COMMUN. MATH. SCI. (© 2020 International Press
Vol. 18, No. 5, pp. 1191-1220

LOW MACH NUMBER LIMIT OF STEADY EULER FLOWS IN
MULTI-DIMENSIONAL NOZZLES*

MINGJIE LI, TIAN-YI WANG!, AND WEI XIANG#

Abstract. In this paper, we consider the steady irrotational Euler flows in multidimensional
nozzles. The first rigorous proof on the existence and uniqueness of the incompressible flow is provided.
Then, we justify the corresponding low Mach number limit, which is the first result of the low Mach
number limit on the steady Euler flows. We establish several uniform estimates, which does not depend
on the Mach number, to validate the convergence of the compressible flow with the conservative extra
force to the corresponding incompressible flow, which is free from the conservative extra force effect,
as the Mach number goes to zero. The limit is on the Hélder space and is unique. Moreover, the
convergence rate is of order €2, which is higher than the ones in the previous results on the low Mach
number limit for the unsteady flow.
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1. Introduction

Incompressible and compressible Euler equations are fundamental equations in fluid
dynamics, which describe the motion of two different objects, for example, water and
gas. As one of the important topics in the mathematical theory of fluid dynamics, the
incompressible limit is devoted to building a bridge to fill the gap between those two
different type of fluids by determining in which sense the compressible flows tend to the
incompressible ones as the compressibility parameter tends to zero.

A typical system to describe compressible flow is the steady homentropic Euler
equations. It reads

div(pu) =0, (1.1)
div(pu®@u)+ Vp=pF, '

where x = (1, ,x,) ER™, for n>2, u=(uy, - ,u,) €R™ is the fluid velocity, while p,
p, and F' represent the density, pressure, and extra force respectively. The pressure is a
function of density with:

7 (1.2)

where € >0 is the compressibility parameter as introduced in [36]. For the homentropic
flow, we require

~//

P (p)>0, 20'(p)+pp"(p)>0  for p>0. (1.3)
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We remark that condition (1.3) includes the isentropic flows that p=p? with v> 1, and
the isothermal flows that p=p. The sound speed of the flow is

e \/m: VP (p)

)

€
and the Mach number is defined as
= M = €|u|
¢ 7' (p)

where

n 1/2
|u|:= (Zuf)
i=1

is the flow speed. The flow is subsonic when M <1, sonic when M =1, and supersonic
when M > 1.

Generally speaking, there are two processes for deriving the incompressible fluid
models from the respective compressible ones: one is that the compressible parameter
€ goes to zero, which is called as the low Mach number limit; and the other one is that
the adiabatic exponent 7 goes to infinity with the pressure defined as p=p?, see [9,32].

The first theory of the low Mach number limit is due to Janzen and Rayleigh
(see [35, Sect. 47], [39]), in which they are concerned with the steady irrotational flow.
Their method of the expansion of solutions in power with respect to the Mach num-
ber was applied both as a computational tool and as a tool for the proof of existence
of solutions. Klainerman and Majda [28,29] proved the convergence of compressible
flow to the incompressible flow by directly deriving estimates of solutions of the partial
differential equations in the scaled form (also see Ebin [17]). In particular, they es-
tablished the incompressible limit of smooth local solutions of the Euler equations (and
the Navier-Stokes equations) for compressible fluids with well-prepared initial data, i.e.,
some smallness assumption on the divergence of initial velocity. By using the fast decay
property of acoustic waves, Ukai [38] verified the low Mach number limit for the general
data. The exterior domain cases were considered in [25]. The major breakthrough on
the general initial data is due to Métivier and Schochet [33], in which they proved the
low Mach number limit of the full Euler equations in the whole space by an elegant
convergence lemma on acoustic waves. Later, Alazard [1] extended the result to the ex-
terior domain problem. For the one dimensional Euler equations, the low Mach number
limit has been proved under the B.V. space in [7]. For other related fluid models and
problems, see [5,11,22,26,27,30,31,33,34,36] and the references therein.

One of the classical problems on the steady flows is the infinitely long nozzle prob-
lem. Let 2 CR™ be an infinitely long nozzle, which is homomorphism to the unit cylinder
C=DB(0,1) xR in R™. The compressible fluid fills in the region 2. At the boundary
09, the flow satisfies the slip boundary condition:

u-n=>0 on 012, (1.4)

where n is the unit outward normal to the region Q. Due to (1.1); and (1.4), one can
obtain the fixed mass flux property: on the arbitrary cross section of the nozzle Sy

/ - puds=:m, (1.5)
So
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Fic. 1.1. Infinitely long nozzle

where 1 is the unit outer normal of the domain Sy. m is called the mass flux. See Figure
1.1.

Formally, if |u| is bounded and +/p’(p) does not vanish, ¢ is the leading term of Mach
number M. For this reason, the limit € — 0 is called the low Mach number limit [28,29].
So, for the low Mach number limit, one should start from the case with sufficiently small
Mach number, in which the flow is subsonic.

For the compressible flow, the mathematical theory on global subsonic flow in an
infinitely long nozzle of various cross-sections was formulated by Bers [4] in 1958. Then
the first rigorous proof for the irrotational flow was achieved by Xie and Xin [40] by
introducing the stream function. Later, they extended it to the 3D axis-asymmetric
case in [41]. The theorem for general infinitely long nozzle in R™ ,n > 2 was completed in
Du-Xin-Yan [15], while the result was extended in [20] to the extra force case. Besides
the infinitely long nozzle problem, we also would like to mention the study of the other
classical problem: the airfoil problem. Shiffman [37], Bers [2, 3], and Finn-Gilbarg
[18] considered the two-dimensional irrotational subsonic flow. Finn and Gilbarg [19]
got the first result for three-dimensional subsonic flow past an obstacle under some
restrictions on the Mach number. Then Dong [13] and Dong-Ou [14] extended these
results to the case when Mach number M <1 for arbitrary dimensions, while the case
with conservative force effect was considered in [21]. The respective subsonic-sonic flow
was considered in [24]. For the rotational subsonic flows, one can refer to [6,8-10,12,
16,42].

The expected corresponding homogeneous incompressible Euler equations as € =0

are written as:

divu=

vu=0, (1.6)
div(u®@u)+Vp=F,

where u=(u1, - ,u,) and p represents the velocity and pressure, respectively, while
density p=1.

For the problem of the incompressible flow in an infinitely long nozzle, the flow also
satisfies the slip boundary condition (1.4). Furthermore, from (1.6);, the fixed mass
flux property (1.5) holds with p=1.

As far as we know, up to now there is no mathematical result on the multidimen-
sional incompressible flow in an infinitely long nozzle. Hence, we need to develop the
methods to obtain the first results on the multidimensional incompressible flow in an
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infinitely long nozzle. We remark, unlike the airfoil problem, the solutions of infinitely
long nozzle problem are not expected to decay to the given states in general, which
means the variational approach could not be applied directly. So we need to introduce
approximate problems for both the incompressible and compressible cases, and then to
show the localized uniform estimates such as the average lemma and the higher order
estimates which do not depend on the Mach number, which is a singular parameter in
the low Mach number limit. All the uniform estimates are new. Moreover, to avoid the
singularity arising from the sufficiently small Mach number, we need to introduce the
elliptic cut-off carefully, which is different from the ones in [15,20].

The rest of this paper is organized as follows. In Section 2, we formulate the
problems mathematically and state the main theorems. Next, we introduce approximate
problems and apply the variational approach to solve them in Section 3. In Section 4,
uniform estimates and then the existence of modified flows are proven. Section 5 proves
the uniqueness of modified flows, and completes the existence and uniqueness of the
incompressible flow (Theorem 2.1). Finally, in Section 6, we complete the proof of the
low Mach number limit (Theorem 2.2).

2. Formulation of the problem and main theorems

In this section we will formulate the problem concerned mathematically and intro-
duce the main theorems of this paper.

First, we will give the basic assumptions on the multidimensional nozzle domain 2:
there exists an invertible C%® map T:Q — C:2 —y which satisfies that

T(092)=0C,
For any k€R, T(QN{x, =k})=B(0,1) x {y, =k}, (2.1)
[Tl c2e + [T g2 < K <00,

where K is a uniform constant, C=B(0,1) x (—o0,+00) is the cylinder in R" with
B(0,1) being the unit ball in R”~! centering at the origin, x,, is the axial coordinate
and 2’ = (21, ,2,_1) ER"7L.

REMARK 2.1. It is noticeable that there is no asymptotic restriction on T" as x,, — +00,
which implies T could even be periodic with respect to x,,.

For both the incompressible flow and the compressible flow, the boundary condition
(1.4) and mass flux condition (1.5) hold.

Now, for any given mass flux m, we can introduce the problem in the multidimen-
sional infinitely long nozzle mathematically for both the incompressible and compressible
cases.

Problem (m). Let n>2. Find functions (p,u,p), which satisfies (1.1) or (1.6),
with slip boundary condition (1.4) and mass flux condition (1.5).

Then we will study Problem (m) for the incompressible and compressible cases
separately.

2.1. Problem (m) for the incompressible case. Let us consider the incom-
pressible case first. The steady irrotational incompressible Euler flow is governed by the
following equations:

div(a®@u)+Vp=F, (2.2)
1
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Here, the conservative force F' can be written as FF=V¢. By (2.2)3, we have the
Bernoulli law for the incompressible irrotational case that:

@ |
which equals to:

_ @]

=¢p—— 2.4

p=¢—— (2.4)

up to a constant.
Now we can introduce the following theorem for the incompressible case.

THEOREM 2.1. For any fixed m>0, there exists a unique solution (p=1,u,p) of

Problem (m) corresponding to Equations (2.2), with u € (CH*(Q))". Moreover, sup-
pose

peL™(N) and Voe Ll (9) for  g>n. (2.5)

loc

Then pe C*(Q).

We remark that for the incompressible case, the velocity @ is solved by solving the
potential function ¢, which does not depend on ¢. It is different from the compressible
case.

2.2. Problem (m) for the compressible case and the low Mach number
limit. Now let us consider Problem (m) for the compressible case and the low
Mach number limit. The irrotational compressible Euler flow with low Mach number is
governed by the following equations

div (p°u®) =0,
div (puf @u®)+ Vp® =p°F, (2.6)

curlu® =0,

where the conservative force F'=V¢ and p*=p(®) (p°) = w. The Mach number
is defined ME = [uf] — eluf| .
is defined as o) - Ve

By (2.6)3, we have the following Bernoulli law that

w2 S ()Y s
([ ) o

S

which is equivalent to

€2 p° (€)Y
e (2.8)

up to a constant. Here, without loss of generality, we assume 0 < ¢ < ¢*. Moreover, let
us introduce the rescaled enthalpy function h, which satisfies:
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Then, (2.8) becomes

[us?

+hE) (p) —hE (1) =, (2.9)

where h(®)(p) =e2h(p). By (1.3), we can see that h(p) is a strictly increasing function
with respect to p, so is h()(p%).
Let

Then for each fixed e, we can introduce the critical density p¢, which satisfies that

1 - 1-
?H(Pir)de‘ ;Qh(l) (2.10)

So

per(@)= A" (h(1)+<%) (2.11)

and the critical speed is

)= L o B (1) +20). (2.12)

Obviously, the critical speed ¢5,.(¢) will go to the infinity as e goes to zero.

It is easy to see that |u®|<¢S.(¢) holds if and only if the flow is subsonic, i.e.,
Me(¢) <1. Similarly, for each 0<6 <1, there exists ¢5(¢) such that |u®| <gj(¢) holds
if and only if M*(¢)<6. Moreover, ¢5(¢) is monotonically increasing with respect to
6€(0,1). In addition, for € >0, both eqZ,.(¢) and eqj(¢) are uniformly bounded with
respect to . For the subsonic flow, density p° can be represented as a function of |u|?,
i-e.,

o = o (2 8) = h ) (W%(l)) . (2.13)

For any fixed 0 <& <1, when the flow is subsonic, it holds that

HVoh(1) < H7H (h(1)+226) = i, < p* (ju,0) <h 7 (£20+R(1)) <A (9" +h(1))

Finally, the low Mach number limit is the limit process when € — 0. For the limit, we
expect the compressible Euler flow will converge to the corresponding incompressible
Euler flow. Actually, we have the following result which is the main theorem of the
paper on Problem (m) for the compressible case and the low Mach number limit.

THEOREM 2.2. Suppose (2.5) holds. For any fized m >0, there exists a constant
. such that when 0<e<e. there exists a unique solution (p®,us,p?) € (C*(Q))" 2 of
Problem (m) corresponding to Equations (2.6) with M <1. M¢® varies on (0,1) as ¢
varies on (0,e.). Furthermore, as € —0, we have that

p°=1+0(?) uf =u+0(e?) Vpt =Vp+0(e?), M*®=0(e) (2.14)
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where (1,@,p) is the classical solution of Problem (m) corresponding to Equations
(2.2) obtained in Theorem 2.1.

REMARK 2.2. It is noticeable that the condition (2.5) on V¢ is local and without
requirement on the decay behaviour at infinity. In fact, for the infinitely long nozzle
problem, the far field behaviour of flow can be treated by a quasi-one-dimensional
problem, where the key point is the local average estimate.

REMARK 2.3. It is easy to check the gravity:
¢=gx;

for i=1,---,n—1, satisfying the conditions (2.5) on ¢. It can also be applied to the
electric field.

REMARK 2.4. In Theorem 2.2, the regularity of (p,u,p) is restricted by the regularity
of ¢. One can lift the regularity of v and p by imposing higher regularity conditions on

é.

3. Approximate problems and variational approach

Unlike the airfoil problem in [14], the asymptotic behaviours of the flow at the inlet
and the outlet are different, in order to employ the variational approach, we also need
to construct a series of truncated problems in bounded domains to approximate the
Problem I1(m) and Problem C1 (m) which are introduced later. For L >0, let

Qr={2z€Q | |z,|<L}, Sf=Qn{z,==L}. (3.1)

Let H; be a Hilbert space under H'-norm such that
HL:{weH%szwb;:O} (3.2)

In this section, we will introduce the approximate problems of Problem (m) to
the incompressible case and the compressible case, and then obtain the existence of the
solutions of the approximate problems by the variational approach.

3.1. Incompressible potential flow. Let us consider the incompressible case
first. By (2.2),, we can introduce the velocity potential ¢ for the incompressible case
such that

Ve=a. (3.3)

Then, Problem (m) for the incompressible case becomes:
Problem I1 (m). Let n>2. Find function ¢ such that

Ap=0, r €,

92 —, z €N, (3.4)
o0

fSo Srds=m,

where Sy is any arbitrary cross section of the nozzle, and n and 1 are the unit outer
normals of the nozzle wall 002 and Sy respectively.

As said before, we will truncate the domain to introduce the approximated problems
of Problem I1 (m) in Q; for L>0. More precisely, let us consider the following
truncated problem for the incompressible flow:
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Problem 12 (m, L): Find a function ¢, such that,

A@LZO, ZEEQL,
9oL —0,  9NNINL,

0

oL + 3.5
9 50 00 S >
pr =0, on 5.

Here |S} | denotes the area of the cross section S;. We remark that boundary
condition (3.5); on S7 implies that the mass flux of the flow is m.

Now we can introduce the variational approach to solve Problem 12 (m, L).

Let functional J(¢) on Hy, be defined as

1
J(p) == Vo|?de — —— da’, 3.6
=3 [, oo g [ ot (36

where 2’ = (z1,23,...,2,—1). Then in order to show the existence of solutions of Prob-
lem I2 (m, L), we will solve the following variational problem:
Problem I3 (m, L): Find a minimizer @ € Hy, such that

J(@r)= min J(p). (3.7)

For the minimizer of Problem I3 (m, L), we have the following remark.

REMARK 3.1. The minimizer of Problem I3 (m, L) is a solution of Problem I2
(m, L).

Proof. (Proof of Remark 3.1.) We only need to show that Equation (3.5) is the
Euler-Lagrangian equation of the variation problem. For any ¢t € R and for any p € Hy,
and n€ Hy, it is easy to know that ¢ +tne Hr, so

1
Tt =de)=g [ (VortVnP Vel r—qg [ w69
Qr |S |
Hence
hmmfl(J( +tn)—J(p))=[ Ve-V dx—ﬂ/
e P p)) = 0, PV \SZF\ Szn

If  is the minimizer, then for any n € Hy, we have that
J(p+tn)—J(p)=0 and  J(p—1tn)—J(p)=0.

Therefore, for any ne€ Hy,

/w.vnd%%/ nda’ = 0. (3.9)
Qr |SL| s

It means that ¢ is the solution of Problem I2 (m, L). 0

Therefore, in order to show the existence of solutions of Problem I2 (m, L), we
only need to show the existence of a minimizer of Problem I3 (m, L).
For Problem I3 (m, L), we have the following theorem:



M. LI, T.-Y. WANG, AND W. XIANG 1199

THEOREM 3.1. Problem I3 (m, L) admits a unique minimizer @1, € Hy,. Moreover,
it holds that

1
2] Ja,

where constant C' does not depend on L.

|V@r|2de <Cm?, (3.10)

Proof. We divide the proof into four steps.
Step 1. J(yp) is coercive in Hy. For any o€ Hy, we know that ¢|g- =0 by the
L
definition. So by the Hélder inequality,

L
/godx’ // a—wdxndxl
st stJ_p 0zn

By the Cauchy inequality,
1 m
T =3 [ (Velde— g [ g
2 Qr |Sz_| Sf

<ClL[2 (V| 2. (3.11)

1
> 1 1Velliz =2C(m,|S{ 2)),

which implies J(yp) is coercive.

Step 2. The existence of the minimizer ¢;, € Hy. Let {@L} C H, be a minimizer
sequence such that, as n — oo

J(Brn — inf J — 0.
(Prn)—a= inf J(p)>-co

Since J(p) is coercive in Hp,
| IVeralde <4750 +5Cm 51 1)
Qr
<4J(0)+8C(m,[ST],1Q1])=8C(m,|ST],1QL)).

Therefore, there exists a subsequence, still denoted by {@r »}, which converges weakly
to a function @y € Hy. And, by the lower semi-continuity, it holds that

IVGLIIZ glggioréf/ﬂ V&Ll *de <8C(m,|ST|,|1QL)). (3.12)
L

On the other hand, similar to the proof of (3.11), we have

/ (SOL,n—QOL)de/SC(QL)(/ |80L,n—<PL|2d$> (/ V@Lm—vsﬁﬂzdﬂ?) .
Szr Qp Qr
(3.13)

Then, by the L?(,) strong convergence of the sequence of {¢y, ,}, we have that
/ |oL.n—@rlde’ —0, asn— oo. (3.14)
St

Therefore, it follows from (3.12) and (3.14) that J(@r) <liminf, o J(@r,n) =, which
means

J(or) = Inin J(p)=cv. (3.15)
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Step 3. The uniqueness of the minimizer. If there are two minimizers ¢, € Hy, and
w2 € Hy,, then we know that

J(<P1)=J(<P2)§J(M)-

2
So
P11+ P2
0>J(p1)+J(p2) —2J( ) )
1 +p
5 | (VerP+1Tpal 29 (B2 o
Qr

1
>1 [ W(ei— e
Qr

By the fact that ¢ =¢2=0 on S, , we know that ¢; =ps. Therefore, the minimizer is
unique.
Step 4. We will show (3.10) in this step. By direct computation and (3.11),

m m
IV@LlPde=J(pL)+— |  Prda’ <J(0)+— [ @rda’
/QL ST 1 st ST st
|S+| QL7 | VL e
That is
1 m? m?
— [ \VeLlPder<c <o 3.16
0l Jo, V=R < (310
where S, is defined to be the minimum of |SZF| 1]

For the regularity of the solution of Problem I2 (m, L), by the standard elliptic
estimate (cf. see [23]), we have the following lemma:

LEMMA 3.1.  Assume (2.1) holds, then there are constants 0 <a <1 and C depending
on Qp such that for any solution @ € Hy, of Problem I2 (m, L), we have @ €

HQ(QL/2)7

sw Vo <C(I1VeLlB,))
z€Qr /2

and

wp  [T2L) = Vor(s)

T1,T2€8L /2 |$1_$2‘a

SC(HV@LH%%QL))'

We omit the proof since it is standard.

3.2. Compressible potential flow. Now let us consider the compressible case.
By (2.6)5, we can introduce the velocity potential ¢ for the compressible case such
that

V&) =ue. (3.17)

Then Problem (m) for the compressible case becomes
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Problem C1 (m). Let n>2. Find function (%) such that

div (p* (V@ |2,9) V) =0, ze€Q,

25 ), € dQ, (3.18)
(e)

Js,p° (V9 2,0) 25=ds =m.

By the straightforward computation, (3.18), can be rewritten as

D a505909 + ) b0, =0, (3.19)
ij=1 i=1
where
20,0 98
as; = p° (5—J) 3.20
1=\ P (p°) (3.20)
and
2 9.
b ==L %9 (3.21)
P'(p°)
For 0<e<1 and M*® <6< 1, we have that
0<AEP <D a5;68 < Malél, (3.22)

ij=1

where constants Ay and Ay do not depend on e.

Since Equation (3.19) is nonlinear, and is strictly elliptic if and only if M¢(¢) < 1.
We do not know whether Equation (3.19) is elliptic or not before solving it. Therefore
we need to introduce the subsonic cut-off to truncate the coefficients of Equation (3.19).
For 0<ep<1 and 0< 6 <1, we introduce ¢,°(¢) =infocc<c,q5(¢), and cut-off function
on the phase plane

4> —2¢ if gl <" (9),
monotone smooth function if ¢°(¢) <lq| <¢5°% (¢),
2

i(a*,0)= ,
sup,ca (1) ©)-20) (@) i ol (0)
Let p(®) satisfy
(j(|’u|227¢) —|—h(5)(ﬁ(€))—h(8)(1)=0, (3.23)

which is equivalent to

5 B 25(|2
p°=p(|ul*,¢)=h~" (h(l)—wﬂzm). (3.24)

We denote /5 (A, ¢) := £ °(A,¢), and p5(A,¢) = 255" (A, ¢).
Then, Problem C1 (m) is reformulated into Problem C2 (m) as follows.
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Problem C2 (m): Let n>2. Find function ¢(®) to satisfy

div (7 (IVe©2,¢)Ve©@) =0,  z€Q,
25 ), z € o9, (3.25)
S, (196)2) 25 ds = m.

By the straightforward calculation, we know that (3.25); can be rewritten as

n

Z aij(Ve®, )00 + Zz}i(véﬁ(g)@)aﬂﬂ(a) =0,

i,j=1 i=1
where
G 2. 59 0 . (€
. © 2\ _ s ()2 aa(Ve'P%,9)0; i
Qi (Vso ,¢>) P (IVso |,¢>> <5w )2
2GA(IV@E) 2, 0)0;0) 90
— A€ V (e) 2’ <6Z€ QA(‘ il ’A 1 J >’ 3.26
p <| ¥ | ¢) J p/(pg) ( )
and
3 25%4s (Ve [%,0)0i0
bi \V4 (s), :€ pq¢(|~ . ) % ) 3.97
( v ¢) p'(p°) (320
Obviously,
NP i (Ve ,0) 68 <Al 096, 0) < Clogl, (3.28)

ij=1

where constants C, 5\17 and o depend only on the subsonic truncation parameters 6
and £y, and do not depend on the solution ¢(©).

Next, as in the previous subsection for the incompressible case, we approximate
Problem C1 (m) for any L sufficiently large, by considering the following approximate
problem:

Problem C3 (m, L): For any sufficiently large L >0, find a function <p(LE) such
that,

div (5 (IVel)12,0)Vel) ) =0, weQu,
Bcp(;)

=0, NNy,
Afn (e)|2 889(5> m + : (329)
FUVe P e = on S
<p(LE)=0, on S;.

Similarly to the incompressible case, we will solve Problem C3 (m, L) by a
variational approach. Here, we follow the idea used in [14] to introduce a variational
formulation. Denote

A
)= [ 1900



M. LI, T.-Y. WANG, AND W. XIANG 1203

In order to compare the solutions of Problem I2 (m, L) and Problem C3 (m,
L), we introduce

I (p,pr)=¢" /Q |G (1V6l%,0) =G (VL% 6) - VL (Vo— V)| dr. (330)

Define

_ (e) _
Y —¥L ~ P —¥L
= and gpg) = LT (331)

@:

Obviously, both cps-f) and @f) belong to Hy,. Then in order to apply the variational ap-
proach to find solutions of Problem C3 (m, L), let us consider the following problem:

Problem C4 (m, L): Find a minimizer gbf) € Hy, such that

19 (pu+e20. 1) = min 19(p1+c%0,50) (332
peEHL
For Problem C4 (m, L), we have the following theorem:
THEOREM 3.2.  Problem C4 (m, L) admits a unique minimizer QE(LE) € Hy. More-

over, the minimizer L,ZD(LE) satisfies that

1
IQL/Q Ve 2de < Om?, (3.33)
L

where constant C' does not depend on L.

Proof. The proof is divided into four steps.

Step 1. 1) (g +e2¢,01) =1 (p,p1) is coercive with respect to ¢ on Hyp, i.e.,
we will show that

C . _
I(E)(@,@L)Z?l/ |Vg0|2dx—C2/ Voo |2de. (3.34)
QL QL
Let
19(p,¢1) =1 (0, 01) + 157 (0,01), (3.35)
where
Il(E)(SOaQL)
=t (GO (IVel2,0) - GO (VoL ,6) — 265 (IVeL2,0) VoL - (Vo Ver)| da,
L
and

19 (0,61 ::5—4/9 [(2(;55) (VoL ) - 1) Yoy - (w—vm)} da.

First, we will show that Ife)(ap,@L) is coercive with respect to ¢ in Hp.
Let p=(p1,---,pn), and let F(&) (p) =G (Ip|?,¢). By straightforward computation,
we can get that

GO (IVg|?,6) —G© (Vg% 6) —2G' (IVE[2,0) V- (Vo — V)
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=FE)(Vyp)—FO (Vp) - VFE (Vg)- (Vo — V)

=Y /0 (1=)0p,p, F© (tVo+ (1—t) V@) dtd; (o — §)0; (0 — P).

i,j=1

It is easy to check that agpF<€> is uniformly positive due to the subsonic cut-off. In fact,
we have

(%F © (p)) | =aij. (3.36)

%]

From property (3.28), we get the uniform positivity of szF . As a consequence, we have

G [ 1VePde<1(ppn)<Cr [ Vs, (3.37)
Qr Q

L

Now, let us consider Iéa)(w,@L). Note that
2 (265 (1VL0) 1)
— |2 (ﬁ(e) (|V@L|27¢) . 1)‘
_ 5_2 (iL—l <—52§(|V<PL|27¢) +iL(1)) _ 1) ’
2
_ |2 (5_1 (—52@(|V<PL|2,¢) —|—ﬁ(1)) g1 (ﬁu))) ’
2
~4(IVeLl*.0) [ (7 ( (VoL ¢)
=|l—"" h —t——"
[ =)

2
<C, (3.38)

where constant C' is independent of €. Then

1159 (0, 1) | =

9

574/Q [(QG&E) (IVeLl?,¢) —1) Vor - (V@_V@L)] dx

< (e / VoLl (p—pr)lde

C

715_4/ IV(e—¢r)*dx
Q

g/ IV 3|2da. (3.39)

2 Jo,

<C | |Ver|lrdz+
Qr,

=C | |V¢rlPdz+
Qr,

By (3.37) and (3.39), we get (3.34). It also implies that I®)(p,5.) is bounded from
below, i.e., there exists a constant C' >0 such that, for all p€ Hy,,

19(p,p)> —C. (3.40)
Step 2. Note that Q, is a bounded domain, so I®)(p,@1) =1 (¢ +£2p,@1) is
finite for any ¢ € Hy,. Moreover, by (3.37) and (3.39), we can also show that

C1+2C
19(p,p )s%/ |V<ﬁ|2dx—|—03/ Vpr|2de. (3.41)
Qr, Qr
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Step 3. We will prove that I(¥)(p,@;) is uniformly convex in space Hp.

Note that Iée)(go,@L) is linear with respect to ¢. Then for any 1, ps € Hr,, we have
that

_ _ + _
I (1,6L)+1 (pa,p,) —2I) ((,012902,(%>
+
:Ifg) (801,95L)+I{6) (902755L)*21{6) <9012w2»95L>

\Y% \Y%
- / F<wl>+F<w2>—2F(*“;9”2)dx
Qrp

i _
2715 V1 — V|2,
Ci - .
=5 V&1 =Vsllz.. (3.42)

It is the uniform convexity of ().

Step 4. We are now ready to show the unique existence of the minimizer @) € H,
of Problem C4 (m, L), which satisfies (3.33).

Firstly, we will show the continuity of I®)(@y, +£2(, 1) with respect to ¢ in Hy,.
Let ¢1 and @9 in Hp, correspond to o1 and ¢y via (3.31) respectively. We have

IO (p1,81) 19 (p2,51)
4 1 |V<P1|2
:g‘/ ’/ (A, 0)dA =V &L -V (o1 —p2)
Qr 2 |

Va2

dx

1 [Ver|?
_ 1 - o Yo -

Ve |?

+e? /Q [ (07 (VoL 0) =1) VL -V (91— )] da.

Similar to the argument as done in Step 1 to obtain (3.37) and (3.39), and by the Holder
inequality, we have:

|1 (pr.00) — 1) (2. 01)|
<&

\}

V(31— @o)Pda+ Ce™ / VLIV (01— o2)lda

QL QL

<O||V@1 —V@o|[22+Cl|VE1 — Vol |2

Then we have proved the continuity of the functional 1) (3 423,51 ) with respect
to ¢ in Hy,. Based on it, we can show the existence of the minimizer ¢(¢) by the standard
compactness argument via selecting a subsequence from the subsequence of ¢(*), where
I€) (g, +2¢) 51) converges to the minimal value of the functional I©) (@, +£2¢,@1)
in HL.

For the uniqueness, if ¢; and ¢s are two minimizers such that

- _ + _
1€ (pr1,60) =19 (p2,51) < IO (P2 1),
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Then by (3.42), we know that

_ _ +oy _ C _
0> 1 (p1,51) + 1 (9, 51) — 21 (‘Plz“’{m>>21g V1 —Via|2.. (3.43)
Therefore,
Vi1 — Vs =0. (3.44)

Note that @1, 2 € Hr. So 1 =@2. It means that the minimizer is unique in Hy,.
Finally, replacing ¢ by @, we know that 1) (¢,51) <I®)(p1,51). So (3.34) leads

to
/ |V¢|2dx§0/ VoL de, (3.45)
Qr, Qr
which leads to (3.33) from (3.10). 0

Next, we will show that the minimizer of Problem C4 (m, L) is actually a solution
of Problem C3 (m, L).

ProrosiTION 3.1. The minimizer of Problem C4 (m, L) satisfies Equations
(3.29).

Proof. For any t € Ry and for any n € Hy, we have that <p(L€) +tne€ Hy,. Then,

0 <liminf * (1) @' +tn,1) — 1) (0, 51))

t—0+ t

S (&) (e) 2 0\ A (1os 12 ) o (e) _Us

=liminf e /QL [G (\V(WL +tn)] 7¢) G (IVeLl?,6) - VoL (V(soL +tn) Vw)]dx

:5*4/ [20(;) (|v¢<§>|2,¢) Vgaf).w—vh.vn} da. (3.46)
Q

Note that n is arbitrary, so

/Q ﬁ(a)(lvwf)IZ,aﬁ)Vw(f)-Vnde/Q[2G5\€)(\thf)\27¢)vsof)~vn}dm

= Vor-Vndz
Qp,
m !
=— ndx
ST st
Then (3.29) follows by integration by parts. 0

Finally, for the regularity of solution of Problem C3 (m, L), by the standard
elliptic estimate (cf. see [23]), we actually have the following lemma.

LEMMA 3.2.  Assume (2.1) holds, then there exist constants 0 <a <1 and C depending
on Qy such that for any solution ¢y, of Problem C3 (m, L), we have the same
estimates as the ones in Lemma 3.1 by replacing @1, by L.

4. Existence of solutions of Problem I1 (m) and Problem C2 (m)

In order to pass the limit L — oo to obtain solutions of Problem I1 (m) and
Problem C2 (m) from solutions of Problem I1 (m, L) or Problem C1 (m, L)
respectively, we need to derive the uniform estimate of solutions of Problem I1 (m,
L) or Problem C2 (m, L) with respect L. It is the local average estimate.
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For the local average estimate, we need to introduce the local set: For zo=
(x(,x0.n) €Q, let

Qap)i=1{r= (2',2,)€Q | a<x, <b},

and define
1

= p(z)dz. 4.1
|Q(a,b)| Q(a,b) ( ) ( )

P(a,b) (Lp)

First, from the properties of the nozzle (2.1), we have the following lemma and
proposition of the Poincaré inequality.

LEMMA 4.1 (Uniform Poincaré Inequality). For any a€R, 1 <p<oo, one has
H@(l') - P(a,a+1) (410) ||LP(Q(a,a+1)) < CHV@('T)”L”(Q(OWG_'_U)) (42)

where C' is a positive constant depending only on p, 0, independent of a.

This lemma is Theorem 3 in [15], so we omit the proof.
Moreover, in €2, it follows from Lemma 4.1 that we also have the following Poincaré-
type inequality.

ProPOSITION 4.1.  For a<b, one can obtain:
|Pla—1,0)(¢) = Ppr1)(0)| <C |Vlda, (4.3)
Qa—1,641)
where constant C only depends on 2 and does not depend on a and b.
Based on the inequalities, we will introduce the local average lemma case by case.

4.1. The local average lemma for the incompressible case. Now, let us
introduce the local average lemma for the incompressible case firstly.

LEMMA 4.2.  There is a uniform [ depending only on €2, such that for any b—a>1
and Qq—1,p41) CQ% , the solution ¢, of Equations (3.5) satisfies

1

S VoL 2de < Om?, (4.4)
|Q(a7b)| Qa,b)

where C' does not depend on L.

Proof. For any —% <a—l<a<b<b+1< %, let n be a smooth function such that
neC>(Qr),0<n<1, |Vn|<1,9la,, =1, and nla—a,_, ,,,, =0. Then, define the test

function as n2¢ € H (), where

) or(x) = Pa—1,q(¢L), T, <a,
¢(x) =4 oL(®) = Pla—1,0)(PL) = (Pipp11(PL) = Pla—1,a) (@) =0 a<w, <b,
@r(x) = Py py11(2L), Zp > b.

Obviously, 7724136 Hj,. From Equations (3.5) and by integration by parts, we have

VoL -V(n?e)de=0.
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Note that VézV@LfP“”b“](%)_P[“’l’“]@L)X(a,b)(as)é'n, where €, =(0,---,0,1), and

b—a
X(a,b)(2) is the characteristic function of €, ;). Therefore,

67 P p _Paf a p
/ n2|V<,ZaL|2dx—/ 2 a<pL ( [b,b+1](90L;) a1, ](SDL))dx
Qa—1,b+1) Q(a.b) Tn —@

=—2/ VoL - Vnod. (4.5)
Qa—1,041)

Note that for any a <z, <b, the conservation of mass flux (1.5) implies that
oL
S 6Z‘n

Tn

dz’' =m.

Then, we have
/ n?|VeL|Pde = *2/ NV L - Vnédr+ (Ppps1)(PL) = Pla1.0 (PL))m-
Qa—1,b41) Qa—1,b+1)

Consequently, by the fact that V=0 on {2, ), we have

/ \WL\?dxs/ n?|V@L[*da
Q(a,b)

Qa—1,641)

/ nVr-Vnéds
Qa-1,a) UL, b41)

/ VoL llpldz
Qa-1,0)YL0b,b41)
%
30(/ |wL|2dx> (/ |<pL—P[a-1,a]<soL>|2dx>
Qa—1,a) Qa—1,a)
%
+0</ |V¢L|2d:c> (/ |¢LP[b,b+u<¢L>|2dx>
Qb,p+1) Qb,p+1)

+|Po,p+1)(PL) = Pla—1,a(#L)| m- (4.6)
Then, by Lemma 4.1, Proposition 4.1 and (4.6), we know that

<2

+ | Py p+1)(PL) = Pla—1,q)(BL)| M

<C +|P[b,b+1](¢L)_P[a*17a] (QL)’m

1
2

1
2

/ |V¢L|2dx§01/ \VeL|dz+Com \Vorlde — (4.7)
Qa,b) Qa—1,641)—2(a,b)

Qa—1,041)

where C'; and Cs are two uniform positive constants.
On the other hand, for any é < 1, we have

1
m/ |v@L‘d.’IJS(5 |V¢L|2d$+ E|Q(a,1’b+1)|m2. (48)
Qa—1,b+1) Qa—1,b41)

Here [Q(q—1,41)| is the measure of Q(,_1441). Combining (4.7) and (4.8) together, we
have

= Cl +025 _ 12 C12 )
Ver 2dx<(>/ VoLlPde+ ———=Va—1,541)Im".
/§2<a,b) | | Ci+1 Qat.041) | | 45(C1+1) | (a—1 b+1)|
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Introduce

1
A(a b):i/ |V¢L|2dx
’ b—a Q(a,b)

Then it becomes

Oy +Co8\ b—a+2 Cy  |Qu-1p41)] o
A < Ao J .
(a,b)_< Ci+1 ) b_q ‘la 1,b+1)+45(01+1) b—a m

By choosing constant ¢ sufficiently small, one can find the uniform constant [ such that,
when b—a>1,

(4.9)

<¥<l1.

Ci+Cy0\ b—a+2
Ci+1 b—a

Hence, (4.9) becomes
Afap) SUAG-1,p41) +C'm?.
By Lemma 8.23 in [23] and (3.10), we know that there exists >0 such that

b—a b—a
Aap =C (( 57 ) AL +m2) <C (()%1) m?.

2L

If L>1, where [ is sufficiently large, then (4.4) holds where the constant C' does not
depend on L. ]

Combining Lemma 3.1, above lemma leads to

LEMMA 4.3.  Assume (2.1) holds, then there are constants 0<a <1 and C indepen-
dent of L, for any b—a>1 and Qq_1p41)C Q%, such that for any solution ¢ € Hy, of
Problem I2 (m, L),

sup |Ve@r|<Cm?,
TE€Q(a,b)

and

<Cm?.

Vor(z)—Ve
sup |Vor(r) ;pL@HI
Z,Y€EQq,p) |z —yl

4.2. The local average lemma for the compressible case. Next, let us
consider the average lemma for the compressible case.

LEMMA 4.4.  There is a uniform constant | depending only on , such that for any

b—a>1 and Q4_1441)C Q% , the solution @(LE) of Equations (3.29) satisfies

1
o V@' [2de < Cm?, (4.10)
| (a;b)| Qab)

where constant C' does not depend on L.
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Proof. For any —é <a—l<a<b<b+1< %, define smooth function 7 such that
neC>®(Qy), 0<n<1, |Vn| <1, 'I/]|Q(a~b) =1 and 7/]|Q_Q(a71Yb+1) =0. Then as done in the
proof of Lemma 4.2, we introduce

) P9 (2) — Plae1,0(8)), on<a,
A(x) =3 ¢ (@) = Pa_1.0)(3) = Py 11 () = Pra1.ay(85)) Z2=2, a<z,<b,
@%)(af) = Ppp41] (@f)% T, >b.

Then the test function n2¢ satisfies that n2¢ € H' (1) and (772(5) |z, =+1, =0. Therefore
n*¢e Hy, and

[ (09 P vely) ) -Soda=o.
So

[ (Ve Pl - VeL) Ve
(a—1,b+1)

—2[ (T PoVe - ToL) - ndda,
Qa—1,041)

Note that V&ZVQZ(LE) Piypgr) (25 l); fa 1.a)(85) Xab(2)@s. So,

/ (Ve .0Vl ~Ver ) Ve dr
Qa— 1h+1)
|Vnp 3901; 0oL P[b,bJrl](@([f))_P[afl,a] (SZ’(LE))dx
Q(a b) ¢ ﬁxn Oz, a—b
—2 (Ve PV - VoL) Tnida. (4.11)
Qa—1,641)

Since n=1 on Q,; and fs N |V<p(5)|2, )ag;L dz' =m= fS 3% dx’, the above iden-
tity becomes

2
n’ NE
/ (P (VP20 VL) Vel
Qa—1,641) g2
2 _ R
= =2, ( (Ve P 7¢)V¢(L€)—V¢L)~vn¢dz. (4.12)
(a—1,b+1)

For the left-hand side of the identity above,

2
/ (5 (Ve o) Vel ~Var ) -V da
Qq 1b+1)6

- / 258 (VP2 6)| VEE) [2di + /
Q(afl,bi»l) Q

<\w<5)| $)—1

V ()2 (e
n—' oL L) =L G o e da.

(a—1,b41)

is bounded, for arbitrary v >0,

(e))2
v ) 71 — ~(e
/ Y (N2 0 1) Voo Ve da
Qa—1,b41)

Because 2

e2
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C
§V/ Ve \de+— |V@r|?da.
Qa—1,b41) Qa—1,b41)

For the right-hand side of the identity (4.12), note that V=0 on Qq_1 p4+1]\Q[a,p), SO

5‘2/ ( (Ve 2 9) Vel V@DL) -Vnedz
Qa—1,b41)
()2 (Ve *,9) -
-/ PV )V nddot [ WL O Go ndan
Q(a—l,b+l) Qa—1,b41) e
<o [ V5 16lda| +Ca | [ VL dlde
Qa—1,64+1] 2 a,b] Qa—1,64+1]—2a,b]
SCl/ \Vap | dx+C2/ |V¢L|2dx+03/ |p|d.
Qa—1,64+1]~2a,b] Qa—1,64+1] 2 a,b] Qa—1,641]"2[a,b]

Notice that,

/ 9[2da

Qa—1,b4+1]—La,p)

[ pars [ (ot
Q Qp,p41)
/Q[al,a]

§O4/
Qa—1,a]

=y / V@' (2)|2da. (4.13)
Qa—1,6+1]—La,b)

a—1,a]

28 (@)~ Pusa PPt [ 16 @)= P (3 Pda

Qb b41]

V6O Pdz+Cy / VG (@) Pda

Qb p41]

Then, taking v= %, we have

A A S(e
[ vepas [ PV PV =5 [ Ve o
Qa,b) Q(a—l,b+l) Qa,b)

<y | Ve PdeCo [ Vel
Qa—1,641)—2(a,b) Qa—1,b41)

§C5/ V@ |2da + Cr(b—a+2)m? (4.14)
Qa—1,0+1)—L(a,b)

where we have used (4.4) for the last inequality. From (4.14), we further have that

Cs (e)12 Cy
Ve Pde < / V@ Pda+ ——~ (b—a+2)m (4.15)
‘/Q(a b) Cs +% Qa—1,b41) CS"‘%

Set

1
Bus=yrs [ Ve P
AT

It follows from (4.15) that

b—a+2 s Cr b—a+2 ,
Bop<—212 5 g A R Y
WS G d T e s
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Now, we take [ <b—a such that bb“;rchrA <¥g<1. Then, for any —7<a l<a<

b<b+1<5, we have

Bap <99Ba_1p41+Csm?,

where Cg is uniformly bounded. Hence, following the same argument as in the proof of
Lemma 4.2 to obtain (4.4), we have (4.10). d

LEMMA 4.5.  Assume (2.1) holds, then there are constants 0 < a <1 and C independent
of L, for any b—a>1 and Q,_1p41) CQ%, such that for any solution ()5(;) € Hy of
Problem C4 (m, L),

sup |V<,5(L€) | < Ccm?,
acEQ(a,b)

and

~(€) ~(€)
sup Vo (2)=Veor ()l
x,yeﬂ(aﬁb) |x_y|a

In order to prove Lemma 4.5, we need the following proposition.

PROPOSITION 4.2.  Let al jfori,j=1,...;n be L functions on By, and A be a positive
constant. Assume that

VEER™, AP < Y ali&& <ATYEP, and fl €LY, g>n.

ij=1

Let w(x) be a function in H'. Let f! be functions in LY with ¢>n. Suppose

> 0 [aly (@)05w(@)] + Y0 ft =0
=1

ij=1

holds in the sense of distribution. Then w(x) is Hélder continuous in Bi/o and there
ezist two constants 0<a <1, k, depending on \ such that

sup |w(z)| <k ([|lw||L2(m,) +||fz’l||L‘1(B1)) )
:L‘GBl/Q

wp 1) —ww)

<k (||wllz2() + £l Lasy)) -
znyBl/z |:L-_y|a ( (B1) ! ( 1))

The proof of this proposition can be found in [23] (see Theorem 8.24).

Based on Proposition 4.2, we can show the C1:®-regularity of ng'%), which is Lemma
4.5.

Proof. (Proof of Lemma 4.5.) Let @z@k@(;), @' =0rppr for k=1,...,n. Then
by the straightforward calculation, ® satisfies

Z 0;(6;;0;® +Z‘9 (br0ip'®)) +e72 Z 0;(ai;0;¢")

i,j=1 =1 1,7=1
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Since Agr, =0, A@’ =0. We can change the equation above to:

> 0i(ai0;0)=—e2 > 9, ((ayj —6i5)0;¢') — Y 0i(be0iep ).
L,J =1

ij=1 ij=1

Here, we introduce

PO-1, da(IVe1.0)0ip 00

=% ) , (4.16)
then,
e 0i((ai;—6:)0;0) =Y _0i(>_ f10;@). (4.17)
i,j=1 i=1 j=1
Now we are going to show the uniform L°° estimate of f;;. For the first term,
-1 (VePe) -1
2 e?
~ 22 (e)2 ~
h—l( € (I(\Vg ) _,’_h(l)) -1
~ 2. ()2 ~ ~
hfl( € Q(\VQSO (D) -‘rh(l)) —hil(h(l))
= =
iy (e)]2 RN 24 (£)]2 -
2 0 2
For the second term,
2 (VeO?,0)0:099;0©) _ aa(IVeD2,6)0:p9 0,0 (4.19)
(c)? P'(p°) ' '
Therefore, due to the cut-off, we have that the uniform L*° estimate of f;;.
Also, for i,k=1,---,n,
b0 < C|0k 8. (4.20)

By Vo e L4, we can show that l;k(‘?igo(a) are bounded in L9 for ¢ >n.

By employing Proposition 4.2, Lemma 4.4 leads to the interior estimate of ¢, which
conclude the uniformly L*° and Hoélder continuous estimates.

Next for the boundary estimate near 92, one can apply Theorem 8.29 in [23] to
replace Proposition 4.2 to follow the arguments above to show the boundary estimates
near 9. For more details, please also see Section 3.5 in [15]. a

4.3. Existence of solutions of Problem I1 (m) and Problem C2 (m).

Based on the local average lemmas obtained from the previous subsections, we can pass

the limit for (@L,QZ(LE)) as L — 00 to obtain the existence of solutions of Problem I1

(m) and Problem C2 (m).
For any fixed suitably large L, according to previous subsections, one can get H'!

functions @ (z) and 4,5(5)(1‘), which are the weak solutions to Problem 12 (m, L)
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and Problem C3 (m, L) respectively. Without loss of generality, ¢5(0)=0 and
gZ(LE)(O):O. Moreover, Lemma 4.3 and Lemma 4.5 showed that ¢ € Ct*(€/2) and
(ﬁ(LE) € Cl’a (QL/Q) with

12Lllcon(q, ) SCm?  and IISB(LE)IICO,Q(QL/Z) <Om?.

Also, for any ne C§° (1), we have
VgL -Vndr=0  and / P (Ve 12.0) Ve - Vinda =0,
Q Q

() )

where ¢}’ =¢r, —|—€2¢3(LE . For the mass flux condition,

8@L o ~E (e)2 ago(LE) _
SgﬁdS—m and /SOp <|V<pL | ,qu) st-m,

where Sy is an arbitrary cross section of €2y, 1 are the unit outer normals of Sj.
By a standard diagonal argument, there exist functions g€ Ch*(Q) and ¢ €

C1@(Q) with the subsequences @y, and aﬁ(LE) such that for any K, for some o < a, ¢r,, —

@ and gb(LE) — @@ in Ch (Qx) as n—o0o. Therefore, @ is the solution of Problem

I1(m), and ¢(®) is the solution of Problem C2 (m) with (&) =p+£23().
5. Uniqueness of solutions in the infinitely long nozzle

5.1. Uniqueness of incompressible flow. In this subsection, we will show
the uniqueness of solutions to Problem I1 (m).

LEMMA 5.1. Suppose that Q satisfies the assumptions (2.1), and @y,(k=1,2) are
weak solutions to the following problem

{Agpk—(), e, (5.1)

%r—0, 99,

associated with the same incoming mass fluz m. There exists a constant C such that
IV@k|lLe <C. Then

V1=V, re.

Proof. Set o =¢1 —@a. Then ¢ satisfies

Ag— QO
{ p=0,  wcll, (5.2)

X
%2 —0, 0.

Let n(z) be a C§° function satisfying: nlo_, ,, =1, nlo-o_,_, ;,,, =0, and [Vn| <
1. And
) N B xEQ(_L_L_L),
—Fpe(wn + L), €Ly,

V(@) =4 plz) -9
@ Prs €L, 141),

S 1 . S 1 .
where ¢} = 1Q-—r—1,—1)] fQ(—L—l,—L) $(z)dz, and ¢F 12, L+1)] fQ(L,L+1) plz)d.
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Multiplying both sides of the first equation in (5.2) by 5%y, and integrating it over
17, one obtains

5 O
/ n?| V| da:—ich/ 29 iz
Q_r-1,0+1) 2L Q1) 8m"

- / 0@ —37)ViVpdi—2 / (G- )V Vode.,  (5.3)
Q_r-1,-1) QL L+1)

The second term in (5.3) vanishes due to the cancellation of mass flux condition.
Similar to the calculation in Lemma 4.2, we have

[ wePasa | Volds, (5.4)
Q-r,n)

Q_r-1,-)YU Qur.4+1)

where Cj is independent of L. Then, we can have the iteration inequality:

/ |V¢\2dx§1§/ \Vp|?da, (5.5)
Q-r,n) Q_r-1,L+1)

where Cfil =:9 <1 is a uniform constant. By repeating the previous argument, one
can get: For n>1

/ |ng\2d;v§1§”/ |V@|2dx
QL) Q(_L-n,Lin)

q <2
Sﬁ"C’g/ [Vl dx
Q(*L—nfl.fon)U Q(L+71,L+n+1)

<20"C|Smac|, (5.6)

where |Spaz |V denotes the maximum of the cross section of the nozzle, and we used
IVokllL= <C, for k=1,2. Taking n— oo in (5.6) yields
V=0 in Qf.
Then, it yields for x €2, Vo1 =V @s. ]
Based on Lemma 5.1, we can conclude the proof of Theorem 2.1.

Proof. (Proof of Theorem 2.1.) It is easy to see that the existence and unique-
ness of a classical solution in Theorem 2.1 follows directly from Subsection 4.3 and
Lemma 5.1. Moreover, it follows from Lemma 4.3 that a=Vg € (C*(Q))™. It is notice-

able that ¢ € Wlog for ¢ >mn, which leads ¢ is in the Holder space for some a. By (2.4),
peC(Q).
d

5.2. Uniqueness of compressible flow (%),

LEMMA 5.2. Suppose that Q satisfies the assumptions (2.1), and <p (k 1,2) are

the solutzons of Problem C2 (m), with ||V<p(5)||Loo <C. Then, for z€q, Vgo(s)( )=
VSOQ ( )-
Proof.  Set ¢(%) :gp(f) fgoga). Then ¢©) satisfies
Di(Ai;0;99)) =0, in Q

)

e :O7 on aQ,
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where

as= [ (P70, 08,2V 020,07 s
1

with ¢{F = (2—5)pi7 + (s— )5 .

Moreover, there exists a positive constant A, such
that for any vector £ € R™,

MEP < A& < A7HEP

Let n(x) =n(z,) be a C§° function satisfying

(5.8)

n(xn)=1 for |z,|<L; n(xz,)=0 for |z,|>L+1,

and |n'(z,)| <1,
For L >0
#O (@) g, T€Q_r-1,-1),
- S(2) _ (0
(@) P () 955:61 %(%H'L)» rE€Q-L.1),
¢(E)(x) Sb(LEla I‘EQ(L’L+1),
where
5 1 c 1
P = PO (2)dz, ¢ =
|Q(—L—1,—L)‘ Qr—1,-1)

0. . @& (z)da.
Q0,040 Jag 14
Note that V= V() — PLEPLL

2L X-L, L(xn)env €n = (0 ,0,1). Here, X—L,L('Tn) is the
characteristic function of (=L, L).

Multiplying both sides of the first equation in (5.7) by 772(%, and integrating it over
), one obtains

o) — ¢
/ n?Aij0ip®) 0; ¢ da — Tt
Q_rL_1,041)

24 .90
N Ap,;0;0\ dx
2L /Q o I
= —2/ n(e® —@ )A”(? nd; ¢ da
Qr_1,-1)
2 / n(@® — ) Aydmd ' de
Qr,L+1)
The second integral on the left-hand side vanishes. Indeed
/ 02 An;0;¢') d
Q(-r,1)

- /Q (0 (Ve 2,8Vl — 57 (Vo) 2,6) V) - ude
(-L.,L)

since the two solutions possess the same mass flux m. It follows from (
that

)\/ Ve [2dx
Q-r,L)

=

5.9) and (5.8)
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2(e) _ +(e)

< /Q 169 — 3O [V |d + 47" / 16— 6) Ve © |da
(—=L—1,—L)

Qr,L41)
<C / |V [2du. (5.10)
Q_rp-1,-)Y Q.41
where C' is independent of L. We have
/\/ |V [2dz < C Ve Pda. (5.11)
Q-r,1) Q—r-1,-)Y Qz,L+1)
and
/ IVp®|2dz <9 V) |2dz, (5.12)
Q_r.1) Q_r-1,-)YU Q1 L41)
where CLH —=:9 < 1. By repeating the previous argument, one can get: For n>1
/ V@ de <™ / Ve [2dx
Q(fL,L) Q(*Lfn‘L«#n)

<9"Cy / Ve 2dx
Q—rL-n-1,-L-m)Y QLin,Lnt1)

<20"|Smaal, (5.13)

where we used ||V<p§f)||Loo <C, for k=1,2. Taking n— oo in (5.13) yields

Ve =0 in Q.

Then, it yields for z€Q, V(pf) = Vgoés). a0

REMARK 5.1. It is easy to see that when |V¢(®)| < ¢:°(¢), »(®) is the same solution
as the one obtained in [15].

6. Proof of Theorem 2.2

In this section, we will conclude the proof of Theorem 2.2 by showing that the
solutions of Problem C2 (m) are solutions of Problem C1 (m), and then consider
the convergence rate of the low Mach number limit.

Proof. (Proof of Theorem 2.2.) Up to now, we have shown that for a given fixed
cut-off parameter 6 and ey, there exists a unique solution of Problem C2 (m), which
is denoted as (%) (x;0,6). Tt is noticeable that for a given 6 € (0,1), if [V (z;¢0,0)| <
45°(¢), then (%) (x;€0,0) is the unique solution of Problem C2 (m). Note that

|V<p(8) (x;80,0)| = |€2V<,5(5) (x;80,0) + V@(z)| <max|V@| +C(50,9)52. (6.1)

Hence, there exists 9,9 < gg such that |Vo(®) (z;20,0)| < §5°(¢), for any 0 < e <eg 9. From
the definition and uniqueness of (%), {€0,0} is a non-decreasing sequence with respect
to 0 with upper bound gy. Then, we introduce g , :m0<9<1 €0,0 such that for 0 <e <
€0,cr, there exists a unique o(x;e0),

V(&) (z320)| = €2 VG (2580) + Vi (@) | < 452(8), (6.2)

which equals M¢(¢) < 1. In this case, the cut-off can be removed such that the solution
is a solution of Problem C1 (m). After removing the subsonic cut-off, we want to
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optimise the critical e.,. For each 0 <eg <1, there exists an g ¢, with 0 <eg ¢ <eo < 1.
Then, the critical e.=supy..,1€0,cr satisfies for any e€(0,e.), 0<M*(¢) <1, and
|V@)| is uniformly bounded with respect to e.

Finally, let us consider the convergence rate of the low Mach number limit. Note
that ©(®) =@ 4+£23(®) in the Holder space, so V&) =V + V@) which equals to

uf =u+e2al®, (6.3)

It is noticeable that ¢ € Wllo’cq for ¢ >n, so ¢ is in some Holder space. Therefore, for the

density, by (2.13) p= € C*(2). Then p* € C¥(Q). By the straightforward computation
like in (4.18), we have

p°=1+0(c?). (6.4)

Consequently, the definition of the Mach number leads to M*=0(e). Finally, for the
gradients of the pressure, we have

Vp® —Vp=—div(p°u® @u®) +div(a®@a)
=div(z®u—p*u® @u®). (6.5)

From (6.3) and (6.4), we can conclude: in the weak sense,
Vp® =Vp+0(e?). (6.6)
It completes the proof of Theorem 2.2. 0
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