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EXISTENCE OF LARGE SOLUTIONS TO
THE LANDAU-LIFSHITZ-BLOCH EQUATION*

KAMEL HAMDACHE! AND DJAMILA HAMROUNY

Abstract. In this work we discuss existence of solutions of the Landau-Lifshitz-Bloch equation
describing the dynamics of the magnetization for the whole range of the temperature. By using energy
method we prove global existence of strong solutions for given initial data, existence of time-periodic
solutions as well as existence of steady state solutions of the equation.
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1. Introduction

A macroscopic description of the dynamics of the magnetization of ferromagnets at
low temperature as well as at elevated temperature is described by the Landau-Lifshitz-
Bloch (LLB) equation. This equation interpolates between the Landau-Lifshitz (LL)
equation which is valid for temperatures below the Curie point 6. and the Bloch equation
when the temperatures exceed .. (LLB) equation involves the longitudinal variation
of the magnetization so the magnetization length is not conserved as in (LL) equation.
The (LLB) model, first introduced in [8], has been discussed from the physical point of
view in many recent papers, see [13,17] for example, this growing interest is sparked by
the many applications of the model which concern among others, the magnetic write
head and the recording medium.

To state the equations of this model, we consider an open bounded domain D C R?
which is simply connected and regular with boundary I' and we denote v the unit
outward normal to I'. Let T'>0 be a fixed final time, we set Dy =(0,T7") x D and
I't=(0,T)xT. The (LLB) equation, satisfied by the magnetization m = (my,msa,ms),
takes the form

Oym=—v (m X Hup +agrw(m) x (w(m) x Hyp) — oy (w(m) 'Hllb)w(m)> in D, (1.1)

where the effective magnetic field Hy;, is given, see [8] for example, by

~

'Hllb:aﬁmﬂLH*ﬁ*C(m)a (1.2)

Xtr

and w(m)= fm7- Of course Equation (1.1) makes sense as long as m#0. The demagne-
tizing field H = (Hy,Ho, H3) satisfies the magnetostatic equations

div(H4+m)=F, H=V¢ in Dy, (1.3)
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488 SOLUTIONS TO THE LLB EQUATION

m=(m1,ms2,0) is related to the anisotropic energy and {(m) is the internal exchange
term defined according to the temperature 6 by

LY L for 0<6<0
C(m): Cl(m) o 21Xl( mg )m7 orso=rte (14)
Ca(m): (w|m>+1)m, for 6>6,.

Y
Equations (1.1) and (1.3) are completed with the following boundary and initial condi-
tions

Vm-v=0, (H+m)-v=0 onlrp, (1.5
m(0)=mg in D.

=2
= =

Problem (1.1)-(1.3)-(1.5)-(1.6) will be labeled (P), without distinction between the cases
below or above the Curie temperature 6. In this problem, |.| and x denote respectively
the Euclidean norm and the cross product in R3, ¢ is the magnetic potential and v >0
is the gyromagnetic parameter. Without loss of generality we set in the sequel y=1 and
other physical parameters which are not relevant to our work are also equated to 1 like
a and m.. The significant parameters are p, X, X1 >0 together with the transverse
and longitudinal damping parameters oy, and «g, given for fixed temperature by the
laws, see [8],

20 20

37967 al:A?)ieca (17)

O ) A1 x(6)

Qtr = )‘X(e) (1 - 30

where A >0 is a physical parameter that we take equal to 1 and x is the function defined
by x(0)=1if 0<0<6. and x(0)=0 if § >0.. This means that

0 20 )
- =(1— 390), = 30, if0<6<0,,
= 20 if >0
Aty =) = 3067 c-
We define the parameter 3 by
B=a —oau, (1.8)
so that
ﬁ:(l—g)>0, for 0<6<4,, and (=0, for0>40.. (1.9)
Using the relation
Hup = Hup-w(m))w(m) —w(m) x (w(m) x Hyp), (1.10)

the magnetization Equation (1.1) can be rewritten as
Oem — agy Hyp = —m X Hup — B(Hup - w(m)) w(m), (1.11)
or equivalently as follows, observing that (w(m)-{(m))w(m)=_(m)

Om — agr Am—+m x Am~+ «a;{(m)+ (w(m) - Am)w(m) =
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atr(H—E)—mx(H—E)—B(w(my([{—%))w(m). (1.12)

We notice that for 6 > 6., since 3=0 the (LLB) equation reduces to

Om — o Am~+m x Am+ o ¢(m) = oy (H — ﬁ) —mx (H — ﬁ), (1.13)

Xtr Xtr
which is well defined even if m =0. Moreover this equation contains the term m x Am
which appears in the (LL) equation and the terms m x H and Am which are in the

Bloch-Torrey equation used in the theory of ferrofluid flows, see [13,14] for example.

The (LL) equation is well understood since the pioneering work by Alouges-Soyeur
[1] where the global existence of weak solutions is proved as well as nonuniqueness
of the solutions. Regularity results on the solutions were obtained by Carbou [2] and
Carbou-Fabrie [3] and recently by Feischt and Tran [6]. A generalization called Landau-
Lifshitz-Maxwell equation was discussed in Ding-Guo-Lin-Zeng [4] and Dumas-Sueur [5].
Finally Hubert [10] proved in particular the existence of time-periodic solutions to (LL)
equation. We also quote the book of Guo-Ding [9] for useful presentation and results
on the (LL) equation.

The study of (LLB) equation in its deterministic form is very recent, so the literature
on this subject is not abundant. In [12], the author considered the model (1.13) in the
absence of both the magnetic field H and the anisotropy field X%ﬁl She proved by
using Galerkin approximation, the existence of global weak solutions.

An interesting question that arises is the following. Since the (LLB) equation is
built by interpolating between the (LL) equation and the Bloch equation, what should
be the asymptotic behaviors of the (LLB) equation when § — 0 and when § — 4o00. It is
expected to get (LL) equation when # — 0 and Bloch equation when 6 — +oc0 see [18,19],
the rigorous proofs being open.

To conclude this paragraph, we mention that we will consider also the existence of
time-periodic solutions as well as the existence of steady state solutions, assuming the
source term F first time-periodic then time independent. The periodic problem named
(Pper) is defined by the Equations (1.1)-(1.3)-(1.5) with the periodicity condition

m(0)=m(T), (1.14)
and the stationary problem (S) is stated as follows
— oy Hup +m X Hup + B(Hup-w(m))w(m)=0 inD, Vm-v=0 on T,
div(H+m)=F, H=Vy¢ inD, (H+m)-v=0 onI. (1.15)

2. Main results

To start, let us precise the functional framework and the notations used in this
work. We will employ the standard notations for the Lebesgue spaces LP(D) and Sobolev
spaces H*(D),W*P(D) of real-valued functions and we introduce the notations LP(D) =
(LP(D))3, H*(D)=(H*(D))? and W*?(D)=(W*P?(D))? for vectorial fields functional
spaces. |||l and (;) denote respectively the norm and scalar product of L?(D) and
L2(D) whereas || - ||, denotes the norm in the other LP(D) and LP(D) spaces. To deal
with the magnetostatic equation, we define the spaces

L3(D) = {w e L*(D); /D (x) dz=0},

H}(D)=H"(D)NLA(D),
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where L7(D) is equipped with the L*- norm and Hj (D) with the L?- norm of the
gradient, since by Poincaré-Wirtinger inequality, there exists C'>0 depending on D
such that

Il <CIVel, Ve H (D). (2.1)

More generally, if V' is a Banach space, we denote its norm by || ||y and the bracket
notation (-;-)ysxy (or simply (-;-) if no confusion arises) will be reserved for pairings
between V' and its dual V.

In the sequel C'>0 denotes various constants which depend on the domain D and
the physical parameters appearing in the equations. Sometimes we denote by C7 or
C(T,..) positive constants depending in addition on the terms indicated as subscripts
or arguments.

To simplify the presentation of our results, we introduce further notations. Let the
nonlinear partial differential operator A” be defined by

AP=A+pBP,
A(m) ==z Am+m x Am+ o ¢(m),
P(m)=(w(m)-Am)w(m), (2.2)
and we set
L’ =L-BK,
m m
L(im,H)=0oy,(H— —mx(H— ,
( ) ! ( Xtr ) ( Xtr )
m
Ko, )= (oom) (17— ) woom) (23)
so that the magnetization Equation (1.12) writes as
om+AP(m)=L’(m,H) in Dr. (2.4)

The superscript is relative to the parameter /3 of the equation so that A°=A and £°=1L
correspond to the elevated temperature case 6 >0..

Let m € H!(D) be such that Am €L?(D) and Vm-v=0 on I then for all ® € H(D)
we can write

/ AP (m)-®dz=(BP(m),®), (2.5)
D
where operator B(m) is defined by
(Bﬁ(m),@>:atr/ Vm.V<I>dx+/ (mx Am+ oy¢(m)+BP(m)) - ®dz. (2.6)
D D

Note that the linear form B?(m) is well defined and continuous on H!(D) because of
the Sobolev embedding H'(D) C L°(D), that is to say B?(m) € (H'(D))’.

Finally to express the energy estimates satisfied by any solution of our problem, we
set £:=&(m,H) with

H2 (@2 Iml?+]||[Im? -1|
E(m,H)= At X (2.7)
HIZ 172 2 4
P L O L S L e L T

2 Xtr X1
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As already mentioned, the magnetization m may vanish, so the meaning of the
magnetization equation should be clarified. It actually makes sense when 6 >0, since
in this case #=0 so the terms involving the undefined function w(m) disappear and the
equation simplifies into Equation (1.13). However when 6 <6, in order to avoid the
indetermination when |m(t,z)|=0, we will replace the magnetization equation by the
following one

~

|2 (0sm+ A(m)) + B (m- Am)m=|m|> L(m, H) — Bm- (H — :‘
tr

ym in Dp, (2.8)

see (2.2) and (2.3) for the definitions of A(m) and L(m,H). This equation will be
completed in case of problem (P) by the following boundary and initial conditions

m’Vm-v=0 on Tr, |m(0)[*m(0)=|mo|*me in D, (2.9)

and we notice that the problem at hand is equivalent to the initial one as long as
|m(t,x)| #0. Of course the same transformation will be operated in case of time-periodic
and steady problems.

Now we are in the position to define the solutions of our problems and formulate
the main results of this paper.

DEFINITION 2.1.  We say that (m,H) is a global solution of problem (P) if for all
T>0,

meC([0,T|;H' (D))NL*(0,T;H* (D)), dyme L*(0,T;L%*(D)),
Hec(0,ThH'(D)), (2.10)
and (m,H) satisfies almost everywhere the equations (1.13)-(1.3)-(1.5)-(1.6) for 6 >0,
and (2.8)-(1.3)-(2.9) for 0<6<0,.

This definition would be adapted to the time-periodic as well as for the stationary
problems.

THEOREM 2.1.  Assume that mo € H'(D) and FGC([O,T];L?(D)). Then problem (P)
admits a global-in-time solution (m,H). Moreover there exists C' >0 such that for all
t€[0,T], the following estimates hold

t
I ()2 +2az/0 E(s)ds < mo* +C(x(O)T + || FIlZ2(p,)),

t
IIVm(t)IIQHIH(t)II%m(D)+az/O 1Am(s)II*ds < C(X(O)T +lmolls by + I F 122 (0.,

the energy £ being defined by (2.7).

THEOREM 2.2. Assume that F is time-periodic with period T >0 and F €
C([O,T];Lﬁ(D)), Then there exists a time-periodic solution (m,H) with period T of
problem (Pper) satisfying the regularity (2.10). Moreover there exists C,Cr >0 such
that

Im@)* +H (®)* < CrC(x(O)T + | Fll12(p,.)), VEE0,T],

/0 (E@ +[AmB) +H () [fn (p)) dt < COXOT + I FllE2(p,)):
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where Cp=(2— 6_%T)(1 - e_%T)*l.
THEOREM 2.3.  Let F€ L{(D). There exists a solution (m,H)€H?(D)xH"(D) of
the stationary problem (S) satisfying

Il oy + IH [ oy + 1 Am |22 ) < COx(0) + [ F1%)- (2.11)

We observe that all the estimates of the solutions simplify in the case 6 > 6. since x(0) =
0. Moreover if F'€ L?(R*; L?(D)), then the global solutions of the initial boundary value
problem (P) remain bounded for all time by the norms of the data mg and F.

Theorem 2.1 extends the results obtained in [12] for the case 6 > 0., since in solving
the problem, we have taken into account the magnetic field H as well as the contribution
of the anisotropic field m. Moreover we have improved the solution’s regularity. The
question of existence of periodic solutions has been discussed for the problem of (LL),
see for instance the work already mentioned [10] in which the author considered that
the ferromagnetic particles are small and used operator theory and spectral analysis.
But, to the best of our knowledge, there is no result available in the literature for the
problem of (LLB), so we provide an answer to this question by proving Theorem 2.2.
The methods used to prove Theorems 2.1 and 2.2 also allow to establish the existence
of stationary solutions for problem (S).

The rest of the paper is organized as follows. In Section 3, we prove some preliminary
results and the formal energy estimates for the problems. In Section 4, we prove the
global existence of solutions (m,H) of problem (P) at any temperature. The proof
is based on the energy method, regularization and approximations and regarding the
difficulties of the problem, it will be done in several steps, all being clearly justified.
In section 5, we are interested in the existence of periodic solutions. We rely on the
Galerkin approximation obtained previously and using Brouwer’s fixed-point theorem,
we get approximated time-periodic solutions. Then we conclude following globally the
same procedure as in the proof of Theorem 2.1, so we will avoid the fastidious details.
Section 6 is devoted to the stationary problem (S§), existence of solutions is proved
applying energy method and a fixed-point theorem.

3. Preliminary results and formal energy estimates
We give some results that will be needed later. We start by reviewing some properties
satisfied by the solution of the magnetostatic equations.

3.1. The magnetostatic equations.  Let Fe L3(D) and meH' (D) be fixed
and let p € Hﬁ1 (D)NH?(D) be the unique solution of the problem

Vo=H,div(H+m)=F inD, (H+m)-v=0 onT. (3.1
Multiplying this equation by ¢ and integrating by parts, we get the identity
HH||2:—/ H-md:v—/ Fdz, (3.2)
D D
and since the Poincaré-Wirtinger inequality (2.1) leads to
[ Pedsi<cim, (33)

we easily get the estimate

[H[ < C((lmll+F1)- (3.4)
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We observe that using Young’s inequality, we deduce from (3.3) the following bound of
Jp Fpda which will be useful later

1
[ Foda|< S IHIE+C@) P2, (35)

taking any arbitrary constant d >0. Next we write the equation (3.1) in the form
Ap=—divm+F inD, Ve-v=—m-v onl, (3.6)

and apply elliptic regularity results. Since divm € L?(D) and m-v € HY/?(T), then p €
H?(D) and

lellz2(py < C(Imllw o)y + 1 F1]),
which means that
[1H I (py < C (Imlg oy + |1 F])- (3.7)
In particular the linear mapping
H:(m,F)— H (3.8)

is continuous from L?(D) x LF(D) to L*(D) and from H'(D) x L(D) to H'(D).
Similarly if m € C([0,T);H" (D)) and FeC([0,T];L;(D)), then there exists a unique so-
lution ¢ G(Z'([(),T];Hﬁ1 (D)NH?(D)) satisfying

div(Vo+m)=FinDr, (Ve+m)-v=0 onTr. (3.9)
Furthermore H =V fulfills for p=2 and p= oo the following estimates
| H || r0,7:.2(D)) < C (M|l e 0,702 (D)) + 1 F |l e 0,7:22 (D)) s (3.10)
IH | £r 0,751 (D)) < C (Ml Lo 0,75 () + | FllLe0,7522(D)) ) (3.11)
and the mapping H is continuous from L?(0,T;L*(D) x L3(D)) into L?(Dr) and from
L2(0,T;H' (D) x L3(D)) into L*(0,T;H!(D)).

3.2. The magnetization equation.  Let FGLﬁQ(D)7 m be a regular function
such that w(m) is well defined and H = V¢ the solution of problem (3.1). We consider
the operator £°(m, H) defined by (2.3). We easily see that the following estimate holds
true

127 (m, H) +mox H|[* < C(|H|* + ||| + |[m][3), (3.12)

and using (3.2) to express the term [, H-mdx, we get the identity
1.
/ L3 (m,H) -mdr=—oy(— ||m||2+||H||2+/ Fdz). (3.13)
D Xtr D

Next we assume also that Vm-v=0 on I and we consider operator B? defined by (2.6).
The identity (w(m)-Am)-m=Am-m allows to write

(Bﬁ(m),m):atr||VmH2—al/DC(m)-mdm—ﬁ/DAm-mdx,
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and using Green’s formula in the last integral, we arrive at
(B (m)m) (| Tml*+ [ G(m)-mo), (314
D
with

1 .
/ ¢(m)-mdx= T(HImI2—1IIQ+ |m|* = |D]), if 0<6<8b,,
D X1

1
/ ¢(m) mdz=— (u|mllz+[Im[*), if 0> 0, (3.15)
D X1
|D| being the Lebesgue measure of D. Moreover since
—<Bﬁ(m),Am>:atTHAmH?—al/ C(m)~Amdm—B/ (w(m)-Am)? du,
D D
and |w(m)| <1, we deduce the inequality below
(B (m), Am) z (| A~ [ ¢m)-Amda), (3.16)
D
with
1
—/ C(m)-Amdmz—/(|m|2|Vm|2dx+2(m-Vm)2—|Vm|2)da:, if0<0<0,,
D 2x1 Jp
1
—/ c(m).Amd:c:X—/ (|m|? 4+ 1) [Vm|* +2u(m-Vm)?)dz, if >0, (3.17)
D L JD
Similarly an integration by parts leads to
|/Am~m><Hdm|:|/ Vm-mx VHdx|,
D D
and we get by Young’s inequality the bound
|/ Am-mdex|§d’/ im[2[Vm|2de+C(d)|VH|?, (3.18)
D D

for an arbitrary constant d’ > 0.

3.3. Formal energy estimates. We will establish some useful estimates
satisfied by the solutions (m,H) of problem (P) by using the results of the previous
subsections.

PROPOSITION 3.1.  Under hypotheses of Theorem 2.1, any strong solution (m,H) of
problem (P) satisfies the estimates

t
||m(t)\|2+2az/0 E(s)ds < lmol* +C(x(O)T +|Fll32p,)), t€[0,T], (3.19)
Iml7s(pry < CXOT +lmoll* + 1 F 72 py), (3.20)

t
IIVm(t)IIQJraz/0 1Am(s)[|*ds < [[Vmoll* + C (X(O)T + [mol* +1F |72 p,y),  (3-21)
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IH |2 (0,731 () < € (XO)T + 1m0l (o) + I1F 122 () (3.22)

Proof.  We multiply the magnetization Equation (2.4) by m and integrate over D
to write

1d
5 el + (8% m) /cﬂ (m, H)-m da. (3.23)

Therefore using (3.13), (3.14), (3.15) and inequality (3.5), we get
5 Mm@ + & t) <C(x(0) + 1 F®)]), (3.24)

where the energy & is defined in (2.7). Hence we obtain the first estimate (3. 19) and we
deduce directly inequality (3.20) for § > 6, since in this case ||m||] . (D) < Cfo t)dt. In

the case 0 < 0, we get a similar inequality using the relation |m|* <2 ((|m|2 —1)2 + Im|?).
Now we multiply Equation (2.4) by —Am and integrate by parts to get

th”V m|)? (Bﬁ(m),Am>:—/DL'5(m,H)-Amdx. (3.25)

Using inequalities (3.12) and (3.18) together with the bounds (3.4) and (3.7) of H, we
deduce that

\/ Lﬁ(m,H).Amdx\g%nAmuud'/ im |2 Vm|? do
D D
+C(d) (IFN?+ lmllf oy + Imll3)- (3.26)

Therefore inequality (3.16) leads to

«
3Vl S 1amIE = [ (m)-Amds

<d’/Dlml [V da+C(d) (I1F |1 + [mlf o) + Im]l3)- (3.27)

In view of the identity (3.17), we choose d'= {L in the case 6 <0 and d' =42 if 0> 0.
to get for all temperatures the following inequality

d
1Vl +allAml* <CIFI? + [mllis o) + [ml2). (3.28)

Integrating (3.28) with respect to time and using the previous results, we get estimate
(3.21) and we deduce (3.22) using the bound (3.11) and estimate (3.19). 0

Hence we see that the estimates given in Theorem 2.1 are fulfilled. It is easy to
deduce from the previous calculations that the smooth solutions (m,H) of the periodic
problem (Ppe,) satisfy the estimates given in Theorem 2.2. In the same way, any strong
solution (m, H) of the stationary problem (S) satisfies the bound given in Theorem 2.3.

4. Solving problem (P)

The resolution of problem (P) involves several stages. First, in order to overcome
some difficulties related to the unit magnetization vector w(m), we define a regularized
problem named (Ps) depending on a small parameter § >0. Secondly, we introduce
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the Galerkin approximations of problem (Pjs) and look for solutions (m™, H™) of the
approximated problem (Pj). To end up to a solution of our problem, we will perform the
limit in the approximated solutions. First, for each fixed ¢, letting n — oo in (m™, H™),
we get at the limit solutions (m?®, H?), then letting § — 0 in (m®, H®) evolves a solution
of (P). This is not easy to do and requires uniform estimations on the approximated
solutions together with some compactness results to deal with the nonlinear terms and
the difficulties inherent to the unit magnetization vector w(m). Before going on, we
recall that the terms containing w(m) in problem (P) are all factored by 5 and then
vanish when 6 > 6. rendering the first step unnecessary in this case.

4.1. The regularized problem (Pj). Let §>0 be a small parameter, we
introduce the regularized vectorial field

m
= e

having the features of being infinitely differentiable on R? and verifying

meR3,

lws(m)| <1, meR® and %imw(;(m):w(m), vm € R*\{0}.

—0

In addition, for all m and V in R3, the following properties are satisfied

ml2 2
(wg(m)-V)(w(;(m)-m):mlz_’_azm'V:m-V—méme/, (4.1)
1
(wé(m)'v)sz(m'V)2~ (4.2)

Now we consider the magnetization Equation (2.4) and modify it, both by replacing
w(m) by ws(m) and by adding the term Blm“z‘% Am which will be useful to our purpose.
The transformed equation reads as

dym+ A (m) = L5 (m,H) inDr, (4.3)
where we set
AP =A+BP;, LP=L-8Ks;,

Pam) = (ws(m)- Am) s (m) + s

m

K (m, H) = (ws(m) - (H -

) ws(m), (4.4)

A and L being defined in (2.2) and (2.3) and we observe that formally Py=P and
Ky= K. The regularized problem (Pjs) is given by the set of equations (4.3)-(1.3)-(1.5)-
(1.6). Before going on, we define on H!(D) the linear form Bf (m) associated to A?(m)
as we did for B? in (2.6). If m € H'(D), Am€LL?(D) and Vm-v=0 on I', we have the
identity

/A?(m).@dx:wg(m),@, v® e H' (D), (4.5)
D
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with

<Bg(m),¢):atr/DVm.V<I>dx+/D(mxAm+ a((m)+BPs(m)) - ®dz, (4.6)

for all ® € H!'(D). Therefore we observe that by adding the term ﬂ\mf;% Am to the

equation, property (4.1) leads to
(By (m),m) = (B (m),m), (47)
for all § >0. Moreover by properties (4.1) and (4.2) we get the identity

2 ~

B8 — 8 m
Ls(m,H)-m=L (m,H)-m—&—ﬂmm(H—E), (4.8)
together with the inequality
A 2 _ 2 A 2
Py(m)- Am= AT mEAME 2 g2, (4.9)

|m|? + 02

Consequently, one can easily establish the results given below, see Subsection 3.2, under
the same assumptions

/ E?(m,H)'mdx
D

PR T 2 P
(P 1P [ Pode) 8 [ i men =T de @)
22 (m, ) +mx H|[? < C(IH|P + |12 + [ml]2). (4.11)
(B2 (m),m) = (|| Vm|? + / ¢(m)-mdz), (4.12)
D
—<B§(m),Am>Zal(||Am||2—/ ¢(m)-Amdzx). (4.13)
D

We shall prove the following result

THEOREM 4.1. Let §>0 be fivred. Under the hypotheses of Theorem 2.1, there
exists a global solution (m®,H®) of problem (P°) such that m®¢€ L>(0,T;H'(D))N
L%(0,T;H?(D)), H* =V’ € L>(0,T;HY (D)) and (m®, H%) satisfies the estimates given
in Theorem 2.1. Therefore m® and H® are uniformly bounded in L>(0,T;H'(D))N
L2(0,T;H2(D)) and L>(0,T;H*(D)) respectively with respect to §. Moreover d;m? is
uniformly bounded in L*(0,T;1L%/?(D)).

The next two subsections are devoted to the proof of this theorem.

4.2. Approximate solutions for (Ps). Let (®g)r>1 be the Hilbert basis of
H'(D) defined by

—A®,+ P =N\, P, inD, V®,-vr=0 onT, (414)

then (®;) CH?(D) and we will assume this basis to be orthonormal in L?(D). For
neN*, we set V" := span{®y,Ps,---, D, }. Let m{ be the approximations of the initial
data mg with

n
mg (z) = ag®x(x),
k=1
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miy —mg strongly inH'(D) as n— oo, (4.15)
[mgll <llmoll,  [IVmg || <Cl[Vmoll, Yn=1, (4.16)

where C >0 is independent of n.
We seek for approximated solutions (m™, H™),, where m™ € V" is of the form

m"(ta) = ap(t) Px(x), (4.17)

k=1

n

and H"™ is related to m™ through the magnetostatic equations, see (3.8), by
H"=Ve"=H(m",F). (4.18)

For each n>1, m™ has to satisfy the system labeled (P}) given below

d
%/ m™ - Dy de+ (BE (m), o) :/ £E(mm B - @z, t€)0.T], (4.19)
D D
for all k=1,--- ,n with the initial condition
m"(0) =mg. (4.20)
We set a” = (a7,ay,---,apy) and af = (ag;,ags, - ,ag,)- Then problem (P§) is a system

of ordinary differential equations satisfied by a™ of the following type

d n
%H\A(mn):o, t€0,17, (4.21)
a"(0)=ag. (4.22)
In solving this system, we get
ProproOSITION 4.1. Let assumptions of Theorem 2.1 hold, for all af €R"™, sys-

tem (4.21)-(4.22) admits a unique solution a™€C([0,T])NC(]0,T[). Therefore for all
n>1 and mg V", problem (P§) admits a unique solution (m",H™) such that m™¢€
ct(Jo,7[,y")ne((o, T],vm), H* eC([0,T],H(D)).

Proof. Considering that the functions Vm™ Am™, (m™),¢(m") are

|mn ‘2 + 52 »Ws
all of class C! with respect to a™ and since the magnetic field H™ depends linearly on
m™ and F, we see that ﬁf(m",H”) is continuous with respect to (t,a™) and of class
C! with respect to a" and so is M(t,a™). By using Cauchy-Lipschitz theorem, the
system (4.21) — (4.22) admits a unique local solution a™. In other words, there exists
a time T, €]0,T] such that a™ €C*(]0,T},[)NC([0,T}]) and (m",H™) defined by (4.17)
and (4.18) satisfies problem (P§) on (0,7),). The following uniform bounds which are
similar to those of Proposition 3.1, will enable us to extend the solution until time 7'
for all n and end the proof of the proposition. ]

LEMMA 4.1. There exists C'>0 independent of n and § such that for all n>1 the
approximated solutions (m™, H™) satisfy the bounds

t
||m"(t)|\2+2az/5"(S)d8§||mo||2+C(X(9)T+||F||2L2(DT))a tel0, 7], (4.23)
0
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Th
/0 [m™ (s)||3ds <COO)T +[moll> + |1 Fl172(pyy)s (4.24)
t
||Vm”(t)||2—|—oq/ |Am"(s)||*ds <C(0,T,mq,F), t€[0,T], (4.25)
0
™12 0.0 (0y) + HH " E 0,715 (1)) < C (0, T,mo, F), (4.26)

where C(@,T,mO,F):C<X(0)T+||m0||]%11(D)+||FH%2(DT)), EM=E(m",H™) and the
energy € is defined by (2.7).

Proof.  First, multiplying (4.19) by a, integrating by parts and taking the sum
over k=1,---,n we arrive at

1d

iaumn(t)uamg(mn),mw:/ng(mnﬂ")-mndx. (4.27)

To deal with the right-hand side of this identity, we use relation (4.10) and the inequal-
ities

B 82 .
Sy T S0
52 Q 8
———=m" - H"dx| <36 H"|dx<—"||H"||>*+=|D

for 6 >0 small. We observe that we can replace the term i—? |D| of this inequality by
Cx(0) in view of the relations (1.9). Hence using (3.5) (with d=4), we obtain the
inequality

1~ 1
[ ey e <o ([ L Sy v caneicox)
D D Xtr 2

and (4.12) allows to get

1d n 2 n||2 n n L |2 1 n|2
55 lm O +ou (I9m P [ ™) da+—— i 2+ 377
<C((O)+[IFI). (4.28)

Upon substituting the expression of [, ¢(m")-m™dx given in (3.15), we conclude that
(m™, H™) satisfies for all t€[0,T;,], the following bound

™ (8] + 20 / £"(s)ds <||m3 |2 +C (x(0)t+C / |F(s)|2ds), (4.29)

which leads to (4.23) thanks to (4.16). The second estimate (4.24) is derived from the
first one as in the proof of Proposition 3.1.

To prove the next estimates, first we use Green’s formula to rewrite the term
gy [, Vm™ - V&, dx of Equation (4.19) as —ay, [, Am™-®jdr. Then multiplying the
equation by (A; —1)ay, using (4.14) and taking the sum over k=1,---,n we obtain

1d
§£|\Vm”||2—<B§(m"),Am”>:—/Dﬁg(m",H”)'Am"dm. (4.30)
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Therefore thanks to the results given at the end of subSection 4.1, the proof of (3.21)
remains valid so with the help of the bounds (4.16) satisfied by m{ we get estimate
(4.25). At last the bound of H™ in L>(0,T,;H (D)) is derived as for estimate (3.22)
given in Proposition 3.1. This ends the proof of the Lemma. a0

With the estimates given in Lemma 4.1, we may extend the solution (m™, H™) over
all the interval [0,7] and the uniform bounds given therein are satisfied for all ¢ €[0,T7].
We summarize these results and complete them in the following proposition.

ProPOSITION 4.2. The sequences (m™) and (H™) are uniformly bounded with
respect to n and § in L*(0,T;HY(D))NL*(0,T;H?*(D))NnWhH(0,T;L?(D)) and in
L>(0,T;HY(D)) respectively.

Proof. Since m™ is uniformly bounded with respect to n and § in L2(0,T;H! (D))
and Am™ is uniformly bounded in L?(0,7;L2?(D)) with Vm"-v=0 on I'r, then we
deduce that (m™) is bounded in L?(0,T;H?(D)). Now we deal with the uniform bound
of 9ym™. We have for all k=1,---,n

/ atm"-q)kdw—&-/ Af(m”)-@kdxz/ £§(m”7H")~<I>kdx. (4.31)
D D D

Since dym™(t) € V™, the above equation leads to

Joum™ (01 = [ (A7 m") = £ ) B o < 0 43 (")~ £5 " 1)

and therefore
10m™ ()| < [|AZ (m" (£)) = £5 (m" (6), H" (£))]], €0, T].
We will estimate L? (m™, H™) and m™ x Am™. First the inequality
i x 72 < CO(lm 4+ | H 1),
and the bound (4.11) allow to get the following inequality
15 (m™ H") | < O (|H™ |+ 137 |7 + lm™ |3+ | H™|13), (4.32)

so we deduce that L?(m”,H”) is uniformly bounded in L%(0,T;L%(D)) with re-
spect to n. Using the embedding H?(D)C L>(D) and the inequality [|m™x Am"|| <
[m" || so [|Am™||, we get that m™ x Am™ is uniformly bounded in L!(0,7;1L%(D)) and we
conclude that 9;m™ is uniformly bounded in L*(0,7;L?(D)). 0

4.3. Convergence as n— +oQ. In this paragraph, we aim to pass to the limit
as n— 00 in problem (P2). In view of the estimates obtained in Proposition 4.2, we
infer that

PROPOSITION 4.3.  Let § >0 be fized. There exists a subsequence still labeled (m™, H™)
and (m®,H?) such that as n— +oo, m™ —m? weakly-x in L>(0,T;H' (D)) and weakly
in L2(0,T;H?(D)) whereas H" — H® weakly- in L>(0,T;H'(D)). Moreover, we have

m"™ —m® strongly in L?(0,T;H* (D)), s <2, (4.33)
H" — H? =H(m°,F) strongly in L*(0,T;H*(D)), (4.34)

where H is the linear mapping defined in (3.8).
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Proof. The weak convergences ensue directly from the bounds of Proposition
4.2 and the strong convergence result (4.33) of m”™ is obtained using Aubin’s lemma
(see [15,16]) and a Sobolev embedding. Therefore, the continuity of operator H leads
to (4.34). 0

To perform the limit in the magnetization equation of the problem as n— oo, we
need further convergence results. Let us prove the following ones.

LEMMA 4.2.  Up to a subsequence, we have
AZ(m™) = AZ(m®) weakly in L?(0,T;L%/?(D)), (4.35)
L'?(m",H")—)E?(m‘S,H‘S) strongly in L*(0,T;L%?(D)). (4.36)

Proof. We will examine the limit of each nonlinear term involved in Ag (m™) and
L? (m™ H™). Let us prove the following convergences

m”® x Am™ —=m® x Am? weakly in L2(0,T;L%?(D)), (4.37)
m"x H" —m® x H® strongly in LQ(O,T;L?’/Z(D))7 (4.38)
m™ x i — m? x m strongly in L?(0,T;L%/?(D)), (4.39)
¢(m™)—¢(m®)  weakly in L*(0,T;L*(D)), (4.40)
(ws(m™) - Am™)ws(m™) = (ws(m?) - Am®)ws(m?) weakly in L*(0,T;L*(D)), (4.41)
(ws(m™) - H")ws(m™) = (ws(m®) - H%)ws(m?) strongly in L2(0,T;12(D)), (4.42)
(ws(m™) - ) ws(m™) — (ws (m?) -md)ws(m®) strongly in L2(0,T;L3(D)),  (4.43)
e Am™ — e Am® weakly in L*(0,T;1L2(D)). (4.44)
|mn|? 452 |m?[2 + 02

Proof of (4.37). Using Proposition 4.2, Sobolev embeddings and writing
[m™ < Am™ || 120, 712/2(py) KN Loe (0,708 (DY) 1AM™ | 20,712 (D))
<Clm"|| L~ o,z (o)) 1AM || 220,722 (D))

we see that m™ x Am™ is uniformly bounded in L?(0,T;1L3/2(D)). Tt follows that there
exists a subsequence and A® such that

m"™ x Am™ — A° weakly in L?(0,T;1L3/2(D)).

Since m™ —m? strongly in L?(0,T;H' (D)) and Am™ — Am? weakly in L2(0,T;LL?(D))
then m™ x Am™ —m® x Am® at least in the sense of distributions. Hence A% =m? x
Am?.
Proof of (4.38) and (4.39). We write
Hm” x H" — m‘s X H(S”L?(O,T;]LW?(D))
<[[(m™—m®) x H" 20,7372 (DY) + |m® x (H"— H°) | 20,7372 (DY)

with

[(m™ —m®) x H"|| 20, y52(py) < IHH™ | o< (0,702 () | (m" = m°) || 220, 755 (D))
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[m® x (H™ = H°)|| 12 0, r/2(Dy) < 1M’ || Lo 07512 (o)) (H™ — HO) | L2 (0,750 (D))
so using (4.33) and (4.34) we get the convergence stated in (4.38). The same argument
holds true to prove (4.39).

Proof of (4.40). We start with the inequality

IC(m™)| < C(Im™ 2 +|m™|) a.e. in Dr,

where C'>0 is independent of n so we see that (((m™)) is uniformly bounded in
L2(0,T;L3(D)). Therefore there exists a subsequence weakly convergent in this space
and since ((m") — ((m?) a.e. in Dy, we conclude that the limit is ¢(m?).

Proof of (4.41), (4.42) and (4.43). Let us first prove a strong convergence of
(ws(m™)). We know that ws(m™) —ws(m®) a.e. in Dp and since |ws(m™)| <1 a.e. in
D7 then, by means of Lebesgue dominated convergence theorem

ws(m™) = ws(m®)  strongly in  LP(0,T;L4(D)), 1<p,q<+oo.

Similarly ws(m™) @ ws(m™) — ws(m?®) @ws(m?) strongly in LP(0,T;1L9(D)) for 1 <p,q<
+00 where the symbol ® denotes the tensorial product of vectors ie (v®v);; =v;v;, 1<
i,7<3, veR3. So we have

(ws(m™) - Am™)ws(m™) = (ws(m) - Am®)ws (m®),

at least in the sense of distributions. As this sequence is uniformly bounded
in L2(0,T;1L2(D)), we conclude that (ws(m™)-Am™)ws(m™) — (ws(m?)- Am®)ws(m?)
weakly in L2(0,T;L2(D)). In the same way, the strong convergence of H" and m” in
L?(0,T;L%(D)) leads to (4.42) and (4.43).

Proof of (4.44). We proceed as above, observing that

52 52
—
[mn2+62  |md|2+62

strongly in ~ LP(0,T;LY(D)), 1<p,q<+oc.

This ends the proof of the lemma. 0

Now we are in position to perform the limit as n— oo in problem (P§) for § >0
fixed and achieve the proof of Theorem 4.1.

PROPOSITION 4.4. Let (m?, H%) be the functions provided by Proposition 4.3 for § > 0.
Then (m%, H®) solves problem (Ps) and satisfies the properties given in Theorem 4.1.

Proof.  First (4.34) means that the magnetostatic equation of problem (Pjs) is
satisfied. Next inasmuch as the estimates satisfied by the sequence (m™,H™) are not
only uniform with respect to n but also with respect to d, we deduce the bounds of
(m®,H?). Let us pass to the limit in the magnetization equation.

Let v =14(t)eD([0,T[), ®=®(x) eH'(D) and let ®" = Zaﬁ@k € V" such that
k=1
®" — & strongly in H!(D). Considering the weak formulation (4.19), we have for each
n>1

T
— m”@"w’(t)da:dt—w(o)/ m8~‘b"dx+/ (B (m™),®™)(t) dt
Dr D 0

= [ LE(m™ H™) - ®"y(t)dxdt. (4.45)
Dt
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Writing

T

JRCITREROr
0
:/ (A?(m”)+aﬂAm")~<I>”1/)(t)dt+atr/ Vm™-Vo"yduxdt,

DT DT
and using the previous lemmas, we deduce that as n— oo the limit of the right-hand
side is

/ (A (m?)+ ar, Am?) - ®p(t)dt+ o [ Vm® VB dadt
DT DT

T
which is nothing else than / (BE (m?),®)4)(t)dt, therefore
0

T T
tim [ (8} ). @)= [ (B ). B)u0) .

n—oo 0

Consequently we infer that the limit (m?, H%) satisfies the equation
T
— [ mi-ay(t) dacdt—w(o)/ m0~<1>dx+/ (BS (m?),®)(t)dt
Dr D 0

= [ L£Z(m® H®) - ®y(t)dudt, (4.46)
Dt

for all ® € H'(D) and v € D([0,7). In particular we get in D’(]0,T[) the equation
d
%/ m5.¢dx+<B§(m5),q>>:/ L5 (m® H) - ®d, (4.47)
D D

for all ® € H'(D) which leads to
oym® = —Ag(mé) —l—Ef(m‘S,Hé) in Dy, Vm?-v=0 on I'y. (4.48)

Hence we deduce that 8;m®e L?(0,T;L3/?(D))c L*(0,T;(H?*(D))") so mfe
C([0,T];H' (D)) and then the trace m?(0) is well defined in H'(D). Multiplying
Equation (4.47) by ¥ € D([0,T[) and integrating by parts, we derive using (4.46) that
m?(0) =mo.

It remains to verify the bound of d;m?. We consider Equation (4.48), we easily see
that each term of the right-hand side is uniformly bounded in L?(0,T;L3/2(D)) with
respect to ¢, the bound of the term m? x Am® being a consequence of the inequality

1m® x Am[| 20 32(y) < M0l L= 0,750 (D)) 1AM || L2 (0,712
This ends proofs of Proposition 4.4 and Theorem 4.1. 1]

4.4. End of proof of Theorem 2.1. From Proposition 4.4, we easily deduce
the following convergence results.

COROLLARY 4.1.  There exists a subsequence still denoted (m®,H%) and (m,H) such
that as § — 0, we have the following weak convergences

m? —mweakly % in L= (0,T;H" (D))  and weakly in L?(0,T;H?*(D)),
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dym® — 8,m weakly in L* (O,T;IL?’/2 (D)), H°— H weakly- » in L>=(0,T;H' (D)),
as well as the strong convergences stated below

m? —m strongly in L*(0,T;H*(D)), s <2,
H® — H strongly in L*(0,T;H' (D)), H=%H(m,F),

where H is defined in (3.8).

In the sequel, we will prove that the limit (m,H) provided by Corollary 4.1 is a
solution of problem (P) according to Theorem 2.1. Clearly, the magnetostatic equation
is satisfied and to pass to the limit as § — 0 in the magnetization equation of problem
(P?%), we may distinguish two cases according to whether >0, or 6 <4..

The case 0> 0.. It means that §=0 and we can easily pass to the limit as 6 -0
in equation (4.46) and proceeding as for the proof of Proposition 4.4, we get that the
limit (m,H) satisfies almost everywhere the Equations (2.4)-(1.3) with the boundary
and initial conditions (1.5)-(1.6).

The case 0 <0.. This case is more complicated. To proceed with, it is useful to
introduce the notation

P’ (v)=v|>+42, veR?,
and to rewrite Equation (4.48) in the equivalent form

P’ (m®) (0pm® + A(m®)) + B(m® - Am®)m® + 35> Am®
=p°(m®)L(m°,H®) - B (m5 S(H° - m—[s)) m’.

4.49
Xtr ( )

Further results are needed to be able to pass to the limit as § — 0 in this new formulation.
Let us prove that

LEMMA 4.3.  The sequence (p?(m?)) is uniformly bounded in L*(0,T;W?3/2(D)) and
in H*(0,T;L5/5(D)) and up to a subsequence, the following convergences hold

P (m®) = |m|*  weakly in L?(0,T;W**/2(D))nH*(0,T;L5°(D)), (4.50)
p°(m®) = |m|?®  strongly in L*(0,T;W'3(D)), (4.51)

P (m®)m® — |m|*m  strongly in L?(0,T;L%(D)). (4.52)

Proof. The uniform estimates are a consequence of the bounds of m® in

L*(0,T;H'(D))NL?(0,T; H?(D))NH'(0,T;1L3/2(D)) and the Sobolev embeddings. In-
deed m® being uniformly bounded in L>(0,7;L°(D)) means that p’(m?) is uniformly
bounded in L>(0,7;L3(D)) and so in L?*(0,T; L3*(D)). Moreover the uniform bounds
of m%, Vm? and 9;m? in L>(0,T;LL(D)), L?(0,T;L%(D)) and L?(0,T;L%/?(D)) respec-
tively imply that the first derivatives Vp®(m?) and 9;p?(m?®) of p®(m?) are uniformly
bounded in L?(0,T;1L3(D)) and L?(0,T;1L5/5(D)) respectively.

It remains to estimate the second derivatives 82»2jp5(m5) for 1<4,5<3. We have
92p° (m?) =2[02,m? .m? +9;m?.9;m’] so it is uniformly bounded in L?(0,T;L*?(D))

.

due to the uniform bounds of m®, 9%m?® and &;m® in L>(0,T;LLS(D)), L*(0,T;L*(D))
and L>°(0,T;1L%(D))NL*(0,T;1L5(D)) respectively.
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Therefore the weak convergence (4.50) follows, the limit being |m|? since p®(m®) —
|m|? a.e. in Dp. To obtain the strong convergence (4.51), we apply Aubin’s com-
pactness lemma and use the compact embedding W?23/2(D) c W3(D). Note that this
implies the strong convergence of p®(m?) in L?(0,T;LP(D)) for all 1 <p<oo. The last
convergence (4.52) results from the previous ones and the inequality below

8(0 8,0 2 5(,.8 2 5
— < — . m co .
Hp (m®)m® —|m| m‘ L2(0.T:L2 (D)) [p° (m?) —|m| ||L2(0,T,]L3(D))H Iz (0,T;1L6(D))

+Hm||2L°°(0,T;IL6(D)) ”ma - mHL?(o,T;LG(D))-
0

Let ® and 1 be test functions in (D(D))? and D([0,T) respectively. We write the
weak formulation of equation (4.49) as follows

/ p°(m°) (@m‘s + A(m‘s)) -Dpdadt
Dt

+B8 [ (m®-Am®)(m®-®)pdadt+ 56> Am?® - B dadt
DT DT

0
:/ (o7 () L 1%~ B - (1% = ")) m?) - @i, (4.53)
Dt Xtr
We pass to the limit as § — 0 in each integral of (4.53) by means of the weak-strong con-
vergence principle, using the convergence results of (m%, H®) given in Corollary 4.1 and
the strong convergences of p°(m?) and p°(m?)m?® provided by Lemma 4.3. Henceforh
we arrive at

/ |m|?(0ym+ A(m)) - B dadt + 3 (m-Am)(m-®)pdadt
Dr Dt

m

:/D (1m0, F) = 8me (H = = ))m) - @ ddt. (4.54)

Xtr

Therefore the magnetization equation given in (2.8) is satisfied almost everywhere in
Drp.

It remains to verify the initial and boundary conditions. An integration by parts
with respect to the variable ¢ leads to

/p‘s(mé)@tm‘s-fbwdxdt:—/ P’ (m®)ym?® - dv dadt
DT DT

— atpé(m‘s)m‘s-sz/}da?dt—w(())/ p‘s(mo)mo-@dx, (4.55)
Dr D

and as § — 0, exploiting the results of Lemma 4.3 we get
/ im|20ym - ®opdads
Dr

:7/ |m|*m - ®4 dadt — 3t|m|2m'<1>1/1dxdt—w(0)/ |mo|*mo - ®dx.  (4.56)
Dr D

Dt

Therefore integrating again by parts the left-hand side of this equality, we conclude that

1/}(0)/D|m(0)|2m(0)~<I>dx:1/1(0)/D|m0\2m0-<I>dm,
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so |m(0)[*m(0) = |mo|*mo almost everywhere in D. Similarly the equality

- / P’ (m?) Am?® - dp dadt
Dr

= V(p‘s(m‘s))®<1>-Vm6wdxdt+/ PP (m®)Vm? - Vo drdt
DT DT

leads to

—/ |m|? Am, - O dxdt
Dr

= V(|m|2)®<1>~sz/dedt+/ |m|*Vm -V dadt
DT DT

= V(|m|2)®<I>-sz/zdmdt+/ |m|2Vm-V<I>1/)dmdt—/ |m|*Vm-v®pdldt,
Dr Dt Ir

which means that |m|*Vm-v=0 on I'r.
Finally letting § — 0 in the estimates satisfied by (m®, H®) we deduce that (m,H)
verifies them too, achieving the proof of Theorem 2.1.

5. The time-periodic problem (P,.,)

In this section we are interested with the existence of time-periodic solutions of
(LLB) when F is assumed to be time-periodic with period 7' > 0. This problem labeled
problem (Ppe,) is defined by the set of Equations (1.1)-(1.3)-(1.5)-(1.14) and we aim to
prove Theorem 2.2.

We will proceed along the lines of proof of Theorem 2.1 and, to avoid repetitions
we summarize below the most important steps.

First, we introduce problem (P3,,) defined by replacing in problem (Ps) the initial
condition with the periodic one

m?(0)=m?’(T). (5.1)

We will prove the existence result stated below, following in some sense, the proof of
the existence of time-periodic solutions to the compressible Navier-Stokes equation given
in [7,11,16].

THEOREM 5.1. Let 6 >0 be fized. Under hypotheses of Theorem 2.2, there exists
a time-periodic solution (m°,H®) of problem (P),,) such that m®e L*>(0,T;L*(D))N

L?(0,T;H?(D)) and H® € L*>(0,T;1L2(D))N L?(0,T;H' (D)) with H® =H(m®,F). More-
over (M® H®) satisfies (uniformly with respect to §) the bounds given in Theorem 2.2.

To prove Theorem 5.1, we use the Galerkin method so we consider the basis (®g)r>1
introduced in (4.14) and look for approximated solutions (m™, H™) of the form (4.17)-
(4.18) and satisfying system (4.19) with the periodicity condition

m"™(0)=m"(T). (5.2)

This problem named (Pge’ﬁ) will be solved by resolving the system of ODEs (4.21)
subjected to the condition

a™(0)=a"(T). (5.3)
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For this purpose, we rely on the results of Section 4 and use a fixed-point procedure, as
specified hereafter.

For ay=(ag;,aly, - ,ay,) ER™ and mfj= Z?:lagj O, eV, let a"=a"(t)=
(a},a,...,a™) €C([0,7])NCL(]0,T[) be the solution of (4.21)-(4.22) provided by Propo-
sition 4.1 and let (m™, H™) € (C*(]0,T[,V™)NC([0,T], V")) x C([0,T],H*(D)) be the cor-
responding solution of problem (P§) with the initial data m{, given in Section 4, that
is to say that

m"=Y"al(t)®;, H"=Ve"=H(m"F). (5.4)

j=1
Now we define the mapping
S:R"—R"; S(ay)=a"(T), (5.5)

with the aim to prove that it admits a fixed point af so that aff =a™(T"). In this case,
the corresponding solution m" satisfies the condition (5.2) giving rise to a time-periodic
solution to problem (Pg’e’,ﬁ). From there it will only remain to pass to the limit as n— oo
to get a solution (m®,H®) of problem (Pj,,) and then let §—0 to obtain a solution
(m,H) of problem (Ppey).

5.1. Solution of problem (’ng;). We will use the Brouwer fixed-point
theorem so the starting point is to find a closed ball of R™ which is left stable by the
mapping S.

LEMMA 5.1.  Assume F to be time-periodic with period T and FeC([0,T];L3(D)).
Let (m™,H™) be the solution of (P}) with initial data m{ € V™ given by (5.4). For §>0
small enough, we have for all t€[0,T]

%y

Im™ (£)]|* < e x IIWSIIQ+C(><(9)1f+/0 1F'(s)1* ds), (5.6)

where C' >0 is independent of n,6 and T. Therefore the closed ball B(0,k) CR™ centered
at 0 is stable by the mapping S, the radius k=r(T,F) >0 being defined by

K =1=e 5 )T OO T+ Fl 72 (py)- (5.7)

Proof.  We start with the estimate (4.28) satisfied by (m™, H™) which results in
the following inequality

5 Im" (O + ™ (t) < C(x(0) + | F(B)1?), (5-8)

where E"=E(m™,H™), £ being defined by (2.7) and C' >0 is independent of n, § and
T. In particular

1d

o
2 dt

o Im™ (@®)]1* < COx (@) + [ F (B, (5.9)

[l (£)1I +
which leads to (5.6). Consequently

n -Zir n
Im™ (D) <™ Img 2+ C (e O) T+ 1 Fl72(py))- (5.10)
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Therefore assuming ||mp||? <2, we get |m™(T)||*?<e” T K2+ C(x(0 )T+||F||%2(DT))
so that

Ll

e X1
ﬁ—H) XO)T+IFl72(pyy) =+

—e x1

()< (

Since the basis (®),>1 is orthonormal in L?(D), this result means that if |aj|? <r?
then |a™(T)|*=|S(ay)|? <k? or in other words S(B(0,x)) C B(0,x). 0

Lemma 5.1 enables us to get a solution of problem (’Pgeﬁ)

ProprosITION 5.1. Under the hypothesis of Lemma 5.1, the mapping S defined by
(5.5) has a fized point af in B(0,x). Therefore for all §>0 small enough and all
n>1, problem (’Pgeﬁ) admits a time-periodic solution (m™,H™) of period T satisfying
the following bounds

[m™(t)||* <CrC(0,T,F), Vte[0,T], (5.11)
T

/O E(t)dt+ |m"||La pyy + 1AM [F2(pyy <CO,T,F), (5.12)

|H™()||> <CrC(0,T,F), Vte[0,T], (5.13)

IH™ 1220751 (py) < C (0, T, F), (5.14)

with C(0,T,F)=C(x(¢ )T—|—||F||L2 (Dp))» C>0 independent of n and § and

Cr= (2—67%71)(1 —ex T)_l.
Therefore the sequence (m™, H™),, is uniformly bounded in L*(0,T;H?(D) x H!(D))N
L>(0,T;1L.2(D) x L2(D)) with respect to n and § and (0;m™),, so is in L*(0,T;1L?(D)).

Proof.  Using the dependence results of the solution of an ode upon the initial
data, it is easy to conclude that the application S is continuous over R™. According to
Brouwer’s fixed-point theorem the map S admits a fixed point af € B(0, ) which means
that af =S(a) =a™(T) and therefore m™(t) = Z:L 1@} (t)®; solves system (4.19)-(5.2).
The magnetic field H™ =H(m™, F) is also time-periodic with period T so the coupling
(m™,H™) is a solution of problem (PJ;).

Furthermore from (5.6), we see that ||m"(¢)]? SI{2(1+6_%t*6_%T) so m" sat-
isfies estimate (5.11) for all t€[0,7] and integrating (5.8) between 0 and T, since
m"™(T)=m"(0) we get the bound of fo E™(t)dt. Therefore we deduce, using the re-
sults (3.4) and (3.7), the estimates of H™. The L*-estimate of m™ is derived as we have
done in the proof of Proposition 3.1, and to prove the bound of Am™, we rely on the
results of Section 4 see (3.28), to get

T T
az/o IIAm"(t)HthSC/O (IF@IP + Im@)En oy + Im@)|5) dt
so using the previous bounds, we obtain the result. Finally proceeding as in proof of
Proposition 4.2, we deduce that 9;m™ is uniformly bounded in L'(0,7;1L2(D)). d

5.2. Solution to problem (P).,.).  We aim to perform the limit when n— +oco.
Using Proposition 5.1, we will prove that

PROPOSITION 5.2.  Let § >0 be fized, there exists a subsequence still labeled (m™, H™)
and (m®, H®) which is time-periodic with period T such that the following convergence
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results hold true
(m™, H") — (m?,H®)  weakly-x in  L>(0,T;L?(D)xL*(D)),

mt—=m’  weakly in L*(0,T;H?(D)),

(m"™, H™) — (m°,H®) strongly in  L*(0,T;H*(D) x H(D)), s < 2.

In addition H®=H(m®,F), (m®,H%) is a solution of problem (Pgw) and the se-
quences (m%) and (H?) are uniformly bounded with respect to & in L>(0,T;L2(D))N

L?(0,T;H2(D))NL4(Dr) and L*(0,T;1L.2(D))NL2(0,T;H' (D)) respectively.

Proof.  We will pass to the limit as n — 400 in the weak formulation of problem
(Pg’;ﬁ) as we have done in Section 4, this time we use test functions ® € H'(D) and

1 € Dper where
Dyer = {0 €D([0,7)); v(T) =0(0)}.

We point out that presently m™ and H™ are not bounded in L°°(0,T;H*(D)). Never-
theless except for the convergence (4.37) of m™ x Am™, all the other convergences given
in the proof of Lemma 4.2 remain valid in the present context because they derive from
the boundedness of m™ and H™ in L>(0,T;L2(D))NL?(0,T;H'(D)). For the sequence
m™ x Am'™, we prove that up to a subsequence, we have

m" x Am™ —=m? x Am® weakly in L*/3(0,T;L**(D)). (5.15)

Indeed we come back to the proof given in Lemma 4.2 and use the boundedness of m™
in L*(Dr) instead of that in L>(0,T;L%(D)) to get

[m™ x Am™|| Laao,758/2(y) < M| a0, 708 (D) | AM™ || L2 0, 7502 (D)) -

Hence we get all the convergences stated in Proposition 5.2 and the uniform bounds of
Proposition 5.1 satisfied by (m™, H") allow to deduce the same ones for (m®, H®).
Now we are in position to achieve the limit as n— oo and we get

T
— m5-¢>1/1’(t)d:cdt+/ (B (m?),®)p(t)dt= | L2 (m® H®) - ®ip(t)dzdt, (5.16)
Dr 0 Dy

for all ®€H!'(D) and v € D,,. Therefore taking 1 € D(]0,T[) we obtain that for all
D eH (D)

i/ m5-¢dx+<B§(m5),q>>=/ £5(m®, HY) - da, (5.17)
dt Jp D

first in the sense of distributions then almost everywhere in (0,7'). Then we see that
m? satisfies the regularized magnetization equation (4.3) and it is not difficult to show
that H® verifies the magnetostatic equation. Next we derive that d;m® € L4/3(Dr) so
m?® € C([0,T];H(D)). It remains to verify that m®(0)=m?(T). Let ®cH (D), we
multiply (5.17) by 1 € Dy, integrating by parts and using the periodicity of m™, we
get

w(O)/D(m‘S(T)—m‘S(O))-<I>dx:0, (5.18)

which shows that m?(T)=m?(0) and this implies that H°(0)= H?(T). This ends the
proofs of Proposition 5.2 and Theorem 5.1. ]
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5.3. End of proof of Theorem 2.2. Additional estimates on (m®, H?) are
needed to perform the limit as 6 =0 in problem (Pgw). Let us prove the following
results.

PROPOSITION 5.3. (m®, H®) satisfies the uniform estimate
[m® || oo (0,711 () + 1 HC || oo 0,755 () + 10em° || L2 0. 71872 () < C (O, T, F),  (5.19)
where C(0,T,F) >0 is independent of §.

Proof.  'We have to prove the bounds of m? and 9;m’ then we derive the estimate
of H? using (3.11). We begin by establishing the following bound of the time derivative
6tm5

10:m° || 20,132 (1)) < C(0,T, F). (5.20)

We write 9ym® = —A? (m?) —i—ﬁ?(m‘s,H‘s) in Dy, then using the bounds of Theorem 5.1,
the embedding H?(D) CL>°(D) and the following inequalities

|m® x m? 1220 12 (D)) < ||m§|\fi4(DT)a

Im® x H|| 2 (0,m12(p)) < [1m° || 220,m. () 1H° | o= 0,712 (D))
we see that all the terms defining .A? (m®) and Eé’B (m®, H®) are bounded uniformly with
respect to ¢ in L2(0,T;L2(D)) except for m® x Am® and ¢(m?) which are uniformly
bounded in L?(0,T;LY(D)). Indeed we have

Im® x Am|| L2 0,71 (0)) < 1Ml Lo (0.7:22(D) 1AM’ || L2 (0 712 ()) < C (6, T F),
and the bound of ¢(m?) is a consequence of the inequality
18 OF |1 ) <m0 e 020 I O,
which holds a.e. t€(0,T) and implies that
|||m§|3HL2(O,T;IL1(D)) < ||m6||L°°(07T;L2(D))Hm(S”HQﬂ(DT) <COT.F).

So one concludes that [|9;m°||r2(0 7.1 (py) <C(0,T,F) and since L'(D) C (H?*(D))" we
obtain the intermediate result (5.20). To end up to the bound of m® stated in (5.19),
we introduce the following notations. We set V=H?(D) and H=H' (D), by identifying
H and H', we get VCHCV’. We have proved that (m?) is uniformly bounded in the

d
space W= {ve L%(0,T;V); d—z € L*(0,T;V’)} and since W is continuously embedded in
C([0,T];H), we conclude that (m?) is uniformly bounded in C([0,T];H'(D)). To get the

bound of 9;m?, it is enough to see that the following inequalities are satisfied

Im® x Am® || 20,782 py) < 1M || e 0,708 (o)) 1AM || L2 0,712 (D)) < C(6, T, F),

H|m6‘3||[,2(0,T;L3/2(D)) < ||m6HL°°(O,T;L6(D)) ||m6H%4(DT) SC(97T5F)'
0

The estimates of Theorem 5.1 and Proposition 5.3 show that the solutions (m?, H?)
satisfy the same uniform bounds as the solutions of problem (P?), see Theorem 4.1,
therefore the convergence results given in Corollary 4.1 and Lemma 4.3 given in Section
4 remain valid in this case. Then we may pass to the limit as §—0 in problem (P,
as we have done to end the proof of Theorem 2.1 and we obtain a solution of problem
(Pper). Once again, the estimates satisfied by (m?, H®) hold true for (m, H), which ends
the proof of Theorem 2.2.
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6. The stationary problem (S)

In this section we consider the problem (S) defined in (1.15). Our aim is to prove
the existence result stated in Theorem 2.3, following globally the same approach as for
the unsteady case.

Let §>0, we define the regularized problem (S?) as for the unsteady case, more
precisely problem (S?) writes as

AZ(m)—LE(m,H)=0 inD, Vm-v=0 onT,

div(H+m)=F, H=Ve¢ inD, (H+m)-v=0 onTl, (6.1)

where A? and E? are defined by (4.4). We will prove the following result

THEOREM 6.1.  Let 6 >0 be fizred. Under the hypothesis of Theorem 2.3, there exists
a solution (m°,H%) € H?(D) x H' (D) of (S°) werifying uniformly with respect to § the
following inequality

1m® (I )+ 1Am° |2+ | HO || )y < C(x(8) + | F ). (6.2)

To prove this result we use Galerkin method to construct approximated solutions
(m™,H™) then we pass to the limit as n — +o0. In this context, we consider the Hilbert
basis (®)x>1 of H (D) used in the previous sections, assuming this time that the basis is
orthonormal in H'(D). We set m"(z)=>_,_, al®x(x) €V"™ and H" =V¢" =H(m", F)
and we look for a™ = (ay,...,al) € R™ satisfying the following equations for k=1,---,n

(BE (m), @) f/Dﬁf;(m”,H")&I)kdx:O. (6.3)

System (6.3) is a nonlinear algebraic equation of the form F(a™)=0 where
F=(F1,Fa, . Fp):R* 5 R"
is defined by
Va=(a1,as, - ,a,) ER™, Vk=1,--- n,

Fila) =B m), )~ [ £, )- by, (6.)

where we set m=>",'_, ay®; and H="H(m,F). Let us prove the following result.
LEMMA 6.1.  The map F is continuous on R™ and there exists C >0 independent of §

and n such that for 6 >0 small enough,

F(a)-a>0 for a€R™ such that |a]*=C(x(0)+||F|?). (6.5)

Proof. Based on the arguments already developed in Section 4, we can conclude
that F is continuous over R™. Let us verify (6.5). Let a € R™, multiplying each com-
ponent Fi(a) in (6.4) by ay, integrating by parts and summing up the results from
k=1,...,n, we get, following the computations of the proof of Lemma 4.1 (see (4.28)),
that for § >0 small enough

Fla)-a= (B?(m),m> —/Dﬁf(m,H)-mdx



512 SOLUTIONS TO THE LLB EQUATION
1 . 1
Zaz(||Vm||2+/DC(m)'mdx+XT||m||2+§|\H||2)—C(X(9)+||FH2), (6.6)

so using the expression of [, ¢((m)-mdzx given in (3.15), we get

Fla)-az o[Vl + 5 [m]) = Cx(0) +1FIP) (6.7

Since ||mH1%11(D) =3 1_;|ax|*=lal?, this inequality means that
Fla)-a>aq min(l,%{l) la]* = C (x(0)+||F||*), YacR™, (6.8)
which ends the proof of the lemma. ]

According to Brouwer fixed-point theorem (see Lemma 4.3 of [11]) one deduces that

PROPOSITION 6.1.  For 6 >0 small enough, there exists a™ = (a}',ay,...,a%) €R™ such
that

a"P<C(x(O)+[IF*) and  F(a™)=0. (6.9)

Hence m™ :ZaZ(I)k satisfies (6.3).
k=1

Moreover (m™,H™) fulfils the following uniform estimates.
LEMMA 6.2. There exists a constant C >0 independent of n and & such that it holds
Im™ |F oy + " [F. py < C (x(6) +1F%), (6.10)
[Am™ |2 < C (x () + || F|I). (6.11)
Therefore (m™, H™) is uniformly bounded in H?(D) x H' (D) with respect to n and 6.

Proof. From the inequality given in (6.9), we deduce that Hm”H%l(D) <C(x(8)+
|[F'||?) so we can derive (6.10) by using (3.7). Next, testing Equation (6.3) by A®y, we
get estimate (6.11) observing the same calculations as in proving (4.25) in Lemma 4.1
and the bound of m™ in H?(D) follows since Vm™ v =0 on T. o0

End of proof of Theorem 6.1. We let n— oo, for § fixed. From the previous
results we deduce, see Section 4 for the details, that if § >0 is small enough, then there
exists a subsequence still denoted (m™, H") and (m?, H?) such that

m" —m® weakly inH2(D), m"™—m® strongly inH*(D), s <2, (6.12)
H" — H° =H(m° F) strongly inH'(D), (6.13)

and (m?, H®) is a solution of problem (S?). Moreover the estimates of Lemma 6.2 imply
that the sequence (m®, H?) is bounded in H?(D) x H'(D) uniformly with respect to 4.

End of proof of Theorem 2.3. From the previous results we deduce that there
exists a subsequence still denoted (m?, H%) and (m, H) such that

m? —~m weakly inH*(D) and m°—m strongly inH*(D), s <2, (6.14)
H® — H=H(m,F) strongly inH'(D). (6.15)
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This result allows one to perform the limit when § —0 in problem (S%) as it was done
in the unsteady cases and we conclude that the limit (m,H) satisfies the problem (S)
according to the result announced in Theorem 2.3.
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