COMMUN. MATH. SCI. (© 2020 International Press
Vol. 18, No. 2, pp. 429-457

CAUCHY PROBLEM FOR THERMOELASTIC PLATE EQUATIONS
WITH DIFFERENT DAMPING MECHANISMS*

WENHUI CHENT

Abstract. In this paper we study the Cauchy problem for thermoelastic plate equations with
friction or structural damping in R™, n>1, where the heat conduction is modeled by Fourier’s law.
We explain some qualitative properties of solutions influenced by different damping mechanisms. We
show which damping in the model has a dominant influence on smoothing effect, energy estimates,
LP — L9 estimates not necessary on the conjugate line, and on diffusion phenomena. Moreover, we
derive asymptotic profiles of solutions in a framework of weighted L' data. In particular, sharp decay
estimates for lower bounds and upper bounds of solutions in the H* norm (s>0) are shown.
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1. Introduction

In recent years, thermoelastic plate equations have attracted a lot of attention. The
Cauchy problem for linear thermoelastic plate equations are modeled by

ug + A% u+AO=0, t>0, zeR",
F)t—AO—Aut:O, t>0,$€Rn, (].].)
(u,u,0)(0,2) = (ug,u1,00)(x), x€R",

where the unknowns u=u(t,z) and 8 =60(¢t,z) denote the elongation of a plate and the
temperature difference to the equilibrium state, respectively. The recent papers [28,33]
investigated L2-decay estimates of solutions to (1.1) by using energy methods in the
Fourier space. Simultaneously, [28] proved the sharpness of the derived decay estimates
by calculating explicit eigenvalues. Other studies on thermoelastic plate equations can
be found in the literature. We refer the reader to [1,18-23,25,26] for the initial boundary
value problem in bounded domains, [5-7,25,26] for the Cauchy problem or in general
exterior domains.

In the real world and applications, due to some kinds of resistance in the elongation
of a plate, we always model a plate equation with damping terms, for instance, plate
equations with structural damping in [11,16]. When the thermal dissipation modeled by
Fourier’s law and the dissipation for the elongation of a plate appear at the same time,
we model thermoelastic plate equations with an additional damping in the equation
for u, for example, the thermoelastic plate equations with friction u; presented in [35],
with structural damping —Aw, presented in [9, 38|, with Kelvin-Voigt-type damping or
viscoelastic damping A2wu; presented in [37]. For this reason, we may consider thermoe-
lastic plate equations with different damping mechanisms in the present paper.

In this paper we are concerned with the following Cauchy problem for thermoelastic
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430 THERMOELASTIC PLATE EQUATIONS WITH DAMPING

plate equations in R™, n > 1, where the heat conduction is modeled by Fourier’s law:

g + A2 u+ A0+ (=A)u; =0, t>0,z€R",
9t—A0—Aut:0, t>0,1’€Rn, (12)
(u,u,0)(0,2) = (ug,u1,00)(z), xeR™,

where o €10,2]. To be more specific, c =0 stands for the system with friction or exter-
nal damping, o € (0,2] stands for the system with structural damping, especially, o =2
stands for the system with Kelvin-Voigt-type damping. The example of the model of
thermoelastic plate equations with friction or structural damping (1.2) is a special case
of a— 8 —~ systems, which have been introduced in [10], namely,

Ut +AU/—ABQ+A7Ut = O7
9,5 +Aa9+Aﬂut = O,

when we choose
) 1 1
A=(—A)" and a:ﬁzi, [0,1]97250.

Nevertheless, the questions of influence of an additional damping in the equation for u
in thermoelastic plate equations on some qualitative properties of solutions as LP — L4
estimates, diffusion phenomena, asymptotic profiles of solutions are still open.

Our main purpose of this paper is to study various qualitative properties of solu-
tions to the thermoelastic plate equations with different damping mechanisms. More
specifically, we are interested in the following properties of solutions to (1.2):

) smoothing effect and L? well-posedness;

1
2) energy estimates with different assumptions on initial data;

(
(
(3) LP— L9 estimates not necessary on the conjugate line;
(4) diffusion phenomena;

(5

) asymptotic profiles of solutions in a framework of weighted L' data.

Then, due to the fact that different kinds of damping (friction, structural damping,
thermal damping) have a different influence on the model, we will analyze the dominant
influence from the damping to various qualitative properties of solutions. In other
words, there exists a competition between “friction or structural damping” and “thermal
damping generated by Fourier’s law”. Our main new contributions in the present paper
are to derive new thresholds for diffusion phenomena (see Theorems 5.1 and 5.3) and
asymptotic profiles of solutions (see Theorems 6.1-6.3) for thermoelastic plate equations.

In order to study the above qualitative properties of solutions, especially, LP —
LP estimates for 1<p<oo, diffusion phenomena and asymptotic profiles of solutions,
we need to derive representations of solutions instead of using pointwise estimates in
the Fourier space. However, because the fractional power operator (—A)? acts on u,
in the damping term, the method of asymptotic expansions of eigenprojections (c.f.
[2,12]) seems to be difficult to apply. Moreover, the method of asymptotic expansions
of eigenvalues (c.f. [12,28]) also seems to be not easy to apply to prove the sharpness
for the derived estimates of solutions. To overcome these difficulties, we may derive
representations of solutions by applying methods of WKB analysis. The main tool is
the application of a multi-step diagonalization procedure, which was mainly proposed
in [17,31].
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In the study of diffusion phenomena of solutions to (1.2), we may observe the corre-
sponding reference system to (1.2), which consists of different evolution equations, e.g.,
heat equation, fractional heat equation, Schrédinger equation, fourth-order parabolic
equation. The equations of such a reference system are determined by the value of o
in the damping term (—A)wu;. It will provide some opportunities for us to understand
the model (1.2) in a more precise way.

For asymptotic profiles of solutions in a framework of weighted L! data in Section
6, by introducing

U(t,x): = (ur+ |Du,u,— | D*u,6) " (t,2),
T
Uo(z) : = (u1 + |D[*ug,uy — |D|2u0,90) (z),

Puyi= / Us(x)dz with |Py,| 0,
we will prove the following estimates for ¢t > 1:
_ n+2s _ n+2s
7zl | Py | SINU ) | s gy St 20 | Uo || s (e )pa g

with $>0, 0€10,2]. Tt immediately leads to sharp decay rate of the estimates for the
H* norm of solutions. To the best of the author’s knowledge, sharp estimates for lower
bound of solutions for dissipative elastic systems are unknown, although the estimates
for upper bound of solutions in the L? norm have been extensively discussed in several
kinds of elastic systems, see [2,3,29] for dissipative elastic waves, [17,31,36,40,41] for
thermoelastic systems. We remark that our method can probably be applied to some
other systems in elastic material (see Remark 7.1) too. Furthermore, due to the double
damping, including friction or structural damping and thermal damping generated by
Fourier’s law, it is interesting to investigate which damping will give stronger effects on
asymptotic profiles of solutions.

The paper is organized as follows. In Section 2, we prepare representations of solu-
tions to (1.2) by employing WKB analysis. In Section 3, by using these representations
of solutions we study smoothing effect of solutions and L? well-posedness of the Cauchy
problem (1.2). In Section 4, we derive some estimates of solutions, including energy es-
timates with initial data taken from H*(R™)NL™(R™) with s >0, m€[1,2], and LP — L4
estimates not necessary on the conjugate line. In Section 5, diffusion phenomena for lin-
ear thermoelastic plate equations with friction or structural damping are investigated.
In Section 6, we derive long-time asymptotic profiles of solutions in a framework of
weighted L' data. Finally, in Section 7 some concluding remarks complete the paper.

Finally, we now give some notations to be used in this paper. We denote the identity
matrix of dimension k x k by Ij. f < g means that there exists a positive constant C' such
that f <Cg. Moreover, H;(R") and H;(]R”) with s >0 and 1<p< oo, denote Bessel
and Riesz potential spaces based on LP(R"™), respectively. Here (D)® and |D|* stand
for the pseudo-differential operators with symbols (£)* and |¢|*, respectively, where
(&)= V1+IP.

Let us define the Gevrey spaces I'"(R") for k €[1,00) by (c.f. [32])
" (R") ::{f € L*(R™): there exists a constant ¢> 0

such that exp (c(fﬁ) fe LQ(R")}.
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Let us define the weighted L' spaces L' (R™) for § € [0,00) by

N(Rw::{feﬂ(w):|f||L1,a<Rw> = / <1+|x|>5|f<x>|dx<oo}.

Rn

Particularly, we notice that L»°(R™)=L!(R").

2. Asymptotic behavior of solutions
First of all, we apply the partial Fourier transformation with respect to spatial
variables to (1.2) to get the following second-order ordinary differential system:

Qe+ a— €20+ |€*7 0, =0, t>0,E€R™,
0,4 €126+ |¢|>a, =0, t>0,£€R™, (2.1)
(i1, 0¢,0)(0,€) = (tho, 1,00 ) (£), EER™

Introducing w(® =w(© (¢,£) by
0 5 244 20.0) "
w® = (i +[€Pa, i~ €20,0)

we obtain the first-order system as follows:

{w§0> + (1P Ao+ 1627 A) w® =0, t>0,6€R™, )
w®(0,6)=wy” (©), EeR", |
where wéo) = wéo) (&) is defined by
wl® = (i + 1€ 0.1~ €700, )
and the coefficient matrices are given by
0—-2-2 110
Ag==12 0 -2 andA1:§ 110
11 2 000
Additionally, we denote the matrix
A(l&];0) :==1€]* Ao + [€]* A,
and
U(t,w):z(ut+|D|2u,ut—\D|2u,9)T(t,x), (2.3)
Uo(x) : = (ur + | Do, us — | D|?uo,00) " (). (2.4)

It is clear that Fp_¢ (U(t,2)) =w( (t,€) and F (Uy(z)) =wi(€).

2.1. Diagonalization schemes. In the beginning, we divide the phase space
into three regions

Zins(e) = {E€R™:[e] <1},
Zmid(é-?N):{geRn:ES‘§|§N}7
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Zext(N)={S€R™: [{| 2 N>>1},

for small, bounded and large frequencies. Later, we will diagonalize the princi-
pal part of the first-order system (2.2) in each region. Furthermore, let us define
Xint (€), Xmid (§), Xext (§) €C*°(R™) having their supports in Zin(¢), Zmia(e/2,2N) and
Zext (N)7 respectively, so that Xmia (5) =1—Xint (5) — Xext (f)

To understand the influence of the parameter £ on the asymptotic behavior of
solutions, we now distinguish between the next four cases.
Case 2.1: 0€[0,1) with £ € Zin(e) or o€ (1,2] with £ € Zex (N);
Case 2.2: 0€[0,1) with £ € Zoxt (V) or o € (1,2] with £ € Zin(e);
Case 2.3: o=1 for all frequencies;
Case 2.4: 0 #1 with £ € Za(e,N).
For frequencies in the small zone or the large zone, i.e., Cases 2.1 and 2.2, the diagonal-
ization procedure is available. This procedure, which is developed [17,31,39], allows us
to derive representations of solutions. For Case 2.3, the matrix A(|¢];1) may be under-
stood as nonperturbed linear operator for all frequencies due to A(|¢[;1) = |£|*(Ao+ A1).
For this reason, we only need to calculate the eigenvalues of the matrix A(|¢];1) directly
in Case 2.3. For frequencies in the bounded zone and o #1, i.e., Case 2.4, we construct
a contradiction to prove that the real parts of the characteristic roots have a fixed sign.

LEMMA 2.1 (Treatment for Case 2.1). When o€[0,1) with £ € Zin (), or o€ (1,2]
with £ € Zext(N), after £ steps of diagonalization procedure the starting system (2.2) is
transformed to

{wg) +(Ao+- At Ren)w =0, ¢>0,€€R™,
w®(0,8) =w(€), §ERT,

with the diagonalized matrices A1,...,Ay and the remainder Ryy1. The asymptotic be-
havior of these matrices can be described as follows:

Ao=0([¢[*7), Aj=O(JgP =002 Rppy = O (g1 2).

Moreover, the characteristic roots Mg j =M ;(|]) with j=1,2,3, having the following
asymptotic behavior:

Aea =€, N =[P+ €12, Aea = €27 —20¢ %,

modulo O(|¢]5747).

Proof. To start the diagonalization procedure, the matrix |£|2? A; has a dominant
influence in comparison with the matrix |£]24 in Case 2.1. As the consequence, we
should diagonalize €27 A; in the first place. With the aid of variable change

101\ "
w® ::To_lw(o) = 101 w®
010

)

we derive

wt(l) + Ao+ Rp)wM =0,
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where
Ao =diag (0,0,1¢[*7) = O([¢]**)

and R, = [¢2A0Y = O(|¢[?) with

0 01

Ag”TO—lAOTO< 0 1 1) =0(1).

—-1-10

Next, we define
w® =T L™

with 71 := I3+ N1(|€]), where

001
Nulehs= g (001 | ~o(lef).
110

Thus, we have
ol + (8077 (6P AP - M€ Aol +IEPT A M€ w® =0, (25)

where we use

0 01
[NL(€D), Aol == N1 ([€]) Ao = Ao N1 (I€) =[¢* [ 0 0 1
~1-10

By the relation T, ' = I3 — T, "Ny (|€]), we transform (2.5) to the following first-order
system:

wgz) + (Ao +A1 +R2)w(2) :0,
where
Ay :=diag (0,[¢[*,0) =O(|¢[*)

and Ry = AP T N1 (|€)) ASY = O(j¢|*~27) with

11 0
AP == N(JEDA +[EPAN () =162 | 1 1 1 | =0(lg)*~2).
0—-1-2

By a similar procedure, we introduce
w® :ZTngf%lw(Q)
with Ty 1 :=1I3+ N1 (|€]) and Ty := I3+ Na([¢]), where
000

Ny (1€)== (0 0 1) =0(jg[**),
010
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010
Na(l€) =P | ~100 | —O0(jeP27).
000

So, we derive the following system:
w® + (Mg + A1+ Mg+ Ry)w® =0,
where
Ao = diag ([€]*727,[¢]*727, —2[¢[*7>7) = O(lg]*>7)

and R3= (’)(|§ \6_4"). Notice that the matrices T, jnt and 15 oxt, respectively, are defined
by

Tmint : :TOT1T1%T2 if o€ [0, 1),
Toexi:=ToTh T, T it 0€(1,2]. (2.6)

Then, we carry out further steps of diagonalization proposed in [30,39] to complete the
proof. ]

LEMMA 2.2 (Treatment for Case 2.2). When 0 €[0,1) with £ € Zext(N), or o €(1,2]
with € € Zing(€), after € steps of diagonalization procedure the starting system (2.2) is
transformed to

{wg) + Ao+ + A+ Rep)w® =0, £>0,6€R,
w®(0,8) =w(€), (ER,

with the diagonalized matrices Ay,...,Ay and the remainder Ryy1. The asymptotic be-
havior of these matrices can be described as follows:

AO _ (9(|§|2)7 Aj _ O(|§|2(0‘71)(j71)+20)7 R€+1 _ O(‘€|2(071)€+20)'

Moreover, the characteristic roots Mg j =M ;(|]) with j=1,2,3, having the following
asymptotic behavior:

A =111€% Aoz =12l€%, Aes=ysl¢]?,

modulo (9(|§|2"), where the constants y; for j=1,2,3 will be defined in (2.7) later.

Proof.  In this part, the matrix |¢|?4y has a dominant influence in comparison
with the matrix |£|27 A;. Thus, we should diagonalize |£|? Ay firstly. After applying the
substitution

w) = To_lw(o),
we arrive at the system
wM + (Ao + Ri)w™® =0,
with the diagonal matrix

No=¢PTy M Ao Ty = diag (y1]€]%,y21€)%, ys€1?) = O(I€?)
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and the remainder Ry =|¢|?*°T; ' A1Ty=0(|£[>*). In the above, the values of y; for
7=1,2,3 are the solutions to the cubic equation

P —y?+2y—1=0.

Then, from direct calculations the values y; for j=1,2,3, are given by

1 1 V3 1 1 V3
1 = (1—Z+ Y = (1-25 =Y 2.
=5 1+2),y 3< 5715 zZ2>, Y3 3< 591~ 5 zzQ>, (2.7)

oo\»—*

where

zl—f/; (3vB9+11) \/; (3v69-11), 2= (/; (3\/®+11)+§/; (3vB9-11).

Note that y;1 #y2 #ys and the real parts of y; are positive for all j=1,2,3. We now
denote the matrices T, jn¢ and T}, ext, respectively, by

Ta,int N :TO lf [AS (1,2]7
Tyext: =Ty if 0 €[0,1). (2.8)

Finally, one may apply further steps of diagonalization proposed in [30,39] to complete
the proof. 0

LEMMA 2.3 (Treatment for Case 2.3). When o=1 with £ €R™, the starting system
(2.2) can be transformed to

{wgl)—i-Aow(l)—O, t>0,£€R",
w®(0,6) =wi" (), €€R™,

with the diagonalized matriz Ao =diag (y4|¢|?,y5|¢|?,y6|¢|?), where the constants y; for
J=4,5,6 will be defined in (2.9) later.

Proof.  Here the matrices |£|2Ag and [£]?? A} with o =1 have the same influence
on the principal part. For this reason, the following system is obtained:

wi” +A(lg 1w =0.
From direct calculation, we get

2|£| A slelP |£|2 —1¢[?

13 \ + €2 él&l2 —|¢J?
1€ $lE?1EP=A

= AP 20gPA% Bl A+ g

() () ++(&))

In other words, we only need to study the solution to the cubic equation

0=det (A(€];1) ~ M) = | 4

v —2y% +3y—1=0.
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By a simple calculation, we find the solution to above cubic equation given by
2

— _i+g =z _i+g =z _i_i_, (29)
Ys =23 925 373/5— 4 973 3,3/6— 5 925 3’ .
where
1 1 3 1 3 1 3
B=g\ g TV a= (‘ﬁ@) e (‘2‘?’)
Note that y4 #ys # ys with Re y; >0 for j=4,5,6.
By introducing
w® 1=T1_,olw(0),
we obtain the following system:
wt(l) +AgwM) =0,
with the diagonal matrix
Ao =T1 g A(|€1;1) T 0 =diag (yalé|*,ys €)%, w6 €)?) = O(I€[).
Then, the proof of this lemma is completed. ]

Lastly, we derive an exponential decay result for frequencies in the bounded zone
Zmid(g,N) to guarantee the stability of solutions to (2.2) for o €[0,1)U(1,2].

LEMMA 2.4 (Treatment for Case 2.4).  The solution w® =w( (t,€) to the Cauchy
problem (2.2) with o €[0,1)U(1,2] satisfies

|0 (t.6)[ Se ugy” (€)].
for €€ Znia(e,N), where ¢ is a positive constant.

Proof.  The following considerations help us obtain an a priori estimate for the
characteristic roots for frequencies in the bounded zone Z,iq(e, N). We assume that
there is a purely imaginary eigenvalue A=1ia with a € R\{0} of the coefficient matrix
A(|€];0) for £#0. The eigenvalue A satisfies the following cubic equation:

3lEP7 =X glefPr—[e? —l¢f?
0=det(A(|¢;0) = A5) =| 3[6* + [6]* lElP7 A —[¢?
3l¢l? sIEP e =

==X+ (IEP7 +167) A2 = (2lE1 +[EPF*) A+ 1€’ (2.10)

Plugging A=1a in (2.10) and considering the real and imaginary parts of the coefficient
of a, we conclude the following two equations, respectively:

_2(|¢120 2 6_0 2_ €16
{“2('5' HER)HIER=0 ) e
a(a _2|£| _|€| ):07 a2:2|§\4+|§|2+2”,

where we use a#0. They lead to a contradiction immediately because £ € Ziq(e,N).
Then, no purely imaginary characteristic roots of A(|¢|;0) for all 0€]0,1)U(1,2] can
exist for frequencies in the bounded zone. Consequently, due to the compactness of the
bounded zone Zn;q(e,N) and the continuity of Re \;(|¢]) together with Re A;(|¢]) >0,
j=1,2,3, for [¢|=¢ and |{|=N, we complete the proof immediately. O



438 THERMOELASTIC PLATE EQUATIONS WITH DAMPING

2.2. Representations of solutions. From Lemmas 2.1 and 2.2, we know that
when o €[0,1)U(1,2] with small frequencies or large frequencies the uniform invertibility
of T, int and Ty cxt hold. Thus, we have the next theorems for the representations of
solutions. Their proofs are based on Lemmas 2.1 and 2.2.

THEOREM 2.1. There exists a matriz Ty ing for o €[0,1)U(1,2], which is uniformly
inwvertible for small frequencies such that the following representation formula for the
Cauchy problem (2.2) with o €[0,1)U(1,2] holds:

Xint (€)@ (£,€) = Yint (€) T ing diaig (e—xl(|£|>t7e—&(\s\)t,e—xgufnt) T(?,iltwéo) (),

where the characteristic roots \;(|€]) for j=1,2,3, have the following asymptotic behav-
107!

e if0€[0,1), then we have
M(ED = €727, Ao (l€]) =1€” +[€]* 7>, As(l€]) =[€[* —21¢|*7*,
modulo O(|¢5747);
o if 0€(1,2], then we have
(D =w1l€l%, Aa(l€) =w21€%, Aa(I€]) =wall,
modulo (’)(|£|2"), where y1,y2,ys are determined in (2.7).

THEOREM 2.2.  There exists a matric Ty exy for o €[0,1)U(1,2], which is uniformly
invertible for large frequencies such that the following representation formula for the
Cauchy problem (2.2) with o €[0,1)U(1,2] holds:

Xext (f)w(O) (tag) = Xext (S)Td,ext dlag (ef)\l(\f\)t’67)\2(|§|)t767)\3(\5\)t> Ta_,clxtw(()O) (5)3

where the characteristic roots \;(|€]) for j=1,2,3, have the following asymptotic behav-
tor:

e if 0€[0,1), then we have

AN =wlel, Ao (l€]) =217, As(1€) =ysl€l*,

modulo O(|£]*7), where y1,y2,y3 are determined in (2.7);
e if 0 €(1,2], then we have

M(EN =172, Ao (l€) = 1€ +1E1*727, As(le]) = €[> —21€*7>7,
modulo O([£]674).

Lastly, considering (2.2) with o=1, from Lemma 2.3 we can derive the explicit
representation of solutions in the following statement.

THEOREM 2.3. There exists a matriz Th, which is uniformly invertible for all
frequencies such that the following representation formula for the Cauchy problem (2.2)
with 0 =1 holds:

wO (1,6) =T o diag (ew(m)t’6—A2<|s|>t7643<\£\>t> Tl (e),

where the characteristic roots \j(|€]) have the following explicit expressions:

(€)= walél?, A2(1€) =wsl€1%, As(I€]) =ysl€)?,

where yu,ys,ye are determined in (2.9).
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3. Some qualitative properties of solutions

In this section we derive smoothing effect of solutions and L? well-posedness of
the Cauchy problem for linear thermoelastic plate equations with friction or structural
damping.

Let us study smoothing effect of solutions initially.

THEOREM 3.1.  Let us assume (|D|*ug,u1,6p) € L*(R™) x L*(R") x L*(R"). Then, the
solution to the Cauchy problem (1.2) with o €10,2) belongs to Gevrey spaces such that

(DI *?u,|D|*us,|DI*0) (t,-) ET*(R™) x T (R™) x I"(R") for any t>0,

with s >0, where the parameter k=1 when o € [O, %] , and K= 4_120 when o € (%,2).

Proof.  To understand Gevrey smoothing of the solution, we only need to study
the regularity properties of the solution for frequencies in the large zone Zey(N). From
Theorem 2.2 we may estimate

Xexs (€)[€[%e ™17 [ (¢ it 0 €[0,1],

)
- s,,,(0) t, 5 1-20
Xext (§) €] [w' (2,€)) {xcxt(£)|£|565 U ()] if o€ (1,2).

When we take the parameter x in Gevrey spaces I'*(R™) such that k=1 if o € [0,3],

2
and mzﬁ if o€ (%,2), they lead to

Fob, (160 @ (1)) (1) €T (R™) for any ¢>0.
Then, we can get
|DI°U(t,-) eT*(R™) for any ¢ > 0.

So, according to (2.3), we complete the proof. d

REMARK 3.1.  We notice that for the Cauchy problem (1.2) with o € [O, %] , the solution
belongs to the Gevrey space I''(R™), which means analytic smoothing of the solution.

REMARK 3.2. Let us consider the Cauchy problem (1.2) with 0 =2. The representation
of solutions for large frequencies from Theorem 2.2 implies for s >0 that

Next (E)JE]* [0 (1.6) S Xext (€)™ [l w0 (6)]-
Thus, the solution does not belong to Gevrey spaces I'*(R™) with k€ [1,00).

REMARK 3.3. The statement of Theorem 3.1 tells us that the threshold of Gevrey
smoothing of solutions is o= % The observation of this threshold is as follows. In the
case when o € [0,1], the thermal damping generated by Fourier’s law plays a dominant
role of smoothing effect. Thus, we may observe analytic smoothing. In the case when
o €(1,2), the structural damping has dominant influence. Then, we may consider the
smoothing effect of solutions to the following structurally damped plate equation:

U+ A%u—+ (—A)u, =0, t>0, xR,
fresstuscor .

(u,u)(0,2) = (up,u1)(z), x€R",

with o € (1,2). From the proof of Proposition 22 in the paper [27], concerning smoothing
effect of solutions to (3.1), we may immediately obtain analytic smoothing if 1 <o <
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%, and Gevrey smoothing ['2G-<) if %<a<2. By this way, we may expect that the

threshold for smoothing effect for (1.2) is o= 3.

After applying the representations of solutions from Theorems 2.1, 2.2 and 2.3, we
immediately prove the following L? well-posedness for the Cauchy problem (1.2).

THEOREM 3.2. Let us assume (|D|?uo,u1,00) € L*(R™) x L*(R™) x L*(R™). Then,
there exists a uniquely determined solution to the Cauchy problem (1.2) with o €10,2],
which satisfies

uec ([o,oo),H2(Rn)) . ueC([0,00),LAR™), 0eC([0,00), LA(R™)).

REMARK 3.4.  One also can derive H® well-posedness for the Cauchy problem (1.2)

for all s€R. In other words, there exists a uniquely determined solution to the Cauchy
problem (1.2) with o €[0,2], which fulfills

(1D, ue,0) €C([0,00), H*(R™)) x C([0,00), H*(R™)) x C([0,00), H* (R")),

if we assume (|D|?ug,u1,00) € H*(R™) x H*(R™) x H*(R") for s€R.

4. Estimates for solutions

This section mainly develops some estimates for solutions to linear thermoelastic
plate equations with different damping mechanisms in R™, n>1. The section is orga-
nized as follows. First of all, by using phase space analysis and the representations of
solutions stated in Theorems 2.1, 2.2, 2.3, we derive estimates of solutions to (1.2) with
initial data taken from H*(R™)NL™(R™) for s>0 and m€[1,2]. Moreover, inspired
by [11,13,15], we investigate estimates of solutions to (1.2) with initial data taken from
wighted L' spaces, i.e., H*(R")NL"°(R™) for s >0 and § € (0,1]. Eventually, we study
LP — L7 estimates not necessary on the conjugate line with the aid of some applications
of L" estimates for oscillating integrals.

4.1. Energy estimates. Before stating our main results, let us denote the
parameters for n>1, s >0 and m € [1,2] by the following way:

(2—m)n+2ms .
m 1f0’€[071)7
v(oyn,m,s) = ) )
Wﬂ if oe(1,2].
m

It will be used to describe the decay rate of the energy estimates later.
Additionally, we define the function spaces A, s(R™) for s>0 and m € [1,2]

A, s (R") = (H*(R")N L™ (R™)) x (H*(R™) N L™(R™)) x (H*(R")N L™ (R™)),
and the function spaces Bs s(R™) for s >0 and ¢ € [0,1]
Bs s(R™):= (H*(R™)NL" (R™)) x (H*(R™)NL"* (R™)) x (H*(R")NL"*(R™)),

carrying their corresponding norms.

THEOREM 4.1.  Let us assume (|D|*ug,u1,00) € A2 s(R™). Then, the solution to the
Cauchy problem (1.2) with o €0,2] satisfies the following estimates:

H|D|2“(t,')’|gs(w) + [[we @) e gy 10 ) | s (v
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S+ (1D o, 0) |, -

Proof. For one thing, considering small frequencies, we have

pom@rere@ el ,
Pomec@erete ™)) F (08)] g, o),
s P 0| I e
(1+1)" @ ‘f—1<wg°))( e if 7€ [0,1),
Tty 1(w(()0))‘L2(]R") if o€ [1,2].

For another, considering bounded frequencies and large frequencies, we may immediately
obtain exponential decay estimates for initial data taken from H*® spaces.

Then, we can complete the proof of Theorem 4.1 by applying the Parseval-Plancherel
theorem. 0

REMARK 4.1.  Let us assume (|D|?ug,uq,00) € H*(R™) x H5(R™) x H*(R™) for s> 0.
Then, the solution satisfies the following bounded estimates:
|[DPu(t HH ®ny T e (€, e ey T 10 )| 7oz
§||(|D|2'u@,u1,90)|

Hs(Rm)x Hs (R™)x Hs(R?)

Next, we consider initial data taken from H*® with additional regularity L™, m€[1,2),

which implies an additional decay in the corresponding estimates.

THEOREM 4.2.  Let us assume (|D[*ug,u1,00) € Ay s(R™), where s >0 and m € [1,2).

Then, the solution to the Cauchy problem (1.2) with o € [0,2] satisfies the next estimates:
D1t )| o gony + e () g ey 1O e ey

5(1+t)_7(”’”7m’8) H (|D|2U0»u1790) HAm,S(Rn) :

Proof.  For frequencies in the small zone, we apply Hoélder’s inequality and the
Hausdorff-Young inequality to get the following estimates:

: sw© (¢ ‘
RG] -
. ot 7 ()] ol
i (€)1l p2 o |7 ()] gy €00,
4 s o—clél*t =1 (1 H -
tnere ™| a7 ()], ey, o2
_ (2=m)n+2ms
(14¢)" mme-o ( ) H if c€10,1),
< Lm(R™)
(1—|—t> - m):ln+2ms (’LU 0)) H if ce [172]’
L™ (R™)
where we use the following facts for m € [ 00), ap >0 and s> 0:

Xint (§)[€]%e —elgloe||™

<1 ifo<t<l,
m(]Rn
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and

xint (§)[€%e —elerot

1>
_ Tstr”*lefcmT%tdr
Lm (Rn 0

e*0

t
:it_%(smw/ S (smtn) =1 —emr®0 5
Qg 0

<t @ (rE) 1<y

For frequencies in the bounded zone and the large zone, we obtain an exponential decay

estimate
7 (")
Hs (Rn)

where the constant ¢>0. Finally, combining with the Parseval-Plancherel theorem, the
proof of Theorem 4.2 is complete. 1]

< efct
L2(Rn) ™

[ Cmia () + xex (€)1 O 1,6)|

REMARK 4.2. Concerning the sharpness of the derived energy estimates in Theorem
4.2, we point out that the estimates for || |€] 5w ©) (t,€) }|L2(Rn) seem to be sharp because

diagonalization procedure is used in deriving representations of solutions.

Next, we discuss energy estimates with initial data taken from the weighted spaces
LY for §€(0,1] (see Notation in Section 1). Before stating our result, we recall the
following useful lemma, which was introduced in Lemma 2.1 in the paper [13].

LEMMA 4.1. Let 6€(0,1] and f € L*°(R™). Then, the following estimate holds:

FO< e N sy +| [ Flos]

with some constant Cs > 0.

THEOREM 4.3.  Let us assume (|D|*ug,uy,60) € Bs,s(R™), where s>0 and 6 € (0,1].
Then, the solution to the Cauchy problem (1.2) with o€[0,2] satisfies the following
estimates:

D1t ) o gy e (8 ) | o ey + 10 e ey

SO0 | (1DPug,us,00) [,y + (1+2) 71

/ Uo(a)dal,

Proof. Here we only need to modify estimates for small frequencies in the proof
of Theorem 4.2. We apply Lemma 4.1 to get

< {xim@)we-c&“2°t\wé°> (©)| if o €[0,1),
Xine ()€€~ [ (6] it 0 €[1,2],

where initial data Uyp(x) is defined in (2.4).

Xint (6)[€]°w®

xim<5>|s|86c'ﬁ'“’t(w‘|Uo||m(Rn)+\ / Uo<x>dx]) if 0 €[0,1),
Rn,

o (@I (1P nlnoo +| [ Oo@raa]) it oepal
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Next, we may estimate for ¢ € (0,1]
| S+~
L2(R)

_ 4—20
Xint (§) €| TP emcle

Then, combining with the estimates

n+2(s+8)
4 .

. s+0 70\5\215 <(1+t)"
Xlnt(£)|£‘ € L2(]R'")N( + )

. spcle[*72 < pEtce)
Xlnt(§)|£‘ e LZ(RH)N(I_Ft) RE )a

(PG

n+2s

SA+t)” T,

L2(R™)
we immediately complete the proof. ]

REMARK 4.3. By restricting

‘/n Uo(l‘)d.l?’zo, (4.1)

and comparing with derived estimates in Theorem 4.3, the decay rate given in Theorem
4.2 when m=1 can be improved by (1+t)~2 for § € (0,1]. We need to point out that
the additional condition (4.1) holds when Uy(z) is an odd function with respect to z,,
in other words,

U0($1,...,$n_1,—l‘n) = —Uo(l‘1,...,l‘n_1,1‘n).

REMARK 4.4. The statements of Theorems 4.1, 4.2 and 4.3 tell us that the thermal
dissipation generated by Fourier’s law has a dominant influence on energy estimates in
comparison with friction and structural damping only if o €[1,2].

4.2. [P — L7 estimates not necessary on the conjugate line. In the begin-
ning, let us introduce the parameters to depict the decay rate

s n 1 1
5 (22 foelon
-2 i-20 (p q) ifoelo.1),

M(Uvnapaqas) = (42)
Iy (S if o€ [1,2]
—4 = -== if o
2 2\p ¢ B
where s>0 and 1 <p<g<oo.
Moreover, we define the parameter to depict the regularity for initial data
1 1
M, »$HPs >S+n<_>7 (43)
e P oq

where s>0 and 1 <p<2<g<oo.

4.2.1. L?— L7 estimates for the model with 0 €[0,1)U(1,2]. Before starting
our main theorem, we prove the following useful lemma first.

LEMMA 4.2. Let f€S(R™) and k1 >0, k>0, s>0. Then, the next estimates hold:

<14 m-=G-1) b 4.4
Lq(R“)N( ) 1l e ®nys (4.4)

|72, (amt@leres o))
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|Fts (e @lere ™0 f@) | | Sem (DY e ]l g (4.5)

La(R")
where ¢>0, 1<p<2<qg<oo and My, s p.q is chosen as in (4.3).

Proof. Let us prove (4.4) first. Applying the Hausdorff-Young inequality yields

|72, (@l o) )|

< (@) lereet™ o)

La(R") ‘

. 4.6
oy (46)

Here %—i— % =1 with 2<¢g<oo. By using Hélder’s inequality, the estimate holds

thrc = +p with 2 <p’ <oc.
Finally7 combining with (4.6), (4.7) and the Hausdorff-Young inequality leads to

<y se—elgl"e
e RGT

X (©)[€l e fe)|

o Ml ey (@)

<1465 E D
poy, SAFDTH 17 Lzo ey

Feld o (xme (17~ £(€)
|72 (

Next, we begin with proving (4.5). For 0<¢<1, by a similar approach we have

1Fets (o ©)lere 9™ fi)) |

S FGIENTG]

~ ’

La (]Rn) ra (Rn)
< —n(g—5)-e ‘ stn(p—4)+ef ‘ 4.8
< e @) I I FO gy (49
wherea ——1 —~—|— ,Wlth2<q<oo 2<p' <o and €>0.
The followmg fact holds.
BRCa IRt [ / )G
[xe()(6) o= ) r
:/ (ry=P~ 1 dr < co. (4.9)
N

Summarizing (4.8), (4.9) and using the Hausdorff-Young inequality we derive

|72, (e (@l f () )|

ot
La(Rm)

Lr(R")

for I<p<2<g<ocand 0<t<1.
For the case t > 1, according to |£|> N we may obtain

< efct

Dystr(—5)+e
Do) S (D) f

|72, (e (@)lere ™ fig) )|

Lr(Rr)
Hence, the proof of Lemma 4.2 is completed. ]

Now, let us derive LP — L? estimates of solutions to the Cauchy problem (1.2) with
o€]0,1)U(1,2], where 1 <p<2<g<oc.

THEOREM 4.4.  Let us assume (|D|*ug,u1,00) € S(R™) x S(R™) x S(R™). Then, the so-
lution to the Cauchy problem (1.2) with o € [0,1)U(1,2] satisfies the following estimates:

1D, )| g ey + 12 CE ) g ey +10CE ) g ey
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5(1 _|_t)—p,(a,n,p,q,8) || (|D|2u03u1700) ||H£I"'S’p7q (R")XHII)VI"’S’p"q(R"L)XHII,W"’S""Q(R”) ’

with s >0, 1<p<2<qg<oo and Mn7s,p,q>s+n(%—§).

REMARK 4.5. If one is interested in the case p€(1,2] only, then we can choose

_ 11
My spq=5+n (5 q).

Proof. From Theorems 2.1, 2.3, 2.3 and Lemma 2.4 we obtain

<1¢15w© (2 ‘

LG(R")NH|§| w(E:8)
. 500 (¢

oy i @l 2.6)

Xext (€)1€1"w® (1,6)|

[IDrF, () 2,0

La' (Rm)
s

Xine ()"0 @ (1,6)|

L4 (Rn)

*|

L' (Rn) ’
where %—I—%:l with 2 <¢g < 0.
Following all steps from Lemma 4.2 we immediately complete the proof. 1]
4.2.2. [P — L7 estimates for the model with o0 =1. Due to the treatment in
Lemma 2.3, it allows us to obtain explicit representations of solutions. Therefore, it
is helpful for us to derive LP — L7 estimates of solutions to the Cauchy problem (1.2),
where 1 <p<qg<oo. To do this, let us introduce some results in L” estimates for some
oscillating integral by using modified Bessel functions (c.f. [8,27]).

LEMMA 4.3.  Let pe[l,00] and ¢ >0, coa#0. Then, the following estimates hold for
any t>0:

<t=575073), (4.10)
Lr(Rn) "~

<i3-30-3), (4.11)
Le(Rm) ™

[, (e s ) )
[P (grem 1 cos (ealeft) ) (1.9)]

where s>0 and n>1.

Proof.  For the proof of (4.11), one can see Proposition 12 in [27]. One can prove
(4.10) by some minor modifications of the proof of Proposition 12 in [27]. O

THEOREM 4.5. Let us assume (|D|2u0,u1,00) € LP(R™) x LP(R™) x LP(R™), where
p>1. Then, the solution to the Cauchy problem (1.2) with c=1 satisfies the next
estimates:

Dt gy oy + )t oy 108 s

St |(|DPug, ur, bo) HLP(JR")XLP(]R")XLP(]R")’

where s >0 and 1 <p<qg<oo.

Proof.  From Theorem 2.3, the solutions to (1.2) can be explicitly represented by
the following way:

(ut+|D\2u,ut — |D|2u,9)T(t,x)
3

3
— — . 2 —7 . 2
= > emuF. (6 e wrraleleimn vy e t) *(z) Uo,(2)

k=1 =1
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3
3
= Z Cjkl (Kéj)(t,x)%—K{j)(t,x)) *(2) Uo,k () , (4.12)
J,k=1 =1
where cjj; are constants and the kernels are
K§ =F1, <7isin (Im g, ,s]€[2) e R yj+3|5|2t> , (4.13)
K = F2, (cos (Im ypslgf?e) e e wslél). (4.14)

By applying Lemma 4.3 we get

3
0150, -2 01K )

for all r €[1,00]. Then, we directly apply Young’s inequality in (4.12) to complete the
proof. ]

< i30-1)

L7 (R™)

Taking p=¢ in Theorem 4.5 and supposing the higher regularity for initial data,
the singularity will disappear as t — +0. So, we have the next result.

COROLLARY 4.1.  Let us assume (|D[*ug,u1,6o) GH;(R”) X H;(R”) X H;(R”), where
p>1 and s>0. Then, the solution to the Cauchy problem (1.2) with c=1 satisfies the
following bounded estimates:

|||D|2U(t»')HH;(Rn)+Hut( M gz (R")"_Hg( )HH;(]R")

2

5||(|D| uo’ul’oo)||H;(R")><H;(R")xH;(lR”)'

REMARK 4.6. One can apply Theorem 4.5 for ¢ >ty > 1 and Corollary 4.1 for 0 <t <t
to obtain decay estimates for

1Dt ||H3(Rn e () gz oy + 10 7 ()

with decay rate (1+4¢)~+#(Lmp.a8) - At this time, initial data should belong to the func-
tion spaces H;;(R”) NLP(R™), where n>1, 1<p<g<oc and s>0.

REMARK 4.7. The statements of Theorems 4.4 and 4.5 indicate that the thermal
dissipation generated by Fourier’s law has a dominant influence on LP — L? estimates

away from the conjugate line in comparison with friction and structural damping only
if o €1,2].

5. Diffusion phenomena

It is well known that diffusion phenomena allow one to bridge the decay behavior of
the solution to (1.2) with the solution for the corresponding evolution. It also provides
a tool to tackle the asymptotic profiles of solutions. In this section we study diffusion
phenomena of solutions to the Cauchy problem (1.2) for o €[0,1) U(1,2] with initial data
taken from different assumptions on the regularity.

In the view of the derived estimates of solutions in Section 4, we find that the decay
rate of estimates of solutions are determined by the behavior of the characteristic roots
for £ € Zin(e) only. For €€ Znia(e,N)U Zext(N), the solutions satisfy an exponential
decay when we assume initial data taken with suitable regularities. For this reason, we
explain diffusion phenomena of solutions for small frequencies in this section.
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REMARK 5.1. Considering o =1 in the system (2.2), we find that e~vilét with y; €C
for j=4,5,6, plays a dominant role in the explicit representation of w(®) (t,£) from
Theorem 2.3. Then, there is no improvement in the decay estimates for the difference
between the solutions to the system (2.2) with o =1 and the solutions to its reference
system. Hence, we explain diffusion phenomena for o € [0,1)U(1,2] only.

5.1. Diffusion phenomena for the model with c€[0,1). To describe diffu-
sion phenomena of the solutions to the Cauchy problem (2.2) with o € [0,1), we consider
the following reference system:

i +ding ((—4)"77,(=A),(~4)7)a=0, t>0,z€R",
- _ 1 (p—1p—1p—1, (0) n (5-1)
u(0,7)=F (Tlé Ty Ty wy (5)) (z), z€eR",

where u= (ﬂ(l),ﬂ(Q),ﬁ(3))T and T07T17T1% are defined in Lemma 2.1. By applying the
partial Fourier transform w(t,&) = Fy—¢ (4(t,2)), (5.1) can be transformed to

Wy +diag (1€]*727,[€]%,1€]*) =0, t>0,{€R",
i IR (5.2)
(0,6) =T T Ty g (€), £eR™
We know that the solution w=1w(t,£) to (5.2) can be explicitly represented by
(t,€) = diag (716777 eI W) o TR ). (5.3)
2

REMARK 5.2.  According to the evolution system (5.1) with =0, we find that the
reference system consists of two different evolution equations such that

fourth-order parabolic equation: ﬂgl) + A2 = 0,

heat equation: ﬂ?) — A =0.
Therefore, we obtain double diffusion phenomena of solution to (1.2) with o=0. The
effect of double diffusion phenomena was introduced in the recent papers [3,4].

REMARK 5.3. Let us consider (1.2) with o € (0,1). Inspired by the dominant asymp-
totic behavior of eigenvalues such that

M(IEN=0(I€l*7*7), Xa(l€) =O(I). As(I€)=O(|¢]*")
for £ € Zint(€), we observe that the evolution system (5.1) consists of three different
evolution equations, which are
fractional heat equation 1: ﬁgl) + (=AM =0,
heat equation: ai” —Au® =0,
fractional heat equation 2: af’) +(=A)a® =0.

We may interpret this effect as triple diffusion phenomena, which is a natural general-
ization of the effect of double diffusion phenomena.
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THEOREM 5.1. Let us consider the Cauchy problem (2.2) with o €[0,1). We as-
sume (|D[*ug,u1,6p) € L™(R™) x L™(R™) x L™(R™) with m€[1,2]. Then, we have the
following refinement estimates:

m)n+2ms

-
S+ e 5 || (1D ug,ug,

Xin(D)FL, (0~ Ty Ty ) (t")Hgs(Rn)

00 HLm(Rn)me(Rn)me(Rn)’
where TO,Tl,TI% are defined in Lemma 2.1.

Proof. According to the representations of solutions for small frequencies in
Theorem 2.1 and the definition of the matrices in (2.6), we may obtain

Xint (§)[€]° (’LU(O T0T1T1%U~)> (,8) = Xint (§)I€]° (J1(L, [€]) + J2(,1€]) + 5 (2, €]))

Jo(t, |€] :dlag< —Ma(€Dt _ —le[* e e—Az(Iél)t_e—|£|2t7e—>\s(|£|)t_e—lélz"t)’

with Na([€])=O(|¢[*727) for o €[0,1).
Let us define

ha(€]) = 1¢[* 7>, ha(I€]) = €], hs(I€l) =1€1*7,
g1(I€D)=Ar([€]) =ha(l€]), g2(I€D) = Aa([&]) = ha(l€]),  gs(I€]) = As(€]) — hs(I€])-

Applying the following formula for j=1,2,3:
1
—h;(1€Dt=g; (1€t _ =R, (€Nt g;(|€)te™ s i (1Dt / e~ 9 (€Dt g
0

we can get

) Xint (€) (€] (w(o) _TOTlTléw) <t’§)‘ L2(Rn)

= IXine ()€ (J2 (E, [€) + T2 (8, €]) + T3 (&, [ D) 2 g

() e

Lm (Rn) ’

E)‘§|s+2—206—\§\4’20t

N’ Xint (

2m
L2—m (R")

- (0)
7 ()

Thus, the proof is complete. ]

o

5(1 +t)7'y(cr,n,m,s)7;:—a

THEOREM 5.2.  Let us consider the Cauchy problem (2.2) with oc€[0,1). We as-
sume (|D|*ug,u1,60p) € S(R™) x S(R™) x S(R™). Then, we have the following refinement
estimates:

Xint (D )fé_%( )’ToTlT“w)( )Hm(m
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<(1—|-15)_ﬁ_ﬁ(%_é)_%:7g || (|D|2U0’u1790) ||LP(RH)><LP(R")><LP(R")’

where TO,Tl,TI% are defined in Lemma 2.1 with s>0, 1<p<2<qg<o0.
Proof. 'We may prove this result immediately by using Lemma 4.2. 1]

REMARK 5.4. From the statements of Theorems 5.1 and 5.2, we know when o €[0,1)
the thermal dissipation generated by Fourier’s law and friction or structural damping
have an influence on the reference system at the same time. However, the friction and
structural damping have a dominant influence on the decay rate of the estimates.

5.2. Diffusion phenomena for the model with o€ (1,2]. Now, we describe
diffusion phenomena of the solutions to the Cauchy problem (2.2) with o € (1,2] by the
reference system as follows:

ﬂt*diag(ylay%ylﬂAa:Oa t>0,SCG]Rn,

a(0,2)=F " (Tg i (©)) (x), weR", 54

where y1,y2,y3 € C are determined in (2.7) and T are defined in Lemma 2.2. Applying
the partial Fourier transform w(t,£) = Fy—¢ (4(t,2)) implies

-+ diag(y1, v, y3)[E*0 =0, >0, £€R™,
{ww,f) e, e o
The solution to (5.5) is explicitly given by
w(t,€) =diag (e*yl|§‘2t,e*y2‘5‘2t7e*y3‘5‘2t) T(;lw(()o) (&). (5.6)

REMARK 5.5. From (5.4), the reference system consists of evolution equations
i) —Re y;AaY) —iTm y;Aa) =0,

for j=1,2,3. Here we interpret this effect as a classical diffusion phenomenon. More-
over, we have to point out that the reference system (5.4) consists of heat systems and
Schrodinger systems due to the fact that Re y; >0 and Im y; #0 for all j=1,2,3.

REMARK 5.6. If one considers the reference system as the following heat system only:
u, —diag(Re y1,Re y2,Re y3)Au=0, (5.7)
or the following Schrodinger system only:
ty —tdiag(Im y1,Im yo,Im y3)Aa=0, (5.8)

we cannot observe any diffusion structure for o € (1,2]. In other words, comparing with
Theorems 5.1 and 5.2, respectively, we observe that there is no improvement in the decay
estimates for the difference between the solutions to the system (2.2) with o € (1,2] and
the solutions to the reference systems (5.7) or (5.8).

Similar as in the last subsection, one can prove the following results.

THEOREM 5.3. Let us consider the Cauchy problem (2.2) with o€ (1,2]. We as-
sume (|D[*ug,u1,00) € L™(R™) x L™(R") x L™(R™) with m€[1,2]. Then, we have the
following refinement estimates:

’ Xint(D)‘Fg—lm (w(o) *Tow) (t,~)‘

Hs(R")
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_@=—mnt2ms 9
S(1+1) m” ( )H(‘D‘ u07u1’00)||Lm(R")><Lm(]R”)><L’"(R")’
where Ty are defined in Lemma 2.2.

THEOREM 5.4.  Let us consider the Cauchy problem (2.2) with o €(1,2]. We assume
(ID*ug,u1,600) € S(R™) x S(R™) x S(R™). Then, we have the nest refinement estimates:

§(1+t)7%*%(%7%)7(071) H (|D|2u0,u1,90)

Xint(D)fg—lmc (w(O) —To'lb) (t7.)HHS(R"')

HLP(]R")XLP(]R")XLP(]R”) J

where Ty are defined in Lemma 2.2 with s>0, 1<p<2<¢g<oo.

REMARK 5.7. From Theorems 5.1, 5.2, 5.3 and 5.4, the diffusion structure appears for
the Cauchy problem (1.2) with o€ [0,1)U(1,2]. More precisely, comparing Theorems
4.2 and 4.4 with Theorems 5.1 and 5.2, respectively, we observe that the decay rate
can be improved by —é:—g if 0€[0,1) as t—o0. In addition, comparing Theorems 4.2
and 4.4 with Theorems 5.3 and 5.4, respectively, we observe that the decay rate can be

improved by —(o—1) if 0 €(1,2] as t — oco.

REMARK 5.8. According to Theorems 5.3 and 5.4, the thermal dissipation generated
by Fourier’s law has a dominant influence on diffusion phenomena in comparison with
structural damping when o € (1,2].

6. Asymptotic profiles of solutions

Our main purpose in this section is to give asymptotic profiles of solutions to the
Cauchy problem (1.2) in a framework of the weighted L! data. The idea is motivated
by [14,15).

In Section 4 we derived the following estimates for upper bounds of solutions with
weighted L' data:

)

U, .)||HS(R") < _|_t)—'y(0,n,1,s+1) HUOHHs(Rn)mLM(Rn) +(1 _|_t)—'Y(o,n,1,s)

/ Uo(x)dx

where 0€[0,2], n>1, s>0. Here the solution U(t,x) and data Uy(z) are defined in
(2.3) and (2.4), respectively.

The natural questions are as follows. What is the estimate for the lower bounds of
[U (&, )l fre (rny in a framework of weighted L' data? Ts this estimate sharp? To answer
these questions, we show some useful lemmas initially. Here Lemmas 6.1 and 6.2 have
been proved in the papers [11,13].

LEMMA 6.1. Let f € L*(R™). Then, we can expand f(€) by

f(&)=Ap(§)—iBs(§)+ Py for all { R,

where
Ay(©i=(2m) [ (cosla€) - Df (@),
By ():

(27‘()7% /n sin(z- &) f(x)dx,

P;:=(2m)"2 . f(z)dx.
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LEMMA 6.2. Let us consider Af(€) and By () defined in Lemma 6.1. Then, we have
the following estimates for them:

A S Il o,
B IEl1 e,

LEMMA 6.3. Let us consider s >0 and o >0. Then, the following estimate holds for
large-time t>>1:

[rm©efreie

L2(Rm)
where the constant ¢>0.
Proof. By direct calculation, we obtain

o 2
Xint (€) €] 7€

:/R X (€) € e™ 2ol gg

:/E/ r236_2cru2td55d7“
0 JIg|=r
1>

1 —92cp92
_ wn/ 7,,25+n 16 2cr th‘,
0

L2(R™)

dw= 1%7{5) By using the ansatz r*2t =71, we complete the proof of the
2
lemma. 0

where wy, = [, _,

THEOREM 6.1.  Let us assume Uy € H*(R")NLYY(R™) with |Py,|#0, where s>0.
Then, the solution U="U(t,z) to the Cauchy problem (1.2) with o €[0,1) satisfies the
following estimates for t>1:

_ _n42s _ _n+42s
£ 55 | Py | S UM ey S5 Ul s gy -
Proof. To begin with, let us define
— i P e S A N Aty A &
Ja(t,|€]) :=ToT1 T, diag (e ,€e ,€e Tl% T, T, .

We use Lemmas 6.1, 6.2 and Theorem 5.1 to get

»
-

Xine(D)FL, (0®) = xan(D)FZL, (Ja(t, IED) Poy

Hs(R™)
Xim(D)}'{im

+ X (D)L, (a8 €D (Auy (€) ~ B, (6))) |
S(1+1) @)= 2=2||(|DPug, s, 6)
TGS
S(1 "'t)_wa’n’l’s)_;% | (ID*uo, u1,60) HLl(R")xLl(Rn)xLl(R")

+ (1 +t)—v(o,n,l,s+1) || (|D|2U0,U1,00)

<w<°> - TOTlTléw)

Hs(R™)
HLl(]R") x L' (R*)x L1 (R™)

+‘ (|D|2UO,U1700)

HLl’l(]R")xlel(R")xLLl(R")

HLl»l(]R")xLl)l(R")xlel(R")'
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To get the lower bounds estimates, we apply the Minkowski inequality to obtain

. -1 (. (0) H
Xint (D) F e (w ) He (R")

Xint(D)]:g—m (Ja(t,1€D) P,

Y

Hs(R™)

- HXint(D)f{im (w(o)) —int (D) F L, (Ja(t,|€)) Py,
Xina(€)[€]° (€827 el e

LV

Hs(R™)

P,
L2(RM) | Uo|

= ()OI (D g, un, o)
() (1D g, o)

In conclusion, for ¢>>1 the following estimate holds
Xine (D) F,

‘ e (w(o)>HH - > ¢ omLs) | Py .

Combining with the upper bounds estimate for ¢>>1 such that

HLl(R")XLl(R“)XLl(R")

HLl’l(]R")xLl’l(]R")xlel(R") :

0))H <t ’Y(Unls) U s n 1,1 n
H §—>z< e (&) | Uoll ir= (R ypa ey

) 1 (0) -1 (O)
’th(D)‘Fgaz (w )HHS(]R”)S H‘Fgﬁz <w )HHS(R" 7

we complete the proof.

and

0
THEOREM 6.2.

Let us assume Uy € H*(R")NLYY(R™) with |Py,|#0, where s>0
Then, the solution U=U((t,x) to the Cauchy problem (

1.2) with o € (1,2] satisfies the
following estimates for t>1:

_nt2s
T Pr I SNU @) e mny S

HH (Rm)ALLL(R7)-

Proof. Following the proof of Theorem 6.1 one can complete this proof

a0
Finally, we derive asymptotic profiles of solutions to the Cauchy problem (1.2) for
the case o =1.

THEOREM 6.3.

) with |Py,| #0, where s>0.

Let us assume Up€ H*(R™)N LYY (R™
(1.2) with o =1 salisfies the fol-

Then, the solution U=U(t,z) to the Cauchy problem
lowing estimates for t>1:

_n+2s
( )”Hé R") <t ||UOHH5 Rn) NL 1(Rn)

Proof. Let us define

Js(t,1€]) :=T o diag (e—yﬂf\zt’e—ys\f\zﬂe—ys\&?t) T

From Theorem 2.3, we know

Xin(D)F, (w®) =i (D)FE, (Ja(t:1€D) Pu,

e (Rn)
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Xint(D)FE, (Js (1. [€]) (Auy (€) =B, (€)))

_ nt2s

SA+E) 75T 72 Ul pra gy,

Hs(R™)

where 1o 1, Y4,Y5,Ys are defined in Lemma 2.3.
Then, repeating the procedure of the proof of Theorem 6.1 we derive for ¢t>1

PP (0] . gy 575 ()]
Xint(D)F e ()| ey = 17652 1) | ey

and the proof of Theorem 6.3 is complete. ]

£ Py, 5|

REMARK 6.1. According to Theorems 6.1, 6.2 and 6.3, the thermal dissipation
generated by Fourier’s law has a dominant influence on long-time asymptotic profiles of
solutions in comparison with structural damping when o € [1,2].

7. Concluding remarks
REMARK 7.1. In general, our method to derive sharp asymptotic profiles of solutions
in the framework of L' can be probably applied to the Cauchy problem for other
systems in elastic materials including elastic waves with different damping mechanisms,
thermoelastic systems, thermodiffusion systems.

In detail, for elastic waves with friction or structural damping [3,29], elastic waves
with Kelvin-Voigt damping [2], thermoelastic systems [17,31,36,40,41] and thermodiffu-
sion systems [24], the authors applied diagonalization procedures or asymptotic expan-
sions of eigenvalues/eigenprojections to derive representations of solutions. By these
representations of solutions, one may obtain diffusion phenomena with weighted L'
data. Then, one can follow the method in Section 6 to derive the sharp estimates for
lower bounds and upper bounds of solutions in a framework of weighted L' data.

7.1. Summary. In the following we will collect results for the Cauchy problem
for thermoelastic plate equations with friction or structural damping (1.2).

In the paper we first derive Gevrey smoothing of solutions (see Table 7.1) and L?
well-posedness for the Cauchy problem (1.2) such that

U eC([0,00),L*(R™)) if we assume Uy € L*(R™).

Next, we obtain several decay estimates of solutions. On one hand, we derive the
following energy estimates:

(2—m)n+2ms

U e ey S48 205 |Uoll gre geynpm (mn) »

where s >0, me€[1,2], and

n42(s+8) n+42s

10 ey S (L858 [Tl g oy .5 ey + (L) 56

PU0|,

where $>0, 6 €(0,1]. Here some numbers K are specified in the table below. On the
other hand, there are LP — L9 estimates not necessary on the conjugate line of the form

_s_m(1_1
10t g oy S (146" F KRG 0,

for suitable p,q and some numbers K (specified in the table below). Here ||Up]| corre-
sponds to initial data measured in an appropriate norm, which is based on LP.
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\ [ o=0 | o€(0,1) | o=1 | 0e(1,3/2] [ 0€(3/2,2) [o=2]
Gevrey 1 /n e . 2 on
smoothing I''(R™) (analytic smoothing) =2 (R") —
Energy K=4-2¢ K=2
estimates
Lr—L1 K=4-20 and K =2 and K =2 and
estimates 1<p<2<g<0 1<p<g<oo 1<p<2<g<o0
pl}?elfzrslice)ia double triple — single dif. phe
(dif. phe.) dif. phe. | dif. phe.
Asymptotic K—4_9 K—9
profiles

TABLE 7.1. Summary for qualitative properties of solutions

Finally, we derive diffusion phenomena with data taken from different function
spaces (see Table 7.1), and asymptotic profiles of solutions with weighted L' data

_n42s

nt2s
1t~ 2K

PUO| 5 ||U(t7)HHs(Rn) <t7 2K

~

Uoll s (rmynpi1 (me)

for t>>1, where |Py,|#0, s>0 and some numbers K are chosen in Table 7.1. We
should point out that when K =4, friction has a dominant influence in the corresponding
decay estimates; when K =4 — 20, structural damping has a dominant influence in the
corresponding decay estimates; when K =2, thermal dissipation generated by Fourier’s
law has a dominant influence in the corresponding decay estimates.

7.2. Estimates for the solution itself. Throughout this paper, we apply
diagonalization procedure to get the representations of solutions
U(t,x) = (u+|Du,u; — | D?u,60) " (t,2) (7.1)

and study some qualitative properties of solutions to the Cauchy problem (1.2).
Nevertheless, up to now, concerning the qualitative properties of the solution u=
u(t,z) to the Cauchy problem (1.2), we did not derive any estimate for the solution

itself. In this section, we will show some strategies to derive estimates for the solution
itself. We propose three different strategies.

Strategy 1. Estimates of u by using the Riesz potential theory.

We formally define the Riesz potential in R™ by its action on a measurable function
f=f(z) by convolution, that is
(Faef) 0= (Fowx 1) @)= 7 (172459) (1) =Coe [ L
o Jr—y

|n72n Ys

where k € (O,%).
The study of the following mapping properties to Io,. was initiated by [34].

LEMMA 7.1. Let us assume f € LP(R™) forpe (1,%), Then, Io. f € LP" (R™), where
- 1 1 2K
|Bef]| . S lony with = ——=="
LP™ (R™) p p n
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Then, we may estimate the solution itself by
372 (6w} )
(k) e S [|[Fede (16720 )], o

<||F-1 ( (o>> H B
NH}E_’Qc v (t,) LTfn(]Rn

= “fogi$ (w(0)> (t, )‘

La(R™)

) )

where 0< 1 <1— % Next, following a similar procedure of Section 4, one may complete
estimates of the solution itself.

Strategy 2. Estimates of u by using the integral formula.

For the case %E [0,1]\ (0,1—2), we cannot apply Strategy 1. Therefore, by the
integral formula

u(t,a:)—u(O,a:):/O ur(7,2)dr,

we obtain
t
HMUWU@MSWﬂmmw+AH%ﬁJMMWMT

Next, we apply the estimates of w,(7,-) in the L9 norm to complete estimates of the
solution itself. We should remark that to apply this strategy, we need to take an
additional assumption on the first data such that ug e LY(R™).

Strategy 3. Estimates of u by using the representation of the solution.

By some direct calculations, we may transfer the Cauchy problem (1.2) to the
following Cauchy problem for third-order equation:

{um—i-(—A)autt—Autt+2A2ut+(—A)”+1ut—A3u:O, t>0, .’EER”, (7 2)

(u,ug,uee)(0,@) = (ug,u1,uz) (), r€R™,
where o €10,2] and
ug () = —A%ug () — (—A)uy (x) — Aby ().

Applying the partial Fourier transformation with respect to spatial variables to (7.2),
we obtain an ordinary differential equation depending on the parameter |¢|

(7.3)

e+ (127 +[€17) @+ (21611 + [€177F2) @+ € °a=0, ¢>0,E€R™,
(fb,ﬁt,’&tt)(o,g):(ao,ﬁl,'lALQ)(f), €€Rn

The characteristic roots A\;=AX;(|¢]), j=1,2,3, for the equation of (7.3) satisfy the
parameter-dependent cubic equation

AP (JEP7 +1€1) A%+ (2] + E272) A+ [g]* =0 (7:4)
We may find the exact solution of (7.4) as follows:

S il %
37’37]' 3 ’

Aj=T35—
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where
1 g g
L= 2 (IR - ),
1 s o o
ro= 2*7(11|§\6+2|§|6 =3 —2l¢ )P,
. 1 4
ry= 3| ety T3+ 2—71":1” , where r3 1,732,733 are its complex solutions.

It provides an opportunity for us to derive explicit representations of solutions to (7.3)
such that

(t,€) = c1(€)eM D 4oy (€)eM2 St ¢y (g)era (1Dt

where \;(|¢]) are given by (7.5) and the coefficients ¢;(§) are given by

61(5):Az(l&\)/\s(lfl)ﬁo(ﬁ)—Az(lﬁl)ﬁl(f) /\3(\€|) 1(6) — €] a0 (&) — [€]*7 02 (€) + €[00 (€)
A(ED =M (€D A2 (I€D) = A ([€D A3 (1€]) + A2 (1N As (1€]) ’

ea(6) A(1€DAs (1) t0 (&) = A (1] (€) = As(|€D) @ () — €] 1o (&) — [€]*7 01 (£) + €[00 (€)
A3(ED = A (€D A2 (1€]) + A ([ED A3 (I€]) — A= (1€D) Aa (I€]) ’

63(5):)\1(|§\)/\2(|€|)ﬁo( )= A€ (€) = A2 (€)@ 1(5)*|€\4ﬁ0(§)*\6\20&1(€)+|§\2é0(€).
AZ(1EN + (€D A2 (I€]) = A ([€D A3 (1€]) — A= (1€NAs (1€])

It is possible to derive estimates for u=wu(t,x) by applying these representations.
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