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ON A FREE BOUNDARY PROBLEM FOR AN OPTIMAL
INVESTMENT PROBLEM WITH DIFFERENT INTEREST RATES*

CHONGHU GUANT

Abstract. This paper discusses an investment problem for a single agent with higher borrowing
interest rate than lending in the market. The objective is to maximize the expected discounted utility
of terminal wealth by choosing portfolio of one risk asset and the bank account. The objective function
is the solution of a free boundary problem with two nonlinear equations and one linear equation. The
main contribution is that the existence of free boundary lines is proved in all situations and the design
methods can be generally applied to other similar problems.
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1. Introduction

This paper treats an investment problem for a single agent in the market with
inconsistent interest rates on deposits and loans. The investor holds wealth X; at time
t and distributes it to two assets. One is the bank account with lending rates r; and
borrowing rate ro. The other is a stock with price submitting to geometric Brownian
motion with appreciation rate a and volatility . We assume that all the given market
parameters r1, r2, o and o are deterministic positive constants and satisfying a>rq >ry.

The objective is to maximize the total expected (discounted) utility at fixed terminal
time T over a finite trading horizon [¢,T]. Suppose the investor must keep the wealth
nonnegative, i.e., bankruptcy never occurs, moreover, the agent is a “small investor”
in that his or her decisions do not affect the asset prices and he or she does not pay
transaction fees when trading.

For the specific HARA (hyperbolic absolute risk aversion) case, we find that the
investor does not always keeping borrowing or always keeping lending in some cases and
there exist free boundary lines which can be expressed as a functional form.

Specifically, if the index of relative risk aversion v <as:= -2, the investor should
keep borrowing no matter how much endowment he or she owns. If a; <y <a;:= 3%,
there exists borrowing free boundary line B(t), when the investor’s endowment X; <
B(t), he or she should borrow from the bank, while when X; > B(t), he or she should
neither borrow money from the bank nor deposit money in the bank. If v>ay, there
exists borrowing free boundary line B(¢) and lending free boundary line L(t), when
X < B(t), the investor should borrow money, when B(t) < X; < L(t), he or she should
stop borrowing or lending, when X; > L(t), he or she should deposit money in the bank.
(see Figures 6.1-6.3.)

The difficulties and contributions of this paper are listed below. First, it is a free
boundary problem for two fully nonlinear equations and one linear equation. Second,
the fully nonlinear equations do not satisfy the parabolic condition. Third, we prove that
the solution belongs to C?2 space, and some useful conclusions such as its upper and
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lower bounds, monotonicity and concavity are obtained. Fourth, the main contribution
is that we prove the existence of free boundary lines in all situations, and the design
methods can be generally applied to other similar problems.

Our model is based on the famous consumption-investment model, let’s briefly
introduce the history of the model.

The famous article [19] by Harry M. Markowitz (1952,1959) and his book of the same
title [20] inaugurated a new era in modern finance. While considering a single agent
or individual investor, for whom, the impact of its consumption on lifetime should be
taken into account. The paper [21] by Merton (1969), based on the works [2,25,26] etc.,
formulated the consumption-portfolio problem in continuous time with the risky asset
yielding log-normally distributed returns. In a pioneering paper [22], Merton (1971) ex-
tended his 1969 paper to incorporate an important class of utility functions known as the
HARA (Hyperbolic Absolute Risk Aversion) family. He used It6’s lemma as a tool for
analyzing the dynamics of asset prices, wealth, and consumption. The problem concern-
ing optimal consumption-investment decision involves the decisions endowed with some
initial wealth and seeks to maximize the expected discounted utility of consumption over
time. Using stochastic dynamic programming, he derived the Hamilton-Jacobi-Bellman
(HJB) equations for the value functions of the problem. The problem according to
Merton (1975) is the natural beginning point for the development of a theory of finance.

Samuelson and Merton’s pioneering papers prompted researchers to contribute a
considerable volume of new work on the subject in various directions. The literature
has extensively covered the optimal consumption-investment problems in the financial
markets that are subject to constraints and market imperfections. [11,30] considered the
optimal consumption-investment problem with borrowing constraints. [9] considered the
optimal consumption-investment problem with the constraint that the wealth process
never falls below a fixed fraction of its running maximum. [1,6,7,27,29] considered pro-
portional transaction costs in the study of optimal consumption-investment problems,
etc.

For the problem of inconsistent interest rates on borrowing and lending, [3,5,16]
consider some option pricing model with higher borrowing rate then lending. [8] uses
backward differential equations to study the optimal investment-consumption problem
with inconsistent interest rates on borrowing and lending. However, up to now, there is
no literature studying the related free boundary problems.

On the other hand, on the free boundary problem for fully nonlinear equation and
linear equation of parabolic type, [14, 15] consider dividend optimization/risk control
problems, where, the free boundaries are reinsurance free boundary and dividend free
boundary.

The remainder of the paper is organized as follows. In Section 2, the mathematical
formulation of the model and the correspondent HJB equation with its terminal bound-
ary conditions are presented. In Section 3, by dual transformation, we derive a fully
nonlinear problem (6.2) which satisfies the parabolic condition. In Section 4, we prove
the existence, uniqueness, regularity and a priori estimate of the solution to problem
(6.2). In Section 5, we discuss the existence of the free boundaries to problem (6.2). In
Section 6, we prove the existence of the solution to the original problem (3.1), and give
the monotonicity, concavity and the estimation of upper and lower bounds. Moreover,
we give the existence of the free boundaries of the original problem. In Appendix A,
we prove Theorem 4.1. In Appendix B, we prove that (4.6) is the solution of problem
(4.5).
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2. Model formulation

Consider a financial market with a fixed filtered complete probability space (€2,
F,P{Fi}it>0). A standard F;-adapted one-dimensional Brownian motion {W;,t >0} is
defined on the space. Let L%(0,7;R) denote the set of all R-valued, F;-progressively
measurable stochastic processes f(t) with E fOT |f(t)|?dt < +oo, where, the terminal time
T >0 is given.

The market consists of two continuously traded securities. One is risk-free bond
(or we can treat it as bank account) whose value process S is subject to the following
ordinary differential equation (ODE):

r1.5%dt, S >0;
dsf{ e

(2.1)
r959dt, SO <0.

where 71, 5 represent the deposit and loan interest rates respectively. The other asset
is a risky stock whose price process S} satisfies the following stochastic differential
equation (SDE):

ds} =S} (adt+odW;), (2.2)

where « is the appreciation rate, and o is the volatility or dispersion rate of the stock.
We assume that all the given market parameters r1, r2, @ and ¢ are deterministic positive
constants and satisfy oo >rg >1rq.

Consider an agent with an initial endowment X; =z >0 and an investment horizon
[t,T]. Assume that the trading of shares is self-financed and takes place continuously,
where transaction cost and consumptions are not considered. Then X, t < s <T satisfies

dX,= [(rlx{ﬂs<xs} +r2X{ﬂS>XS}) (Xs—ms) —l—oms] ds+omedWs, t<s<T, (2.3)
thz, '
where 7, denotes the total market value of the agent’s wealth in the stock at time s.

We call the process m,, t <s<T a portfolio of the agent.
Define an admissible investment set as

= {m, € L%([t,T];R) | X, >0,t<s<T}.
Under the so called HARA utility

(z+K)'

O(x):= T

, K>0, v>0,7#1,
the agent’s objective is to find an admissible portfolio g, t < s <T among all admissible
portfolios such that

V(z,t)= sup E{e‘B(T_t)@(XT)‘Xt:x], (2.4)
well,

where >0 is the discounted rate. We just need to study the case with =0, since we
can take the transformation of V =e#(T-0V
If K =0, the explicit solution of (2.4) can be expressed by
1—y

PG S
V(z,t):=e 1=
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where

(S +r)(1-7), v>ar,

2
p= (_%74‘0‘)(1—7)’ az<~v<ai, a;:=

(Uzzg +7‘2)(17'y), v <as.
In this case, the optimal investment is 7; := kX, where
%, v >ai,
k=<1, aa<vy<ay,
%2, 7 <ag,
(see [28]).

3. Related equations
By using standard viscosity theory, one can prove that the value function is the
unique viscosity solution of the following HJB equation with terminal condition.

—V,— max (%02772‘/9@ + ((TIX{w<z} +T2X {r>a}) (T —T) —|—a7‘r) VI) =0,

2>0,0<t<T,
(3.1)

V0,)=5"" 0<t<T,

1—v

Vix,T)= %, x>0,

(see [4] or [10]). Moreover, we will prove that the solution V € C%2((0,400) x (0,T))
(see Theorem 6.1).

In the following, we transform problem (3.1) into a fully nonlinear problem (3.8)
satisfying the usual structural conditions. The process is heuristic because many a priori
estimates of solution will be used, but in Section 6, we will rigorously prove the existence
and uniqueness of the solution to problem (3.8) and the estimates of its solution, and
then construct the solution of problem (3.1) and prove these a prior estimates that have
been used in this section.

We will prove that (see Theorem 6.1)

V>0, V@e<0, Vx>0,0<t<T, (3.2)

This leads to the optimal strategy to (3.1) satisfying (3.2) as follows

1
™ =argmax (50'27'[‘2wa + ((7“1X{7r<a:} +72X fr>a}) (T —7) + om) Vz)

Va Va
—aq Vu? —aq Vs <$7
_ g Va . Va
- z, a2me§JfS alvwmv
Va \%
—as V:x , —ag V;z >z,

where, a;,1=1,2 is defined in (2.5). Indeed, denote

1
F(m) = 50° 7 Voot ("X {r<r) + 72X (r50)) (2 =) +am) Vi,
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Fic. 3.1. n] <=z Fic. 3.2. n3 <ax<m} FiG. 3.3. z<m3

and denote 7 :=—q; ‘YJ

? =, i1=1,2 as the symmetrical axes of corresponding quadratic
function. The optimal 7* =argmax f(7) can be obtained intuitively from Figures 3.1-
s
Then the equation in (3.1) can be rewritten as

o’ai V2 | (2 v,
—Vi+=tg= 4 (0far —a)aV, =0, —a1 = <w,
2
—Vi— G2 Vop —axVy =0, —apyE <r<—arg, (3:3)

2 2 2
%
—V,+ 52 v+ (0%a3 —a)xV, =0, —as ‘Zfl > .

x

Therefore, (3.1) is a free boundary problem.
Since the fully nonlinear equations do not satisfy the parabolic condition, we make
dual transformation of V'(x,t) (see [24]). Let

v(y,t) =max (V(m,t) —xy)7 y>0,0<t<T.
x>0

We will prove V,(+,t) range in (0,+00) for each t € (0,T") and V,, <0 (see Theorem 6.1),
then the optimal x corresponding to y is

r=x(y,t):=V, ' (,t)(y), y>0,0<t<T,
so we have the following correspondences between v(y,t) and V(z,t),
vy t)=V(x(y:1),t) —2(y,1)y,
vy (y:t) = Ve (2(y, 1), )2y (y,8) — yy (y,1) — 2(y,t) = —=(y,1),

e S
Viw (2(y,t),t)’

vr(y,t) =Vi((y, 1), t) + Ve (2(y,0), )z (y, 1) —yw(y,t) = Vi(x(y,1),1)

Therefore, the equation on v can be derived from (3.3) as follows

Vyy (yvt) = 7xy(y7t) =

1.2 92 2 2 _ v
—v — 50°a1y* vy, — (0%a; — a)yv, =0, fﬁ>a1y,

2 2 U,
—v+ % 2 +ayv, =0, asy < —-*+ <ayy,
2 vyy Vyy

1.2 2 2 2 _ v,
—v — 50°a5Y vy — (0°az — a)yv, =0, —U:y <asy.
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After differentiating w.r.t. y, we obtain u:= —v, satisfies

—uy — 202ady*uy, + (—o%a} — o%ar + a)yu, + (o — o )u=0, —at > a1y,

2 2
—ug— % (%) uyy+02u+ayuy+au:0 a2y§—ﬁ§a1y,
—up — ; 203y uy, + (—02ak — 0%az+ a)yu, + (e — o2az)u =0, —u—“y<a2y.
(3.4)
Furthermore, make a transformation that s =T —t, z=Iny and u(y,t) =w(z,s), thus
1
Ut = —Wsg, Uy=Wy—, Uyy=(Wsr—W,)—
S Yy Zy yy ( zZz Z) y27
we have
We — %a%%wzz—i— (—%Uza%—a%n +a)wz+(a—02a1)w20, _1:)% >aq,
2 2
W — %(l) (wzz fwz) + 02w+ aw, +ow=0, as < f% <a, (3.5)

w,
1 1 ,
ws—iaza%wzz—f—( 202a§ 02a2+a)wz+(a—02a2)w20, —w%<a2.

For convenience, we define the function

ai, _£>a17
A§)=1q =& aa<—E<ay,
az, —§<as.

Then (3.5) can be merged into

w w w
ws =5 2Az(wz)wzz—i— ( 202A2(w—z) —JQA(w—Z) —|—a)wz—|— (a—aQA(w—Z))wzo.

Il
8
+
=

T
2
oL

D

=

=

]

Let’s make dual transformation on terminal value ®(x) %,

o(y)= r;lgé(@(m) —xzy), y>0.

Then the optimal

0, y>K=7
Therefore,
-
=Yy 7 + Ky, y<K
vy, T)=¢(y) = ((y)) —2(y)y=q "
K y>K™7
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1

w(z,0)=u(e®,T) = (e_?z—K)+,

Hence, we derive the initial value problem about w as follows,

ws—Tw=0, in Qr:=Rx(0,T)
w(z,0)=(e"7"—K)", z€R,
where
1 w 1 w w w
Tw::§UQA2(w—Z)wZZ—(—502A2(w—z)—02A(w—z)+a)wz—(oz—aQA(w—Z»w.

4. The properties of solution to (3.8)

Now, we begin with problem (3.8) and obtain that:
THEOREM 4.1.  There exists unique solution we(C?*t®1+3 (QT)ﬂCH‘O"IEa (Qr\
{(—vInK,0)}) NC(Qr) to problem (3.8) (for some a€ (0,1)) satisfying

0<w§€956_%z, (4.1)

1
—769567%2§w2<0, (4.2)

~

where, the constant
o 1 o%a? n a n 20%a;  o%a? (4.3)
29 v gl
Moreover,

wy <w <wy, (4.4)

where w;,1=1,2 are the solutions of the following linear problem

8swif%02afazzwi+(f%0211?702(1]- +a)8zwi+(a702ai)wi:0 m  Qr, (45)
’LUZ‘(Z70):(€7%Z—K)+7 z€R .
(7=1,2,j+#1), which can be expressed by
—yInK .
wi(Z,S):/ Fi(z_gas)epi(z_g)—i_qis(ei;g_K)dga (46)
— 00
—30%a}—0%a;+a 1,22 2 122 2 2
where, pi:%, qi=350"a;p; —(—50 aj—o aj—|—oz)—oz+o a; are con-
stants and
1 R
Ti(z,s) = ———=—=e 27°°
oa;\/27Ts
(see Appendiz B).
Proof. 'We arrange it in Appendix A. |

LEMMA 4.1.  For any s€ (0,7, the solution to problem (3.8) satisfies

lim w(z,s)=+o0 (4.7

Z——00
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and for any >0,

lim e’*w(z,s)=0. (4.8)

z—+00

Proof. Since w > wsy, where ws is defined in Theorem 4.1, we have

w(z,s) >wa(z,s)

—yInK .
:/ F(Z_g’s)epz(z—f)-&-qzs(6775_K)dg

— 00

—yInK 1 _ (=2 L
:6q25+pzz/ e 20%ads (e—(pz-&-;)& —Kefmg)df
P oas\/2ms

2
—yInK (5—z+a2a§<p2+i>s)
1.2 2 132, 1 1 —  —
:eQ2S+P2Z [ezg ‘l2(p2+7) s (172+.y)2 e 202a3s df
s oas\2ms
2
—yInK 1 _ (E*ZJF“Q”%PQS)
_Keéazaipgs—pzZ/ 7 2 FE dg]
o 0ap\2ms

2

L 7'yanfz+02a§(p2+%)S 1 -
e 20 ags d77

—e128 6%02‘1%(P2+%)25*§Z
oo oas\/2ms
7'yan7z+U2a§pgs 1
_ Kekotainis / _
PN oas\V/2ms

2

ei 202a%s dn:|
—> 400, z——00,

o (4.7) holds.
Similarly, due to w <w;, we have

e*w(z,s) <e®*wi(z,s)

2

| 7'yan7z+02a?(p1+%)s 1 _ 22
z/ e 20 alsd,r)

:eqls+ﬁz [6%0204%(1)1+%)2s—; —_—
PN oa1V2ms
7'yanfz+02a?p15 1 n?

1.2 2 2 _

—Kez° alpls/ e 202a2s d'f]:|,

o oa1V2ws

and then (4.8) can be proved by using L’Hospital’s rule.
Indeed, let’s see a reduced form e* f__; e dn. Since e* — 400 and f__; e‘"zdn =0
when z — 400, so we can use L’Hospital’s rule such that

s 2 2
e " dn —e™*
lim L: lim = lim e % t*=0.
z—+00 e~ *? z—+o0 —e~? z——+00
By this way, we can prove lim e’*w;(z,5)=0, thus lim e’*w(z,s)=0. 0
z—r+00 z—+00
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5. The free boundary of (3.8)
Suppose w is the solution to problem (3.8) defined in Theorem 4.1, define

B:= {(278) € QT‘ — u% < ag}, borrowing set,
L:= {(2’78) GQT‘ — u% >a1}7 lending set,
S:= {(zﬂs) € QT‘CLQ < _u% < al}, stop borrowing or lending set.
LEMMA 5.1. For any s€(0,T),
sup{z €R|(z,s) € B} =+oc. (5.1)
And if v > as, for any s€(0,T),
inf{z eR|(z,s) ¢ B} = —o0. (5.2)
Ify>a,
inf{z eR|(z,s) € L} =—o0. (5.3)

Proof. We first prove (5.1). By contradiction, if (5.1) is not true, there exists
s€(0,T) and zp €R such that {z > zo|(z,s) € B} =0, i.c. —-2=5 > gy Vz> 2z, then we

w (2,8)

have

z » z 1 _
lnw(z,s)—lnw(zo,s)z/ Md{z-/ —dfzu, Vz > zp.

0 w(§7s) a2 az

_2 . .
By Lemma 4.1, we can choose 8= % to let w(z,s) <e” @2” when z is sufficient large, so
we have
2z 20— 2

—— —Inw(zp,8) > Inw(z,s) — lnw(zp,s) > ,
az az

taking the limit through z — +o00 on both sides we get a contradiction —% > —a—12. So

(5.1) holds.
Now, we prove (5.2). By contradiction, if v>ag but (5.2) is not true, there exists
s€(0,T) and zp € R such that (z,5) € B, Vz < zg, i.e. — w(z:5) g, Wz < 2, then we have

w(z,8)

lnw(zo,s)—lnw(z,s):/ wz(f,s)d€<_/ ldﬁzz_zo, Vz< 2.

2 w(&s) az az

By (4.1), w(z,s) <eP3e¢™7%, 50 we have

Inw(zg,8) —0s+ z <Inw(zp,s)—Inw(z,s) < £ ,
a2
taking the limit through z — —oo on both sides we get a contradiction —% < —a—12. So
(5.2) holds.
The proof of (5.3) is similar to (5.2), so we omit it. |

Define

b(s) ::sup{zER ‘ w(z,8) +asw,(z,s) 20}, s€(0,7),
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I1(s) ::inf{z eR ‘ w(z,8)+arw,(z,s) SO}, s€(0,T).
LEMMA 5.2. If bi(so—) <b*(so+) for some so€(0,T), then
w(z,80) + asw,(z,80) =0, Vz€& (bi(s0—),b"(s0+)),
where, b.(so—):= lsiglsi?jb(s), b* (s0+) ::lirili}lfb(s).

Proof. By the continuity of w+asw, and the definition of b(s), we have

w(z,80) + agw.(2,80) <0, z>bi(so—).

(5.5)

Now, if (5.4) is not true, then there exits 2o € (b.(s0—),b*(so+)), such that

w(z0,80) + agw(z0,80) <0. Since w+ asw, is continuous, we have

w(zo,8) +asw,(29,5) <0, s € [sg,80+¢]

(5.6)

for a small £>0. Denote the region D:=][z,400) X (50,50+¢), In the following, we

prove w—+asw, <0 in D.
Indeed, suppose v is the solution to

s — %O'Qangz + (— %azag —o2as —l—a)z/JZ +(a—0c%a)yp=0 in D,
(V+az¢:)(20,8) = (w+asw.)(20,5), s€E[s0,50+¢],
¥(z,80) =w(z,50), z=z0.

satisfying the growth condition (4.1) and (4.2).

Differentiating the equation in (5.7) w.r.t. z, we have

1 1
’l/)zs - §U2a§wzzz + (_ 50204% - 02042 +Oé)'lpzz + (a - 0—2a2)w2 =0 in Dv

So ¥ =1+ asv, satisfies

v, — %02(1%\1122 + (— %U%% —o2a, +a)\I/Z +(a—0%a3)¥=0 in D,
W(z0,5) = (w+azw.)(20,5), € [s0,50+¢],
W(z,80) = (w+asw;)(z,5), 2> 2.

By strong maximum principle, ¥ <0 in D.

On the other hand, denote np:eiw, then ¢ satisfies

1,22 2.3 122 2
Ys— 50 a2<pzz—|—(o' a5y —50%a5 —0 ag—i-oz)goz

—|—(— %U%%— (— %02a§—¢72a2 +o¢)ag+a—a2ag)<p20 in D,

©2(20,9) :e%i(w—l—ang)(zo,s) <0, s€][s0,80+¢],

az

©(z,50) = e%w(z,so) >0, z2>z.

(5.7)

By strong maximum principle with second boundary condition, we have ¢ >0 in D. So

>0 in D. Together with ¥ <0, it then follows that 1, <0.
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So we have A(%) =asy in D, thus (5.7) can be rewritten as
=302 A(E) Was+ (- 0P A(E) 02 A(FE) @)+ (a =02 A({E) )0 =0
in D,
(V+a2v.)(20,5) = (w+azw.)(20,5), s€[s0,50+¢]

¥(z,50) =w(z,80), 2> 20.
(5.9)

By the uniqueness of solution to problem (5.9), we have ¢y =w in D. So w+asw, <0 in
D.

Therefore, by the definition of b(sg), we have b(s) < zq, s € (9,0 +¢), i.e., b*(so+) <
20, which is a contradiction to zg € (b«(s0—),b*(so+)). ad

Similarly, we can prove the following lemma.
LEMMA 5.3.  Ifl.(so+) <I*(so—) for some so€(0,T), then

w(z,8)+arw,(z,8) =0, Vze(l(so+),l"(s0—))-
where, 1, (so+) :=liminfl(s), I*(s—) :=limsupl(s).
s—So+ S—80—
THEOREM 5.1.  b(s) is the borrowing free boundary line, i.e.,
B:{(z,s) ‘ z>b(s),se(O,T)}; (5.10)

Moreover, if v>as, then b(s) is bounded in (0,T); Otherwise, if v<as, then b(s)=
—00,Vs€(0,T), i.e. B=Qr. (See Figures 5.1-5.3.)

Proof.  Denote C:={(z,s)|z>b(s),s€(0,T)}, by the definition of b(s) we know
C CB. In the following, we prove C O . By contradiction, if C O B is not true, suppose
D is a nonempty subset of B contained in {(z,s)|z<b(s), s€[0,T)}, where

’th( _ ) Y > az;

Since w4+ agw, is continuous in {(z,s)|z<b(s), s€[0,T)}, we could suppose D is an
open connected component of BN{(z,s)|z<b(s),s€[0,T)}, then we have w+ asw, <0
in D and w+asw, =0 on 9, D, where 9, D is the parabolic boundary of D (which involves
Lemma 5.2). Therefore,

Wy — %Jzagwm + (— %a%g —o2ay —|—a)wz +(a—oc%az)w=0 in D.
Differentiating w.r.t. z we get

1 .
Wys — Qazazwzzz—i—( 202a2 02a2+a)wzz+(a—02ag)wz:0 in D.
So ¥:=w+asw, satisfies

{\I/s—o a3V..+(—10%a3—o0%ary+a) ¥, +(a—02%as)¥=0 in D,

U=0 on 0,D.
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By maximum principle, we have ¥ =0 in D, which leads to a contradiction. So C 2 B.
Furthermore, if > as, by Lemma 5.1 we know —oo<b(s)<oco. Now, we come

to prove that b(s) is bounded in (0,7"). If not, there exist s, — so€[0,7] such that

b(sy) — +oo(or —c0). By the definition of b(s) and the continuity of w+ asw, we have

(w+asw.)(z,50)>0(or<0), z€eR,
but from Lemma 5.1 and

(17 %)e_%sz, z<—yInK,

(w+a2wz)(z,0)=<I>'(Z)+a2‘1’/(z):{O 2>k

we know it is impossible. So b(s) is bounded in (0,7").
If v <as, we come to prove that B=Qr. suppose ¥ is the solution to
Vs —20%a3.. + (— 30%a} —o*ar +a) Y.+ (a—o%ax)p=0 in Qr,
{w(z,O):w(z,O), zeR. (510
So =1 +as1, satisfies
U, — 102030+ (— 3020} —0%as+a) V. +(a—0%a2)¥V =0 in Qr,
{ U(z,0)=(w+aow.)(2,0), z€R.

Since

(67%2 -K)— 26757 z< —yInK
5 ) T <.

(w—&-ang)(z,o):{o, z2>—yInK ~

By strong maximum principle, ¥ <0 in Q7, so we have A(%) =ag in D, thus (5.11)
can be rewritten as

o= 0AGE) bt (~ §0PA(E) - AGE) +) e+ (2= oA () ) =0

¥(z,0)=w(z,0), zeR.
(5.12)
By the uniqueness of solution to (5.12), we have ¥ =w in Q7. So w+asw, <0 in Qr,
ie. B=Qr. O

THEOREM 5.2. [(s) is the lending free boundary line, i.e.,
Ez{(z7s)‘z<l(s)7s€(O,T)}. (5.13)

Moreover, if v>aq, then l(s) is bounded in (0,T); Otherwise, if v<ai, then l(s)=
—00,Vs€(0,T) and L=10. (See Figures 5.1-5.3.)

Proof.  The proof of (5.13) and boundedness of I(s) if 4> a; is similar to Lemma
5.1, so we omit it. Now, we prove L=0 if y<a;. If not, £L#0, we could suppose D is
an open connected component of £, then we have w+ajw, >0 in D. Note that

(e_%z —K)—“—le_%z z<—yInK
v ’ > <0

,0)+ 2(2,0)= >
w(z,0)+arw(2,0) {O, z>—yInK
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- < z
vin (1%2) vin(Z2) v (3E5)

Fic. 5.1. y<a2 Fic. 5.2. ag<v<ay Fic. 5.3. y>a1

so w+ajw, =0 on J,D. Therefore,

ws—10%aw,. + (— 30%a} —o*a1 + a)w, + (e —o02a))w=0 in D.

So VU:=w+a;w, satisfies
\I/S—%OQa%\I/ZZ—I—(—%UQG%—02a1+a)\llz+(a—a2a1)‘l/:0 in D,
{\1120 on 0,D.

By maximum principle, we have ¥ =0, which leads to a contradiction. So £=10. ]

6. The solution and the free boundaries of original problem (3.1)
First, we rewrite the problem of u and v as the following

—ur—Ju=0 1in (0,+00)x(0,7),

) (6.1)
-1 +
U(y7T):(y ‘Y—K) ’ y>07
where
B R L N SRt L Y S NS Y G —(a—o?a( ™
ju.720 A(yuy) Y Uy ( oA (yuy) UA(yuy)+a)yuy (a UA(yuy))u'
—vy—Hv=0 in (0,400)x(0,7),
ﬁy_l%—&—Ky,O<y§K_7, (6.2)
v(y,T)=o(y) =
ﬁKlf’ﬂ y>K7,
where

According to Theorem 4.1 and Lemma 4.1, we have:

LEMMA 6.1. There exists a unique solution ueC* %2 ((0,+00)x (0,T))
NC((0,+00) x[0,T]) to problem (6.1) satisfying

0<u<efT0y=5, (6.3)
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1 a(T t)
- Y < uy <0 (6.4)
v

n (0,400) x (0,7). Moreover, for any t€ (0,T),

lim u=4o00, lim u=0, hm yu=0. (6.5)
y—0+ Yy——+o0 —400

LEMMA 6.2.  There eaists a solution ve C*2((0,+00) x (0,T)) NC((0,400) % [0,T7])
to problem (6.2) satisfying

1—y
p<v< T+ Ty (6.6)
— e T=1y=5 < vy <0, (6.7)
1 .
0<vyy < *GG(T%)ZJIT (6.8)
v
n (0,+00) x (0,T), where r, X are large constants to let E— +y_’\ > d(y), Yy >0 and
k> 102a3A(A+1)+al.
Moreover, for any t€(0,T),
yl_1>1%1+ Uy =—00, yEToo vy =0, hr-sl-loo yuy =0, (6.9)
1—y
lim v= (6.10)

y—+o00 1—v"
Proof. Suppose u is the solution to problem (6.1), define

y T 1-
vptyi=— [ ulenies [ hmars T,

K= -

where

()=~ 50742 (i )wPm - (ﬁA(y“Ty) —a)yu) (K1),

Y

then v, = —u, so we have

Oy (—vy —Hv)
o o () - o)

v v
— Uty — [ 2A2(y . )(QZIUnyFyQUyyy)*(a*02A<yvy ))(UyﬁLyUyy)}
Vyy vy

r 0 (A ) (4G )W tom)

L o5 o vy 2 2 Vy
=—v {O‘A( : >2yv +y“v (a UA( ))v—i—yv }
ty 2 Yoy, ( Yy yyy) Yoy, ( Yy yy)

=gy — [ 2A2(y:: )y Uyyy+( 2,42(;;7;)_(a—02A<yZZy)))yvyy

(oot )
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=us+ [%UZAQ (yuTy)yzuyy + (02A2 (i) — (a—aQA(i)))yuy
~(a=tA(g))u] = (e=oa( ) )
=u;+Tu,

where, in the third equation, 9, (A( Yy )) (A(yz%)y%yy +yvy) =0 because

YVyy

A(y’;‘;’)y%yy—&—yvy:o if a2<—yzzy <ai,
U, . UV, OF
8y(A(vay)>:0 if —yvzygaz or —yvzyZ(zl.
Note that
(—ve—Hv)(K~7,t)=0,
S0

(—ve—Hv)(y,t) = (—vs —?—[v)(K_'Y,t)—i—/KyW Oy(—ve —Hv)(&,t)dE=0.

Therefore, v is a solution to problem (6.2).

Since we C*r1TE((0,4+00) x (0,7))NC((0,+00) x [0,T]), we have v,v,€
C2Hel+5 ((0,+00) x [0,7]) N C((0,+00) x [0,T]). Differentiating the left-hand side of
the equation in (6.2) w.r.t. ¢,

T ) L T O )

YUyy

I 5 0( v 2 2 Uy
=== 3024 )P — (a4 (1) Jyen |
ty 2 YUy Y Vtyy YUy YUty

(42 )) (2 o)
1

2 42( Yy 2 2 Uy
=— Uy ——0°A (—)y Vg Jr(ozfa A( ))yvt ,
v 5 Yoy vy Yoy y

where, in the third equation, 0; (A(U—y)) (A( u )yQUyy +yvy) =0 is due to the fact

YVyy Yvyy

that either A( L )y%yy—i-yvy =0 or O, (A( L )) =0. So we have

YUyy YVyy

1 o of vy 2 2 Uy
—Vpy— =0 A (—)y Vg —l—(a—a A( ))yvt =0.
Y2 Yyy ot Yyy Y

By using Schauder interior estimation (see [17]), we get v, € C*T*11% ((0,400) x (0,T)),
therefore, we have v € C32((0,+00) x (0,T)) NC((0,+00) x [0,T]).
Now, we prove (6.6). Note that

d’t:Oa QSySOv ¢yy20,

SO

—pr— %UQAQ(%)92¢yy+ (O‘*UQA( = )>y¢y <0.

YUyy YUyy
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By using comparison principle we could prove v>¢. Denote V:= % +ef(T=ty=A
note that

*\Ilt*%UQAz(viy)?f\Pnyr(O‘*U2A( % ))y‘I’y

Yyy Yyy
1 v .
_ k(T=t), —X( . L 2,2/ Uy 2 y
=e y (m 59 A (yvyy)A(A+1) (a o A(yvyy)))\)

1
>er(T=t)y=A (H — 50%%)\()\—1— 1)— a)\)
=0.
By using comparison principle for linear equations we have v < W.

Moreover, (6.7), (6.8) and (6.9) are the direct conclusions of (6.3), (6.4) and (6.5)
respectively and (6.6) implies (6.10). O

THEOREM 6.1.  There exists unique solution V € C*2((0,+00) x (0,7))C([0,+00) x
[O,TD to problem (3.1) satisfying

K1
<V < T + O™, (6.11)
Vi >0, (6.12)
Viw <0 (6.13)

in (0,400) x (0,T), where, the constant A>0 is defined in Lemma 6.2, C7 >0 only
depends on T. Moreover,

lim V,=4o00, lim V,=0, Vte(0,T). (6.14)
r—0+ x——+00

Proof. Suppose v is the solution to problem (6.2), define

V(m,t):zli}gg(v(y,t)—&-xy), x>0,t€[0,T). (6.15)

We come to prove that V' defined in (6.15) is the solution to problem (3.1).
Equations (6.8) and (6.9) imply that v,(-,f) is strictly increasing and ranges in
(—00,0) for each t € (0,T), so the optimal

y* :argmgg(v(y,t)—i—xy) =J(x,t):=(vy(-,t)) " H(~2x), Vo>0,0<t<T,
y

and
Vi(z,t) =o(J(@,t),t) + 2 (1), (6.16)
where, J(z,t) € C((0,400) x (0,T)) and is decreasing w.r.t. z. Note that
Ve(z,t) =v,(J(x,t),t) Jp(z,8) + xdy(z,t) + I (z,t) = T (z,t) >0,
Vi (2,6) = a (,8) = 04 (0 (1)) ™ (@)] = —

a Uyy(J(I,t),t)
Vi(z,t) =vy (J(x,t),t) Je (z,t) + v (J (x,1),t) +aJe(z,t) =ve(J (2,1),1),

<0,

Since v € C32((0,+00) % (0,T)), so V € C*%((0,+00) x (0,T)).
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From (6.9) we know for any t € (0,7),

lim J(z,t)=+oc0, lim xJ(z,t)=0, lim J(z,t)=0. (6.17)
z—0+ z—0+ T—+00
So (6.14) holds.
Moreover, (6.17) and (6.16) imply V(0+,t) =v(4o00,t)= Ii:j, so the boundary
condition in (3.1) holds.
Now, we verify the terminal condition. Thanks to (6.6), which implies v(y,t) > ¢(y),
thus

Vi(w,t)=nf(v(y,t) +xy) 2 inf (6(y) +2y) = &(2). (6.18)

On the other hand, note that

V()= inf (0(y.) + ) < 0(@ (@),0) +29(2).

Let t —T— we get

lirgilipV(m,t) < tli}r%l_v(tl)’(:r),t) +2®' ()= ¢(®' (x)) +2d'(z) =P (x). (6.19)

Equations (6.18) and (6.19) imply that V satisfies the terminal condition in (3.1).
Moreover, (6.6) implies (6.11). O

Now, we give the properties of the free boundary to original problem (3.1). Suppose
V is the solution to problem (3.8), b(s) and I(s) are the free boundaries of problem (3.8),
define

%;:{(x,t)e(o,-koo)x(O,T) — g — >£L’}, borrowing set,

VQE‘ x

£: Vo <x}, lending set,

VI x

{(x,t) € (0,400) % (0,T) | —ay

Vo SxS—m‘Yw }7

rxr rxr

G:= {(x,t) € (0,400) x (0,T) | —as
stop borrowing or lending set.
According to the correspondence
r=—vy(y,t) =u(y,t) =w(z,s),
we can define the free boundary lines to problem (3.1) as
B(t):=w(b(T—-t),T—t), L(t):=wl(T-t),T—t).

According to Lemma 5.1 and Lemma 5.2, we have

THEOREM 6.2. B(s) and L(s) are the borrowing and lending free boundary lines to
problem (3.1), i.e.,

%:{(m) ‘x<B(t),te(0,T)}, Ez{(w,s) ‘x>L(s)7t€(O,T)}.
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t t t
t=T ‘ t=T ‘ t=T
B(s) B(s L(s)
B B (G} B G £
> T - T > T
Fic. 6.1. y<a2 Fi1G. 6.2. a2 <v<a1 Fic. 6.3. y>a1

Moreover, if v<ag, then B(t)=L(t)=4o00,Vte(0,T). If axa<vy<ay, then B(t) is
bounded in (0,T) and L(t)=4o00,Vte (0,T). If v>a1, then both B(t) and L(t) are
bounded in (0,T) satisfying B(t) < L(t), vt € (0,T).

Appendix A. In this section, we prove Theorem 4.1.
Firstly, let’s see the function

§
Glem=A(>),
n
We claim that it is Lipschitz continuous in [,00] X [—00,00] for any fixed £ >0. Indeed,

—g=—at€ (O ), a2 <— 5<a
Gﬁ(faTI):A/(£>1:{0" UES 2 1

n’sn 5>a1 or 5<a2

— aj £
&N 1 =3 26(0,?) ag < — <a1
Gn(fﬂ?):_A/(;) 2= ¢

n
0, 5>a1 or 5<a2

Now, consider the approximation problem in bounded domain

Wz

(%)WE’ZN-F( 1 2A2( 5N+8)_0.2A(w;’:;6)_~_a)w§,N
+<a—U2A(%))wEW:0 in QY:=(-N,N)x(0,T),

) (A1)
wiN(=N,s)=—2e7™, wiN(N,5)=0, s€(0,7),
woN (2,0)=m.(e”7* —K), z€R,
where 7.(z) € C?(R) is defined as
0, z<—¢;
me(z)=¢ /, —e<x<¢; (A.2)
T, T>E.

(See Figures A.1-A.3).

The Leray-Schauder fixed point theorem (see [12,13]) and embedding theorem (see
[12]) implies the existence of Clto 5t (Q¥) solution to problem (A.1). Moreover,
Schauder estimation (see [17]) implies w® " € C?+e1+3 (@)
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o =

# x Hzg.—> xr
—& € —& € —& €
Fic. A.1. 7. (x) Fic. A.2. 7l(x) Fic. A.3. 7/(z)

Now, we prove
(A.3)

1
nge,N 36086_72.

The first inequality can immediately be proved by maximum principle. Denoting ¢ =

eesefiz, note that
_1 2 42 _1 2 42 _ 2 _ 2
o= 502 A2 (oot (= 302 A2() — 0P A() +a) oo+ (a0 A() )¢

s2A2() L (f %&A?(.) o2 A() +a) % n (oz - UQA(-))}

—ef5e™ 72 [07 2

)
1
2
1 1 1 1
>ef5e™5% [0 - fcrza%— —a—+ (a — 02a1)}
2y

>0.

Moreover,
2,0 267%Z27T8(67%Z—K)=w N (z,0), z€R,
~LehetN < LeaN = ueN(-N,s), s€(0,T),

zN(Na5)7 SE(O,T),

by comparison principle, the second inequality in (A.3) holds.
In the following, we prove
—leosefizgwi’NSO. (A.4)
Y

Differentiating the equation in (A.1) we obtain the equation on wS" in divergence form

as follows

2 e,N
o w= +€
Oswi™ —-0. (A2 (W)azw?N)
2 wy
1 5 1 wE’N+€ ) wE,N+€ N 2 'LUE,N +€
Jr(fﬁ" A(—=§) -0 A(W)JFO‘)‘?Z“’? Jr(o‘fg A(mez
Wz Wz Wz

N e,N e,N
o WS e wo 4y ws Y +€ N
—o?A( WY )( - (w2 W )(A( N )+1>w§
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e,N e,N
_UQA/(w 5,:/_6) (1 -2 g,N+25w§sz)wE’N =0,
ws (wz™)

after reorganizing, we get

2 e,N
Dawi — 0. (42 () 0w )
2 wz’

1, puwsNye 5wl 4e N
+(-g04 (S )7 A(W)”‘)@w?
z z

N N N
i (Q_JQA(%)>UJ§7N_O-QA/(w;&_’;_E)(A(w:us’;&—) +1)w6 N

N N N
+02A’(w€ +8)w5 +E<A(w5 +€)-|—1)82w§’N

e,N e,N e, N
w; wy wy
N e,N e,N we N
+e, (WY +e)w* +e
+02A'( N e 8Zw§’N:02A'(W)wE’N§0. (A.5)
ws (wz™) ws

Note that |A(¢)|<ai, |A(§)| <1, |A(€)é] <ay and |A(€)€%| < a?. Using maximum prin-
ciple for divergence form (see [12] or [23]), we obtain wSN <0.

e,N

Denoting ¥ =e Fws ™| according to (A.5), we have

wN +¢ woN +e

2 1 e,N 1 2
0,v—"0. (4% — )\I/Z)—F—UQAQ(%)\DZ—}—?%AQ( e
1 woN +e Nie Nype wsN te 1
A (A (- A () T (v - )
w; W Wy Wy v
1 e,N e,N 1
+ (502 () P A () a) (3. - )
W 2 Y
e,N e,N e, N
—|—(a—a2A(ww€7’;E)>\P—02A’(wwg’;E)(A(wwa;—g)—&-l)\ll
wsN e wsN 4o/ whN te 1
FPA () T (A ) 1) (D)
W W Wy Y
e,N e,N e,N 1
o2 (U IV Ly
wy (wz™)? 2l
N
_6W20,2Al(w6 8,;6) EN__O_QGGS
Wy
where, the last inequality is due to (A.3). Let ¢:=—=¢"¢, for sufficiently large 6 (6 >
20 e +z “1) we have
o? 9 1 5242 Nye 1 o2 , wN+4e
aﬂb—?a (A ( )'l/)z> A (T)¢z+7714 (W)w
1 w* —|—5 wsN 4 woN 4w 4¢ 1
oAy )(A'( o WA () T (- 0)
Wz Wz Wz wz v
Niye wsN +e

+ (— %UZAQ(%) —0*A(——x—) +04) (- - %w)

Wz Wy
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wE,N+€ wE’N—l—a U}E’N—f—&'
(a0 AT ) Jo =04 (T ) (AT )+

wo N e wsN +¢e wosN +e 1
+02A/( e, N ) e, N (A( e, N ) + 1) (wz - 71#)
Wy Wz Wz v

pora(W e WO () L)< o2t
wy’ (wz™)? gl
Moreover,
U(z,0)=—n’(e vZ—K)%z—%:w(z 0), z€R,
U(=N,s)=—2e"=9(—N,s), s€(0,7),
W(N,s)=0>—2e” =9(N,s), s€(0,T).

Using maximum principle of divergence form (see [12] or [23]), we obtain ¥ >4, i.e.,
e FwsN > — '17 %%, so the first inequality in (A.4) holds.

For each a <b, 7 >0, taking C® % interior estimate (see [17] or [18]) to the equation
in (A.1) and (A.5) respectively we obtain

e,N o
|w |C“’7([a,b]><[0,T])7 | |C“ 2 ([a,b]x[0,T]\B;) <C’

where B, :={(z,8) | (2 +7InK)?+s? <r?}, C does not depend on ¢, N.
And then taking Schauder interior estimate to the equation in (A.1) we get

e,N o
\w |C2+O"1+5([a,b]><[0,T]) SC&

where C. does not depend on N. -

Therefore, there exists w® € C?to1+3% (QTJQI such that, for any region Q= (a,b)x
(0,T) CQr, there exists a subsequence of w*™, which we still denote by ws Y, such
that wsY —w® in C?1(Q), N —00. So w® satisfies

5~ ot A (S s+ 3o A () — oA s
+(a—o?A( ja))fuﬁ:o in Qr, (A.6)

z

we(z,0) zws(efiz —-K), zeR,
In the following, we prove
wy —e <w® <wi, (A.7)
By direct calculation or maximum principle,
w1 >0, 0w <0, 9.,w >0,

SO
8Sw1—%02A2(')322w1+ (—102/12(.) —U2A(-)+a)azw1+ (a—J2A(-))w1
>0sw1 — éo%fazzwl + (— 1U2a§ olasy +a> w1+ (a — 02a1)w1

2
=0.
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So by comparison principle, we have w® <w;. Similar method can prove w® >wy —¢.
Since wq >0 in any region (a,b) x (7,7) (for any 7>0), From (A.7) we know w®

has a positive lower bound which is independent of € in (a,b) x (7,T), so A(w;EN&“E) is

uniform Hélder continuous in this region (see the discussion in the beginning of this
section), by Schauder interior estimate we have

<C

|wE|C2+”'1+%([a,b]x['r,T])

where, C' is independent of .
Therefore,  there exists weC2H1+S (Qr) O (Qr\ {(—7InK,0)})
ﬂC(@) such that, for any region Q:(a,b)x(O,T),QT:(( a,b) x (0, ))\BT,QT:

(a,b) x (1,T) C Qr, there exists a subsequence of w®, which we still denote by w®, such
that w® —w in C?1(Q7)NC(Q,) N C(Q), e —0. So w satisfies the equation and the
initial condition of problem (3.8).

Finally, (4.1), (4.2) and (4.4) are the direct consequences of (A.3), (A.4) and (A.7)
together with strong maximum principle.

Appendix B. In this section, we prove that (4.6) is the solution of problem (4.5).
Take the transformation

w; =ePiF sy, =12,

then
Dsw; = P #9% (Dgu; + qiug)
Ow; =PI (D u; +piug )
azzwi = epiZ+Qis (azzui + 2pzazuz +p12u1> .

According to (4.5), u; satisfies

Ost; — %0 as azzul—i—(—a as pl—%a2a§—02aj +a)8 U;
4—(qZ 202a2p3+( 10%a? —o? aj+oz>pz+oz GQaz)ui:O in Qr, (B.1)

J
u;(2,0) :e_p'iz(e_%z —K)+, z€eR.

Let
—o2a?p; — %(7'20,3 —o?a;+a=0,
ie.,

1.2,2_ 2.
pA_—za ay—o ajtoa
T a.2a2 ’

2.2,2 1.2 .2 2 2
q; = 20 a;p; — (—50 aj—o aj+a)pi—a+a a;,

then we have
Osu; — a a2d,,u;=0 in Qr,
ui(z,O):e_piz(efiz—K)ﬁ z€eR.
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By the Poisson formula of heat equation, we have
+oo N I
ui(z,s):/ I‘i(z—f,s)e_p’f(e*?g—K) d¢
—o0

—vyInK N
:/ Fi(sz,s)e*”"g(e—?ffK)df.

— 00
Therefore,
—vInK .
w;(z,8) =ePiFT95y, (2, 8) = / Di(z—&,s)ePi(z=8Fais (e_?f - K)d¢.
— 00
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