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STABILITY FOR TWO-DIMENSIONAL PLANE COUETTE FLOW TO
THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH
NAVIER BOUNDARY CONDITIONS*

SHIJIN DING' AND ZHILIN LIN%

Abstract. This paper concerns with the stability of the plane Couette flow resulting from the
motions of boundaries such that the top boundary ¥; and the bottom one ¥p move with constant
velocities (a,0) and (b,0), respectively. If one imposes Dirichlet boundary condition on the top boundary
and Navier boundary condition on the bottom boundary with Navier coefficient «, there always exists
a plane Couette flow which is exponentially stable for nonnegative o and any positive viscosity p and
any a,b€R, or, for a <0 but viscosity p and the moving velocities of boundaries (a,0),(b,0) satisfy
some conditions stated in Theorem 1.1. However, if we impose Navier boundary conditions on both
boundaries with Navier coefficients ag and a1, then it is proved that there also exists a plane Couette
flow (including constant flow or trivial steady states) which is exponentially stable provided that any
one of two conditions on ag,a1, a,b and p in Theorem 1.2 holds. Therefore, the known results for the
stability of incompressible Couette flow to no-slip (Dirichlet) boundary value problems are extended to
the Navier boundary value problems.
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1. Introduction

In this paper, we consider the stability of plane Couette flow for viscous incompress-
ible fluid in a two dimensional slab domain, periodic in 2 direction, Q=T x (0,1)(T=
[—7,7]) with the boundary ¥=%¢UX;, where ¥;={y=1i}, i=0,1. The motion of
the incompressible fluid in € is governed by the following incompressible Navier-Stokes
equations

0w — pAv+v-Vo+Vqg=0,
{V~v—0, (1.1)

where v(t;x,y) = (v1(t;2,y),v2(t;2,y)) €ER? and q(t;x,y) are the velocity and pressure,
respectively. The constant p >0 is the viscosity.

To set our problem, we need to impose the boundary conditions. In this paper, we
consider two cases, which are sated as follows.

Case I. In the first case, the no-slip (Dirichlet) condition is imposed on the top
boundary ¥; and the Navier condition is imposed on the bottom boundary 3. Since
the Couette flow results from the motion of the boundary, we suppose that the top
boundary ¥; moves with a constant velocity (a,0) and the bottom one ¥y with velocity
(b,0), where a,b€R are constants (see [5] for instance). That is,

v-n=0on X,
v={(a,0) on X, (1.2)
S(v) n-74+a(v—(b,0))-7=0 on X,
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where S(v) = —qly +u(Vv+VTv), I is the 2 x 2 identity matrix, n is the unit outward
normal to the boundary and 7 is the tangential vector, and « is the constant of slip
length. It should be pointed out that the term v—(b,0) in condition (1.2) represents
the slip velocity, see [5] for more details.

It is well known that the Couette flow is an important type of shear flow in hydro-
dynamic stability theory. In this case, it is direct to check that the Couette flow (vg,qs)
with

—b +ab
vs(a(a ) L hata

Y ,0), gs =constant
Ho o >

is a steady solution to the problem (1.1)-(1.2).
Let u=v—wv,s, p=q¢—qs. Then the Navier-Stokes equations around the Couette
flow read as

Oyu— pAu+u-Vug+vs-Vu+Vp=—u-Vu in Q, (1.3)
V-u=0 in Q, ’
the corresponding boundary conditions are given as follows:
u=0 on X,
uz =0 on Xy, (1.4)

uOyur —ouy =0 on Xo.

Case II. In the second case, the Navier conditions are imposed on both boundaries,
which are formulated as follows

v-n=0 on X,
S(w)-n-7+ai(v—(a,0))-7=0 on ¥y, (1.5)
S(w) -n-7+ag(v—(b,0))-7=0 on X,

in which (a,0),(b,0) are the velocities of the boundaries ¥, ¥, respectively. The terms
v—(a,0),v—(b,0) are slip velocities.

In this case, for any a,b€R, the problem, (1.1) with (1.5), admits a plane Couette
flow (vs,qs) with

_( apaq(a—0b) y ulara+ agb) +apar b O)
pao +a) +apar pao +a1) +apar

and
gs = constant.
Therefore, we obtain the following perturbed problem

Ou+Lu=P(—u-Vu) in Q,
u-n=>0 on X, (1.6)
S(u) n-7+au-7=0 onX; i=0,1,

where L is a linearized operator defined as

Lu=P(—pAu+u-Vvs+vs-Vu),

and P is the Helmholtz projection (see Section 2).
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Velocity of £, = (a,0)

Velocity of Zy = (b,0)

Fic. 1.1. Couette flow in Rx (0,1) (a,b>0).

The Couette flows with a,b>0 can be shown in Figure 1.1 (Note that a,b€R). It
should be pointed out that in Cases I-II, v is reduced to the constant flow vs=(a,0)
provided that a=b.

Our aim is to study the asymptotic stability for the nonlinear problem (1.3)-(1.4)
and (1.6).

Let us give a brief review about the stability theory and some related problems.
The stability of trivial or nontrivial steady states to the Equations (1.1) with no-slip
(Dirichlet) boundary conditions have been studied for a long time. For the stability of
trivial steady states such as Rayleigh-Taylor stability and instability, we refer to [14,17,
18,35]. However, the research for the stability of nontrivial steady states such as Couette
flows, Poiseuille flows or general shear flows is far from completion. The first result for
the stability of incompressible plane Couette flows with no-slip (Dirichlet) boundary
conditions was obtained by Romanov in a beautiful paper [34], which shows that the
plane Couette flow is stable for any fixed Reynolds number. Similar result was obtained
by Heck et al. [16] for periodic case. For the general shear flows including Poiseuille flow,
in the large Reynolds number regime, the spectral instability was obtained by Grenier,
Guo and Nguyen [13]. The nonlinear stability for the cylindrically symmetric Poiseuille
flow was obtained by Gong and Guo [12].

It is well known that the key point for stability and instability problems is the
spectral analysis. For the linearized operator around the trivial steady states, the spec-
tral analysis can be done by searching for growing normal mode solutions and using
variational method (see [14,17,18,35]) since the linearized operators are self-adjoint.
However, the linearized operators around the shear flows are always non-self-adjoint and
nonlocal. The spectral analysis mainly depends on the analysis of the Orr-Sommerfeld
equations. For any steady shear flow vy =U(y)e1, by using the normal Fourier transform
w:¢(y)eik($_0t)7k€R7c€C, where 1) is the stream function such that u= V=1, one
can get the Orr-Sommerfeld equation around the shear flow v,

(02— K*)?¢p=ikR[(U—c) (02 —k*)p—U"9) (1.7)

with suitable boundary conditions, where R is the Reynolds number. By the classical
spectral stability theory, the flow v, is linearly spectral stable for Im ¢ <0 for any ce C
and unstable for Im ¢y > 0 for some ¢g € C.

The study for the Orr-Sommerfeld equation was initiated by Orr in 1907, see [32,33]
for details. Up to now, there are a few results about Orr-Sommerfeld equations with
no-slip boundary conditions, see [8,28,29] for instance. For the spectrum analysis of
the Orr-Sommerfeld equation, Joseph [19,20] gave the eigenvalue bounds for the Orr-
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Sommerfeld equation, which established some sufficient conditions for stability. Some
other similar results can be found in [10, 36].

For the stability problems in compressible Navier-Stokes equations with no-slip
boundary conditions, most results are also obtained via the spectral analysis of the lin-
earized perturbation operator. A sufficient condition for the stability of the compressible
Couette flow was obtained by Kagei [21]. With a similar idea, Kagei and Nishida [22]
proved that the Poiseuille flow is unstable if Reynolds number and Mach number satisfy
some conditions. Recently, Li and Zhang [25] improved the result of [21].

It is interesting to compare Navier boundary conditions with the no-slip boundary
conditions in our problem. The no-slip (Dirichlet) boundary conditions mean that the
fluid does not slip along the boundary. However, this is not always realistic and leads
to a strong boundary layer in general. For example, hurricanes and tornadoes, do slip
along the ground, lose energy as they slip and do not penetrate the ground. Other
examples about the slip of the fluid on the boundary occur when moderate pressure is
involved such as in high altitude aerodynamics, or in immiscible two phase flows, the
moving contact line is not compatible with no-slip boundary condition. To describe these
phenomena, Navier [31] in 1823 introduced the so-called Navier boundary conditions.
The Navier boundary condition is formulated as

v-n=0, S(v)-n-T+av-7=0 on O,

in which « is a physical parameter standing for the friction coefficient between the fluid
and the solid, or the permeability and other effects of the boundaries and which is either
a constant or a L>(0€) function [24], even a smooth matrix [11].

The case a>0 is the classical case which reflects the friction between the fluid
and the boundary and has got extensive attention by physicists and mathematicians in
studying the existence, uniqueness, regularity and vanishing viscosity to system (1.1),
see for instance [37,38]. However, the case a <0 does exist in reality and in physics.
For example, for flat hybrid gas-liquid surfaces, the effective slip length « is always
negative [15]. Navier boundary condition with <0 is also used for the simulations
of flows in the presence of rough boundaries such as in aerodynamics, or in the case
of permeable boundary in which the Navier boundary condition was called Beavers-
Joseph’s law [3,5], or in weather forecasts and in hemodynamics [5, 6], or when the
boundary wall accelerates the fluid [4,30].

In this paper, we assume that «,ag and «; are constants.

J.-L. Lions [26] and P.-L. Lions [27] considered the following boundary conditions,
which are called vorticity-free boundary conditions:

v-n=0, w()=0 on 99,

where w(v) = 0, v1 — 0, v2 is the vorticity of v. In other words, the vorticity-free boundary
condition is the special case of the Navier boundary condition when % =2k, where k is
the curvature of the boundary 9f, see for instance [24,26]. Therefore, for our problem,
Navier boundary conditions contain vorticity-free boundary condition provided that
a=0or ag=a; =0.

In view of the results of Romanov [34] and Heck [16], it is very natural to consider
the stability problem with Navier boundary conditions. In our results, for the Navier
boundary problem, we can find some sufficient conditions for the stability of Couette
flow. The sufficient conditions depend on the viscosity p, the moving velocities of
boundaries (a,0),(b,0) and the Navier coefficients « or g, a;.
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Similar results for the stability and instability of trivial steady states (0,qs)(gs =
constant) with Navier boundary conditions were obtained by the first author, Li and
Xin [7], which provided a critical viscosity determined by the Navier coefficients to
distinguish the stability from the instability. In addition, in [7], the Navier boundary
condition with o >0 is called dissipative and the Navier boundary condition with o <0
is called absorptive.

Our aim is to analyze the stability of the incompressible Couette flow with Navier
boundary conditions. One key step is to determine the sign of the image part of spectrum
for the Orr-Sommerfeld equation. The key point is to estimate the upper bound of Im c.
Therefore, we need to establish estimates for Orr-Sommerfeld equation. Compared with
the cases in Joesph [19,20] and Romanov [34], we have to deal with the boundary terms
resulted from the Navier boundary conditions. To overcome the difficulties, we will
modify the idea of Joseph [19,20] and obtain the desired estimates.

For Case I, if &« >0, our main results imply that the Couette flow is asymptotically
nonlinear stable under small perturbations for any viscosity u>0 and any moving ve-
locities of the boundaries (a,0) and (b,0)(Va,b€R). That is, the results of Romanov [34]
still hold if aw>0. However, if a <0, our main results yield that the Couette flow is
asymptotically nonlinear stable for small perturbations provided that o and p satisfy
the conditions that u> —3c and ‘3((5;2))‘ (1+370‘)*% <2v/2, see Theorem 1.1. In addi-
tion, this result implies that the Couette flow is stable for all positive viscosities with
vorticity-free boundary conditions, see Remark 1.1.

For Case II, we can give a sufficient condition for stability, see Theorem 1.2. If
ag,a1 >0, we show that the steady flow is asymptotically nonlinear stable under small
perturbations for any viscosity p >0 and a,b€R. Therefore the results of Romanov [34]
still hold if ap >0 and a; >0. Otherwise, the Couette flow is asymptotically nonlinear
stable under small perturbations provided that «g, a1, and a,b satisfy some conditions,
see Theorem 1.2.

In the Case II, it should be noted that Couette flow is reduced to the trivial
steady state (vs,qs)=(0,constant) provided that a=b=0 or ay=ay =0, and the case
of a=b=0 was studied by the first author, Li and Xin [7] recently. If a=b=0, for
the trivial steady state (vs,qs)=(0,constant), if ag>0 and a; >0, then the Theorem
1.2 implies that the steady state is stable for any viscosity p >0, which is the same
as in [7]. Otherwise, the steady state (vs,qs)=(0,constant) is stable provided that the
condition (iii) of Theorem 1.2 holds (the condition (iv) holds surely since a=b=0). In
addition, the first author, Li and Xin [7] gave a critical viscosity p. and they proved
that the steady state (vs,qs)=(0,constant) is stable provided that p > .. Here we can
not obtain such a critical viscosity to distinguish the stability from instability.

To state our results, let us introduce some notions and function spaces. The domain
symbol  will be omitted for simplicity. Let

D= {u(:c,y) = Zﬂk(y)eikw :J CZ is some finite subset, iy (y) € Cm([O,l])}
keJ

and
Dy ={u€P2:V-u=0},

where

1 )
ix () / w(z,y)e— " dz, kel

T or
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For the boundary conditions (1.4), we define
Py :={u€ P :u satisfies the boundary conditions (1.4)}
and

Do :={u € D, : u satisfies the boundary conditions (1.4)}.

1
Jul2, = / / ()P dedy
0 T

llfyrmn =Y 1D ullZ,

[lj<m

Define the norms
and

With the above definitions, we can define the Sobolev spaces as the closures of
2,9, or P, with the following norms:

VVWW:§H-Ilwm=p7 Lp:Wom’ »=7, — Il W =g, —l-llwm.» Wm,p @*UII me,p’
and we denote
H Wm 2 Hm Wm 2 Hm W:la’?

for simplicity.
For the operator L, denote the spectrum of —L by o(—L) and the resolvent set of
—L by p(—L). In addition, for any 6 >0, define the sector of angle 0 as

2(0):={z€C\{0}:|arg z| < 0}.

For the problem (1.3)-(1.4), our main result reads as follows.

THEOREM 1.1. The Couctte flow v, = (al(;:f)

that any one of the following (i), (ii) holds:
(i) «>0,a,b€R and pu>0;

(ii) p>—3a>0(i.c.,a<0) and 20l (14 32)=5 <2./3,

In addition, there exists € >0 small enough such that if the initial data ug eHi’a
and ||uo|| g1 <€, then the problem (1.3)-(1.4) is nonlinearly stable, i.e., there exists a
unique global solution (u,p) € (H} ,NH?)x H' satisfying (1.3)-(1.4), and the following
decay holds

y+ ”Zigb,O) is linearly stable provided

lu(®)ll g2 < Cre™ Juoll g2, (1.8)

where the positive constants C1,8 depend only on p,c,a,b.

REMARK 1.1. Theorem 1.1 implies that the results of Romanov [34] still hold for the
Navier boundary condition if «>0. In particular, let a=0, then the Couette flow is
reduced to a constant flow and the Navier boundary conditions become vorticity-free
boundary conditions. In this case, of course, the results of Romanov [34] also hold for
the vorticity-free boundary conditions.
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For the problem (1.6), we have the following result.

THEOREM 1.2.  The Couette flow vs= (H(:;‘f;f';z)oaly-l— ”ﬁ;ﬁiﬁgf&oilbﬁ) is lin-

early stable provided that any one of the following (iii), (iv) holds:
(i4i) cg > 0,01 >0,a,b€R and pu>0;

(iv) otherwise, u>max{(1+Cp)lr£1%)§{|al|}—Cp(ozo—|—a1),2lr£1%>i{|al\}—(ao+a1)} and

211171a)§|041\ —ap—aq %

R <2V/2,
i

‘ agay(a—b)
p(plag+ar) +apar)

where constant C'p >0 is the best constant so that Poincaré inequality for f(y) € H(0,1)
with folf(y)dyzo holds, see Lemma 5.2.
1

In addition, there exists € >0 small enough such that if |Juoll ;1 <¢e, uo € H,, ,,
then the Couette flow is nonlinearly stable, i.e., there exists a unique global solution
(u,p) € (HL, ,NH?)x H' to (1.6), and the following decay estimate holds

()| 412 < Coe ™" o]l 1 (1.9)

where the positive constants Ca,y depend only on p,a,b,a;(1=0,1),Q and H,}*VJ is de-
fined in Section 5.

REMARK 1.2. Theorem 1.2 shows that the results of Romanov [34] also hold for
the Navier boundary value problems if ag> 0,7 > 0. Of course, this case includes the
trivial steady state and the constant flow (Note that v is reduced to constant flow if
a=»b).

In particular, if ap=a; =0, then v,=(0,0) is a trivial steady state. In this case,
the results of Romanov [34] hold for the vorticity-free boundary conditions, which is
similar to Remark 1.1.

Both above theorems give some sufficient conditions for the stability of the Couette
flow in two cases. As mentioned before, the Couette flow results from the motion
of the boundary, therefore together with the viscosity and slip length, the velocity of
the motion should be considered as the factor for stability or instability. Precisely, the
relative velocity (a—b,0), the difference of motion velocities of two boundaries, will effect
the energy of fluids with viscosity and slip length. According to our results, if the Navier
boundary conditions are dissipative, that is a >0 or ag,a; >0, then any velocities of the
boundaries can not result in the instability, which means that the effect of slip lengths
will be treated as the main factor for the stablity. However, if the Navier boundary
conditions are absorptive, i.e., a <0 or at least one of ;(1=0,1) <0, the stability of
fluid will mainly depend on the viscosity. In other words, the viscosity should not be
too small, or the modulus of relative velocity |a —b| should not be too large.

The rest of this paper is organized as follows. In Section 2, we will introduce some
elementary conclusions and inequalities which will be used in later analysis. Section 3
is devoted to the proof of linear stability in Theorem 1.1. The nonlinear stability in
Theorem 1.1 is shown in Section 4. In Section 5, we will prove the Theorem 1.2.
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2. Preliminaries

To define the Stokes operator and the perturbed operator L, we need some results
about the Helmholtz projection and the resolvent problem, which ensure that the per-
turbed operator is well-defined and generates an analytic semigroup. The results can
be obtained by applying the classical Fourier analysis, see [1,2] for instance.

LEMMA 2.1 ( [16]). For any vector field w€ L2, there exists a unique vector field
veL?, such that

u=v+Vp (2.1)
for some scalar p€ H'. In addition, the following estimate holds
[oll L2+ 1Vpll L2 < Cllull L2, (2.2)

where the constant C' >0 depends only on 2.
REMARK 2.1. The Lemma 2.1 implies that the Helmholtz projection

P:iucl?—v=Pucl?

is a bounded linear operator.
By the Helmholtz projection, we define the Stokes operator —A in L2 by
Au=P(—pAu), ueD(A) :HiVUﬂHQ.

Obviously, the operator —A is unbounded in L2. And the following resolvent result for
—A is important.
LEMMA 2.2, Suppose that 0€(0,%) and A€ X(5+60). Then for any fEL?, there
exists a unique u € D(A) such that

A+ Au=f, (2.3)
and the following estimate holds

(Al 2+ pellull gz < CU Il 2 (2.4)

where the constant C' >0 depends only on 0,a.

Proof. Note that us satisfies the Dirichlet boundary conditions at y=0,1, which
is the same as in [16], then the conclusions hold for ug and we only need to claim that
the conclusions hold for wuy.

Similar to the arguments in [16], thanks to the Helmholtz projection, we only need
to consider the following problem

(/\ - A)’U,l = fl in Q,
2y (2,0) = Oyuy (z,0) =0, (2.5)
up(z,1)=0.

Applying the Fourier series, one has

(=) =f, 0<y<1,
241, (0) — 8,21 (0) =0, (2.6)
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where ¢ =((k) is the unique ¢ € X (Z5%) such that ¢(?=\+k? and it is easy to see that
2eX(r—0)CC\(—00,0] (see [16] for details).

It follows from the theory of ordinary differential equations that the solution of (2.6)
can be given by

amm=41%%gﬁ@M& (2.7)
in which
G(y,s)=
(% +<) e—C(2=s—y) 1 (% _ 4) o—C(sty) _ (% +<) e—Cls—ul _ (% _ C) G-l g g)
2 [(24+¢) - (2-¢)e¥]

is the Green function of (2.6).
It is easy to obtain that

<% +<) e~Cls—vl 4 (% - C) e—C2-1s—y))

21 [(+0) - (2-¢)e]

<% _ C) e—C(2—s+y)

4G99

C (ageer e ae
20| (5+¢) - (-¢)ex] 2
—Gls+Gy+ G, (2.9)

then we have
G(y,s)=G1+ G2+ G35+ G4+ G,

where
(% +C) e—C(2—s—y) (% - C) e—C(s+y)

(6969 = [G9-G-94]

Note that the above Green function (2.8) and each term G;(i=1,2,3,4,5) of the
Green function (2.8) have the forms which are similar to that of [16], therefore every
G;(i=1,2,3,4,5) can be estimated by similar arguments as in [16]. The remaining
estimates of this proof can be obtained by the theory of the Fourier multiplier, and we
omit it here and refer to [16] for details. d

G1

It follows from Lemma 2.2 that the Stokes operator —A generates an analytic semi-
group {e7*} in L2 and C\ (—o0,0] C p(—A). In particular, the estimate (2.4) holds for
A€ (0,400), which implies that 0 € p(—A) by some standard arguments, and therefore
we can get the classical Stokes estimate

[(=A) " F ]l 2 <ClIF N2
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Define
Bu=P(u-Vvs+vs-Vu), ueD(B)=H]},
and
Lu=(A+B)u, ue D(L)=D(A).

Recall that the Stokes operator — A generates a Co—semigroup {e~*4} in L2, which
is analytic and bounded in ¥(f) for € (0,%). Then for any fe D(A), n>0, by the
interpolation inequality and Poincaré’s inequality, we get

=B fll2 <Cllull g <nllull g2 +Cn) lull 2

which implies that the operator —B is (—A)-bounded and the (—A)-bound is 0. Then
the perturbation theory for operators (see [9,23] for details) yields that the operator —L
generates an analytic semigroup {e~**} in L2. Moreover, there exists 19 >0 such that
for any fe L2 and each A€ S(m—0)N{A€C:|\|>no},0 € (0,7), the following estimate
holds

[A+L) " £l g2 <CUfIl 2

Note that H}!,NH? << L2, then the operator (A\+L)~" is compact in LZ2. Hence,
o(—L) consists of the isolated eigenvalues of —L and has no accumulation points except
infinity.

The following lemma will be used in our analysis.

LEMMA 2.3.  For any f(y) € H?*(0,1) with f(0)=0 and f(1)=0, there holds
1 1 1
[ irwravs 1wt [ 177wk (2.10)
0 0 0

Proof. This lemma follows straightforward from integrating by parts, Poincaré’s
inequality and Young’s inequality. 0

REMARK 2.2. In fact, similar to the proof of the Poincaré’s inequality, one can deduce
that the Poincaré’s inequality holds if ue€ H}.

3. Proof of Theorem 1.1: Linear stability

In order to analyse the perturbation problem (1.3)-(1.4), we need to study the
Stokes operator and perturbed Stokes operator. In fact, we can consider the following
abstract Cauchy problem

{(%u—i—Luzf(u) in Q,

u|t:0:u0 in Q, (31)

where
Lu=P(—pAu+u-Vus+vs-Vu)

is the linear part and f(u)=P(—u-Vu) is the nonlinear term. The linear operator L
can be decomposed into the classical Stokes operator A and the perturbed part B.

In order to obtain the stability of the Couette flow, we have to show that the
spectrum of the operator —L lies on the left side of the complex plane. Then by the
standard theory of semigroups, the linear stability is obtained.
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Now we are in a position to state the key lemma for the linear stability.

LEMMA 3.1. Under the assumptions of Theorem 1.1, there holds
m:=sup{Re A:Ae€o(-L)}<-C<0,

where the constant C' >0 depends only on o, u,a,b.

Proof.  Since H} ,NH? << L%, then the operator (A+L)~! is compact in L2,
and therefore o(—L) consists of the isolated eigenvalues of —L and has no accumulation
points except infinity.

For a fixed 6 € (0, %), there exists suitable 7 >0 such that

E(ngo)m{)\e(C:|>\|zr}Cp(—L).

Note that o(—L) has no accumulation points in {A € C:|\| <r}, then we only need
to prove that

Re A<0, VAeo(—L).

Let Aeo(—L) be any eigenvalue of —L and ue H} ,NH?, u#0 be the nontrivial
eigenvector of A, i.e.,

(A+L)u=0.
The above equation can be rewritten as
P(Au—pAu+u-Vos+vs-Vu) =
Thanks to Lemma 2.1, there exists p€ H! such that
Au—pAu+u-Vog+vs-Vu=—Vp.

Standard arguments for the elliptic equations guarantee the regularity of u,p. Then
(u,p) solves the following problem

Au—pAutu-Vog+vs-Vu+Vp=0 in Q,

V-u=0 in Q,

u=0 on Xq, (3.2)
ugp =0 on X,

puOyur — oy =0 on Y.

The equations in (3.2) can be rewritten componentwise as

Aup — pAug + aftiab) +”Zigb Opuq + a(a b)uQ +0,p=0in Q,

Mg — tAus + a}(ﬁrab) + MaJrab 3$UQ+3yp=0 in Q, (33)

Opu1 +8yu2 = in Q.

In terms of the Fourier series,

v)=Y w(y)e™, play)=> prly)e™,

keJ keJ
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where 4y, Py are smooth on [0,1] and J is some finite subset of Z, we have

Xy gy — p(02 — k2) iy g +ike (28D kb g oy 2l0b) ) 4 4k =0,

pto pto ) pta
Nitg, g, — (02 — )it + ik ( 2142y - L&l ) iy 4 40y =0, (3.4)

ikt k +ayu2 k=0,

for y €[0,1] and k € Z. Since u is nontrivial in €2, then there exists k € Z such that @y, Z0.
Fixing this k and omitting the subscript k& from now, one has

Xy — (92 — k2 + ik (2azt)y 4 natab) g, olab)

us+ikp=0, O0<y<l,

pto pt-o pt-o
Nilg — (02 — k?)itg + ik ( 21Dy 4 el ) iy 4 ) =0, 0<y<1, (3.5)
Zk’ELl-I-ayUQ: s 0<y<1,

which satisfy the following boundary conditions

{fag(o) =(1)=11(1) %07 (3.6)

Case 1: k=0.
If k=0, then 0,4 =0 due to (3.5), which implies that

12 (y) = constant, y € [0,1].
Then the boundary conditions yield
2(y)=0, yel0,1],
which implies that
Ay — pdyiiy =0, 0<y<L1. (3.7)
Multiplying (3.7) by @1, the complex conjugate of 4, and multiplying the conjugate

of equation (3.7) by 41, then integrating over (0,1) and using the boundary conditions,
one obtains

1 1
Re )\/ |ﬁ1|2dy+u/ |0y |*dy + iy (0)]2 =0. (3.8)
0 0
If (i) of Theorem 1.1 holds, that is a >0, then for any p >0, we have
1
(Re X [ iy <o, (3.9)
0

where we have used the Poincaré’s inequality. Therefore
Re A<—u<0. (3.10)

Now we assume that (ii) of Theorem 1.1 holds. Simple calculations yield that

alin(0)2=a / 8, [(y— 1)l |?] dy
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1 1 o o
—a/ |ﬁ1|2dy+a/ 2(y—1) [Re w1Re Oyt +Im 41Im 0yt ]dy
0 0
1 1 o o
204/ |ﬁ1|2dy— |a\/ 2’Re a1Re Oytq +1Im t;Im Gyﬁ1|dy
0 0
1 1
~lal) [ fin Py~ ol [ [0y, (3.11)
0 0
Putting (3.11) into (3.8) shows that

1 1
(Re Aa—lal) [ finPdy+ (e al) [ [0yindy <0 (3.12)
0 0

Since 41(1)=0 and p—|a|>|a]—a>0, it follows from Poincaré’s inequality and
Lemma 2.3 that

1
(Re )\+u+a—2|a|)/ i [2dy <0, (3.13)
0
which yields
Re A<2|a|—a—pu=—(u+3a) <0. (3.14)

Case 2: k#0.
Eliminating p in (3.5), one has

b b
u(@i—kz)%g:[ik(aia+a)y+MZiz >+)\} (@2 —k)is, O<y<l,  (3.15)

with the following boundary conditions

(3.16)

Let ¢ =ka(a—0b). Multiplying (3.15) by g, the complex conjugate of s, then
integrating over (0,1) and using the boundary conditions (3.16), we find that

. 1
p(HE+ 2K H? + K HZ) = Zg /8u2 uZdyfa</ y|8yﬂ2|2dy+k2H§>
0

n ik(pa+ abd) (

o H} +Kk*HG) — X&) (H +K°Hf),  (3.17)

where
1 o I
3= [ oy + 2O, 1 = [ ojislay. j=0.1
0
It follows from (3.17) that

e A(©)= (Re { %

Next, we consider the complex conjugate of the equation (3.15):

/ Dy iz - quy} (H22+2k2H12+k4H§)>-(H12+k2H§)_1.

(02— k)20 = {z <M+5ay“z+z >+)\} (02 —k*)is, 0<y<1. (3.18)
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Multiplying (3.18) by s, integrating over (0,1) and using the boundary conditions,
similar to (3.17), one can get

(=9
( { /auz ugdy} (H§+2k2H12+k4H3)>-(H%+k2H§)

-1

From these discussions, we can suppose that £ =ka(a—b) >0, that is, we can always
assume that k>0 for a(a—b)>0 and k <0 if a(a—b) <0. Therefore, for simplicity, we
rewrite £ as E=k|a(a—0b)|>0,k>0.

Setting

)\_ik<|a(ab)|c+ua+ab

,ceC, Ry=——-2
Ho /Hra) ‘ '

we obtain the Orr-Sommerfeld boundary value problem

(02— k?)2¢=ikRi(y—c) (92— k), 0<y<l,
9(0)=¢(1)=¢'(1)=0, (3.20)
¢"(0)=%¢'(0),

where we have replaced @y by ¢ and 9, with ' for simplicity. Note that Re A=
k‘i((;l;z))l Im ¢, then it suffices to show that the eigenvalue c€C of Orr-Sommerfeld
problem (3.20) satisfies Im ¢ <0.

Multiplying (3.20); by ¢, the complex conjugate of ¢, then integrating over (0,1)
and using the boundary conditions, one obtains that

Q—Q— (kRy)™' (I3 +2K* 7 + K*12)

I = 3.21
e Z+k212 ’ (3.21)
where
1 o 1 it
IS:/ 6" Pdy+—1¢' (0%, I} =/ |6y, j=0.1, Q= 5/ 6d/dy.
0 H 0 0
By the Holder’s inequality, it holds that
Inl, — (le) 242K 12 + K41,
Im ¢< ( 2212 ! 0) (3.22)
If (i) of Theorem 1.1 holds, note that & >0 and k>0, we have
Q-Q— (kR (B+2421 +4113)
Im c¢= 12+k212
Q-Q—(kR))~ (fo ¢”|2dy+2k212+k412)
< =:Im ¢. 2
< LRy m ¢ (3.23)

Then following the arguments of Romanov in [34], one can get

Im ¢<0,
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then
Im c<0 (3.24)

for any k>0, «>0,a,b€R and pu>0.
If (ii) of Theorem 1.1 holds, we need some further estimates as follows.
For I;, 7=0,1,2, one has

1
8]
= / 16" Pdy+ 216/ (0)
0 M
! 112 a ! 112\’
=/ 16"] dy+f/ (=D& P) dy
0 K Jo
1 1 1 1
2/ |¢”|2dy+3/ |¢’|2dy—@/ |¢’|2dy—ﬂ/ 16" 2dy
0 HJo ®Jo o Jo
[ 1 o— | 1
:<17U>/ |¢"|2dy+¢/ 162y
- 2"“' / 6/ 2dy 2'0" 2ol za, s (3.25)

for 1> 2|a| —«, where Lemma 2.3 and Young’s inequality have been used.
Similar calculations and the Poincaré’s inequality yield that

2]lal—a

> ie (3.26)

and the classical Poincaré’s inequality yields
Z>12. (3.27)

Despite (3.25)—(3.27), it seems still difficult to find a useful exact value of the lower
bound for
(kRy)™" (13 +2K* 12 + K* 1Y)
IT+ k213 '

To overcome this difficulty, we come up with the following analysis.
Let dp € (0,1) be given by 263 =1 —&y. Furthermore, for any fixed & € (6o, 1], one has

242212+ T2 12 2k I?
2 L 02 (51%+(1—5)I%+k220>

I()Il B 1011 + I()Il
Ry N 2k?2 k(1—0)"2
I Ioh V2
2|a] — 2% ,
z(1—M)+—max{\/§k(1—5)51011,5112}
i Ioly

2la] —a 2
| L )+max{lo[l V2k(1— 5)21011, .5112}

SIF+(1—-6) (I, —

Io)*+V2k(1 —5)51011]

>(1-

Zmax{(l Aol=ay o a3 syt 2|O‘|O‘)+2k25}.

(3.28)
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For k € (0,400), define

P = maxd (1= 2= o a1 —syha = A=) okzs
k
Iz I
_{ (1— 2=y L 4 2v2(1-0)2k? , k> Y25(1-06) %,
(1— 2=y L4 95k , 0<k<L25(1-6)"3,

IN

and it is easy to see that f(k)e C(0,+00).
For k> gé(l—é)*%, we have

26 (1—6)6k—(1—2l=2y3
f/(k):( k2 - )
(28 -0y k2428 (1—0)bh(1— 2ol 4 (11— 2ale) i)
X
k2

>0,

Hence, on [@5(176)*%,+oo), it holds that

Fo =5 (L2515
=v2(1— 2'“/;0‘)5—1(1_5)% +V26%(1—6)"3

2ol —«
W

>2v/25(1 - )z.

Ifo<k< %(5(1 —5)_%, one can get from the average inequality that

2]lal—a
i

Fk)>2v25(1~ )2

Putting these estimates together leads to
1 I3+2K° I + KI5
k Iolh
1 2|al—a 3 1 2a| —« 5
> max (1—T)+2\@k (1—6)2,(1—T)+2k 5

2|a)—a. 1
Sovas(1— 2al=ayy
I
for k> 0.
Taking the supremum on both sides of (3.32) on é € (dp,1] gives that

1 I3+2K* 12+ K412 2a) —a 1
Z. >2v2(1— .

k IOII - \[( 1 )2

Finally, combining (3.22), (3.28), (3.32) and (3.33), we obtain

(kRy)™" (13 + 2K 12 + K*12)

Iol, —
S IQ + kQ 12
1 0

Im ¢

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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R ( 1 I§+2k2112+k413>
_ I
k

NEENEI Iyl
Ry —b 2|ar] —
<oy (Sl -ovan By
I+ IG5\ p(pto) 1%
<0 (3.34)
for > —3a and |2‘((Z;2))| (14 ?’Tta)’% < 2v/2, which completes the proof. O

4. Proof of Theorem 1.1: Nonlinear stability
Now we consider the nonlinear problem (1.3)-(1.4). Recall that the nonlinear prob-
lem (1.3)-(1.4) can be rewritten as the abstract Cauchy problem

{Btu—l—Lu:f(u) in Q, (4.1)

u|t:0:u0 in Q,
where
Lu=P(—pAu+u-Vus+vs-Vu), f(u)=P(—u-Vu).

To prove Theorem 1.1, we need some estimates for fractional powers of operators.
Define

A;=1-PA with D(A)=H,; ,NH>.

Since the operator A=—PA is the generator of an analytic semigroup, then one
can define the fractional power of A;. Obviously, the operator A; is self-adjoint and it

is easy to see that the norm ||A1%uHL2 is equivalent to ||u|| 41, that is,
lAfullzs ~ 1 (42)
The fractional powers of A; can be estimated as the following lemma.
LEMMA 4.1. There holds
ullyrn <CllATull 12

for ue D(A7), where the constant C >0 depends only on v,p, and 1— % <~v<1l,p>2.

Proof. The proof of this lemma is straightforward from Gagiardo-Nirenberg’s
inequality, Holder’s inequality and Sobolev’s inequality, which is similar to the proof of
Lemma 5 of [34]. See [34] for details. O

By the arguments similar to Romanov [34], one can define Ag:=(sI+L) with
D(Ap)=D(A;), where s=s(u,a)>0 is large enough. For y€(0,1), define A} and
the operator Aj has the equivalent norm

[AGull > ~ 1 ATull s - (4.3)

Therefore, the Lemma 4.1 holds for A], that is

1
[ullwro <C(v.p) [ Agull 2, we D(Ag), 1— S S7<lLp=2 (4.4)
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Moreover, the following estimate holds (see Romanov [34]):
HAgethuHL2 <C(,By)t Ve P |ull 2, ¥>0, t>0, VBE(0,—m), (4.5)
where m is defined as in Lemma 3.1.

Now we are ready to prove Theorem 1.1.
Proof. (Proof of Theorem 1.1.) By Duhamel’s principle, the solution of problem

(1.3)-(1.4) is given by

u(t)=e Tug— te_L(t_s) u-Vu)(s)ds. .
(0= "tu= [ P(u-Vu)(s)d (46)

Define the Picard’s sequence

t
un(t):e*tLuof/ e*L(t*S)P(un_l~Vun_1)(s)ds, n=12,---, (4.7
0

where ug € D(Aé).
We define the working space

3
X:= {ueD(L):supt}lemAgu(t)|Lz <oo}
>0
with the norm
3
el x =supt e | Adu(t)]]| 2
t>0

It is easy to check that X is a Banach space. Next, we only need to show that

1
|unl y is uniformly bounded if || A3 uol||r2 <e for some small enough € > 0.
It follows from the Sobolev’s inequality and (4.4) that

[1P(u-Vw)|[pz <Clluf| L4 [Vl L4

<Clull s ol 2.3

3 3
<CllAgullz2[[Ag wllz2 (4.8)
for any u,w € D(Ap). Then due to (4.5), one has
%
[[Ag un(t)]l2
3 t s
<llAge™  uoll 2 + / 4G e™ 7 Plun—1 - Vuun1)(s) | 12ds
0
. ¢
< \|A§e*tLu0||L2+c/ (t—s)" 1P| P(up_1 - Viup_1)(s)|| 2ds
0
1 1 ¢ 3 3 2
<Ct™1e P AZuo|| 2 +C/ (t—s)"4||Adupn—1]72ds, (4.9)
0
which yields that

1
lunll x < CllAG w0l p2 +Cllun—1 % - (4.10)
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1
Then if [|AZuo||r2 < Cllug|| g <e for some small € >0, we have
1
lunllx < CllAF wollz <C, (411)

which implies that ||y, 5 is uniformly bounded. Since the embedding D(Aé) — D(Aé )
is compact, hence there exists a subsequence that converges strongly to u, which is the
global solution of (1.6). In addition, it is easy to deduce that u € H! from the equivalent
norms (4.2) and (4.3).

Moreover, it follows from the above estimates and (4.6) that

|43u(t)],» < OF e Aduollze, 5 <7<1. (4.12)

Furthermore,
4G u(®)l> < Ce | Ag w2, (4.13)

which yields that
()] g1 < Ce™ P lug]| o - (4.14)
]

Therefore Theorem 1.1 follows.

5. Proof of Theorem 1.2
In this section, we will prove Theorem 1.2. Define

HEF .= {ue H* :u satisfies the boundary conditions in (1.6)}
and

HEY, _:={uc H":u satisfies the boundary conditions in (1.6)}.

*%,0 °

One should note that the Lemma 2.2 still holds for the Navier boundary conditions
in (1.6). More precisely, we have the following lemma.

LEMMA 5.1.  Suppose that 0€(0,5) and Ne X(5+6). Then for any fe L2, there
exists a unique w€ HY _NH? such that

A+ A)u=f, (5.1)
and the following estimate holds
(Alllull 2+ pllell gz < CLF Il 2 (5.2)

where the constant C' >0 depends only on 6,0;(1=0,1).

Proof. The proof of this lemma is similar to that of Lemma 2.2, and we omit it
here. |

LEMMA 5.2. Suppose that u€ H} Then there holds

||I&’1||L2(071) SCP||8yﬂ1||L2(O71)7 (53)

where Cp >0 is the best constant so that the Poincaré inequality for f(y) € H*(0,1) with
folf(y)dy:0 holds, 1y is defined as before.
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Proof. Since V-u=0, thus
1kl + Oytia =0.

Note that u e H!

*k,09

then G2(0) =d2(1)=0 and

1 1
/ Zkﬁldy:—/ 8y’a2dy:0,
0 0

1
/ ﬁldy = 0,
0

which implies that the classical Poincaré’s inequality holds for ;. 0

therefore

Next, we give an estimate for the o(—L).
LEMMA 5.3.  Under the assumptions of Theorem 1.2, there holds
sup{Re A\:A€o(~L)} <—-C <0,
where the constant C >0 depends only on p,oqy(1=0,1),a,b,Q,Cp.
Proof. Consider the problem
A—pAutu-Vos+vg-Vu+Vp=0 in Q,

V-u=0 in Q,

Uy =0 in ¥, (5.4)
puOyu1 +our =0 on X1,

puOyu1 —opur =0 on Xg.

Similar to Lemma 3.1, the Lemma 5.1 and the Fourier series give that
)\le - ,u(@j - kz)ftl

. apai(a—b) plaratagb)+agarb \ » apai(a—b) ~ oA
ik (”(0‘0+a1)+°‘00‘1y+ u(ao+ar)+aoar )U1 + nlaotar)+agar u2+2kp_07

N 2 2\ A . apaq(a—b) plaratagb)+agab | ~ A
Alig — (0 — k*)iig +ik (u(aoo+a1)+aoa1 Y+ “(;0+a01)+a00a11 ) o+ 0yp=0,
ikly +ay’&2 =0,

(5.5)

with the following boundary conditions

G2(0) =12(1) =0,
/,Lay’ll1(1)—|-0511)1(1):0, (56)
uﬁyﬁl (0) - Oéoﬂl (O) =0.

There are two cases to be considered.

Case 1: £=0.
If k=0, then G2 =0 at [0,1]. Therefore

iy — 0 iy =0. (5.7)

Multiplying (5.7) by 41, integrating over (0,1) and using the boundary conditions (5.6),
one gets

1 1 1
Re)\/ |a1|2dy+u/ By 2y + 3 eulan (D2 0. (5.8)
0 0 1=0
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If the condition (iii) of Theorem 1.2 holds, that is, o; >0(I=0,1), then one has
1 vy
Re A+ ——p |i1[*dy <0, (5.9)
Crp ) Jo

where we have used the Lemma 5.2. Therefore

1

in which Cp >0 is the best Poincaré constant in Lemma 5.2.
Now we suppose that the condition (iv) of Theorem 1.2 holds. For the boundary
terms, it follows from some simple calculations that

1
> aulin (1)
1=0
1
= [ o[t +aoy—aolin?] ay
0
1
:(040+041)/ |ﬁ1|2dy
0
1
—|—/ 2[((cvo+ 1)y — )] [Re @1 Re 001 +Im 43 Im 9, d; } dy
0

1 1
2(a1+a0)/ |ﬁ1|2dy_{ng)§{|al‘}/ 2|Re ﬁlRe ayval—i—Im leIm 8y'LATl’dy
0 = 0

1 1
> (o +a0—max{\al|})/ |ﬂ1|2dy—max{|ozl|}/ 10,1 *dy. (5.11)
1=0,1 0 1=0,1 o
Putting the above estimates into (5.8) and using Lemma 5.2 yields that
1 1
(Re A (g + a1 —max{|og|}) + =—(p— max{|al|})> / |41]%dy <0, (5.12)
1=0,1 Cp 1=0,1 0
which implies that
Re A< = +1) masc{|au]} — (a0 +a1) — ——ppi=— G <0 (5.13)
=\, 120?% l 0 1 Cpﬂ = .
for p> (1 +C’p)lrgaa>%{|al|} —Cp(ag+ai), where Cp >0 is the best Poincaré constant in
Lemma 5.2. ’
Case 2: k#0.

By eliminating p, one has
(D2 — k22,

—b b b
_ [zk( apai(a—b) y+M(a1a+ao ) +aopay )—H\] (02— k2 (5.14)
(oo +ar)+apay (oo +ar)+apay

for 0<y<1.
Similar to Lemma 3.1, setting

Azk(’ apay(a—Db)
(oo +ar) +agon

u(ara+ agb) +a0a1b) ceC
plao+on)+agon
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and
. agay(a—0b)
fr2:= p(pao+ar)+agar) |’

one can get

(() )(435 ikRo(y—c)(95 —k*)p, 0<y<l,

0,
¢//( ): ag (0) (5.15)
¢"(1)= 71 ¢'(1),

where we have replaced iz by ¢ and 9, with " for simplicity.
Multiplying (5.15); by ¢, the complex conjugate of ¢, then integrating over (0,1)
and using the boundary conditions, yields that

Q—Q—(kRy)™ ' (I3 +2K* 17 + K*I7)

Im ¢c= EEWETr: , (5.16)
where
B= [ oray +Z F, 8= [ 169 Pay, =01, Q=1 [ 674y
It follows from Holder’s inequality that
Im o< Ioly — (kRy) ™! (I3 + 2K I + K1I3) . (5.17)
I+ k2138
If (iii) of Theorem 1.2 holds, note that a; >0(l=0,1) and k>0, we have
Q-Q- (kRQ)fl (I3 42k 17 + K*I3)
Im c= TR
Q-G —(kRo)" (fo |6 dy+ 2K 13 + K113 ) ]
< [EEwETF =:Im ¢&. (5.18)
The arguments of Romanov in [34] give that
Im ¢<0,
therefore one has
Im e<0 (5.19)

for any k>0, a; >0(l=0,1),a,6€R and p>0.
Let us suppose that (iv) of Theorem 1.2 holds.
Now we estimate I;,j=0,1,2. For Iy and Iy, it holds that

1 .
I2: /" 2d = /l 2
2 /0|¢>| MU
1 1 1 ,
- / o Py / (a0 +a1)y—a0)|¢'2) dy
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oo+« !
/|¢”|2d + 20 [y
i
max|al|
/ o/ 2dy

max|al|
/ ¢ Pdy+ / 1|2y

2lmax|al|—a0—a1 2mg>%|al|—ao—a1

1- /|¢>|dy— 1- = . 2. (5.20)

max|al\

/ 6" *dy

a0+a1 —max\oq|

v

where Lemma 2.3 has been used again.
Similarly, by the Poincaré’s inequality, one obtains from Lemma 2.3 that

>12 (5.21)
and then
2max |ay| —ap —aq
1=0,1

>1-— 2. (5.22)
J7

Moreover, for any fixed 0 € (g, 1], one has

Ioly Il V2

B2k k412 13 2K? 12
= 012+ (1—68)I? + k22
Il Iol, A In; \ 't +( M+ 2
2 2k? k(1—8)"3 ,
=2 4 5112+(1—5)(11—()210)2+\/§k(1—5)21011]

2max |ag| — g — a1

1=0,1 2k? 1 2
>[1- =2 (1 =83 IoLy, 61
- 7 +1011max{fk( %) 01’51}
> h+ max \fki( )21011 2k 5[
= 1011 Il Ot
Zmax{th?\/ik?’(l—5)%,h+2k26}. (5.23)

where &g € (0,1) is given by 263 =1—4y and

2lI£1aX|al|—ao—a1
h=|1-

o

For k€ (0,400), define

g =

2|o| — 81 3 g 2lol—a 2
{( ; DY+ 2v2KP(1-8)F (1 p )+ 2k 5}

y=2m
B
{k+2f1 5Bk k> ¥25(1—6)"%

! 5.24
L 126k ,0<k<¥26(1-06)"3, (5.24)
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and it is easy to see that g(k) € C(0,400).
Similar arguments as in Lemma 3.1 give

1
2max || —ag—aq \ 2
2 272 | LAT2 1
112 +2]€ Il +:Z€ IO 22\/5 1— 1=0,1 . (525)
k Il 2

Furthermore, one has

<mhfw&rwg+%ﬁﬁwﬁa

I
e Z+RTE
_ Ry'Inh 1 I342K217 + K412
TE+R2E\T? K Il
1
— _ 2
R2_1]0[1 aoal(a—b) 2{2%§|al‘ G~
=72 272 *2\@ 1-
B+k2I5 || p(p(ao+01)+apar)
=-C<0 (5.26)
if
p>2max{lay|} — (a0 +an)
and
2max]ay| *%
max || — g —
—b =
agay(a—0b) e 1=0,1 <23,
p(p(co +ar) +apar) K
This completes the proof. ]

Lemma 5.3 implies the linear stability in Theorem 1.2. We now turn to proving the
nonlinear stability.

Proof of Theorem 1.2: Nonlinear Stability. With linear stability obtained by
Lemma 5.3 at hand, one can prove the nonlinear stability by using similar arguments
as in Section 4, and therefore the details are omitted here.
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