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ANOMALOUS DIFFUSION IN
COMB-SHAPED DOMAINS AND GRAPHS*

SAMUEL COHNT, GAUTAM IYER}, JAMES NOLEN$, AND ROBERT L. PEGOY

Abstract. In this paper we study the asymptotic behavior of Brownian motion in both comb-shaped
planar domains, and comb-shaped graphs. We show convergence to a limiting process when both the
spacing between the teeth and the width of the teeth vanish at the same rate. The limiting process
exhibits an anomalous diffusive behavior and can be described as a Brownian motion time-changed by
the local time of an independent sticky Brownian motion. In the two dimensional setting the main
technical step is an oscillation estimate for a Neumann problem, which we prove here using a probabilistic
argument. In the one dimensional setting we provide both a direct SDE proof, and a proof using the
trapped Brownian motion framework in Ben Arous et al. (Ann. Probab. ’15).
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1. Introduction

Diffusion in comb-like structures arises in the study of several applications such as
the study of linear porous media, microscopically disordered fluids, transport in dendrites
and tissues (see for instance [1,10,16,39,43] and references therein). Our aim in this
paper is to study idealized, periodic, comb-shaped domains in R? under scaling regimes
where an anomalous diffusive behavior is observed. We also study scaling limits of a
skew Brownian motion on an infinite comb-shaped graph. In both scenarios we show
that under a certain scaling the limiting process is a Brownian motion time-changed by
the local time of an independent sticky reflected Brownian motion. We describe each of
these scenarios separately in Sections 1.1 and 1.2 below.

1.1. Anomalous diffusion in comb-shaped domains. Let hg € (0,00], and
a,e>0, and let Q. CR? be the fattened comb-shaped domain defined by

Qe ={(z,y) ER? | —e <y <holp(ez,ac2/2) ()}, (1.1)

where B(eZ,ae?/2) CR denotes the ag?/2 neighborhood of €Z, and 1 denotes the
indicator function. Figure 1.1 shows a picture of the domain .. We refer to the region
where —e <y < 0 as the spine; Q. also has teeth of height hy and width ae?, which are
spaced ¢ apart.

Let Z¢=(X¢,Y*) be a Brownian motion in {2, that is reflected normally on the
boundary 9€2.. Our aim is to study the limiting behavior of Z¢ as ¢ —0. This is an
idealized, two dimensional version of the arterial flow models considered by Young [43].
Note that the process Z¢ may travel large horizontal distances when it is in the spine,
but travels only negligible horizontal distances when it is “trapped” inside the teeth.
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FiG. 1.1. Image of the comb-shaped domain Q. The teeth have width ac? and height hg. The
spine has width €, and the teeth are spaced a distance of € apart.

From the shape of €., one expects that the chance Z¢ wanders into the teeth from
the spine is of order ae. Since the teeth are spaced e apart, the process Z¢ encounters
O(1/¢) teeth after traveling an O(1) distance horizontally. These balance, and after
large horizontal distances, the process Z¢ spends comparable amounts of time in the
spine and in the teeth. This leads us to expect that the limiting horizontal behavior
of Z¢ should be described by a Brownian motion that is time-changed so that it only
moves when the process is in the spine-this is our main result.

To state the result, we let Qo= R x [0,ho], and let 7: Q. — Qo be defined by
7e(z,y) = (x,y™), where y* =max{y,0} denotes the positive part of y. Given a proba-
bility measure € on €, let 75 (p®) denote the push forward of x°, under the map 7, to
a probability measure on 25. We can now state the main result.

THEOREM 1.1.  Let Z°=(X¢Y*®) be a normally reflected Brownian motion in ).

with initial distribution u. If the sequence of measures (w:(u€)) converges weakly to

a probability measure p on g, then the sequence of processes Z=+ d:efws(ZE) converges
weakly as € —0. The limiting process, denoted by Z = (X,Y"), can be described as follows.
The initial distribution of Z is p. The process Y is a Brownian motion on (0,hg), which
is normally reflected at ho if hg < oo, and is stickily reflected (with parameter 1/a) at 0.
The process X is a time-changed Brownian motion given by

Xe=Wzry (o), (1.2)
where W is a Brownian motion on R that is independent of Y, and LY (0) is the local
time of Y at 0.

To clarify notation, we follow the normalization convention of [34], and define local
time of Y at 0 by
v I I
L{ (0) :‘%1—%%/0 Liogy, <oy d(Y)s Z%g%%/o Lio<y.<s} ds.
In the second equality above we note that the strict inequality 0 <Y in the integrand is
crucial, as the process Y spends a non-negligible time at 0. Indeed, recall that the sticky
reflection of the process Y at 0 is characterized by the local time relation

2dL} (0) =aly,—gy dt.
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Such a process can be constructed explicitly by time changing a reflected Brownian
motion, or by using the Hille-Yosida theorem. We elaborate on this in Section 2, below.

We remark that while the statement of Theorem 1.1 is intuitive, the proof isn’t as
simple. The broad outline of the proof follows techniques introduced by Freidlin and
Wentzell (see for instance Theorem 8.2.2 in [25]) and the structure in [28,29]. However,
the key step in establishing the required estimates requires balancing the time spent
by Z¢ in the spine with the local time at the interface between the teeth and spine.
In order to prove this, we require an oscillation estimate on the solution to a certain
Neumann problem (Proposition 3.1, below).

To the best of our knowledge, the oscillation estimate we require can not be obtained
by standard techniques for the following reasons: First, for the problem at hand energy
methods only provide estimates with domain-dependent constants. Since ). varies
with ¢ these constants may degenerate as € —0. Second, since we impose Neumann
boundary conditions on the entire boundary we may not easily use techniques based
on the comparison principle. We prove the oscillation estimate here directly by using a
probabilistic argument, and this comprises the bulk of the proof of Theorem 1.1.

Notice that Theorem 1.1 immediately yields the behavior of the variance of the
horizontal displacement. This question has been studied by various authors (see for
instance [6] and references therein), and is of interest as it is an easily computable
benchmark indicating anomalous diffusion.

COROLLARY 1.1. If hg<oo then

1
lim lim ~ BE®9 | X8 —z2=1, (1.3a)
t—0e—0 ¢
1 1
: i = (@,0) yve a2
tlggloil—][}%) tE X —al aho+1’ (1.3b)
If hg =00, then (1.3a) still holds. However, instead of (1.3b) we have
1 1 /8\1/2
lim lim —E(’”’O)|X§—x|2:—(—) . (1.4)
t—00e—0+/t a\T

Here we clarify that the notation E () refers to the expectation under the probability
measure P under which (Xg,Ys)=(2,0) almost surely. Note that when hg < oo,
the variance is asymptotically linear with slope 1 at short time, and asymptotically
linear at long time with slope strictly smaller than 1. On the other hand, when hg =00
the variance is asymptotically linear for short time, and asymptotically O(v/t) for long
time, indicating an anomalous sub-diffusive behavior on long-time scales. This was also
previously observed by Young [43].

In addition to the variance, another quantity of interest is the limiting behavior of
the probability density function. This is essentially a PDE homogenization result that
also follows quickly from Theorem 1.1. Explicitly, let u® represent the concentration
density of a scalar diffusing in the region €2.. When the diffusivity is normalized to
be 1/2, and the boundaries are impermeable the time evolution of u® is governed by the
heat equation with Neumann boundary conditions:

Opu® — %Aua =0 in Q. (1.5a)
Oyu®=0 on 0f).. (1.5b)
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Using Theorem 1.1 we can show that u® converges as € — 0, and obtain effective equations
for the limit. The same equations were also obtained heuristically by Young [43].

COROLLARY 1.2.  Let ug: Qo —R be a bounded continuous function, and let u® be the
solution to (1.5a)—(1.5b) with initial data ugome. Let u be a family of test probability
measures on Qe such that (1% (uf)) converges weakly to a probability measure p on Q.
Then for any t >0 we have

lim [ w®(z,t)du®(2) :/Q u(z,t)du(z), (1.6)

e—=0 Q.

where u: Qo — R is the unique solution of the system

8,4&—%851&:07 fort>0, ye(0,ho), (1.7a)
adyu+0ju=0;u, when y=0, (1.7b)
Oyu=0 when y = hy, (1.7¢)

U= ug when t=0. (1.7d)

Since large scale transport only occurs in the z-direction, one is often only interested
in the limiting behavior in this direction. This can be obtained by taking the slice of
u at y=0, leading to a self contained time-fractional equation, similar to the Basset
equation [3]. We remark that such time-fractional PDEs associated with the time-
changed diffusions have been studied in more generality in [2] (see also [13,36]), and we
refer the reader to these papers for the details.

PrROPOSITION 1.1.  Let v(x,t)=u(x,0,t), where u is the solution of (1.7a)—(1.7d).
Then v satisfies

a1, «
6t11+53t 117533:11* 2f, (1.8)

with initial data v(z,0)=ug(z,0). The operator 0} appearing above is a generalized
Caputo derivative defined by

t
0 v(x,t) d:ei/ w(t—s)ov(x,s)ds,
0

where w is defined by
) gi ( (2k+1)*m 2t)
ho = 8h3 '
The function f appearing on the right of (1.8) can be explicitly determined in terms of
ug by the identity f= f(x,t)=0y9(x,0,t), where g=g(z,y,t) solves
atg_782 fOTt>O, ye(oaho)a

9(x,0,t) =g(x,ho,t) =0 fort>0,
g(m,y,O)zuo(ﬂc,y)—uo(m,O) fOT’yE(O,ho), t=0.
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REMARK 1.1. As we will see later, the Laplace transform of w is given by

Ew(s):/oooe“w(t)dtzmm\/}%m. (1.9)

For hg= 0,
2 )1/2

it

and Lw(s)= (g>1/2.

S

w(t)=(

In this case, 0;" is precisely \/iatl / ?, the standard Caputo derivative of order 1 /2 (see
for instance [17]), and Equation (1.8) becomes the Basset differential equation [3].

Finally we conclude this section with two remarks on generalizations of Theorem 1.1.

REMARK 1.2 (Other scalings). The width of the spine and teeth may be scaled in
different ways to obtain the same limiting process as in Theorem 1.1. Explicitly, let

Q- ={(z,y) €R? | ~ws(e) <y <holp(ezwr(e)2)(T)},

where wg(e) and wr(e) denote the width of the spine and teeth respectively. We claim
that Theorem 1.1 still holds (with the same limiting process), provided

;i_r% cws (@) =ae(0,00), and gi_r%wg(s)zo. (1.10)
The proof of Theorem 1.1 needs to be modified slightly to account for this more general
statement. These modifications are described in Section 3.7, below.

In the degenerate case when a=0, the process Z¢ rarely enters the teeth and the
limiting behavior is simply that of a horizontal Brownian motion. On the other hand,
if =00, then the process Z¢ enters the teeth too often, and the limiting behavior is
simply that of a vertical, doubly-reflected, Brownian motion.

REMARK 1.3 (Higher-dimensional models).  Theorem 1.1 can also be extended to
analogous higher-dimensional models. For example, let 2L CR? be a three dimensional
“brush”, defined by

QL J(@ruTw).

keZ
Here Qi and T are defined by

IS £ g €
(5[{3— §,€k+ 5) X (—575) X [—6,0),

def

Qr=

def

T, = {(1’1,$2,$3) €R3 } ((x1 —5k)2+x§)1/2 <r53/2, T3 € [O,ho)}.

In this case, the spine is the set U,Qy, an infinite rectangular cylinder; the cylindrical
teeth T}, are spaced O(e) apart and have radius re®2 > 0. If Z¢ is a Brownian motion
in this domain with normal reflection at the boundary, then one obtains an analogous
scaling limit as e —0. The O(¢%/?) scaling of the radius of the teeth is chosen so that
the ratio

2Vol(Qr) 2

Area(QrNTy) 7r?
is independent of ¢ — this constant ratio plays the same role as the constant 2/« in
the comb-shaped domain €2.. While our proof of Theorem 1.1 extends to this higher-
dimensional version in a straight-forward way, the added modifications are technical.
Thus, for simplicity and clarity of presentation, we only focus on the comb-shaped
domain as defined above for Theorem 1.1.
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1.2. Anomalous diffusion in comb-shaped graphs. We now turn our atten-
tion to comb-shaped graphs, with the intention of studying a simpler version of the model
in Section 1.1 and of relating it to other work on trapped random walks. Related random
walk models on comb-shaped discrete graphs have been studied by several authors,
including [7,8,14,15]. In each of these works, a limit process is obtained which involves
a Brownian motion time-changed by the local time of an independent Brownian motion.
One difference between these other works and Theorem 1.2 below is that the limiting
processes in our result involves Brownian motion with sticky reflections, a consequence
of the gluing condition described below. More closely related to our model are the
works [4,5], especially Section 3.2 of [4], where the trapping and drift of the random walk
plays a role that is similar to our gluing condition. In Section 5.2 below, we will use the
framework in [4] for an alternate proof of our result in this simpler setting, illuminating
the relationship between these models. Nevertheless, the analyses in these other works
do not apply to the comb-shaped domains considered in the previous Section 1.1, where
the boundary local time of the diffusion process (pre-limit) plays an essential role.

We consider the infinite connected comb-shaped graph, C. C R?, be defined by

C. = (Rx {0}) U (eZ x [0,ho)). (1.11)

We think of R x {0} as the spine of C., and €Z x [0,hq) as the infinite collection of teeth.
The teeth meet the spine at the junction points J. CC. defined by

J. = (eZ) x {0}, (1.12)
and is depicted in Figure 1.2.
ho
T

Fic. 1.2. Image of the comb-shaped graph C.. The teeth are spaced € apart and have height hg.

Let Z¢=(X¢,Y*®) be a diffusion on C. such that away from the junction points Jg,
the process Z¢ is a standard Brownian motion. If hy < oo, we reflect Z¢ at the ends
of the teeth. At the junction points, we specify a “gluing condition” which dictates
that Z¢ enters the teeth with probability ae/(2+ae), and stays in the spine with
probability 2/(2+«e), thus the rate of entering the teeth is O(e) times the rate of
staying in the spine. One can formulate this precisely by requiring the local time balance
2 e ag

_ Y*® A
=g LU LU= g LE (),

L (J. =
o () 2+ e

at the junction points. As discussed further in Section 4, the particular form of these
coefficients corresponds to a simple flux balance condition (4.2a) at the junction points.
Alternately, one can make this gluing condition precise by using the excursion decompo-
sition of Z¢, and we do this in Section 5.
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Clearly the mechanics of the above diffusion on the comb-shaped graph C. shows that
it is a simplified model of the diffusion on the comb-shaped domain .. Our main result
in this section shows convergence of Z¢ to the same limit process as that in Theorem 1.1.

THEOREM 1.2.  Let (uf) be sequence of probability measures on C. which converge

weakly to a probability measure i on g R x [0,ho]. Let Z° be the above graph diffusion
with initial distribution p®. Then, as € =0, the processes Z° converge weakly to the same
limit process Z =(X,Y) defined in Theorem 1.1.

The proof of Theorem 1.2 is technically and conceptually much simpler than that
of Theorem 1.1, and is presented in Section 4. Moreover, the excursion decomposition
of Z¢ on the comb-shaped graph C. allows for an elegant proof using time changes and
the trapped Brownian motion framework in [4]. We present this approach in Section 5.

The process Z¢ on the comb-shaped graph C. is closely related to a model of fluid
flow in fissured media, where trapping in microscopic regions of low permeability yields
a macroscopic anomalous diffusive effect. Explicitly, consider a medium composed of two
materials: a set of blocks, where the permeability is relatively low, and fissures where
the permeability is relatively high (see for instance [1,9,39]). Assuming that the region
occupied by the fissures is connected and that the blocks are arranged periodically, the
fluid flow in this situation is modeled by the equation

du =V (a°Vu) = f, a(z)=1p (E)a(f) +e1p (E)A(E) .
€ € € €

Here a, A are uniformly elliptic matrices representing the permeability in the fissures
and blocks respectively, and F, B denote the region occupied by the blocks and fissures
respectively. For this linear model, Clark [12] proved that as € — 0, the function u®
two-scale converges to a function U =U (z,y,t) that satisfies a coupled system, called the
double-porosity model, in which the fluid in the fissures is driven in a non-local manner
by the fluid in the blocks.

To understand this model probabilistically, one could study a diffusion Z¢ whose
generator is V-a°V. Inside the fissures, the process Z¢ diffuses freely until it hits the
boundary of a block. Upon hitting a block boundary, the contrast between the block
and fissure permeabilities dictates that Z¢ enters the blocks with probability O(e), and
remains in the fissures with probability 1—O(g). Since the blocks have diameter O(g),
and the permeability there is O(£?), the excursions of Z° into the blocks take O(1)
amount of time. These characteristic features are exactly captured by the above comb
model: The spine plays the role of the fissures and the teeth play the role of the blocks
(rescaled to have size 1), and our gluing condition dictates that Z¢ enters the teeth with
probability O(e).

Plan of this paper. The rest of the paper is organized as follows. We begin by
describing the limit process Z, and study its basic properties in Section 2. Next, in
Section 3 we prove Theorem 1.1 and all the required lemmas. In Section 4 we prove
Theorem 1.2 on the comb-shaped graph C.. The proof is similar to that of Theorem 1.1,
but the technicalities are much simpler. Finally, in Section 5 we provide an alternate
proof of Theorem 1.2 using the trapped Brownian motion framework in [4].

2. The limit process

Before proving our main results in this paper, we give a more thorough description of
the limit process Z=(X,Y’). There are two canonical constructions of this process. The
first, relatively well-known construction involves directly writing Y as a time-changed
Brownian motion, and this is presented in Section 2.1. The second construction involves a
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characterization using the generator. While the technicalities using this second approach
are more involved, they relate to the PDE analogue and immediately yield Corollary 1.2.

REMARK 2.1. The process Z depends on the parameters a >0, and hg € (0,00]. To
simplify the presentation, we will subsequently assume hg=1. The case hg=oc may
be handled by replacing the normal reflection at 1 with a diffusion on the semi-infinite
interval (0,00).

2.1. Construction via time changes. @ We begin by constructing the limit
process Z using a time-changed Brownian motion. To construct the process Y, let B,
be a standard doubly-reflected Brownian motion on the interval (0,1). (Recall that in
Remark 2.1 we assumed ho =1 for simplicity.) Let LZ(0) be the local time of B at 0,
and define

e 2 B
o(s) s+ aLf(O), s>0.

Let T, defined by

def

T(t)=T,=¢ ' (t)=inf{s>0]p(s) >}, (2.1)
denote the inverse of . Since ¢ is strictly increasing, note that 7" is continuous. Thus
the process Y, defined by

def

}/t = BTM (228“)

is a continuous process on [0,1]. Clearly, on any interval of time where Y remains inside
the interval (0,1], trajectories of Y and B are identical. When Y hits 0, however, the
trajectories are slowed down on account of the time change 7. The behavior at 0 is
known as a sticky reflection with parameter 1/a at 0, and we refer the reader to [33, 14,
§5.7] or the original papers of Feller [21,22] for more details.

Clearly once the process Y is known, the process X can be recovered using (1.2),
reproduced here for convenience:

def 7

Xt :W%sz(o). (22b)

Here W is standard one dimensional Brownian motion that is independent of B. In-
tuitively, we think of Rx {0} as the spine of the limiting comb, and R x (0,h¢] as the
continuum of teeth. The process T; may be interpreted as the time accumulated in the
teeth, and 2L} (0) is the time accumulated in the spine.

2.2. The SDE description. We now describe the process Z=(X,Y) via a
system of SDEs. Let W and B be two independent standard one dimensional Brownian

motions. We claim that the process Z can be characterized as the solution of the system
of SDEs

dXt = 1{yt:0} th, (23&)
dY; =1y, 20y dB; —dL} (1)+dL} (0), (2.3b)
algy,—oydt=2dL] (0), (2.3c)

with initial distribution p. Existence of a process Z satisfying (2.3a)—(2.3c) can be
shown abstractly using the Hille-Yosida theorem, and we refer the reader to [13] for the
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details. Instead, we will show existence by showing that the process Z constructed in

the previous section is a solution to (2.3a)—(2.3c).

LEMMA 2.1. The process Z =(X,Y) defined by (2.2a)—(2.2b) is a weak solution to the
system (2.3a)—(2.3c).

The proof of Lemma 2.1 boils down to an SDE characterization of sticky Brownian
motion that was recently shown by Engelbert and Peskir [19]. We remark that in [19]
the authors also show weak uniqueness of the appropriate SDE. While we present the
proof of existence below, we refer the reader to [19] for the proof of uniqueness.

Proof. (Proof of Lemma 2.1.) By the Tanaka formula we have
By= B} +L7(0) = L (1), (2.4)

where B* is a Brownian motion. Since T; is a continuous and increasing time change,
By, is still a continuous martingale, L} (0)= L% (0) and L} (1)=L% (1). Note first

t t T:
a/o 1{ys=0}ds:a/0 1{BTS:0}d‘P(TS):O‘/O Lip,—0yde(s). (2.5)

Then since {t|B; =0} has Lebesgue measure 0 and LtB only increases on this set, we
decompose aip(s) =as+2LE to obtain

Ty T _ _
o / 15, oy dip(s) =2 / 15 oy dLP(0)=2L8 (0)=21Y (0),  (2)

which implies (2.3c). Notice that since (2/a)L) (0) is independent of W, X; is a
martingale with quadratic variation

<X>t:2LtY(0). (2.7)
In addition we have
(Br)i=T.
Thus, for the process B defined by
B/ E By, +Wzpy o), (2.8)

we have (B); =t. For the filtration, we let
Qt:o'(./\/u]:g uff‘)

where N denotes the collection of all ]-'éf W) _hull sets. Since B and W are independent,
it is easy to see that for all s >0, X;— X, is independent of Gs, and both B7, and X;
are G-martingales. Thus, B is also a G-martingale, and by Lévy’s criterion must be a
Brownian motion.

Now (2.3a)—(2.3b) follow from (2.3c), (2.8) and the fact that

t t
/1{n:0}d3:l=0 and /1{Ys¢o}dXs=0.
0 0

This finishes the proof. ]
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2.3. Computing the generator (Lemma 2.2). We now compute the generator
of Z. In the teeth (when y>0) this is a standard calculation with It&’s formula. In the
spine (when y=0), however, one needs to estimate the time spent in the spine. We state
this precisely and carry out the details here.

LEMMA 2.2.  Let Qo=Rx[0,1), and define the operator A by
A":efiaj. (2.9)

Define the domain of A, denoted by D(A), to be the set of all functions g€ Cy(2p)N
C?%(Q0) such that

Oyg(z,1)=0, and 6§g(x,0)+a8yg(m,0)zajg(:ﬁ,()). (2.10)

The generator of the process Z (defined by (2.2a)—(2.2b)) is the operator A with domain
D(A).

Proof. Choose g€ D(A) and apply Itd’s formula to obtain
t t
o(X0Y5) = (X0, Y0+ [ Dug(X,. Vo)X, + / 0,9(X..Y.)dY,

/ 29(X,,Y,)dLY (0 / 29(X. V) d

Taking expectations gives

t
By g(Xt,m—g@,y)} Sy 8yg<XsXs>dYs}
[ / 29(X,,Ys)dLY (0 /82 (X,.Y,)dT]. (2.11)

Now for y € (0,1) we know Y is a Brownian motion before it first hits 0 or 1, and
hence lim; o PY(L} (0)#0)=0. Moreover by definition of 7, we know T; =t when
{LY =0}. Consequently

9(Xe,Yi)—g
t

g (2,9)] _ 15
lim E [ } 28yg(x,y).

t—0

For y=1 we note

g(Xt,Yt)—g(x,y)]

limE(””’l)[
t

t—0

1 I
5029w, 1)+ lim B¢V [;/0 ayg(Xs,n)dYS] (2.12)

By (2.4) we know E®YLY (1)=0(/t), and hence the right-hand side of (2.12) is finite
if and only if 9,¢(x,1)=0.

Finally, we compute the generator on the spine y=0. First we show that if we start
Y at 0 then for a short time it spends “most” of the time at 0. More precisely we claim

lim E° [% =0. (2.13)

t—0
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Here we clarify that the 0 superscript on E refers to the initial distribution of the
process B, whereas the double superscript E(*¥), or measure superscript E* used earlier
refers to the initial distribution of the joint process Z=(X,)Y).

Let M; be the running maximum of B. Note that since L5 =L? on {M, <1}, we
have

P° (LtB(O) <r) <P° (LtB* (0)< r) +P° (Mt > 1)

2
:1—2P0(T<B;<1)< 7( +\/£e—%).

™

Sl =

Thus,
EO{?}:/OIP0<Tt>st)ds:/1P (st+2L7(0) )ds

:/OIPO(LQ(OK / \/7

With this estimate, we can now compute generator on the spine. Using Equation
(2.13) we see

sle —1/29t>

(2.14)

:gEO [t_Tt] t—0
t

IR

Using (2.4) we have,

E° Y — O & —E°
t t
Since Ty <t, the third term tends to 0 and using the modulus of continuity for Brownian
motion the first term does as well. Therefore we also have

Y,
EO[ t] =20, (2.15)

Br, + L, (0) - LE (1)
t

t 2

Thus using (2.13), (2.14) and (2.15) in Equation (2.11) gives
lim = B [g(X,, Y1) = g(w,)| = 50,9(2.0) + 5029(2,0)+0,
t—0t 2 2
finishing the proof. a

2.4. PDE homogenization (Corollaries 1.1, 1.2, and Proposition 1.1).
Once the generator of Z is known, the behavior of the variance (Corollary 1.1) and PDE
homogenization result (Corollary 1.2) can be deduced quickly.

Proof. (Proof of Corollary 1.1.) We first assume hg =1 as in Remark 2.1. Using
Theorem 1.1 and (2.7) we see

I , 2
;%E@»O) |XE—22=E@9 X, —z>= EEOL}’(O). (2.16)
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Now Equation (1.3a) follows from (2.14). -
For the long-time limit (when hy=1) we note that by ergodicity of B, we know that

E°|LB/t—1/2|—0 as t— co. Thus using (2.1) we must have

T
lim Eoﬂﬂ—i —0.
t—o0 t a+1

Consequently,

E0<L2/(0))ZEO(L7%):gEO(tiTt) t—o0 (67

t t 2 t 2(a+1)’

and together with (2.16) this implies (1.3b). This finishes the proof of (1.3a) and (1.3b)
when hg=1. The case for arbitrary finite hq is similar.

When hy =00, the process Y is a sticky Brownian motion on the half-line, and the
distribution of L) (0) can be computed explicitly. Namely (see for instance [31]) we have

2 ¢ 2|N| N?
200 = [ 11y _od N—(t
" ¢ (0) /O {v.=oyds~———(t+

a2

(2.17)

2 )

/2. 2N?
) Ca?

where N is the standard normal. Taking expectations and using (2.16) immediately
yields (1.3a) and (1.4), finishing the proof. |

Proof. (Proof of Corollary 1.2.) By the Kolmogorov backward equation [26, §5.6]
we know that the function u® (defined by (1.5a)—(1.5b)) satisfies

u®(z,t) = E*uo(Z}).

Consequently
/ u (2, )dpt (2) = B uo(Z7) == Btuo(Zy),
Qa

by Theorem 1.1. Thus, if we set
u(z,t) = E*uo(Z), (2.18)

we see that (1.6) holds.

It only remains to verify that u satisfies (1.7a)—(1.7d). To see this, recall that the
function u defined by (2.18) belongs to C'(0,00;D(A)) and satisfies the Kolmogorov
equations

Oyu—Au=0 t>0,
u(-,t) =wug when ¢=0.

The first equation above implies (1.7a) by definition of A (Equation (2.9)). Equa-
tions (1.7b) and (1.7c) follow from the fact that u(-,¢) € D(A) for all ¢ >0, and Equation
(1.7d) follows from the second equation above. O

We now obtain evolution equations for the slice of u at y =0, as stated in Proposi-
tion 1.1.

Proof. (Proof of Proposition 1.1.) Let u; =u—g, and observe that u; satis-
fies (1.7a) with initial data u;(x,y,0) =ug(z,0) =vo(z), and boundary conditions

u(z,0,t) =u(z,0,t) =v(z,t) and Oyuq (x,1,t) =0. (2.19)
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(Recall that in Remark 2.1 we have already set hg=1 for simplicity.) We now treat x
as a parameter, and solve (1.7a) using separation of variables (in y, t) with boundary
conditions (2.19). A direct calculation shows

Oyu1(2,0,t) =—0"v, (2.20)
and hence
Oyu(z,0,t) =—0v(x,t)+0yg(x,0,t). (2.21)

Now for ¢ >0 using Equation (1.7a) and (1.7b) and continuity of second derivatives
of u up to y=0 we see

6tv(x,t):%(%u(z,(),t)—k%@ﬁv(x,t). (2.22)

Using (2.21) and (2.22) yields (1.8) as claimed. 0

REMARK 2.2.  For brevity, we have suppressed the explicit separation of variables
calculation deriving (2.20). One can avoid this calculation by using the Laplace transform
as follows. Following standard convention, we will denote the Laplace transform of a
function using an upper case letter using the variable s, instead of ¢. Explicitly, given a
function f, we define its Laplace transform, denoted by F' or Lf, by

F(s)=Lf(s) :/Oooe_Stf(t)dt.

For functions that depend on both space and time variables, the Laplace transform will
only be with respect to the time variable.
Taking the Laplace transform of u; yields the ODE in the variable y

1
SU1 — Vo — 585[]1 :0,

with boundary conditions Ui («,0,s) =V (z,s), and 0,U;(x,1,s)=0. Solving this ODE
yields

_ v 1 U\ [ V3, VEs(2-y)
Un(esys) =+ (s ) (V=) [ e J

and hence

2tanh+/2
0y U1 (2,0,s) :f\/ﬂ(vf ?)tanh@%(sVUO).

Choosing w to be a function with Laplace transform (1.9), implies (2.20) as claimed.

3. Comb-shaped domains (Theorem 1.1)
We now turn to the proof of Theorem 1.1. Recall that Z"" =7.(Zf)=
(X£,max(Y,0)). The main ingredients in the proof are the following lemmas.

LEMMA 3.1. Let Z°=(X¢,Y®) be the reflected Brownian motion on the comb-shaped
domain ., as described in Theorem 1.1. Then, for any T >0, the family of processes
Z¢ s tight in C([0,T];R?).

LEMMA 3.2.  Let A be the generator defined in (2.9), with domain D(A). Weak
uniqueness holds for the martingale problem for A.
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LeMMA 3.3. If feD(A), and K CQq is compact, then

t
lim  sup Ez<f(Zf’+)—f(Zg’+)—/0 Af(Z§»+)ds):o. (3.1)

e=0zeKNQ.

Momentarily postponing the proof of these lemmas, we prove Theorem 1.1.

Proof. (Proof of Theorem 1.1.) Suppose first Z5T — Z’' weakly along some
subsequence. We claim Z’ should be a solution of the martingale problem for A with
initial distribution p. To see this set

t
M= 12 - 125 - [ arzetyar
0
and observe
BV (Mf | Fo) =M+ E% (M),

by the Markov property. Using Lemma 3.3, and taking limits along this subsequence, the
last term on the right vanishes. Since this holds for all f € D(A) and D(A) is dense in
Co(20), Z' must be a solution of the martingale problem for A. Since Z&T — Z’ weakly
and 7 (uf) — p weakly by assumption, we have Z(0) ~ p. By uniqueness of solutions to
the martingale problem for A (Lemma 3.2), the above argument shows uniqueness of
subsequential limits of Z=*. Combined with tightness (Lemma 3.1), and the fact that Z
is a solution to the martingale problem for A (Lemma 2.2), this gives weak convergence
as desired. |

It remains to prove Lemmas 3.1-3.3. We do this in Sections 3.1, 3.2 and 3.3, below.

3.1. Proof of Tightness (Lemma 3.1). To prove tightness, we need an auxiliary
lemma comparing the oscillation of trajectories in the spine to that of Brownian motion.
This will also be used in the proof of Lemma 3.3.

LEMMA 3.4. Let W' be a standard Brownian motion on R with W'(0)=0. For any
T>0,ec€(0,1/2], z€Q,., and any a,6 >0, we have

PZ< sup |X€(t)fXE(r)\>a)<P( sup 4|W’(t)fW'(r)|>a725). (3.2)
r,t€[0,T] r,te[0,T]
[t—r|<S [t—r|<o

Proof. Let

To=inf{t>0]| X*(t) 65(24—%)},
and inductively define
Thp1=inf{t >, | |X°(t)— X° ()| =€},

for £ >0. By symmetry of the domain, observe that k+> X¢(74) defines a simple random
walk on the discrete points ¢(Z+1/2). Next, define

m=inf{t >, || X°(t) — X° ()| =€ /4}, k0.

In particular, 7, <7, <Tpy1. At time 7, X°(7x) is in the spine, at the midpoint
between two adjacent teeth. For t€ [r, 7], X°(t) is in the spine and cannot enter
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the teeth, because | X¢(t) —z|<e/4 where = X¢(7;) €e(Z+ ). Define the increments
ApXe=X(1p41)— X(11) €{—¢,+€}. By the strong Markov property and symmetry
of the domain, the random variables {(7; —7)}rU{AX;}, are independent. That
is, {(1/, —7k)}x are independent, {AX[}; are independent, and the {(7], —7%)}r are
independent of the {AXF }4.

Now, suppose that W’ (t) is an independent Brownian motion on R, with W'(0)=0.
Define another set of stopping times inductively by oo =0 and

o1 =inf{t > oy |[|W'(t) = W' (ok)|=¢/4}, k=0.

Let Aoy =0p11— o0, and AW/ =W (op11) — W' (o) € {—¢/4,e/4}. Observe that the
family of random variables

{(okt1—0k),4AW; } >0
has the same law as the family
{7k = 7k), AX o
Next, define
K(t)=max{k>0|m, <t},

and observe that if |t —r[<d and 0<r <t < T, then we must have 7 ) —Tx ()41 <O
and thus

K(t)—1 K(t)-1

Z (1j—75) <6, and Z (rj—7;) <T.

F=K(r)+1 j=0
In this case,
IXE(t)—XE(T)I<2€+|XE( ())—XE(K(T)H)I

:254—‘ Z AXS
j=K(r)+1

<2e+ sup ‘ Z AXE ‘1 me1
nggm i—0+1 7/+1 i

TJ)<6} {Zm 1‘r Tj)gT}'

This last supremum has the same law as

m—1
sup ‘ Z AAW) ‘1 m-1 lima
osesm! S imep1(Ti+1705) <5} { —o (Uj+1—0j)<T}

= sup 4[W'(om) =W (0r41)| 1o —0ri1 <6} Yom—oco<T}
0<e<m

Since the right-hand side of the above is bounded by

sup 4|W'(t)—W'(r)|,
r,te[0,T]
lt—r|<s

we obtain (3.2). O
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We now prove Lemma 3.1.

Proof. (Proof of Lemma 3.1.) Note first that Lemma 3.4 immediately implies
that the processes X¢ are tight. Indeed, by (3.2) we see

lim limsup P ( sup | X(t)—X°(r)| = a) =0. (3.3)
620 =0 r,te[0,T)
fi—rl<s

Moreover, since u° converge weakly to the probability measure u, the distributions of
X§ are tight. This implies implies tightness of the processes X¢.

For tightness of Y'°, we note as above that the distributions of Yy are already tight.
In order to control the time oscillations, fix 7'>0, and let

dZ® =dB;+dL}™,

be the semi-martingale decomposition of Z¢ (see for instance [40]). Here B=(By,Bs) is
a standard Brownian motion and L% is the local time of Z¢ on 9Q.. Let w(8)=wr(4),
defined by

w(d)= sup |Ba(t)—Ba(s)|,
s,t€[0,T)
|t—s|<6

be the modulus of continuity for By over [0,T]. Let [s,¢] C[0,T] with |[t—s|<d. If
0<Yf <1 for all r € (s,t), then we must have

[Y5(t) =Y (s)| =[Bz(t) — Ba(s)| <w(9)-

Otherwise, for some r € (s,t) either Y. =0 or Y. =1. Let G5 be the event that w(d) <1/2;
on this event Y cannot hit both 0 and 1 on the interval [s,t]. Define

n_=inf{r>s|Y,>€{0,1}}, and ni=sup{r<t|Y:e{0,1}}.
In this case we have
Y =Y <max([YE(n-) = Y=(s)], [Y(t) = Y= (n3)]) + Lge +&
—max(|B(n_) — B(s)|, |B(t)— B )]) + 1a: +e2 <w(d) + 1z +2%

Combining the two cases, we see that for any z €.,

pZ( sup |Y€(t)—Y5(s)\>a) <P(w(d)>a—e2)+P(GS).
s,t€[0,T)
lt—s| <6

Since the right-hand side is independent of z, integrating over z with respect to u®
implies

lim limsup P ( sup |Ye(t)—Y=(s)|> a) =0
=0 ¢-0 5,t€[0,T)
[t—s]<o

holds for any a>0. This shows tightness of Y in C([0,77]), finishing the proof of
Lemma 3.1. ]
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3.2. Uniqueness for the martingale problem (Lemma 3.2). The proof of
Lemma 3.2 relies on the existence of regular solutions to the corresponding parabolic
equation. We state this result next.

LEMMA 3.5. For all f €D(A), there exists a solution to
Opu— Au=0, u(-,0) =1, with u(-,t) €D(A). (3.4)

Given Lemma 3.5, the proof of Lemma 3.2 is standard (see for instance [20,38]). For
the readers convenience, we describe it briefly here.

Proof. (Proof of Lemma 3.2.) Suppose Z,Z" are two processes satisfying the
martingale problem for A. Let f€D(A) be any test function, and u be the solution
in D(A) of Oyu— Au=0 with initial data f. Then for any z €€, and fixed T'> 0, the
processes u(Z;, T —t) and u(Z{,T —t) are both martingales under the measure P*. Hence

B f(2r)= [ B f(Znudd)= | Bu(ZiT-0ud)= | u(z1)uldz)
Qo Qo Qo
— [ Bz m—tude) = | EFF( 2 pdz) = BR£(Z).
Qo QO
Since D(A) is dense in Cy(€) this implies Z and Z’ have the same one dimensional
distributions. By the Markov property, this in turn implies that the laws of Z and Z’
are the same. 0

It remains to prove Lemma 3.5.

Proof. (Proof of Lemma 3.5.) Let v(z,t)=wu(z,0,t). Since (3.4) is equivalent
to (1.7a)—(1.7¢), Proposition 1.1 implies that v satisfies the Basset-type Equation (1.8).
For the homogeneous equation associated with (1.8), existence and uniqueness is proved
in [11]. The inhomogeneous equation can be solved using an analog of Duhamel’s
principle [41,42]. Explicitly, for s >0, let 95 be a solution to the equation

at@s(x,t)+%a;uﬁs(x,t)—%agas(x,t):o, for t>s, (3.5a)
~ _ a_ -1 OLf(SC,')
G5 (z,8) = (I+§Is ) L (3.5b)

Here 7% is the integral operator with kernel w defined by

Itwh:/O w(t—s)h(s)ds,

for any function h: (0,00) —=R. Since I% is a compact operator, the operator
(I+(a/2)I") is invertible, ensuring the initial condition (3.5b) can be satisfied. For
convenience, define ¥s(x,r) =04(x,s) when r <s. Now, one can directly check that the
function v defined by

t
v(x,t) d:ef/ Os(x,t)ds,
0

is a strong solution to the inhomogeneous Equation (1.8).

1We remark that the proof of Proposition 1.1 is self contained, and does not rely on Theorem 1.1.
Thus its use here is valid and does not lead to circular logic loop.
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Since u satisfies the heat equation for y € (0,1) we can write u in terms of v and f
using the heat kernel. Explicitly, we have

1 t
wayt) =5 [ Kl dsr [ 0K 0)0(as)ds,

where K" is the heat kernel on (0,1) with Dirichlet boundary conditions at y=0 and
Neumann boundary conditions at y =1. Since v is C?! this immediately implies v € C?*.
Thus to show u(-,t) € D(A) we only need to verify the flux condition (2.10). This,
however, follows immediately from the fact that 02u(x,0,t) =20,u(x,0,t) = 20v(x,t) and
Equation (2.22). |

3.3. Generator estimate (Lemma 3.3). The main idea behind the proof of

Lemma 3.3 is to balance the local time Z¢ spends at the “gate” between the spine and
def

teeth, and the time spent in the spine. Explicitly, let S=R x (—¢,0) denote the spine
of Q., and T, defined by

def a52
keeZ

denote the collection of the teeth (see (1.1) and Figure 1.1). Let the “gate” G, defined
by

G=ornos= | {(w,0)||x—ek|<a—62},
keeZ 2

denote the union of short segments connecting the spine and teeth. Let LY denote the
local time of Z7 at the set G. Now the required local time balance can be stated as
follows.

LEMMA 3.6. For every g€ C}(R) and K CQqy compact we have

t t
lim sup E*(a X1y dsf2/ X2)dLY) =0. 3.6
tim sup B (o [ (X0 1yecods—2 [ g(x2)rS) (36)

Next, we will also need to show that the local times on the left edges and right edges
of the teeth balance. Explicitly, let 97", 81" defined by

aT_def - a52

= {(:c,y)EZ ’xEEZ_T’ y>0},
el
2

denote the left and right edges of the teeth respectively. Let L™ and L~ be the local
times of Z¢ about 9T~ and T respectively, and let L* denote the difference

and 8T+d§f{(x,y)€Za|xEEZ+ , y>0}.

L*=L"—-L"
The balance on the teeth boundaries we require is as follows.

LEMMA 3.7.  For every f€D(A) and K CQy compact, we have

tl t
lim  sup E( / SR F(Z ) L pyesoyds+ / amf(zg»ﬂde):o. (3.7)
e=0,c KNQ. 0 2 0



COHN, IYER, NOLEN, AND PEGO 1833

Momentarily postponing the proofs of Lemmas 3.6 and 3.7, we prove Lemma 3.3.

Proof. (Proof of Lemma 3.3.) Given f€D(A), we define f¢: Q. —R by

o (ey) = fay™).
Thus, f(Z;4)=f5(Zf), and (3.1) reduces to showing
z € E € € (3 _
i sup B (f (Z2)— f2(Z5) / 02 f°(Z ds)_o

Since f € D(A), we have 03 f(x,0) +ad, f(x,0) =92 f (x,0) and 8, f(x,1)=0. There-
fore, the extension f¢ satisfies 92 f¢(z,y) = 82f‘5($ 0+) ady f&(z,01) for (z,y) €S, as
well as 0, f°=0 for (z,y) €S. Notice that 0, fE may be discontinuous across G. Using
these facts and Itd’s formula, we compute

B (f5(20) - (7)) = B / (O2F(25)+ O2F(25) Lvzsoy ds)
+E2/ SO2F(XE0F) vz <oy ds )
+EZ /anf (X2,01)dLC + /a fZH)dLi)
=5 ([ @) ) Ly )
+EZ( /t(82f(X§,O+)aé)yf(Xj,O+))1{y:<0}ds)
/a F(X2,01)dLE + /a fz€+)dLi)
and hence
B (770 - (%) - [ 3020 )
=l / L2 Ly dst / 0,72 aL)

1 t t
LB (/ 0, F(X5.07 )y <o) ds—2/ 0, /(X5.01)dLE).
0 0

Using Lemmas 3.6 and 3.7 we see that the supremum over z € . N K of the right-hand
side of the above vanishes as € — 0. This proves Lemma 3.3. 0

It remains to prove Lemmas 3.6 and 3.7, and we do this in Sections 3.4 and 3.6
respectively.

3.4. Local time at the gate (Lemma 3.6). The crux in the proof of Lemma 3.6
is an oscillation estimate on the solution to a specific Poisson equation with Neumann
boundary conditions (Proposition 3.1, below). We state this when it is first encountered,
and prove it in the next subsection.

Proof. (Proof of Lemma 3.6.) The expectation in (3.6) can be written as

t

t
EZ(/ ag(Xf)l{yss<0}ds—2/ 9(X7)dLE)
0 0
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t t
ZZQ(Ek)EZ (04/ Livecoy i xe—ck|<e/2} d8—2/ 1{|X§—sk\<s/2}dL§> +R° (3.8)
keZ 0 0
where the remainder term R® is given by

t
R=a) FE* (/0 (g(XE)—g(fk))l{ysw}1{IX5—5’“|<5/2}ds)
k€EZ

t
—2FE~ (/ (Q(Xi) _g(5k>)1{‘xfiek|<€/2}dll§) défRi —‘,—R;
0

To estimate R®, for any d >0 we choose sufficiently large M > 0 such that

t
b
sup E /1 Jt2smyds ) < ——, (3.9)
(e)eK <o Gt 2220 ds) lglloc

where W is a standard Brownian motion in R. Here we write P and E (without
superscripts) to denote the probability measure and expected value for a standard
Brownian motion. By Lemma 3.4, we have

P*(|XZ|+1> M) < Pz +4]W,|+2> M),

where z = (z,y) and so the above estimate can be applied for X¢ independent of € € (0,1/2].
Since g is continuous and hence uniformly continuous on [—M, M], for any 6 >0 we can
choose € >0 such that if z1,22 € [~ M, M] with |z — x| <& then |g(x1) —g(z2)| <d. For
such € and for integers k € e~[— M, M] we have

t
B / 19(k) — 9X0)| Lpye <o xe —eice 2y d
0
t
<6/ PZ(\Xg—ek|<e/2)ds. (3.10)
0

Combining the above with (3.9), gives the following estimate of RS

t
|R§<a<5 k% /OPZ<|X§—ek|<g)ds

eke[—M,M]
t
3
209l PZ(XE—k 7>d
2ol [ P(x5—ei<] )
lek|>M
<a(t+2)d.

Since d >0 was arbitrary this proves R — 0 as ¢ =+ 0. An estimate for R§ can be obtained
in the same manner. Namely,

t
m1<2 (58 wf) +2lole S B ([ tie-arcermart) )

kEZ
lek|>M

t
<cl)+ 2l B ( | 1xersan dLE).
0
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Let 7=inf{t||X{|+1> M} and note that by the Markov property

t
E (/ L{xel+120) dLsG) SE° (EX’ (L,fiw))
0

< (supEZ/ (LtG))PZ(T <t).
Applying Itd’s formula to w(Z¢), where

1
o =(1=y)?% yelo,1],
i) 5(1=9)% ye[0]]

0, otherwise,
shows
E*(LY)=0(1) ast—0. (3.11)
By choosing M larger, if necessary, we have

sup P* (1 <t)<d
z€K

for all e€(0,1/2]. Since § >0 is arbitrary, this shows that R5 —0 as € — 0.
Next, we need a PDE estimate to control the expression

t t
E* (a/ 1{Y;<o}1{|xs—ek|<5/2}d5*2/ 1{|xs—sk|<e/2}dLsG>,
0 0

from (3.8). To this end, let @ be a region of width ¢ directly below the tooth at =0,
and Gg be the component of G contained in [—¢/2,e/2] x R. Explicitly, let

Q= [—%,%} x [—€,0] and Goz{(x,O)‘—ang<x<a7€2}- (3.12)

Let u° denote the one dimensional Hausdorff measure supported on G (i.e. a measure
supported on Gy).
PRrROPOSITION 3.1. Let the function u®: Q. —R be the solution of

—Auf=alg—p° in Q. (3.13)
Oyu=0 on 09, (3.14)

with the normalization condition

infu®=0. (3.15)

QE

Then there exists a constant C >0, independent of € such that

supu®(z) < Ce?|Ingl. (3.16)
Q

€

REMARK 3.1. Existence of a solution to (3.13)—(3.14) can be proved by using [18, Thm.

2.2] and a standard approximation argument to deal with the unbounded domain. See
also [27, Thm. 2.2.1.3].
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Throughout the remainder of this proof and the section, we will use the convention
that C'>0 is a constant that is independent of e. We apply It6’s formula to the function
uf defined in Proposition 3.1 to obtain

2B (uf(Z5) —uf (Z)) = — E* (a/otlQ(Zj)ds—2LtG°>.

t t
=E* (a/ Live<oyl{x.|<e/2p ds —2/ 1{\Xs\<e/2}de)-
0 0

The oscillation bound (3.16) now implies

t t
‘Ez(a/ 1{YSE<O}1{|XS—£1€\<E/2}d5_2/ 1{|X5—sk|<5/2}dL§>‘<C€2|10g5|
0 0

holds for all k and x € R. Because of (3.9), we can restrict the sum in (3.8) to k€Z for
which e|k| < M (i.e. only O(¢7!) terms in the sum). Therefore,

t

t t

Z Ez(a/ 1{Y§<0}1{\X§75k|<5/2}d5_2/ 1{|X§75k|<5/2}dl’§)<O(5|10g<5)|)~
0 0

E\I;EZM

Combining this with the above estimates, we conclude that (3.6) holds. |

To complete the proof of Lemma 3.6, it remains to prove Proposition 3.1. We do
this in the next subsection.

3.5. An oscillation estimate for the Neumann problem (the proof of
Proposition 3.1). The proof of Proposition 3.1 involves a “geometric series” argument
using the probabilistic representation. Explicitly, we obtain the desired oscillation esti-
mate by estimating the probabilities of successive visits of Z¢ between two segments. The
key step in the proof involves the so-called narrow escape problem (see for instance [30]),
which guarantees that the probability that Brownian motion exists from a given interval
on the boundary of a domain vanishes logarithmically with the interval size. In our
specific scenario, however, we can not directly use the results of [30] and we prove the
required estimates here.

Proof. (Proof of Proposition 3.1.) Note first that

/ (alQ f,us) dz=0,

€

and hence a bounded solution to (3.13)—(3.14) exists. Moreover, because the measure

alg(z) —p® is supported in @), the function v is harmonic in Q. — Q. Thus, by the
maximum principle,

supu® <supu®.

€

Define Q" 2 Q to be the region that enlarges @ by €2 on the top, and £/4 on the
sides. Precisely, let
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Fic. 3.1. Image of one period of Q.

The first step is to estimate the oscillation of u® on the top and side portion of Q’. Let A’
and D', defined by

aer [ ag? ag? aer [, 3€
AR T ety and D {eTixe) @)

denotes the top and sides of Q' respectively. See Figure 3.1 for an illustration. We aim
to show

sup  |uf(a)—uf(d)| < Ce?[lng]. (3.18)
a,deA’UD’

Let 79 be the first time at which the process Z;§ hits the gate G (defined in (3.12)).
The stopping time 7y is finite almost surely, but has infinite expectation. We claim that
the distribution of Z7 on G is bounded below by a constant multiple of the Hausdorff
measure, uniformly over all initial points in A’UD’.

LEMMA 3.8.  For any z€ A'UD’, let p(z,-), defined by
plo,r) = P*(Z5, € dr),

denote the density of the random variable Z7 on Gq. Then, there exists 6 >0 such that

p(z,r) 2 —3, (3.19)

for allze AUD’ and r € Gy.

Momentarily postponing the proof of this lemma, we note that for any a,de€ A’UD’,
we have

E“ug(ZjO)—EduE(Zio)z/G p(a,r)ug(r)dr—/G p(d,r)u(r)dr

= [ (pter) =)oyt [ (stder)= 5 )ty

0

<(175)(supugficr;10fu5>g(lfé)( sup |u5(r1)7u5(r2)|).

Go r1,72€G0
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To obtain the second last inequality above we used the fact that

)
p(z,r)— v >0, (3.20)

which is guaranteed by Lemma 3.8.
Now by Itd’s formula,

€ e a, e £ d, e e 1 a Gsr 0 €
u(a) —uf(d) = B*u(25,) — E"(25,) — 5 B (2LT(, —a | 1Q(Zs)ds)

1 s g
+5Ed(2L§fﬁ —a/o 1Q(Z§)ds)

5 5 1 a G;r 7o 5
<(1=0) sup [u(ry)—u (o)~ 5 B <2LTO 704/ 1Q(zs)ds)
0

r1,72€G0

1 0
+§Ed(2Lf§ 704/ 1Q(Z§)ds). (3.21)
0

+
Note that by definition of 7y we have L%" =0 for all a,de A’UD’. Also, if a€ A’, then
Y >0 for all s€[0,7] with probability one. Hence

1 a Gy v € 1 d G " €
sup  |--E (2LT00 —o 1Q(Z5)ds)+fE (QLTO" —a 1Q(Zs)ds)’
a,deAupr| 2 0 2 0
70
<o sup Ed/ 10(Z5)ds. (3.22)
deD’ 0

We claim that the term on the right is bounded by Ce?|Ing|. To avoid distracting
from the main proof, we single this out as a lemma and postpone the proof.
LEMMA 3.9. With the above notation,

70
sup E? 1o(Z%)ds < Ce?|Ine.
deD’ 0

Using Lemma 3.9 and (3.22) in (3.21) we conclude

sup  |uf(a) —uf(d)| < (1=0) sup |u(r)—us(ry)|+Ce?|Ine|. (3.23)
a,de A’UD’ r1,m72€G0

To finish proving (3.18), we will now have to control the oscillation of u¢ on Gy in terms
of the oscillation of u® on A’UD’.

For this, given Z§ € G, let 7 be the first time that Z{ hits A’UD’. By Itd’s formula
again, we have for all r1,r, € Gy:

W) —u(r) < sup (uF(a’) —uf(d))
a’,d’'€ A’UD’

1 7 1 7
__En" <2LG,0_0[ 1Qd8)+*ET2 (QLG/O—Q les>. (3.24)
2 To 0 2 7o 0

We claim that the last two terms above are O(g?). For clarity of presentation we single
this out as a Lemma and postpone the proof.
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LEMMA 3.10. With the above notation

sup

n;
E (2Lf,0 704/ 1Q(Z§)ds) ’ <Ce.
reGo 0 0

Using (3.24) and Lemma 3.10, we see

sup |u(r) —uf(ro)| < sup  |uf(a)—u(d)|+Ce>. (3.25)
r1,m12E€G0 a,de A’UD’

Combining this with (3.23), we obtain
sup  |us(a)—ut(d)] < (1 —5)( sup  |uf(a) —ul(d)] —|—C’€2|ln€|) +Ce2.
a,d€A'UD’ a,d€A'UD’

and hence
1-46

sup  |uf(a) —uf(d)| < C<T>62|1n6\ + %52. (3.26)
a,d€A’UD’

This proves (3.18) as desired.
Now we turn this into an oscillation bound on u° over the interior. Observe that for
any z €.,

1 . 7
uf(2) = B[ (25))+ 5 B (2L (0F) —a /0 1y <o ds) (3.27)

These last terms can be estimated with the same argument used in Lemma 3.10, leading
to

sup |uf(2) — E*u(Z5,)| < O
2€Q, 0

The combination of this and (3.26) implies that

sup |u(z1)—u®(z2)|< sup |E21u5(Zi)—EzzuE(Zﬁé)H—CEQ<C62(|1n6|+1).

’
0
21,22 €8, 21,22 €8,

This implies (3.16), concluding the proof. |

For the proof of Lemma 3.8 we will use a standard large deviation estimate for
Brownian motion. We state the result we need below.

LEMMA 3.11. Let W; be a standard Brownian motion in R:. Let v€ C([0,T];R%) be
absolutely continuous with S(v) :fOT|7’(s)|2ds< oo. Then

P ( sup |[W(t)—~(t)] g(S) > Me—%s(w)— 25(7)/P(K)
te[0,T 2
where K is the event {sup,co 71|W ()| <0}

The proof of Lemma 3.11 is standard — it follows from a change of measure, as in
the proof of Theorem 3.2.1 of [25], for example. For convenience we provide a proof at
the end of this section, and prove Lemmas 3.8, 3.9 and 3.10 next.
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Proof. (Proof of Lemma 3.8.) We need to show that for an interval [ry,73] C
[70552/230[52/2]7

. c [roa—m1]
ze,laxr/lthD'PZ (27, €[r1,m2] x {0}) = C?.
Suppose z € D’ (the case z € A’ is similar but less complicated by the domain geometry).
In order to hit Gy, the process must first hit the boundary of B(0,ae?) which is a ball of
radius ae?, centered at the origin (0,0), since Go C B(0,ag?). So, by the strong Markov
property, it suffices to show that
|ra — 71

2

inf P*(Z¢ >C———.
zeér(lo,ﬁ) ( o < [T17T2] % {O}) ¢ (675

Suppose that [r1,72] =[ro — 5,70+ k]. Let £={ro} x [—€2,0) be the vertical line segment

F1G. 3.2. The curve vy starts on 0B(0,e2), goes through the line £ while keeping a distance § from
the gate Gg.

of length 2 below the desired exit interval. Let T'=¢*, §=¢2/4, and let v be a curve
parametrized by arc-length such that v(0) =z and the event sup,¢o 71|2°(t) —v(t)| <0
implies that Z* hits ¢ before G (one example of such a curve is shown in Figure 3.2).
We can choose such a curve v for which |y/|<O(¢7?), so that the quantity S(v) in
Lemma 3.11 is bounded independent of ¢ and of z=~(0) € B(0,£2). Notice also that the
set K from Lemma 3.11 satisfies

d
P(K)=P( sup |[W(t)|<d)=P( sup [W()|<—=
(K)=P( sup [W(0)]<0)=P( s W(OI< )

by Brownian scaling. Then since 6/ VT is constant, this probability is bounded below
and Lemma 3.11 states the probability that ZF hits ¢ before Gg is bounded below (away
from zero), independent of €. By the Markov property it now suffices to finish the proof
assuming zg € £. Then consider the unique circle with center at zg € £ such that the circle
intersects Gy at the points (rg —k,0) and (ro+#,0). By symmetry of Brownian motion,
the exit distribution on the circle is uniform. The probability that Z: € [ro—#,ro+ ]
is at least the probability of exiting this circle along the arc above G, which is the
ratio of the arc length to the circumference. This probability is bounded below by
2k/(ae?) 2 |r1 —ral/(a?). O
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Proof. (Proof of Lemma 3.9.) By the Markov property, Lemma 3.9 will follow
from the estimate

70
supEZ/ 10(Z5)ds < Ce?|lnel. (3.28)
z€Q 0

Let D={%e/2} x [—¢,0] be the sides of @, and recall D" (defined in (3.17)) denotes the
sides of Q'. We consider two sequences of stopping times, (;, 7;, denoting successive
visits of Z°¢ to GoUD’ and D respectively. Precisely, let 79 =0, inductively define

G=inf{s>n;_1|Z:€GoUD"}
n;=inf{s>(;|Z; € D},

for i€{1,2,...}, and let
M=min{neN|Z; €Go}.

Notice that {py =79. Using the strong Markov property, and the fact that ZZ ¢ @ for
s€(¢;,m;) for all i < M, we obtain

(61
E/ 1o(Z¢ ds—EZZ/ o(Z: ds—EzZE i / 1o(Z5)ds
0 N4 0

i—1 =1
¢1
g(EZM)(SggEd /O lQ(Z)ds> (3.29)

Since ¢; is bounded by the exit time of a one dimensional Brownian motion (the first
coordinate of Z¢) from an interval of length 3e/2, we know

sup B9¢; < Ce?.
deD

Using this in (3.29) shows
To
E/ 10(Z5)ds<C*E* M. (3.30)
0

We now estimate E?M. Notice that
PZ(M>”’):PZ(ZEI gGO’ ZZZ QGO’ Tt ZS” gGO)

z L
=E (1{251%‘0, 25, 8Go, ., 25, 2Goy P (ZG ¢Go))

Cn
<P (7, ¢Go, Z5,2Co, .., Z,_, gGO)(Sugpd(zgngO))
S
=P*(M>n-— 1)(sude(Z< gGo))
deD

Thus, by induction

P?*(M>2n)< (ZggPd(chngo)) .

Now we claim that there exists a constant cg >0, independent of &, such that

sup Pd(ZC1 ¢G0) <1-

3.31
sup el (3.31)
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This is the key step in the proof. Once established, it implies

o )”—1 _ |Ing|

EEM=S"P*(M>n)< (17
2Pz <) (1= g

Co ’
which when combined with with (3.30) yields

n Ce?|Ing|

sup E* 1o(Z5)ds< (3.32)
zeD 0 €o
This proves (3.28) and finishes the proof of Lemma 3.9.
Thus it only remains to prove (3.31). We will prove it by showing
inf P*(Z¢, € Go) > —. (3.33)

z€D [Ine|

We will prove this in three stages. First, by scaling, it is easy to see that the probability
that starting from D the process Z°¢ hits B(0,e/4) before D’ with probability ¢y > 0.
Next, using the explicit Green’s function in an annulus we show that the probability
that starting from B(0,e/4), the process Z¢ hits B(0,ag?) before exiting B(0,e/2) with
probability co/|Ine|. Finally, by scaling, it again follows that starting from B(0,ae?) the
process Z¢ hits G before exiting B(0,2ae?) with probability ¢y > 0.

For the first stage, consider the stopping times

05/4:inf{t>0‘Zf eB(OE)},
op’ :inf{t >0 | Zts S D,}.
By rescaling, it immediately follows that

i££P(05/4<0D’|Z§:Z)>p17 (334)

for some p; >0, independent of ¢.
For the second stage suppose Z§ € 0B(0,e/4). Consider the stopping times .2 and
0.2 defined by

Oue2 =inf{t>0|Z; € 9B(0,e)},
Oc/2 =inf{t>0|Z; € 0B(0,¢/2)}.
The function
_ In(2]z]/¢)
1(z)= In(2ce)

is harmonic in B(0,e/2) — B(0,ae?) and satisfies f=1 on 9B(0,ae?), and f=0 on
0B(0,e/2). This implies that for all z€ B(0,e/4) we have
~In(1/2)

PZ(O.Oéiz <0'5/2)=f(2)— 111(26) : (335)

Finally, for the last stage, let 0g4.2 be the first time Z¢ exits B(0,2ae?). By scaling,
it immediately follows that for all z € 9B(0,ae?)

P*(19 <03qc2) 22, (3.36)
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for some constant p, >0, independent of e.
The strong Markov property and (3.34), (3.35), and (3.36) imply

) In(1/2)
f € € — 2 . . X
;QDP(ZCIEGMZO z) =D In(202) D2

By the time-homogeneity of the Markov process Z¢, this establishes (3.33), finishing the
proof. 0

Proof. (Proof of Lemma 3.10.) To estimate the local time term, consider the
function

2

(z.1) ag® -y, yel0,ae’,
w(x,y)=
Y ae”, otherwise,

which satisfies 9,w(z,07) —dyw(z,07)=—1 for z € [—ae?/2,ae?/2]. Let T4 be the first
hitting time to the set A’, where we know w=0. Using Itd’s formula we obtain

EZL%J, =w(z), z€Gy.
Clearly 74 > 7, and so
sup EZLf,0 < sup EZij, =ag?.
z€Go 0 z€Go

Next, we estimate the term

To
sup EZ/ 10(Z5)ds. (3.37)
z€Go 0

Let 7pr =inf{t>0|Z§ € D'}, so that 7p > 7). Let H={(z,y) €R?|y=—¢} denote the
bottom boundary of Qq, and let H' =[—3¢/4,3¢/4] x {—e}=Q'N H. We now consider
repeated visits to H’ before hitting D’. For this, define the stopping times {(x}32,
inductively by

Co=inf{t>0]Z; € H},
CGe=inf{t>( 1 +e?|ZE € HY, for k=1,2,3,...,

and define
M=min{keN|Z; e H-H'}.

Observe that if Z§ € Go, then 7p < (ar. Indeed, since ZEM € H— H' and trajectories of
process Z¢ are continuous, they must must have passed through the set D’ at some time
before (as.

Now, to bound (3.37) we observe

M G

Z/ 1(Z%)ds. (3.38)

5 o
/ 1Q(Z§)ds</ 10(25)ds+
0 0 k=17 Ck—1

On the event {M >k —1} we must have Z§, € H'. Using this observation, the strong
Markov property, and the time-homogeneity of the process, we see that for any z € Gy
we have

M

3 / 10(Z2) ds

To Co
EZ/ ]_Q(Z:)dngz/ 1Q(Z:)dS+EZ
0 0 k=1"Ck—1
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Co M - ¢1
:EZ/O :lQ(Zg)ClS—I—E'ZZ_EZ%1/C 1Q(Z§)d8
0

k=1
Co M , (G
gEZ/ 1(Z5)ds+E*)  sup E/ 10(2%)ds
0 kle’GH’ Co

o ,
:EZ/ 1¢(Z:)ds+ (E*M) sup E# 1o(Z7)ds.
0

2 EH' ¢
We now bound the right-hand side of (3.39). Note
E*M=) P (M>j)=Y P*(Zi€H' Zi €H ..., Z;,  €H).
j=1 j=1
By the Markov property
P2, €', 2, € H) =B (1, e P (25, € 1Y)

< ( sup P (Z¢ € H’)) P*(Z;, €H)
z'eH’

Now using Lemma 3.11 and the fact that ¢; > &2, one can show that

sup PZ,(ZE1 eH')<1—cp,
2 EH!

(3.39)

(3.40)

(3.41)

for some constant co >0, independent of €. Combining this with (3.41) and using

induction we obtain

SN Pz eH, Zi e ', ..., ZE,  €H)<Y (1—-co) .
j=1 ' j=1
Thus, using (3.40) we see
1
E*M < —.
Co
Using this in (3.39) we have
70 Co 1 , &
EZ/ lQ(Zj)dséEz/ 19(Z;)ds+ — sup E~# 10(Z%)ds
0 0 Co 2’€H’ Co

Co 1 , o
gEZ/ 1Q(Z§)ds—|—f<82—|—sup E* 1Q(Z§)ds>.
Co

0 2'€Q 0

To bound this, consider the function

v($7y):{

and observe that for any z € Q,

(627y2)7 yE[*E,OL

€2, y>0.

N|= N[

Co e2
EZ/ 1Q(Z§)ds<EZC0:v(z)<§
0

(3.42)
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Substituting this in (3.42) shows

EZ/TU 10(Z%)ds < (1 + i)g,
0 s 2 200

completing the proof. 0

Finally, for completeness we prove Lemma 3.11. The proof is a standard argument
using the Girsanov theorem, and can for instance be found in [25] (see Theorem 3.2.1,
therein).

Proof. (Proof of Lemma 3.11.) Define Y (t)=W(t)—~(¢). Let B(t) be an
independent Brownian motion in R with respect to measure P. Let us define a new
measure Q by

4Q _ - [ ®aBe)-4 [ ()7 ds
dP

Let K be the event K = Kr 5 = {supycpo, 17| B(t)|<d}. Let S(v fo |/(s)|?ds. Accord-
ing to the Girsanov theorem,

P( sup [Y(t)|<8)=Q(K)
te[o,T]

= EP |:]_I~(€—f0T’yl(s)dB(s)—; fUT |'Y,(5)|2d8:|

_ MR, {1 A 7/(S)d3(8)]

Now, by Chebyshev’s inequality and the Itd isometry,

T
P( | s za S(v)><12
0 Q

So, if 1y < %P(f(), we have

1 1 -
P( sup |Y(¢)| <5> > e 250)=V SO _ p(K)

te[0,T) 2

In particular, by choosing o= 1/2/P(K) >0, we have

(Sup |y()|<5>>e 1S()—v28(v)/P(K L P(K )

te[0,T]
Note that P(K)=P(K) since B and W have the same law under P. d
3.6. Local Time on Teeth Boundaries (Lemma 3.7).  The last remaining

lemma to prove is Lemma 3.7 which is the local time balance within the teeth. We again
use the symmetry and geometric series arguments as in the proof of Proposition 3.1.

Proof. (Proof of Lemma 3.7.) As with (3.6), we will estimate

I d—efEZ / 1{Y5>0}1{|X57sk\<s/2}d3+/ O: f(Z5)1{|xz—ch|<e/2y AL )
(3.43)
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for any z€ KNSQ.. As before, Lemma 3.7 will follow if we can show that for any
finite M, > 5 <prIr vanishes as e —0. Since there are O(1/e) terms in the sum, it
suffices to bound each Iy by o(e). Without loss of generality, assume k=0 and let Tp =
[—ag?/2,ae? /2] x [0,1] denote the tooth centered at k=0. Define the function f: Tp —R
by

f(m,y) d:eff(x’y)_f(oay)_xawf(oay)a

Note that for all (x,y) € Ty we have

f0,y)=0,  0.f(0,y)=0, and  I2f(z,y)=02f(z,y).

and hence || f||oo = O(e?). Moreover,
0y f(x,y) =0} f(x,y) — 0 f(0,y) — 0,0, f(0,y) = O(e"),

assuming 92 f € C', and 9y f(2,0)=0(e*) for z € [~ae?/2,ae?/2).

We now extend the definition of f continuously outside of T (into the spine) to a
O(£?) neighborhood of G as follows. Let n(z,y) be a smooth, radially-symmetric cutoff
function, vanishing outside of Bg(0,0) and such that n(z) =1 for |z| <1. Then, for y <0
(i.e. outside the tooth Tp), define

) “n(=5.-5) (.0~ £(0,0~20,£(0.,0)).

ae?’ ae?

In this way, f has the additional properties that

(1) f vanishes outside of Ty U Bge2(0,0),

(2) 9,f=0o0n (9Q)-G,

(3) The jump in 8, f across G is O(e?),

(4) Af=0(1) in the region B, _» ={y<0}N Bzye2(0,0).
This last point stems from the fact that |f(z,0) — £(0,0) — 29, f(0,0)| =O(e*). In view
of this construction, we see that

tq B B t B
IOZEZ(/ §(a§f+8§f)(Z§)1{Z§€TO}ds—/ 8wf(Z§)1{Z§€TO}dLj)
0 0
t
v / 0uJ(0,Y9)d(L; ~LF)) + 0t
0
:R1+R2+O(52)t.

Notice how we have introduced the 85 f term for the price of O(2)t. We also still have
ayf(ac, 1)=0 on the top boundary of the tooth. By It6’s formula applied to f, we have

R B (F(Z0) - F(z5) (| 0, f(x2.00a) + B / 011, (Z2)ds)

=0(eY) +0(?) E* (Lf‘) +O)E* (/0t132a52 (Zs)ds)
=0(")+0(*)+O(1)R3,

since EZLY =0(1) by (3.11).
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We now estimate the term Rs. By symmetry with respect to reflection in the y
coordinate, we note that

E” ( / tazf<0,Y;)d(L; —L:)) =0
0

for any z'=(0,y) on the axis of the tooth Tp. Thus by symmetry and the Markov
property, it suffices to estimate

o ([ ooyt
0

where 7=inf{t| X7 =0} is the first time that Z{ reaches this z-axis {0} xR, and z is
to the right of the y-axis. Clearly this is bounded by |0y f||leo E* L. Moreover, using
rAasg?/2 as a test function, we immediately see E*L} <ag?/2. This shows Ry=0(g?)
as desired.

Finally, we estimate the term

Rg:EZ(/OtlB (Zs)ds>,

2ae2

where B, _» ={y<0}NBy.(0,0). The geometry of the domain 2. makes this estimate
a little tedious. Since the proof is very similar to the arguments used in the proof of
Proposition 3.1, we do not spell out all the details here.

We will show that R3 <O(e3|log(¢)|). For this, we first claim

Tace?
sup E? (/ 1,- (Zs)ds) <O(eh)
z€Q.NK 0 2ae?

where 742 =inf{t|Zf € D _,}, and D} _,={y<0}N0B4n2(0,0). This follows by di-
rectly applying Ito’s formula with a function f satisfying Af <0 in {y <0} N Bya2(0,0)},
with Af < —c<0in B,__,.

Next, we claim that there is C'> 0 such that

C
inf P~ (0’5/2 < 7—2(152) = )
nt o5

where o,/ =inf{t||X{|=¢/2} and Tyq.2 =inf{t|Zf € B, _.}. This is the narrow escape
asymptotics [30], and follows from a direct calculation with the Green’s function in a
manner similar to the proof of (3.31). Finally, we claim that for any ¢ >0, there is C >0
such that
inf  P?*(1pqe22>1)>Ce.
{zl=e/2} ( 2ae? = )/

This follows from comparison between X; and a standard Brownian motion on R, via
Lemma 3.4. Thus, starting from z€ D, __,, with probability at least Ce/|log(e)| the
process Z; will make a long excursion such that it doesn’t return to B;__, before time ¢.
Using the same geometric series argument as in the proof of Lemma 3.9, we have

Rs gC’(log(s)/s)sngz (/074052 1,- 2(Zs)ds) =0(3|1og(e))),

2ae

as claimed.
Finally, combining all these estimates we conclude that for any k, Ij (defined
in (3.43)) is at most O(g2). Consequently > eikj<m L — 0 as =0, concluding the proof.
d
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3.7. Remarks about other scalings. Consider a comb-shaped domain with
the general scaling described in Remark 1.2. For clarity, let us suppose that

140
ae
wg(e)=¢7, and wr(e) = 5

for some o >0. Theorem 1.1, which we have proved already, pertains to the case o =1.
In the cases 0 <1 and o > 1, the same arguments may be applied, showing that the limit
process is the same as with o =1. Only a minor modification of Proposition 3.1 and its
supporting lemmas are required, and we sketch those modifications here.

Analogous to the previous definition (3.12), we define the sets

g €

Q:[_§a§

140 140
: : } (3.44)

] x [-€7,0] and Goz{(m,o)‘—a 5~ <z<a
Notice that @ is no longer a square if o # 1. In the case o > 1, the bound 0 < u < Ce?|Ine|
in Proposition 3.1 remains unchanged. The proofs of Lemma 3.8, Lemma 3.9, and
Lemma 3.10, extend in a straightforward way. In particular, the lower bound in Lemma
3.8 becomes p(z,7) >6/(ae!™?). In the proof of (3.33) within Lemma 3.9, the balls
B(0,e°/4) and B(0,ae'*?) fill the roles of B(0,e/4) and B(0,ae?) in the previous proof.
In the case o € (0,1), the bound on u° in Proposition 3.1 becomes 0 < u® < Cel™7|Ine].
Nevertheless, this bound is still o(¢), so that the rest of the argument for the proof
of Lemma 3.3 proceeds as before. To prove this modification of Proposition 3.1, we
can modify Lemma 3.8, Lemma 3.9, and Lemma 3.10, as follows. First, A’ and D’ are
defined to be the sets
140 €1+0'

def 3
A= [fa—,a

5 x{ae'*?}  and = D'={£e%} x[—7,0].

With these definitions, the lower bound of Lemma 3.8 becomes p(z,7) > ozsi%' In Lemma
3.9, the analogous bound becomes O(e'*7|In(g|). Here, the logarithmic factor arises
in the same way as before. The £!79 factor comes from the fact that for a Brownian
motion on R, the expected time spent in [—&,e] before hitting +¢7 is O(e! 7). Similarly,
the bound in Lemma 3.10 is O(e!77). Together these imply the O(e'™7|In¢e|) upper
bound in Proposition 3.1.

4. Comb-shaped graphs (Theorem 1.2)

4.1. An SDE description of Z¢.  We begin by constructing the graph diffusion
Z¢ on the comb C.. Following the approach of Freidlin and Sheu [23], let LZ be the
linear operator defined by

1 .
585]‘ if (x,y) €€Z % (0,1),

Lof= (4.1)

%agf if (z,y) €eRx {0}.

Let the domain, denoted by D(L?), be the set of all functions
f€Co(Qe)NCF(Q: — Je)

such that £°f e Cy(€.) and

agdy f(x,0)+ 07 f(z,0)—0; f(z,0)=0 for x€Z, (4.2a)
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Oy f(z,1)=0 for x€eZ (4.2b)

The general theory in [20, §4.1-4.2] (see also [24, Theorem 3.1]) can be used to show the
existence of a continuous Fellerian Markov process Z° = (X¢,Y¢) that has generator L£°.

In the teeth, and in between the nodes, it is clear that Z¢ is simply a Brownian
motion. The flux conditions (4.2a)—(4.2b) introduce local time terms at junction points
and ends of the teeth. This can be stated precisely in terms of an Itd formula as in the
following Lemma.

LEMMA 4.1.  Let F be the set of all functions f€C(C.) such that f is smooth on
C. — J- and all one sided derivatives exist at the junction points J.. There is a Brownian
motion W such that for any for any f € F we have

1
df (Z7) =iy =0y 0. f(Z7) AW + il{Yf:O}aif(ZtE)dt

1
+1(yes0y0y f(Z) AW + il{Yf>0}a§f(ZtE) dt
1
2+ ae

(0 125~ 0; 1(Z) + s, £(Z7) ) dt.
Here ¢ defined by
ti=L7 (J.) (4.3)

is the local time of the joint process Z§F = (X§,Y®) about the junction points eZ x {0}.

REMARK 4.1. The coefficients of each of 9, , 8} and 9, in the local time term above
can heuristically be interpreted as the chance that Z¢ enters the teeth.

Proof. (Proof of Lemma 4.1.) We refer the reader to Section 2 (and specifically
Lemma 2.3) in Freidlin and Sheu [23] where stochastic calculus for graph diffusions is
developed in a general setting. a

Notice that choosing f(x,y) =z and f(x,y) =y in Lemma 4.1 yields the following
SDEs:

dXtE = l{YtEZO} th7 (44&)
(673 e
de:l{Ww}th—&—md&—de (1) (4.4b)

Note that (4.4a) and (4.4b) are coupled through the local time term d¢, which is the local
time of the joint process Z¢=(X¢,Y?) at the junction points J.. We claim that with
the additional assumption that the process spends 0 time in junctions, weak uniqueness
holds for (4.4a)—(4.4b), and thus this system can in fact be used to characterize the
process Z¢. Since this will not be used in this paper, we refer the reader to Engelbert
and Peskir [19] for the proof of similar results.

4.2. Proof of convergence (Theorem 1.2). We now prove Theorem 1.2. As
with the proof of Theorem 1.1, we need to prove tightness and a “generator estimate”.
We state the results we require as the following two lemmas.

LEMMA 4.2. Let Z°=(X¢,Y®) be the process on the comb-shaped graph C., as defined
above. Then for any T >0, the family of processes Z¢ is tight on C([0,T];R?).
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LEMMA 4.3. Let A be the generator (2.9). If f € D(A), and K CQq is compact as a
subset of R?, then

tim sup B (£(20) - f(Z) - / Af(22)d5) =0

e=0zeKNC.

Proof. (Proof of Theorem 1.2.) Using Lemmas 4.2 and 4.3 as replacements
for Lemmas 3.1 and 3.3 respectively, the proof of Theorem 1.2 is identical to that of
Theorem 1.1. O

The remainder of this section is devoted to proving Lemmas 4.2 and 4.3.

Proof. (Proof of Lemma 4.2.) We write both X¢ and Y*® as time-changed
Brownian motions as follows. Let S(¢ fo 1{y:—oyds. Then letting S~'(¢) be the
right-continuous inverse, by the Dambls Dubms Schwartz time change theorem (see
for instance [34, Sectlon 3.4.B)), Wy = 1(t) is a Brownian motion and X7 WS
Similarly we can time change Y¢ using R(¢ fo liyesoyds. Equation (4.4b) tells us
that B; —YR,I(t) satisfies

dB,=dB; +dLP(0)—dLE(1).
where B; is a Brownian motion and hence By is a doubly-reflected Brownian motion on
[0,1] such that Y7 = Bpr(. Since S(t) —S(s)<t—s and R(t)— R(s)<t—s holds with
probability one, the moduli of continuity of X¢ and Y¢ over [0,7] are no more than

those of W and B over [0,T], respectively. This implies tightness. ]
Proof. (Proof of Lemma 4.3.) We claim for any k€N we have

L% (ek,0) =L (ck,0)+ LY " (ek,0), and LYE(gk;,O):%LXE(gk,O).

The first equality is immediate from the definition, and the second equality is proved
n [23]. (The second equality can also be deduced from the independent excursion
construction in Section 5, below). Consequently

2+ae 24 e

ag

L7 (ek,0) = LY (ek,0) = LY (¢k,0). (4.5)

For any f€D(A), Lemma 4.1 gives
t t
1Z)=1(Z8)= | 9,520 sV + / 00 F(Z) 1y =0y dXC
/ l{ys>0}+ 8 f( )l{y::()}ds

+Z( 0, f(ck 0)+2—(a+f(gk 0)—0; f(eh,0)) )L (=h,0).  (4.6)

kEZ

The first integral on the right of Equation (4.6) can be rewritten as
t t t
[ ot avi = 0,5zt W~ [ 0,50 Dz )
0 0 0

t
:/ Oy f(Z5) 1 yes0y dWs.
0
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Here we used the fact that 0, f(z,1)=0 for any feD(A).
Returning to (4.6), we note that f€C?(Rx {0}) implies 9] f(ck,0) =0, f(ck,0).
Thus for (z,y) € KNC., taking expectations on both sides and using (4.5) gives

B0 (1(20) - 1(75) - [ A(7)a5)

Ty) /82 1{Y5>0}+8 J(Z)ye— 0}—6 f(Z3)ds

+5§2@J&%JDL§(¢&OD

keZ

E(x,y) /a FIXE,0)1qyez O}ds+528 flek,0)LX" (k, O))
keZ
—[+1I,

where

dC @ x, €
: ZE( y/ Oy [ (ek,0) =9y f(X5,0)) Liye—o, | xz—ck|< 5} dS,

keZ

t
Ud—dazﬁ f(ek,0)E=Y) <€LX —/ 1{Y::o,|X§—ek\<g}dS)~
0

keZ

Note that there exists Brownian motion W such that X7 =Wg) where S(t), defined by

S(t )def/ Liye(s)=0} s,

is the amount of time the joint process spends on the spine of the comb up to time t. To
estimate I, for any d >0 we choose sufficiently large compact set C'C R such that

¢ )
() vomeer ) <
Then since S(s) <s, it follows that
PHXS¢C)<P* (W, ¢C)
and so the above estimate can be applied for X¢ independent of . Then use uniform

continuity of 9, f in C along with the above estimate.
In order to estimate II, we again use the above representation to see

t
E(T’y)‘ELg( (Ek,O)—/ 1{)’;:0,\X§7€k\<%}ds‘
0

(®)
:E$’€L?/(t)(€k)—/0 1{‘WS_5k‘<%}dS ,

(4.7)

where S(t), defined by

S(ﬁ)def/ 1{Y5(5) O}ds
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is the amount of time the joint process spends on the spine of the comb up to time ¢.
Thus to show IT — 0, it suffices to estimate the right-hand side of (4.7) as e —0. Also,
by shifting the indices of the sum to compensate, we can assume that x=0.

To this end, let f. be defined by

2
E(Ek—l‘)—% if;c<5k—g,

fo(@) =S (x—ek)? 1f8k—f<x<5k’+f
s(x—ek)—g— if o >ek+ o
4 2
By Ito’s formula we have,
fe(Wi) —e|Wy —ek| — (f-(Wo) —e|Wo —ek])
t t
:/0 (f;(Ws)fssign(Wsfsk))dWSqL/o 1{‘W5_5k‘<%}dsstXV(5k).

Using the It6 isometry and the inequalities

62
Za
[fL(&) —esign(e —ek) | <elprs chr sl

]f&-(x)—e|x—€k|| <

we obtain
1
3

t 2 t
3 3
EO)EL,E/V(EIC)_/O 1{|W55k|<;}d8‘<4+5(E0/0 1{W55k<§}d5> <c(t)ez,

since

t t t
EO/ 1w, k<t ds:/ |W —ek|< d8<c/ _ds=2ce Vi

We break up the sum in IT and estimate as follows,

11 <0, f||oo( > E°[ELY(ck,0)] /PO |X8|>N—7)ds+gc( )a%)

|k|>N/e

We can again use that X has the same distribution as a Brownian motion with a time
change S(t) <t to replace X¢ with W, i.e.

11 <o, f||oo( > E°[L} (ck)] /PO |W|>N—7)ds+Nc() )
|k|>N/e

Setting IV sufficiently large and then sending ¢ —0 gives us I -0 as € —0. This
completes the proof. 0

5. Excursion description on the comb graph

In this section we describe how the diffusion Z° on the comb-shaped graph C.
(defined in Section 1.2) can be constructed from the point of view of Itd’s excursion
theory (c.f. [32,37]). We identify the components of Z¢ as a trapped Brownian motion
in the framework of Ben Arous et al. [4], and use this to provide an alternate description
of the limiting behavior as € — 0.
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5.1. The excursion decomposition of Z°¢. The trajectories of Z¢ can be
decomposed as a sequence of excursions where each excursion starts and ends at the
junction points J. =¢Z x {0}, and travels entirely in the teeth, or entirely in the spine.
The excursions into the teeth of the comb (excursions of Y¢ into (0,1] while X¢ €cZ)
should be those of a reflected Brownian motion on [0,1]. The excursions into the spine
(excursions of X¢ into R—eZ with Y°=0) should be those of a standard Brownian
motion on R between the points €Z. Thus one expects that by starting with a standard
Brownian motion X on R and an independent reflected Brownian motion Y on [0,1],
we can glue excursions of X and Y appropriately and obtain the diffusion Z¢ on the
comb-shaped graph C.. We describe this precisely as follows.

Let X be a standard Brownian motion on R and let LX (x) denote its local time
at x€R. Let L;X(¢Z), defined by

R i = [ St seen(%ds
kEZ keZ

denote the local time of X at the junction points eZ. Let 7%:¢ be the right-continuous
inverse of L;¥(¢Z) defined by

=it 0| 1 (2> 1)

Notice that the functions ¢ — L)2 and £ 7% #(£) are both non-decreasing.
Let Y be a reflected Brownian motion on [0, 1] Wthh is independent of X. As above,
let LY (0) be the local time of Y about 0, and let 7, defined by

7V (0)=inf{t>0| LY (0)> ¢},

be its right-continuous inverse. Given a € (0,1), we define the random time-changes ¢X ®
and ¢ ¢ by

wxve(t):inf{poys+ﬁ(%€L§(gZ)) >t} (5.1)
and
z/JY’g(t):inf{s>0|S+TX’8(éL}Z(O)) >t} (5.2)

Note both ’(/JX ¢ and w?’e are continuous and non-decreasing functions of time.

PrROPOSITION 5.1.  The time-changed process Z¢ defined by

ZE () E (XS5 (1)), Y (7 (1)))

is the same process Z< in Theorem 1.2. Namely it is a Markov process with generator
Le (defined in Equation (4.1)), and is a weak solution of the system (4.4a)—(4.4Db).

This gives an alternate and natural representation of Z°=(X¢,Y*¢). One can view
this time-change representation as the pre-limit analogue of the representation (2.2a) for
the limit system (2.3a) — (2.3¢). For clarity of presentation, we postpone the proof of
Proposition 5.1 to Section 5.4.

REMARK 5.1. For simplicity, throughout this section we assume the initial distribution
of Z¢ is §(0,0), and denote expectations using the symbol E without any superscript.
The main results here (in particular Theorem 5.1, below) can directly be adapted to the
situation for more general initial distributions as in Theorem 1.2.
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5.2. Description as a trapped Brownian motion. We now show how this
representation can be explained in the framework of trapped Brownian motions as
defined by Ben Arous et al. [4] (see Definition 4.11 therein). Recall that a trapped
Brownian motion, denoted by B[u], is a process of the form B(v(t)) where B(t) is a
standard Brownian motion and the time-change 1 has the form

Y(t)=inf{s>0|@[u, Bls >},

where
Ol1, Bls = ({(x,0) € R x [0,00) | LB (,5) > £}),

and p is a (random) measure on R x [0,00) called the trap measure. For example, when
 is the Lebesgue measure on R x [0,00), then ¢[u, B]=t, and ¢ (t) =t. Alternately, if
1 has an atom at (z,€) of mass >0, then B(¢(¢)) is trapped at x for a time r at the
moment its local time at x exceeds £.

To use this framework in our scenario, we need to identify a trap measure under
which X¢ is a trapped Brownian motion. We do this as follows. First note that the
process T}/ , appearing in the time change (5.1), is a Lévy subordinator. Thus, there exists

a function n* (s):(0,00) = (0,00), and a Poisson random measure NY on [0,00) x [0,00)
with intensity measure df x n¥ (s)ds, such that

TZ:/ / sNY (dt x ds). (5.3)
[0,€] J[0,00)

In the definition of 1X+(¢) above, we have

o (SLEEm) =" (S LE ().
keZ

Because @Y has stationary, independent increments, this is equal in law to
7 (QE % d v, (QE %
T (SLfEm) LY (S L eR),
kEZ

where {Y; }rez are a family of independent reflected Brownian motions on [0,1]. That is,
the time change ¥*¢(t) has the same law as

&X’E(t):inf{s>0|s+ke§%TYk(CY;Lf(&?k)) >t} (5.4)

Each of the processes 7Y% can be represented as in (5.3) with independent Poisson
random measures N Y+:

Tfk:/ / sNYe(dl x ds). (5.5)
[0,€] J[0,00)

Since each of the random measures N'* is atomic, we may define {(4,k,85,%) 1521 to be

the random atoms of NV by

NYs = Z(S@j,k,sﬁk). (5.6)
j=1
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Then define a random measure on R x [0,00):

X Ezdl'xd€+Zzsj,k(s(sk,@/(as))lj,k)' (5.7)

keZj=1

Returning to (5.4), we now have the representation

s+ZTYk( LX( 5l<:)> ({(I,E)ERX[0,00)|€§L§(x)}).

keZ

It is easy to check that u)_( defines a Lévy trap measure, in the sense of [4], Definition
4.10. This proves the following:

PROPOSITION 5.2.  Let X be a standard Brownian motion on R and let X[MX’E] be
the trapped Brownian motion (see Definition 4.11 of [4]) with trap measure ¢ defined
by (5.7). Then the law of X¢ coincides with the law of X [ *].

The process Y¢ admits a similar representation as a trapped (reflected) Brownian

motion. To this end, we first note that TéX €

written as
:/ / sNX=(dex ds), (5.8)
0,61 J0,00)

where N X2 is a Poisson random measure on [0,00) x [0,00) with intensity measure
dl x X2 (s)ds.

is also a Lévy subordinator which can be

LEMMA 5.1.  The excursion length measure 775{’5 satisfies the scaling relation,

X f(s)=e 3% (e72s), s>0.

Proof. This follows in directly from the standard scaling properties of Brownian
motion and its local time, and we omit the details. 0

Letting {(s;,£;)}32; denote the atoms of N X.¢ we then define a random measure on
[0,1] x [0,00) by

:dde£+ZSj6(0,(as/2)Zj)~ (5.9)
j=1

This also is a Lévy trap measure in the sense of [4] (replacing R by [0,1]), and one can
easily see that the associated trapped Brownian motion is precisely the process Y©.

PROPOSITION 5.3.  Let Y be a reflected Brownian motion on [0,1], and let V(Y] be
the trapped Brownian motion with trap measure uY ¢ defined by (5.9). Then the law of
Y? coincides with the law of Y[uY ).

5.3. Convergence as ¢ —0. We now use Theorem 6.2 of [4] to study convergence
of X¢ and Y¢ as e »0. The key step is to establish convergence of the trap measures,
as in the following lemma.
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LEMMA 5.2. Let NZ be a Poisson random measure on R x [0,00) x [0,00) with intensity
measure dx x d{x in¥ (s)ds. As e—0, the random measures X on R x [0,00), defined
in (5.7), converge vaguely in distribution to the random measure X defined by

uf(A):// 1A(x7€)dxd€+g// / lA(x,E)st(dxxdfxds),
rJ0 2 JrJo Jo

for all Ac B(Rx [0,00)). The random measures ¥ = on [0,1] x [0,00), defined in (5.9),
converge vaguely in distribution to the measure Y defined by

uﬁAﬁiAZf1M%@@M+ilf14Q@M AeB([0,1] x 0,00)).

Momentarily postponing the proof of Lemma 5.2, we state the main convergence
result in this section.

THEOREM 5.1.  Let R(t) be a Brownian motion on [0,1] reflected at both endpoints
x=0,1, and B be a standard Brownian motion on R.
(1) Ase—0, we have Y =Y wvaguely in distribution on D([0,00)). Here Y = R[uY ]
is a reflected Brownian motion that is sticky at 0.
(2) As e —0, we have X¢ — B[uX] vaguely in distribution on D([0,00)). The limit
process here may also be written as B((2/a)LY (0)).

REMARK 5.2. Using the SDE methods in Section 4 we are able to obtain joint con-
vergence of the pair (X¢,Y¢) (Theorem 1.2). The trapped Brownian motion framework
here, however, only provides convergence of the processes X¢ and Y ¢ individually.

Proof. (Proof of Theorem 5.1.) The convergence of Y to R[u)] is an immediate
consequence of Theorem 6.2 of [4], Lemma 5.2 above, and the properties of Poisson
random measures. To identify the limiting process R[u)] as a sticky Brownian motion,
observe that the time change has the form

i ({0 €011 [0,00) | L (y,5) > 0}) =5+ LA(0,5).
Thus, the limit process is Y (t) = R(¢(t)) where
P(t)=inf{s>0]s+ %LR(O,S) >t}

This is precisely a sticky Brownian motion (see Lemma 2.1).

For the second assertion of the theorem, the convergence of X¢ to B[u ] is again
an immediate consequence of Theorem 6.2 of [4] and Lemma 5.2 above. Thus we only
need to show that the trapped Brownian motion B[uZ] has the same law as the process
X from Theorem 1.2. To compare the two processes, we first write them in a similar
form. Let LE(0) is the local time of B at 0, and let 77 be the inverse

7P =inf{t>0|LE(0)>¢}.
Then, we have

X, =W, s =W(h ()

o PT(t)
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where
Rt )—1nf{r>0|r—|— a2 >t}

The fact that (2/04)L%t) =h~1(t) follows from the definition of T'(t), which implies
(2/@) L, +T () =t.
Therefore, the two processes are
BluX]=B(¢ (1) Xe=W(h™'(t)
where ¢ is:
¢(r) = ¢lp, Bl = p ({(2,£) ER % [0,00) [ L (,7) > £}).

If AB={(2,0) R x[0,00)|L?(x,7)>¢}, then by definition of the trap measure s,
o Y
o(ry=r+— SN, (dx xdlxds) (5.10)
2 JaBx[0,00)

The last integral has the same law as TEI /2 Hence, h and ¢ have the same law.

Notice that A is independent of W. We claim that ¢ is also independent of B. To see
this observe that the distribution of ¢(r) only depends on B through the volume of AZ
which equals r almost surely. This shows ¢ is independent of B, and thus B(¢~!(t
and W (h~1(t)) have the same law.

S

o<

It remains to prove Lemma 5.2.

Proof. (Proof of Lemma 5.2.) It suffices to show for rectangles A=[xg,z1] X
[fo,él] that

e (A) = X (A)

in distribution. We calculate the characteristic function using [35, Thm 2.7],

Bl W —exp(ig A+ Y / [T )

ek€lxo,z1]
(i (2] - [2]) L7 [yt o)
%Xp(w|A|+|‘;/OOO )0 (s )ds)

as € —0. We note that this last formula is the characteristic function for ;X (A). The
calculation for p¥+¢(A) uses Lemma 5.1 and a change of variables as follows

. Ve ) %Zl oo
E[eiPn (A)]ZeXp(’mA|+1[yo’y1](0)/2Z /0 — ey Xoe(s )ds)
=4o
. 206, -4 > ie?Bs
—exp(zﬁA|+1[yo7y1](O)(140)/0 (1= =5yt (7 2s) ds )

e

. 2001 =4, o0 PPN
:exp(zﬁA|+1[yoyyﬂ(0)(1€20)/0 (1—e B )nX’l(s)ds).
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Notice that by switching the integrals, we find

1 oo . _ 1 o0 S‘ _
S [ - ads= [ it [ g oas
0 0

e? e? 0

:/ eiBgQT/ nx’l(s)dsdr.
0 T

Since nX "I has exponential tails, we can send € — 0, use dominated convergence and
switch the integrals again to find

lim L T ety X1 _ [T % -
lim = ; (1—e m (s)ds-/o st (s)ds=1
and hence
E[eiﬂuy'E(A)] %E[eiﬂuf(A)}_
This finishes the proof. ]

5.4. Proof of the excursion decomposition (Proposition 5.1). To abbre-
viate the notation, we will now write LX and LY for L¥(¢Z) and LY(O), respec-
tively. Notice that L depends on & while LY does not. Let X¢(t) =X (%=(t)) and
Ye(t)= (1/1Y £(t)). The proof of Proposition 5.1 follows quickly from Ité’s formula, and
the following two lemmas:

LEMMA 5.3.  For every t >0, we have

£ 2 £
LX==1rr. 5.11
vo= ok (5.11)

LEMMA 5.4. The joint quadratic variation of X¢ and Y¢ is 0.
Momentarily postponing the proof of these lemmas, we prove Proposition 5.1.

Proof. (Proof of Proposition 5.1.) For any fe€D(L?), Itd’s formula gives

Bf(2)~ 1(Z;)= 5 F / FRo T g, gends
+oB / axf«X;)*,Y;)—amf«X;)-,mf))deE(sZ)

1 ﬂb?’s(t _ t €
43E [ BRIy ds B [ 0,0(X(v) LY o)
0 0

Here we used the fact that (X°,Y¢) =0 (Lemma 5.4) and 9, f(x,1) =0 (which is guaran-
teed by the assumption fe€D(L?)). Using (5.11) this simplifies to

Ef(Z5)—f(Z5)=E F(XYo)1g, eszolerE/ 95 f (X5, Yo)1y, ¢ (0.1)ds

X,
+z E/ 9, f( Xf)+ YE) = 8, f((XE)™,YE) +aedy, f(X ) 2
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Since f € D(£?) and LX" only increases when Y =0 and X¢ € ¢Z, the last integral above
vanishes. Consequently,

lim B (7(25) ~ [(28)) = L1 (0.,0),

t—0

showing that the generator of Z¢ is £¢ as claimed. The fact that Z¢ satisfies (4.4a)
and (4.4b) follows immediately by choosing f(z,y) =z and f(z,y) =y respectively. 0O

It remains to prove Lemmas 5.3 and 5.4.

Proof. (Proof of Lemma 5.3.) We first claim that for any ¢ >0, we have
P () + Vo (1) =t (5.12)
To see this, define the non-decreasing, right-continuous function
H(t) <Y (%th (52)) .

Using the properties of TY, Lx , X € and LY, it is easy to check that the right-continuous
inverse of H is

H ' (t)=inf{s>0| H(s) >t} =7%° (OZLZ(O)) .

Therefore, 1/)5( € and 1/)’?’6 are the right-continuous inverse functions of ¢+ t+ H(t) and
test+ H~1(t), respectively, meaning that

X (t) =inf {s| s+ H(s) > 1},

wY’E(t):inf{r\ r+H 1 (r) >t}.

In general, H(H '(r)) >r and H '(H(s))>s must hold, but equality may not hold
due to possible discontinuities in H and H~!. )

Fix ¢ >0, and let [to,t;] be the maximal interval such that t € [tg,t1] and %X is
constant on the interval [to,¢1]. Possibly o =t; =t, but let us first suppose that the
interval has non-empty interior, to <t;. This implies that H(s) has a jump discontinuity
at a point s=1v"¢(t;) such that s+ H(s™ )=ty and s+ H(st)=s+H(s)=t;. Also,
H~'(H(s))=s must hold for such a value of s. So, for £=H(s)=H()*X**(t;)) we have

(+H Y 0)=H(s)+s=t;.
Therefore, 1Y < (t;) =, since
V() =inf {r|r+H '(r)>t}.

This means that ©Y¢(t1) = H(s). Therefore,

PR ()45 () = H(s) + 5=t

must hold. Now let us extend the equality to the rest of the interval [to,?;]. By assumption,
PXE(t) =X 2 (ty) for all t€ [to,t1]. Since H has a jump discontinuity at s, this means
H~1(r) is constant on the interval [H(s~), H(s)]. Hence, the function r+ H ~1(r) is affine
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with slope 1 on the interval [H (s™), H(s)] = [0)¥ = (t1) — (t1 —to), 0¥ (t1)]. Therefore, for
all ¢ € [to,t1], we must have

GV () =Y (b)) +t— .

This shows that for all ¢ € [tg,t1], we have
G+ ) = )+ () F -t =t

Applying the same argument with the roles of %€, ¢¥¢  H and H~! reversed, we
conclude that 1% (¢)+Y¢(t) =t must hold if either 1»*¢ or 1)¥¢ is constant on an
interval containing ¢ which has non-empty interior. The only other possibility is that
both ¢ and ¥Y+¢ are strictly increasing through ¢. In this case, H must be continuous
at 9*¢(t) and H~! must be continuous at ¢¥¢(¢). Thus, H~(H (X <(t))) =y (t)
and H(H ()Y ¢(t))) =Y ¢(t) holds. The rest of the argument is the same as in the
previous case. This proves (5.12).

Now, since X¢ and Y are time changes of X and Y respectively, we know that the
local times are given by

LY E LX) =Lys .y, and LY ELY(0)=Ls .

By definition of wX € we know

g X

t=u () 177 (LY ).

Using (5.12) this gives

and using the fact that 77 is the inverse of LY, we get (5.11) as desired. d

Proof. (Proof of Lemma 5.4.) Fix § >0, and define a sequence of stopping times
0=0¢< b1 <01 <0 <09 <... inductively, by

0'0:0
Ort+1 =inf{t > oy, | either Y7 =6 or d(X;,eZ)=6}, k=0,1,2,3,...
Opt1=Iinf{t >0, |Y; =0 and X; €cZ}, £k=0,1,2,3,...

Then for T'> 0, we decompose the joint quadratic variation over [0,7] as

(XY )0 = Z(XE,Y€> (ox AT 00 nT] (XY ) 0, AT 0y AT
k>0

We claim that for all k,
<X57Y5>[9k+1 /\T,o’kJrl/\T] = 0 (513)

holds with probability one. Hence,

’ (X5, Y)0mn { < Z | (XY ) 00 AT 0001 AT |
k>0
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1 1
< Z 5 <X€,X8>[a'k/\T,9k+1/\T] + 5 <Y€7YE> [O'kr/\T,@]H,l/\T]

k>0
<Y (ki1 AT) = (0 AT)|
k>0
<|{t€0,1]] |Y;| <9, and d(X,eZ) <5 }]. (5.14)

As § — 0, the latter converges to 0 almost surely, which proves that (X¢,Y<)=0.
To establish the claim (5.13), we may assume 6y <T, for otherwise, the statement
is trivial. At time 0y, we have either X ¢¢cZ or Yy, =4. In the former case, we must

have X; ¢eZ for all t € [0g,04). Hence, ¥ =(t) and Yy are constant for all t € [0,0%).
In the other case, Y; >0 for all ¢ € [0y, 0) while X} is constant on [f,0%]. In either case,
this implies that (X°,Y )9, a1,0,a7) =0 holds with probability one. d
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