeedIv
0 Z2

T T
+CHE[<I>(X%)/ u—H—%/ a(s—u)(s—u)%—HsH—%aﬁafzustdu])* (3.2)
0 u €

for almost all x=(x1,22) €U, where Cy is a constant as given in Theorem 2.2.

REMARK 3.1. If H< m = %, one can show just as in Theorem 2.2 that the right-

hand side of (3.2) has a continuous version.

Appendix. We start by stating some basic facts about fractional Brownian motion
and then use these to recall some results on the Malliavin calculus with respect to
fractional Brownian motion. For an in-depth treatment of this material see [18]. We
end with a collection of some technical lemmas that we make use of in our paper.
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A.1. Fractional Brownian motion. Let a, b€R with a<b. Let f¢€ L”([a,b])
with p>1 and a>0. Introduce the left- and right-sided Riemann-Liouville fractional
integrals as

12 =3 | =y

and

1 b
I — _ \a—1 d
P @) = g [ w0 @y
for almost all x € [a,b], where T is the Gamma function.

For a given integer p>1, let I, (L) (resp. Iy* (LP)) be the image of LP([a,b]) of
the operator I%, (resp. If"). If felI® (LP) (resp. fel (LP)) and 0<a <1 then we
can define the left- and right-sided Riemann-Liouville fractional derivatives by

o 1 d [T fly)
D“*f(x)‘m—a)%/a @)

and

o 1 d " f
DL )= R ey s ). G

The left- and right-sided derivatives of f can be also represented as

1 I [T - )
Dot =5y <<x—a>a waf ) dy)

and

o _ 1 f(x) " f@)—f(y)
PEI®=rq=0) ((b—x)& v [ )
Using the above definitions, one obtains that

15+ (Dg+ f)

f
for all feI® (L”) and

Dy (I f)=f
for all fe LP([a,b]) and similarly for I;* and Dj" .

Let now BY ={B}! t€[0,T]} be a d-dimensional fractional Brownian motion with
Hurst parameter H € (0,1/2), that is B* is a centered Gaussian process with a covari-
ance function given by

o H,(i) pH,(j)1 _ } 2H | 2H 2H .
(Ru(t,s))i;:=E[B; " B! ]_6”2 (2 —[t—s?"), dj=1,....d,
where d;; is one, if ¢ =7, or zero else.

In the sequel we briefly recall the construction of the fractional Brownian motion,
which can be found in [18]. For simplicity, consider the case d=1.
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Let € be the set of step functions on [0,7] and H be the Hilbert space given by the
completion of £ with respect to the inner product

(10,9, 1[0,s)) % = Ru (t,s).

From that we get an extension of the mapping 1j ;> B; to an isometry between H
and a Gaussian subspace of L%(Q) with respect to B¥. We denote by ¢+ B () this
isometry.

If H <1/2, one shows that the covariance function Ry (t,s) has the representation

tAs
Ry(t,s)= Ky (t,u)Kg(s,u)du, (A1)
0

where

KH(t7s):cHl(z>Hé(t—s)H_é—k(;—H) s%—H/tuH—S(u—s)H—édu . (A2)

S

Here cy = \/(1_2H),6(12—H2H mriy3) and (s the Beta function. See [18, Proposition 5.1.3].

Based on the kernel K, one can introduce by means of (A.1) an isometry K7},
between & and L?([0,7]) such that (K7j;10.4)(s)=Ku(t,s)1[,4(s). This isometry has
an extension to the Hilbert space H, which has the following representations by means
of fractional derivatives

(K)o = (143 ) 4 (DE o) ()
and

(Kol =ent (143 ) (DF"0()) 0

+en (; —H> /STsD(t)(vt—s)’L"g (1— C)H) dt.

for ¢ € 1. One also proves that H :I%,_H(Lz). See [11] and [1, Proposition 6].
Since K} is an isometry from H into L?([0,T]), the d-dimensional process W =
{W,t€[0,T]} defined by

We:=B"((K5) ™ (1j0.0)) (A.3)

is a Wiener process and the process BY can be represented as
t
Bl = / Ky (t,s)dWs. (A.4)
0

See [1].
In what follows we also need the definition of a fractional Brownian motion with
respect to a filtration.

DEFINITION A.1. Let g:{gt}te[O,T] be a filtration on (2, F,P) satisfying the usual

conditions. A fractional Brownian motion B is called a G-fractional Brownian motion
if the process W defined by (A.3) is a G-Brownian motion.
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In the following, let W be a standard Wiener process on a filtered probability space
(0,24, P),{Fit}tejo,r), where F ={Fi}iejo,1) is the natural filtration generated by W and
augmented by all P-null sets. Denote by B¥ the fractional Brownian motion with Hurst
parameter H € (0,1/2) as in (A.4).

We aim at using a version of Girsanov’s theorem for fractional Brownian motion
which is due to [11, Theorem 4.9]. The version stated here corresponds to that in [19,

Theorem 2]. To this end, we need the definition of an isomorphism Ky from L?([0,T])
1
onto Ii+2 (L?) with respect to the kernel Kz (t,s) in terms of the fractional integrals

as follows (see [11, Theorem 2.1]):
1y, A-H g1
(Kup)(s)=I12Hs3 A2 s34 oeL?([0,T)).

Using this and the properties of the Riemann-Liouville fractional integrals and
derivatives, one can show that the inverse of Kg can be represented as

— 1_ I-H g_1 H+1
(Ki'e)(s)=s2""Dg, "s" 2Dl o(s), wely, > (L?).
From this one obtains for absolutely continuous functions ¢ (see [19]) that

_ _1.i - Fg 1_
(Ki'e)(s)=s"72127 5771/ (s).

THEOREM A.2 (Girsanov’s theorem for fBm). Let u={us,t €[0,T]} be an F-adapted
process with integrable trajectories and set Bff = BH —|—f0t usds, t€10,T]. Suppose that

(i) [;ueds €I (L2(0,17)), P-a.s.
(i) E[ér]=1 where

gTzzexp{—/OTK,gl (/Olurdr> (s)dWS—;/OTK; (/O.urdr>2(s)ds}.

Then the shifted process BH s an F-fractional Brownian motion with Hurst pa-
rameter H under the new probability P defined by g—g =¢r.

REMARK A.2. In the the multi-dimensional case, we define
(Kue)(s):=((KueW)(s),....(Kue@)(s))*, @€ L*([0,T];RY),

where * denotes transposition. Similarly for Kﬁl and K7;.

A.2. Malliavin calculus. Let S be the set of smooth and cylindrical random
variables of the form

F=f(B"(¢1),....B" (¢n))

where n>1, f € Cg°(R") and ¢1,...,¢, € H (H is defined in the previous section). Given
a random variable F €S we define its derivative, as an element in H, to be

"9
DHF:z;aZJ;(BH(djl)""’BH((b”))qu'
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For any p>1, we define the Sobolev space D}f as the completion of S with respect to
the norm

IFIlf , =E|F|”+E|[ D" F|[3,.

Note that that the previous equation holds for any H € (0,1) and in particular for
H= % Denote by D := D3 the Malliavin derivative with respect to W and let D'? be
its corresponding Sobolev space. We restate the following transfer principle, Proposition
5.2.1, [18], which links the D and DH.

PROPOSITION A.l. For any F eD"?

Ky DHF=DF.

A corollary of the previous proposition is the following:

LEMMA A.1.  Let H€(0,1) and p>1, then BH belongs to DYP for all t >0 and its
Malliavin derivative is given by:

min(s,t)
DBH(s) :/ Ky (t,u)du
0

and hence
DB =Ky (t,0)14

for any 0 €(0,t) and where 14 is the identity matrix.

A.3. Technical lemmas. In this article we also resort to the following technical
lemma (see [5, Lemma 4.3]):

LEMMA A.2.  Let Bﬁ be a d-dimensional fractional Brownian motion with respect to
(Q,2(,P). Then for every k€R we have

2

ds}

exp {k/OT Kg' (/O b(r,f}f’)dr> (s)

for some continuous increasing function Cyg qr 1 depending only on H, d, T and k.
In particular,

£ (/OTK; (/OIb(r,B,{{)dr>* (s)dWs>

where é’(Mt) is the Dolean-Dade e:gponentz'al of a local martingale M;,0<t<T and
where E denotes expectation under P and * transposition.

E <Chdu,7([bll L)

p

E <Caur(bllL),

In this paper, we will also make use of an integration by parts formula for iterated
integrals based on shuffle permutations. For this purpose, let m and n be integers.
Denote by S(m,n) the set of shuffle permutations, i.e. the set of permutations o :
{1,...,m+n}—{1,...,m+n} such that o(1) <---<o(m) and o(m+1) <---<o(m+n).

Introduce the m-dimensional simplex for 0<6 <t <T,

bt =1{(Smy-,81) €[0, T 0 <50 <--- <51 <1}
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The product of two simplices can be represented as follows
AF < A = Upesmmy{(@Wmtn,...,w1) € [0, T2 0 <We () < <We(1) <t}UN,

where the set N has null Lebesgue measure. So, if f;:[0,7]—R, i=1,...,m+n are
integrable functions we get that

m+n

/ Hfj Sj )dSpm, .. d81/ H fj 55 YdSmin - dSmi1
9t] 1 9t] 1
m—+n
B Z m4n H fU(j)(wj)dwm+n"'dw1. (A5)
oceS(m,n) A j=1

A generalization of the latter relation is the following (see [5]):

LEMMA A.3. Let n, p and k be non-negative integers, k<n. Suppose we have
integrable functions f;:[0,T] =R, j=1,...,n and g;:[0,T] =R, i=1,...,p. We may
then write

f1(31)~~~fk(5k)/A 91(r1) .. gp(rp)drp...dr1 fre1(Sk+1) - - fn(8n)dSn .. .ds1

n P
AR 0,55
E /Mp (w1)..hy oy (Wnp)dwn 1 . .. duwy,
oEA, A

where hf €{f;,0::1<j<n,1<i<p}. Above A, , stands for a subset of permutations of
{1,....,n+p} such that #A, , <C™P for an appropriate constant C >1. Here so:=0.

The proof of Lemma 2.4 relies on an important estimate (see e.g. Proposition 3.3
in [6] for a newer proof of this result). In order to state this result, we need some
notation. Let m be an integer and let f:[0,7]™ x (RY)™ — R be a function of the form

m

H (55,2), $=(51,--8m) €[0,T]™,  2=(21,...,2m) € (RH)™,  (A.6)

where f;:[0,T xR4 =R, j=1,...,m are smooth functions with compact support. In
addition, let s:[0,7]™ — R be a function of the form

m

%(s):H%j(sj), s€[0,7]™, (A.7)

j=1

where 5;:[0,T] =R, j=1,...,m are integrable functions.
Further, denote by «; a multi-index and D% its corresponding differential operator.

For a=(ay,...,a) as an element of N&*™ with |a] ::Z;"Zl Zld:l ozy), we write
Def HD i fi(s5,25).
Jj=1

THEOREM A.3. Let BY H €(0,1/2) be a standard d— dimensional fractional Brownian
motion and functions [ and > as in (A.6), respectively as in (A.7). Let 0,t €[0,T] with
<t and

2i(s)=(Ku(s,0)),0<s<t
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for every j=1,....,m with (e1,....em) € {0,1}™. Let a € (N$)™ be a multi-index. If

1
H< 27

(d—1+220 <”)

for all j, where v € (0,H) is sufficiently small, then there exists a universal constant C
(depending on H, T and d, but independent of m, {fi}i=1,....m and o) such that for any
0,t€[0,T] with 8 <t we have

m

E/ HD“jfj(sj,Bg)%j(sj) ds

Jj=1

m+|a . -1 moe.
<O G2l ossom o,y 017
j=1
(T, (2|a®@ )4 (¢ — )~ H(md+2laD=(H =3 =3 e5+m

[(—H(2md+4|a])+2(H — 5 =) X1 5 +2m)1/?

REMARK A.3. The above theorem remains valid for time-homogeneous functions
{fi}i=1,..,m in the Schwartz function space.

The proof of Lemma 2.4 also requires the following auxiliary result:

LEMMA A.4. Letn, p and k be non-negative integers, k <n. Assume we have functions
[i:[0,T] =R, j=1,...,n and g;:[0,T]| =R, i=1,...,p such that

5o+l )
fi€ Wb(r (u, X7), r=1,...,d p, j=1,...,n
0% x1.. 0% Tq

and

9B+ 4B
giG{Mb(”(u,Xﬁ), 'rl,...,d}, i=1,..,p
i x1...0°%% x4

for a:= (a§-l)) eN™ and B:= (,B(Z ) ENE*Pwhere X* is the strong solution to
t
Xf::ch/ b(u, XZ)du+ B, 0<t<T
0

for b=0WM,....b®) with b € C.((0,T) xR%) for all r=1,....d. So (as we shall say
in the sequel) the product gi(ri)---- gp(rp) has a total order of derivatives |B|=
Zl Dy D We know from Lemma A.3 that

S /A B (02) By (), (A8)
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where h €{f;,9::1<j<n, 1<i<p}, A, , is a subset of permutations of {1,...,n+
p} such that #A, , <C"™ P for an appropriate constant C>1, and so=0. Then the
products

Ry (wy)---- hgwrp(wnﬂo)
have a total order of derivatives given by |a|+|5].

Proof.  The result is proved by induction on n. For n=1 and k=0 the result is
trivial. For k=1 we have

t
/ f1(81)/ 91(r1) ... gp(rp)dry...drids:
0 Af

:/Ap+1 Sr(wi)gi(wa)... gp(wWps1)dwpiy ... dw,
0,

where we have put wy =51, wa=71,...,Wp41 =7p. Hence the total order of derivatives
involved in the product of the last integral is given by Zl 1all)+Zl Dy ﬁl(l) =
laf + 8]

Assume the result holds for n and let us show that this implies that the result is
true for n+1. Either k=0,1 or 2<k<n+1. For k=0 the result is trivial. For k=1
we have

/ fl(Sl)/ 91(7‘1)...gp(Tp)dTp...d7‘1f2(82)...fn+1(8n+1)d8n+1...d81
AnJrl Ap

/ f1 51 (/W /Ap gp(rp)drp dT1f2(82)...fn+1(8n+1)d8n+1,..dSQ) d81.

From (A.5) we observe by using the shuffle permutations that the latter inner double in-
tegral on diagonals can be written as a sum of integrals on diagonals of length p+n with
products having a total order of derivatives given by »_,_, ZnH 2 +Zl DYay-h 2

Hence we obtain a sum of products, whose total order of derivatives is Zl 1 Z"+1 M

l l
S S B A 0 =l +]6].
For k>2 we have (in connection with Lemma A.3) from the induction hypothesis
that

/ N fl(sl)fk(sk)/ gl(rl)...gp(rp)drp..‘drlfk+1(sk+1).‘.fn+1(5n+1)dsn+1...ds1
aptt AP

:/9 fl(sl)/g’s1 fQ(sQ,)...fk(sk)/Ag,Sk 91(11) ... gp(rp)drp...dr
X fot1(Sk+1) - fnt1(Snt+1)dSnt1...dsads1

Z /f1 S1 /Z i (IU1) hz+p(wn+p)dwn+p...dwldsl,
0,51

oc€An
where each of the products h{(w)----- h .y, (Wnyp) have a total order of derivatives

given by Y, 12”“ @ 0 B, Thus we get a sum with respect to a set of
permutations A, 11 With products having a total order of derivatives which is
+1,p

d n+1
Zza(l)+zz,3l)+20 =|a|+|f].
=1 j=2 =1 i=1
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