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Abstract. The connection between forward backward doubly stochastic differential equations and the
optimal filtering problem is established without using the Zakai equation. The solutions of forward backward
doubly stochastic differential equations are expressed in terms of a conditional law of a partially observed
Markov diffusion process. It then follows that the adjoint time-inverse forward backward doubly stochastic
differential equations govern the evolution of the unnormalized filtering density in the optimal filtering problem.
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1. Introduction

The purpose of this paper is to study nonlinear filtering problems with systems of forward
backward doubly stochastic differential equations. The aim of a nonlinear filtering problem is to
determine the optimal estimate of the state of a noise-perturbed dynamical system given noisy
observations on the dynamics. Some of the pioneering work on optimal filtering problems is due
to Kallianpur and Striebel [22] and Zakai [34]. In particular, the Kallianpur-Striebel formula,
which characterizes the conditional probability density function (PDF) of the state as the
solution of a nonlinear stochastic partial differential equation (SPDE), provides a continuous
time framework of the optimal filtering, while the approach proposed by Zakai leads to a
linear stochastic integro-differential parabolic equation, referred to as Zakai’s equation. Under
strong regularity conditions it can be shown that the solution of Zakai’s equation represents
an unnormalized conditional density of the state process, which is also called the “filtering
density”. Fundamental theoretical research on optimal filtering problems can also be found in
Kalman and Bucy [10,23], Kushner and Pardoux [25,29], Shiryaev [32] and Stratonovich [33],
and studies on discrete nonlinear filter solvers can be found in [1-3,7-9,11, 14,15,17, 18,20,
24,26,27]). The advantage of solving optimal filtering problems by SPDEs, such as Zakai’s
equation, lies in that it provides an “exact” solution for the filtering density . However, such
methods have not been widely used by the science and engineering community due to their
high complexity [5,12,13,19].

An alternative for deriving the unnormalized conditional density function is through the
solution of a system of stochastic (ordinary) differential equations (SDEs) which consists
of two SDEs, one standard SDE and one backward doubly stochastic differential equation
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(BDSDE). We refer to such a system as forward backward doubly stochastic differential equa-
tion (FBDSDE) system.

FBDSDE systems were first studied by Pardoux and Peng in [31], where the connection
between FBDSDEs and certain parabolic-type backward SPDEs was established. Our recent
work [4, 8] indicates that solving optimal filtering problems by FBDSDE systems may be
computationally more efficient than doing that by SPDEs. The theoretical foundation of the
FBDSDE approach is the fact that the solution of the BDSDE in an FBDSDE system is
equivalent to the solution of its corresponding backward SPDE [8,31]. However, since Zakai’s
equation is a forward SPDE, we need to invert the time index in the FBDSDE system to change
the propagation direction of the BDSDE from backward to forward so that it is consistent with
Zakai’s equation. In this way, we obtain a time-inverse FBDSDE system that is equivalent to
Zakai’s equation.

The primary goal of this work is to establish a direct link between the optimal filtering
problem and the FBDSDE system without using SPDEs. The procedure consists of two steps.
In the first step, we establish the FBDSDE version of the Feynman-Kac formula for the optimal
filtering problem. In this FBDSDE system, the forward SDE is simply the SDE for the state
of the optimal filtering problem, and the BDSDE contains two noise terms (thus the name
“doubly”): one counting for the backward nature of the equation while the other counting for
the observation process which is a Brownian motion under an appropriate Girsanov transform.
It is worthy noting that without the observation noise, the BDSDE is reduced to a BSDE
(backward stochastic differential equation), whose solution is simply the BSDE version of the
Feynman-Kac formula. On the other hand, the coefficient of observation noise resembles the
coefficient of the multiplicative noise in the Zakai equation [34].

In the second step, we derive the adjoint BDSDE for the BDSDE corresponding to the
Feynman-Kac formula and show that its solution solves the nonlinear filtering problem. This
is done using the fact that the inner production between the BDSDE of the Feynman-Kac
formula and its adjoint is a constant. Such a connection is similar to the relationship between
the PDE of Feynman-Kac formula for a SDE and its adjoint, which is the Fokker Planck
equation.

To the best of our knowledge, similar results have not been obtained before. The main
difficulty of the direct derivation of the BDSDE filter is the lack of knowledge of the BDSDE
form of the Feynman-Kac formula for the nonlinear filtering problem and the corresponding
adjoint BDSDE. In this sense, our work contributes to the understanding of BDSDE theory
in its own right.

The rest of this paper is organized as follows. In Section 2 we present mathematical
formulations of the optimal filtering problem and provide a brief introduction to FBDSDEs.
In Section 3 we establish the connection between FBDSDEs and the unnormalized conditional
density function. Some closing remarks are given in Section 4.

2. Preliminaries
In this section, we introduce the mathematical formulation of the main topics of this paper
— the optimal filtering problem and FBDSDEs.

2.1. The optimal filtering problem. Let (2,F,P) be a probability space and
{Wittso and {B:}ts0 be two mutually independent standard Brownian motions defined on
(Q,F,P), with values in R? and R!, respectively. Denote by N the class of P-null sets of F.
For each t€[0,T], where T'>0, and any process 1, let

Fly=o{n—ns:s<r<t}vN

be the o-field generated by {n, —ns}s<r<i. When s=0, we write F’ :]:g)t in short.
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For an optimal filtering problem, we are given the stochastic differential system on (2, F,P)

{dUt :,Uzt(Ut)dt'i_ptth—"_ﬁtdBta (2 1)

dV; =h(U,)dt+dB;,

where {U; €R?:t>0} is the “state process” that describes the state of a dynamical system,
and {V; €R':¢ >0} is the “measurement process” which is the noise perturbed observations of
the state U;. Given an initial state Uy with probability distribution po(u) independent of W,
and By, the goal of the optimal filtering problem is to obtain the best estimate of ¢(U;) as the
conditional expectation with respect to the measurement {V, }o<,<¢, where ¢ is a given test
function.

Denote by FY :=0{V,.:0<r <t} the o-field generated by the measurement process from
time 0 to ¢ and denote by M; the space of all F}”-measurable and square integrable random
variables at time t. The optimal filtering problem can be formulated mathematically as to find
the conditional expectation

E [¢(Us) |7 ] = int {E[l6(Un) — el € M}

According to [21,22], the optimal filter is given by the well known Kallianpur—Striebel formula

¢(u)ptdu
E[p(U)|F]=B—— (2.2)

/ pedu
Rd

where p; is the unnormalized filtering density. In [34], Zakai showed that p; satisfies the
following SPDE (Zakai equation).

dp(t,x) = L*p(t,x)dt+ g(z)p(t,z)dV;, t>0,z€R?, (2.3)

where

2 d

1 d
L=52_ (09 Yig 5 2:0%; Z

i,j=1 i=1

We can see from (2.2) that finding the unnormalized filtering density p; is equivalent to
obtaining the optimal filter E [¢(U;) ‘]:t\/]_ In our BDSDE filter, we aim to derive a FBDSDE
system to solve for p;.

Define

Q; —eXp{/h U—7/|h |dr}

When s=0, we denote QY as @; in short. Let P be the probability measure induced on the
space (£2,F) such that

dpP
4B |y Q: (2.4)
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Then according to the Cameron-Martin theorem the probability measures P and P are equiv-
alent when the Novikov condition is satisfied and the measurement process V' is a standard
Brownian motion under the induced probability P [16]. Moreover,

E[o(0)| 7] = LLAW@ ] (2.5)

E[Q:|7]
where E denotes the expectation with respect to P (see [28], Lemma 8.6.2).
2.2. FBDSDE systems. For each ¢t €[0,77], define
Fo=F"VFp.

Note that the collection {F;:t€[0,7]} is neither increasing nor decreasing, and thus does not
constitute a filtration [31]. For any positive integer n €N, denote by M?2(0,T;R") the set of
R™-valued jointly measurable random processes {t¢:t€[0,T]} such that 1, is F; measurable
for a.e. t€[0,7] and satisfies

T
]E/ |9 |2dt < o0.
0

Similarly, denote by S?([0,7];R™) the set of continuous R™-valued random processes {t;:t €
[0,T]} such that ¢ is F; measurable for any t € [0,7] and satisfies

E sup |44 < oo.
0<t<T

Next we provide a brief introduction to FBDSDE systems (see [31] for details). Given
7>0, r€R? and p € L2(Q, Fr,P), a FBDSDE system can be formulated as

dXt :/U,(Xt)dt+0'(Xt)th, TStST,

_d}/t :f(t7Xt7n7Zt)dt+g(t7Xt7Y;‘/7Zt)dgt_thWt7 TStSTv (26)
X, =z, Yr= QO(XT),

or, in the integral equation form, for any t € [7,T],

XtJ:Jr/:,u(Xs)der/Tto(Xs)de, (2.7)

T T T
Y= p(X7)+ / (5, X0, Yo, Zo)ds + / o(5, X0, 2,)d B, - / Zadw,  (2.8)
t t t

Notice that Equation (2.7) is a standard forward SDE with a standard forward It integral

and Equation (2.8) is a BDSDE involving the backward Ito integral [ -d%s (see [30] for details
on the two types of integrals).

Let the mappings f:[0,7] x R? x R¥ x RF*4 5 R¥ and ¢:[0,7] x R? x R¥ x RF*4 — Rk*! be
jointly measurable and for any (y,z) € R¥ x Rk>4,
f('a'7y7z)6M2(07T;Rk)a g('a'yyaz)eMQ(OaT;Rle)'

Denote by |-| the Euclidean norm of a vector and by [|A||:=+/Tr(AA*) the norm of a matrix
A. The existence and uniqueness of solutions, moment estimates for the solutions, and the
regularity of solutions to Equation (2.8) rely on the following assumptions.
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ASSUMPTION 2.1. f and g satisfy the Lipschitz condition: there exist constants ¢>0 and
0<e&<1 such that for any (t,z) €[0,T] xR?, y1,y2 €ERF and 2,2 € RF*4,

|f(t,m,y1,zl) 7f(t71‘7y2722)|2 SC(|y1 7y2|2+ ”Zl 722”2)7

lg(t,z,y1,21) — g(t, 2,2, 22) |* < clyr — ya|* + |21 — 22|

ASSUMPTION 2.2. There exists ¢>0 such that for all (t,x,y,z) €[0,T] x R x RF x RF*d

99" (t,2,y,2) < 22" +c(llg(t,2,0,0)[|* +[y[*) 1.

ASSUMPTION 2.3. For any (t,z,y,2) € [0,T] x RY x RF x RF*? gnd § € R¥*4

dg (99 S
< .
5, (:2:9:2)00 (a (t,x,y,2)> <60

0z
The following results are due to Pardoux and Peng [31].

PROPOSITION 2.1.  Under Assumption 2.1, the BDSDE (2.8) admits a unique solution

(Y,2) e S%([0,T);RF) x M?(0,T;RF*%).

For any positive integer k, denote by CF(R™;R™) the collection of C* functions from R™
into R™ with bounded partial derivatives of all orders less than or equal to k, and denote
by C;,f(Rm;R") the collection of C* functions from R™ into R™ with partial derivatives of all
orders less than or equal to k which grow at most like a polynomial function of z as x — co. It
is well known that given p€Cp(R%RY) and o € CJ(RYRY*4), for each (7,2) €[0,T] x R?, the
SDE (2.7) has a unique strong solution, denoted as X;"*. Consequently we also denote by
(Y,”*,Z]") the unique solution to the BDSDE

T T T
3@:<p(x;m)+/ f(s,X;@,YS,ZS)dH/ g(s,X;’””,}fs7ZS)d§S—/ ZAW,.  (2.9)
t t t

PROPOSITION 2.2.  Let goECS(Rd;Rk), Under Assumptions 2.1-2.3, the random field
{YTT’“":TE [O,T],xeRd} admits a continuous version such that for any 7€[0,T), x— Y7 is
of class C? a.s..

In addition to the existence and uniqueness result in Proposition 2.1, it is also worthy to
notice that the Assumptions 2.1-2.3 allow a proof of the existence of LP solutions for p > 2.
The following regularity result can be obtained with techniques (see Proposition 1 in [6]).

LEMMA 2.1. In addition to Assumption 2.1, assume that f,g€C}. Then the solution
(Y,"*,Z]") to the BDSDE (2.9) satisfies
E (YtT’I—YTT’””)?] <C(t-71), E (z;’f—zpw)ﬂ <CO(t—7), 0<T<t<T,

where C' is a positive constant independent of T and t.

Note that with the convention above, the unique solution to the FBDSDE system (2.7) —
(2.8) can be written as (X;"*,Y;"*,Z""). Denote

ox;"
ox '’

a}/;T,ZL’
ox '’

Y

VX[ = o

VY, "= vz =
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Then (VY;"*,VZ]") is the unique solution to variational form of the BDSDE (2.8) (see [31])

Oz Y aZ

dg ag dg E /
X’Tﬁl} Y’T’E ZTI Z’T'E
+/t (8 \Y +8Yv aZV )d \Y% dWs.

In addition, the random field {Zt”” e, T,z ERd} has an a.s. continuous version
ZDT =Y N(VX]) e (X)), ZDT=VY "0 (2). (2.10)
The following Lemma follows directly from Proposition 2.1 and Lemma 2.1.

LEMMA 2.2.  Assume that p€C?, f€C?, geC} and ¢ €C. Then there exists C>0 such
that

E[(VY," =VY") ] <C(t—1), E[(VZ]"-VZI")?<CO(t—1), 0<7<t<T.
Moreover,

E sup |[VY,"* <oo0.
0<t<T
3. FBDSDEs and optimal filtering
In this section, we show that the solution of an optimal filtering problem can be obtained
by solving a FBDSDE system. To this end, we first prove a Feynman-Kac type formula
in the form of the first FBDSDE system defined in (2.6) without the deterministic integral
f(t,X:,Y:, Z¢)dt. Then we derive a FBDSDE system which is the adjoint of the FBDSDE
system in the Feynman Kac formula and prove that its solution provides an unnormalized
filtering density sought in the optimal filtering problem defined in Section 3.3. For simplicity
of exposition, we only discuss the one dimensional case with d=1 and [ =1. The methodology
developed can be easily applied to multi-dimensional cases.

3.1. Feynman-Kac type formula for optimal filtering. For 7€[0,7] and r€RY,
consider the following FBDSDE system on the probability space (£2,F,P)

dXt :/,Lt(Xt)dt—f—O'tdWh TStST (SDE)
Ot
XTZ.l‘, YT:¢(XT),

where 07 = p? + 2, and pu, p, p, h are the functions appearing in the optimal filtering problem
(2.1). Here W; is the same Brownian motion as in the nonlinear filtering problem (2.1), while
V; is the measurement process which becomes a standard Brownian motion independent of W,
under the induced probability measure P defined by (2.4). Then X; is a 7"V adapted stochastic
process and the pair (Y3, Z;) is adapted to FV \/}'XT. For any single-variable function f= f(x),
we denote f':= di and f"= dﬁ

Next, we show that the FBDSDE system (3.1) provides the Feynman-Kac formula in the
optimal filtering context. But first we state a couple of remarks.

REMARK 3.1. Without the observation V;, the BDSDE in (3.1) is reduced to a simple BSDE,
whose exact solution is given by

Y ()= Elp(Xr)|FV (1), X(r)=a], t=7.
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Thus
Y(r)=E[¢(X7)|X (1) =]
which is the standard Feynman-Kac formula.

REMARK 3.2. On the other hand, when the observation V; does exist, the coefficient of dV;

in (3.1) resembles the coefficient of multiplicative noise term in the Zakai equation [34] with

f—: in the BSDEs being replaced by Vu; in the Zakai equation.

THEOREM 3.1. Assume that ¢ is bounded, it,pt,pr €Cp(R;R) and heC?(R;R). Then,
V7 €[0,T] and x €R? the following equality holds a.s.

Y1 =Ef[o(Ur)Q7], with EZ[]:=E[F}r,U.=x]. (3.2)

In order to prove Theorem 3.1 , we first introduce a regularity lemma as follows.

LEMMA 3.1.  Assume that py and oy are bounded and h € CE (R;R). Then for any0<s<t<T,
there exists a positive constant C independent of s and t such that

E[(h(Xe) = h(X)?|Fr] <C(t-s). (3.3)
Proof. The application of Itd’s formula to h(X;) results in

h(Xt)_h(Xs)Jr/: <ur(Xr)h’(Xr)+Ujh”(Xr)> dr+/:arh’(xr)dwr,

and hence
o -nc?=( | t (1 o)+ 006 Y ars [ tarh%XT)dWT)z. (3.4

Taking expectation | of (3.4) gives

" t 2 2 ~ t
E[(h(Xt)—h(Xs))z} =E {(/ (MT(XT)h'(XT)—i—%h”(X,«))dr) } +E [/ (arh’(XT))zdr} .
The inequality (3.3) then follows immediately from the assumptions of the lemma. |

With Proposition 2.1, Lemma 2.1 and Lemma 3.1, we are ready to prove Theorem 3.1.

Proof. (Proof of Theorem 3.1.) We prove the statement (3.2) for 7=0 only, the general
case follows from the 7 =0 case trivially. It is straightforward to verify that under assumptions
in Theorem 3.1, all the assumptions of Proposition 2.1, and Lemmas 2.1 and 3.1 are fulfilled.
Since Y% and Z7* are functions of x, we write Y,"* =Y, (z) and Z"* = Z,(x) in the sequel.

Let 0=tg<t; <ty--- <ty =T be a uniform partition of [0,T] with ¢,41 —t,=T/N:=At
and define

An = Eg [Qtn+1 Y;5n+1 (Utn+1 ) - Qtn S/tn (Utn )]

It follows immediately that

N-1

E3[6(Ur)Qr —Yo(x)] = Y A,

n=0
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Denote P, :=P(-|Uy=x). To prove (3.2) it suffices to verify that

N~>oo

0in £(Q,P,). (3.5)

liMf

For each n>0, let Uy, be the state in (2.1) at time step ¢, and consider the FBDSDE
system (3.1) on [t,,t,+1] with initial condition Uy, :

dXtZ,ut(Xt)dt—FO'tth,
d}Q—thWtJr( (Xo)Y;+ = Zt> av., (3.6)
th = Utn ’ }/tn#»l = }/t71+1 (th+1 )’

where the notation Xt is introduced to emphasize the initial condition th =U,, , which in-
corporates the state process U; into the FBDSDE system and gives us the identity Y;, (U, ) =
Y;, (X;,). However, despite the equality of U;, and X;,, from the definition of U; in (2.1)
and X, in (3.6), we still observe that there’s a difference between Ui, ., and th” which is
described as the following

R tnt1 tnt1 tnt1 1
Utn+1 :th+1+/t pdes_/t Udes+/t ps (dVs —h(U, )d3)+Rn+

where R}“ :ftt"“ ,uS(US)ds—f:"“,uS (Xs)ds. To simplify presentation, for any process 1)y
we write ¢, :=1);(X;) throughout the rest of this proof and let 7,1 =Us, s —thH be the

difference of Uy, , and th 41+ Then the above equation becomes
tnt1 tni1 tn41
st :/ psdW, — ade5+/ ps (AVs —h(Us)ds) + R (3.7)
tn tn tn
Applying the Taylor expansion to Y;,,, we have that
n+1 (Utn+1) }/tn#»l +Y;tn+1 Nn+1+ QY;,LJA (777’L+1)2 +€n+1> (38)

where £, 1 is the Taylor remainder such that EZ[(&,11)?] < C (At)3. To deal with the expansion
terms in (3.8) caused by the difference between Uy, , and X} we rewrite the expression for
A,, as

n41 n41)

A =5 [QtrsVius Ur) = Qo Vi, + Q1 Vi = Q1 Y2, (U]

=E5 [(Qus ~Q0) Voo | 42 [Qu, (Vo0 — Y2, 0]
@) (i1)

. 1
+Eq l:Qtn+1 ( tn+177”+1+2)/tn+1 (77n+1)2+€n+1>:|- (39)

(iii)

The rest of this proof can be divided into two parts. The first part is to estimate terms (i),
(ii) and (iii) in (3.9) one by one and try to split A,, into several terms without Y derivatives.
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Then, in the second part, we prove that the derived terms in A, from the first part will
converge to 0 in £! after the summation from 0 to N — 1.

Part I.
(i) Write hy =h(U;) and hy = h(X;), and applying Ito’s formula to Q;, we obtain

~ t"+1 ~
Eg (Qtn+1 _Qt'rL)n7z+1:| :Eg |:/t hSQSd‘/S}/t,,H,l]

tni1 . R tnit1 R R
_EZ [ / thsdsttM] LED { / (he —h)QudVi Y, | -
tn t

n

(3.10)
Applying 1t6’s formula to function h yields
hy — h :h/(Utn) (/ prdWr+/ prdV, — ardWT> +O(AtL),
tn tn tn
and consequently with h;n :=h'(Uy,) we have
tnit . R
By | [ - h)QuaviTi,
tn
, tn+1 s S
—E2 {hthtnYtn(Utn) / v, ( / prdW, — / JTdWT)]
tn tn tn
, R tn+1 S s
+ES [htn (Qs=Qu,) (Vi Vi (T) / av; ( / prdW, - ardwr)]
tn tn tn
’ A t"+1 s 3
+85 |, QuTi [ [ mavia| o ((an?). (3.11)
tn tn

First noting that h;thnY}n (Utn)fti:”ldvs is independent of ft‘l pTdWT—ft‘i ordW,., we

have
, tn+1 S S
g5 [, v [ av ([ maw— [Cg.aw)| <o (3.12)
t tn tn

n

Second, it’s straightforward to verify that

Eg {h@n (Qs = Q1) (Yt+ —Ytn(Utn)) /:W v, (/tspTdWT —/:aTdWTﬂ ~0 ((At)%> .

! (3.13)
Putting (3.12) and (3.13) in (3.11), it follows from the regularity condition of p, that

e A O A ] N tny1 s
]Eg |:/ (hs _hs)Qststvthrl] :E8 |:hthtantn+1ﬁtn/ / d‘/’TdV'S:| +O ((At)%)
i tn tn
(3.14)
Define
, ~ tnt1 S
l/n::hthtni/tn+1[)tn/ / dV,.dV;. (3.15)
tn tn

Then by using the facts tt:'“ fti AV, dVe =L ((Vi,,, = Vi) — At) and hy, Q. Yi,,, b, is inde-
pendent of 1((V;,,, —Vi,)? — At) we have
N-1 N-1

’ ~ - 1 [e%e] . 7
Do vn= 3 b, Qu Yo Pt 5 (Ve = V2,)? = A1) =50 in £1(QE,). (3.16)
n=0 n=0
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In summary (3.10) and (3.14)—(3.16) together give the estimate of the term (i) in (3.9) as

Nl

(i) =E2 {[?LHBSQSdVSYth} FES[] +0 ()1, (3.17)

with Zﬁ[ OlEm[z/n] —0in £1(Q,P,) as N — oo,
(ii) Tt follows directly from the FBDSDE system (3.6) that term (ii) in (3.9) satisfies

tna1 tni1
(i) = B2 {Qtn/t ' stWS—Qtn/t : (ﬁ Y+psz>d(x7}

g

tny1 /| F IR
— _E {Qtn / (hY n ’)SZS> d‘VS} . (3.18)
tn Ts
(iii) Now, we are going to estimate the Taylor expansion terms in (3.9). By splitting term (iii)
n (3.9) and using the definition of 7,11 in (3.7) we obtain

’

(iii) = [Qth n+177n+1:| + = I[‘30 {Qtnﬂ y ;+1 (Mnt1) } +E§ [Qtn 1 Enti]

tnt1 tnt1 tnt1
[Qtn+1 trnt1 </ deWS - O—SdWS):| +EO |:Qt bl / deV:|
tn tn tn

(iii—1) (iii—2)

tn+1 7 tnt1
e I (X = A N R YN
(iii—3)
VB [Qun Vi R 4B [ Qe T ()] HEG [Qunba] . (319)
(iii—4) (iii—>5)
We next estimate terms (iii-1) — (iii-5).
Denote

N, ) Al ., 0zZm"
X = : Y = t Z = t

v Oz ’ VT oz ’ vz Oz

z=Uy,, z=Uy,, z=Ut,,

Then term (iii-1) can be written as

tnt1 tnt1 . -1
(ifi—1) =EZ [Qtw( . HVthH) < / ped W, — / adeS> (vxtw) } (3.20)
tn tn

By using the fact |(VX,, ,)~!|=1+O(At) and the variational equation (see [31])

. tnt1 /. R R R ‘5 R n+1 R
VY=Y, | VX + / (hSYSVXerhSVYS+OSVZS> dVSf/ V2, AW,
t s t
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we deduce that (3.20) becomes

tnt1

., N . tn41
(ili— 1) = EZ [Qtnﬂ (}Qnﬂ VX, - VYtn) ( / ped W, —
tn t”

R tni1 tnit
+E§ [QthVY}n (/ psdWy —/ O‘SdWS>:| +O((A¥)
tn tn

tn41 R tn41 tn41 3
=E§ [(Qtn/ VstWSHt,L) : (/ psdW, — anWSﬂ +0((At)?),
tn tn tn

where A\, =—Qy, jf:’“ (lAz;KVXb +hs VY, + g—:VZAS)d(VS + Qs VY;, is independent of

)

3

9

" ped W —j;t"“ osdW, and hence gives

t
).

tn41

tnt1
E§ |:)‘tn </ psdWy — O'SdW5>:| =0.
tn tn

As a consequence

tnt1 R tny tnt 5
(ili— 1) = E2 [Qtn / V2, dW,- ( / psdW, — / ades>] +O<(At)§)
t t tn

n

—E° {Qtnvzym : /t " (ps —Js)ds] +O ((At)%) . (3.21)

n

Let C represent a generic constant while the context is clear. By the definition of R}H,

it is straightforward to verify that
(ifi —4) =E2 [thif; " R;l{-&-l} <O(At)E. (3.22)

Applying Itd’s formula to @y, in term (iii-3) we obtain

~ tn+1 5 7 tn+1 5
(iii - 3) = [(Qw Q. [ psdvs] E [QY / pshsds}
tn tn
tnt1

trnt1 tnit ., ., ~
=Ep |:/ hSQSdVS/ ﬁSdVSYth] —E§ |:Qtn+1Ytn+1 pshsd5:|
tn t tn

n

tni1 tnt1 ~
<|E2 [ / ha(Qa—Qu,.1 )V, / pdvn]
tn tn
. tnt1 tnt1 tnt1
+ | [QWY;M ( / hedV, / pedV, — / ﬁshsds)H
tn tn tn
<C(AL)3. (3.23)

By using the definition of 1,41 in (3.7), we deduce that

1 . tnt1
(ii-5) =355 QT [ (ot -2 as] 0 ((807)

n

A 11 t”+1 3
=E§ {QtnYth/ (a?—psos)ds} +(’)((At)5),
tn
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As a simple corollary of the assertion (2.10), we have Yt 1Tt :VZtn+1 + O(At) and thus

(ifi— 5) = E2 {Qtnvzm /t " (05— ps)ds] +O ((At)%) . (3.24)

n

It then remains to estimate term (iii-2). Notice that due to equations (2.10) and (3.1) we
have Z, /o, =VY,(VX,)~!. Hence for any s € [t,,t,41] it holds

A1 s A~

tog1
tny1 / . R R p~r n+1
:f/ (h VX, by v, >d<x7 / VZ,dW, +O(At),

and therefore

tntr 5 ., tnt1
~Q., / L aVi=-Qu ¥, / 5V,
t tn

Os

n 7

tn41 tnt1 -~
_Qtn/ * ﬁs/ + (iL’TffTVXT—l—IAzTVYT-FZ’“VZAT) av,dv,
ty s .
tnt1 tna1
7Qtn/ + p;/ . VZATdWTd(VS+O((At)%>.
tn s

Since W and V are two independent Brownian motions,
tng1 tnt1 R
Ej |:Qtn / fs / VZT.dWTd‘VS}
tn s
tny1 n+1 ~ R .
=E§ |:Qtn/ ﬁs/ (VZTVZtn)dWTde} <C(At)z. (3.25)
tn s
As a result,
tntr 5
(iii —2) =Ef {Qt / '”‘Z av }
tn+1 tnt1 /. R R . ~ A ,
—Ej {Qt / / <th VX, + VY, + ”’“VZT) dVTd‘VS] +0((an?)

Or
tny1 5 n+1 n+1
=E§ {Qtn/ psst‘VS}E { / / av d‘V]HD( (At) *)
tn Os
(3.26)
where At =Qu, ity (e, Vi VX0, +he, F¥i #2252V, ) is independent  of
n+1

ft”“ S"“dv stfé( (Vipser = Vi, )2 —At). By an argument similar to (3.16), we ob-
tain

N—-1 B tni1 [ N ~
SE {)\tn / / dVTd‘V&} =800 in £1(Q,B,). (3.27)
n=0 tn s

Collecting estimates (3.21)—(3.24) and (3.26) into (3.19); then inserting (3.19), (3.17) and
(3.18) into (3.9) we finally obtain

tn41

tnt1 R R 5
A, —EZ { / heQudViYi, ., —Qu, / hY.dV, +yn] +O((At)§>
tn

tn
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—E§on] +E§ 8] + B [ya] + B3 o] + O (A0)}), (3.28)

where {v,,} is defined as in (3.15) and satisfies (3.16), and

awi= [ (@b Qu, ) Vi

n
tnt1

o= [ Qo (o Vi —he¥s) AV,

in

Tn = QtnYA;nJA (Etn - iltrz+l> '(V;fn+1 - Wn)

Part II.
In the second part of the proof, we show that ZN 1Em[o¢n]—>0 ZN 1E“"[ﬂn]—>0, and
SN EE[ya] = 0 in ,cl(Q P,) as N — oc.

First write o, = iy (1) —|—a(2) + 04(3) with

tn+1 R .
all) = / (Qs — Q1 )hsdVy Vi,
t

n

tnt1

o) = Qt, (hs by, AV -V,
tn
tnt1 . . R R
o= [ Qu(ho=he)aVe (Yo, — Y5, )
tn

Denote by E, the expectation with respect to P,, where P, :=P( -|[Uy =) is the induced prob-
ability measure. Noticing that V; =Y, (U, ) due to X;, =U;, given in (3.6), and that h; is a
bounded function, we apply It6’s formula to (Qs —Q:,) in o to get

N-1 n+1
EmlEg[Zag)]] [IE"” Z/ /hQrthdV Vi
n=0

[ tn+t1

ﬁ (Qr—Qy,)AVyhodV, Yy,

|

tn41

%Qtndmsdv; Yioir

N—-1
< CZ (A1) + ;)QMYW 5 ((Vtm Vi, )2 - At)
and from the fact that
N-1 B
Z QY. . ((th+1 —V;, )2 —At) =0 in £Y(Q,P,)
n=0
we have
N-1 N-1 _
> EF[efV]=E5[ D o] =0 in £1(Q,P,). (3.29)
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(2)

For oy, 7, we apply Itd’s formula to hg to get
tnt1 s ( ) s ~ ~
5lo@) =B [ Qu-( [ it T g [ itaw,) i av]
tn t tn
N (O
5[ @ Ti, [ faneh+ O garavi)
tn tn

Since p, oy, b’ and b’ are all bounded, we have
E,[[E5[«2]]] < CA?,

and consequently

N-1
> Ef[efP]—0in L1 (Q,P,). (3.30)
n=0

Moreover, it follows from Hoélder’s inequality, Lemma 2.1 and Lemma 3.1 that

tnt1

EL[E5 o)) =Ex |[E5[ | Qo (ha—ho,)dVi- (0 =72, )] ]

<(E.[(

tnt1 L

Q. (b= )aVe)]) " (Ba[(, ~72,)7))

tn

<CAH/?,
and hence
N—-1 _
> Ef[efP] -0 in £ (Q,P,). (3.31)
n=0

It follows immediately from (3.29), (3.30) and (3.31) that
> Eflan] =0 in £'(Q,P,). (3.32)

For the term 3, in (3.28), we have

trnt1

ﬂ" = Qtn ((iltn,+1 7}3’ ) tnt1 +h’ ( tnt1 7?9))dV9
tn
tn+1 R o tn+1 A N
= [ Qs —h )V dV o+ [ QY. —V2)dV,
tn tn
tnt1
+ Qtn htn+1 - dv ( n+1 - n)
tn
=80+ 8% + 85
with
tnt1 R R R
BO= [ Qi lhe,,, —ho)V,,dV,

tn
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( n41 _YA—S)de’

tn R R
5@ = [ Qv
tn
dv ( tnt1

tnt1
Qtn h/tn+1 -

Yi.)

B =

tn

Following similar approaches to estimate a( ) and a(g) we obtain

28] < CAL?, &, [[EE[BP]] < CALP?
and thus
N—-1

> EGBM] =0 in £1(Q,P,) Z]E”” ] =0 in LYQ,P,). (3.33)

1, 3.25), we get
B 2.)dV,)av |

n=0
From the BDSDE in (3.1), Proposition 2.1, Lemma 2.1, and (3

N-1 N-1
S E5l8Y) =3 B3
n=0 n=0
N—1 tni1 )
= Z Eg [ Qt, h
n=0 tn
N-1 tnt1 R tnt1
A B[ Q[ b - T+ (2, - 200V AV
n=0 tn s Oy
Taking conditional expectation E, of the absolute value of the above equation and using the
facts
fEx [(Ytn+1 - AT)2} < C(At)B? IEQ? [(ZAthA / )2] < C(At)37
N-1 tnt1 R tngr
B [ Quis(- [ TPl ]
n=0 s
N-1
<CE [ ZQt Ytn+1 2((‘/tn+1 71.)2_At)|:|7
n=0
and
Z QtnYth (Vi = Vi) = At) >0 in L1(Q,P,)
we obtain
N-1 N-1
SESBPI=E[Y 5] -0 in £1(,P,) (3.34)
n=0
(3.35)

EG[Y  Ba] =0 in £1(Q,P,)

N—-1
> Eg[Ba]=
n=0 n=0

The above relation (3.34), together with (3.33), gives
N-1
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It remains to estimate v,. Applying 1t6’s formula to h;, it’s easy to verify that
|E§ [t — e, ]| < CAR. (3.36)

he, is independent of Q;, Y;, (Vi Vi),

nt1 Vtn nt1 Vin

Eg ] = E§ Qe Vo, (b, = ht,) - (Vi = Vi)
FEG[Qu (Vous = Vi) (= i) - (Vi = Vi)
= E§[he, — o] B3 [QuYr, - (Ve — Vi)
FEE[Qu (Vo = Y1) (o =) (Vi = Vi)

Then, from estimate (3.36), Lemma 2.1, Lemma 3.1, we get

Since izt

]EI ['Egh’n]‘] < CAth’l’ HQtnYA;n : (‘/tn+1 _‘/tn> ]
+I~Em [|Qtn (Y;fnJrl _Y;fn) : (iLtn _Btn+1) : (‘/tn+1 - ‘/tn)”

<C(At) (3.37)
and therefore
N-1 N-1 )
> ESlml =B ynl = in L'(Q,P,). (3.38)
n=0 n=0

Finally with convergence results in (3.32), (3.35) and (3.38), the expression of A,, in (3.28)
gives us

N—-1 ~
> A,—0in £Y(Q,P,)

n=0
as desired. The proof is complete. ]

3.2. Adjoint FBDSDEs. In this subsection, we provide a different perspective to
consider the FBDSDE system. Specifically, we introduce the following FBDSDE system, in
which the “forward SDE” (2.7) goes backward and the “backward SDE” (2.8) goes forward

d?t:,ut(?t)dt—atdwt, OStST (SDE)
d?t—ug(i)ﬁdt7tdf/[_/t+<h(f§t)7t?Z) dV,, 0<t<r (BDSDE) (3.39)
X.=r, Yo=po(Xo),

where 0<7<T, ftT-df/I_/S is a backward Ito6 Integral and ftT~dVS is a standard forward Itd
integral. Write the solution to (3.39) as (??m,?fm,ifz) Then by inverting the time index
in the standard FBDSDE system, ?th isa ]-"t‘frfp adapted stochastic process and the solution
(7?,7{@) of the BDSDE in (3.39) is adapted to FJ%, v FY .

In most literatures about FBDSDES, the side condition of the solution “Y” is given at the
terminal time 7" and the propagation direction is from 7" to 0, which is similar to the Feynman-

Kac-type FBDSDE system (3.1). Although the adjoint relations for SPDEs are well-known,
not many discussions have occurred in relating an FBDSDE system to its adjoint time-inverse
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FBDSDE system. In what follows, we show that the solution 7t, which is initialized at the
side condition ¢t =0, is the adjoint stochastic process of Y; defined in the FBDSDE system (3.1),
and we denote by (-,-) the standard inner product in £2(R), i.e. for any functions ¢,7): R — R,

(,9) = [ ¢(2)¢(2)dw.
Before we present the adjoint theorem (Theorem 3.2) for FBDSDE systems, we first in-
troduce some regularity properties for u and o.

ASSUMPTION 3.1. For 0<s<t<T, functions u and o satisfy
() = ps (@) |+ |pi (@) — pi(2) | < Clt =], |or—os| <Clt—s],
where C' is a given positive constant independent of u, o, s and t.

Lemma 3.2 can be proved by using repeatedly the variational form of BDSDEs [31].

LEMMA 3.2. Assume that peCy, ¢€C3, heC} and every derivative of u, ¢ and h has

bounded support in R. Then for each m;=0,1,2 and m2=0,1,2,3, Yt(ml), 7§m2) have bounded
support and satisfy

[
R lo<t<T

THEOREM 3.2.  Assume that, in addition to Assumption 3.1, o is uniformly bounded, € Cy,
peCP, heC? and each derivative of i, ¢ and h has bounded support in R. Then the process

Ry := <Y},?t>, t€[0,7T] is a constant for almost all trajectories.

2 .
]dx<oo and /IE{ sup ’?§m2)
R

0<t<T

2] dz < o0. (3.40)

Similar to the notation used in Section 3.1, we denote ?t(m) ::7;“ and 7t(x) ::7?%. In
addition, for any non-negative integer m and function f=f(z), we write f("™) := %. It’s
worthy noting that a similar duality described in Theorem 3.2 also occurs in the FBSDE
(forward backward stochastic differential equation) systems. Actually, if we ignore the mea-
surement process V; in the optimal filtering problem, i.e. let V; =0, the optimal filtering-type
Feynman-Kac formula would become the classic Feynman-Kac formula, and both FBDSDE
systems (3.1) and (3.39) become FBSDE systems. Therefore, the following proof will lead to
the adjoint relation between FBSDEs by simply eliminating all the V; and V', terms. When
we put back the observation V; in the optimal filtering problem, the coefficient of observation
noise resembles the coefficient of the multiplicative noise in the Zakai equation.

Proof. (Proof of Theorem 3.2.) First notice that according to [31], R; has continuous
paths a.s.. Thus it suffices to show that Rs=R; a.s. for all s,t€[0,T]. For 0<s<t<T, let
s=tg<t;<---<ty=t be a temporal partition with uniform stepsize t,,+1 —t, = f% =At.

For simplification of notations, we denote
AV, =Vi .~ Ve, Yo=Yy, Zy=Z,. Yni=Yi. Zni=24,.
By Corollary 2.2 in [31], we have
Ya(a)=Y{", Ya@) =Yoo, Yea(Xpm)=y/r VX =Y,

tn+1/ 7 Ttny1?
Za@) =207, Zale) =207, Zon(X{D) =207, 2Kty =727

Denote conditional expectations

E[]:=E[FY], Ei[]=E[FY X, =a], E2[]=E[F X, =q.
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It follows from the definitions of E! and Eg that
ELlY]=Ya(e),  EiY.I=Y.@).

Without loss of generality suppose that At <sA (T —t) and define

S

Y, dr, 7 1 7rdr.

O:
At s—At

1 t+At

Yv=—
NTA,
For n=0,1,...,N —1, taking the conditional expectations E7 and EZH of temporal dis-
cretized approximations of the BDSDEs in (3.1) and (3.39). Specifically, we use the Euler
scheme to approximate both the deterministic and stochastic integrals under the above tem-
poral partition (see [6]) and derive

E? Vo] =E? [Vt |+ E? [ns1 Vo1 | AV, +E” [p bnt1 Znﬂ] AV, +R,, (3.41)

xr
tnt1

Ent[Y ] = Eph (Vo + Bo -7, V0] At
R [%nﬁl} AV, — B+ [5’57”} AV;, + Ra, (3.42)

where

%
Bt = h( X, ar=v, (X)), ha=h(X.),

n+1)?

and we denote R,, to be the truncation error from the Euler scheme approximation to Equation
(3.1), where
ftt p Pt
R, = (h(XS)YS + SZS) av, - (B2 w1 Yosr] AV, +E2 ["“ZM} AV,).
Os

tn trnt1

Similarly, the truncation error R, in approximating (3.39) is defined by

Ro= [ (R Pdst / (h(‘fs)?s - 52) av,
+Er [m?n] At—Er+ rﬁﬁn} AV, + EmH {Z?n] AV, .

The convergence results for the above scheme can be found in [6].

By the definition of expectations E! and E;"H,

Ep (o) =E[n(XE0)], B ) =E[u (X)), Ertt ] =E[a(Xen).

tny1

Multiplying (3.41) by EQ[?R] and (3.42) by E*"*1[Y,,11], then taking integral with respect to
dz, we obtain

(B2 ¥a) B2V 0]} = (B2 Vaa], B2V )+ (B2 (s Y], B2V ) AV,
+ <1E; {ﬁtnﬂznﬂ} ,E;[?n]> AV, (3.43)

Oty
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and

(B2 Y ) B2 Yol
—(Ezr ¥ B Vo) )+ (B34 [T, V0] B2 (Vo] A¢
+<EZH rﬁn7n],ﬂ§2 Vi1 >AVt <E”“ [pt 74 JErH n+1]>A‘ft . (3.44)

Subtraction of (3.44) from (3.43) results in

(B2 1Va) B2V ) = (B2 (Y i) B2 [Yaa])
= <Em vl E Vol = B2V )+ (B2 V) 2 Yot B2 Vo]
(iv)
+ (2 1 Yo, BV, ) AV, <E”“[h Y o] B Vi ]) AV,
(v)

+<E" ["’t““ zm] BT >Aw <iﬁz+1 {’”?] E n+1]>Avtn
Utn

Otpi1

(vi)

— (Bt [~ Y] B V] ) At (3.45)

In what follows, we prove that by taking the sum of Equation (3.45) from n=0 to n=N —1,
the right-hand side of the resulting equation converges to 0 as At— 0, which will lead to the
desired result of this theorem. To this end we estimate terms (iv), (v) and (vi) one by one.

(iv) By the definitions E;’ and E?, we have
B2 Y- BV, =E[Vu(2) - Va(Xp2)]
B2 [Yot1] ~ Bt [Voga] =E Y1 (X1 23) = Yo (2)].

It follows from It0’s formula that

7”(§§:+1‘m):7n($€)+/tn“ (_us(??“ x 7 ytnﬂ z s ?// yt"“ » )

tn

+/ﬂ+1 Y (Xtre)aly,, (3.46)

n

71+1

tni1
Vot (XE25) = Yaal) [ (X0 )Y (X2 + Oy (xtm))as
tn

tn+1
+ / oY (X d W, (3.47)
t

n

Taking conditional expectation E to Equations (3.46) and (3.47), we obtain

E;[?A—Ez“[?n]:—ﬁ[/tt"“(—us&zw7 Tyt O P ))as

n
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) [—un(%:*” Y f?t"“z Ut’ 7” f?t"“z ] At+ R,

[
E} [Yor] ~ B3 (Vo] =E [ [ ey e+ © @ sz;l(X;M))ds]
tn

2
=E {Nn(X::’z)YéH(Xtt:’w)‘*‘(Utg) YrilJrl(st’m)] At+ Ry,

where

ﬁn =—E |:/tnJrl (7ﬂs(§§"+l v ? ?thrl © S ?// ytrﬂrl x ) ]
tn
E |:—/,Ln(§i:+1 T ? ytnﬁ»l x O-tn 7// yi;Hrl @ :| . )

bnt1 tn,T / tn,T (08)2 " tn,T
Rn ::]E (ué(Xan )KH—I(XST“ )+ 2 KH‘I(XST“ ))dS
tn

2
B (X0 () + Tl ()

As a consequence

<IE” Vo], EP[Y 0] = E7H1Y ] >
_ _/E[YM(Xf )] (E[—un(?ﬁ:m V(e 4 (Ot) G Xtmiin)]. At—ﬁn)dx.

(3.48)
Similarly

(B2 [V B2 Vo) ~ B3 Y]

- AE[?n(yi:“’””)} (E[Mn(Xt” YL (XY (Ut;) Y/ (X )]~At+Rn)dx. (3.49)

Adding (3.48) to (3.49) we have that

(iv)= ( ’/RE{YnH(Xt o } [— i (X 0) P (X0 da
(ivo1)

+ [ B [T (Rl | Bl (Xf )Y (X))o ) -0

(iv_2)
N G PSSt
(iv_3)
+/RIE[7,,L(§§Z““)}E[(U;) Y/ (XE)]da ) At+R2, (3.50)

(iv—4)
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where R} = [ E[Y,,11( t ) ﬁ ndz+ [LE[ 7n(§§n“‘)]Rndm Again by using the It6’s for-

mula we obtaln

P =Py [ () P (i) + CL PO )
+ /t R

n

VUK =T i@ [ e PO + TP 0 Ky

n

tn
+ / Vo PO (Ktnn)dly,

tn

tnt1 2
pn (R4 =)+ [ (Rt (o) T (Foena
t

n

tn+1
[ o (Sreryali,
tn

Hence, the term E [, ( yt"“" ?’ yt"“'”)] on the right-hand side of (3.50) can be written
as E[un(yzzﬂ‘ 7 ?t )] = (2 )?'n(a:)—kfn(a:) with

L) =E [ (2)- /( (Kt 7;;(‘@“%ﬂﬂ@&gnw)ds
T T T R e
+/:+1 (= ps (Xt ) (Xt 4 (U;)Quii&i”“'”))ds

[ e P + PO K as

tn 2

t’”.
[ P () Pi(Ceas).
tn

As a result, the terms on the right-hand side of (3.50) can be rewritten as

(iv=1)= [ (Vor()a (@) V') o+ 11, (351)

(iv—2) :/R(7n 2)Y,, 1 (z))da+ H2, (3.52)
(iv—3)= /R Yoii(x (gc)dgc—&—f-l,?;7 (3.53)
(iv—4)= /R(“t Y, (2)Y, 1 (z)dz+ Hp, (3.54)

where

- {(Yn+1<x>+E[/:"“( (L (e + Ol v () as))) Te)

n
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tnt1 Os 2 9 .. ,
sl [ e + T e >>ds>1-un<x>7n<x>}dx,

n

2= [{E [ (R P+ T T ) ¥ o)
== [ {rosto) O [ (e PO R + TP O (Rt

n 2

n

ft Os ? " tn,T Oty 2 "
+E[/t (“S(X?L’I)YTQH(X?M)‘*‘( ) Yol (X ))ds)]( 2) ?n(x)

n

+E[/t n+1 (MS(X£7L7$)YT£+1(X§M£)+( ) YT{'JFI(X;@))dS)]

2
.Lt;)zﬁ[ /t o (—us(ﬁgwl,z)?gf)(?gnw) + %?;‘”(fﬂ"““))ds} }dx,
tnt1 5 " O't ) "
4 _ _ tnti,a tnta, JL tntlo -_— x x.
i= [ (o[ (o P + LR s Pel i o a

Integrating (3.51), (3.53) and (3.54) by parts, we obtain

(iv—1) / oz 7n(sc)d:c—/RYnH(x)u;(:E)?n(x)dx, (3.55)

(iv—3):/R(Jt2") Y,;H(x)?;(x)dx, (3.56)
v-a)=- [ LT @ @, (3.57)

Adding (3.51) to (3.52) and applying (3.55), gives
(iv=1)+ (iv=2) == | B 1 (X IB o (K V(X)) da

tr1)
L T e T
- /]R Ynﬂ(a;)u;(x)?n(x)de+Hg. (3.58)
Similarly, adding (3.53) to (3.54) and applying (3.56) and (3.57) yields

(iv—3)+(iv—4):—/RE[YnH(XtmI)]E[W7//(§§:+1’1)]dx

t+1 2 n

/ E[Y (X )E [ )YTQ’H(X’:"’””)]d
R

=H2+H,. (3.59)

In summary, inserting (3.58) and (3.59) into (3.50) gives
- / Yor ()il (2)Y (@) da) At + (H + H2 + HS + HY) At RE. (3.60)
R
We next estimate the term (v) in (3.45). From the definition of E? and Eg“, one has

(v)= 4E[h<x§:z;€>yn+1<xt:z;f>7n<x>]—E[h&i:“’ )Y o (X1 Yo (2)]d2 AV, (3.61)
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Applying Itd’s formula to h on time interval [t,,,t,+1] gives

oy, T fn tns@\ 1/ { YT (05)2 1 Nt
h(X;) ) =h(z)+ ps (X W (X ®) + =R (X ))ds
t

n

tn+1
+/ o (XY AW,;
t

n

h(X ) =h(z)+ / (R (Fereee) 4 Tl (Ko

n

tn
o[ (i
t

n

and thus
>7n<x>]
= (@) Y1 (@)Y (@) + Y o (2)-E[(R(X[7) ~ b)) Yii1 ()
+h($)(Yn+1(thﬁ) Yn+1($)) (h(thﬁ) h(m)(Yn+1( n+1)_Yn+1(x))]v

E[h(X,"" ) Ypyr (X"

tnt1

and

WX Y (XY ()]
_ h(:c)?n(x)YnH(x)JrYnH E[(R(X %)~ h(2)) ¥ (x)
DV WX =V (@) + (X ") — (@) (Vo (K 7) — ¥ ().

Consequently (3.61) becomes
(v)=GLAV,, (3.62)

where

= /R{?n(x)]E (h(X{; 20 = h(x)) Vi ()
+ (

h(x)(YnH(Xt ) =Yg (@) + (WX = () (Ve (X3075) =Yg (2))]

—Yop1(z)-E[(h( yt:i Y —h(x )?n (2)
x<? K0r0) T () 4 (T ) — h(w) (P (K0 ) - 7 o)) e

Finally, we consider the term (vi) in (3.45). From the relation between Z; and 6Yﬁ

n (2.10), we know that

given

8Yn+1(Xt" ) T
)= 775 (VX ) ey, 1

tna1

Znr (X"

tna1

7. (ginermy = 2ol ?wﬂ,wwﬂw

Therefore we have

(2122 2,0 B2 1) = B[ [ 20 2,0 (x052) 7 (0]

tnt1
O-tn+1 Utn+1
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:E[Aﬁt7L+1W'7 () (VXL

= t2y= 1dx]; (3.63)

<Eg+1['@n7n}7Eg+1[Ynﬂ]> [ o 7 yt HY Y (2 )dw}

Ot

n

~&[ [ —W"(?i:*”
- Rptn 8.13

Yygy (2) - (VX ) )7z, (364

Adding (3.63) and (3.64) together, we obtain

(vi)—(E[ [t Tt )V awdas | L CTARNS >dx}+G2)Avtn, (3.65)

where
oY, oy,
2 ~ n+1 tn,T trn,T 1 ~ n+1
G2 =B [ o T (X0 Vo) (VXL o [ 1 T @)V ()0
Y e e _ aY.
+1EU Ptn g ZT’ ) Yoqa(z Vyiff “lda - /pwl%(x)-YnH(z)dm]

Integration by parts gives

~ aYn 1 ~ a?n
[t T @)V stwhde == [ s T @) Vs (@)

and therefore

G2 <E"[at’”+1 Znial, EP Y] > <<1E"+1 P70 ]E”“[Yn+1]>. (3.66)

141

Collecting (3.60), (3.62) and (3.66), and putting into Equation (3.45) results in
(B2, B2V ) — (B2 Vo), B2 (V)
:(7/Yn+1(x)u;(:c)7n(x)dx)At+(H;+Hﬁ+Hf{+Hﬁ)At+R;ﬁ
R
+/ Bl (X1 )Y (X )Y (2)de At + G AV,
R
—H,At+ R +G,AV,, + F,At, (3.67)
where
H,=H)+H!+H:+H,, G,=G.,+G2
and

Fu= [ Yo @) (Bl (Ri ) F (R0 =, (0)F o)) o

Sum (3.67) from n=0 to n=N —1 to get

N-1
<1Egm]j§ 7> <EN7 ENYN]) = D (HaAl+ Ry + GuAVi, + FuAt). (3.68)

n=0
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From definitions of H,, , RZ, Gy, and F,, it’s straightforward to verify that E[(H,)?] < C(At)?,

no

E[(R%)?] < C(AH)*E[(G,)?] < C(At)? and E[(F),)?] < C(At). Therefore,

N-1

. xT J—
Jim > (H,At+ R +GnAV;, +F,At) =0, a.s..

Also, since lima;_0 Yy =Ys and lima;_.o Yy =Y;, we have
<Y37?8> = <K7?t>

as required. The proof is complete. ]

3.3. FBDSDEs and the optimal filtering problem. Now we are ready to show
that the solution ¥ of (3.39) solves the optimal filter problem.

THEOREM 3.3. Assume that the assumptions in Theorem 3.1 and Theorem 3.2 hold. Then
(Yr.0)=E[oUrQr|Ff],  voer=®Y).
Proof. By Theorem 3.2, one has

<7T,YT>=<7O,Y0>.

Since Y1 = ¢ as given in (3.1), 70 =po as given in (3.39) and Yy =E, [¢(UT)QT’}"¥} as proved
in Theorem 3.1, we have

(V1.6) = [ mo(@)Bulo(Ur)Qr|Ff .
R
Let ¢ be any bounded FY measurable random variable,
E. [<7T7¢> @} :/p0<x)sz[¢(UT)QT(P]dx'
R
It then follows from the fact that P, (-|Fx)=P(-|F) ), and definition of P

E [<7T7¢> @] =E[6(Ur)Qr¢],

which completes the proof. 0

REMARK 3.3. From (2.5), we can see that

E[¢(Ur)|Fy ] :T}"V}

(7o)
[Q:

Thus the solution 7T of the FBDSDE (3.39) indeed provides an unnormalized filtering density
for the optimal filtering problem.
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4. Closing remarks
In this paper, a Feynmann-Kac-type BDSDE formula for optimal filter problems and its

adjoint were derived. It was shown that the adjoint provides an unnormalized solution for the
optimal filter problem (BSDE filter). As our preliminary work has shown, the BSDE filter has
the potential to solve the optimal filter problem with more accuracy and less complexity than
traditional filter methods.

(1]
2]
(3]
(4]
(5]
(6]
(7]
(8]
[9]

[10]
(11]

(12]
(13]

(14]

[15]
[16]
[17]
18]
[19]
[20]
[21]
122
23]
[24]

[25]
[26]

F.

F.

REFERENCES

. Andrieu, A. Doucet, and R. Holenstein, Particle Markov chain Monte Carlo methods, J.R. Statist.

Soc. B, 72(3):269-342, 2010. 1

. Bao, Y. Cao, and X. Han, An implicit algorithm of solving nonlinear filtering problems, Comm.

Comput. Phys., 16:382-402, 2014. 1

. Bao, Y. Cao, X. Han, and J. Li, Efficient particle filtering for stochastic Korteweg-de Vries equations,

Stoch. Dyn., 17(2):1750008, 2017. 1

. Bao, Y. Cao, A. Meir, and W. Zhao, A first order fully discretized numerical algorithm for backward

doubly stochastic differential equations, SIAM/ASA J. Uncertain. Quantif., 4(1):413-445, 2016. 1

. Bao, Y. Cao, C. Webster, and G. Zhang, A hybrid sparse grid solution of Zakai equation for nonlinear

filtering problems, SIAM/ASA J. Uncertain. Quantif., 2(1):784-804, 2014. 1

. Bao, Y. Cao, and W. Zhao, Numerical solutions for forward backward doubly stochastic differential

equations and Zakai equations, Int. J. Uncertain. Quantif., 1(4):351-367, 2011. 2.2, 3.2, 3.2

. Bao, Y. Cao, and W. Zhao, A first order semi-discrete algorithm for backward doubly stochastic

differential equations, Discrete Contin. Dyn. Syst. Ser. B, 5(2):1297-1313, 2015. 1

Bao, Y. Cao, and W. Zhao, A backward doubly stochastic differential equation approach for nonlinear
filtering problems, Comm. Comput. Phys., 23(5):1573-1601, 2018. 1

Bao and V. Maroulas, Adaptive meshfree backward SDE filter, STAM J. Sci. Comput., 39(6):A2664—
A2683, 2017. 1

R.C. Bucy, Nonlinear filtering theory, IEEE Trans. Automat. Control, 10:198-199, 1965. 1
A.J. Chorin, M. Morzfeld, and X. Tu, Implicit particle filters for data assimilation, Commun. Appl.

Math. Comput. Sci., 5(2):221-240, 2010. 1

D. Crisan, Ezact rates of convergence for a branching particle approzimation to the solution of the Zakai

equation, Ann. Probab., 31(2):693-718, 2003. 1

D. Crisan and B. Rozovski, The Ozford Handbook of Nonlinear Filtering, Oxford University Press, 2011.

1

A. Doucet and A.M. Johansen, A tutorial on particle filtering and smoothing: Fifteen years later, in

D. Crisan and B. Rozovski (eds.), The Oxford Handbook of Nonlinear Filtering, Oxford University
Press, 2011. 1

J. Dunik, M. Simandl, and O. Straka, Unscented Kalman filter: aspects and adaptive setting of scaling

parameter, IEEE Trans. Automat. Control, 57(9):2411-2416, 2012. 1

1.V. Girsanov, On transforming a class of stochastic processes by absolutely continuous substitution of

E.

measures, Teor. Verojatnost. i Primenen., 5:314-330, 1960. 2.1
Gobet, G. Pages, H. Pham, and J. Printems, Discretization and simulation of the Zakai equation,
SIAM J. Numer. Anal., 44(6):2505-2538 (electronic), 2006. 1

N.J. Gordon, D.J. Salmond, and A.F.M. Smith, Novel approach to nonlinear/non-Gaussian Bayesian

state estimation, IEEE Proc.-F, 140(2):107-113, 1993. 1

Y. Hu, G. Kallianpur, and J. Xiong, An approximation for the Zakai equation, Appl. Math. Optim.,

45(1):23-44, 2002. 1

S.J. Julier and J.J. LaViola, On Kalman filtering with nonlinear equality constraints, IEEE Trans. Signal

Process., 55(6):2774-2784, 2007. 1

G. Kallianpur and C. Striebel, Estimation of stochastic systems: Arbitrary system process with additive

white noise observation errors, Ann. Math. Statist., 39:785-801, 1968. 2.1

G. Kallianpur and C. Striebel, Stochastic differential equations occurring in the estimation of continuous

parameter stochastic processes, Teor. Verojatnost. i Primenen, 14:597-622, 1969. 1, 2.1

R.E. Kalman and R.S. Bucy, New results in linear filtering and prediction theory, Trans. ASME Ser. D.J.

Basic Engrg., 83:95-108, 1961. 1

K. Kang, V. Maroulas, 1. Schizas, and F. Bao, Improved distributed particle filters for tracking in a

wireless sensor network, Comput. Stat. Data Anal., 117:90-108, 2018. 1

H.J. Kushner, Dynamical equations for optimal nonlinear filtering, J. Diff. Eqgs., 2:179-190, 1967. 1
G.N. Milstein and M.V. Tretyakov, Monte Carlo methods for backward equations in nonlinear filtering,

Adv. Appl. Probab., 41(1):63-100, 2009. 1


https://doi.org/10.1111/j.1467-9868.2009.00736.x
https://doi.org/10.4208/cicp.180313.130214a
https://doi.org/10.1142/S0219493717500083
https://epubs.siam.org/doi/abs/10.1137/14095546X
https://doi.org/10.1137/140952910
https://mathscinet.ams.org/mathscinet-getitem?mr=2862305
https://www.onacademic.com/detail/journal_1000037672401110_8db5.html
https://global-sci.org/intro/article_detail/cicp/11227.html
https://doi.org/10.1137/16M1100277
https://doi.org/10.1137/16M1100277
https://ui.adsabs.harvard.edu/abs/2010arXiv1005.4002C/abstract
https://www.jstor.org/stable/3481658
https://global.oup.com/academic/product/the-oxford-handbook-of-nonlinear-filtering-9780199532902?cc=us&lang=en&
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.157.772
https://ieeexplore.ieee.org/document/6155073
https://mathscinet.ams.org/mathscinet-getitem?mr=133152
https://doi.org/10.1137/050623140
https://ieeexplore.ieee.org/document/210672
https://link.springer.com/article/10.1007/s00245-001-0024-8
https://ieeexplore.ieee.org/document/4203082
https://www.onacademic.com/detail/journal_1000039768111810_6091.html
https://mathscinet.ams.org/mathscinet-getitem?mr=264780
https://www.onacademic.com/detail/journal_1000038177672310_0661.html
https://doi.org/10.1016/j.csda.2017.07.009
https://doi.org/10.1016/0022-0396(67)90023-X
https://doi.org/10.1239/aap/1240319577

BAO, CAO, AND HAN 661

[27] M. Morzfeld, X. Tu, E. Atkins, and A.J. Chorin, A random map implementation of implicit filters, J.
Comput. Phys., 231(4):2049-2066, 2012. 1

[28] B. Qksendal, Stochastic Differential Equations: An Introduction with Applications, Sixth Edition, Uni-
versitext. Springer-Verlag, Berlin, 2003. 2.1

[29] E. Pardoux, Stochastic particle differential equations and filtering of diffusion processes, Stochastics,
3:127-167, 1979. 1

[30] E. Pardoux and P. Protter, A two-sided stochastic integral and its calculus, Probab. Theory Relat. Fields,
76(1):15-49, 1987. 2.2

[31] E. Pardoux and S. Ge Peng, Backward doubly stochastic differential equations and systems of quasilinear
SPDEs, Probab. Theory Relat. Fields, 98(2):209-227, 1994. 1, 2.2, 2.2, 2.2, 3.1, 3.2, 3.2

[32] A.N. Shiryaev, On stochastic equations in the theory of conditional Markov processes, Theor. Probab.
Appl., 11:179-184, 1966. 1

[33] R.I. Stratonovich, Conditional Markov processes, Theor. Probab. Appl., 5:156-178, 1960. 1

[34] M. Zakai, On the optimal filtering of diffusion processes, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete,
11:230-243, 1969. 1, 2.1, 3.2


https://doi.org/10.1016/j.jcp.2011.11.022
https://link.springer.com/book/10.1007/978-3-662-03185-8
https://mathscinet.ams.org/mathscinet-getitem?mr=553909
https://link.springer.com/article/10.1007%2FBF00390274
https://mathscinet.ams.org/mathscinet-getitem?mr=1258986
https://www.onacademic.com/detail/journal_1000035594235410_cde9.html
https://doi.org/10.1137/1105015
https://link.springer.com/article/10.1007/BF00536382

