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VANISHING VISCOSITY LIMIT FOR
VISCOUS BURGERS-VLASOV EQUATIONS*

WENTAO CAOf AND TENG WANGH

Abstract. We establish the vanishing viscosity limit of viscous Burgers-Vlasov equations for one
dimensional kinetic model about interactions between a viscous fluid and dispersed particles by using
compensated compactness technique and the evolution of level sets arguments. The limit we obtained
is exactly a finite-energy weak solution to the inviscid equations.
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1. Introduction
In this note we consider the vanishing viscosity limit of the following viscous
Burgers-Vlasov equations:

ut+uu$:5um+/fvdv7u/fdv,

Fot vt (Flu=v)), =0, .
with the initial data

u(z,0)=uo(x), f(x,0,0)=fo(x,v), (1.2)
such that

lim wug(z)=v®, lim fo(z,v)=0, (1.3)

r—+o0 z,v—Fo00

with u* being constant states and allowed to be different, here u(z,t) is the bulk velocity
of the viscous gas at position z € R and time ¢t >0. f(z,v,t) is the distribution function
of the particles occupying at time ¢, the position z with velocity v€R. € (0,e¢) with
some 0 <gg <1 is the viscosity of the gas.

The system (1.1) is related to a kinetic model of a two-phase flow in which a
dispersed phase interacts with a kind of viscous gas. Such model arises in the description
of various combustion phenomena, e.g. diesel engines. The model reads
{pg(ut—kuuz—eum)—Ed, (1.4)

ft+Ufa:+(Fdf)v:07 '

here p, is the density of the gas. The force term Ej; describing the exchange of impulse
between the gas and the particles has a close relation with the drag force F; describing
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1136 VANISHING VISCOSITY LIMIT

the friction of the viscous fluid in the droplets. The relation can be seen from the
following formulas:

Ba=Cpalty 1), Fi=Clo)a(o)=)
7plr /fxvt v, ppup—— /fxvtvdv (1.5)

In (1.5), p; is the density of liquid. C(r) is a constant depending on the radius r of
the droplets. In (1.4), the viscous Burgers’ equation, i.e. the first equation models
the evolution of viscous gas, while the Vlasov-like equation, i.e. the second equation
describes the evolution of the dispersed phase. Derivation of the model can be found
in [21]. Further information about our assumptions on (1.4) can also be found in [5,7].
We remark that when all the constants in Ey/ pg and Fy are all assumed to be 1, then
(1.4) becomes (1.1).

As for the well-posedness results of (1.1) or (1.4), global existence and uniqueness of
classical solutions to the Cauchy problem with regular initial data have been considered
in [5]. Global existence of weak solutions with finite energy is studied in [7]. Other
complicated models of interactions between fluid-kinetic models, such as incompress-
ible/compressible Euler/Navier-Stokes equations coupled with Vlasov/Vlasov-Fokker-
Planck equation are studied in [15,17,18,23] and references therein. Asymptotic prob-
lems like hydrodynamic limit and stratified limit of (1.4) are also considered in [7], and
one can see [2,8-11,14,16] for asymptotic problems of other models related to Vlasov
equations. For the vanishing viscosity limit of Navier-Stokes equations, LP compensated
compactness framework of 2 x 2 system of conservation laws is applied to yield the result
in [4], which is also used in [6].

Our goal is to show that when € — 0, smooth solutions to (1.1)-(1.2) converge to a
finite-energy weak solution to the following zero-viscosity equations:

Ut + ULy = /fvdv u/fdv (1.6)
ft+vfx U*O

The relative total energy for (1.6) is denoted as

Elu, f] ::%/R(ufﬂ)de+%/R/Rf(HvQ)dvdx,

where a smooth monotone function @(z) is constructed as

ut, x> Lo;
4= < monotone, —Lo<x<Ly; (1.7)
u_a x S _LO

with Ly >0 large. As we can see from the formula, the relative total energy is the sum
of the kinetic energy of the fluid and the particle (in the statistical sense). In the paper
we denote [0,00) as R, R2=R x R. Finite-energy weak solutions to (1.6) are defined
as follows.

DEFINITION 1.1. Let (ug, fo) be given initial data with relative finite energy with
respect to the end-states (u™,0) at infinity, i.e. Elug,fo] <Eg<oo. For any TE€R,,
a pair of functions u:Rx[0,T] =R, f:R2x[0,T] =Ry is called a finite-energy weak
solution of Cauchy problem (1.6) and (1.2)-(1.3) if the following holds:
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(1) There is a bounded function C(Ey,t) defined on Ry x [0,T], which is continuous
int for each E€R, such that for a.e. t>0,

E[u,f](t)Jr/O/R/Rf(ufv)zdvdxdsgC(Eo,t). (1.8)

(2) For any ¢ € CL(R x[0,T)),

/qu(x,O)uo(x)dx+/0T/R (u¢t+;u2¢w+¢/ﬂ§f(v—u)dv> drdt=0, (1.9)

and for any ¢ € CL((R?x[0,T)),

/R/R(p(x’v’o)fo(w’”)dxdv+/OT/R/RJC%+fU90w+f(U—v)<pvdvdxdt:0.

(1.10)
(3) The initial data is achieved in the sense of distributions.

In fact, our general idea on the definition of finite-energy weak solution is that
under the condition that the initial total energy is finite the desired solution to (1.6)
shall also enjoy the finite-energy property, i.e. (1.8) and satisfies the Equations (1.6) in
weak sense, i.e. (1.9) and (1.10).

Now we are ready to state our main result.

THEOREM 1.1.  Let the initial smooth functions (ug, f§) satisfy the following condi-
tions:

(i) There exists Eg >0 such that E[uf, f§] < Ep < co.

(i) It holds that

(ug(x), f5 (x,v)) = (uo(x), fo(x,v)) as e =0

in the sense of distributions with fo>0.
Let (u®, f€) be the solution to the Cauchy problem (1.1) with initial data (ug, f§)
for any fized e>0. Then when €—0, there exists (u,f) with u(z,t)€ L} (R x[0,T])
and f(z,v,t) € L>°([0,T),(1+v?) L1 (R?)), which is a finite-energy weak solution to the
Cauchy problem (1.6) and (1.2)-(1.3) in the sense of Definition 1.1, along with corre-

sponding subsequences of u® and f€ (still denoting as (u, f¢)) such that

;‘OC(RX [O7T])7 fO?” ISTS47 as 5—)07
fe—f weakly in L=([0,T],L" (R?)), as € —0.

u® —u stongly in L

Our strategy of proving Theorem 1.1 is to apply LP compactness framework for
scalar conservation laws and study the evolution of level sets after obtaining uniform
basic energy estimate and uniform L7} _ estimate. Regarding the LP compactness frame-
work for scalar conservation laws, it is first used in [19] and then in [12] with some
improvement. The compactness framework is also generalized for more models in [22].
In the present paper, our key difficulty is the estimate of L;‘OC boundedness of u¢, which
is obtained by making full use of the flux term of Burgers’ equation. To show the L!
weak convergence of f€, our technique is studying the evolution of level sets, which
is also utilized to handle the convergence of approximate solutions to Vlasov-Possion
equations in [1]. For our case the novel idea is estimating the level sets through charac-
teristic map and our key observation is that the Jacobian of the characteristic map is

uniformly bounded as time grows.
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In the present paper, we denote [ = [,. C is a constant independent of & but may
vary from line to line, C(-) denotes a constant depending on the parameters in the
bracket. The rest of the paper is organised as follows. Section 2 is devoted to show the
uniform estimates and the proof of Theorem 1.1 is provided in Section 3.

2. Uniform estimates
Consider the Cauchy problem (1.1) with initial conditions

us(a:,O):uf)(a:), fs(m7v70):fg(xav) 20

satisfying (i) and (ii) in Theorem 1.1. When the viscosity ¢ is fixed, u§€ C*(R), f§€
C1(R?), according to Theorem 2.1 in [5], one is able to obtain the global existence and
uniqueness of a smooth solution (uf, f¢) with f¢>0. On the other hand, in Section 4
of [7], the author also gained a global weak solution to (1.1) when initial data (ug, f§)
only enjoys finite-energy property and f5 € (L'NL?)(R?). Here, the smooth functions
(uf, f§) in Theorem 1.1 are regular, and we can also cut off f§ with a smooth function
supported in {(z,v)||z|+|v|< 1} (still denoted f§) to make f§ compactly supported
and it still satisfies (i) and (ii). Additionally, the initial data satisfies (1.3), thus it is
not hard to derive that
mgrinooua(x,t):ui, mwli_)rrjlwofs(x,ut)zo. (2.1)

Therefore, for smooth functions (ug, f§) given in Theorem 1.1 as initial data, for any
fixed £ >0, there always exists a unique smooth solution to Cauchy problem (1.1) and
(1.2)-(1.3) satisfying (2.1).

We now establish two uniform estimates for solutions (uf, f¢) with respect to the
viscosity coefficient € >0, which plays a key role in our proof. For simplicity, we drop
the superscript € in this section.

2.1. Energy estimate. With the help of the partial dissipative effect of the
source terms in (1.1), for the relative total energy E[u, f], we have the following lemma.

LEMMA 2.1.  Let Elug, fo] < Eg < oo with positive constant Ey independent of €. Then
there exists a constant C =C/(Ep,t,u) such that

¢ ¢
sup E[U,f](T)+///f(’l)—u)Qd'dedT—‘r//€|uz|2d$dT§C.
r€[0,t] 0 0

Proof. A direct calculation gives

dE_d (1, ., . d [[1 ,
E_dt/Q(u ) dx+dt//2f(1+v Ydxdv

:/(u—ﬂ)utdx—i-//%(l—i—vQ)ftda:dv.

im zsum—l—/f(v—u)dv—uuw,

Due to

using (2.1) and integration by parts, we have

/(u—ﬁ)utdx:/(u—ﬂ)aumdm—/(u—ﬂ)uumd:ﬁ—i—//f(u—ﬂ)(v—u)dvd:v
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=hL+1+1s,

where

L= —/s(ux — Uy Uz dz,

= [ (u-wuu.
Ig—//fu a)(v—u)dvde.

We then bound the three terms I;,4=1,2,3 one by one. Note that from (1.7), it is easy
to see that @, is bounded and compactly supported in [—Lg, Lo|, thus we have

Lo 1
Ilg—/5|ux|2dz+e/ |ux|\ux|dx<—f/€|ux| de+C. (2.2)
—Lo

Similarly, for I, we have

§C/|u—ﬂ|2dx+0
<CE+C, (2.3)

13://fu(v—u)dvdm—//ﬂf(v—u)dvdx
S//fu(v—u)dvdm—f—%//f(v—u)zdvdx—i—C//fdvdx. (2.4)

Furthermore, using

and

fe==(fv)e— (flu—2)),

and (2.1) we gain

//%(1+v2)ftdxdv:—//%(14—@2)[(]“@);5+(f(u—v))v]dxdv

:/ fv(u—v)dvdz. (2.5)

Putting (2.2), (2.3), (2.4) and (2.5) together gives

Cilf CE+C—*/€|uz|2d$—*//f (u—v)?dvdz.

Then, direct application of Gronwall’s inequality contributes to the lemma. ]
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2.2. Higher integrability of velocity. Although by Lemma 2.1, one has u € L2,

we require much higher regularity of u. Utilizing the flux term in Burgers’ equation, we
improve the regularity of u to be LloC

LEMMA 2.2.  Let Eug, fo] < Eg < oo with positive constant Eq independent of €. Then
for any compact set K CR and all t>0, there ezists a constant C =C(Ey,K,u,t), in-

dependent of € such that
t
/ / wldzdr <C.
0 JK

Proof.  Let ¢ be an arbitrary smooth compactly supported function such that
vlk =1 and 0<¢@<1. Motivated by the proof of Lemma 3.3 in [4], multiplying the
viscous Burgers’ equation by ¢ and then integrating with respect to the space variable
over (—o0,z), we gain

1 ® ® 1
§u2<p:5ux<p— (/ ugpdy) —|—/ <2u2<px—6ux<px> dy
—o0 t —o0
+/ cp/f(vfu)dfudy.

Multiply the above equation by u?¢ and using the viscous Burgers’ equation to get

1 xr xT
§u4<p2 =culu,p? — <u2<p/ uwdy) + 2€uumcp/ updy
t

— 00 — 0o

—2u2uxcp/ ucpdy—|—2u<p/f(v—u)dv/ updy

— 00 — 00

x 1 x
—|—u2<p/ <2u2<px—£uwgpl.> dy—|—u2<p/ @/f(v—u)dvdy.

Integrating over R x (0,t) gives

I 4 2 :
2/O/ug0dxdT;Ji,

t r x T
le// 5u2uw<p2+25uumg0/ ugody—u2<p/ 8uw<pwdy] dxdr,
0 L —o0 —o00
J2:/<ug<p/ wmdy) dx—/(u2<p/ ug@dy) dz,
t '1 - x _:C;C
Js = / §u2np/ u2<pmdy—2u2u$<p/ u(pdy} dxdr,
0 L —o0 —00
t x
J4=// 2u<p/f v—1u dv/ utpdy} dxdr,
Js = //(u go/ /f v—1u dvdy) dxdr.

with
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In the following, we will estimate J;,i=1,---,5 one by one. For Jj, an application of
integration by parts yields

t t T
J1:/ /5u2u1<p2d:1:d7'—/ / (uQcp/ 5ur<pzdy) dxdt
0 0 —00
t T T
—/ / (2€ui<p/ u<pdy+25u2uxg02+2auuz<pz/ ugody) dzdr,
0 —0o0 —0o0
t t
Sé/ /u4<p2dxdT+C(§,Eo,K,ﬁ,t)/ /£|ux|2dxd7'
0 0

Sd/{)t/u‘l(dexdT+C’(6,E0,K,u,t)
with ¢ to be determined, where we have used Hélder’s inequality, Lemma 2.1 and
’/prdy’ S/(u—ﬂ)Zdaj—FC(K,ﬂ) <C(Ey,K,u).
Again applying basic energy estimate and Holder’s inequality to J and J3, we have
Jo+J3 <5/;/u4g02dxdT+C(5,E0,K,ﬂ,t).

For Jy, the following inequality

/qudUS2/f(v—u)2dv+2/fv2dv
/Ot//fuZdvdxdTgC(Eg,ﬂ,t).
/fv udvdmd7'<//(/fu2dv> (/fv u)?d v) dxdt

< C Eo,u t)
which then gives Jy < C(Ey, K,u,t). Similarly, we can derive

‘/f(vu)dv < (/fdv>é </f(vu)2dv>é

Hence we gain J; < C(Ey, K,u,t). Collecting all the estimates of J;,i=1,---,5 and taking
6< = 1 ¢ vields the lemma. ]

implies

Thus we have

3. Vanishing viscosity limit

In this section, we will use the estimates in Section 2 to establish the convergence
of (u®, f€), whose limit is just a finite-energy weak solution to Cauchy problem (1.6)
and (1.2)-(1.3). Based on the uniform estimates Lemma 2.1 and Lemma 2.2 in Section
2, we get the following:

sup Elu®, f](r) <C, (3.1)

T€[0,t]
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¢
// fe(v—u®)?dvdzdr, (3.2)
0

t
//5\u;|2dxdrgc, (3.3)
0

t
/ / (uf)dzdr < C, for any compact set K CR. (3.4)
0 JK

We then divide the proof into three subsections. In Section 3.1 and Section 3.2, we will
apply the uniform estimates (3.3), (3.4) and (3.1) to show the convergence of f¢ and u®
respectively. In Section 3.3 we will prove that the obtained limit is our desired solution.

3.1. Limit of distribution function. To show f¢ is weakly compact in L!(R?),
a.e. t€[0,7T], one can study the evolution of level sets of f¢(z,v,t) and f§(x,v), which
is motivated by Steps 1-3 in the proof of Theorem 2.7 in [1]. For our case, the estimate
on the level sets is done through the characteristic map. Our key observation is that
the Jacobian of the characteristic map remains uniformly bounded as time grows.

Assume |{fo=k}|=0 for every k€ N. (Otherwise one can consider 7+k in place of
k for some 7€ (0,1).) From the strong convergence of f§, one could deduce that when
e—0,

15" =Yg any I§ =I5 = Luz jo<nrny Jo in L'(R?) for any k€N,

where 14 is the characteristic function of set A. We shall also analyze the evolution of
corresponding level sets of f€(x,v,t). In fact, for Vlasov equation

fi +(f*0)a+ (7 (u" —v))y =0
with u® being a smooth function, the equation can be rewritten as
firofo+@W —v)fi=75 [ (z,0,0)=f5(z,v),
which has a unique smooth solution
fe(z,v,t) = £§ (X (0;2,v,t),VE(0;2,0,t))e, (3.5)

where X (s;x,v,t),V (t;2,v,t) are backward characteristic curves satisfying

dXe(s; t

%sz(smv,t)? Xe(tz,v,t) = (3.6)

dVE . t

W00 (o X (s 0) - Vo(sizod), Velmod)=v. (37
S

It is not hard to see that X¢ V¢ are well-defined from the theory of ordinary differ-
ential equation (ODE). From (3.6) and (3.7), one is able to show that the Jacobian
J(t)=detV, (X, Ve) of the map J(s): (z,v)— (X*,V*) is nonnegative and satisfies
the following ODE

{ %f) — J(t)diveo (X5, V) = —J (D),
J(t) =1,
so J(1)=e!"" for any 7 € [0,t]. For any ¢ >0, noting (3.5), set

Ft (@0, t) ="l gog0)<ht13 5 0 T (0).
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Then we have that f* is a weak solution to the Vlasov equation and

//f&kdvdx://etl{kggoﬂowﬂ}fgOj(o)dvdx

- / / €T e pe <y fE(0)"LAVEdXE

://fg’deEdX’s,

175 (@0, 8) [l Loy = 157 (@,0) | 2 2y -

hence for any ¢ >0,

It is easy to find that 0 < f&* < (k+1)e”, thus up to subsequences, for any k€ N.
foF = f* weakly* in L (R? x [0,T7), as € —0.

Similar to [1], one can use the test function ¢(t)1gsign(f*)(x,v,t) for any compact
subset K CR? and any ¢ € C2°(Ry) in the above weak convergence to show

175 (@0, )| w2y <15 (,0) |2 ey

for almost all ¢. We define

Flaa,t)i=3" fHa0,8), for (z,0.t) €R? x[0,7],
k=0

then it is easy to derive
£y < D@06l @) < D15 @0) o @) = foll o g2)-
k=0 k=0

We then prove
[ — f weakly in L°°([0,T],L'(R?)), as e — 0. (3.8)

In fact, for any ¢ € L>(R?), we derive

' [ [t = pasas gjo [ [ et~ stz

k:z_ol//w(fe’k—fk)da:dv +k§;:0//|<p||f5*kdscdv+k§;0//|<p|f’“|dxdv.

The first term converges to zero as € — 0 due to the weak convergence of f&* for any
finite kg. The last two terms can be estimated by

kio//w|fs,k|dxdv+kio//|<p||fk|dxdv

<[l zoe ®2y (16155 > k03 |21 ®2) + 1ol (o> k03 L1 ®2)) 5

<

which converges to zero as ky— oo thanks to the fact that fj and fy are bounded in
L'(R?). Finally, we obtain (3.8).



1144 VANISHING VISCOSITY LIMIT

3.2. Limit of velocity. To show the convergence of u®, we will utilize the LP
compactness framework for Burgers’ equation. Thus we first recall a proposition on
such a framework, which results from [12]. The framework is shown mainly by div-curl
lemma and compactness of some entropies for Burgers’ equation.

PROPOSITION 3.1.  Let u®(x,t) satisfy the following two conditions:
(C1) u(z,t) is uniformly bounded in L} (R x[0,T]) for some p>2;
(C2) Both 01, (us(x,t)) 4 0p Fpn(u®(x,t)) and O, F, (u®(x,t)) + 0x Py (us(x,t)) lie in a
compact set of Hl_ocl(]R x [0,T) with respect to € for any n €N, where

u, when |u| <n,
() = ST L e P ®), L < ), T <2,
0, when |u|>2n,

Fn(u):/oulfl(s)sds, @n(u)zfouF,g(s)sds.

Then there exists a subsequence (still denoted u®) such that u® —u almost everywhere
and strongly in L] (R x[0,T]) for all 1 <r<p.

loc

With such L? framework, we only need to verify (C1)-(C2) to show the convergence
of u®. Tt is easy to see from (3.4) that we have

uf € L (R x[0,7]),

loc

thus (C1) is satisfied by u®(z,t) for p=4.
To verify (C2), we also require an important lemma: Murat’s lemma, which is useful
in proving compactness of some sequences.

LEMMA 3.1 (Murat’s Lemma [3,13,20]). Let QCR™ be an open bounded subset, D
be a compact set in I/Vl;cla(Q), Dy be a bounded set in VVl;Clb(Q) for some constants
a,b satisfying 1 <a<2<b.. Furthermore, let Do CD(Q) such that Do C D1 N Dy. Then
there exists D,, a compact set in Hfocl (Q) such that Dy C D,.

Then we turn to verify (C2). Noting that both I,,(u) and F,(u) are C? compactly
supported functions of u, one gets

Op Iy (u® (1)) + 0p Fy, (u® (,1)),

: —1,00
O F (1 (,1)) + 8y @y (us (2, 1)) } are bounded in W, "> (R x [0,77). (3.9)

Furthermore, from
atFn(us)Jr@x(I)n(uE):sufmFA(uE)+F;L(u5)/f5(v7u5)dv
:(wiFlL(UE))z—E(UE)zFJ(UE)+Fé(u5)/f€(v—u5)dv,
along with |F) (u®)| <|I] (u®)u| <C(n), and |E)/(u®)| <C(n), one can derive

0¢ Fpy(uf) + 0, @, (uf) is compact in W, *(R x [0,T]) for some a € (1,2). (3.10)

Indeed, using /zug, € L*(R x [0,T]) and |F/(u®)| <C(n), we get that (eusF! (uf)), is
compact in H;,! (R x [0,7]). Employing Lemma 2.1 we also have

—E(ui)QF,’l’(uE)—&-F,’l(ua)/fg(v—ua)dveLl(R>< [0,7]),
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which also implies that it is compact in ngcl “*(R x [0,T)) for some a € (1,2) by embed-
ding theorem and Schauder’s theorem, so we obtain (3.10). Similarly, one can also gain

O¢ I, (u¥) 4 0, F (uf) is compact in W, (R x [0,T7]) for some a € (1,2). (3.11)

Combining with (3.9), (3.10) and (3.11), applying Murat’s Lemma (see Lemma 3.1),
one gets (C2). Therefore, applying Proposition 3.1 to u®, one can seek a u(z,t)€
L} (R x[0,7)) and a subsequence of u® (still denoted as uf) such that

loc
u® —u a.e. Rx[0,7T],
u® —wu strongly in L] (R x[0,7]), as e =0, for 1 <r<4.

3.3. Limit of equations and conclusions. Before taking the limit of equations
and proving that (u, f) is a weak solution of the Cauchy problem (1.6) and (1.2)-(1.3),
we shall first get the convergences of nonlinear terms in the equations: [ fdv, [ fvdv
and u® [ fdv.

(1) Convergence of /fgvdv—>/fvdv. From energy estimate and the lower

semi-continuity of kinetic energy, we deduce that

//vzfdxdvSlimiélf//vzfedxdvga (3.12)
E—r

Let x(s) =1[—1,11(s). For any ¢ € C°(R), for any L >0, inspired by [1], we observe that

/(/f%dv—/fvdv) pdx
— [ [ = nodreavae+ [ [rroa-x(gedudo- [ [ so01-x()ededs.

The first term in the right-hand side converges to 0 due to the weak convergence of f¢
to f in LY(R?). Thanks to (3.12), the remaining two terms can be estimated as

~ Clloll~
‘//(fgv(lx(Z))cpdvdx < ”‘”’QL //f%%lvdxg%’

’//(fv(l_X(Z))@dvdl"‘SW!/Loo//fvzdvdmgc’”i”]ﬁo_

Letting L go to infinity, we can get

/ fevdv— / fvdv weakly in L>([0,T],L*(R)).
(2) Convergence of [ fedv— [ fdv. Similar to Step 1, we can get

/fadvé/fdu weakly in L>([0,T],L*(R)).

(8) Convergence of us/fsdv%u fdv. We easily get from (3.1) and (3.2) that
for any TeR,,

/OT/(UE)Q/fedscdvgQ/OT//UQfdedv+2/OT//(ua_v)2fgdxdvgc_
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Due to the semicontinuity of the integral functional and the strong compactness of u®

and weak compactness of [ fdv, one also gets

/OT/HQ/fdxdvﬁliggf/oT/(ue)z/fsdmdvga 5.13)

Following the same strategy of proving the convergence of / vf€dv, denoting x(s)=

1;_1,41(s), we gain for any o € C°(R x (0,7))), for arbitrary L >0,

/OT/ (ua/fédu—u/fdv> pdrdt
:/T// (usx(ua)/fedv—ux(“)/fdv> pdvdz
/// - X ¢d”dx ///fU1 X cpdvdx

For the first term in the right-hand side of the above integrals, since we have uniform
bounds on the integrands, by dominated convergence theorem it converges to 0 as € — 0.
The last two terms can be estimated through (3.13) as before,

< IPRE= ||§0||L / //fs d dx < ”()DHLQO7
L

HwHLw/ // 2 Cllellpe-

< < _HNri&

<=7 ; fudvdr < 7 ,

both of which go to 0 upon letting L — oc.

FEut(1—x( )@dvdx

[ [ st Eypa

Now we are in a position to show that (u,f) is a finite-energy weak solution to
Cauchy problem (1.6) and (1.2)-(1.3).

(1) Weak solutions. It suffices to show that (1.9) and (1.10) hold for (u,f). Here
we only show (1.9) by the uniform estimate (3.3), since (1.10) can be verified similarly.
Multiplying the first equation in (1.1) by ¢ € C°(R x [0,T")), integrating over R x [0,T7,
and employing integration by parts we obtain

/R¢>(a:,0)u5(3:)dz+/OT/R <u5¢t+;(u€)2¢x+¢/RfE(v—u€)dv) dx
—S/OT/ui%dxdt:O,

For the last term in the left-hand side, it follows from (3.3) that

<\/<// d;vdt>%</0T/¢id:cdt>é<C\@,

which goes to 0 by letting € — 0. The convergence of the other terms have been already
obtained, thus we have (1.9). Hence, the obtained limit (u,f) is a weak solution to
(1.6).

uE ¢ dudt
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(2) Finite energy. We also show that the obtained limit functions also enjoy the
finite-energy property. Obviously, from almost everywhere convergence of u® to u and
Lemma 2.1, we have

uf — % —u—u strongly in L*(R).

Hence by the convexity of energy we gain

e—=0

/(u —a)%dx <liminf [ (u®—u)*dz<C.

Besides,

T T T
/ //f(u—v)dedmdt§2/ / fu2dvdxdt+2/ / fo?dvdzdt <C.
0 0 0

Combining with (3.12), we gain (1.8).

Therefore, (u, f) is a finite-energy weak solution to Cauchy problem (1.6) and (1.2)-
(1.3). Besides, it is easy to verify (3) in Definition 1.1 for (u, f) by the smoothness and
compactness condition (ii) of (u§, f§) in Theorem 1.1. The proof of Theorem 1.1 is then
completed.
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