COMMUN. MATH. SCI. (© 2019 International Press
Vol. 17, No. 7, pp. 1877-1913

LONG-TIME ASYMPTOTIC BEHAVIOR FOR
AN EXTENDED MODIFIED KORTEWEG-DE VRIES EQUATION*

NAN LIUT, BOLING GUO¥, DENGSHAN WANGS, AND YUFENG WANGY

Abstract. We investigate an integrable extended modified Korteweg-de Vries equation on the
line with the initial value belonging to the Schwartz space. By performing the nonlinear steepest
descent analysis of an associated matrix Riemann—Hilbert problem, we obtain the explicit leading-
order asymptotics of the solution of this initial value problem as time t goes to infinity. For a special
case a« =0, we present the asymptotic formula of the solution to the extended modified Korteweg-de

1
Vries equation in region P = {(z,t) €R?|0 <z < Mt5,t>3} in terms of the solution of a fourth order
Painlevé II equation.
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1. Introduction

It is a well-known fact that the modified Korteweg-de Vries (mKdV) equation is
a fundamental completely integrable model in solitary waves theory, and is given in
canonical form as

U+ 60U Uy + Uppe =0, (1.1)

where o0 =+1, u=u(z,t) is a real function with evolution variable ¢ and transverse
variable z. This equation gives rise to multiple soliton solutions and multiple singular
soliton solutions for o =+1 and o =—1, respectively. Moreover, the mKdV equation
has significant applications in various physical contexts such as the generation of su-
percontinuum in optical fibres, acoustic waves in certain anharmonic lattices, nonlinear
Alfvén waves propagating in plasma and fluid dynamics.

In this paper, we investigate an extended modified Korteweg-de Vries (emKdV)
equation [26], which takes the form

g+ a(6U Uy + Ugrr) + B(30utuy +10u3 + 40Uty + 100 Uprs + Usrzes) =0,  (1.2)

where a >0 and > 0 stand for the third- and fifth-order dispersion coefficients match-
ing with the relevant nonlinear terms, respectively. Moreover, (1.2) also has certain
application for the description of nonlinear internal waves in a fluid stratified by both
density and current [16,25]. Equation (1.2) is integrable, infinitely many conservation
laws have been constructed based on the Lax pair, meanwhile, periodic and rational
solutions have been also obtained by means of the N-fold Darboux transformation in
a recent paper [26]. The Painlevé test and multi-soliton solutions via the simplified
Hirota direct method for Equation (1.2) have been recently studied in [28]. However, it
is noted that the long-time asymptotics for the emKdV Equation (1.2) on the line were
not analyzed to the best of our knowledge.
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In particular, the purpose of the present paper is to consider the initial-value prob-
lem (IVP) for the emKdV Equation (1.2) on the line by a Riemann-Hilbert (RH) ap-
proach. Assuming that the initial data u(z,0) =ug(x) are smooth and decay sufficiently
fast as |z] — oo, that is, ug(x) € S(R), one then can show that the solution u(z,t) of the
IVP for (1.2) can be represented in terms of the solution of a 2 x 2 matrix RH problem
formulated in the complex k-plane with the jump matrices given in terms of two spec-
tral functions a(k), b(k) obtained from the initial value ug(z). Then, this representation
obtained allows us to apply the nonlinear steepest descent method for the associated
RH problem and to obtain a detailed description for the leading term of the asymptotics
of the solution for the Cauchy problem.

The nonlinear steepest descent method was first introduced in 1993 by Deift and
Zhou [10], where they derived the long-time asymptotics for the IVP for the mKdV
Equation (1.1) with o =—1. It then turned out to be very successful for analyzing
the long-time asymptotics of IVPs for a large range of nonlinear integrable evolution
equations in a rigorous and transparent form. Numerous new significant results about
the asymptotic theory of initial-value and initial-boundary value problems for different
completely integrable nonlinear equations were obtained based on the analysis of the
corresponding RH problems [1-3,6-8,11,15,17-19, 21,24, 27, 29].

Developing and extending the methods used in [10,22], our goal here is to explore the
long-time asymptotics of the solution u(x,t) for the emKdV Equation (1.2) on the line.
Compared with other integrable equations, the long-time asymptotic analysis for (1.2)
presents some distinctive features. For example, the spectral curve of emKdV Equation
(1.2) is more involved and it possesses four stationary points, which is different from that
of mKdV equation and Hirota equation considered in [10,19] where the phase function
has only two critical points. We note that in the case of the Camassa—Holm equation
[4,5], there is a sector —% +C <c=g; <0 where the corresponding phase function also
has four stationary points. Moreover, in the case of the Degasperis—Procesi equation [6],
depending on the range of x/t, one can also have four stationary points. However, our
main asymptotic analysis still presents many particular pictures different from these
literatures (see Sections 3 and 4). Therefore, the study of the long-time asymptotics
for the TVP for (1.2) on the line is more interesting. Our main results of this paper are
summarized by the following theorems.

THEOREM 1.1.  Suppose that ug(z) lie in the Schwartz space S(R) and be such that
no discrete spectrum is present. Then, for any positive constant € >0, as t — oo, the
solution u(x,t) of the Cauchy problem for emKdV Equation (1.2) on the line satisfies
the following asymptotic formula

u(x,t):_%—i—O(mTt), t— oo, §=?€<—%+E,—E), (1.3)

where the error term is uniform with respect to x in the given range, and the leading-
order coefficient uqs(x,t) is given by

8

Ugs(x,t) = V() ) cos (16tk?(86kf —a)

k1 (3 — 408k2

—v(k1)In(16tk; (kz — k1)? (3 — 408k7)) +¢a(§)>

+ v(kz) jcos (16tk§’(8ﬁk§ —a)

ko (408k2 — 3ax



N. LIU, B. GUO, D. WANG, AND Y. WANG 1879

+ v(ka) In(16tk (ko — k1)* (408k3 — 30)) +¢b(§)) ) (1.4)
where
ba(€) = _g —argr(ky) +argD(iv(k1)) + 2v(k; ) In (kl;l;lkz)

_l/kzln(1+|r(s)|2)( 11 )ds
T Jky T+r(k)? ) \s—k1 s+k '

&u(6) = T — argr(hy) - argT(iv(k2)) + 20 (kz) In (szﬁg)

1/’@1 (1+|r(s)|2)( 1 1 )d
—— n — S,
T Ji, T4+ |r(k2)2 ) \s—ka s+ko

and ki, ko, v(k1), v(ks) are defined by (3.6), (3.7), (3.43) and (3.45), respectively.

REMARK 1.1. For £< —g%;, there are no real critical points for the phase function

®(k). Thus, it is easy to prove that the solution u(x,t) of emKdV Equation (1.2) is
rapidly decreasing as t — co. However, for £ >0, there are two different real stationary

points ko= i\/ﬁJ—QB (1 +4/14 2900?2£>, this implies that it is possible to deform the RH

problem through a series of transformations in exactly the same way as in the similarity
region for the mKdV equation to find the asymptotics (one also can follow the strategy
used in Section 3).

THEOREM 1.2.  Under the assumptions of Theorem 1.1, the solution u(x,t) of Equation
(4.1), i.e., =0 in emKdV Equation (1.2), satisfies the following asymptotic formula
as t—r00:

1
8 5 —T 2 1
uz,t)=|— | up| — | +0(t"3), 0<z<Mt5, 1.5

o (5&) ”<(2oﬁt)é) ) )
where the formula holds uniformly with respect to x in the given range for any fized M >1
and the function u,(y) denotes the solution of the fourth order Painlevé II equation

(A.5).

The organization of this paper is as follows. In Section 2, we show how the solution
of emKdV Equation (1.2) can be expressed in terms of the solution of a 2 x 2 matrix RH
problem and give an auxiliary theorem which is useful for determining the long-time
asymptotics. In Section 3, we derive the long-time asymptotic behavior of the solution
of the emKdV Equation (1.2) to prove our first main Theorem 1.1 in a physically
interesting region. In Section 4, we present the asymptotic formula of the solution to
a particular case =0 of emKdV Equation (1.2) in region 0<z<Mt5. A few facts
related to the RH problem associated with the fourth order Painlevé II equation are
collected in the Appendix.

2. Preliminaries
2.1. Riemann-Hilbert formalism. The Lax pair of Equation (1.2) is [26]
U, =XV, X=ikoy+U,

2.1
U, =TV, T=(-16iBk"+4iak?)o3+V, @1)
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(namely, Equation (1.2) is the compatibility condition X; — T, +[X,T]=0 of Equation
(2.1)), where ¥(x,t;k) is a 2 x 2 matrix-valued function, k € C is the spectral parameter
and

10 0 w A B
03:<0—1>’ UZ(—uO)’ VZ(C—A)’ (22)

A=8ifk3u? —i(6pu* + 20u? + 4futiy, — 26u )k,
B =—168ku+ 81k u, + (88u> + 4o+ 4Bz, ) k* —i(128u% Uy + 2Bupee + 20, )k
—65u° — 2au® — 1081 ug, — 106uu§ — Blgprs — Qlgg,

C = —B+16iBk>u, —i(24u*u, + 4oty +4BUppy k.
Introducing a new eigenfunction u(z,t;k) by
p(a tsk) = W (x, t; k)e kot (-168k +daktlon (2.3)
we obtain the equivalent Lax pair

fo —iklos, pl =Up,

e +i(16 8k — 4ak®)[o3, 1] =V p. @4

We now consider the spectral analysis of the x-part of (2.4). Define two solutions p
and po of the a-part of (2.4) by the following Volterra integral equations

x

p (2t k) =1+ / M@= [ (1 )y (2,8 k)]da’, (2.5)

— 00

pio (1) =T / M [ (o ) 1a (a5, (2.6)

x

where 63 acts on a 2x 2 matrix X by 63X = [03,X], and e7? =e?2 Xe 3. We denote
by u and p® the columns of a 2x2 matrix p= (M u?). Then it follows from
(2.5)-(2.6) that for all (x,t):

(i) detp,; =1, j=1,2.

(ii) uél) and ugm are analytic and bounded in {k € C|Imk >0}, and (ugl) ugm) —1
as k— oo.

(iii) ,ugl) and ,ug) are analytic and bounded in {k € C|Imk <0}, and (,ugl) ,ug)) —1
as k— oo.

v i 11 are continuous up to the real axis.

(iv) {n;}% i p to the real axi

(v) Symmetry:
(x5 k) = (2,65 —k) = oop; (2,5 k) o2, (2.7)
where o9 is the second Pauli matrix,
(0
09 = i 0 .

The symmetry relation (2.7) can be proved easily due to the symmetries of the matrix
X:

X (z,t;k) = X (z,t;—k) =02 X (z,t;k) 0.
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The solutions of the system of differential Equation (2.4) must be related by a
matrix independent of x and ¢, therefore,

pi1 (2,6 k) = po (£ k) o H (168K +40k) s g (1) - et s(k) =1, keR.  (2.8)

Evaluation at z — oco,t=0 gives

s(k)= lim e =% 1y, (2,0;k), (2.9)
Tr—r00
that is,
s(k):I—i—/ e P (2,0) g (0,05 k)] der. (2.10)

Due to the symmetry (2.7), the matrix-valued spectral function s(k) can be defined in
terms of two scalar spectral functions a(k) and b(k) by

a(k) b(k)
s(k) = (_b(k) a(k)> : (2.11)

where a(k) =a(k) and b(k) =b(k) indicate the Schwartz conjugates. The spectral func-
tions a(k) and b(k) can be determined by wug(z) through the solution of Equation (2.10).
On the other hand, a(k) is analytic in the half-plane {k € C|Imk >0} and continuous
in {k€C|Imk >0}, and a(k) — 1 as k— oo. Furthermore, |a(k)|?+|b(k)|>=1 for ke R.
Finally, a(—k)=a(k), b(—k) =b(k).

Assuming u(x,t) to be a solution of Equation (1.2), the analytic properties of

wi(z,t; k) stated above allow us to define a piecewise meromorphic, 2 x 2 matrix-valued
function M (z,t;k) by

(1)
py (2t k) (2
e 02 t:k Imk
< o) wy (z,tk) ), Imk>0,

M(x,t;k) = @) pp
(ugl)(x,t;k) M) , Imk<0.

(2.12)

Then, for each x € R and ¢t >0, the boundary values M4 (z,t;k) of M as k approaches
R from the sides +Imk > 0 are related as follows:

M (z,t;k) = M_(2,t;k)J (z,t;k), kER, (2.13)
with
L+ [r(k)[? r(k)e-mw)
J(z,t:k) = < ) :
) r(k)et®®) 1 (2.14)
r(k)= ()’ (k)= 21(—k? +168k° —dak?).

In view of the properties of p;(x,t;k) and s(k), M(z,t;k) also satisfies the following
properties:

(i) Behavior at k = oo:

M (z,t;k)— I as k— oo. (2.15)
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(i) Symmetry:
M (z,t;k)= M (z,t;—k) = 0o M (2,t; k) os. (2.16)

(iii) Residue conditions: Let {k;} be the set of zeros of a(k). We assume these zeros
are finite in number, simple and no zero is real, then M (z,t;k) satisfies the following
residue conditions:

Resg—x; MW (z,t;k)= ixjetq’(kf)M@) (x, k),

z _ 2.17
Res;,_z, M (x,t;k) =iy e CED MO (2t k). (2.17)

THEOREM 2.1.  Let {r(k),{kj,x;}¥} be the spectral data determined by uo(z), and
define M (x,t;k) as the solution of the associated RH problem (2.13) with the jump
matriz (2.14), the normalization condition (2.15) and the residue conditions (2.17).
Then, M (x,t;k) exists and is unique. Define u(x,t) in terms of M(x,t;k) by

u(z,t)=—2i lim (kM (z,t;k))12. (2.18)

k—o00

Then u(x,t) solves the emKdV Equation (1.2). Furthermore, u(z,0)=ug(x).

Proof. In the case when a(k) has no zeros, the existence and uniqueness for
the solution of the above RH problem is a consequence of a ‘vanishing lemma’ for the
associated RH problem with the vanishing condition at infinity M (k)=0(1/k), k— oo
(see [23] since JT(k)=J(k)). If a(k) has zeros, the singular RH problem can be mapped
to a regular one following the approach of [14]. Moreover, it follows from standard
arguments using the dressing method [13] that if M solves the above RH problem and
u(x,t) is defined by (2.18), then u(z,t) solves the emKdV Equation (1.2). One observes
that for t=0, the RH problem reduces to that associated with wg(x), which yields
u(z,0) =up(x), owing to the uniqueness of the solution of the RH problem. O

2.2. A model RH problem. After the formulation of the main RH problem,
the main idea of analysis of the long-time behavior is to reduce the original RH problem
to a model RH problem which can be solved exactly. The following theorem turns out
to be suitable for determining asymptotics of a class of RH problems which arise in the
study of long-time asymptotics.

Fi1G. 2.1. The contour X = X1 UXoUX3UX4.
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Let X =X1UX3UX3UX, CC be the cross defined by

{le4|0<l<oo} Xo= {le4|0<l<oo}

(2.19)
X3:{le*T|O§l<oo}7 X4:{167T|0§l<oo}7

and oriented as in Figure 2.1. Define the function v: C— (0,00) by v(q) = 5= In(1+]|q[?).
We consider the following RH problems parametrized by q € C:

M (q,2)=M>(q,2)J % (q,2), z€X, (2.20)
MX(q,2) =1, 2z — 00, '
where the jump matrix JX (g,2) is defined by
( L2 ) z€e Xy,
T Q) 1
iz 7211/( )
(1 1+|q|2e : q), z€ Xo,
0
J¥(g,2) = 0 (2.21)
) ZEX?)?
( 1+|q|26 5 2211/(‘1) 1)

o5 »—2()
Lgem =z , 2€ Xy
0 1

Then we have the following theorem.

THEOREM 2.2. The RH problem (2.20) has a unique solution M*(q,z) for each g€ C.
This solution satisfies

. X
MX(q,z):I—g <[3XL(q) 7 O(Q)>+O<%), z—00, q€C, (2.22)

where the error term is uniform with respect to argz € [0,27] and the function B~ (q) is
given by

B (g) = Vi@ ei(Femsamersr0)) - g, (2.23)

where T'(+) denotes the standard Gamma function. Moreover, for each compact subset
D of C,

sup sup |M*¥(q,2)| <o0 (2.24)
q€DzeC\ X
and
MX -1
sup sup M7 (a.2) = 1| < 00. (2.25)
q€D zeC\ X |Q|

Proof.  For the proof of this theorem, we refer the readers to [1,10,11]. a
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3. Long-time asymptotics

In this section, we aim to transform the associated original RH problem (2.15) to
a solvable RH problem and then find the explicitly asymptotic formula for the emKdV
Equation (1.2). In the following analysis, we suppose that a(k)#0 for {k € C|Imk >0}
so that no discrete spectrum is present. Namely, we consider the following RH problem

M (z,t;k)— 1, k — oo, '
where the jump matrix J(x,t;k) is defined by
1+r(k)|? 7(k)e 2K
Sty — (PO e
r(k)et®k) 1 (3.2)
_ (k) _ o 5 3y 7T
r(k)—a(k), O (k) =2i(—kE+ 160k —4ak?), £= "
In view of the symmetry relation in (2.7), we conclude that
r(—k)=r(k), keR. (3.3)

Moreover, the relation between the solution u(z,t) of the emKdV Equation (1.2) and
M(z,t;k) is

u(z,t)=—21 lim (kM (z,t;k))12. (3.4)

k— o0

The jump matrix J defined in (3.2) involves the exponentials e™*®, therefore, the
sign structure of the quantity Re®(k) plays an important role in the following analysis.
In particular, we suppose

9a?
203 <£<0. (3.5)

It follows that there are four different real stationary points located at the points where

g—i’ =0, namely, at
B 3a 205¢
ikl_i\/ﬁl()ﬂ (1 14 902 ), (3.6)
B 3a 205¢
- @

The signature table for Re®(k) is shown in Figure 3.1.
Let £ >0 be given constant. We restrict our attention here to the physically inter-

esting region £ €7 = (— % —I—E,—a).

3.1. Transformations of the RH problem. One goes from the original RH
problem (3.1) for M to the equivalent RH problem for the new function M) defined
by

MWD (z,t;k) = M (x,t;k)6 % (k), (3.8)
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Re®(k) >0 |\ Re®(k) <0 | Red(k)>0

[Re® (k) < 0 Red (k) < 0|

0
Re® (k) > 0 —ky fkl ky

ky Red(k) > 0|

4r Re®(k) <0 Re®(k) >0 Re®(k) <0

Fia. 3.1. The signature table for Re®(k) in the complex k-plane.

where the complex-valued function §(k) is given by
1 B k2 In(14|r(s
(5(k):exp{%(/ / ) It )| I +[r(s)l) 4, } keC\ ((=kas—k1]Ulk1, ka]). (3.9)
—ks k1

LEMMA 3.1.  The function 6(k) has the following properties:

(i) 6(k) satisfies the following jump condition across the real axis oriented from —oo
to 0o:

54 (B)=6_(k)A+|r(k))?), ke (—ka,—k1)U (k1 k).
(i) As k— 00, 6(k) satisfies the asymptotic formula
§(k)=1+0(k™"), k—oo. (3.10)
(iii) 6(k) and 6=1(k) are bounded and analytic functions of k€ C\ ([—ka,—k1]U

[k1,k2]) with continuous boundary values on (—ko,—k1)U (k1,k2).
(iv) 0(k) obeys the symmetry

S(k)=0(k) ' k€T ([—ka,—ka]U[k1, ks))-
Then MW (z,t;k) satisfies the following RH problem

M (@, t:k) = MDY (2, t:k) D (2,t:k), keR, (3.11)
with the jump matrix J) =4§72.J67 7%, namely,

1 ry(k)6?(k)e t®k) 1 0
) |k|>k25 |k|<kla

0 1 1 (k)62 (k)et®®) 1
(3.12)

JD (@, t:k) = . 0\ (1 ra(k)d2 (k)et2(®)
B , k1< |k| < ko,
<r3<k>6 2 (k)e'® (k) 1) (0 ! )
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where we define {r;(k)}] by

_ _ (k)
Tl(k)_r(k)v T2(k)_ 1—|—T(k)’l:(k)7 (3 13)
r(k) . '
() = T )= ()
6
4 [ \ /
i Qs 0 Qy
2 [ \ ‘* ,"; ,/'
O | /o
0 — — '
o/ RO R g
2 Q3 : 94 Qg 1
4t
-6, .
6 4 2 0 2 4 6

FIG. 3.2. The open sets {Q; }‘1l in the complex k-plane.

Before processing the next deformation, we first introduce analytic approximations
of {rj(k)}{ following the idea of [22]. We define the open subsets {§2;}1, as displayed
in Figure 3.2 such that

O UQ3= {k S (C|Re<1)(k) < 0},
Q2 UQy = {k e C[Re®(k) >0}

LEMMA 3.2.  There exist decompositions

ozt k)i (xt k), |k >k, |k|<Ei, KER, j=1,4,
m“ﬂ_{m,@: )5t k), k> ke, || <Ry j 314

T‘j)a(l',t,k)+Tj7T(£L',t,k), k< |]€| <ks, kER, 71=2,3,

where the functions {r;.,7j,}1 have the following properties:

(1) For £€T and each t>0, r;q(x,t,k) is defined and continuous for k€Q; and
analytic for Q;, j=1,2,3,4.

(2) The functions 1,4 and r4,q satisfy, for E€ZL, t>0,

7.0z, t,k)] < ¢

< T eilBe*® ke Q;n{keC||Rek| > ko}, j=1,4, (3.15)

where the constant C' is independent of &,k,t.

(3) The L',L? and L*> norms of the functions ri,(z,t,-) and ry,(z,t,-) on
(=00, —ka) U (kg,00)U(—k1,k1) are O(t=3/2) as t — oo uniformly with respect to £ €.
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(4) The LY L? and L° norms of the functions ro,(x,t,") and r3.(z,t,-) on
(—ka,—k1)U(k1,ka) are O(t=3/2) as t — oo uniformly with respect to £ €T.

(5) For j=1,2,3,4, the following symmetries hold:
7ia(mt, k) =1 0(2,t,—k), v (2,t,k)=r; . (z,t,—k). (3.16)

Proof.  We first consider the decomposition of r1 (k). Denote Q; =QIUQ?UQ3,
where Qf, 02 and Q3 denote the parts of Q in {k€C|Rek>ka}, {k€C|Rek < —ko}
and the remaining part, respectively. We first derive a decomposition of 71 (k) in 1},
and then extend it to Q27 by symmetry. Then, we derive a decomposition of 71 (k) in Q3.
Since ug(z) € S(R), this implies that r1 (k) =r(k) € S(R). Then for n=0,1,2, we have

nr 8Dy _
0= 3 (2 ke 4O k™), ke, (3T
7=0
Let
fo(k:):; L (3.18)

where {a;}}! are complex constants such that

7 (ko) - .
fok)=> (k—k2)? +O((k—k2)7), k— k. (3.19)

|
=0

It is easy to verify that (3.19) imposes seven linearly independent conditions on the a;,
hence the coefficients a; exist and are unique. Letting f =171 — fo, it follows that

(i) fo(k) is a rational function of k€ C with no poles in Q1;

(ii) fo(k) coincides with 71 (k) to sixth order at ko, more precisely,

n O((k—k2)™™), k— ko,
d ()_{ (Ur=k2)") > keR, n=0,1,2. (3.20)

—f(k
dk"f O(k=5™m), k— o0,

The decomposition of 71 (k) can be derived as follows. The map k> ¢=¢(k) defined
by

p(k) = —i® (k) = 2(163k° — dak® — &k) (3.21)

is a bijection (kq,00) — (—1288k3 + 16ak3,00) (see Figure 3.3), so we may define a func-
tion F' by

(k_i)3f(k) > —1288k3 +16aks
F(¢)={ k—ks ’ 2 > (3.22)
0, & < —12883k5 +16aks.
Then,
() 1 AN (k=1)° > _ 5 3
F (¢)_<160ﬁ(k2—k§)(k2+k§—%)ak) (k—k2 fk) ), ¢>—1283k3+16aks.



1888 ASYMPTOTIC BEHAVIOR FOR AN EMKDV EQUATION

o(k)

1280k5 — 160k

—kl k?

—kz kl k

— 1280k + 160k

F1G. 3.3. The graph of the function ¢(k) defined in (3.21).

By (3.20), F™ (¢)=0(|p|3/7) as |¢| — co for n=0,1,2. In particular,

7

that is, F belongs to H2(R). By the Fourier transform F(s) defined by

a"F
dgn

<oo, n=0,1,2, (3.23)
L2(R)

1

T o

£(s) /R F(g)e #*dg

where
F(¢)= /R F(s)e'®*ds, (3.24)

it follows from Plancherel theorem that ||s2ﬁ'(s)||L2(R) < o0. Equations (3.22) and (3.24)
imply

_hke [ p ) iesgs
Flk)= (k_i)?)/RF( )el?sds, k> k. (3.25)

Writing
f(k):fa(xatak)+fT(Iatak)a t>07 k>k27

where the functions f, and f, are defined by

k—ky [ -
fa(x,t,k)_ﬁ/ F(s)e**®ds,  t>0, keQl,

k—ky [T .
ﬁ F(5)e*®®ds, >0, k> ks,

_t
4

fr(z,t, k)=

we infer that f,(z,¢,-) is continuous in Q} and analytic in Q1. Moreover, we can get

k—k .
k=Kol b2y sup @Rt ®)

a 7t7k Si
a9 < i su

t
4
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< Clk— k2| o IReB(b)]

e t>0, keQj, £€T. (3.26)

Furthermore, we have

kk
|fr(,t, k)| < | 2'/ $2|F'(s)|s2ds

t

C . —4
<l Ol /m s—4ds, (3.27)

< t3/2

t>0, k>ko, £E€T.

Hence, the L', L? and L® norms of f, on (k2,00) are O(t~3/2). Letting

r1a(z, k)= fo(k)+ fa(x,t,k), ¢>0, kEQ%,

3.28
TlvT(I’t5k):fT(Iatak)a t>0, k> ko. ( )

For k< —ks, we use the symmetry (3.16) to extend this decomposition.
We next derive the decomposition of r; (k) for —k; <k <k;. Following [10,22], we
split r1 (k) into even and odd parts as follows:

ri(k)=ry(K*)+kr_(k?), kR, (3.29)
where 74 :[0,00) = C are defined by

r1(vs) +7r1(=v/s)

= _(s)= >0.
ri(s) 5 , r—(8) NG , >0
We write 71 (k) as the following form of Taylor series
(4)
777 (0
}jqﬂcw = 5 @)k, =0, (3.30)

It then follows that

NG
Zqzj o 0= )0
(3.31)

: 1 v a (11) 10
—S)ij_:o%jﬂs]‘f'm/o (ry )+ (=) (Vs 1) dt.

Letting {p] 14 denote the coefficients of the Taylor series representations

L
L02)=3 kY g [P0 -0tar

7=0

'S

we infer that the function fy(k) defined by

4 4
folk)=>_pi (K> —k3)' +kY p; (k*—k7) (3.32)
j=0

Jj=0
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has the following properties:
(i) fo(k) is a polynomial in k € C whose coefficients are bounded.
(ii) The difference f(k)=r1(k)— fo(k), which satisfies

d’ﬂ
%f(k)§0|k2—kf|57", —k1<k<k, £€€1, n=0,1,2, (3.33)

where C is independent of £, k. The decomposition of r1 (k) for —ky <k < k; can now be
derived as follows. Since the function k> ¢ defined in (3.21) is a bijection (—k,k1) —
(1288k7 — 16ak?, —128Bk7 + 16aks) (see Figure 3.3), we may define a function F(¢) by

1
——— f(k), |p| < —128Bk> + 16ak3,
F(g)=4 >~k (k). I#l ! ! (3.34)
0, |p| > —1286K; +16ak?.
Thus, we have
1 dN" flk)
FM(¢) = — ) 2ol < —1288k° +16ak]. (3.35
2 <160ﬁ(k2—kf)(k2+kf—2%)8k) k2 — k2 [#] Bhi+16aky. (3.35)

Equations (3.33) and (3.35) imply that

d’ll
’wF(@’ <C, |p| < —128Bk} + 160k}, n=0,1,2.

Therefore, F(¢) satisfies (3.23). On the other hand, (3.24) and (3.34) imply

. fk), |k|<k,
— 5)e*®®) dg = .
(k* kf)/RF( )es®Rq {07 k] > k. (3.36)

Letting
f(k):fa(.f,t,k)—Ffr(.I,t,k), t>05 |k|k15 5617

where the functions f, and f, are defined by

fa(z,t,k)

(k2—kf)/ t F(s)e’®*®ds, >0, keQ3,

4
t

flat k) =02 = 1) [ Bt s, 10, [k <,

— 00

we infer that f,(z,t,) is continuous in Q3 and analytic in 3. Moreover, we can get
from (3.26) and (3.27) that

|fala,t,k)| SCIE> =k ledRe®®I 50, ke Ol ceT,
| fr(,t, k)| < Ct=3/2, t>0, |k| <k, E€T.

It follows from

m,a(xt k) = fo(k)+ fo(m, k), r1,0(x,t,k)= fr(z,t,k)
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that one gets a decomposition of 71 (k) for |k|<k; with the properties listed in the
statement of the lemma. Thus, we find a decomposition of 1 (k) for |k| > ke and |k| < ky
with the properties listed in the statement of the lemma. The decomposition of the
function r3(k) can be obtained by a similar procedure as the decomposition of 1 (k) for
|]€| < k.

Finally, the decompositions of 73(k) and r4(k) can be obtained from rs(k) and r1 (k)
by Schwartz conjugation. d

Fic. 3.4. The oriented contour 3 and the open sets {Dj}(l3 in the complex k-plane.

The purpose of the next transformation is to deform the contour so that the jump
matrix involves the exponential factor e*® on the parts of the contour where Re® is
positive and the factor e!® on the parts where Re® is negative. More precisely, we put

M® (z,t:k) = MY (2,t:k)G(k), (3.37)
where
0 keD
3 6 )
~T1a 5~ 2 t<I> 1 1
1 —T2,a 52 —t®
) k€D27
0
G(k) = (3.38)
k€ Ds,
<T3 o~ 2 t<I> 1) s
1 52 —td
( )7 k€D47
0
I, ke DsUDg.

Then the matrix M) (z,t;k) satisfies the following RH problem

M (@,t:k) = M (2,t:k) TP (2,t:k), ke, (3.39)
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with the jump matrix J®) =G~ (k)JMG (k) is given by

1 0 _ 2, —td
- () ey,
7140 2et® 1 0 1

2 1 0 2 1 r a52eftq>
Jé )= (—Tg,a52etq> 1)’ J‘i = (O h 1 ’ (3.40)

@) _ 1 7y,.6%7t® 1 0 4@ _ 1 0\ (1 ro,67e™®
o\ 1 rip 0% 1) 70 g 672 1)\ 0 1 ’

with Jl-(2) denoting the restriction of J to the contour ¥ labeled by ¢ in Figure 3.4. Tt
is easy to see that the jump matrix J?) decays to identity matrix I as t — co everywhere
except near the critical points +k; and +k;. This implies that we only need to con-
sider a neighborhood of the critical points £k; and +ky when we study the long-time
asymptotics of M (2)(x,t;k) in terms of the corresponding RH problem.

3.2. Local models near the critical points +k; and +k3.  We introduce the
following scaling operators

z

S_kzl k— _k27
t(408k3 — 3aks)
z
kal: k’—) _kla
t(3ak, —408k3
(O‘Zl k) (3.41)
Sk1: k— +k17
44/t(3aky —408k3)
z
Syt k— + ka.
ke (105K —3aks)
Integrating by parts in formula (3.9) yields,
—iv(ky) —iv(ky)
5(k) = k—ko YV k+ky ' oxa ()
k—ky k+ ko
—iv(ka) —iv(k2)
(R ) T Rk Y T e, (3.42)
k—kq k+ ko
where
1
u(kl):—ln(1+|r(k1)|2)>0, (3.43)
1 [ 14|r(s) 1 1
k)=— 1 - d 3.44
xa (k) 2mi Jy, " 14 |r(k1) |2><s—k s—i—k) * (344)
u(kg)z—ln(1+|r(k )2 > (3.45)
1 [ 14|r(s) 1 1
k)=— 1 - ds. 3.46
xz(k) 27 Ji., n(1+|r k) |2><s—k s—i—k) § (3:46)

Hence, we have

t® (k)
—t2k)

S—kz (6(k)e ):607192(2)5171@2 (Z)v
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_t®(k)

Sk, (8(k)e™ 2 ) =62, ()81, (2),
B (k)

Sk (8(k)e™ 72 ) =08y, (2)d3, (2),
td (k)

Sky (8(k)e™ 77 ) =4y, (2)d, (2),

with
i (k)
2

2o —iv(k2)
0% 1, (2) = ( 16tks (ks — k1) (408K% — 3cx) oxa(—k2)
’ k1 +ko

e—Sikgt(SBkg—a), (3.47)

L, (2) = (—z) k) lxa(z/y/16tka (108K3 —B0) —k2) —x2(~k2))
—R2

" —2/\/16tky(40BkZ — 3a) — ky + ko \ ¥ 1F2)
ko — k1

( ko + Ky ) —iv(kz)
—2//16tk2(408k2 — 3a) + k1 + ko

% <_Z/\/16t]{,‘2(40ﬁk% _30é) +2k2)iv(k2)
2k

o ( 2 [ (40B8k3 — )z 5322
w(Z |
PUA | 4VE(408K3 —3aks)372  4ths(405K3 — 3a)?
Bz
= 3.48
166372 (10513 —3aks)2 | )’ (3.48)
iv(ky)

3 k k —iv(ky)
sﬂkl(z)z(16tk1(k2—k1)2(3a—405k‘f‘)) ( 12;; 2) X (k1)
1

o SikTt(8BkT —a) (3.49)
51]61 (Z) _ z_iu(kl)e(Xl(z/\/m—kl)—)a(—kl))
o - )
2/\/16tk1(3a—40Bk2) — k1 + ko

« (—z/\/16tk1 (3ac—40B8k3) + k1 + ko ) —iv (k1)
kl +k2

" ( 2k ) —iv(k1)
—2/+/16tk1 (3 — 408k + 2k;

o < iz? {1 (408k% — )z 5322
X - —
P 4v/t(3aky —40Bk3)3/2 Atk (3a —408kT)?

4

+ o (3.50)
16t3/2(3ak) —408k3)5/2 | ) -

iv(k) .
——3 k L iv(ky)
521 (2) <16t/€1 (ko —k1)2(3a—40[3k%)) < 12—;;1 2> exi (k1)

egik?t(fﬂﬁkf*a), (3.51)

5%1 (Z) _ (—z)iu(kl)e(XI(z/\/m+k1)—x1(k1))
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" —2/\/16tky (3 —408K7) — ky + ko \ )
k2_k1

( kit ks >iu<k1>
z/\/16tky (3oc— 408k?) + k1 + k2
" (z/\/16tk1(3oz —408k2) + 2k, > —iv(k1)

o
xe < ’ [ (408k3 — )z 55322

X —_— —_ _

PAT | SVi(Baks —408k3)372 4tk (30— 405k2)?

i (3.52)
1663723k, —408K3)572 | ) '

iV(;vz) o i (k)
0, (2) <16tk2(k2—k1)2(405k§—3a)> <k1 +2k2> X2 (k)

e8ikgt(8ﬁk§7a¢), (3.53)
8L (2) =z (k2) g(xa(=/ v/ 16tks (405k3 —3)+ha) —x2 (k2)
2

ko — Ky —iv(k2)
2/\/16tkq(403k3 — 3ar) — k1 + ko

ks —iv(k2)
X
(z //16tk2(408k2 — 3a) + 2k» )
y (z/ /16ty (408K2 — 3ax) + k1 + ki > iv(ka)

ky+ ks
iz? (40B8k3 — )z 5322

X e _—
Xp< 4 { ANE(40BKS —3aks)3/2 Atk (408k3 —3a)?

+ B (3.54)
1663/2(405k3 — 3aks)o/2 | ) '

For j=1,2, let D.(+k;) denote the open disk of radius e centered at +k; for a small
e>0. Now we define

M (2,t;2)= M@ (2,6:5)(6°,,)7 (2), k€ Da(—ka)\ 5,
M (,t;2) = M® (2,4:k) (8%, ) (2), k€ De(—k1)\ S,
M(z,t;2)=M® (2,6:k)(80,)7* (), ke De(k)\,
M(z,t;2)=M® (2,6:k)(80,)" (),  k€De(ka)\E.

]\ibr(a:,t;z):]@,(x,t;z)j(:c,t;z), keXxs,,,
J\:Lr(:v,t;z):]\;[_(x,t,z)j(x,t,z), keXxs, ,
My (z,t;2)=M_(x,t;2)J (z,t;2), keXp ,
~Jr(:zc,t;z):]\;[_(9c,t;z)j(9c,t;z), ke Xy,
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where Xy, = X +k; denote the cross X defined by (2.19) centered at £k; and X§, =
Xip, ND.(£k;) for j=1,2. Moreover, the corresponding jump matrices are given by

1 r2a(0h4,)° 1 0
, ke (X, , ke (X2y)2,
- <0 1 (F=ka )1 a0, 1 (¥=ks)2
J(x,t;2) =

) 1 —raa(8h,)? 1 0
, ke (XE,)s, , ke(xs ,
0 1 (Xk2)3 raa(dty,) 2 1 (Xka)a

! 0 € 1 —r2a(614,)” .
{(r (6L4,)7° 1)’ RE (X, <0 1 U] RE(R):,
o 1,a\0—ky

1 0 . 1 7aa(8Ly,)? .
)7 ke(Xflu)?” <0 1 B ’ kE(X*kl)‘l?

1 roa(3})? _ 1 0 )
5 kE(Xkl)lq —r 1 9 kE(Xk1)27

o
[

For the jump matrix j(x,t;z), define

q=r(k2),

then for any fixed z€ X, we have k(z) — ko as t — oo. Hence,

q

ao(k)—q, alk) = ———,
m,a(k) =g, 72,4(k) 1+

iz?2 s
5L e @),

(3.55)

(3.56)

(3.57)

(3.58)

This implies that the jump matrix J tends to the matrix JX defined in (2.21) for
large t. In other words, the jumps of M for k near ks approach those of the function
MX (6 )~7% as t — oco. Therefore, we can approximate M (?) in the neighborhood D (k)

of ks by
M) (2, t:k) = (67,)7° M (g,2)(67,)

(3.59)

where M*X(q,z) is given by (2.22). On the other hand, according to the symmetry

property (3.3), one can deduce that

J(x,t;2) = JX(q,—2), ast—oo.

Thus, by uniqueness of the RH problem, we can approximate M) in the neighborhood

DE(—]@) of —kg by

MF) (g, t:k) = (6°,,) 7 MX (q,—2)(8° ) 7.

(3.60)



1896 ASYMPTOTIC BEHAVIOR FOR AN EMKDV EQUATION

For the case of J(z,t;2), as t — 0o, we find

r(k1)

i iv
e e N N L)

’I”La(k)—)T(kl), ’I”21a(l€)—>

This implies as t — oo that

1 0
. ; € Xo,
. —pe_§(—z)_2i”(1’) 1 e
J(x,t;z)%JY(p,z): (22 210 (p)
-5 _»)2iv(p
<1 pez (—2) )7 LeXs,
0 1
1 0
i : , z€Xy,
b (o)) :
if we set
p=r(k1)
It is easy to verify that
JY(pvz):JX(pa_z)v
which in turn implies that

where MY (p,z) is the unique solution of the following RH problem

M}:(p,z) =MY (p,2)JY (p,z), for almost every z € X,
MY (p,2)—1, as z— oo.

Therefore, we find that

Y () il 0 BY (p) P
M¥ (p,z)=1I Z(By—(m 0 >+O(22>,

BY (p)= V(p)e—i(%+argp+argF(—iu(p)))'

where

As a consequence, we can approximate M ) (z,t;k) in the neighborhood D.(k;) of k
by

MED (2, t:k) = (62,)72 MY (p,z) (5, ) 2. (3.62)
Using (3.3) again, we can use

M (k) = (62, )72 MY (p,—2)(6°,,,) 7 (3.63)
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to approximate M (?) (z,t;k) in the neighborhood D.(—k;) of —k.

LEMMA 3.3. For eacht>0,£€Z and j=1,2, the functions M(ikﬂ')(x,t;k) defined in
(3.62), (3.63), (3.59) and (3.60) are analytic functions of k€ De(+k;)\ XL, . Further-
more,

|MER) (2 t:k) — 1| < C, t>3, (€T, ke Do(Ek;) \ X5y, j=1,2. (3.64)

Across Xikj, MR (.t k) satisfies the jump condition Miikj) :Mgikj)‘](ikf), where
the jump matriz JFk3) satisfies the following estimates for 1 <n<oo:
, 11 .
||J(2)—J(ikf)||Ln(Xikj)gCt T nt, t>3,6€Z, j=1,2, (3.65)
where C' >0 is a constant independent of t,&,k. Moreover, as t — oo,
H(M(ikj))_l(%f;k)—IHLw(aDE(ikj)) =02, (3.66)

and

§0 o3 N 1Y
i ((M(kl))il(z,t;k)—f)dk:— ( kl) 1 (6)
271 Jop. (k) 44/tk1 (304—40ﬁk%)

() 0,58 - 1) = — Ol 2O

44/thy (3a —408k?)
1

0 \o3 X
o (M%) "z, k)~ I)dk=— (0, )7 My (€)
270 JaD. (ka) 4+/tha (408K2 — 3ar)
o () ot~ 1y =) M)

271 Jop. (—kn)  44/thy(40B8k2 = 3a)

where M3X(€) and MY (€) are given by

X [ O @ v 0 BY(

+0(t™h), (3.67)

1

— +0@t™1), (3.68)
27TZ aDE(fkl)

+0(t™h), (3.69)

+0(t™h), (3.70)

Proof.  We just consider the proof for the function M(¥2)(z,t;k), the others ac-
cordingly follow.

The analyticity of M(2) is obvious. Since |65, ()| =1, thus, the estimate (3.64) for
M®*2) follows from the definition of M*2) in (3.59) and the estimate (3.25). On the
other hand, we have

J@ — gtk = (50 )73 (T = JY), ke Xf,.

However, proceeding according to a similar calculation as in the Lemma 3.35 in [10]
(also see [9,29]), we have

~ i 1
1T =T Loy Cle = [ 2mt, 0<y< 5 1>3, €T, (3.72)

for k€ (Xg,)1, that is, z=4./th2(408k3 — 3a)se’T, 0< s <e. Thus,
||j—JXHL1((X§2)1) SCt_llnt, t>3, €. (3.73)
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By the general inequality || f]|» < || f]|1=/"]If]|}4", we find

|\j—JXHLn<<X,§2>1> <OtV g t>3, el (3.74)

The norms on (X, );, j=2,3,4, are estimated in a similar way. Therefore, (3.65) follows.

If k€0D.(ks), the variable z=4/tk2(408k3 —3c)(k —k2) tends to infinity as t —
oo. It follows from (2.22) that

X (go)— M (g) (1), o
M¥(g,2) =T+ —tk2(406k§—3a)(k—k2)+0 1), t—o0, kedD. (k).

where M;X (€) is defined by (3.71). Since
ME) (a,t:k) = (6,)7 M (q,2),

thus we have

- (0,) 7 Mi* (€) (q)
(k?2) 1 . — 2
(M2 "zt k) — I = e (1052 —3a0) (k k2)+0 " , t—00, k€ 0D (k2).

(3.75)
The estimate (3.66) immediately follows from (3.75) and |M{*| <C. By Cauchy’s for-
mula and (3.75), we derive (3.69). 0

3.3. The final step. = We now begin to establish the explicit long-time asymp-
totic formula for the emKdV Equation (1.2) on the line. Define the approximate solution
M(@PP) (g, t:k) by

MEF) | ke Do(—ks),
MR ke D (—k),
MaPP) = & ppthn) keD.(ky), (3.76)
M%) ke D, (ky),
1, elsewhere.
Let M (z,t;k) be
M =M@ (plerp)y=1, (3.77)

then M (z,t;k) satisfies the following RH problem
M (z,t;k) = M_(x,t:k)J (2,1:k), ke, (3.78)

where the jump contour = YUOD:(—k2)UID:(—k1)UODc (k1) UODe(k2) is depicted
in Figure 3.5, and the jump matrix J(z,¢;k) is given by
M g (MPPY Y e S50 (Do (—ka) UD. (—k1)UD. (k1) UD, (ks)),
J={ (Mlapp))=1, ke (0D (—ky)UAD.(—k1)UdD, (k1)UdD.(ks)), (3.79)
J@, keS\ (D-(—ka)UD.(—k1)UD. (k1) UD.(ks)).
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FIG. 3.5. The contour 3.

For convenience, we rewrite 3 as follows:
S=,US,US3 Uy,

where

4 6
51 =%\ (De(~k2) UD<(~k1) UDe (k1)U D (k2)), L2 =|_J%;,
1 5
S5 =0D.(—ky)UOD.(—k1)UOD (k1) UDD, (ks),
Sa=X,, UXS, UXE UXE.

and {X;}¢ denoting the restriction of ¥ to the contour labeled by j in Figure 3.4. Then
we have the following lemma if we let w=.J—1.

LEMMA 3.4. For1<n<oo,t>3 and £ €, the following estimates hold:

1] s,y <Ce™, (3.80)
@]l Lo sy < CE2, (3.81)
@]l Lo s,y < CE2, (3.82)
46| (55, < Ct~2 2% Int. (3.83)

Proof. For ke QyN{keC|Rek > ky} N1, we have —|Re®(k)| < —ce2. Since w only
has a nonzero rq .0~ 2e!® in (21) entry, hence, for t > 1, by (3.15), we get

|1D21|:|T17a5726t<b| < ef%|Rc¢’\ Scefcszt.

1+|k[?

In a similar way, the other estimates on 1 hold. This proves (3.80). Since the matrix w
on 22 only involves the small remainders r; . for j=1,---,4, by Lemma 3.2, the estimate
(3.81) follows. The inequality (3.82) is a consequence of (3.66), (3.76) and (3.79). For
ke Xikj, we find

=M (J@ _ gER (MR =12,
Therefore, it follows from (3.64) and (3.65) that the estimate (3.83) holds. O
The estimates in Lemma 3.4 imply that
19l 11z2y8 < O3,

t>3, €. 3.84
]| e 5y < Ct /1t 354
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Let C' denote the Cauchy operator associated with o

o f(¢) d¢ 3 2%
Cfik)=| —3%—, keC\X L*(X).
@n=[L955 ket rer®)
We denote the boundary values of QA' [ from the left and right sides of AXA] by CA} fand C_ I
respectively. Define the operator Cy: L?(X) 4 L>®(X) = L*(X) by Cy f =C_(fw), that
is, Cy is defined by Cy (f) =C4(fw—_)+ C_(fw4) where we have chosen, for simplicity,
w4 =w and w_ =0. Then, by (3.84), we find

HéwHB(Lz(g)) < C||w|\Loo(g) < Ct_l/zlnta (3'85)

where B(L?(%)) denotes the Banach space of bounded linear operators L2(%) — L2(3).
Therefore, there exists a 7' >0 such that I —Cy € B(L?(X)) is invertible for all £ €Z,
t>T. Following this, we may define the 2 x 2 matrix-valued function ji(z,t;k) whenever
t>1T by

fi=1+Cyji. (3.86)
Then
Motk =T+ —— [ BD@EO 4 s (3.87)
2mi Jg C—k

is the unique solution of the RH problem (3.78) for ¢ >T'. Moreover, using the Neumann
series (see [22]), the function ji(x,t;k) satisfies

(2, t;) = Il 25y = Ot ™/?), t—00, (€T (3.88)
It follows from (3.87) that

lim k(M(:c,t;k)—I):—i (i) (x,t; k)dk. (3.89)

k—o0 27 Js

Using (3.80) and (3.88), we have

/2([ui))(ar,t;k)dk::/2 11)(17,t;l€)dk—|—/2 (i(x,t;k) — Dw(x,t; k)dk

SNl sy H A= 2 1D 255,
<Ce ', t—o0.

By (3.81) and (3.88), the contribution from 3 to the right-hand side of (3.89) is
O(|D| 1 sy HA= Tl 25, 10 12 (52,)) = O(t™3?), t—oc.

Similarly, by (3.83) and (3.88), the contribution from 33, to the right-hand side of (3.89)
is

O(||1I’||L1(24) + Hﬂ_I”L2(24)Hw||L2(24)) = O(tillnt)v 1 — o0.
Finally, by (3.67)-(3.70), (3.82) and (3.88), we can get

1
-— %o t;k)dk
27Ti 23 (/’l’w)(‘r7 ) )
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1 1

=5 . w(x,tk)dk— = | (a(z,t;k) —Dw(z,t;k)dk
Tl s 27T1 b
1 1

- MEN (g t:k —I)dk——, (M(_’“) bk —I)dk
~ m(m(( ) t5K) i ) (e
1 1

S MEN" (g t: k —I)dk——, (M<—’f2> Ntk —I)dk

I (1) ity e ) (e

+O(||ﬂ_I”L?(ig)HwHL?(ig))

(6p,)7 MY () (0%,)7 MY (§)
thy(30—40Bk2)  4+/thy (3 — 403k2)
(0p,) 72 M(€)  (0%,,)7M¥(€)

+0@t™), t—oo.

4y/th2(408kZ —3a)  4+/tks(408k3 —3)
Thus, we obtain the following important relation

(6%,)7 MY (§) (62,)7 MY (£)

lim k(M (z,t;k) —
Jim (M( ) =)= 47/thy (3a— 408kZ) 4\/tk1(3a—40ﬁk%)

)

( [
(L)X (©) (80,) " MEE)

(

)

(3.90)
+O0(t tInt), t—o0.

4\/tk2 408k3 — 3a) 4\/tk2(406k§—3a)

Taking into account that (3.4), (3.8), (3.37) and (3.77), for sufficiently large ke C\ %,
we get

u(a:,t):—2iklirxgo(kM(x,t;k))12
=—2i lim k(M (z,t;k)—1I)12
k—o00

o <BY )0, P+, ﬂX(Q)(522)2+BX(Q)(5°k2)2> o <1n_t> |
thy (3a —408k2) 2./tk2(408k2 — 3a)

t
Using
80y, =00, 6%, =00 (3.91)

as x;(—k;)=—x;(k;)=x;(k;), 5=1,2, and collecting the above computations, we ob-
tain our main results as stated in the Theorem 1.1.

4. Asymptotics for a special case a=0
In this section, we consider the long-time asymptotics to the solutions for a partic-
ular case, namely, « =0 of emKdV Equation (1.2),

wg + B(30uuy 4 10u> 4+ 40Ut g + 10U U g + Upprzs) = 0. (4.1)

As we all know, the Hirota equation can be reduced to the complex-valued mKdV
equation under the Galilean transformation. Thus, if we rewrite Equation (1.2) as a
complex-valued form

g+ a(6|u)®up + Upze) + B[30|u] g + 10 (uug|* 4 |1 *tes ) o + Uezzze] =0, (4.2)

similarly, the Galilean transformation can reduce (4.2) into a complex-valued form of
(4.1), however, where we take u to be a real-valued function. In fact, the fifth order
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KdV equation indeed can be excluded from the third derivative term, (see [12]), where
its prolongation structure was considered.

As in Section 2, under the condition that a(k)#0 for {k € C|Imk >0}, the corre-
sponding RH problem associated with (4.1) is

Ni(z,t;k)=N_(x,t;k)v(x,t;k), keER, (4.3)
N(z,t;k) =1, k— oo, '
where the jump matrix v(z,t;k) is defined by
1+[r(k)]? 7(k)e 0"
= (10 1Y
TR (4.4)
_ b(k) _ o 5 _
r(k)= k)’ 0(k)=2i(168k°> — k), = .
Also we have
r(—k)=r(k), keR. (4.5)

Moreover, the relation between the solution u(z,t) of the Equation (4.1) and N(x,t;k)
is

u(z,t)=—2i lim (kN (x,t;k))12. (4.6)

k—o00

For this case, there are two real and pure imaginary critical points of (k) located at

the points +ky and +ikg, where
§
ko= {]—. 4.7
o= {553 (47)

Our aim in this section is to find the asymptotics of solution u(x,t) to the Equation
(4.1) in region 0<xz<Mts, where M >1 is a constant. We see that as t— oo, the
critical points 4+ky approach 0 at least as fast as t_%, ie., ko< (%)if%. We will
show that the asymptotics of the solution u(x,t) in this region is given in terms of the

solution of a fourth order Painlevé I equation.
Let I' € C denote the contour I'=RUI'; UT'y, where

Ty ={ko+1e¥ >0 U{—ko+le s |l >0},

mi 5mi (48)
FQZ {ko—|—l€7T lZO}U{—ko—FleiT ZZO},

and we orient I' to the right. Let V and V* denote the triangular domains shown in
Figure 4.1.
Denote

P={(z,t) R0 <z < Mt5,t>3}.
By Lemma 3.2, we also have the following analytic approximation lemma for r(k).
LEMMA 4.1.  There exists a decomposition

r(k)=rq(z,t,k)+r(x,t,k), ke (—o0,—ko)U(ko,00), (4.9)
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Ref(k) <0

Ref(k) <0 Ref(k) <0

. . ‘Reg(k) >0

" Ref(k) >0

Fi1G. 4.1. The oriented contour I' and the sets ¥V and V*.

where the functions r, and r,. satisfy the following properties:
(i) For (z,t) €P, ro(z,t,k) is defined and continuous for k €V and analytic for V.
(i1) The function r, satisfies

|ra(z,t,k)| < et BB ey, (4.10)

1+ k]2
and
ra(z,t,k) —r(ko)| < Clk— ko| et FO®I ke, (4.11)

(iii) The L',L? and L™ norms of the function r.(x,t,-) on (—oo,—ko)U (ko,00) are
O(t=3/2) as t — oo uniformly with respect to (x,t) € P.

(iv) The following symmetries hold:
ro(x,t, k) =rq(x,t,—k), 7 (x,t,k) =r.(2,t,—k). (4.12)

The first transform is as follows:

! 0 keV
) 6 3
—rq(z,t,k)et?®) 1
N (z,8;k) = N(z,8:k) x { (1 ro(z,t,k)e 0k (4.13)
,  kevr,
0 1
1, elsewhere.

Then we obtain the RH problem

N (,t:k) = N (2,8 k)0 (2,8, k) (4.14)
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on the contour I' depicted in Figure 4.1. The jump matrix v (z,¢,k) is given by

= —t0
,U(l): 1 0 ,U(l): 1 Ta€
! reet? 1)’ 2 o 1 )’
S 1 re=t? 10 S 1 et 1 0
3 0 1 ret® 1) * 0 1 rett 1)
(1)

where v;”’ denotes the restriction of v(M) to the contour labeled by i in Figure 4.1.
Let us introduce the new variables y and z by

—XT 1
= T z = 20 t?)kj, 415
GoggE =200 (4.15)
such that
t9(k)_21<§z5+yz>. (4.16)

We now have —C' <y <0. Fix £ >0 and let D.(0) ={keC||k| <e} denote the open disk
of radius e centered at the origin. Let I'® = (I'ND.(0))\ ((—o0,—ko) U (ko,00)). Let Z
denote the contour defined in (B.1) with zo = (208t)5 ko= ¢/—y/v/2. The map ks z
maps I onto ZN{z€C||z| < (208t)5c}. We write I'= =UJ_ 5, where TS denotes the
inverse image of Z;N{z€C||z| < (208t)s¢} under this map, see Figure 4.2. For large ¢

N 5 7
L=k T koA

F1G. 4.2. The oriented contour I' and T'¢.

and fixed z, the jump matrices {v§l)}‘f tend to the matrix vZ defined in (B.3) if we set
s=17(0). Thus we expect that N(!) approaches the solution N°(z,¢,k) defined by

NO(z,t;k):= NZ(s,y,2,20) (4.17)

for large ¢, where NZ(s,y,z,29) is the solution of the model RH problem for (B.2) with
20= /=y /\/2. Moreover, if (x,t) € P, then (y,t,29) € P, where PP is the parameter subset
defined in (B.4). Thus, Lemma B.1 ensures that N is well-defined by (4.17).

LEMMA 4.2.  For each (x,t) € P, the function N°(x,t;k) defined in (4.17) is an analytic
function of k€ D(0)\I'® such that

INO(2,t;k)| < C,  (2,t)€P, k€ D-(0)\T*. (4.18)
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Across T2, N9 obeys the jump condition N_?_ = N0, where the jump matriz v° satisfies,
for 1<n<oo,

[0 =00 pagrey <CEEAFT) | (2t) €P. (4.19)
Furthermore, as t — co, we have
_ _1
IN®(2,t;k) ™" = I|| < (oD, (0)) = O(t %), (4.20)
and
1 N
— (N, t:) " — Il = — 22L) (4.21)
2mi Jop. (0) (208t)5
where
2L u(y)dy  w (y)
No(y)=( o tp v 5 (4.22)
! up(y) 2 [Lup(y)dy’

Proof. The analyticity and boundedness of N° are a consequence of Lemma B.1.
Moreover,

0 0 .
((ra(x,t,k)—r(o))ew 0)’ kely,

o) 0= <8( (“’daﬁ)e_w , kers, (4.23)
r(k)|? = [r(0)[* (r(k)—7r(0))e* c
<<r<k>—r<o>>ef9 0 > hel

For k:ko—i—le%, 0<I<e, we obtain
Ref(k) = —16812(1 +5v/3kol? + 2021 +10V/3k3) < —168|k — ko|°.
On the other hand, if |k —ko| > ko, then |k — k| > |k|/2, and hence
e~ 128tlk—kol* < o= §BtIKI”
If |k — ko| < ko, then |k| <Ct~5, and so
e~ 12B8tlk—kol® < < Cle SBLIKI",
Thus, for k:ko—i—le%, 0<Il<e, we find
e~ tIReO] < o= 128tlk—kol” < = 5BtIKI" < e 12° (4.24)
As a consequence, we have
08 0] < Clra(a,.k) — (ko)™ + Clr (o)~ (0)] e .
< Clk—kole™ 1Rl 4 Cpe RO < Oz~ 3 |e_%lzl5. '

A similar computation shows that (4.25) also holds for k= —ko—i—le%, 0<i<e. Con-
sequently, writing [ = |z|,

[o® =00 oo pey < CE3, (4.26)
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and

*° dl
mm—meﬁgc/ w%a%fFSCf% (4.27)
0 5
Using the general inequality || f]| = < [|f]l ;=" | fII}A", (4.19) holds for keT5. Similar
estimates applying to I'5, j=2,3 show that (4.19) holds.
The variable z=(2053t)5k satisfies |z| = (208t)5¢ if |k|=e. Thus, equation (B.5)
yields

.NO
N tik) = T+~ W) 0=3) ke aD.(0), t— o (4.28)
(205t)5 k
Thus, (4.20) and (4.21) follow from (4.28) and Cauchy’s formula. O

Let T=TUdD.(0) and assume that the boundary of D.(0) is oriented counterclock-
wise, see Figure 4.2. Define N(z,t;k) by

X N (z,t:k)N° (2, t:k) ™, ke D.(0),
N(z,t;k)= (4.29)
N (a,t:k), k€C\D-(0),
then N (z,t;k) satisfies the following RH problem
Ny(z,t;k)=N_(x,t:k)o(z,t;k), kel (4.30)

where the jump contour I'=T°UdD.(0)U(R\ [—ko,ko]) UL, IV =T\ (RUD.(0)) is de-
picted in Figure 4.2, and the jump matrix o(z,t;k) is given by
NoyW(NOY1 kel nD.(0),
b=1¢ (N9, ke dD.(0), (4.31)
oW, keT\ D.(0).

LEMMA 4.3. Letw=0—1. For each 1 <n <00, the following estimates hold:

N _1
@l Ln oD (0)) < Ct73, (4.32)
||@||Ln(rs)§0t_%(l+%), (4.33)
0[] Lr (BN [= ko, ko)) < Ct3, (4.34)
Ol ey < Ce €. 4.35
L (T)

Proof.  The estimate (4.32) follows from (4.20). For k€T, we have
&= N° (0 =) (V)1

as a consequence, (4.18) and (4.19) imply (4.33). On R\ [—ko, ko], the jump matrix @
only involves the small remainder r;,, so the estimate (4.34) holds as a consequence of
Lemma 4.1 and (4.18). Finally, (4.35) follows from e *Re?l < C'e=¢* uniformly on I'. O

As the discussion in Subsection 3.3, the estimates in Lemma 4.3 show that the RH
problem (4.30) for N has a unique solution given by

Nz t:k)=1+ 1 (i) (, ;) ds

— 4.36
27 Jp s—k’ ( )



N. LIU, B. GUO, D. WANG, AND Y. WANG 1907

where ji=1+(I—Cy)"'Cy1, and Cy

f=C_(fw), C denotes the Cauchy operator as-
sociated with T'. Moreover, the funct1o f(z,t;

k) satisfies
”ﬂ(xut;')_IHLZ O( )7 1 — 00, ((E,t)E'P (437)

It follows from (4.36) that
1

lim k(N (z,t;k) —I)=—=— [ (a@)(x,t;k)dk. (4.38)
k—o0 27 Jp
By (4.21), (4.32) and (4.37), we can get
1
—5= (Aw)(z,t;k)dk
2mi oD, (0)
1 1
=—— Oz, tk)dk — — izt k) — Dé(z,t; k)dk
37 Jypio SR [ (i) = DG )
1 _ . .
=5 ((NO) 1(x7t;k)_l)dk+0(”ﬂ_l|LQ(aDs(O))|w”Lz(BDE(O)))
™ JoD.(0)
iN
_ING) L o4t oo
(208t)%

Using (4.33) and (4.37), we have

/ () (£ )k = / ot k)dk + / (it k) = D)oo (a, t: k) Ak
<l@llzr ey +11a—Ill 2@ ll@ll L2 re)
<Ct 3, t—oo.
By (3.34) and (3.37), the contribution from R\ [—kq, ko] to the right-hand side of (4.38)

is O(t~%), and similarly, by (3.35) and (3.37), the contribution from I’ to the right-hand
side of (4.38) is O(e™ "), as t — oco. Thus, we obtain the following important relation

lim k(T (1K) — 1) = 2 0)

lim aognF FOH: 1o (4.39)

Recalling the definition of N{(y) in (4.22) and the relation (4.6), we obtain our another
main result stated in the Theorem 1.2.

REMARK 4.1. We did not directly consider the asymptotic behavior of the solution to
Equation (1.2) in region P because there is no suitable scale transformation to eliminate
t from the coefficients of k® and k® terms of the phase function ®(k) given by (3.2) at
the same time.
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Y )%l

Y, Y

Fic. A.1. The oriented contour Y .

Appendix A. Fourth order Painlevé II RH problem. Let Y denote the
contour Y =Y UY5 oriented as in Figure A.1, where

Vi ={le% |1>0}U{le’ |I>0}, Yo={le &|I>0}u{le " |I>0}.

LEMMA A.1 (Fourth order Painlevé IT RH problem). Let s€C be a complex number.
Then the following RH problems parametrized by yeR,s € C:

NY(y.2)=NX(y.2)0" (y,2), z€Y, A
NY (y,2) =1, 2 — 00, '
where the jump matriz v¥ (y,z) is defined by
1 0
(Se2i(%z5+yz) 1) ) ZEYl,
vy(yvz): (A2)

= —2i(§25+yz)
(e,

has a unique solution NY (y,z) for each y €R. Moreover, there exists smooth functions
{NJY(y)}4 of y € R with decay as y— oo such that

NY _ - N (y) -5
(y,z)_1+27+0(z ), z—00, (A.3)
j=1

uniformly for y in compact subsets of R and for argz €[0,2x]. The leading coefficient
NY is given by

v (2 un@)dy up(y)
=i PR ) .

where the real-valued function u,(y) satisfies the following fourth order Painlevé II equa-
tion (see [20])

1111

s, (y) +40u2 (y)u, (y) +40u,(y)u? (y) +96u5 (y) + dyu,(y) =0. (A.5)
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Proof. The jump matrix v¥" admits the symmetries

v (y,2) = () (g, 2) =0 (y,—2). (A.6)

We infer from the first of these symmetries that the RH problem for NY (y,2) admits
a vanishing lemma, as a consequence, there exists a unique solution NY (y,z) which
admits an expansion of the form (A.3). Assume that

4
(NY)’l(y,z):I+Zw2(jy) +0(=7%), (A7)

a direct calculation shows that
p1=—NJ", g2=(N)')* =Ny, p3=NI' Ny + Ny N" = (N))* = Ny, (A.8)
pa= (VY4 NN 4N NY (N PNY VY NYNY N (N (0~ N
Let ¢(y,z) =N (y,2)e~i(32"+¥2)7:  Then the function Y(y,z) defined by
V=67 = (N —izNY o) (V)" (A9)

is an entire function of z, hence according to (A.3), (A.7) and (A.8), we have

V(y,2z) = —izos +ilos, NY . (A.10)
Thus, we find
N) —izNYo3=YN". (A.11)

Substituting the expansion (A.3) into (A.11) and collecting terms with O(z~™), one can
get

N}, +ilos, Ny | =ilos, Ny N,
N3, +ilos, N3 ] =ilos, NYINY (A.12)
N3, +ilos, N} ] =ilos, Ny | Ny .

Accordingly, since
Z=¢.p" = (N;”—i(4z4+y)NYag) (N1 (A.13)

is entire, and thus we get
Z=Zo+ 212+ Z02% + 2325 + 2422, (A.14)

Substituting the expansion (A.3) and (A.7) into (A.13), it follows from (A.8) and (A.12)
that
Z,=—dios, Z3=4i[o3,N\ ], Zo=—4N},, Z1=—4Ny, +4N] N},

A.15
Zy=—4N3,— AN, (N))? +4N{ N + 4Ny, N —iyos. (A.15)
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We have shown that ¢ obeys the Lax pair equations

oy =)o, (A.16)
¢z :ng),

where Y and Z are given by (A.10) and (A.14), respectively.
The symmetries (A.6) of the jump matrix vY (y,2) implies that NY (y,z) satisfies
the symmetries

NY(yaZ):(NY)T(y72)71:U2Ny(ya_z)02- (A17)
In particular, the coefficients NY (y), N5 (y) and N (y) satisfy

Ny =—(NY) =—0oNY 09,

NY =05NY 09, NY = —05NY 0. (A.18)
Therefore, we can write
_ (1Y) Yaly)
MW= )
- 1Y) f2(y)
NM)‘(— 2(y) fl(y))’ (A.19)
91(y)  92(y)
N5 )= <92(y) —gl(y))’

where {1;(y),fj(y),9;(y)}? are complex-valued functions and 1 (y),2(y) €iR. Then
the compatibility condition

V.- Z2y+YZ-2Y=0 (A.20)
of the Lax pair (A.16) can then be rewritten as
—iog — Zo, +iloz, NY |20 —iZ0[03, N} | =0, (A.21)

since one can directly calculate that the coefficients of z,22,2% and 2* in (A.20) vanish
identically. On the other hand, substituting (A.19) into (A.12), we find

1 =2i3,
Py 4 2ifa = —2ith11)y,
fl=—2ithy fo, (A.22)
f3+2iga =2iths f1,
g1 =2ihags.

Substituting (A.19) into (A.21) and using above relations, it follows from (12)-entry of
(A.21) that

B — 403l — A0harpE 4+ 9615 + dyihs =0, (A.23)

however, the (11)-entry of (A.21) vanishes identically. If we set ¢2(y)=iu,(y), then
up(y) satisfies the fourth order Painlevé II equation (A.5). The lemma follows. O
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FiG. B.1. The oriented contour Z.

Appendix B. Model RH problem for sector P. Given a number zo >0, let Z
denote the contour Z =277 UZyUZ3, where the line segments
7z :{z0+le%i|lz()}u{—zo+l %
Zy={z0+1e” 5 |I>0}U{—z+le" % |I>0}, (B.1)
Zgz{”—ZOngZO}

are oriented as in Figure B.1. It turns out that the long-time asymptotics in the sector
P is related to the solution N of the following family of RH problems parametrized
by y<0,s€C,29>0:

Nf(S,y,Z,Zo):Ng(S,y,Z,Zo)l}Z(S,y,Z,Zo), ZEZ, (B 2)
NZ(s,y,2,20) =1, 22— 00, '
where the jump matrix vZ(s,y,2,2) is defined by
1 0
<Se2i(§z5+yz) 1> ’ 2621,
= 72i(%25+yz)
v (s8,y,2,20) = ((1) ¢ . ) , 2€Zy, (B.3)
1 Se—2i(32°+y2) 1 0
<0 1 se?i(3z"+yz) 1 )" Z€2Zs.
LEMMA B.1 (Model RH problem for sector P). Define the parameter subset
P={(y,t,20) €R’| = C1 <y<0,t>3,¢/—y/V2< 2% < Ca}, (B.4)

where C1,Cy > 0 are constants. Then for (y,t,z0) €P, the RH problem (B.2) has a unique
solution N%(s,y,z,z0) which satisfies

7 2[Lun(y)dy’ up(y) 1
N7 (s,y,z,20) =1+ — ( oY) 9 ;’Ou%(y')dy' +0 =) #7% (B.5)

where u,(y) denotes the solution of the fourth order Painlevé II equation (A.5) and
NZ(s,y,z,20) is uniformly bounded for € C\ Z. Furthermore, N obeys the symmetries

NZ(s,y,2,20) = (N?)1(s,y,2,20) L =0oN%(s,y,—2,20)00. (B.6)
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Proof. Note that
(4 s 2 4.3 V32012 2 V323
Ref 2i 72 +yz ) | <I —gl —4V3zl* — 16251 — 8V 3z

for all z= zo—i—le%i and z = —zo—i—le%ri with [ >0,z9>0 and —423‘ <y <0. Thus, we have

(4.5 204 3 2 2 3
|e21(gz +yz)| SO€7|Z:|:ZD| (%|2%20|®+4v320| 2% 20| +16z0|z:|:zo\+8\/§z0)7 2€7,.

Analogous estimates hold for z € Z,. However, |ei2i(%25+yz)| =1 for z € Z3, this shows
that vZ — I exponentially fast as z — co.

The jump matrix v obeys the same symmetries (A.6) as v¥. In particular, v
is Hermitian and positive definite on ZNR and satisfies vZ(s,y,2,20) = (v%)1(s,9,2,20)
on Z\R. This implies the existence of a vanishing lemma from which we deduce the
unique existence of the solution NZ. The symmetries (B.6) follow from the symmetries
of v#. Moreover, the RH problem (B.2) for NZ(s,y,z,20) can be transformed into the
RH problem (A.1) for NY (y,2) up to a trivial contour deformation. Thus (B.5) follows
from (A.3) and (A.4). O

Z

REFERENCES

[1] L.K. Arruda and J. Lenells, Long-time asymptotics for the derivative nonlinear Schrédinger equa-
tion on the half-line, Nonlinearity, 30(11):4141-4172, 2017. 1, 2.2
[2] G. Biondini and D. Mantzavinos, Long-time asymptotics for the focusing nonlinear Schrodinger
equation with nonzero boundary conditions at infinity and asymptotic stage of modulational
instability, Commun. Pure Appl. Math., 70(12):2300-2365, 2017. 1
[3] A. Boutet de Monvel, A. Its, and V. Kotlyarov, Long-time asymptotics for the focusing NLS equa-
tion with time-periodic boundary condition on the half-line, Commun. Math. Phys., 290(2):479—
522, 2009. 1
. Boutet de Monvel, A. Kostenko, D. Shepelsky, and G. Teschl, Long-time asymptotics for the
Camassa—Holm equation, STAM J. Math. Anal., 41(4):1559-1588, 2009. 1
[5] A. Boutet de Monvel and D. Shepelsky, Long-time asymptotics of the Camassa—Holm equation
on the line, in Proceeding of the Conference on Integrable Systems, Random Matrices, and
Applications: A conference in honor of Percy Deift’s 60th birthday, Contemporary Mathematics,
458:99-116, 2008. 1
[6] A. Boutet de Monvel and D. Shepelsky, A Riemann—Hilbert approach for the Degasperis—Procesi
equation, Nonlinearity, 26(7):2081-2107, 2013. 1
[7] A.Boutet de Monvel, D. Shepelsky, and L. Zielinski, The short pulse equation by a Riemann—Hilbert
approach, Lett. Math. Phys., 107(7):1345-1373, 2017. 1
[8] R. Buckingham and S. Venakides, Long-time asymptotics of the monlinear Schrédinger equation
shock problem, Commun. Pure Appl. Math., 60(9):1349-1414, 2007. 1
[9] Po-Jen Cheng, S. Venakides, and X. Zhou, Long-time asymptotics for the pure radiation solution
of the sine-Gordon equation, Commun. Part. Diff. Egs., 24(7-8)1195-1262, 1999. 3.2
[10] P. Deift and X. Zhou, A steepest descent method for oscillatory Riemann—Hilbert problems. Asymp-
totics for the MKdV equation, Ann. Math., 137(2):295-368, 1993. 1, 2.2, 3.1, 3.2
[11] P. Deift and X. Zhou, Long-time Behavior of the Non-focusing Nonlinear Schridinger Equation-A
Case Study, Lectures in Mathematical Sciences, University of Tokyo, Tokyo, 1995. 1, 2.2
[12] R.K. Dodd and J.D. Gibbon, The prolongation structure of a higher order Korteweg-de Vries
equation, Proc. R. Soc. Lond. A, 358(1694):287-296, 1978. 4
[13] A.S. Fokas, A Unified Approach to Boundary Value Problems, CBMS-NSF Regional Conference
Series in Applied Mathematics, STAM, 2008. 2.1
[14] A.S. Fokas and A.R. Its, The linearization of the initial-boundary value problem of the nonlinear
Schrédinger equation, STAM J. Math. Anal., 27(3):738-764, 1996. 2.1
[15] A.S. Fokas, A.R. Its, and L.-Y. Sung, The nonlinear Schrédinger equation on the half-line, Non-
linearity, 18(4):1771-1822, 2005. 1
[16] R. Grimshaw, E. Pelinovsky, and O. Poloukhina, Higher-order Korteweg-de Vries models for
internal solitary waves in a stratified shear flow with a free surface, Nonlin. Processes Geophys.,
9(3/4):221-235, 2002. 1

>

[4]



[17]
18]
[19
[20]
[21]
[22]
23]
[24]
[25]
[26]

[27]

28]

[29]

N. LIU, B. GUO, D. WANG, AND Y. WANG 1913

B. Guo and N. Liu, Long-time asymptotics for the Kundu—Eckhaus equation on the half-line, J.
Math. Phys., 59(6):061505, 2018. 1

B. Guo, N. Liu, and Y. Wang, Long-time asymptotics for the Hirota equation on the half-line,
Nonlinear Anal., 174:118-140, 2018. 1

L. Huang, J. Xu, and E. Fan, Long-time asymptotic for the Hirota equation via nonlinear steepest
descent method, Nonlinear Anal. Real World Appl., 26:229-262, 2015. 1

N.A. Kudryashov and M.B. Soukharev, Uniformization and transcendence of solutions for the
first and second Painlevé hierarchies, Phys. Lett. A, 237(4-5):206-216, 1998. A.1

J. Lenells, The nonlinear steepest descent method: asymptotics for initial-boundary value prob-
lems, SIAM J. Math. Anal., 48(3):2076-2118, 2016. 1

J. Lenells, The nonlinear steepest descent method for Riemann—Hilbert problems of low regularity,
Indiana Univ. Math. J., 66(4):1287-1332, 2017. 1, 3.1, 3.1, 3.3

J. Lenells and A.S. Fokas, On a novel integrable generalization of the nonlinear Schridinger
equation, Nonlinearity, 22(1):11-27, 2009. 2.1

N. Liu and B. Guo, Long-time asymptotics for the Sasa—Satsuma equation via nonlinear steepest
descent method, J. Math. Phys., 60(1):011504, 2019. 1

E. Pelinovskii, O. Polukhina, and K. Lamb, Nonlinear internal waves in the ocean stratified in
density and current, Oceanology, 40(6):757-766, 2000. 1

X. Wang, J. Zhang, and L. Wang, Conservation laws, periodic and rational solutions for an
extended modified Korteweg-de Vries equation, Nonlinear Dyn., 92(4):1507-1516, 2018. 1, 1, 2.1

D. Wang and X. Wang, Long-time asymptotics and the bright N-soliton solutions of the Kundu—
Eckhaus equation via the Riemann—Hilbert approach, Nonlinear Anal. Real World Appl., 41:334—
361, 2018. 1

A M. Wazwaz and G. Xu, An extended modified KdV equation and its Painlevé integrability,
Nonlinear Dyn., 86(3):1455-1460, 2016. 1

J. Xu and E. Fan, Long-time asymptotics for the Fokas—Lenells equation with decaying initial
value problem: without solitons, J. Diff. Egs., 259(3):1098-1148, 2015. 1, 3.2



