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LOCAL WELL AND ILL POSEDNESS FOR THE MODIFIED KDV
EQUATIONS IN SUBCRITICAL MODULATION SPACES*

MINGJUAN CHEN' AND BOLING GUO*

Abstract. We consider the Cauchy problem of the modified KAV (mKdV) equation. Local well-
posedness of this problem is obtained in modulation spaces M21’/q4 (R) (2<¢<0). Moreover, we show
that the data-to-solution map fails to be C® continuous in Mg'yq(]R) when s<1/4. We notice that
H/4 is the critical Sobolev space for mKdV such that it is well-posed in H* for s> 1/4 and ill-posed
(in the sense of uniform continuity) in H*' with s’ < 1/4. Recalling that M217/q4 - B;’/qq_l/4 is a sharp
embedding and H-Y4c BQ_’;&, our results contain all of the subcritical data in M217/q47 which contains

a class of functions in H—1/4\ H1/4,
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1. Introduction
In this paper we study the Cauchy problem of the modified Korteweg-de Vries
(mKdV) equation on the real line R:

Up+Uppe £ (1), =0, w(0,2)=uo(z), xR, (1.1)

where u=u(z,t) €R with (z,t) e R*1,

The scale invariant homogeneous Sobolev space for mKdV is H~1/2_ That is to say,
for any solution u(x,t) of (1.1) with initial data ug(x), the scaling function uy(z,t):=
Au(Az,A3t) is also a solution of (1.1) with initial data ug y := Aug(\z), and satisfies

1/2

oAl gr—1/2 = lwoll g-1/2- (1.2)

On the other hand, H'/* is the critical Sobolev space of mKdV so that it is globally
well-posed in H*® for s >1/4 and ill-posed in H?® with &' < 1/4. The ill-posed result is in
the sense that the data-to-solution map fails to be uniformly continuous on a fixed ball
in H* with s’ <1/4. The local well-posed result for s>1/4 by using the contraction
method and ill-posed result for the focusing equation (4 sign in front of the nonlinearity)
were proved by Kenig, Ponce and Vega, see [22] and [23], respectively. The local well-
posed result was extended to a global one for s >1/4 due to Colliander, Keel, Staffilani,
Takaoka and Tao by using I-method, see [10]. The global result for s=1/4 was obtained
by Guo in [16]. In addition, the ill-posed result for the defocusing equation (— sign in
front of the nonlinearity) was obtained by Christ, Colliander and Tao [6].

Therefore, there is 3/4 derivative gap between H —1/2 and H'Y* for the well-
posedness result of mKdV. In order to discover the behavior of the solution out of

H'/*, Griinrock brought in the HY spaces for which the norm is defined by
lull 7 =11€)*allza,  1/q+1/d'=1,
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910 LWP AND IP FOR MKdV IN MODULATION SPACES

and he obtained the local well-posedness of (1.1) for data uge H (R),2<q<4,s>
s(q):=1/2q in [12]. In 2009, Griinrock and Vega broadened the range of ¢ to 2<g< oo

by using the trilinear estimates in [13]. From the scaling point, the spaces HY behave
like the Sobolev spaces H?, if s—1/241/q=0. Thus, they can lower the regularity to
—1/2 by taking ¢ tending to infinity, but there is no result for ¢=o0. In this paper we
consider the initial data in more general modulation spaces M3 ,, 2<g<oo (Indeed,

HY ¢ M3 ). Tt should be noted that a similar result, which does not contain the case
g =00, was proved by Oh and Wang [28] using different methods, where they aim for
the global well-posedness.

Modulation space M, , was introduced by Feichtinger [11] in 1983 and equivalently
defined in the following way (cf. [31-34]):

1/q
£l ars vy = <Z< U0k, R)> ) (1.3)

keZ

where [y, :9’_1X[k_1/27k+1/2]ﬂ7 F (F~1) denotes the (inverse) Fourier transform on
R, x denotes the characteristic function on E and (k) = (14 |k[?)'/2. From Plancherel

theorem and Holder’s inequality, we know that HY M3, (2<g<c0). Moreover, com-
bining the sharp inclusions between Besov and modulation spaces, we have (cf. [29,33])

Hl]

1/4CM21{14CBl/q Y1 2<q<,

where the inclusions are optimal. Therefore, our result in which the initial data belong
to le/;i can be certainly seen as an improvement. Our main theorem is as follows.

THEOREM 1.1.  Let 2<q< 00, up€ M21{J4, Then there exists T >0 such that mKdV
is locally well posed in C(]0,T1; 1/4 ﬂX1/4 0,7]), where XM s defined in the
Y q,A

next section. Moreover, the reqularity mdem 1/4 in M217{14 is optimal. Specifically, if
s<1/4, the data-to-solution map in M ,(R) is not C3 continuous at origin.

Modulation spaces contain a class of initial data out of the critical Sobolev spaces
H?< | for which the nonlinear PDE is well-posed for s > s. and ill-posed for s < s.. There-
fore, solving the nonlinear PDE in modulation spaces has absorbed some researchers’
attention, see [1-4,7-9,18-21,30,35]. We will use UP and VP spaces in our discus-
sion, since the dual relation and other important properties are ideally to deal with the
nonlinearity. UP and VP spaces are introduced to solving PDEs by Koch and Tataru,
see [5,17,25,26]. Combining UP, VP and modulation spaces, Guo, Ren and Wang
have considered the cubic and derivative nonlinear Schrédinger equation, respectively,
see [14,15].

Let us list some notations. Let ¢<1, C'>1 denote positive universal constants,
which can be different at different places; a <b stands for a <Cb, a ~b means that a <b
and b<a; a=b means that |a—b| <C, a>>b means that a>b+C; We write aAb=
min(a,b), aVb=max(a,b); p’ is the dual number of p€ [1,00], i.e., 1/p+1/p' =1.

2. Function spaces

2.1. Definitions. In this subsection, we review some function spaces used to
obtain the well-posedness theory for non-linear dispersive equations. UP spaces were
first applied by Koch and Tataru [5,25-27], and V? spaces are due to Wiener [36].
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Let Z be the set of finite partitions —co=tg <t <...<tg_1 <tx =o00. In the fol-
lowing, we consider functions taking values in L?:= L?(R¢;C), but in general L? may
be replaced by an arbitrary Hilbert space or general Banach space.

DEFINITION 2.1. Let 1<p<oo. For any {t;}5 ,€Z and {qﬁk}kK:_ochQ with
25;01 lokl5=1, ¢po=0. A step function a:R— L? given by

K
A= Xty .tr)Ph1

k=1

is said to be a UP-atom. All of the UP atoms are denoted by A(UP). The UP space is

o) o0
UP:=qu=)Y ca;: a;e AU?), ¢;€C, Y |¢j|<oo

j=1 j=1
for which the norm is given by

[e )

o
lu]lge :=inf Z|cj|: uchjaj, a; € A(UP), ¢;€C

Jj=1 Jj=1

DEFINITION 2.2.  Let 1<p<oo. We define VP as the normed space of all functions
v:R— L? such that lim;_, 1. v(t) exist and for which the norm

K 1/p
[o]lvr = sup <Z [o(tx) —v(tk1)||’22>

{te}E €2 \ 21

is finite, where we use the convention that v(—oo)=1lim;_,.v(t) and v(co)=0 (here
v(00) and limy_, o v(t) are different notations). Likewise, we denote by V¥ the subspace
of all v € VP so that v(—o00)=0. Moreover, we define the closed subspace VE, (V) as
all of the right continuous functions in VP (VP).

DEFINITION 2.3. We define

.83 17 3
Uh:=e=%UP, lullyn = e ull,

_.93 3
VE=e BV, ullyy =lleullvr,

and similarly for the definition of V"

C

P p
JA? viqA’ chrafk

DEFINITION 2.4.  Besov-type Bourgain’s spaces X*%4 are defined by

lll oo =171t 2 61T =€ PR Oz ||, -
JEL

DEFINITION 2.5. The frequency-uniform localized U?-spaces X;(I) and V2-spaces
Y, (1) are defined by

1/q
IIU|X;(1)—< > <A>SQ|DAUI|‘52> » Xy =X (R), (2.1)

AEINZ
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1/q
f( > <A>sqmw||qu> L Y=Y, (22

AEINZ
a3 TR
lullx: =l ullxs, olly:, =llePo]ys. (2.3)
2.2. Known results. The following known results about UP and VP can be

found in [14,17,25,27].

PROPOSITION 2.1. (Embedding) Let 1 <p<g<oo. We have the following results.
(1) UP and VP, VP, VP VP

e.— are Banach spaces.

(2) UPCVE _cUICL®(R,L?). Every ueUP? is right continuous on t €R.
(3) VPCVI, VECVE, VECVE, Vi _CVi _.

(4) XO,1/2,1 C U2 Cv2 CXO,1/2,O<>
Similar to the Schrédinger equation, whose dispersive modulation is |7+ &2|, the

mKdV equation’s dispersive modulation is |7 —¢&3|. By the last inclusion of (4) in
Proposition 2.1, we see that

LeEmMA 2.1 (Dispersion Modulation Decay). Suppose that the dispersion modulation
|T—&3 2 1 for a function ue L2, then we have

2l (2.4)

ullzz , Sp

PROPOSITION 2.2 (Interpolation). Let 1<p<g<oo. There exists a positive constant
e(p,q) >0, such that for any ue VP and M >1, there exists a decomposition u=1u1 + us
satisfying

1 €
a7 lurlloe +e Mluzllve < llullve. (2.5)

Let I CR be an interval with finite length. For the sake of simplicity, we denote

uy=0h\u, ur= E U
AelNZ

PROPOSITION 2.3 (orthogonality in V2).  Take an interval I CR, then for u€V? the
following orthogonality holds:

furlv< (3 ||uA||vz)1/2. (2.6

AEINZ

PROPOSITION 2.4 (Duality). Let 1<p<oo, 1/p+1/p'=1. Then (UP)*=V?" in the
sense that

T:VP = (UP)* T(v)=B(-v), (2.7)

is an isometric mapping. The bilinear form B:UP x Ve s defined in the following way:
For a partition t:={t;}I_ € Z, we define

(u,v :Z (tk—1), v(tg) —v(tp—1))- (2.8)

k=1
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Here (-,-) denotes the inner product on L?. For anyu€UP, v € VP | there exists a unique
number B(u,v) satisfying the following property. For any >0, there exists a partition
t such that

|B(u,v) — By (u,v)| <e, ¥Vt Dt.
Moreover,
|B(u,0)| < [lullur]lv]lym-

In particular, let u€ V> be absolutely continuous on a compact interval, then for any
veVr ,

B(u,v) = /(u/(t),v(t»dt.

PROPOSITION 2.5 ( [15] Duality). Let1<g<oo. Then (X7)*=Y,_ * in the sense that

T:Y:ZTS—>(X;)*; T(v)=B(-,v), (2.9)

is an isometric mapping, where the bilinear form B(-,-) is defined in Proposition 2./.
Moreover, we have

|B(u,0)| <[lullxzl[vlly~-
q

3. Basic estimates
LEMMA 3.1 ( [24] Strichartz Estimates). Let (p,q) satisfy the admissibility condition

5 &Z%’ 4<p<oo, 2<qg<co. (3.1)
Then
|D2/7e"% 8l 1y 10 S 162 (3.2)
In particular, for N >1,
| e 6l s S AN) 516 1o (3.3)

By testing atoms in U§ space, we obtain

1Pxull s pa S (NY ™5 ullys (34)
LEMMA 3.2 (Bilinear Estimate).  Suppose that ug, 0y are localized in some compact

intervals Iv, Iy with dist(I1,I3) 2\, dist(Iy,—12) 2 p. Then,

—t8°

—t83 _
lle™* %= uge™ %ol 12 , S (M) ™2 |fuol| 2 [[vo | 22 (3.5)

By testing atoms in U3 space, we obtain

~1/2

luvllzz , S )™ lulluz [olluz- (3.6)
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Applying the interpolation in Proposition 2.2, for any 0<e <1 and 0<T <1, we get

luvllzz ST )2 ullyz [[vllvs.- (3.7)

z,tef0, 7] ™

Proof. Taking the Fourier transform in space, we have

yg; ( tagqu tagvo) (é-;t) :/eit(£3+3§£%_352£1)a0(£_€1>5J\0(§1)d§1~ (38)

Then taking the Fourier transform in time, we obtain

Foa (¢ Prune™ % un) (€,1)= [ 8lr+3626 - € -3l TG (39)
Denote

g(&1) =7+36%6 — € - 3¢€7,

we see that the zeros and the derivative are

3 _
e e L (R

Recalling that d(g(1))=0(&1—&1)/lg'(€1)+6(61—&1)/1g'(€7)| =0(61 —&1)/6lely +
6(&1—&1)/6[¢ly, we have

3 3
Fut (e_tamuoe tamvo) (&7)

g (5)0 (5 ragm Gro)n(3v) 6o

By symmetry, it suffices to estimate the first term in (3.10). Changing of variables

y= 52 53327 and considering dr = c|¢||y|dy, we see that

—td3 —t93 2 - (& (¢
z v < _ S _ >
e e[, < [ 7o (5-0)| [ (5 )

1 )i ,
S/Rz |§1_§2||§1+§2‘|u0(§1)| [0 (&) |2 dé1dEn

<A1y / [0 (€1) /50 (€2)[2dérdés
RZ

SAT T uoll3llvoll3, (3.11)

2 2

dyd§

where in the last inequality, we have applied dist(I1,I2) > X and dist(I1,—12) > p. 0

LeEMMA 3.3 (L* Estimates).  Let I C[0,400) or (—00,0] with |I|<oco. For any 0 €
(0,1), >0, we have

Hu[nijﬁg[oyﬂ (T1/4 7= 9)/4|I|2,3+(1 9)/2)||u||2 1/8(1) (3.12)
In particular, if 1 S|I|<oo, 0<T <1, then for any 0<e<k 1, 4<g<o0
l[wrlra ST MY max (0) 73wl 1/ (3.13)

. tef0,1] ™ el aal)’
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Proof. Without loss of generality, we assume I C [0,400).

||UI||L4([OT]><R)_|| ur)? lz2(0, 1) xR)

s A

m,n€INZ

S| 2

keEN" m—n~2k

L2([0,T] xR)

L2([0,T] xR) .

2

Case k=0, i.e. m~n:
un

1/2
<( 3 1o
nelnZ L2([0,T]xR) nelnz

1/2 1/2
< ( Z ”un”i‘l([O,T]xR)) ST1/4< Z ||un||zll,fe[01T]L§>

nelNZ nelNZ

4\ 1/2
ST X (0 llloy)') STl

nelNZ

where the first step is by the orthogonality in L? and the last step follows from the
Strichartz estimate.

Case k>0: Notice that k is summed for In|I| times, we have >, . SIn|I|.
split the other sum as follows

DL wmtn= 3 D mun=), 3, ) tmt,

m—nn~2k nelNZ melniz, ]€N+ nelnNZ, melniZ,
m—nn~2Fk n~j2k m—n~2Fk

where j is chosen such that j2%, (j+1)2¥ € I. Hence for u,, with n~ j2¥ and u,, with
m—n~ 2k we have that the frequency of the function wu,,u, will be close to (2j+1)2*,
which implies by orthogonality that

d| 2 wmu

keN"'m—n~2k

S DO D S

keN' jeN+ nelnZ, melnz,

n~j2k m—n~2k
52(2 > D umtn
keN NjeN+

nelnZ, meINzZ,
n~j2k me(j41)2k

L2([0,T]xR)

L2(]0,T] xR)

2 1/2
> : (3.14)
L2([0,T] xR)

Denote wjg:= > uy,, from proposition 2.2 we can write as a sum u; r =u1 j,+
nel,
n~j2k

ug,j,, With the estimate

(3.15)

1 B
WHULJ}kHUi +ecll luzjkllvg S|
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Then the estimate (3.14) will be continued by four terms. For the term containing
u1,j,k and Uy jy1.%, which will be denoted as I;.
) 1/2
([0,T]xR)

RS (X g soralE g
1/2
< 2(1-6) (1-6)
Z < Z l[u,5,ku,541, k||L2||u1,J7k||L4([O T ><]R)||u1,]+1 k||L4 [0 T]><]R)>

keEN “jeN+

keN “jeN+
p p 1/2
— 2(1— 2(1-
ST0DAY (3 o gan gl a5l a3 1)
EEN NjeN+ '

(3.16)
Since |m—n|~2% |m+n|~ (27 +1)2¥>./5(j+1)2%, we have the bilinear estimates
Jurjrvjekllze S GG +D) 27 g kllo w4k lloz - (3.17)

Combining with Strichartz estimate, (3.16) is dominated by

STOONS (52 G+ D)2 g o2

kEN MjeN+
(1-6 1-6 12
(725) 7 A gl = G+ 1257 s >>
1/2
AR < > (j2k)(1+9)/4((j+1)2k)(1+9)/42ko|U1,j,k|2Ug|U1,j+1,k||?fg> :
kEN NjeN+t
By applying (3.15) and the orthogonality in V2, it follows that

1/2
STO=OM PN ( > (ij)1/4((j+1)2k)1/42k9||ul,j,k||\2/3||U1,j+1,k|%3)
kEN NjeN+

ST(l_G)/4‘I‘2ﬁZ ( Z (j2k)—1/4((j+1)2k)—1/42—k9

keN “jeNt
1/2
(T k) (X tunliz))
nel, mel,
n~j2k m~(j+1)2k
§T(1_9)/4\I\2ﬂz < Z (ij)—1/4((j+1)2k)—1/42—k92k
keN \jeN+
1/2 1/2\ 1/2
(T lty) (X Tty )
nel, mel,
n~j2k m~(j+1)2k

STAOMA PO 210 1] ]2 o
4,A

<TO-0)/4) 126+~ 9)/2||u||2 e (3.18)



MINGJUAN CHEN AND BOLING GUO 917
where the last inequality is obtained by using 2(1=9)/2 < |1|(1=0)/2 and Hélder’s inequal-

ity. For the rest three terms we will do in a uniform way. We take the term containing
Ug j k and ug j4+1,, for example, and denote it as Is.

1/2
BEY (X lugwtnsirallagoryce
JENT

keN
1/2
1/4 2 2
STV ( > |u27j,k||Lf€[07T]L,‘;||u2,j+177€|LfE[O)T]L‘;)
keN Njent
1/2
STV ( > <j2k>-1/4||u2,j,k||%g<<j+1>2k>—1/4uz,m,kn’éz) L (319)

keN Njent
By applying (3.15) and the orthogonality in V2 again, it follows from (3.19) that

5 1/2
ST Z(Zm’“)—“ (G292 gl )

keN “jeN+

s 1/2
S S (G (X el )G+ (O el ))

keN jeN+ nel, mel

n~j2k m~(j+1)2k
/2

<T1/4 ZSIBZ( (]2 ) 1/4(( +1 1/4 < Z HunHVQ)

keN \jeN+ nel,

n~j2k
12\ 1/2
«( > funisz) )
nz~(j+{>2k

- B
ST A2 2 | 1 ful) s
4,A

<TY 4|l 1 )s.
ST |‘x4j{8

Thus we complete the proof of (3.12). In particular, for 1< |I|<oco and 0<T <1,
taking # and 1— 6 sufficiently small, we have

Jurles

STNIEul - sy (3.20)

In the end we can obtain (3.13) by Holder’s inequality. |

LEMMA 3.4. Let ICR with 1 <|I| <00, 2<q¢< 00, we have
Jurle 3wz S 1172 a0 ™l (3.21)

Proof. Using V3 C L° L2, the orthogonality in V2 and Hélder’s inequality one by
one, we have

/2 1/2
o— (Znuwz) x4 X (0l

el el

SHI2 4 max(0) 74 lull 170

nas iy (3.22)

d
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4. Trilinear estimates

At first, we apply the duality to the norm calculation (Proposition 2.5) to the
inhomogeneous part of the solution of mKdV in X 2.4+ 1t is known that (1.1) is equivalent
to the following integral equation:

u(m,t):e_taguo—A((u3)x), (4.1)

where

E 3 t 3
e 10z = F 1 7 .A(f)z/ e~ (=% f(r)dr.

0

By Propositions 2.4 and 2.5, we see that, for supp v CR x[0,7T], 1< ¢ < o0,

AN s = N1 A a4

t
:sup{‘B (/ eTagf(T)dT,v> ’ S olly-ia < 1}
0 a

< sup / (€' f(¢), v(t))dt
HvHY_/mSl [0,T

<  sup / (f(t), e 0 (t))dt
[0,7]

o <
‘|U|‘Yq71/4_1

< s ([, o)) (1.2)
HUHY71/4§1 [0,7]
q’,A
For g=o0, we have
3
Al o1, = [P AD ]
t

=sup (\)1/4 D,\/ eTaif(T)dT

AEz 0 U2
<sup (WY* sup / <D>\etagf(t), oM (#))dt

Az o2 <1 |/ [0,7]
<sup WY s | [ (50, Dre O )

reZ lo®ly2<1|/10,7]
<sup (M4 sup / (f(t), Oxo™(t))dt|. (4.3)
AEZ H’U(’\)vagl [0,T7

To prove Theorem 1.1, we need to control the second term of the integral Equation
(4.1) in X;’/: (2<g<o0). More precisely, we want to prove the following lemma.

LEMMA 4.1. For 2<g<o0, there exists € >0 such that

t
/0 e*(t*T)ag (us)w(T)dT STEHUHil/:. (44)

1/4
Xq,A
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Proof. When 2<¢< o0, in view of (4.2), it suffices to show that

/ v, udrdt
Rx[0,T]

We perform a uniform decomposition with u,v in the left-hand side of (4.5), it suffices
to prove that

> <>\0>1/4/

PYRD W [0,T]xR

STl ol -y (45)
q, q’

@Aou/hu)\zaru)\sdxdt STEHu”i(l/‘IHU”YD, . (46)
q,A a’A

When g =00, in view of (4.3), it suffices to show that, for any fixed A€ Z,

>

OaoMuy, ux, Optun, dadt| ST uls [0V vz (4.7)
M [0,T]xR o0, A 4
1,N\2,1A3

4.1. ¢=o0, Proof of (4.7).  For convenience, denote A as Ao, o™ =:v), =U),-
In order to keep the left-hand side of (4.7) nonzero, we have the frequency constraint
condition (FCC)

)\1 +)\2+>\3%)\0 (48)

and dispersion modulation constraint condition (DMCC)

max |§i’—7k|2‘(§8’—70)— S (@ -m)| 2 lG—e) G- -8 (49)

0<k<3
1<k<3

It suffices to consider the cases that \¢ is maximal or second-most maximal number in
Ao0,---, A3 (In the opposite case, one can replace Ag,...,A3 with —Aq,...,—A3).

Step 1. We assume that A\g =maxo<r<3A;. From the frequency constraint con-
dition (FCC) Aga A1+ A2+ A3, we know that the non-trivial case is that A\g>>0 ( The
case A\g <0 never happens due to the condition (FCC). In addition, the case |Ag| <1,
which leads to maxo<r<sz|Ax| S1, implies that the summation in (4.7) has at most finite
terms). Furthermore, in view of Ao =maxo<i<3z Ak, Ao &A1+ A2+ Az, and Ao >0, we see
that Ao ~maxo<r<3|Ag|>0. For convenience, we can take

)\0:021]?%<3|>\k| >0. (4.10)

By symmetry, we can assume A\; > Ay. Then \g,..., A3 have the following three orders:

Orderl: Ao > A3 > A1 > Ag;
Order?2: Ao > A1 > A3 > Ag;
Order3: Ao > A1 > A2 > As.

We just take Order 1 for example because the other two orders are similar and even
more easier (notice that the derivative is located in wy,).
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Order 1: \g> A3 > A1 > Ao, For short, considering the higher and lower frequencies

of A\, we use the following notations:

A €Ehe AL €13N/4, M0);

A €h_ < A €[—Ag,—3N0/4];
Ak €le A €[0,300/4];

M El_ SN € [—3)\0/4,0]

We denote by (A;) € hhhh_ that all Ay, ..., A3 satisfy the conditions (4.8), (4.10) and
A3,A\1E€h, AoEh_.

According to such kind of notations, we divide the proof into several cases as in Table
4.1.

Case A3 € A1 € Ao €
hhhh_ | [3Ao/4,X0] | [BAo/4, 0] | [=A0,—3A0/4]
AR | Bro/T o] | 0.3%/4] | [0.3%/4]
R | Bro/d o] | [0:3%/4] | [=3ro/4,0]
R T | Bro/dno] | =3%/40] | [=3%0/4,0]
R | [0,3%/4] | [0.3%/4] | [0,3M0/4]
WL | 0.3%/4 | [=3%/50] | =33 /40

TABLE 4.1. Ao =maxo<k<3 | kl; Ao>A3>A12> A2

Case 1 (Case hhhh_): Az €h and A; € h. In consideration of (FCC), we easily see
that Mg, A1, A2, A3 satisfy the following frequency constraint condition:

A =A1+ A+ A3+, |l|§10 (411)

We know that this case implies that Ay € [—Xg,—Ao/2—1], i.e. Aa€h_. We do dyadic
decomposition for uy,, uy, and uy,, and keep using uniform decomposition for vy,. Let
us denote Iy =[0,1), I; =[2771,27), j>1. We decompose A1, A2,A3 by:

M €Xo—[0.00/4]= | Mo—I;,, k=1,3; dae=Xo+[0,M0/2—1]= ] —No+1,,

Jrk=>0 J220

where [0,A0/4] =J,>,{; means that one can use some dyadic intervals 1;1[0,Ao/4] to
cover the interval [0,\/4]. We will often use such kind of notations below. From A3 > \;
we know that js3 <j;. In view of condition (FCC), we see that js a2 j;. It follows that

0<j3 <j1=j2 <logs Ao.

In the following discussion, we shall omit the condition jj €[0,logy A\o], k=1,2,3, for
convenience, but it is always satisfied in Step 1. We denote the left-hand side of (4.7)
as ZLhnnn_ (u,v), and divide it into three parts:

Lnnnn_(w,0):= Y </\0>1/4/ [UNo Uo—1;, U No+1;, OxUng—1;, | dxdt

J3<Jji1Rj2 [0,T]xR

(X + ¥ + ¥ )

Js<jirja Sl jaSI<girge 13 <j1R]2
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<)\0>1/4/ |WU)\U—IHu—>\0+1j28$u)\0—1j3|dxdt
[0,T]xR
=L nnn_ (W0) + L (w,0)+ Ll (w,0).

It is easy to see that in Z}fhhm (u,v), Ao~ A3~ A\ ~—A2 holds. Therefore, by Holder’s
inequality and Strichartz estimate, we have
L (w0) SO0 oxg N lung I7s lu-xollzs,
STY200) 4 55 sl |25 1t gl s
STY20)* Hloxg [l un 17 lu—xollg
STY200)* Hoxs vz luno Iz lu—o [l
STV [0y ||U||§(;/}A~
In £, (u,v), we see that the frequencies of vy, and wuy,—r,, are localized near

Ao, which are far away from the frequency of uy,—; and the reciprocal frequency of
U—xo+1;,- Thus we can use bilinear estimate (3.7), Lemma 3.4, and Holder’s inequality

to obtain that

Lhnhh_ (U7U)§ Z <>\0>1/4||WUA07I]'1 ||L§:’t||u*)\0+lj2 893u>\0*1j3||L§1t
J3S1<Kj1=g2
S,TE/Q Z <)‘O>5/4<>‘0>_1/2+8(2j1)_1/2+8”v)\0HVjHuA071j1”Vj
J3S1<K G172
X (Mo) A2 TV lun s, vz llung- 1, llve

ST YT ) ) g
J3S1<L 152
% (2j1)1/2(2j2)1/2(2j3)1/2<>\0>—3/4||u||§(1/4A

STE200) ™Y ol o

ST ||or,llvz IIUII§(1/4A,

where the last inequality is obtained by taking e <1/8.
Now we estimate £/, (u,v). In view of (DMCC) (4.9), we have the highest

dispersion modulation satisfying

3 > (A .9J1 . 973
goax, |8 =7 Z (Ao)

If vy, has the highest dispersion modulation, we divide £ ,, (u,v) into two parts.

Llin_ (W,0)+ L2 (u,v)

2—( Z + Z )<)\0>1/4/ ‘WU)\O,IH U—Xo+1I;, 8zu,\0,1j3|dxdt.
[0,T] xR

1IKj3<Kj1~j2 1K j3Rj1~R ]2
(4.12)
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For 1L, (u,v), we can use the bilinear estimate due to j2 > j3. By Holder’s inequality
we have

Lt (wo) S D> Qo) nllzzree lwao—1y, logerz [w-xo 1, Oating -1y, Il -
1< j3<j1~])2

Using |loa,llzse Slloagllzz, Vi CLPLZ, the dispersion modulation decay (2.4), the bi-
linear estimate (3.7) and Lemma 3.4, we have

Ll @) S Y (M) o) T2 (@)TH2(205) T2 us [y luxg -1, vz
1< j3<Kj1~g2

X T/ (o) ~V/2HE(22) T2 lus sy, vz lung -1y, v

§T€/4 Z <)\0>1/4+5(2j1)71/2(2j2)71/2+6(2j3)*1/2|‘v>\0||Vj
1< j3<Kj1~]2
X (20)12(2) 2 (@) 2 00) T Al

5Te/4<)\0>1/2+E<Z(2jz)s.j2) HUA0|\V§HU||§(¥§A- (4.13)
J2
Noticing that 272 < ()\g) and j2 < (272), we can take e <1/6 such that
Bl () ST o)™ 255 g o
ST o, g ol

For 2}, (u,0), by Holder's inequality, [[vs, 1= S lu, 22, V3 C L L2, the dispersion
modulation decay (2.4), the L* estimate (3.13) and Lemma 3.4, we have

L @) S Y Qo) oxsllzree luno—1, g rz lumxetr, pa Nung-1,,ll2e

1< s~j1~]2
5 Z </\0>5/4<)‘0>_1/2(2j1)_1/2(2j3)_1/2l|v>\0||VjHu/\o—fjl||VA2
13~ j1~]2
><Tf/2<Ao>-3/4<2j2>1/4+€<2J’3>1/4+6||u||;1/4A
<T€/2 —1/4 2]2 1/44¢ 973 1/4+e v u 3
S (oA ) sl

Jarj2
ST 00) ™4 oo llvzlfull /e
0o, A

STE/QIIUAollvgIIUI|§(1/4A7 (4.14)

where the last inequality is obtained by taking ¢ <1/8.
If ux,—1;, has the highest dispersion modulation, we just take LZ% and Lz ; norms
to vy, and uy,—r,, , respectively, then
ol zse, Nuno 13, 1z , S llona vz (o) ~H/2@7) 7 2(25) " 2 Jung -y, llvz,  (4.15)
where we use the fact [[vz, ||z, S lvaollzgorz Sllvagllve and the dispersion modulation

decay (2.4) to Urg—1I, - Then this case reduces to the same estimate as that when U)o
has the highest dispersion modulation.
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If u_»x, 41, has the highest dispersion modulation, we still divide £}, (u,v) into

two parts as (4.12). For £}, (u,v), we can take L%, L2, and L2 ; norms to vy,,
U—xg+1;, and ux,—r; Ortix,— 1;,, respectively. By Holder’s mequality7 the dispersion
modulation decay (2.4), the bilinear estimate (3.7) and Lemma 3.4, we have

h JE—
L (wo)S Y QYT e, lumaerr, iz, st Qetng—1, 2 ,

1<)z <1772
< Z <)\O>5/4<>\0>_1/2(2j1)_1/2(2j3)_1/2HU)\OHVA2HU7>\O+I]'2ij
1< j3<j1~72

X T/ )2 @) T2 un, iy, vz llung -1y, vz,

which is the same as the right-hand side of the first inequality in (4.13) (noticing that
J1% j2)-

For Z/2,,,_(u,v), we take L%, L2 ;, Ly, and L3 , norms to vx,, U—xo41;,, Ux
and ux,—1;, respectlvely, then

o—1

L (w0) S 0 ATl luxotn, ez lwne—1, s luxe -1, llzs
1< jsmj1~]2

Z </\0>5/4</\0>—1/2(2j1)—1/2(2j3)—1/2 HU)\O HVz Hu—/\o+1j2 HVE
1<gs=j1=]2
X T2 () 4@ () 2
oo, A

A

which is the same as the right-hand side of the second inequality in (4.14).
If ux,—r;, has the highest dispersion modulation, we don’t need to divide
L (u,v). By Hélder’s inequality, we obtain that

L (@0)S D> Q) oxs N, lune-1, 1z luxe—1,, lza Nu-xetr,, s,
1<Kj3<j1~J2

SO Q)T R@) T2 (@2) T 2 o vz w1y, v
1<j3<j1~]2
KT/ 0) /A ()4 )/ a2,
0o, A

STL00) (@1 lor g el
J B
ST/ |uy, vz Hu||§(1/4A7

where the last inequality is obtained by using 27t < (\o), 71 < (271)¢, and taking ¢ <1/12.

Case 2 (Case hhll and Case hhll_): Az€h and A\ €l. In view of (4.11), we see
that Ao €[—3Xo/4—1,\o/4—1], i.e., Ao €l or Ay €l_. Then we divide Case 2 into two
subcases.

Case hhll. We decompose A1,A2,A3 by:

)\ke 0 3)\0/4 U Ijk, 1 2 )\36 3)\0/4 )\(] U )\(] J37 j17j27j3§10g2>\0~

Jk2>0 J320

In view of the condition (FCC) A; + A2 + A3~ Ao, we see that 273 ~271 4272, Moreover,
we can get j1 > jo from A1 > Ao, Therefore, we know that j3= j; > jo. It means that we
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need to estimate

— E 1/4 —_
fhh”(u,v) = <)\0> / / |U>\OU]J,1 qu2 6qu0_Ij3 | dﬁCdt
0< 42 <j1~%js <logs Ao [0.T]xR

In view of (DMCC) (4.9), we have the highest dispersion modulation

P =7k 2 (No)?- 275,
Orgggglfk 7| 2 (No)

If vy, has the highest dispersion modulation, by Holder’s inequality we have

L) S S R T lnzre sy, ez s, s luxg—r,, 1o
0<j2<j1~j3<logs Ao

it

Using [[va, llzee Slloagllz2, VA C L L2, the dispersion modulation decay (2.4), the L*
estimate (3.13) and Lemma 3.4, we have

L (u,v) < Z (A0)®*(X0)TH(2) T2 |ua, lvellur, [lvz
0<j2<j1~j3<log, Ao
« Ts/2(2j2)—1/8+6(2j3)1/4+s<>\0>—3/8”u”§(¥3

STS/Q Z <)\0>_1/8(2j1)5(2j2)—1/8+5“'l})\0||V3||’LLH§(1/4
0<j2<j1 S10g2 Ao oo, A

ST200) ™4 s,y s,
A
ST o O)HVA2HU||§(¥4A, (4.16)
where the last but one inequality is obtained by summarizing over js, j; and taking

e<1/8.
If uy, has the highest dispersion modulation, we have

Zhni(u,v) S > QoY Noxg e, Ny, ez lur, s llusg—1,, l2s
0<j2<j1~j3<log, Ao
S > (A0)* oo llvz (Ao)~H(27) "2 lug,, [lv2
0<j2<1~j3<log, Ao

« T5/2(2j2)71/8+e(2j3)1/4+5 <)‘0>73/8Hu”§(1/4147

which is the same as the right-hand side of the first inequality in (4.16).
If ur;, has the highest dispersion modulation, we take L%, Li’t, Li’t and Li,t norms
to vxy, ur,, ury, and uy,— Iy respectively. Then applying the dispersion modulation

decay (2.4) to ur,, , we have

L (u,0) > Do) Hoxsllzge, llury, Iz, lury, ez luxe—1,, N2 ,
0< 2 <j1~ja<logs Ao
< > (X0) 4 lloxollvz (Ao) ™1 (27) T2 lur,, v
0< 2 <j1~ja<logs Ao

~ Ts/2(2j1 )*1/8+€(2j3)1/4+6 <)‘0>73/8Hu”§(1/414
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ST (o) 718 > (201)73/822(202) 4 [y, ||y 2 [l 31/ -
0<j2<j1 <logs Ao oA

Making the summation on ja, j; in order, and taking € < 1/16, we can obtain the desired
estimate.
If wy,— 1;, has the highest dispersion modulation, by Holder’s inequality we have

L (u,0) S > QoY Noxg e, luno—ryg ez Ny, e llur, lzs -
0<j2<j1~j3<logs Ao

Using |luallzse Slloagllzz, VA CL°L2, the dispersion modulation decay (2.4), the L*
estimate (3.13) and Lemma 3.4, we have

L (u,v) S > (A0)* Hlvaollvz (ho) ™1 (272) P ung -1y, llv2
0<j2<j1~j3<logs Ao
X TE/2 (i)~ 1/BTe (i) /84y 2,
ST ol Y @)@ )
0<j2<j1<log, Ao
< 1e/2||p(Ro) ul]® 417
ST gl (4.17)

where the last inequality is obtained by taking ¢ < 1/8.
Case hhll_. We decompose A1,A2,A3 by:

A e(0,3x0/41= | Ly Ae€[-3x0/4,0]= | —Ly; As€[3Xo/4,X0]= | Ao—1
Jj120 J220 Js>0

In view of the condition (FCC) A; 4+ Aa+ A3~ \g, we see that 271 ~ 272 4273, Thus, we
know that j; &~ joVj3. If j1 ~j3>jo or ji =~ jo~j3 , it is the same as Case hhll to get
the conclusion. So we only need to consider j; & jo > j3, which means that we need to
estimate

Lhnil_ ('LL,’U) = Z <)\()>1/4/ ‘WUIH U_g;, 8zu,\0,1j3 |d1’dt
32~ [0, T]xR
In view of (DMCC) (4.9), we have the highest dispersion modulation satisfying

> (Ao)? 272,
Jnax, €8 — 7kl 2 (Mo)

If vy, has the highest dispersion modulation, we can easily see that [\o — 278 4 202| >
(Mo) and |Ng—273 —272| a2 |\g —271| Z (\g), then we shall use the bilinear estimate to
U—1j, UNg—T;s 5

L (w,0) S Y Moy Noxg ez poe lury, lzge o2 w1,y ung -1, |l 2 -
73<KJ2~]1

(4.18)

Using |lua,llzse Slloagllzz, Vi CLPLZ, the dispersion modulation decay (2.4), the bi-
linear estimate (3.7) and Lemma 3.4, we have

L (w,0) S Y (A0) ) TH2P) TP osllvzllur,, llva

J3<Kj2~g1
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X T/ N0) ™ % lug, vz llung—1, llvz

ST N (o) 2422 (205) 712 oy, [y 2
J3<Kj2Rg1
x (27)V/4(272) V4 (299) 2 () T A [l 4
oo, A

ST 2 (1 oo el
J B
§T£/4HU(>\0)||V3||u||§(;{l4Av (419)

where the last but one inequality is obtained by taking € <1/4.
If uy, has the highest dispersion modulation, we have

L (w,0) S Qo) g el 2wy, usg—1, |l
J3<Kj2~ g1
SO Q0 Hluagllvz (o) TH@2) TP g, llv
J3<Kj2~j1
XTE/4<)‘0>_1+2€”u—Ij2HVEHUAO—IBHV;‘:7

which is the same as the right-hand side of the first inequality in (4.19).

If u_r; has the highest dispersion modulation, noticing that ji ~ja, we can take
L35, L2, and L2, norms to vy, u_r, and ur, ux,—1,, , respectively. Then we can
repeat the above proof to obtain the desired estimates.

If uy,— 1;, has the highest dispersion modulation, comparing with Case hhll, the
difference is the summation in (4.17) (taking € <1/8)

Z (2j1)71/8+s(2j2)71/8+55 Z (2j1)71/4+25xj1§1_ (4_20)
J3<j2~j1 0<j1<logs Ao

Case 3 (Case hhi_l_): Az€h and A\;€l_. It is easy to see that \y€l_. We
decompose A1,A2,A3 by:

M€ [=cho, 0= | ) ~L;, . k=1,2; Az€lchodol= | N1
Jk=>0 73>0

In view of the condition (FCC) A; 4+ Az + A3 & Ao, we see that 271 +272 4273 (. It means
that 0 < j1,52,53 < 1. Then using the dispersion modulation decay (2.4), the L* estimate
(3.13) and Lemma 3.4, and noticing that the summation about ji, jo, js is finite, we
can get the result and the details are omitted.

Case 4 (Case hill and Case hll_1_): Ag€l. This case is easy to estimate because
the derivative locates in the low frequency, A1,As€{l,I_} and the highest dispersion
modulation satisfies

> 3
max |6t =7 2 ()

We take Case hill (A1,\2,A3 €1) as an example. When v}, attains the highest dispersion
modulation, using a similar way as above, we have

4673 [|-—
L) S Y (o) 22| wxollpzrge luy, lngerzllur, [z, lur, llca
J1,32,33
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1/4465 —3/2 j1\1/4 2 jo\—1/8+ i3\—1/8 3
S 3 ()2 () g g (27 TR T )
J1,32,33 o
2 —5/4 j1\1/4 jo\—1/8 i3\7/8 3
ST 00) ™4 37 @)@ @) oy lz ul S s
J1,92,33 =

<T°?||v ul|® .

ST osgllvg Il s,

When wuy, , uy,_, or ur.. attains the highest dispersion modulation, we can use an

J1 J2 73 )
analogous way to get the result. In fact, we just need to take Lg% norm to vy,, L?

x,t
norm to the item which has the highest dispersion modulation, and L} ;, norm to the

other two items.

Step 2. We consider the case that Ao is the second-most maximal integer in
Ao, ,A3. By symmetry, we can assume A; > As. Then Ag,---,A3 have the following
three orders:

Orderl: )\32)\02/\1 2)\2;
Order2: )\12)\02)\32)\2;
Order3: )\12)\02)\22)\3.
Considering the derivative is located in uy,, we take the Order 1 for example in the

following proof (the other orders are similar). We divide the proof into three cases
|)\0|§1, )\0<<0 and )\0>>0

Case 1: |M\g| S1. We decompose A1, Az, A3 by:

)\ke(—oo)\o}: U 7Ijk,k:1,2; )\36[)\0,+OO): U Ij37 I_1:[*|)\o|,0).

Je2>—1 Jjz=—1
In view of Ag~ A1 + A2+ A3 and A\ > Ao, we have jz=jy>j; > —1. By DMCC (4.9) the
highest dispersion modulation satisfies

3| > 200292203, 4.21
jnax, |6 — 7l 2 (4.21)

If vy, gains the highest dispersion modulation, we have

Z ()\0>1/4/ |mu_1j1u_1j2 &cujjg |dxdt

Jarja>i>—1 [0.T]xR

< S il s, Nere luo, sl s
JaRja2j1>—1

< Z 2j3(2j1)_1/2(2j2)_1/2(2j3)_1/2||v>\0HVjHu—ljlH\/j
JsRj2>j1>—1
« T€/4(2j2)_1/8+6T€/4(2j3)_1/8+E||u|‘§(1/4A

ey (2j3)_1/4+28(2j1)_1/4\|%vaHUIlim
ja>ji>—1 o

STE/QIIWW||v3IIUI|§(1/4A~ (4.22)

If u_z; has the highest dispersion modulation, we take L%, L2, L}, and L3 ,
norms to vy, u—g; , u—r,, and uy, , respectively. Then applying the dispersion modu-
lation decay (2.4) and the L* estimate Lemma 3.3, we can get the desired conclusion.
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If uy;, has the highest dispersion modulation, we divide the left-hand side of (4.7)
into two terms.

Z <)\0>1/4/ ‘mu_[h U—r;, 611113.3 |dl‘dt

Js=j2>g1>—1 [0, T)xR
S( Z + Z )<)\0>1/4/ \mu,fjlu#h 3zulj3 |dadt
JsRjaRj1=2—1  jsRje>ji>—1 [0,T]xR
=11 (u,v) + Is(u,v). .

For I (u,v), L* estimate (3.13) is enough.

LS D 28wl lur, ez leer, Iz e, |21,
JaRjamj1>—1

SO 2o llva (20T A(22) T2 (29) TR (295) A | s
JaRjamj1>—1 o
LA S ) 2,

ST Y (@) 72 us, vz ull s
ja>—1 =4

ST/ |jp) 3 e - 4.24
STyl (1.24)
For I(u,v), we need to use the bilinear estimate (3.7).

Luwv)S Y, 2l lur, ez e, vr, |l
JaRje>ji1>2—1

s Z 2j3||11/\D||V§(le)—1/2(21'2)—1/2(2j3)—1/2(21'3)1/4““”)(1/4
Jargje>ji1>—1 0, A
« T6/4(2j2)_1+25(2j1)1/4(2j2)1/4||u|‘§(1/4

oo, A

5T5/4 Z (2j3)—1/2+2&(2j1)—1/4”1))\0ijHu||§(1/4A
Js>j1=2—1 -

STE/“IIW")||v3IIUI|§(1/4A~ (4.25)

st

If u_r,;, has the highest dispersion modulation, we can get the desired estimate
by exchanging the positions of uy,, and u_r,, in the above discussion (noticing that
J2 = j3).

Case 2: \g<0. We decompose A\; and Ay by:

/\kE(—OO,/\o]: U /\O_Ijk7 k:1,2.
Jje20

From the following frequency constraint condition
A =A1+Aa+ A3+, |l|§10, (426)

we can decompose A3z as follows.

)\36[*/\07%4’00}: U *)\04’]]'3, I_1:[7‘l|,0).

Jz=z—1
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In view of A\g= A1+ A2+ A3 and A\ > Ao, we have jz=jo>j;. By DMCC (4.9), we can
see that the highest dispersion modulation satisfies

3 _ > 9J1.972 . J3
Orgg§3|§k k| 22727 ((Ao) +27). (4.27)

If the highest dispersion modulation is located in vy, , from the dispersion modula-
tion decay (2.4), L* estimate (3.13) and Lemma 3.4, we have

Z <)\0>1/4/ ‘WUAO,IHU)\O,[Damu,)\ojLIjg|dxdt

JaRj22>J1 [0,T]xR
S D QMU0+ 2 Iox Nz lwno— 1, e 2 lwno— 1, 122 Mlu-sor,, 22,
JaRj2>7J1
SO QoMo +272)(272) T2 ((A0) +272) T2 Jung vz ((Ao) +271) 1A
JaRj221
X T/H(272) 42 ((Ng) 4272) ~3/8T/4(299) /442 () +292) /3 [
0o, A

ST " (o) +27) 4 2)2 S <>\0>1/4(</\0>+2j1)_1/4||%va\IUHjlm-
j3>0 0<j1<js o
(4.28)

Making the summation on j;, we see that the summation is controlled by j3. Then one
has that for 0<e<1/8,

(4.28) §T€/2 < Z (2j3)71/4+2€ ]3> [lvag ||V§ HUH;;MA
Ja3=0 "

ST 00| yz el /s

Ly
and Li)t norms to vy, Ung—1;, » Urg—1,, and u_x,41;, , respectively. Then we can reduce
the desired estimate as the above case, so the details are omitted.

If the highest dispersion modulation is located in ux,—r,,, we divide the left-hand
side of (4.7) into two terms.

If the highest dispersion modulation is located in ux,—y; , we take Lg%, Lit,

1/4 —_
E <>\0> / / |1))\0u>\0,]j1U)\O,[j26zu,)\o+]j3‘d(Edt
3RG> >j120 (0.T]<R

< ( Z + Z > <)\0>1/4/ |WU)\O_IJ1 qu_Ijzaru_MHja |d:17dt
JaRGam1 20 jaRja 120 [0.T]xR
=11 (u,v) + Iz (u,v). (4.29)
For I1(u,v), from the dispersion modulation decay (2.4), L* estimate (3.13) and Lemma
3.4, we have

Il(uﬂ})

< o) 4 (o) +27) [oxg | sz, lung -1, 22 lwng— 1y, N1z lunor 1,y N2t
J3Rej2~j1>0

S A0) () +27) uag llvz (271) T2 ((No) +272) T2 ((No) +272) /4
J3Rj2/j120
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X T4 (20 ) VA (o) +27) 73/ /4 (279) /4 ((N) +270) % ]|} 10
0o, A
ST o) (o) +272) 7227 floxg vz 31 s - (4.30)
Js>0 o
Noticing that
(ol 4((o) +29) IS, (D) +20) ) < (28) 4,
for 0<e<1/8, (4.30) is dominated by
ST?Y (2j3)_1/4+26HUA0||v§||U||§(1/4A STy lellyssa -
4320 = -

For I5(u,v), from the dispersion modulation decay (2.4), the bilinear estimate (3.7) and
Lemma 3.4, we have

Lwn)S D Qo) (o) +22) x|z, lung— 15, 12, a1y, ooty 22
JaRj2>>351>0

Z <)\0>1/4(2j1)71/2(2j2)71/2(<)\0> +2j3)1/2”1}>\0 ”Vﬁ ||u)\o—lj2 HVﬁ
Ja=j2>>j120
% Ts/4(</\0> _|_2j3)71/2+6(2j3)71/2+5||u)\0_[j1 HVX Hu_/\o_"_lj3 ”Vﬁ

§T5/4 Z <)\0>1/4(<A0>+2j3)_1/2+6(2j3)6(<A0>+2j1)_1/4||1})\0||vﬁ||UH§(1/4A

A

Jj3>j1>0
5Te/4<z (200) 71/ -js) lorollvgllull s
Js=0 o

ST gl

If the highest dispersion modulation is located in u_x,;, , noticing that j» ~ j3 and
| —Xo+ 15| ~ Ao — L, | ~ ((Xo) +27%), we can get the desired estimate by exchanging the
positions of u_)\0+1_73 and Urg—1Ij, in the above discussion.

Case 3: A\p>0. From the frequency constraint condition Ag=A;+ Ao+ A3+
I, ]I]<10, we know that Ay must be less than zero. Furthermore, one can divide
this case into three subcases: Ay € [—cAg,0], A2 € [—Ao, —cAo] and A € (—o0,—Ag].

Case 3.1: X2 €[—c),0]. From the frequency constraint condition we find that
A1 €[—cXo,0] or [0,eAg] (A1 € [cho, Ao] will never happen), and A3 satisfies Table 4.2.

Case Ao € A1 E A3 €
I_l_h [—C/\(),O] [_C)\0,0] [)\0,/\0+20>\0—l]
I_lh [76)\0,0] [0,6)\0} [)\0,)\0 +C)\0 7l]

TABLE 4.2. A2 € [—c)o,0]

Case l_l_h. One can use the dyadic decomposition:
A€ [=eXo, 0= (] ~Ij,, k=1,2;
Jx=>0

A3 € No, (1+2c) Ao —1] = UAOHB, 172,73 <logy (o) + 1.

73>0
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From the frequency constraint condition (4.8), we know
2 4272 903 = jarji V. (4.31)
We can easily get that the highest dispersion modulation satisfies

> 2 . 9J3
max €8 =] 2 ()2 (4.32)

If vy, attains the highest dispersion modulation, from the dispersion modulation
decay (2.4), L* estimate (3.13) and Lemma 3.4, we have

Z </\0>1/4/ |Wu_1jlu_1j281u,\o+1j3\dmdt

J3=j1Vjz [0,T]xR

S Y Q0o lzre luer,, e 2 llu—r,, | i Muno+r, s,

JaRj1Vi2
STE/Q( z:v <AO>_1/8(2j3)_1/4+6(2j1)1/4(2j2)_1/8+6||1})\0||Vj||UH§(¥)4A
J3=J1Vi2

ST o)~ 8 % [uxgllvz lall% s/,
o0,

STy [l

where the last but one inequality is gained by summarizing over js,j; and js in order.
One just needs to note that j; < jsz <log,(Ag)+1 and take e <1/8.

If u_y; has the highest dispersion modulation, we take Lg%, L2, L3, and L‘;t
norms to vx,, U—r; , U—r;,, and ux,ir,,, respectively. Then we can get the desired
conclusion by the same way as above. If u_r,, gains the highest dispersion modulation,
one can exchange the positions of j; and js to obtain the desired estimate.

If wx,41;, has the highest dispersion modulation, we have

> (o) / [Oxgt_1;, U1, ating 1y, | dadt

Ja3~j1Viz [0,T]xR

S Y Q0P luaorng ez lur, s llur, [l

st

Ja=ji1Vjz
STE/Q Z (2j1)_1/8+E<2j2)_1/8+8||v>\0HVjHuHi(l/‘lA
JsRj1Vijz o
<TE/2||pPo) ul|® 1 4.33
ST Ol (4.33

Case [_lh. One can use the dyadic decomposition:

)\16 0 C)\o U j1s /\26 C)\an]: U Ijzv

J120 Jj22>0

A3 € [0, (T+c)ro—1]= U Ao+ 1, Ji.J2,3 <logy(Ao).

73>0

From the frequency constraint condition (4.8), we get

201 425 2202 = o mi V. (4.34)
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One can get that the highest dispersion modulation satisfies

> (\g)2. 203
Orgg§3|£k k| Z (Ao)” 272 (4.35)

If vy, attains the highest dispersion modulation, from the dispersion modulation
decay (2.4), the bilinear estimate and Lemma 3.4, we have

Z </\0>1/4/ |WU]J,1U_[J,28$U>\O+IJ.3|dl‘dt

J2=j1Vis [0,T]xR

S.; Z <A0>5/4HWHL3L;OHUIJ'1 ||Lt°°L§||u—Ij2u)\o+Ij3”Lit

J2=j1Vis

ST Q)Y H2P) T P o vz llury, vz o) ™2 llur, vz llusor, vz
J2/~j1Vis

ST N <)‘0>_1+2E(2j1)1/4(2j2)1/4”v/\o”Vj||UH§(1/4A
J2R2j1Vis =

ST vy 2 ||UH§(¥4A-

If ur; has the highest dispersion modulation, we just take LZ°, L%t and L%t
norms to vx,, Ur;, and u_ Ly Uho+1jy 0 respectively. If u_ I, attains the highest dispersion
modulation, one can further exchange the positions of j; and j; to obtain the desired
estimate. If uy,4r;, has the highest dispersion modulation, we can get the result by the
same way as (4.33) in Case [_I_h.

Case 3.2: X2€[—Ag,—chg]. We consider Aj €[cho,No], [0,¢Ao], [—cAo,0] and
[— Ao, —cAg], respectively. From the frequency constraint condition we can obtain the
corresponding range of A3 (see Table 4.3).

Case Ao € A1 E A3 €

h_hh [—)\0, —C/\o] [C/\o,)\o] [)\0, 2)\0 — C/\o — l]

h_lh [—)\0,—0)\0] [O,C)\o] [)\0,2)\0 —l]
h_l_h [7)\0,7CA0] [7CA070] [)\0 +CA0*Z,2>\0+C)\071]
h_h_h [—)\0,—6)\0] [—)\0,—0)\0] [)\0+20)\0—l,3)\0—l]

TABLE 4.3. Ay € [—)\0,—6)\0]

Case h_hh. We decompose A1,A2,A3 by:

AL € C)\(),)\O U Ao — J17 )\26[—>\0,—C)\0 U —Xo+1 jas

j120 7220

)\36[}\0,(2 O_l U )\0+ 3 j17j27j3§10g2<)\0>'
7320

From the frequency constraint condition (4.8), we have
201 2902 4 973, (4.36)

It follows that j; = jo Vj3. When j; & js > j3, we can get the result by using the similar
technique as that used in Case 1 of Step 1. When j; = j3 > jo, we just need to exchange
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the positions of jo and j3 and use the same way to obtain our conclusion. We omit the
details.

Case h_lh. We decompose A1, A2, A3 by:

Aref0,eho)= | L, A2€l=do,—eo]= | —do+ 1,

J120 j2>0

A3 €[Xo,2X0 —1] = U Ao+ Ljgs Ji,J2,93 <loga(Ao).
J320

From the frequency constraint condition (4.8), we have
201 4272 4 275 x5 ). (4.37)
By DMCC (4.9) the highest dispersion modulation satisfies

v —Tk| 2 (Ao)? - 275 4.38

max €}~ 72l 2 () (433)

If vy, has the highest dispersion modulation, we have dispersion modulation decay

to vy,. For uy, and uyyir,,, we have [A\g+272 +271[ 2 (Ao) and [Ag+272 —271| 2 (o).
Thus we can use bilinear estimate (3.7) to us, ux,+1,,- To be specific, we have

Z <)\0>1/4/ ‘W“Ijlufkoﬂm 8xu,\0+1j3 |dxdt
J1,J2,J3<logs(Xo) [0.T]xR

S Z <)‘0>5/4||WHL?L;°Hu—ko-i-ljzHL?"Li”qul u)\0+Ij3||Li,t
J1,52,43<logs (o)

S Q0T T P loagllvglumser, v

J1,92,33<logs(Ao)
X T (o)™ 2 gy, vz [ug 1y, vz

§T5/4 Z <)\0>75/4+2s(2j1)1/4(23'2)1/2””)\0”Vg||UH§(1/4A

J1.92,33<logs (No)

ST/ (o) ™22 10g, (No) |0, vz lall%/a

ST vz llull s - (4.39)

If u_,41;, has the highest dispersion modulation, we take L%, L2, and L2, norms
2 E ’ )
t0 Ungy U—rg+1,,, and ury Ux,+1,,, Tespectively. Then applying the dispersion modula-
tion decay estimate (2.4) to u_,4r;, and the bilinear estimate (3.7) to uzr, uxyt1;,, we
can get the desired conclusion.

If ur, has the highest dispersion modulation, we have dispersion modulation
decay to ur, . For u_x,yr, and ux,ir, , we have |[Xg+272 —\g+272| 2 (27° 4-272) ~
Ao —271 > (Xg) and |Ag+273 + \g—272| = (\g). Thus we can use bilinear estimate (3.7)
60 U x4 1, Ung+1, - Therefore, we have

Z </\0>1/4/[0 . R|WUIHU—AO+IJ-23MAO+IJ-3|d33dt
T %

J1,92,33<logy (Xo)

S > Qo) Hoxglese, lury, [lzz Mlu-xorr,, urg 41, llz2
J1,52,53 <logs{No)
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< > (A0)* Hloxgllvz (ho) = (272) 72 Jlu,, [lv2
J1,92,33<logs(Xo)

X T o) T2 umrg ey, vz lung+ 1, vz, (4.40)

which is the same as the third line of (4.39), so we omit the details.
If ux,+1;, has the highest dispersion modulation, from the dispersion modulation
decay (2.4) and L* estimate (3.13), we have

Z (A0>1/4/[0 . R|mu,jlu_%+lj28xu%+1j3|dxdt
T x

J1,J92,33<logs(No)

N > QoY Hoxgleee, lungrg ez lur, s Mlu-xer, oo,
J1,32,73<logy(Xo)

S > (X0)*H[[oxollv2 <A0>—1(2j3)—1/2(2j3)1/2<A0>—1/4\|u||X¥4A
J1,42,53 <logs (o) ’
X T/ T A @) )l
STe? Yoo QAT vz [lulla s - (4.41)
1,233 <105 (Ao) =
Taking 0 <e <1/8, the summation over j; is finite. The summation over js and j3 can

be controlled, so (4.41) is continued by

~

ST (o)™ ¥* gy (No)llor vz lullsr s ST vz l|ullaa - (4.42)
oo, A 0o, A
Case h_l_h. We decompose \1,\2,\3 in the following way:
)\1 S [_C)\an] = U _Ij17 )‘2 € [_)\Oa_C)\O] = U _A0+Ij27 j17j2 S10g2<)‘0>7
J120 j2>0
A3 € [No4cAo— 1,220+ cho—1] = U N+I,. js<logy(Xo)+1.
Ja=logy(Ao)—C
From the frequency constraint condition (4.8), we have
292 4 9J3 x5 \g + 271, (4.43)

It is easy to see that this case is similar to the above Case h_[lh, so the details are
omitted.

Case h_h_h. We decompose A1,\2, A3 as follows:

A€ [=do,—chol= | —No+I, jr<logy(No), k=12 (4.44)
Jjk=>0
/\36[)\0+26)\0—l,3/\0—l]: U /\0—|—Ij3, j3§10g2</\0>+1. (445)

jz>log, (2¢ho—1)

From the dispersion modulation constraint condition (4.9), we know the highest disper-
sion modulation satisfies

3 _ > 2 9js
goax [€; —7k| 2 (Ao)" 27 (4.46)
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If vy, has the highest dispersion modulation, we take dispersion modulation decay
to vy,. For u_x 41, and uy,11,,, we have | Ao+ 273 — X\g+271| > 271 and | Ao+ 273+ \g —
271|Z (o). Thus we can use bilinear estimate (3.7) to u_x, 1, Ux,+1;,- Thus we have

1/4 PR
2 : </\0> / / |U)\0U_>\0+Ihu—)\o+1j2 8xu)\0+1j3 \dmdt
J1,92,33<logy(No)+1 [0,T]xR

< > Moy oxg ez peoe llu—xo+ 1y, | oge 22 [w-xg 1, wno s 13, 122
J1.92,33<logs (Ao} +1
S > A0)*(A0) 71 2) TP luso llvz lu—not, v

J1,92,33<logy(Xo)+1

X Ts/4 <)‘0>_1/2+6(2j1 )_1/2+€||u_)\0+1j1 ||Vj ||u>\0+1j3 HV}

ST e o gl
J1,J2,53<logy(Ao)+1 oo,

ST (o) 722 1og {Ao) ona vz [y

ST”‘*IIU(A“)H@\IUI|3X1/4A- (4.47)

If u_x, 41, has the highest dispersion modulation, we take Lg%, L2, and L7,
norms $0 vxy, U—xo+1;, and U xg+1;, UNg+1;, 5 respectively. Then we can get the desired
estimate by using an analogous technique. If u_y,;s; has the highest dispersion mod-
ulation, due to the symmetry between u_,+ I, and u_,+ Ijys the estimate is similar
so we omit the details.

If ux,+1;, has the highest dispersion modulation, from the dispersion modulation
decay (2.4) and L* estimate (3.13), we have

1/4 —_
Z <)‘0> / / "U)\Ou*>m+1j1 U—No+1j, axu)\o+fj3 |d$dt
1 0,T] xR

J1,52,53<logs (o)

S > o) oollzee, llung o 22 Numxotny, lpa Nu-xotry, s,
J1,32,33<logy (Ao)+1
S Q0 uallva (o) TP T2 o) ull s

J1,92,33<logs (Ao)+1
< Ts/4(2j1)1/4+5 <)\0>73/8TE/4(2j2)1/4+5 </\0>73/8”u”§(;/)4A

STs/Q Z </\O>73/4(2j1)1/4+s(2j2)1/4+5”1}>\0||V§”uHi{lMA
d1.d2.43<10gs (Ao)+1 h
ST2 (o) ™42 Togy (M) on vz |14
0o, A

A
STyl

Case 3.3: Ay € (—00,—Xg]. We consider A1 € [cAg, Ao], [0,¢Ao], [—A0,0] and (—oo,—Ao],
respectively. From the frequency constraint condition we can obtain the corresponding
range of A3 (see Table 4.4).

Case 2h_hh. We decompose A1,A2,A3 in the following way:

AL E[eAo, Aol = U Ao =1, J1<loga(Ao);

J120
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Case Ao € A1 € A3 €
2h_hh ( o0, — )\0} [C)\07)\0] [)\0,4'00]
2h_lh ( o0, — )\0} [O,C}\()] [2)\0 70)\0 *Z,QA()]
2h_1lh2 ( o0, — )\0} [070)\0] [2)\0,00]

2h_I_h | (—00,—Xo] | [=Xo,0] A —1,+00)
2h_h_h | (—00,—Xg] | (—00,—Ao] [BAo — 1, +00]

TABLE 4.4. A2 € (—00,—Ao]

)\26 —0Q, /\0 U —Xo— ]2, )\36 /\0,+OO U )\0+IJ3

§2>0 33>0
From the frequency constraint condition (4.8), we know that
273 70 291 4992 = jars 4y V jo.
From the dispersion modulation constraint condition (4.9), we have that the highest

dispersion modulation satisfies

> j2).9J1 .93
i, 168 = 2 (O) +22). 2020 (4.48)

If vy, has the highest dispersion modulation, from the dispersion modulation decay
(2.4) and L* estimate (3.13), we have

1/4 —_—
E <)\0> / / |U>\0u/\0*1j1 u,,\O,]anwU)\OJr]jg |d.’17dt
J1.92,33>0 [0.T]xR

S Y QoMo +22) x|z pee llung -1, e p2 llu—no—1y, 2a  lnossyg s,
J1,32,3320

S Y (o2 (o) +22) 2@ T ol lull e
J1,32,7320 '
X T2 (272) 142 ((Ng) +292) 728 (2750) /4= ((ho) +272) 733 |00
0o, A
ST 30 (o) +272)%3((No) +272) 7778 (272) 742 (272) V42 oy [lyz [l
1272043 >0 o
When 0<j; <j2=j3, the summation in above inequality becomes
D (o) +27) /4@ s S 1. (4.49)
j3=>0

When 0<j,<j;~j3, noticing that j; <log,(A\g), we can know that the summation
satisfies

Y )TV (i) e < (4.50)

0<j2<j3<log,(No)

If uy,—1,;, has the highest dispersion modulation, we take L3, L?

4 4
x,t) Lm,t and Lm,t
norms to vAO, Urg—I;, s U—Xo—1;, and Ung+1j, 5 respectively. Then we can get the desired
estimate by a similar way.
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If u_x,—1;, has the highest dispersion modulation, we take the dispersion modula-
tion decay estimate to u_x,—r,,. For ux,—r, and ux,ir;,, we have [Ag +272 — Ao +271[ 2
273 and |A\g+27% +X\g—271| > ((\g) +273). Thus we can use the bilinear estimate (3.7)
60 Ung—1;, Urg+15, - Thus we have

1/4 _
§ : <)\0> / / ‘UAOU)\O_IH U—_Nog—T, 8ﬂcu>\o+l,-3 |dajdt
J1,32,7320 [0,T]xR

S Y ARl pe a1y, lz2ze ltne -1, Bxtingtry, 2,
J1,42,3320

< Z <)\0>1/4(</\0>+2j3)(<)\0>+2j2)—1/2(2j1)—1/2(2j3)—1/2HU)\OHvzHu_/\D_IjZ”Vj
J1,J2,J320
% Ts/4(<)\0> +2j3)—1/2+6(2j$)—1/2+6 HU’/\O_Ijl ||VA2 ||u>\0+1j3 HVE
ST D7 (o) +27) M8 (o) +272) /4 (270) 71 /242(272) 2 oy, Lzl s -
J1.42.33>0 =t
If 0 <j; <jo=j3, the summation in above inequality becomes
> (o) +22) )y S 1.
J320
If 0 <jy <j1=js, recalling that j; <log,(Ao), we can get the summation satisfying
S o)) YRR 2 S
0<j2<j3<log,(No)

If ux,+1;, attains the highest dispersion modulation, noticing that for ux,—r; and
’U,_)\O_[j2 , We have |)\0+2j2 — )\0+2j1 | z2j2 and |A0+2j2 +>\0 72j1 | Z (<)\0> +2j2). We
can use the bilinear estimate (3.7) to Uxg—I;, U—Xo—1I,;, tO get our result by using the
same way as above.

Case 2h_lh. From (FCC) (4.8), we see that Ay € [—Ag —cAg —1,—Ag]. We decompose
A1,A2, A3 in a dyadic way:

Ae(0,eo)= | L, Ae€l-do—cho—1—=Xo]= | ) =X —Ij,,
j1>0 Jj22>0

/\36[2)\0—(3/\0—l,2/\0]= U /\O+Ij37 jl,jg,j3§10g2</\0>.

Jj3=>0
From the frequency constraint condition (4.8), we have
271 +2j3 _ 972 oy Ao.
By DMCC (4.9) the highest dispersion modulation satisfies

B> (M) 20
Ofél,§§3|§k k| Z (Ao)

Therefore, the approach to this case is similar to Case h_Ilh, and we omit it.

Case 2h_lh2. We decompose A1,A2, A3 in the following way:

Are0,cxo]= | Ly, g1 <logs(o);

J120
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Ao E —00, /\0 U —Xo— ]2, A3 € [2/\0,4-00] U 2o +Ij3.
Jj220 J320

From the frequency constraint condition (4.8), we have
202 0200 4973 e jomjiVjs. (4.51)
By DMCC (4.9) the highest dispersion modulation satisfies

max [€; =7l 2 (ho) - ((Ao) +27) - ((ho) +27). (4.52)

If vy, has the highest dispersion modulation, we take dispersion modulation decay
to vy,. For ur; and uay,11,,, we have [2Xg+27 £271] 2 ({Ag) +272). Thus we can use
bilinear estimate (3.7) to u I, U220+1 5, - Specifically, we have

Z </\0>1/4/ [UXo UL, Ug—1I;, OxUang+1;, |drdt

J2=j1Vis (0.T]xR

S D QoMM+ 2R llzzree lu-no— 15, L p2 llur,, wangt 1,y |22

J2~j1Vi3

< o) 4 (X0) M2 (o) +272) T2 ((No) +290) 2 un, vz lu—xe -1, llv2
A

J2~j1Vi3

X T/ (Ao} +27) 4% lury, [lvzlluzag+1,, vz

ST DT (o) T A (o) +27) T (g} +27) 7
J2~j1Vis
X (YA @) syl el

ST‘E/‘lIIv(AO)IIvgIIU\@MA, (4.53)

where the last inequality is obtained by summing over ji, jo and j3. Indeed we have
the following estimates:

S @IS Y (a2 @) L Y @) s

Jj1<logy(Ao) J22>0 J22>0
D7 ((Ao)+272) 8/4422 (i) /2 < N7 (93) 72 <1 0<e <18,
J320 j3=0

If u_y,—1;, has the highest dispersion modulation, we take Lg%, L2, and L2 ; norms
0 Uxy, U—xg—1;,, and ur; Uzx,+1;,, respectively. Then it will be same as (4.53).

If won,+ 1;, has the highest dispersion modulation, we take dispersion modulation
decay to ugryt1,,- For uy, and u_x,_r,, we have [Ag+272+271| 2 ((Ao) +272) and
|Ao+272 —271[ 2272, Thus we can use bilinear estimate (3.7) to ur, u_x,—1;,. To be
specific, we have

Z <)‘O>1/4/ [Ox0 U, U=xo—1;, Oxtizre+1;, | dwdt
J2~j1Vj3 [0,T]xR
S o) (o) +272)|[oxg Il e, ltano+1,, |2 s, u—xo—1,, Il 2
ot gz WLg 15, g2 LG
J2~j1Vj3
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S Y0 Q0 loag vz (he) T2 ((Ae) +272) 72 ((Ao) +279) 2 ugrg 4 1, llv2
J2=j1Vis
x T/ ((No) +272) 71242 (202) 72 %< lup 2 lusxg—1, llv2

ST N (o)A (o) +25) 4 ((Ao) 4 272) P/
Jj2~j1Vis

X (271)4(272)(272) 12 o, llvz lull%a/
<7e/4),,(Xo) 3
ST gl e
where the last inequality is obtained by summing over ji, jo and js in order.

If uy;, has the highest dispersion modulation, from the dispersion modulation decay
(2.4) and L* estimate (3.13), we have

> (o) / [Oxgtir;, Ung—1,, Ouliorg 1y, | dadt

Jj2~j1Vis [0,T]xR

S D QoY)+ 2T lleee, e, ez lw-xo-1, oo, luaner s, llzs
Jj2/~j1Vis

S Y 0 longllvz (o) T2 ((Ae) +272) 72 ((Ao) +2j3)1/2(2j1)1/4\\u||x;{4A
Jj2/~j1Vis '

X T/ (272) A ((Ng) +272) 738/ (299) /442 () +292) /3[04
0o, A
<12 Z (o) T ((No) +272) B ((No) +272) 778
J2~j1VJis
x (272) 1/ 4FE (280 A [y Ly IIUIlimA
ST g e
where the last inequality is obtained by summing over j1, j and j3 in order and noticing
the condition j; <logy(Ag), js < ja.
Case 2h_Il_h. We decompose A1, 2, A3 as follows:

Me[=20,01= | ~Ty, 51 <logy(Mo);
j120

A €[—00,=Xo]= | —do—Tj, As€Xo—L+oo]= ] 2\+1I,.
Jj220 Jjz=—1

From the frequency constraint condition (4.8), we have
203 0200 4202 e j3mjiVia. (4.54)

If js~ jo > j1, the method of this case will be same with Case 2h_[h2. If js=ji > jo, it
is to say that 0<js <j3=~j; <logy(\g) holds, which can also ensure the convergence of
the summation in Case 2h_lh2. Therefore, the details are omitted.

Case 2h_h_h. We decompose A1, A2, A3 in the following way:

Ak € [—00,—Ag] = U “Xo—1Ij,,k=1,2; A3€[3)\—1,400]= U 3o+ I,

Jk>0 Jjs>—1
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From the frequency constraint condition (4.8) and A; > Ay, we have
32422, j1<jp le jamja>ji (4.55)
By DMCC (4.9) the highest dispersion modulation satisfies

max 68 =72l 2 (o) +27) - ((ho) +22)- (o) +27). (4.56)

If vy, has the highest dispersion modulation, from the dispersion modulation decay
(2.4), L* estimate (3.13), and Lemma 3.4, we have

Z <>\o>1/4/ [OXo U oI5, U—g—1I;, OxUa g+ 1, | dTdt

J3ra > [0, T]xR
S D QM0 +2) Iox ez luoxe -1y, o callu—no— 1, llzs  usre sy, s
J3Rj2>g1
SO QM) +27) T2 (o) +272) T2 (o) +272) 2 [us [ly2 (27)1 2
JaRj2>J1
X ((Ao) +271) TH/AT=/2 (292) /442 ((Ng) +-272) 738 (208) /4F= ((Xg) +29) 733wl 4
X

oo,

§T5/2 Z <)\0>1/4(<)\0>+2j3)73/4(2j3)1/2+25(<>\0>+2j1)73/4(2j1)1/2”v>\0”Vj||u||§(l/4A

j3>71
§T6/2 < Z (2‘73)*1/44’25 j3> ||’UA0 ||V/§ ||U||3X1/4A
§3>0 =
<Te/2||p(Ro) 3 e 4.57
ST 0 vzl (4.57)

If u_x,—1;, has the highest dispersion modulation, we take L%, fot, th and th

norms to vy, U—xg—1;, 5 U—ro—1;, and UBNG+1j, 5 respectively. Then it will be same as
(4.57).

If uzxg+1,, has the highest dispersion modulation, we divide the left-hand side of
(4.7) into two terms.

Z (A0>1/4/ [UXg U Ng— 15, U g T, OxU g+ 1, | dTdt

Jarga> 1 [0,T]xR

S( Z + Z ></\0>1/4/[] [UNg U= rg—I;, U—ro—TI;, OxUNg+1;, | dvdt
0,T]xR

JaRj2mj120  j3Rj2>j120
=1 (u,v) + Iz (u,v). (4.58)

For I (u,v), from the dispersion modulation decay (2.4), L* estimate (3.13) and Lemma
3.4, we have

I (u,v)
< Qo) (o) +22) gl e, llusno s 13, |22 Nlw-xo -1y, s lu-xo—1,, 1,
Jarjarj1>0
< (A0) *[loxg vz ((Mo) +27) 72 ((Ag) +272) 712 ((Ao) 427 ) /4 (279 1/2
J3~j2~j120
2

X T2 (201 ) VAT ((Ng) +271) 733 (272)1/4F= ((Ng) +272) 33w, s
00, A
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STy~ (o) 4 ((ho) +27) 732(252) 1125 oy |l 2 lellYssa,

73>0
sTE/Q(Z@ﬁ)-”‘*“E) losollvz .
j3>0 oo
ST O gl (4.59)

For I5(u,v), due to ja>>j1, we have |—Xg—272 —X\g—271| > ((N\g) +272) and |— Ao —
272 + \g+271| > 272 so we can use bilinear estimate (3.7) to U_xg—1;, and u_x,—, . To
be specific,

Lun)S D o) (o) +22) o5 les, lusng s, 1z, -1, uxo-1, 122,
J3Rj2>j1 >0
SO0 A0 allvz (o) +271) 72 (o) +272) T2 (M) +272) /2
J3Rj2>>j120
X(2j3)1/2(<)\0>+2]'3)—1/4||u||X1/4AT6/4(2j2)—1/2+s(<)\0>+2j2)—1/2+s

x (2j1)1/2(<ko>+2j1)‘1/4(2j2)1/2(<ko>+2j2)‘1/4IIUII§(1/4A

ST D7 Qo) (o) +27) TR (25) 2 (o) +27) T Jusg vz lull 4
o0, A
J3>3j120

ST (30 @07 Y o gl
30 =
<Te/4p(Po) ul]? . 4.60
STy ol (1.60)
If u_x,—r;, has the highest dispersion modulation, we still divide the left-hand side
of (4.7) into two terms as (4.58). For I(u,v), because of js= jo = ji, the estimate is

exactly same as (4.59). For I3(u,v), we use the bilinear estimate (3.7) to u_,—; and
U3 Ao+ - Noticing |3)\0 +273 4 (/\0 +2j1)| Z (</\0> +2j3), we have

Ir(u,v)

S Qo0 2l e, e, 122 lu-so—1;, wsnor 1,22,
J3arRj2>>j1>0

SO Q0 oaellva (o) +271) 72 (o) +272) T2 (o) +272) 2
J3Rj2>75120

X(2j2)1/2(<)‘0>+2j2)_1/4||u”X1/4 Ts/4(<)\0>+2j3)—1+25
oo, A
><(211)1/2(<>\0>+2j1)71/4(2js)1/2(<>\0>+2j3)71/4”u”§(1/4A

5T5/4 Z <>‘0>1/4(<)‘0>+2j3)_3/2+262j3(<)\0>+2j1)_3/4(2j1)1/2uv>\0HVA2Hu||§(1/4A

J3>31>0
5T8/4<Z(2j3)_1/2+28'j3> oo llvz el s,
j3=>0 N
A
§T8/4||v( 0)||VA2||U||§(¥4A. (4.61)

4.2. g< oo, Proof of (4.6). This subsection ¢ < oo is similar to the last sub-
section g = oo, the only difference is to deal with the summation of \g. The frequency
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constraint condition (FCC) and dispersion modulation constraint condition (DMCC)
are same. Thus, we can use the exactly same assortment to Ag,---,A3. Next we take
the Case 1 of Step 1 in last subsection for example.

We just denote the left-hand side of (4.6) as Zhpnn_(u,v), and divide it into three
parts like the last subsection. For £}, . (u,v), Ao~ A3~ A\; = —\2 holds. Thus, from
Holder’s inequality and Strichartz estimate, we have

L (4,0) §Z<>‘0>5/4”W“Li¢ (oW ”ii Mu=xollzs,
Ao )
STY2Y ) M oxsllzsza lwno s pa o [l s
Ao

STV 00 gl lng g ol
Ao

1/2 3
ST / ””HY;’,AH“”X;/:

For £, (u,v), we still use bilinear estimate (3.7), Lemma 3.4, and Holder’s
inequality to obtain that for 0 <e <1/4q,

Lihnn_ (4,0) < > QoM e, ez luoxers, Ovung— 1,22,
0,73 S1<G1~j2

ST 3 o)) ) T2 oy vz llung-1, v
X0,73S1<Kj1~R g2

X <)‘0>_1/2+6(2j2)_1/2+6||u—>\0+1j2 ||VA2 ||u>\0—1j3 ”Vj

<Ts/2 Z <)\0>—1/2+25(2j1)s—l/q(2j2)5—1/q(2j3>1/2—1/q
Xo,j3 S1K 152

X oralvgllull s, g, Il
? q,

Making the summation on ji,j2, then applying Holder’s inequality on \g, and finally
summing on j3, we obtain

Lihhn_ (uﬂv)STa/Q Z (23‘3)48_3/(1||’U>\0||Vf{’||’u’HX;/;“()\O,]].’J)H/u‘”i(l/g1
20,43 <logs (Xo) ’ "

ST ol s

For £l . (u,v), we just take the case that vy, has the highest dispersion modu-
lation for example and divide £} ,, (u,v) into two parts:

h h
Liton (w,0)+ L% (u,v)

::( Z + Z ><)\0>1/4/ |muxo,1jlu,AOHjZ@,;u,\O,Ijg|d3:dt.
[0,T]xR

20,1 j3<Kj1~g2 Ao, 13~ Gj1~g2
h1
For £, (u,v), we have for 0 <e<1/4q,
h1
L (u,0)

S QoMM IeN e w1, sz uoxer, Ovwng— 1,22,
0,1 j3 K172
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< Z <)\0>5/4</\0>71/2(2j1)71/2(2]&»)71/2”1})\0||V:§||u>\0_1j1 ”Vj
20,13 KJ17]2

X T/ o) T2 (272) T2 lus s, vz o1y, vz

§T8/4 Z <)\O>—1/2+e(2j2)5—2/<1(2J43)—UqHU)\OHVA2‘‘u||X;/;‘;()\071j3)||UH§(1/:‘1
20,1 j3<j1~]2 , q,
/4 s\ —1/24+2e—3/ 9
fST‘S Z (2]3> € qH’U)‘OHVX||u||X;,/:()\07[j3)HUHX;/:

Ao0,1<k g3 <logy (No)

STl ol
For P2, (u,v), we know that for 0 <e<1/4q,

"%}?}?hh, (U’U)

S G Imnllzree lwae— iy, o rz lu-xers, s luxe -1, llzs
A0, 1<K jaRj1~]2

< Z <)\0>5/4<)\0>71/2(2j1)71/2(2]'3)71/2”1]/\0Hvﬁ”u)\o_ljlij
Ao, 1L 3Rj17 ]2
e/2 —3/4/0j2\1/4—1/q+¢e (9j3\1/4—1/q+e€ 2
X T5(0) " 5(27) (2”) lell /s

e/2 j1\2e—3/q 2
ST 3 @ o, gl ors o, Nl

A0,J1
2 3
ST ol s
Where the last inequality is obtained by applying Hoélder’s inequality on Ag. For other
cases, we can take a similar calculation to get the desired estimates, thus we omit it. O

5. Ill-posedness result
In this section we study the Cauchy problem of the defocusing mKdV equation (the
focusing case can also be treated by our method):

U —i—u:,[;:,m—(u?’)mzo7 u(0,2) = dug. (5.1)

We have the ill-posedness result as follows.

THEOREM 5.1. Let s<1/4,2<q<o0, 0<dK 1. Then for the mKdV Equation (5.1),
the solution map dug— u(6,t) in M , is not C3 continuous at the origin.

Proof.  From (4.1) we can define the solution map as follows:

t
E 5u0—>u((5,t):e_tag(5uo+/ 6_(t_T)32<u3>$(T>dT. (5.2)
0

By straightforward calculations, we get

ou _ 0%u
w(0,t)|5=0=0; wuy =55 ) O:e Dug;  un =552 ) 0—0; (5.3)
8311, _ )63 —r
=g, =0 T o (54)
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It is well known that if the map dug — u(d) is of class C? at the origin, the necessary
condition is

sup lusllarg, < Clluolliyg - (5.5)
te[0,T] ’

We choose a suitable ug € M5 ,, s <1/4 defined by

ug(¢) =Nt/ (X[N,N+ﬁ] 3 TX[-N- & -N) €)).

Note that [lugl|arg  ~1.
We estimate the Fourier transform of ug in (5.4) as follows

t
u3(8) ~ / = (j¢) / TR (6 6 — )T U (61)€ T (6 A6 dadr
.O 3 t -R
~elt (if)/ /e”‘I’(g’ﬁl’&)dTﬁE(f—&—52)173(51)%(52”&(152
r2Jo

s eltP(€61,82) 1 o
(i) [ (€ — 61— ) (60 €2 o (5

where ®(£,£1,6) = —3(6—&)(£— &) (€1 +&). Noticing that for £ — & — &, &, and &,
if one or two of these items are located in [N,N+1/v/N], we have |®(¢,&1,6)| <1,
if all the three items are located in [N,N+1/v/N| (or [-N —1/v/N,—N]), we have
|®(€,£1,62)| ~ N3, then (5.6) shall be much smaller. Therefore,

elt®(€,61,€2) _

re 1®(€,61,62)
XX+ (€ =& =X v ) (G)X v - - v (€2)d6rdEe

ﬂg(ﬁ) 2Z\]—Ss+3/4€it§3 (15)

N+- ,—N
—3s ited N i
N33/ 4 / / e X (v vy (E— &1 — &) dErdEs,
N ~N-Je N

where 6€[0,®] or [®,0], |®(&,&1,82)|=0(1), £€[N—1/vVN,N+2/y/N]. Thus there
exists a small and fixed constant ¢ such that

luslag , > CN2T2 0 (2<g<o0).
We find that (5.5) leads to
—254+1/2<0 ie. s>1/4.

Now we complete the proof. 0
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