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STABILITY AND DECAY RATES FOR
A VARIANT OF THE 2D BOUSSINESQ-BENARD SYSTEM*

JIAHONG WUT, XIAOJING XU%, AND NING ZHU$

Abstract. This paper investigates the stability and large-time behavior of perturbations near the
trivial solution to a variant of the 2D Boussinesq-Bénard system. This system does not involve thermal
diffusion. Our research is partially motivated by a recent work [C.R. Doering, J. Wu, K. Zhao, and X.
Zheng, Phys. D, 376/377:144-159, 2018] on the stability and large-time behavior of solutions near the
hydrostatic balance concerning the 2D Boussinesq system. Due to the lack of thermal diffusion, these
stability problems are difficult. The energy method and classical approaches are no longer effective in
dealing with these partially dissipated systems. This paper presents a new approach that takes into
account the special structure of the linearized system. The linearized parts of the vorticity equation
and the temperature equation both obey a degenerate damped wave-type equation. By representing
the nonlinear system in an integral form and carefully crafting the functional setting for the initial data
and solution spaces, we are able to establish the long-term stability and global (in time) existence and
uniqueness of smooth solutions. Simultaneously, we also obtain exact decay rates for various derivatives
of the perturbations.

Keywords. Boussinesqg-Bénard equations; global solution; large-time behavior; stability; velocity
damping.
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1. Introduction
This paper focuses on the following 2D Boussinesq-Bénard system

dru+u-Vu+u+VP=0e,,
0 +u-Vo=Au-e,, (1.1)
V-u=0,

where u(t,z,y) £ (u1(t,z,y),uz(t,z,y)) denotes the 2D velocity field, P=P(t,z,y) the
pressure and 0 =0(t,z,y) the temperature. Here eo =(0,1) and the term e, represents
the buoyancy forcing due to the gravity in the vertical direction. The first equation is
the 2D damped Euler equation with a buoyancy forcing and the second equation simply
states that the temperature is transported by the velocity field with a diffusion term
of the second component of the velocity. Equation (1.1) is a variant of the standard
Boussinesq-Bénard system. The standard Boussinesq-Bénard system contains Au and
the term u-ey instead of the damping u and Au-eg in (1.1). Equation (1.1) may be
physically relevant when the diffusive effect of us plays a more dominant role in the
equation of temperature.

The aim here is to understand the large-time stability property of perturbations
near the trivial steady state (u,6)=(0,0). Equivalently, we explore the global existence
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and uniqueness of small solutions and the precise large-time behavior of these solutions.
This study is partially motivated by a recent work of Doering, Wu, Zhao and Zheng [18]
and a followup paper [50] on the global stability and large-time behavior of perturbations
near the hydrostatic balance concerning the Boussinesq equations. The 2D Boussinesq
system

dyu+u-Vu+VP=Au+0es,
0t0+u-Vo=0, (1.2)
V-u=0

admits a special class of solutions

1
uhe:Ov ahe:5y7 Phe:§5y27 (13)

where >0 is a parameter. The special solution in (1.3) is the so-called hydrostatic
balance, which refers to the geophysical circumstance when the fluid is at rest and when
the pressure gradient is balanced out by the buoyancy force in the direction of gravity.
The perturbations

ﬁ:u—uhe, 5:9—9he, ﬁZP—Phe
satisfy

O U+1U-Vi+ VP =AU+0es,
D,0+1-VO+ By =0, (1.4)
V-u=0.

The difference between (1.1) and (1.4) is that the velocity equation in (1.4) involves
dissipation instead of damping, and the temperature equation contains sy instead of
Aug as in (1.1). The recent papers [18] and [50] have significantly advanced our un-
derstanding of the stability problem involving (1.4). [18] obtains the global stability
and large-time behavior of the perturbation (6,15,5). It is proven, for 5>0, that the
L? norms of the velocity perturbation (not necessarily small) and its first-order spatial
and temporal derivatives converge to zero as t — oco. Consequently it is found that the
pressure and temperature functions stratify in the vertical direction in a weak topology.
Remarkably, the second-order spatial derivatives of the velocity perturbation (not nec-
essarily small) are shown to be bounded uniformly in time for all time. In addition, [18]
contains extensive numerical simulations illustrating the analytic results and investigat-
ing unsolved problems. [50] furthers the studies of [18]. [50] obtains precise large-time
decay rates for the velocity field of the linearized equations and explicit eventual profile
for the temperature. Conditional decay rates are also obtained for the nonlinear system.
There are still many interesting open issues concerning (1.4). One issue is whether or

not || V| .2 is bounded uniformly in time. The lack of thermal diffusion in (1.4) makes
it extremely difficult to answer this question.

In contrast, (1.1) has a very special structure and solutions of (1.1) appear to behave
differently from those of (1.4). We are able to prove the global stability of the solutions
of (1.1) in a highly regular setting and extract precise decay rates for various derivatives
of the solutions. We explain in some detail our main idea. We take advantage of the
vorticity formulation. The vorticity w=V x u£ d,us — 0yu1 measures how fast the fluid
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rotates and its control is very important in the study of fluid stability problem. Taking
the curl of the velocity equation in (1.1) yields

Ow+u-Vw+w=2a,0.
Due to the divergence-free condition, we have
Au-eg = (0py + Oyy )z = Opzia — Dyytn = Opw.
Equation (1.1) is then reduced to the following system

Ow+u-Vw+w=0,0,
0:0+u-VO=0,w, (1.5)
u=V+A-lw.

Since (1.5) is translation invariant, we assume, without loss of generality, that the initial
data start with ¢t =1, namely

u(l,x,y):uo(x,y), w(lvxvy):C‘JO(x’y)’ 9(1,x,y)=90(x,y). (16)

Differentiating (1.5) in ¢ yields

Optw + 0w — Oppw = F1, (1.7)
040+ 010 — 0500 = I, .
and
Fi=-0,(u-V0)—0;(u-Vw), (1.8)
Fy=—0;(u-Vw)—0,(u-Vo)—u- V. '

We observe that the linear parts w and 6 obey exactly the same degenerate damped
wave equation. It follows from (1.5) and (1.6) that

w1 (1,2,y) £ (Ow)(1,2,y) = —ug - Vwo —wo — d, 00,

1.9
01(1,2,y) = (0:0)(1,2,y) = —ug - Vo + Opwo. (1.9)

We have derived an equivalent system of (1.1) and our attention will be focused on this
equivalent initial-value problem

Opw + 0w — Oggo =F,

0140+ 010 — 0,0 = Iy,

w(l,z,y) =wo(z,y), (Qw)(L,z,y)=wi(z,y),
0(1,z,y) =00(z,y), (0:0)(1,z,y) =61 (z,y).

(1.10)

Before we analyze the nonlinear system, we first understand the linearized system of
(1.5), which is given by

Orw+w = 0,0,
8,50 :8Iw.
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Clearly, for any integer k€N,
t
IIA’“w(t)IIQLz+||A'“9(7f)||2£2JF/0 A w(T)|[72 dr=[[A"wol|Zs +[[A*6oll72,  (1.11)

which implies the linear stability in any Sobolev space H*(R?). Here A =+/—A denotes
the Zygmund operator. A and more general fractional Laplacian operators A® with
a €R are defined via the Fourier transform

Aaf(em)=(E+17)% f(em),

where the Fourier transform is defined by
Flen :/QG’img’iy”f(%y)dxdy-
R

However, the energy estimate (1.11) does not give us any information on the decay
rates of w or @, due to the lack of thermal diffusion. The Fourier-splitting method of
Schonbek has been very effective on large-time decay problems (see, e.g., [9,47,48]), but
it does not apply here when there is no thermal diffusion or damping in 6. Therefore,
new ideas and different approaches appear to be necessary in order to handle the large-
time behavior problem here.

To establish the long-term stability and large-time behavior of (w,6) of (1.10), we
take advantage of the special structure of the linear portion in (1.10). Our first step is
to represent the solution of the degenerate damped wave equation

{ Ouf+0if—0Owuf=F, (1.12)

f(]-»xay):fO(xvy)v atf(any):fl(mvy)

to be the integral form

1 t
f(tﬂ?,y)ZKo(t,ax)fo-i—Kl(t,aw)<2f0+f1> +/ Ki(t—s,0,)F(s,2,y)ds,  (1.13)

1

where Ky and K7 are Fourier multiplier operations,

Ko(t,a@:;(e(—5+M)<t-1>+e(_2 T 1)>

e (LT T,

2,/ 4+ 02

A natural second step is to obtain the precise large-time behavior of I/(\'O and K 1 and
sharp bounds for their action on L' and L? functions. Once these preparations are
made, we then write (1.10) into an integral form and apply the continuity argument.
We need a suitable functional setting for the initial data. Let a €N be a sufficiently
large positive integer, say a >8 and define X to be the Sobolev space, equipped with
the norm

1(wo,80)l1x0 2 (V) (w0, 00) [l 22 + (V) (wo,b0)l| 21+ [{V)* (w1,61) | 1
+[AT (wo,00) [l L2 + IAT" (w1, 00) [l + [[A™2Go] 22 + [AT201 1,
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where (wy,07) is given by (1.9) and (V) denotes the inhomogeneous derivative,
(V)2 (I-A)3.

We set the Banach space X as the working space for the solution (w,6) to system (1.5)
equipped with the following norm

|(w,0)] x :igll){t’EWV)aw,<V>“0||L2 + 7 ||(V)20]| 2 + 17 [|[A™ ]| 12
FEE[[(V)2AT0) 12+ 7 [0, (V)w]| 12 +£7 [0, (V)20 12

1|00 (V)| 12+ 7|0, AT 12 + 15|00 A0 12
+11]|0,(V)2w]| 2 +5]|040] 12+ [0 A ]| 12} (1.14)

The time weights in (1.14) except the first term are based on the decay properties of
the kernels Ky and K;. With these preparations at our disposal, we can state our main
result as follows. For notational convenience, we write A< B for the statement that
A < OB for some absolute constant C > 0.

THEOREM 1.1.  There exists a small number eg >0 such that, if the initial data (wo,00)
satisfies

[l(wo,00)lx, < €o,
then there exists a unique global solution (w,0) to system (1.5) or (1.10) with
(w,0)eX,  PeC([l,00); H*(R?)). (1.15)
Moreover, the following decay estimates hold:
lo(®)lrs Seot™, 100 s Seot 3, [P Set3.  (1.16)
To prove Theorem 1.1, we make use of the following continuity argument.

LEMMA 1.1.  Assume the initial data (wo,60) € Xo and the solution (w,0) given by
(1.10) fulfills the following condition

[1(w,0)[| x < [H(wo, 00) [l x, + Q[ (w,0)] x), (1.17)
where Q(z) > C2P for <1 and B>1. Then there exists eg >0 such that, if
[l(wo,00)lx, < €0,
then (1.10) has a unique global solution (w,0) € X and satisfies
[[(w,0)[| x < €o-

To facilitate the proof of Lemma 1.1, we introduce a working space Y equipped
with the norm

H(u,w,e)nyz||(w,o>||x+sgp{t%||<V>w||m+t%||u1||m+t%|\uzum
t>1

5
Htf|wlpoe +t510:(V)wl| 2 }
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and verify that the norm ||(u,w,d)||y is bounded by ||(w,0)||x and Q(]|(w,0)|x) with
Q(z) being of the form Cz? with 8> 1, as stated in the following lemma.

LEMMA 1.2. Let X and Y be the Banach spaces with their norms being defined as the
above. Then

10w, 0) Iy Sl(w,0)]lx + QI (w0 x)- (1.18)

As a consequence of Lemma 1.2, to prove (1.17), it suffices to verify

[(w,0)[[x Sl (wo,00) [ x, + Q[ (w,w,0)[|y)- (1.19)

So the proof of Theorem 1.1 is reduced to establishing (1.18) in Lemma 1.2 and (1.19).

The Boussinesq equations have attracted considerable interest recently and there are
substantial developments. Physically the Boussinesq equations are important models
in the study of geophysical fluids and the Rayleigh-Bénard convection (see, e.g., [14,17,
22,23,27,42,43,45,51]). Mathematically they share many similar properties with the
3D Navier-Stokes and the 3D Euler equations such as the vortex stretching mechanism,
which is believed to be the primary reason for any potential finite-time blowup [41].
The significance of the Boussinesq equations has made them the subject of numerous
investigations. The global regularity problem and the issue of stability near physically
relevant equilibria are among the most prominent topics on the Boussinesq equations,
especially when there is only partial or fractional dissipation. Important progress has
been made on both topics (see, e.g., [1-5, 821, 24-26, 28-40, 44, 46, 49, 50, 5254, 56—
63]). It is hoped that the results presented in this paper will help lead to a better
understanding of the hydrostatic equilibrium.

We remark that Wu, Wu and Xu [55] studied the global solution of a magnetohy-
drodynamic (MHD) system near a background magnetic field and skillfully solved the
small data global well-posedness problem there. We take advantage of some of the tools
developed in [55]. Although there are resemblances between the linear part of (1.10)
and that of the MHD system, there are a few differences between the Boussinesq-Bénard
system and the MHD system in [55]. First, the equation of # in (1.1) involves Aug while
the magnetic stream function in [55] depends on wus. As a consequence, the functional
setting for § involves Sobolev spaces of negative indices, as in the definitions of Xy and
X. Second, w and 6 naturally form a self-contained system, as in (1.10) and it suffices
to understand this system of two scalar functions. There are some other differences as
well such as the nonlinear terms.

The rest of this paper is divided into five sections. The second section provides the
derivation of the integral representation (1.13) for the convenience of the readers. In
addition, decay rates of Ky and K; and some estimates of Ky and K; acting on L' and
L? functions are also listed here. The third section verifies (1.18). The fourth section
shows that

supt = [[{V)*(w,0) [ 22 S| (wo, 60) llxo + QI (w,w,O) Iy ),

which fulfills part of the proof for (1.19). Section 5 serves as a preparation for Section
6. It estimates the nonlinear terms and provides bounds for various Sobolev norms of
these terms. Section 6 completes the proof of (1.19) via the integral representation in
(1.13) and thus finishes the proof of Theorem 1.1.
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2. Integral representation and properties of kernel functions

This section serves as a preparation. We derive the integral representation in (1.13)
and list several estimates on the kernel functions Ky and Kj.

LEMMA 2.1.  The solution of the degenerate damped wave equation

O f+0uf —O0ua f=F),
f(l,x,y)zfo(a:,y), 8tf(1,a:,y)=f1(x,y)

can be written in the integral form
f(ta%y)ZKo(f,aa:)fo-i-Kl(t,az)(;fo-i-fl) +/1tK1(t—S,5m)F(S,$7y)d8a
where Ko and Ky are Fourier multiplier operators given by
f/(\o(t,f):% <6(5+ &)1, (- 1-VI &) e 1>> 2.1)
Rt =—2 <e(—é+\/72)<t D (aviE)e- 1>), (2.9)

i e

Proof. We decompose the second-order operator into first-order time operators,

1 1 1 1
6ttf+8tf—axwf: (0%4—2—2\/14—463) (8t+2+2\/ 1+48§>f:0

Therefore Oy f + 0 f — Opoe f =0 can be written as

d+1i-1/1+402 )g=0,

0+ 5+ §VIFIE ) =g
or
Oy + 3+ 3/1+402 | h=0,
Oc+5—5/1+402 | f=h.
Clearly,
glt.a,y)=e(THHEVIFIE) 00 4 g,
h(t,x,y):e(_%_%m)“_l)h(l,x,y).
Therefore,
Flta.y) = ———(g(t.2.9) ~ h(t,2,9))
VI

1 (~3+4/14402) (t-1) (—1-4y/14402) (t-1)
=——(e\" 27 : g(Lz,y)—e\"272 : h(1,2,y)
\/1+48§<
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with

11 11—
Regrouping the terms in the representation of f above yields the desired formula for f.
This completes the proof of Lemma 2.1. 0

The integral representation stated in Lemma 2.1 will be applied to (1.10) and also
to the system for (A~'w,A=16), which satisfies

OuA w4+ A w— 0y A w = F, (2.3)
OuAN"10+OA10—0,, A" 0=F}, '
where
Fy=—0,A7V - (uh) - A1V - (), (2.4
Fi=—0, A"V (ww) -, A7V (ud) — A~V (uf). '

As a preparation for the estimates in the subsequent sections, the following lemma
provides some decay estimates on K and K;. These estimates are derived in [55].

LEMMA 2.2.  Let Ky, K, be defined as above. Then for any a>0, 1<q¢<oo, i1=0,1,
K. (t.- —3(3+a)
(D) e K () g e <1y S (872 ;

L

. L
(2) 0K () Laer< 2y S 872,

~ 1
(B) |Ki(t,O)|<e 2, for any ¢ > 5.

@) 10RO, DFOISe ™, for any 2 5.

(2.5)

We list several bounds on Ky and K; when acting on L' and L? functions. These
bounds can be found in [55].

LEMMA 2.3.  Assume that | K(t,)||p~ is bounded. Then, for any Schwartz function
f, we have

1K (£,02) fll 2, SIK (&) l|eee I £l 2, -

LEMMA 2.4.  Assume that |K(t,-)| 12 is bounded. Then, for any Schwartz function f,
we have

1K (6.0:) 122, S IR )12 [AF(9)* F]l1a,

LEMMA 2.5.  Assume that | K(t,)||p~ is bounded. Then, for any Schwartz function
f, we have

1K (8,02) fllz2, SIK-E)]|Lee [|A> (V)22 f o .

As a consequence of Lemma 2.4 and Lemma 2.5, we have the following corollary.
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COROLLARY 2.1.  Assume the Fourier multiplier operator K (t,0,,) satisfies, for some
a>0,

102K (€ 2jej< 1y <005 K ()] Loe (1> 1) <00

Then, for any Schwartz function f and any € >0,

107 K (t,0:) f 2, S (193 K (&) L2 e < 1) + Hf?(t7€)||Lgc(|g|2%))
X[(V)F TNy

zy

3. Verifying Lemma 1.2

This section and the subsequent three sections are devoted to the proof of Theorem
1.1. As aforementioned, the proof of Theorem 1.1 is reduced to the proof of (1.18) in
Lemma 1.2 and (1.19). This section verifies (1.18), namely

[(a,0,0)[ly S ll(w,0)][x +Q(l(w,0)[[x)-
Due to the definitions of X and Y, it suffices to check that

3 3 T 5
sup {#% [(V)wllze +¢% furflze +¢* fuzllze + ¢llwllze +¢4[102{V)ew] 1}
t>

S @, 0)lx + Q[ (w,0)]lx)- (3.1)
We start with the first term in (3.1). Noticing that u=V+A~!w, we have
lullze = VAT W] g2 = |A™ w]| 2.

It follows from the basic inequality

1 1
1oy S VI Wy 1
that
1 1 1 1
ull oo r2) S llall £ [[0zull £2 10 ull f2 [|Ozy ] £
1 1 1
SIAT W]l llwll 2 10xw]l £
where L> and L? are abbreviated for L>°(R?) and L?(R?), respectively. Unless oth-

erwise stated, this convention is assumed throughout the rest of the paper. By an
interpolation inequality and Young’s inequality,

lwllz2 < (|0l 2 + [[u- Vel 2 + (|02 2
<l 2 +ufl L[Vl L2 + 020 22

1 .1 1 1 -1 1
<llowwlize + 1A wll £l 72 102wl 2wl 2 * [Vl 2 + (10201 2

1

< (10wl 2 + A @l Ea | 1Bl B o152 * 19wl £ + 11026 12
< Hatwnm%nwnm+||A*1w||iz||azw||%z||<v>aw||iz+||ax9um.
By the definition of X,
lwllz2 S 18wllzz + A w32 1100w 132 (V) |52 + 1028 2
<57 H[(w,0) | x +sTHRTRR) [(0,0)| % + 571 | (w,0) | x

S5 ([[(@,0)x +Q(@,0)]1x)),




2334 STABILITY AND DECAY RATES FOR BOUSSINESQ-BENARD SYSTEM

where —1 — 2 +5:<—2 and Q(b) =b". Therefore,

1 1 1 1
[wllzee < Nwll 22 102wl 72 1OywI 22 102yl 2
1 1 1
<IIWIIEQIIVwIIMVQwIIEQ
(-2 ga 11-2) T, 1
_IIMIILzIIwIILz IVewll 25wl 35 Vow] 25
<Jlwllgz " Vw3
_3(1=1 1
S 107553 ([|(w,0)l|x + QU (w,6)]1x))
_5
S5 ([(w,0)lx + QI (w,0)lx)),

where a and € satisfy —4 4+ (3 4+¢) <0. This is a preliminary estimate for ||lw|| L~ and a
better decay rate will be provided later. By an interpolation inequality and the Sobolev
embedding,

IIVwIILw<HWI|L;“ ? Vet 52

1-71; 3
Sl V) wll 2

<Ss R ()/(w,0) )| x + QI (w,0)[1x))
Ss7E([[(@,0)]1x + QU1 (w,0) 1 x)), (3.2)
when —2(1- -15)+e-15 <—1. Similarly,

V2wl S 577 (1 (@,0) ]| x +Q(ll(w,0)]1x))-
To bound ||0,w|| 12, we apply 9, to the vorticity equation in (1.5) to get
010w+ 0 u-Vw+u-VO,w—+ Opw = 0y20.
Therefore,

1022 <100l 2 + 1951 Veol g2 + |- VO, 12 411020 2
< 100l +0cul Vel e+l [0V +102o8 2

<N0e0sw| 2 + w2 | Vw| Lo + || AT WIILzHWHLzIIa C«)HLQIIWIILz
+Hamc9HL2

Vs

8
<||<9t 0yl + @l 22 Vel s + 1Al ol Falloll a3 (V)20 5

+ 5”61‘*’”L2 +10220]| L2

Then, by the definition of ||(w,0)| x, we get

10zl 2
_ 1 238
100Vl g2 + ool z2 Vel e + A=l 32 foll 72 3 149 o 35 + 19222
3

<
S(sTi4s7 175 457 4571 (|| (w,0)]x + QU (w,0)]1x))
S5 H(|(@,0) ] x + QU1 (w,0)[|x))-
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Applying V to the vorticity equation in (1.5), we obtain
O Vw—+Vu-Vu+u - Viu+Vw=49,V0.
By Young’s inequality,
Vw2 < [0 Vewl| 2 + | Vu- Vo 2 + [u- V2wl 2 +(18, V0| 2
<10V 2 +[[Vul| 2| Vo] o + [ul| o V0| 2 + [0 V0] 2
o1 1 1 1_2 2
<0 Vwll 2 + w2 [ Vwll Lo + AT Wl E2 w72 10wl 2 lwll 2 * [ VAw] £
+110. V0|2
~1,1(3 3 5—3a a, |35
<10Vl gz +llwl 2 [ Vel Lo + AT wl 2 lwll 2 lwl 72 > (V) wl| 75

1
5Vl s+ 098] .

Then by the definition of ||(w,8)||x, we obtain
V|| 2
~1,,3 2—g; a, |13e
SN0Vl 2 + wll 2l Vel oo + AT w22 lwll 2 > (V) "w] 25 + 1102 V0| 2
S s s s ([@00)x + Q1,0 1))
_3
ST (w0l x + QI (w,0)lx))- (3.3)

Next we deal with the term |0, Vw||r2. Applying 9,V to the vorticity equation in (1.5),
we have

0,0, Vw+0,Vu-Vw+Vu-Vo,w+d,u- VZw+u- V20w + 0, Vw = 0, V0.

Taking the L2-norm yields
10, Vwl|| 22 < |0:0:Vw| 12 + [|0: V- Vw| 2 + || Vu-VO,w|| g2 + |0z u- VZw|| L2
+ 0 V2 0yl g2 + 0,0 V6 1. (3.4)
By the definition of ||(w,0)| x, we have

10:0, Vel 12 S 10, V2wl r2 S 572,01 xs 11020 VO] 12 S 57 ¥|(w,6) ] x,

10:Vu- Vol 2 S |10uw]| 2| Vewl| Lo
S5 2 (1(w,0) 1 x +QUll(w,0) 1 x))

7

SsT1([(@,0)]1x +Q([l(w,0) 1 x)),
IVu- Vw2 S llwll 2| V20| oo
Ss7E5(||(w,0)]|x + Q| (w,0) 1 x))

5

571 (1w,0)x + QI (@,0)]|x)),

1050 V2] L2 S [lwll 2| V] Lo
3

S5 (w,0) | x +Q(l (w,0) ]| x))
SsTH([(@,0)]1x +Q([l(w,0) 1 x))
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and

[u- V20,0 2 S [lufl o< |02 V2wl L2
a—: a—3

1 1 1 3 _ a8
SIAT @l g [l 22 100w £2 | Oaw | 727 102 (V) el 757

Ss7H([[(w,0) ] x + Q[ (w,0)]1x))-

Inserting these estimates in (3.4) leads to

10Vl 2 €573 ([|(w,0)lx + Q(l(w,0) ]| x))-

Using the estimate obtained above, we can calculate the decay estimate of ||w||L~ again
with a better decay rate,
i i i i
[wllzee <lwllZ2 102wl 72 Oy |72 1Oyl 72
ST I (@0 x + QU (. 0)]1x)
S (1w, 0)llx +Q(|(w,0)]1x))- (3.5)

In order to obtain the decay estimate of ||u||z2, we make use of the structure of system
(1.5) and the boundedness of Riesz transforms. Applying A~! to the first equation of
(1.5), we have

IA W+ ATIV - (ww) F AT w=08,A716. (3.6)
By the boundedness of the Riesz transform in L2, we have

1A w2 < [|0A ™ wl| 2 + |ATEV - (uw) | 2 + |9, A 710 2
<10 A wl| 2 + Cl[uwl| 2 + |92 A2 2
<10 A ™ wl| 2 + Ol A wl| 2wl oo + (|0 AT10| 2
<10 A wl| 2 + CII A wl| 2 wl| e +[|0r A 70| 2
S5 457 57 (| (w,0) ] x + QU (w.0)]1x))
<57 ((@,0) [ x + QU (w,0)]1x)).

Therefore,
_ _ _3
ullz = IV AT Wl 2 = A wll 2 S 571 ([[(w,0) ] x +Q(I[(w,0) 1 x))-
Noticing that us =9, A~1w and using the first equation of (1.5), we have
Uy = —0p0, A 2w+ 0, A% (0 Vw) + 0, A20.

According to the boundedness of Riesz transform, divergence-free condition of u and
Holder inequality, we obtain

lusllz2 S 18:A ™ W] £z +|[uw] £z +[|8se A28 22
S10:A ™ 0|2 + |[ul| oo [[w]| 22 + | e A26] 2
<S55 (| (@,0)|x + Q| (@,0)]|x))-
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A special consequence of the estimates above is the following bound for ||u||fe, which
will be used in a subsequent section.
1 1 1 1
a2 S lullz: |0z ull 7210y ul 72 (| Ozyul| 2
ST EHEED (0,0 |x + QI (@,0)l1x))
7
=55 (|[(w,0) ]l x + Q[ (w,0)]|x))- (3.7)
Thus we have verified (3.1).

4. Estimate for ||[(V)*(w,0)|| 12
This section and the rest two sections continue the proof of Theorem 1.1. The goal
is to prove

[(w,0)[[x <l (wo,00) [l x, + Q[ (0,0,0)[y)-

This section verifies

b;glffsl\ (V)*(w,0)l[ 2 S 1l(wo,00) | x, + Q[ (w,w,0)[[y).-

To do so, we first derive the L? bound of (w,). Taking the L?-inner product of the first
two equations of (1.5) with (w, 0) yields

Ld
2dt

Integrating from 1 to ¢ with respect to the time variable leads to

o(®)1% + 10)[122) + |12 :/Rz 0,000+ Dy dady 0.

supt™*(«w,6) 172 < 1 (wo,00) 172 < [l(wo,00) x, - (4.1)

Next we establish the high-order energy estimate. Applying V¢ to (1.5), we have

{@V“w+[V“7u~V]w+u~VV“w+Vaw:8xV‘l0, (42)

OV*0+[V*u-V]|d+u-VV*9=0,Vew,

where we have used the commutator notation

[f.91=Fg—gf.
Taking the L2-inner product of (4.2) with (V%w,V40) yields
1 d a a a
5 77 IV @llZe + 1V 0l72) + [V ]z

=—/ [V4u-Viw-Viw dedy —[V*,u-V]0-V*0 dzdy
R2
SV - Viw| 2] Vew 2 + [V u- V]| 2 [ VO] L2
S (V|2 [Vl oe + (V@] 2 [Vl L) [ V]| L2

+ IVl L2 ([VO] Lo +[[ VOl L2 (| V]| Lo ) [ V0| L2

a—1 1
SIVewlgs lwllze (Ve VO]l 22 + |V O] < [ V0] 22)

1 a a a
+ 71V @z + IVl + [ Vall ) (IV@llZ + (V0] 72)

2a

2
Sllwllzz (IVellze [Vl Lz + VO] e [V ) =5

1 a a a
+5 IV Wiz + (IValZe + IVl ) (V@I + V0] 72)-
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Here we have used the standard commutator estimate
IV F-Vigle: SVl Vgl L2 + I Vgl L= [[V* f| 2
and the interpolation formula
a a—1 < a 1_% %
[Vaalzz = [V wlze SVl 2 * lwl 75

Thus

S (1Vewlze FIVO0132) S ol 27 1Vl e [Vl 2+ [ V0] o [[ V6] 2) 5
+([IVullie + [Vl ) (Vw72 + [V 0l[72)-

Q“Q‘

1
2

Integrating from 1 to t with respect to the time variable, we have
IVewlZ + (V202

t
SIIV“wolliz+IIV“9olliz+/l (IVuli< + I Vull =) (IV*w]Z2 +[V*072) ds

||w||a+1 IVl V0l 12 + VO] o= [ V0] 2) 2T ds.
By the definition of ||(u,w,f)]|y,

VOl Lo SIIVOI L2 110:V0 12110y VOl 121100y VO 12
SIKV >29IIL2H3< )20]172

x1_

3T (ww,0)ly

N»—‘

<s™
S

m\»—-

s 2 [[(w,w,0)]y-

Invoking the estimates in (3.2), (3.3) and (4.3), we find
/ I Z5 IVl o [0 22 + [Vl [ V98] £2) Fo5 dis
< [ e e o)l Qs 0 )
S/ItSHQst(II(u,Wﬁ)li_“Q“ +Q([[(w,w,0)[ly))

(e b)ly QU (ww.f)ly))-

As for the term ||Vul|p=, the definition of ||(u,w,d)||y yields that

1 1 1 1
IVl SI[Vul £2[0s VUHEzH@ Vu||;2||8quH,§2

SIIWIILz||3mw||Lz||Vw||Lz||3 Vol

3_5

(4.3)
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Thus

/lt(IIVUIIioc HIVull =) (IVewl|Z2 +[IV0]1Z2) ds
S (@, 015 + 11 (w,w,0)[15)- (4.5)
Therefore
IVewlZ2 V0122 S IV wollZ2 +1V00lIZ
([ (e O3+ e D)l ™+ (w )l +Q (wwd)lly)). (46)
Then we deduce that

St’t;l;)ff IV (w,0)] L2 < [l (wo,00) | x, + QI (w,w,0) [y ) (4.7)

Combining (4.1) and (4.7), we obtain

igllﬁfsl\ (V)" (w,0)l 22 S [[(wo,00) [ x, + Q| (w,w,0)[y). (4.8)

5. Estimates for the nonlinear terms

This section serves as a preparation for the estimates to be presented in the subse-
quent section. We bound various Sobolev norms of the nonlinear terms F; for i=1,2,3,4
defined in (1.8) and (2.4). The Littlewood-Paley techniques will be employed. We give
a brief introduction to Littlewood-Paley theory. Let ¢(£) be a smooth bump function
supported in the ball |§|<2 and equal to 1 on the ball |{|<1. For any real number
N>0and f€8’ (tempered distributions), projection operators are defined as follows:

Pani(©2 o 3 ) o)

P2 (1-0(5) ) 7,

— é‘ é‘ ~
A2 (o £)—o(2S .
@2 (o) -o(25) )7
P.n and P>y are similarly defined. The following Bernstein inequalities play an im-

portant role in the process of estimating the nonlinear terms (see, e.g., [6,7]).

LEMMA 5.1 (Bernstein Inequalities).  Let «>0 and N >0 be real numbers and let
1<p<q<oc. Then there exist three constants C1,Cs,C3 such that

1_1
IA® P £l aray SCLN TG || Py fl| 1o ra)
CoN®[| PN fllawey S |AYPr fll Loy S C3N|| Py fl aray-

Our first lemma bounds Fy.
LEMMA 5.2.  For any s>1,
H<V>5A%‘6F1(s,-)||% ST QI (ww,0) v ), (5.1)

where € is same as in Corollary 2.1 and € is same as in the definition of X -norm defined
in (1.14).
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Proof. We recall that Fj is given by
Fy=-0;(u-V0)— 0 (u-Vw)
=—0,u-V8—u-Vo,0—0u-Vw—u-Vow
£+ Fio+Fis+ Fua.

For Fi1(u,0), we divide it into three parts via the frequency decomposition defined
above

Fll :far(lfpgqs)uV@—ﬁxpgsauV(I—Pgsa)Q—ampgsauVquse (52)

For the first high-frequency part, we have
(V)P A2 =¢(0, (1~ Py )u- V)| 11,

V> (&L.stau-VG)HL;y
V>68 P>55u||L2 [V >6V9HLgy
V) P> gsul 2, (V)02
s~V Ps sl 2, (V) 0|2,
5722 Q([| (ww,0)]ly)

for large a and small §. For the second high-frequency part in (5.2), we can bound it in
the same way. For sufficiently large a,

o~ o~ —~

AR VAR AN VAR A

{V)PAS=(0p Peysu- V(1= Peys)0) | 11,
V)%(8y P<osu- VP 0)| 11,

V)00, Pgaoul| 2, [(V)*V P26 12,
V)" P<goulpz, 1(V) Pe bl 12,
ST Pe ol |2, (V) P o6l 12,
QU (ww,0)]v).

For the low-frequency part in (5.2), we can bound it by

o~ o~ —~

AN AN N AN N
VA

V2l
|
wleo

1(V)°A2 (0, P< oV Peysf) | 11

A<JH<V> P<45fSa P<55U'VP<559||L1

S % ([ (P<gs 02110, P<gs0) || 1, + | (P< g5 0128y P 50) | 1)
<s “nwuLgyua 0ll.z, +s”||u2||Lz 10,61 .2,

(%57 H 7 457575 1)Q(|| (w,w,0)] )

<57 EQU (ww,0)y)

for § small. Thus we proved
(VY A2~ P11, Ss7' 72 QI (ww, )1y )- (5.3)
Along the same lines, we can also prove that

(VYA Fyill, ST 7°Q(l(ww,0)lly),  i=2,3,4. (5.4)
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For Fi3(u,0), we again divide it into three parts
Fia=—(1=Pcy)u-V,0— P ysu- V(1 — Pes)8,0 — P ysu- V Pe 50,0

Then, for the first high-frequency part, we have

I(V)°A2 (1= Pys)u-V,0)| 11,
V)9 (Ps - VO,0) |11
V)°Psoull 2 [(V)°VD,0] 2,
V)°P>gsullzz [(V)®0] 1z,
57O (V) Py 2 (V)] 12,
s7272Q(l|(ww,0)]1v),

for large enough a and small é. For the second high-frequency part, we can bound it by

o~~~

AR AR AN AR A

(V)? A2 (P s V(1= Peys)020)|| 1,
V)*(P<gu-VPs0:0)| 1,

V) P<gsul 2 [(V)°V P> 50,0 2,
V)°Pesul 2, (V)0 Py o0l 2,

s~ (V) Pe sl 2 (V) P ol 12,
572 2Q( (w,w,0)]ly).

For the low-frequency part, we can bound it by

o~ o~ —~

AR AR VAN AR AN

(V)P A2 4(Peysu- V Peys0,0)]| 1,
SV Peygs (P<gsu- VP s 9a0)lL1,
<89 (P<gsu- VPeys0,0) lzs,

<% Pegsullrz [IVP<s 00 2,

SsTIAT Wl ez, 11020 2,
_3_3
<S7 s 4 4Q(|(u7w76>||Y)

ST QU (ww, )y )
Thus we have shown
(V)P A2~ Fioly, Ss7 7 Q(lI(w,w,0)]v). (5.5)
For Fi3(u,w), we also divide it into three parts
Fi3=—(1-P<g)0u-Vw— P s0u-V(1— Pcgs)w—PeogsOpu- VP sw.
For the first high-frequency part, we have
(V)?A2~((1= Peys)Opu- Vo) |11,
SV (Pzss O V)l
SV P2l 2, (V) V|2 -

zy Ty
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By Lemma 5.1 and (1.5), we obtain
(YO Py rull s, S s~ (V)*~20p] 1,
S3—(a—3)5H<V>a—2(a$0_w_u.vw)”[liy
s~ ()| (u,w,0) [y + Q| (ww,0)[ ).

Therefore, combining two estimates above, we obtain
(V)P A3=(1 = Peys)Bru- Vo) |11, S s32Q(1I(ww,0)lIy ).
for large enough a and small §. Similarly, for the second high-frequency part,
(V)P A 3~ (Peys BV (1 — Peyo)o) 12, S5~ 372Q( (w,,0)]y ).
The low-frequency part is bounded by
(V)?A2~(P<ysOpu-VPeysw)| 11,
[{V)° P<ygs (P< s 8pu-V Pe sw) | 1,
866H(PsséatU'VPSSSCU)”LQIW
866 HPSS(satuHLiy vaﬁs‘stLiy
ST)0A w1z,

7571 1Q(|(ww,0)]v)
5T QU (ww,0)ly)-

<
S
S
<
<
S

Thus we have proven
(V)P A2~ Fig|y, Ss7 = Q(ll(w,w,0)]v)-
For Fy4(u,0), we also divide it into three parts,
Fiy=—(1—=Pcgs)u-Vow —Pcgsu- V(1 — Pcgs )Opw — P<gsu- V Pe s Oyw.
Then, for the first high-frequency part, we have

I(V)° A2~ (1— Py )u- Vo) 1,
V>6(stéu'vatw)||L;y

V>6stéu||Lgy||<V>6V3tw||Lgy

V)0 Py gsullz, (V)T (050 —w -1 Vw)| 2,

s~ (V) P sl 2, 577 ([ (w,w,0) |y + Q(| (w,w,0)|))
572 2Q(| (ww,0)v),

for large enough a and small §. Similarly, for the second high-frequency part,

o~~~

AN AN N N N

(V)P A2~ (Peysu- V(1= Peys)0hw)llzr, S 572 2Q(II(w,w,0)ly).-

(5.6)
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For the low-frequency part, we can bound it by
H<V>5A%_€(P§s5u'VP§s5atW)||L;y
||<V>6P§4sé (Pgséu'vpgséatw)HL;y
565“(Pgséu'vpgséatw)HL;y
566“P§s6uHLgyvagséathLgy
sIAT W] Lz, 101wl 2,
sPsT 1 1Q((ww.0)1v)
sTQ(l(ww,0)ly)-

AR AR AR ANRTANR A

Thus we have proven
(V)Y A2~ Fuall s, S5~ Q| (w,w,60)]y). (5.7)
This completes the proof of Lemma 5.2. ]
F5 admits a similar bound.
LEMMA 5.3.  For any s>1,

(V)P A Fy(s,)lles, S5 QU (ww,0)]lv), (5.8)
where € is same as in Corollary 2.1 and € is same as in the definition of X-norm in
(1.14).

Proof. We can rewrite Fy explicitly as
Fy=—0(u-Vw)—0(u-V0)—u-Vo
=—0,u-Vw—u-Voyw—-0u-Vo—u-Vo,0 —u-Vo
£ Fo1 + Fao + Faz + Fay + Fos.

It suffices to analyze u- V6, which is the worst term in F5. Other terms can be treated in
the same way as in the proof of Lemma 5.2. We again use the frequency-decomposition
technique to handle this term. Firstly we can divide it into three parts

u-VO=—(1-Pcgs)u-VO—P-su-V(1—-Pc5)0—Pogsu-VPc0.

So for the first high-frequency part, we have
(V)P A3 =41 = Peso)u- V),

V)8(Ps ou-V0)|| 1,
V)°Psgsull 2 [(V)°VO 2,
V)°Psgoull 2 (V) |2,
57O (V) Py 2 (V)] 12,
s7272Q(| (w,w,0)]y)

for large enough a and small §, say (a—6)6 > 2 +¢c. Using the same method, one can
obtain the estimate for the second high-frequency part,

o~ o~ —~

AR A SR AN AN A

(V)Y A2~ (Pegsu- V(1= Peys)0) |1, S5 72 Q(|(ww,0)]v)-
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For the low-frequency part,

(V)°A2 = (P<gsu- V Peysf)| 2,
V>6P§4sé(Pgs5u'vpgsée)||L;y

O(| P<gsur0s P<ys | 1 + || P<ss 20y Py B 11 )
9y0l|z2,)

Ty

D~

w

60

(
5 ([luallzz
(

020l z2,, +luzll L2

Ty xy

7

$O(s73 75 4575 QI (ww,0)ly)
s 77QI(w,w,0)ly)-

This finishes the proof of Lemma 5.3. O

Ty
60

AR AR ZANRZANRZAN

According to the boundness of Riesz transforms, we can also bound F3 and Fj in
the same way. The main result can be stated as follows.

LEMMA 5.4. For any s>1,

(V)Y A2~ Fal s, Ss7 QI (w,w,0)lly), (5.9)

Ty

(VY A2~ Fyl s, Ss7' QI (w,w,0)lly), (5.10)
where € is same as in Corollary 2.1 and € is same as in the definition of X-norm in
(1.14).

In order to bound A~26, we need a decay estimate for the nonlinear term A~ Fy,
which can be stated as follows.

LEMMA 5.5. For any s>1,
|||5m\5A_1F4(8,~)IILgy S5 (w,w,0) [y ), (5.11)

where |0, with a fractional power >0 is defined via the Fourier transform

10217 F(&,m) =€ F(&,m)
and € is same as in Corollary 2.1 and € is same as in the definition of X-norm in
(1.14).
Proof. F}y is given by
Fy=—0,A"'V-(uw) - A"V - (uf) =A™V (uh)
=—A"'V-(0puw) = ATV - (ud,w) — AV - (0,uh)
— ATV (ud0) — A7V - (uh)
£ Fu+ Fio+ Fuz+ Fuu+ Fus. (5.12)

By the standard bounds for the Riesz transforms, Hardy-Littlewood-Sobolev inequality,
Holder inequality and interpolation inequality,

102 T A~ Pyl 12, SIA™F (uw) 2, S110s uwl s <||<9IUHLngwll 5

Ty
r,y wy

SlOzullrz, HWIILZ lwllfee Ss™ 1717771 QI(w,w,0)[ly)
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ST QU (ww, )]y )

Invoking the bound for ||u||z= in (3.7), we have

1, _
11023 A Pz 2, S IA™% (0pw) |22, Sludew] s Sl0swllzz, llull s
y ‘Ey
1 —3_3x3-1
Sl0swllrz, IIUIILz [ullfe <5717 717 1Q(]| (w,w,0)ly)

s QU (ww, )y ).

To bound Fy3, we invoke the bound

1011z SNON Z2 10201 10401l 72 1102 01l 12
_1e1,3,1,3 _1
s 1D Q((ww,0)lly) =572 Q( (w,w,0)ly)

to obtain

11021 F A7 Fugll 12, SIATT (9rub) | 2, S 10ru6] s S10rullz, IIHHLg

8
LT
.L'

_5_1y3_ 1y 1
S||0tUI|LgyIIHHE;yWIIE;«;58 AT (ww,0)ly)

ST QU (ww, )]y )

IN

11021 T A7 Fagll 2, SIA™T (ud6) 12, Sludebl s <100l zz, ull

8
L3
my 1

5

S0z, IIUHLz luflfee Ss™17 1757 Q[ (w,w,0)ly)
SsT EQ(II(u,wﬁ)Hy)~
110215 A7 Pas| 2, SIATT (w6) ][22, S 6] s < lullzz, 6]

8 8
L7 L3
z z

Slhullez, lulfs 101, S5~ 23Q( ww,0)lly)
ST QI (ww,0) |y )
Collecting these estimates yield the desirable bound (5.11), which finishes the proof of
Lemma 5.5. ]
6. Proof of Equation (1.19)
This section completes the proof of Theorem 1.1. We continue to verify

1w, 0)[lx S [l(wo,00) [ x, + QI (w,w,0)[y)-

For the sake of clarity, we divide this section into several subsections, each dealing with
some of the terms in ||(w,0)| x.

6.1. Estimates of ||(V)20||.2, |[A~ w12 and ||(V)2A~10]|;2.  Using Duhamel’s
formula,

1 t
e(ta‘T,y) :KO(taax)90+Kl(taam) (200+91) +/ Kl(tisaaz)FQ(s)ds' (61)
1
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For notational convenience, we may sometimes write Ko (t) for K¢(¢,0,) and K;(t) for
K1(t,0,). Then by Lemma 2.2, Corollary 2.1 and Lemma 5.3, we have

4720122 S 1Kot 60l2-+ 11 (09 500+ )
[ Kl =) (V)2 Falo)ds

IR (= 5.0 g2 IAF (V) EF2Fy (5)] 1, ds

_1 € € 7o
SER(VY Golls, + (V)36 1s )+ / (IR (= 5,6l 2ger<t)

=

-

A

||(wo,90)xo+/1t<t—8)‘iS_I_EdSQ(II(u,w,@)Ily)
S (w0, 00) o + QU (., 0)][v)).
Again by Duhamel’s formula,
A rw(t,z,y) = Ko(t,0,) A wo + K1 (t,04) (;A‘lwo—l—l\_lwl)
+/1tK1(t—s,8$)F3(s)ds,
A(t, 2, y) = Ko(t,0.) A 00+ K1 (t,0,) <;A100+A101>
+/1tK1(t—s,8w)F4(s)ds.
Thus, by Lemma 2.2, Corollary 2.1 and Lemma 5.4,
Al S LoD ol + () A~ + A ) 2

t
+||/ K (t—s)F3(s)ds]| 2
1
St—i (H<V>1+EA_1WO||L;1J + ||<V>1+EA_1w1 ”Liy)
t
+/1 (M (=5, L2 e1< 1)

= 1io¢r1_¢
+||K1(t*S’§)||Lgo(\g\2%))||<v>2+2 A2 F5(s)]| Ly, ds

Bl

t
St II(WOﬁo)IIXﬁ/ (t—s)"s717%ds Q([|(w,w,0)]v)
1
_1
St ([l (wo, 00) [ x, + QI (0,w,0)[|y)).
Similarly, by Lemma 2.2, Corollary 2.1 and Lemma 5.4,

1{V)> A6l 52 S5 (| (wo,00) [0 + QI (w,w,0) [y)-
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6.2. Estimates of [|0,(V)wl|r2 , [10:(V)?012 , [|022(V)?0| 12 and ||0,A716]| 2.
To estimate ||0,(V)w| 2, we start with Duhamel’s formula

1 t
w(t,x,y)=Ko(t,0r)wo+ K1 (t,0z) (2w0 +w1) —|—/ Ky (t—s,0,)F1(s)ds. (6.2)
1
By Lemma 2.2, Corollary 2.1 and Lemma 5.3,
1
102 ()2 S 10K 0Pz + 10, K (B)9) g+ )
t
4+ [ 0.K1(t—s){(V)Fi(s)ds| L2
1
SRV wollzr, + (V) wnlle,)
t
+ [ QTR t=5Olz09<p
- Hammt—s,oHLgoag.zé))||A%-€<V>%+26F1<s>||L;yds
t P
1w, 00) | x, + / (t—s)"Fs7 " ds- Q(l(w,w,0)ly)
1

S ([ (wos80) | xo + QU (,w,0) [y ).

»Mo,

<t~

Now we consider ||0,(V)?0||2. As in the estimates above,
10292012 S 100 Ko 09l + [0 53 (72 00401 ) 1
+/ltaxKl(t—5)<V>2F2(8)d3||L2
SR B0, + (V)2 <Ol 11 )+ / (13T (s Ollzzqer<d)
+ 110K 1 (= 5,6l = 11 3)IIA2 (V)32 Fy(s)] |y ds

t P
St ZI\(uloﬁo)llxﬁ/ (t—s5)"1s717%ds- Q| (w,w,0)]y)
1

St (| (wos80) | xo + QU (w,w,0) ).

As for ||, (V)?0|| L2, using Lemma 2.2, Corollary 2.1 and Lemma 5.3 again, we obtain
1
102272022 5 1020 Kal0) (ol 10 Ka 0192 56061 ) s
¢
[ dua (e 5)(V)? Fals)ds]
1

t
StV ol Ly, + (V)01 1, )+/1 (1022 K1 (= 5,6l L21e1< 1)
+HawwK1(t_5’§)||L§Q >1) )||A§_€<V>%+2€F2(S)HLiyds

t
St b0l + [ (6-s)Ts 4 ds QU (ww )])
1
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S (| (wo,80) [ xo + QU (w,w,0) ).

Then we deal with the term ||0,A~10|| 2. We proceed in the same way as in the previous
estimate,

1
106112 S0 Ko (A B0+ 10, K (1) A~ 60447161 ) s

t
+H/ DK (t— 5)Fa(s)ds | 1
1
-3 € — € —
ST A ol o, + (V) AT,
t
+ [0 (=58l zgqec

S 1 erl—c
+Hale(t_8v$)||Lg°(|§\2%))H<v>2+2 Az F4(5)||L;yds
t

SR o)l + [ (=8~ Es 55 Ql )l

St ([l (wo,00) 1 xo + QU (w,w,6) Iy )-

6.3. Estimates of [|0;(V)%w| 2, ||O:A™ w12, ||0:0] 1> and |0z A20]/12. By
Lemma 2.2, Corollary 2.1 and Lemma 5.2, we have

1040 Yl S 10K )T Pl + K92 g+ )
+l [ 0k (t=9)(9) Fa(s)ds]

<t HI wollr, + (V) wr o, ) + / t(Hatfﬁ(t—s,@nLg(m@
10K 1 (8= 5,6l e (g1 ) |AZ (V) T2 Fu ()] 1, ds

Sl [ (-t s QUi 0)ly)

St ([l (wo, 00) |, + QI (w,0,0)ly).

Next we bound ||0;A~'w||z2. By Lemma 2.2, Corollary 2.1 and Lemma 5.4, we have

1
10: A" ]2 S0 Ko (t) A wol| L2 + |0 K1 () A (2w0 +w1) Iz2

t
ol [ ot - 9 By o)
1
SV AT wol Ly, + (V) A [ s)

t
+/1 0K (=5, 1211 2)

= 1_. 1o
H10K (= 5,6 e eg 1)) [A2 (V) FH2Fa(s) |y, ds
t

Sl o)l + [ (=)~ Es s Q) )l )
1

S ([ (w0,00) [ xo + QU (w,w,0) ).



JIAHONG WU, XIAOJING XU AND NING ZHU 2349

For ||0:0]| L2, by (6.1), Lemma 2.2, Corollary 2.1 and Lemma 5.3, we have
1
100612 S 104 Ka(0)oll+ 10:51 ) 500-+61 )
t
+||/ O K1 (t—s)Fa(s)ds|| 2
1

t
-3 € € 1o
ST oIy, + (V) 91||L;y)+/1 (101 (= 5,€) | 211 1)

= 1o, v lioe
0K (=56l o 11> 1)) 1A (V)22 Fy(s)| 11, ds

A

t
e wntoll, + [ (¢ Fs 1 ds QU s )l)
1
St ([l (wo,00) 1 x50 + QU (w,w,0) 1))
Now we consider the last term ||0,,A~20||z 2. By Duhamel’s formula,

A=20(t,2,) =Ko (t,0,)A 200 + K1 (£,0,) (;A‘200+A‘201)
+/1tK1(t—s,8w)A_1F4(s)ds.
Using Lemma 2.2, Lemma 2.3 and Lemma 5.5, we deduce that
100482 S0 Ka(A280l2-+ 1022 K1 (0> 56061 ) 1
+||/1t|3x|ZK1(t—3)|3z|‘l‘A1F4(8)d8||L2
100 R0 A0, + 101 R )]0 (300401 s,
+/1t |||m1(t—s)||Lw|||5z|iA_1F4(S)||Liyd5

t
StA(IA 0ol 2r, + ||A7291||L;y)+/ (t—s)75s717%ds- Q(ll(w,w,0)]ly)
1

_z
St ([[(wo,00) [ x0 + QI (w,w,0)[y))-
Finally we estimate the pressure P. According to the divergence-free condition, we have
P=A"'9,0—-A"'V-(V-(uu)).

Therefore, for any ¢>1, by the boundedness of Riesz transforms and the definition of
Y -norm,
IPt) ][ e SIAT0,0] 1o +[|ATIV (V- (u@ )| e
SIAT10,0) L2 +][A®ATI,0]| 2 + ATV (V- (u@ )| s
SIAT 0l L2+ A" 2+ [[ull e u e
St (ww, 0)ly +Q([[(u,w,0)[ly))
stEEO.
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This implies that P € C([1,+00); H*(R?)). Moreover,

1P|z SHAT0,0) Lo +[ATIV (V- (u@ )| L
SV AT10,0]| 2 + [{V)? ATV (V- (u@ )| 2
SIV?ATH0) L2 + (V) (u@ )| 2
SIKVY2ATI0) L2+ [1(V) *ull L2 [ Lo

gt_iEO.

This finishes the proof of Theorem 1.1.
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