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REGULARITY RESULTS FOR
THE NAVIER-STOKES-MAXWELL SYSTEM*

ZHIHONG WENT AND ZHUAN YE?

Abstract. In this paper, we study the Cauchy problem of the incompressible Navier-Stokes-
Maxwell system with Ohm’s law in two and three space-dimensions. On the one hand, we establish
an improved regularity criterion based on the velocity for the three-dimensional Navier-Stokes-Maxwell
system. On the other hand, we establish the global regularity result for the Navier-Stokes-Maxwell
system with the dissipation strength at the logarithmically supercritical level both in two and three
space-dimensions.
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1. Introduction

The incompressible Navier-Stokes-Maxwell system consists of the incompressible
Navier-Stokes equations of fluid dynamics and Maxwell’s equations of electromagnetism.
The coupling comes from the Lorentz force in the fluid equation and the electric current
in the Maxwell equations. Specially, the incompressible Navier-Stokes-Maxwell system
with Ohms law in two and three space-dimensions reads as follows

Ou+ (u-V)u—vAu+Vp=jx B,

O F—V xB=—j, j=oc(E4+uxB),

0yB+V x E=0, (1.1)
V-u=V-B=0,

u(z,0)=uo(z), E(z,0)=FEy(z), B(z,0)=By(zx),

where u= (uy,usz,usz) is the velocity of the incompressible fluid, F = (FE;, Es, E3) and
B=(By,Bs, Bs) are the electric and magnetic fields respectively. All are three-
component vector fields. However, in two-dimensional (2D) case, it is assumed that
uz = FE3= DBy =By =0. The scalar function p is the pressure, v is the viscosity, j is the
electric current which is given by Ohm’s law, o is the electric conductivity. For sim-
plicity, we may assume v=o0=1. The Navier-Stokes-Maxwell system (1.1) is derived
from kinetic Vlasov-Maxwell-Boltzmann system [2], which describes the evolution of a
plasma (i.e. a charged fluid) subject to a self-induced electromagnetic Lorentz force
Jj x B. The Navier-Stokes-Maxwell system (1.1) has strong physical background, the
reader can refer to [4,5] for more details.

Due to their physical applications and mathematical significance, the well-posedness
problem on the Navier-Stokes-Maxwell system has attracted considerable attention re-
cently. Let us review some very related works on (1.1). The well-posedness of (1.1)
is a highly nontrivial problem both in the context of weak solutions and more reg-
ular frameworks. In fact, due to the hyperbolic nature of the Maxwell equation,

*Received: December 05, 2018; Accepted (in revised form): October 04, 2019. Communicated by
Alexis F. Vasseur.

fDepartment of Mathematics and Statistics, Jiangsu Normal University, 101 Shanghai Road, Xuzhou
221116, Jiangsu, China (wenzhihongl1989@163.com).

fCorresponding Author. Department of Mathematics and Statistics, Jiangsu Normal University,
101 Shanghai Road, Xuzhou 221116, Jiangsu, China (yezhuan815@126.com).

339



340 NAVIER-STOKES-MAXWELL SYSTEM

the existence of global-in-time Leray-type weak solutions are completely open, even
for the 2D case. A first breakthrough comes from Masmoudi [14] by imposing more
regularity on the initial electric and magnetic fields. More precisely, for the initial
data (ug, Eo, Bo) € L? x H* x H* with s> 0, Masmoudi in [14] proved the existence and
uniqueness of global solutions for the system (1.1) in 2D case. His proof highly relies on
a time-space logarithmic inequality that enabled him to upper estimate the L°°-norm
of the velocity field by the energy norm and higher Sobolev norms. Another line of
research was carried out by Ibrahim and Keraani [8], who proved a local-in-time strong
solution in the borderline space 32071 X L12Og X L12Og7 where the space leog resembles an
H?-space with a logarithmic weight on high frequencies instead of an algebraic weight.
Based on this, a global-in-time result for small initial data and a local-in-time result for
the large initial data in the borderline space L? x L, x L, were derived in [7]. We refer
to several recent interesting works in this direction (see [1,16]), which extend the earlier
results in many respects. For the three-dimensional (3D) case, up to now, we know
the global-in-time result for small initial data in various functional frameworks [1,7-9]
and the regularity criteria [6,11,15]. Actually, in the absence of global regularity of the
system (1.1) with general initial data in 3D case, it is natural to investigate the regular-
ity criterion, which is of major importance for both theoretical and practical purposes.
Our first goal of this paper is to establish two improved regularity criteria based on the
velocity for the system (1.1) in 3D case. More precisely, it can be stated as follows.

THEOREM 1.1.  Suppose that (ug, Eo, Bo) € H*(R?) with s> % and V-ug=V-By=0.
Let (u, E, B) be a local smooth solution to the corresponding system (1.1). If one of the
following conditions holds

lu)II? 2

T
B
t)[ s 20 dt 2<r<6 1.2
/ WO 5y ) < 2576 (1.2

7,00

a7~ + lu@)? 5

T
B
= dt<oo, 2<r<6, (1.3)
/0 In(e+[lu(®)] e +llu@®l 2 )

T, 00

then the solution remains smooth on [0, T] and satisfies

(u, E, B) € L>([0,T];H*(R*)), (Vu,j)eL*([0,T];H*(R?)).

REMARK 1.1.  On the one hand, conditions (1.2) and (1.3) are based only on the

velocity field. On the other hand, by the fact L3(R3) %BE;I(RS) with 7 € [3,6), (1.3)
can be regarded as a further improvement of [15, (2.1)].

REMARK 1.2.  Unfortunately, at present we are not able to show whether (1.2) and
(1.3) hold true for the case r € [6, cc], and this is still an interesting problem.

In the 3D case, when the dissipation —Au is replaced by (—A)%u, the global reg-
ularity result can be proved via the basic energy method (see [10]). Consequently, our
last objective is to establish the global regularity result with the dissipation strength at
the logarithmically supercritical level for the Navier-Stokes-Maxwell system both in 2D
case and 3D case. More precisely, it reads as follows.

THEOREM 1.2.  Consider the following Navier-Stokes-Mazwell system both in two and
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three space-dimensions
Opu+ (u-V)u+L*u+Vp=3jx B,
OFE—V xB=—j, j=E+uxB,
0tB+V x E=0, (1.4)
V-u=V-B=0,
u(z,0)=wuo(z), E(z,0)=EFEy(z), B(z,0)=DBy(x),
where the operator L is defined by

7= j€1%

Lu() g(g)u(f), n=23

for some non-decreasing symmetric function g(7)>1 defined on 7>0. Assume the
initial data (ug, Fo, Bo) € H*(R™) with s>0, and V-ug=V-By=0. If g satisfies the
following growth condition
e d
/ S —— (1.5)
e

TlnTg?(7)
then (1.4) has a unique global solution (u, E, B) such that for any given T>0,
(u, E, B) € L=([0,T]; H*(R™)), Lu,je L*([0,T]; H*(R"™)).
REMARK 1.3.  We remark that the typical examples satisfying the condition (1.5) are

9(&) = [In(e+In(e+1¢)))] *;
9(€) = [In(e+In(e-+[€])) In(e+In(e + In(e-+[¢]))] *

Finally, we establish the global regularity of the 2D incompressible Navier-Stokes-
Maxwell system (1.1) with vertical dissipation in the horizontal velocity equation and
horizontal dissipation in the vertical velocity equation. More precisely, we prove the
following theorem.

THEOREM 1.3.  Consider the following 2D incompressible Navier-Stokes-Mazwell sys-
tem with vertical dissipation in the horizontal velocity equation and horizontal dissipation
in the vertical velocity equation

Opu, + (u-V)ug —a§2u1 + 0., p=(j X B)1,

O, + (u-V)us — 92 us+05,p=(j x B)a,

O F—V xB=—j, j=F+uxB, (1.6)
9, B+V x E=0,
V-u=V-B=0

subject to the initial data u(x,0)=ug(z), E(x,0)= Ey(x), B(x,0)=By(x). Assume the
initial data (uo, Eo, Bo) € H*(R?) with s>0, and V-ug=V-By=0, then (1.6) has a
unique global solution (u, E, B) such that for any given T >0,

(u, B, B)€ L=([0,T}; H*(R")), (Vu,j)€ L*([0,T];H*(R")).
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REMARK 1.4. Making use of the following fact
IVullz2 = l|lwl|L2 < |0z, url[ L2 + (|0, wal| L2,

the proof of Theorem 1.3 can be performed as that of Theorem 1.1 and Theorem 1.2.
We thus omit the details.

The paper is organized as follows: Section 2 and Section 3 are devoted to the
proof of Theorem 1.1 and Theorem 1.2, respectively. For convenience, we present the
Littlewood-Paley theory, the Besov spaces and some useful facts in Appendix A. In
Appendix B we sketch the proof of (2.6).

2. The proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. Before the proof, we will
state several notations. For simplicity, we always denote A = (—A)%. In this paper, we
shall use the convention that C' denotes a generic constant, which may change from line
to line. We shall write C(aq,q9,---,a) as the constant C' depends on the quantities
Qy,aa,- -+ ap. As the existence and uniqueness of local regular solutions in our functional
space can be obtained via the classical Friedrich’s method (see for instance [17]), it
suffices to establish the a prior estimates.

Let us begin with the basic energy estimates.

LEMMA 2.1.  Assume (ug, Eo, Bo) satisfies the conditions stated in Theorem 1.1. Then
for any corresponding smooth solution (u, E, B) of (1.1), we have for any t >0

t
IIU(t)II%z+||E(t)||2m+HB(t)II%er/0 (IVu(D)lZ2 + 117 (r)lI2) dr
<lluollZ> +[1EollZ> + 11 BollZ-- (2.1)

Proof.  Taking the inner product of (1.1) with (u, F, B) and using V-u=0, we
obtain

|

()2 +IE@)2 + |1 BE)[22) + [ Vul2s = / (% B)-udz / j-Ede,

3

DN =
S

t

where we have used the following cancellation identity
/ VxE~Bd:1:—/ VxB-Edx=0.
R3 R3

Utilizing the relation j=F+4u x B leads to

/(ij)-udx—/ j-Edm:/ (ij)-udm—/ Jj-(j—uxB)dz
R3 R3 R3 R3
:—/ j-jdx
R3
=—jlZ:,

where we have used the simple fact

/R3(j><B)-udm+/ j-(uxB)dz=0.

R3
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As a result, it yields
52 (@22 HIE@)Z2 + 1 BOI72) + [Vl 22 + (1172 =

The desired estimate (2.1) follows by integrating it in time. This completes the proof
of Lemma 2.1. 0

For simplicity, we denote

T lu@®)]? »
M::/ a2, + Bl gy
! 5o (et 0l 3 )

T, 00

or
lu()lF e+ lu®)]? »
B’V‘

M= / LS dt.
(et [u@)llz= +lu@®ll .5 )

We are now ready to establish the following crucial estimate.

LEMMA 2.2.  Assume (ug, Eo, By) satisfies the conditions stated in Theorem 1.1. If
(1.2) holds, then for any corresponding smooth solution (u, E, B) of (1.1), it holds

t
|\A5U(t)II2Lz+HA‘SE(t)IIiz+IIA5B(t)|I%z+/O (IA°Vu(r)[Z2 + (A% (7)1 22) dr
SC(t,M,UO,Eo,Bo), (22)

where § satisfies 0<8< 32 with r€[2,6).

REMARK 2.1.  We remark that following the proof of Lemma 2.2, it requires 1 < ¢ < 3
to ensure (2.2). However, due to the basic L2-energy estimate (2.1), (2.2) with g <i< é
and the simple interpolation inequality, one may conclude that (2.2) is true for all
0<d<2 with r€[2,6).

Proof. (Proof of Lemma 2.2.) Applying A? to (1.1) and taking its inner product
with (A%u, A°FE, A’B), we infer that

1d
2 dt

:/ A‘S(ij)~A5udx7/ A‘Sj~A5de7/ A’ (u-Vu)-ANudz
R3 R3

R3

—(IAu() |72+ A E@) 122 +[A°B(0)]72) + A Vul|Z,

A (jxB)-Nudr— [ A§-A°(j—uxB)dz— | A’(u-Vu)-Audz
R3 R3 R3

=—||A%j]2, +/RS A°(§ x B)-Nudx + R3A5j-A‘5(ux B)dzx

. A (u-Vu) - Nudz, (2.3)

where we have used the cancellation property

/A5VXE~A5Bdm—/ AV x B-A°Edz=0.
R3 R3
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Employing (A.2) and V-u=0 implies

A (u-Vu) - Nudz| = A (un) - A°Vuda
R3
< CJ|A° (ww) || 12| A° V| .2

< Cllull Al 2 [ A° Vul| 2

’ R3

< 16||A5VUIIL2 +OlullZ |A%ul|7. (2.4)

Thanks to (A.3) and the duality of homogeneous Besov spaces (see [3, Proposition 2.29]),
one derives

W xB) Muds| SCIA G By ol

R3 _r 5,00
o

T— 1

scmemsg Jull

3
T
3Fe—25° Brloo

<C(IBlig-e . lillge+o

3-3(670) 2 3 306-6-2)°

.3
BT
7‘

+ 14l 5-e | Bl| e+ Mull .2
372(65+9)*2 372(567975)’2 Bl
<C|IA°Bl|2 | A%]|> lull 2

,00

1
< 15311z +CIIUI|2 HA‘SBIIin (2.5)

where £ >0 and 6> 0 should satisfy
3 . 3
max- 0, 25—; <e<d—0, 0< 0 <minA J, ;—5 .

Let us admit the following inequality (the proof of which is postponed to Appendix B):

[uBl s,y < Ol oo @) + llull )||A63|\L2(Rn> (2.6)

Bl oo (R)
for 0<d<? and r€[2,00). Thus, it follows from (2.6) that

‘ A°5-A%(ux B)dx | <C||A°(ux B)| 12||A%]] 12
R3

S -
~Cllux Bl gg 1A% 2

<C(lfullzo +llull 2 A Bl|cal|A%)]| 2

3
T
s

1
76||A5]HL2+C(HU”%°°+Hu||j.3% WAB|Z..  (2.7)

7,00

Putting (2.4), (2.5) and (2.7) into (2.3) yields

d .
(N u@® Lz + A E@) 72 +[1A° B@IZ) + 1AVl Z: + A5
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<O(lullee +lull? s HUA ullZs +[A°E[Z2 +[1A° BIIZ:). (2.8)

7,00

Using the following logarithmic Sobolev embedding inequality

3
[fll Lo re) < C(H‘ 1 fllz2ws) + ||f||Bgcyz(R3)\/lﬂ(€+ ||f||Hs(Ra))), §> 2,

we deduce from (2.8) that

d :
S (I u@®N 72 + A E@) 72 +IA° B@)IZ2) + 1A VullZ: + A5 72

<C (1 llull g+ ully,

00,2

)ln(e+ 1AVl p2) (e + [[A%ul|Z2 + | A° B|72 + | A° B |7

||uH2,§
Bl o
¢ In(e+lu®)] s ) In(e HUHB% )(e ||A6u||2L2 ||A6E||2L2 ||AéB||QL2)
7;7 7,00

<O (1t ]jully ) inle+IA0Vula) e+ [A%ul2 +APE|2: + A B|2:)

lull®

3
+C 1+ln(€+”u(r)°|° ] 1n(6+||UHZg e+ [A%ul7z +IAE||7 +[|A°B||72)
IIUHQ.;
B oo

1 2 AS 2
et o ) etlul s +1ATVullz:)
B;,oo ’

<O 1+ lull%0 t

x (e[| A%ullZ> + A, + | A°BI[7)
ull? 5
Bv'r,oc

In(e+ a3 + | A7V 22)
(et o] s ) : :

<C[1+uly,  +

x (e+[[A%ull72 + | A El|72 +[|A° Bl72)

l[ul? 5
<cl1 2 Broo 1 AV 2
> Jr”u”Bgo,ngln(e—f—Hu( )‘ ) n(e+|| ul|72)
X (6+||A5UH%2+||A5EH%2+||AJB||L2)a (2.9)

where we need the restriction § > % and the interpolation inequality

lull .2 <Cllu ull 2 i IIA5VUII2<“” <C(llullzz + |A°Vul z2).

T, 00

Such § exists since § < 2 with 2<r <6. We also derive from (2.8) that

d .
N u@®: + A E@) 72 +1A° B@)1Z2) + 1A VullZ: + 45172

[ullf + lul®

3
BT‘
<C |1+ o In(e+ul® s +]ulli~)
ln(e+IIUIILw+IIu()IBg ) B/ r

7,00

x (e+[|A%ul|Z2 +[A°E| 72 + |A°B]172)
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[ullf + llull? .

oo
33k

0 In(e+||A°Vul/2,)
t) IB% )

T, 00

<C|1+

In(e+[luf| poe +[u

—~

X (e+ | A%u]| 22 + | A’ El|72 +|[A° B 22).-
Denoting

At):= e+ [N u(t)|| 72 + A B()II72 + | A°B(#)72,
B(t):=e+[[A°Vu(t)|[72 +[|A° (212,

we in particular deduce from (2.9) and (2.10) that

Jull? s

d Br

—At)+Bt)<C |1 B o 1 B(t))A
at O PO UG F i), e POMO,
; el + el

—AM+B)<C |1+ roco

(et ull =+ u(®)] 3 ) In(e+ B(t)) A(t).

Due to the following simple facts

251 5 3-25
p IA°Vullp2

5
lull o, <CllA%]

26—1

SCHAéu”Lf

3-26
el 5 AVl 2,
1 25—1

lull Lo < Cl[A ]| 2

s 3-25
[A°Vull 2,
we infer that

lull? 5
1 2 Broo <CAM) T B(t)="
C +“U||Bgo2+1n(€+||ut)| s ) C () 2 () 2,

||U||%&+||U||2B% 25—1 3—-25
ofis ix ) coam® B,
In(e+ |lul| Lo +[Ju(t) )

[
BY o

(2.10)

(2.11)

(2.12)

where 3220 <1 due to § > % Applying the refined logarithmic Gronwall inequality (see

Lemma A.4) to (2.11) and (2.12) yields

t
|\A5u(t)lli2+\|A5E(t)||%2+||A‘;B(t)||%z+/0 (A V()72 + 1A% (7)|[72) dr

SC(t,MﬂJO,EO,BO).

Thus, we complete the proof of Lemma 2.2.

With (2.2) at our disposal, we are in a position to show the global H*-estimate for
1
any s> 5.

O
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Proof. (Proof of Theorem 1.1.) Applying A® for any s> 1 to (1.1), taking the
L? inner product with (A*u, A*E, A*B) and adding them up, we thus obtain

1d
2.dt

:/ A (jx B)-Nudx — /Asj~AsEdz—/ A’ (u-Vu) - Audz
R3 R3 R3

(A w72 + A B[ 72 + [A* B0 72) + A"Vl £

:/ A (jx B)-Nudx— Asj'AS(jfuxB)dz—/ A®(u-Vu) - Audz
R3 R3

R3

:f||ASj||%2+/ AS(jXB)'ASudxf/ A5j~A5(u><B)d:cf/ A’ (u-Vu)-Audz.
R3 R3 R3

(2.13)

According to (A.2) and the Young inequality, we conclude

/RSAS(ij)~ASudx
<CIA* GBIl o, A% 5
<C(||j
<C(||A5JHL2HASB||L2+HA‘SBIIL2||ASJHL2)><IIASUHLz AVl

2(26—1)

Sg IA*VullZ+ 5 ~JIA%5113: + CIIA% |57 1A% B 57 A% IIL”“

Bz + 1B A% =) x HASUIILz HASVUIILz

L3— Css

_4
+C||A‘SB||2‘” IIASUII%Q
fIIASVUIILz + *IIASJIILZ +C(IA°B] 73 Ty 1A% 75 7 x ([ A%ul3 + [A*BI3)

IIASVUIILz+*||ASJ||L2+C(1+IIA53H“ THIA]]172) x ([A*ull72 + | A°BI[72),

‘—/ A°j-A°(ux B)dx
R3

<C[|A%] |2 [|A(u x B)]| L2
<C[IA%] |2 ([[ullL=[[A®

ull, 3)

u||L2

<C[IA%] |2 ([[ullL=[[A®

ATVl 2 )
*||ASVUHL2+*HASJ||L2+C(||A‘SB||% " [lullg) x ([A%u]| 72 + | A°Bl[72),
‘ A°(u-Vu)- N udr| <C||A°Vul| 2| A° (uw)]| L2

R3
<ClA*Vul| p2[Jul| oo [| A%ul| >
1
<318Vl + Cllul 2o | A% 7z

Substituting all the preceding estimates into (2.13) implies

d S S S S S 4
(I u@ 7+ [AB@|72 + A BO)72) + [A*Vullz. + A% 72
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_4
SCA+|IABIET +IAG 1172 + lull i) (IAu] 22 + [AEl 7 +[A°Bl72).  (2.14)

Recalling (2.1) and (2.2), one gets
[ I BEOIET +IAS 0+ fu(r) ) <o
which along with (2.14) and the Grénwall inequality yields
[A*u()][Z2 + A E@®)IZ: + | A*B()]17: +/Ot (IA*Vu() Iz +[A%5(7)|[72) dr < cc.

Therefore, this completes the proof of Theorem 1.1. ]

3. The proof of Theorem 1.2
This section is devoted to the proof of Theorem 1.2. Similar to Lemma 2.1, we have
the basic global L2-bound.

LEMMA 3.1.  Assume (ug, Eg, Bo) satisfies the conditions stated in Theorem 1.2. Then
for any corresponding smooth solution (u, E, B) of (1.4), we have for any t >0

t
lu)lIZ + lo@lZ + 1017 +/O [£u(r)|Z2 dr < Cuo, Eo, Bo)- (3.1)

Next we are able to derive the following key bound.

LEMMA 3.2.  Assume (ug, Eo, Bo) satisfies the conditions stated in Theorem 1.2. Then
for any corresponding smooth solution (u, E, B) of (1.4), we have for any t >0

t
|\A5U(t)ll2m+HA‘SE(t)II%z+||A53(t)||%z+/0 (IA° Lu() |72 + 1A% (7)|[72) dr

Sc(tau07E07B0)a (32)

where § € (0,1). In particular, it holds

t
/ lw(T)| e dT < C(t,u0, Eo, Bo). (3.3)
0
Proof. Firstly, for n=2,3, we claim
d )
£(||A6u(t)\|%2 +HIAE@)|72+ A B(1)[|72) + [A° Lul| 72+ [|A%]172
<O([Juf?=+ |IUI|2B;LYOO)(HA6UII%z +A B2+ (A Bll72), (3.4)

where 6 € (0,1). Due to (2.8), it suffices to consider the case n=2. According to (2.4),
(2.5) and (2.7), it is sufficient to estimate (2.5) differently. As a matter of fact, it can
be bounded by

A°(j x B)-Audz
R3
<COllixBllgzslullpy

<CllixBllg , lullgy_

2+e—25"
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<CIBllg-o,  llillg=re | +lillg—o,  NBligero ,  Illullpy

T—Gre? T—G-0-292 (10?2 T—(-0-29)2

é S
<CA° B2 [[A% || 2[lull

< 16||Aéj||L2+C||u|| _IA°BIfZ,
where € >0 and 6 >0 should satisfy
max{0, 20— 1} <e<d§—0, 0<6f<min{d, 1-4}.

Therefore, the desired (3.4) holds true for both n=2 and n=3. Noticing the assump-
tions on g (more premsely, g grows logarithmically), we infer that for any fixed v >0,
there exist N=N(v) and C'=C(y) such that

g(r)<Cr?, Vr>N.
Consequently, for any 0 <y < 3, we conclude

L‘, 22: ‘€|n 2d 2d
L2 /MW s AP + /ON(W)gQ('gDIf(S)I ¢

CIE e
> d
> /IMH Zer F(e)2de

N & .
/R R )2 /ww GenT S de
> Cy AR 20— Cal 2, (3.5)

where C7 and C5 depend only on n and . It follows from the high-low frequency
technique that

N-1
lullz < I A-vullze + Y || Avul 2= + Z Az,
=0 =N

where A; (I=-1,0,1,---) denotes the frequency operator (see Appendix A for details).
Thanks to the Bernstein-type inequality (see Lemma A.1), we deduce that for § —6 <
0<3y

[A-1ullL= <Cllul L2,

>l Awl|z~ <CZQQZ||AW||L2
I=N =N
=C Y A EI AN e
I=N

<oN(3—0-0) HA5+9u||L2
<C2NG =00 (| A% 12 + | LA || 12),

where in the last line we have used the inequality

1A eull 2 < C(|A%ull 2 + (| LA ]| 2).
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Actually, the above inequality can be deduced from the proof of (3.5) by replacing f
with A%u. Invoking the Bernstein-type inequality and the Plancherel theorem yields

N—1 N—-1
S lAwlpe <C 23| Agwl|
=0 1=0

N—-1

<CY ANl
=0

N-1
<cy |eeoretace)

<02H - te(eh Ko

- |5|
SCZQ H (5)’L2
=
gc(ngz(f));(Zﬂ |f||£)£\(£>]22>
1=0
N gl 5 AE
<Cg(2 >(l=211) e

< Cg(2M)VN||Lu]| 2.
Hence, we obviously deduce that
[ull Lo < Cllull g2+ Cg(2Y)VN|| Lul| g2 + C2VE == (| A%ul| 12 + || LA U] 12). (3.6)
Exactly along the same lines as deriving (3.6), it is not hard to check that

lull ;2 <Cllullzz+Cg(2")VN| Lul 12 +C2VE 7O (|A%u|| 12 + | LA ul|2).(3.7)

As a matter of fact, (3.7) can be improved as

lull yp < Cllullza +Co@™) | Cullza +C2V &5 (A% 12 + [ £ATu]|z2).

For simplicity, we denote

X(8):=Au(®) |22 + A E(@®) 22 + A B@)1Z:,

Y (1) =M Lu(t)| 22 + [ A%5 (1) 22
It thus follows from (3.4) that

d
dt

Taking N € N such that

X(0)+Y (1) <C (14 VN ullfz +22NE 00 (X (1) + Y (1)) ) X (1),

~[2C(e+X ()" or

= laln@C(e—l—X(t))) +1 a=—"-—>0

In2
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we know that

C2NETD (X (1) +Y (1) X (1) =C22NE-IX (1)Y (1) + C2*N E 07D X (1) X (1)
=C2 = X()Y(1)+C2-« X ()X (t)

Therefore, we can deduce

SXW)+Y () SC (1467 (20(e+ X ()] Infe + X (O] ullF2) X (1)
+%X(t)+%Y(t),

which implies

%X(t) +Y () SCle+ X (1)n(e+X(1)g* ([2C(e+ X (1)) (1 + || LullZ2)-  (3.8)

Then, (3.8) allows us to show

e+ X (1) t
/ o c/ (14 [ Cu(r)|22) dr. (3.9)
e 0

<
+x(0) TInTg?([2CT]™) ~

On the one hand, thanks to (1.5) and variable substitutions, we deduce

/"O dr _/OO dr >/°° dr — 5. (3.10)
. TlnTg2(2CT]*) 2ceye T(INT—aIn2C)g?(1) = Joce)n rintg2(r)

On the other hand, (3.1) implies
t
/ (14 | £u(r)|2) dr < C(t,u, Fo, By). (3.11)
0

Combining (3.9), (3.10) with (3.11), we may verify that X (¢) is finite for any finite ¢ >0,
namely,

X(t) Sc(t7u07EOaBO)'

Coming back to (3.8), one can now conclude that

t
Y(T)dT S C(t,UO,Eo,Bo).
0

Consequently, we get the desired estimate (3.2). According to (3.5), we easily find
9 ) n
IAYu|| L2 < C(||ul|pz + [| LA w]| 12), V19<5+§.

Taking 9 € (§,0+ %) and making use of the simple interpolation inequality, we get

t t
/0 lu(r) 2w dr < C / ()22 + [A%u(r)|[22) dr < C(t, 0, Eo, Bo),
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which is the desired bound (3.3). This ends the proof of Lemma 3.2. O
We are now ready to complete the proof of Theorem 1.2.

Proof. (Proof of Theorem 1.2.) Applying A® for any s>0 to (1.4) and taking
the L? inner product with (A%u, A*E, A°B), we derive

1d
2.dt

:/ A°(j x B)-ANudx — /AS] AN Edx— /As(u~Vu)~ASud:c
n RTI n

— (A u(®)[Z2 + A E@)IL: + A B)L2) + [A° Lul 72

:/ A°(j x B)-Nudx— /Asj ‘AN (j—ux B)dx— /As(u~Vu)~ASudx
:—\|Asj||2L2+/ AN (jxB)-ANudx— | A°j-A°(uxB)dx
RTL Rﬂ,

— [ A°(u-Vu)-Audz. (3.12)
]Rn

Following the argument in obtaining (3.5), it gives

A" ul 2 < C(IAulza + A° Lulls2), Ve [0, 2)), (3.13)
1A ull 2 < CQIATulL 2 + ALl 2), Vye[0,5): (3.14)
Again, using (A.2), we conclude by (3.13) that
[ %G B)-Auds| <CA*( x B s Il
<CO(l71l, ;225 *illz2)
2 n—248
><||ASuHL2 g ||AS+7u\|L
<CO(l71l, ;215 HASBHLerIIBIILn o 1A%5122)

><IIASUHLz (Al + A Lull 1) "
HASEullL2+*||ASJ||L2+C(1+HA‘§BIIQM” " HA%117)
< (A%l + A BIZ2),

A%j A (ux B)dz| <C||A%j|| 2 ]|A* (u x B)|| 12

‘ R™

<CIN Gzl 18" B2 + 1 BIl 2, 18%ull 3)
<CIIA% 11z (Jlullz= 14" B 12
+HAéBan(nASuan+||A3£u||m>"+f)
<IN Culla+ SIA%I3: +C01+ AP B 4 ul-)
X ([Aulfa +[1A*B|2).
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In view of V-u=0, (A.1), (3.14) and (3.13), it follows that

‘—/ A®(u-Vu) A udz

= ’—/ [A° u-V]u-Audx
<CA%u-lal],
<O|[Vul

2n HAQ’U,H 2n

n+y L7n—~

L5 ASUHQL%

<O(|[ull g2 + A ul| g2) [|A%u]| L2 | A*F Va2

<C([lull 2 + 1A%u]| L2 + [|A° Lul| £2) [ Au]| 2
X ([[A%ul| L2+ [|A® Lul| £2)

1 S S
<zgllA LullFe +C (L4 [|ul| 2z +[|A%ul| 72 + | A° Lul|22) [ A%l 2
1 S S
<zgllA Lull7z +C(L+[|AullF2 +[|A° Lul[Z2) [A%u] 2o
Substituting the above estimates into (3.12), we achieve
d S S S S S
(1A a7z +[AE@®)|72 + [ A*BE)IZ2) + A" Lul72 + [|A%5]72
<SH()([Au] 22 +[[A°E|7 + | A° B 22), (3.15)

where H(t) is given by

H(t):=CA+[|ABOIET +IAF ()72 + w1~ + A u(®)] 72 + A Lu(t)]|Z2)-

Keeping in mind (3.2) and (3.3) implies
¢
/ H(T)dTS C(t,uO,Eo,BQ).
0

This together with (3.15) and the Gronwall inequality lead to
[A%u(t) |72 + A E@)]|72 + |A°B(#)]1 2

t
+/ (1A Lu(r) |22 + [ A% ()|[2 ) dr < C(t,u0, Eo, Bo). (3.16)
0

Finally, we are going to show the uniqueness. To this end, we consider two solu-
tions (u™, M B 1) 51y and (u?,E® B®) () p2) of (1.4), emanating from
the same initial data, and fulfilling the above estimates (2.1) and (3.16). Denoting
i=uV —y® EF=p0 _Fp® p=pL _p®) 7=7M—i® and p=p® —p@ we de-
duce

A+ (u® - V)u+L2U+Vp=j x B® 41 x B_ (u-V)uh,
HE-VxB=-j, j=E+uYxB+uxB®,

B+VxE=0, (3.17)
V-u=V-B=0,

u(z,0)=0, FE(x,0)=0, B(z,0)=0.
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Taking the inner product of (3.17) with (@, E, B) yields
La,
2dt

where

Lh%/jmxéimm b:/‘wmxéyﬁ% k:—/(ﬂvmmﬁMm

n

[@@)II7: +IE@ N7+ I BON72) +ILalIT + 1117 = T+ Je+ T, (3.18)

It follows from (3.13) that
~ —~ ~ n
|2 < Ol o+ 1 Call 1), Ve [0.5), (3.19)

By several interpolation inequalities and (3.19), we can show that

[ <CUVN, 2 1Bl 2@l 2

—2~

<CF VN2 +[|A%F D) 2) || Bl 2| AV @ 2
<C>IFD N 22 + 1A%V )1 Bl g2 (1@ 22 + || €2 £2)

1. _ .. N ~
Sgllﬁmliz+C(1+IIJ(”IIQL?+|\A‘J(”|Iiz)(IIUHi2+||Blliz),
| J2| <Ol [ oo | B 2 1 ]| 2
1~ -
Sgllalliz+C||u(1)||2Loo||BII2Lz
1~ . _
Sgll]ll%ﬁc(llu(”ll%z+HA LuV|[72) ] B[,

|3

O (a2
<CIVall z l[all” 2n
<O(luMlzz + A% u ]| 2) @] 2| A | 2
<O(lu® |2 + A% g2 + 1A La D ) [ 22 x (@l 2 + | Cull2)
1, .
<Slgilfz +C+[u®Fa + A" uD [T + A Lu®[32) ] -

Putting the above estimates into (3.18) implies

@012+ 1B@2: + I BOI2) < GO0 2 + | BO 1+ I1BOIZ),  (3.20)

G(t):=C L+ 1§D NZ2 + A% D T2 + 22 + AW T2 + | A°LutD[[72) (D).
Thanks to (2.1) and (3.16), we have

t
/ G(r)dr < o0,
0
which, along with (3.20) and the Gronwall inequality, gives
u(t)=E(t)=B(t)=0.

This yields the uniqueness of the solution. Consequently, we complete the proof of
Theorem 1.2. O
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Appendix A. Besov spaces and some useful facts. This appendix recalls the
Littlewood-Paley theory, introduces the Besov spaces and provides some useful facts. We
start with the Littlewood-Paley theory. We choose some smooth radial non-increasing
function x with values in [0,1] such that x € C§°(R™) is supported in the ball B:={¢ €
R",[£|< 3} and with value 1 on {£€R",[£|< 2}, then we set gp(f):x(ﬁ) —x(§). One
casily verifies that ¢ € C§°(R™) is supported in the annulus C:={¢ € R", § <[¢| < §} and
satisfies

XE)+D @279 =1, VEeR™.

Jj=0

Let h=F"'(¢) and h=F (), then we introduce the dyadic blocks A; of our decom-
position by setting

Aju=0, j<-2 A_ju=x(Dyu= | hy)ulz—y)dy;
Rn

Aju:<p(2_jD)u:2j"/ h(2y)u(x —y)dy, VjeN.

n

We shall also use the following low-frequency cut-off:

Siu=x(277D)u= Z Aku:Qj"/ h(27y)u(z—y)dy, VjeN.
—1<k<j—1 "

Meanwhile, we define the homogeneous dyadic blocks as

Aju=p27 I D)u=2" [ h(2y)u(z—y)dy, Vjc.
Rn
We denote the function spaces of rapidly decreasing functions by S(R™), tempered
distributions by S’(R™), and polynomials by P(R™). Now we are in a position to define
the homogeneous and inhomogeneous Besov spaces through the dyadic decomposition.
DEFINITION A.1l. Let s€R,(p,r)€[1,+c]?>. The homogeneous Besov space B;T 185
defined as a space of f€S'(R™)/P(R"™) such that

By, ={F €5 (R") /PR 5, <00},
where

(2 1A fl5) V<o

.= jez
Bs.,

/]

sup2/®||A; fllLe, ¥ r=00.
jez
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DEFINITION A.2. Let s€R,(p,r)€[l,4+00]?. The inhomogeneous Besov space B, . is
defined as a space of f€S'(R™) such that

By, ={feS'®R");[flls;, <oo},

where

1
> 2A L) s V<o,
Jj=-1
up 275 A fllpe, ¥V r=o0c.
j>-1
The following lemma is the well-known Bernstein-type inequality (see [3, Lemma
2.1]).

LEMMA A.1. Assume 1<a<b<oo. Let C be an annulus and B a ball of R™. Then it
holds

I/

s =
B:D>T

SuppfCAB = |AFflle SCLAFGE D fll e, k>0;

SuppfCAC = Cod¥|[flle <IIA* e S Cs NGV flLe, RER,
where Cy, Cy and C5 are constants depending on n,k,a and b only.
We also need the so-called Kato-Ponce-type inequalities (see [12,13]).
LEMMA A.2.  Let p,p1,p3 € (1,00) and pa,ps € [1,00] satisfy
1 1 1 1 1

P P P2 ps pa
Then for s >0, there exists a positive constant C' such that
1A%, flglle C(IA° fllzes lgllee + A gl Lea [V fllzrs) (A1)
[A*(gf)|le SC (A% fllLor lgllez + [|A°gl| Los | f[2ra) - (A2)

Next we recall the following bilinear estimate in the homogeneous Besov spaces
(see [19, Lemmal]).

LEMMA A.3. Assume that 1<p,r<00,§>0,01>0,02>0 and 1<p;,r;<oco(i=
1,2,3,4) satisfy
1 1 1 1 1 1 1 1 1 1
e Bt e
P PpP1 P2 P3 P4 rory rg Tz T4

Then there exists a constant C such that

he < -
1£9ll; < ClLFlss, Nl

By +C||9||B;Sﬁg,3 /] B2 (A.3)
Finally, we recall the refined logarithmic Gronwall inequality [18, Lemma 2.7].

LEMMA A.4. Let A and B be two absolutely continuous and nonnegative functions on
(0,T) for any given T >0, satisfying

A' )+ B)<[l(t)+m(t)In(A+e)+n(t)In(A+ B+e)|(A+e)+ f(t),
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for any t€(0,T), where l(t),m(t),n(t) and f(t) are all nonnegative and integrable func-
tions on (0,T). Assume further that there are three constants K € [0, 00), a € [0,00) and
B€(0,1) such that for any t € (0,T)

n(t) <K (A(t)+e)" (A(t)+ B(t)+e¢)”.

Then the following estimate holds
t
A(t)+/ B(s)ds<C(l,m,n, f,a, B, K,t) < o0,
0

for any t€(0,T).

Appendix B. The proof of (2.6).
Thanks to the so-called Bony decomposition, we have

uB=T,B+Tgu+ R(u,B),

where the definitions of T,w and R(v,w) can be found in [3, Definition 2.45]. By
Theorem 2.47 and Theorem 2.52 in [3, Section 2.6], it is not hard to check that

1Bl 55, < Cllullo~ 1Bl 55,
~Cllull A B 2.

ITiulsg, <CUBI Ly Tl
.

—

<C|Bl,, |l

~lull 2 1A ze, (B.1)

|R(w.B)| 5 <Clull 2 |BIl
’ 7,00 B

s

2r_ o

[N

T
= % B
<Cllul 2 1B,

=
,00

~lull 2 IA°B] e, (B.2)
where we need § <% in (B.1) and ¢ >0 in (B.2). Summing them up together gives

§
luBll 55, < CClullz~ +lull 2 HIAB]zz,

which concludes the proof of (2.6).
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