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GLOBAL STABILITY OF LARGE STEADY-STATES FOR AN
ISENTROPIC EULER-MAXWELL SYSTEM IN R3*

CUNMING LIUT, ZUJI GUO*%, AND YUE-JUN PENGS$

Abstract. This paper concerns the global existence and stability of smooth solutions near large
steady-states for an isentropic Euler-Maxwell system in R3. This system describes the dynamics of
electrons in magnetized plasmas where the ion density is a given smooth function with a positive lower
bound, but without any restriction on the size. We establish the well-posedness of large steady-state
solutions with zero velocity in R3. It is achieved through a study for a semilinear elliptic equation by
using variational methods. For the initial data close to the steady-state solutions, we solve the stability
problem by means of classical energy estimates and an anti-symmetric matrix technique together with
an induction argument on the order of the derivatives of solutions with respect to the time and space
variables.

Keywords. Euler-Maxwell system; global stability; large steady-state solution; energy estimate.

AMS subject classifications. 35B40; 35Q60; 35Q35.

1. Introduction and main results We study a global stability problem for
an isentropic Euler-Maxwell system in R3. The system is a hydrodynamic model in
plasma physics to describe the dynamics of electrons. Let n, u=(uy,uz,u3)T, E and
B be the density, the velocity of the electrons, the electric field and magnetic field
of the magnetized plasma, respectively. The system satisfied by these variables reads
(see [2,4])

Ogn+div(nu) =0,

O¢(nu) +div(nu®u) + Vp(n) = —nu—n(E+ux B), (1.1)
O E—V x B=nu, divE =b(x)—n, '
OB+VxE=0, divB=0,

for the time ¢ >0 and the position # € R?, where b(z) and p stand for the ion density
and the pressure function, respectively.

We assume that p is sufficiently smooth and strictly increasing on (0,400). This
covers the usual case for ideal gas p(n) = An”, where A>0 and v >1 are constants. The
system is supplemented by the following initial condition:

t=0: (nu,E,B)=(no(z),uo(z),Eo(z),Bo(z)), z€R’. (1.2)
Throughout this paper, we assume that
divEy=b(x) —ng, divBy=0.
Then, in (1.1) the constraint equations hold for all positive time:
divE=b(z)—n, divB=0, Vt>0.
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For smooth solutions in any non-vacuum field, the momentum equation in (1.1) can be
written as

du+u-Vu+Vh(n)=—u—E—ux B, (1.3)
where h is the enthalpy function defined by

P

B (n)=

Now consider steady-state solutions (7,%,E,B) only depending on z, with zero
velocity =0 and 7.>0. By (1.1), we have

Vh(/ﬁi) :_E7 B
VxE=0, divE=b(z)—n, (1.4)
VxB=0, divB=0.

In (1.4), the equations for B imply that B is a constant vector, and the first equation
together with divE =b(z) — 7 implies that 7 satisfies a second-order elliptic equation

—~Ah(n)+n=>b(r), inR>. (1.5)
Moreover, there exists a potential function ¢ such that
E=-V¢, é=h(n). (1.6)

To precisely show our stability results, we introduce some notations. For any integer
s€N, we denote by H®, L? and L* the usual Sobolev spaces H*(R3), L?(R?) and
L>®(R?), and by ||-||s, ||-]| and ||-]ls the corresponding norms, respectively. For a
multi-index a = (ay,a9,a3) €N, we denote

ol )
ng’ Wlth|a|:a1+a2—|—a3.
Xy xro YI3
For any given time 7'>0, let B, r be the Banach space defined by

Byr=()C¥([0,T];H*%),
k=0

equipped with the norm

[[o]

5,7 =max [[[o(t,llls, Vv€Bar,

where

o= (> Iokage(e.))?)".

la|+k<s

System (1.1) for variables (n,u,E,B) is symmetrizable hyperbolic when n > 0. The
local existence and uniqueness of smooth solutions was established by Lax [18] and
Kato [16] (see also [22]). It can be stated as follows. Let s>3 be an integer and
(no —n,ug, Eo— E,By— B) € H* satisfying ng > const. > 0. There exists T, >0 such that
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the Cauchy problem (1.1)-(1.2) admits a unique solution (n,u,E,B) on the domain
[0,T,] x R?, and

n—n,u,E—E,B—BeC([0,T.;H*)nC'([0,T.; H*~"), n>const.>0.

Using (1.1), we have (n—n,u,E—E,B—B) € By r,.

The stability problem is to study the global existence of smooth solutions to prob-
lem (1.1)-(1.2) when (ng,uq, Eo, Bo) is sufficiently close to (7,4, F, B). Such a problem
has been investigated by many authors when b is a positive constant [5,25,29] or is
a small perturbation of a constant [21]. Furthermore, various decay estimates of the
solutions were obtained through the study on the pointwise behavior of the solutions to
the linearized system, see [5,21,26,27,30]. We also refer to [1,15,28] for stability results
for Euler-Poisson systems or to [11,13] for global existence for isentropic Euler-Maxwell
systems without the velocity dissipation term but with generalized irrotationality con-
strains.

When b is large, only fewer related results can be found in the literature. A pioneer-
ing work on the stability was carried out for an isentropic Euler-Poisson system [14], by
using an anti-symmetric matrix technique and the energy estimates for the divergence
and the curl of the velocity. In [24], the last author of the present paper further employed
an induction argument on the order of the derivatives of solutions in energy estimates
and solved this problem for both the isentropic Euler-Poisson system and Euler-Maxwell
system. These results were extended to the two-fluid isentropic systems [9] and to non-
isentropic systems with temperature diffusion term [10] or without this term [19,20]. All
these results are valid for the system considered in bounded domains with appropriate
boundary conditions or for periodic solutions.

In this paper, we consider the stability to problem (1.1)-(1.2) for large b in the whole
space. The first obstacle is to solve the stationary Equation (1.5) in the whole space.
Here, we use variational methods to study this problem in any dimension d > 1:

—Ah(R)+a=>b(x), inR% (1.7)

In a bounded domain Q C R? with periodic, Dirichlet or Neumann boundary conditions,
it is easy to prove that (1.7) admits a unique solution (see [6,14]) due to the compact
embedding H!(2) < L?(€), which is no longer valid in the whole space. Here, we recover
compactness by fine estimates to establish the well-posedness of smooth solutions of
(1.7) in R?. This result is shown in the following Theorem but what we state is in the
sense of weak solutions of (1.7), which are defined by

/Rd [Vh(n)-Vg+(n—b)g|lde=0, V g€ CP(RY).

THEOREM 1.1. Let ¢>1 be an integer. Suppose that

(i) be L>=(RY) and b(x) > const. >0, a.e. x€R?,

(i) Vbe HI~H(RY),

(111) he C1(0,400) and h'(n)>0 for all n>0.

Then (1.7) admits a unique weak solution n satisfying n—be HY(RY) and

0<b essinfb(y) <n(z) < by = esssupb(y) <400, a.e. R (1.8)
yEeR yEeRd

Moreover, let ¢> % andr=q—1—[%]>0. Then, n€ W"°(R?)NC"(RY). In particular,
n is a classical solution of (1.7) when q>2+%.



1844 GLOBAL STABILITY OF EULER-MAXWELL SYSTEM IN R3

REMARK 1.1. In [15], Hsiao et al. obtained a result on the existence and uniqueness
of solutions n € H*(R?) +b under the assumptions:
(a) lim b(z)>0 and b(x) >0 for z €R?,

|z|—+o00
(b) be C*(R?) and Vbe H3(R?).
However, the proof of this result is not given explicitly. Obviously, assumptions (a)-(b)
correspond to a particular case of (i)-(ii) with ¢=4. Moreover, the result of Theorem
1.1 is valid for all ¢>1 without condition b€ C*(R?) in (b).

Once 7 is given by Theorem 1.1, together with (1.6), we obtain a steady-state
solution (72,0,E, B) of system (1.1). Then the stability result can be stated as follows.

THEOREM 1.2.  Let s>3 be an integer and the assumptions of Theorem 1.1 hold with
q>s+3 (and d=3). Assume (ng—n,ug,Ey— E,By— B) € H® with (1,0,E, B) being the
steady-state solution of (1.1). Then there exist constants § >0 and C >0 such that if

||(TL0—’7L7UO,E0—E,B0—B)HSS(s, (19)
problem (1.1)-(1.2) admits a unique global smooth solution (n,u,E,B), and for anyt>0,
I(n(t,-) =7, ult,-), E(t) — E,B(t) - B)|||?

+/O (a7, ) =, um NI+ E(7,) = Bl

H0- B )|e—a + IV B(r,0)||[3—s) dr
SCH(nO—’ﬁ,’U,O7E0—E7Bo—B)||§. (110)

Furthermore, we have

Jlim[[|(n() =, u(2), E(t) = B)l[ls-1 =0, (L11)
Jim (18 BO)ls—2+ IV B)lls-2) =0. (112)

This paper is organized as follows. We focus on the proof of Theorem 1.1 in the
next section. In Section 3, we first establish energy estimates together with dissipation
estimates, and then give the proof of Theorem 1.2.

2. Proof of Theorem 1.1

In this section, we give a detailed proof of Theorem 1.1 on the existence and unique-
ness of the solution to (1.7). Throughout this section when we say a solution of an
equation, it means a weak solution of the equation. For simplifying the notation, for
any integer s € Z, the spaces H*(R?), L?(R%) and L>°(R?) are still denoted by H*, L?
and L, respectively.

Since h is a strictly increasing function on (0,400), we denote by f the inverse
function of h. Clearly, f is also strictly increasing. By using the potential function
¢="h(n) defined in (1.6), (1.7) can be written as

—A¢p+ f(¢)=b, inR%
Let’s define
p(z)=h(b(z)) and $=¢— ¢
Then

—AG+ f(p+dp) —b=Ady.
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Noting that b= f(¢), we further obtain
—A$+CL($, (bb)g:éa in Rd7

where

1
o= [ fo+00)8 and 1=A,

Since ¢y, is a given function, for the sake of simplicity, in what follows a(o,¢p) is denoted
by a(o). From the assumptions in Theorem 1.1, for each o such that h(b;) <o+ ¢, <
h(bz), we have

a1 <a(0) <az, in RY, (2.1)

where a1 and as are two given constants independent of o.
Let n be a solution of (1.7) satisfying (1.8). For ¢=1, we have

n—beH < ¢ecH,
and (1.8) is equivalent to
h(b1) — () < G(x) < h(bs) — dp(x), ae. z€R™
Therefore, we only need to search for a solution gg in H! to the equation
—Ad+a(¢)p=LeH Y, (2.2)

where H! is the dual space of H'.
Thus, we define

C={o|loceH" h(b))—dy(z) < o(z) <h(bz) — dp(z), a.e. xR},
It is easy to see C is not empty, closed and convex, and the linear equation
~Av+a(o)yv=LeH! (2.3)

has a unique solution v, € H'. More precisely, we have the following result.

LEMMA 2.1.  For each o €C, the Equation (2.3) has a unique solution vy €C. More-
over,

(i) we have the following variational character for v,

IO' o) = I f Io )
()= inf I, (1)

where

1
I(,(v):§/Rd (|Vv|2+a(o)v2)dx—<€,U>H717H1, veHY,

(ii) we have the estimate:

[V |2 < ClEl| -1
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(iii) if £€ L?, then v, € H? and
106 || 2 < C|[€]] 2,

where C' is a positive constant independent of o.

Proof. Let o €C. It is easy to see that I, € C*°(H?'). Let ¢, be the infimum of the
functional I, on H':

L= inf I,(v).
=t To(v)

In H' we define a new inner product as
(u,v) o :/ (Vu-Vv+a(o)uv)dz.
Rd

According to (2.1), ||- || defined by

lollo = (v,0)5

is a norm of H*, and it is uniformly equivalent to the standard norm ||-|| 1 with respect
to 0. By the Cauchy-Schwarz inequality, we deduce

1
I, (v) :§/Rd (Vo> +a(o)v®)do— <lv>p-1

1
> olls = ol a el
1
> ol = Callel (2.4)

where (1 is a positive constant independent of ¢. Thus, ¢, > —oc0.
Let {vm }m C H! be a minimizing sequence of I,,. From (2.4), {v,,}m is bounded in
H'. Therefore, up to a subsequence, we may assume

U —v, weakly in H', withv, € H'.
According to the well-known Ekeland variational principle [7], we have
I! (v,) =0, as m— oo,

where
I(’,(v)(g):/ (Vo-Vg+a(o)vg)de— <l,g>g-1m, gEH'
Rd

By the definition of weak convergence, it is easy to see that v, is a solution of (2.3).
The uniqueness of solutions is obvious for the linear equation. Moreover, we check easily
that h(b1)—¢p and h(by) — ¢, are a subsolution and supersolution of (2.3). It follows
from the maximum principle that

h(b1) — ¢y < vy <h(bs) — ¢y, in R%

Therefore, v, €C is the unique solution of (2.3). On the other hand, the norm is weakly
lower-semi continuous in a Banach space, i.e.,

[lve ||o <lminf||vm, ||o-
m
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By the definition of the weak convergence, we have
im <l,vy, >g-1 g1 =<lvs >p-1 g1
m

Hence,

o <15 (ve) <liminf I, (vy,) =c,.
m

This shows the conclusion (i). Finally, multiplying (2.3) by v, and integrating it on R?,
we obtain (ii) by using the Cauchy-Schwarz inequality. The conclusion (iii) is purely a
regularity result in [3,8,12]. O

Thanks to (i) of Lemma 2.1, there exists a constant M >0 such that
[|ve || g1 < M, for all oeC.
Set
By={c|loceH" |lo|g <M} and C=CNBy,.
According to Lemma 2.1, the mapping

T:C—C
OV,

is well-defined.

Proof. (Proof of Theorem 1.1.) It suffices to consider the case where g=1. The
results of Theorem 1.1 for ¢ > 2 follow from the regularity of solutions (see [3,8,12]) and
the Sobolev embedding theorems.

We first consider the uniqueness of solutions to (1.7). Let n; and ny be two solutions
of (1.7) satisfying n; —b€ H', ng—be H' and (1.8). We have

nl—nQEHl, h(nl)—h(ng)EHl
and
—A(h(nl) - h(ng)) + (’I’Ll — ’I’Lg) =0.

Taking h(n1)—h(ng) as a test function in the above equation, it yields

[ ¥ (hm) —h(nz))|2dx+/Rd(h(n1) — h(n))(n1 —na)dz 0.
Thus, ny =ns, since h is a strictly increasing function.

Now we consider the existence of solutions to (1.7). Obviously, the solution of (2.2)
is a fixed point of the mapping 7" in C. Itis easy to see that Cisa nonempty, bounded,
closed and convex subset of H 1. By the Schauder fixed point theorem, it remains to
show that T'(C) is precompact in H' and T is continuous.

(1) T(C) is precompact. Let {oy}m be a sequence in C. Then {op, }m is bounded in
H'. We need to show, up to a subsequence (not re-labelled), that v, —v, in H*.
Lemma 2.1 (ii) implies that the sequence {v,,, }., is bounded in H!, with

[V, L err < CI][ -1
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As above, up to a subsequence, we may assume
vy, — Uy weakly in H', withv, € H'.
It follows from the Rellich compact embedding theorem, up to a subsequence, that

Vo, — U, strongly in L2 (R?).

By the equations of v,,,, and v, we have
—A(vg,, — Vo) +a(om)(Ve,, —Vs) + (a(om) —alo))vs =0.

Multiplying this equation by v,,, —v, and integrating it on R? yields

/Rd|V(Ugm —vg)|2dm+/w a(om)(vg,, —vg)zdx:—/Rd (a(om) —a(0))ve (vs,, —vo)da.

On one hand, since a(o,,) > ag, there exists a constant § >0 such that

/ |V (v,,, 7v0)|2dx+/ alom)(ve,, fvg)Qd:c >||ve,, fvg||§{1.
R4 R
On the other hand, we will show that

lim [ (a(om)—a(0))ve(vs,, —vo)dz=0. (2.5)

m Rd

These last two relations imply that v,, — v, in H'.
To prove (2.5), let Br be the ball of center zero and radius R>0. Since o, o,
vy €C, we have o, vy, € L2NL> and the sequence {om }m is bounded in L. Therefore,

|(a(om) —a(0))vo (vs,, —vs)|dx
Rd

:/ |(a(om)—a(o))vo(v,,m7v0)|dz+/ . |(a(om) —a(0))vo (vs,, —vs)|dx
Br Br

<CllvollL2(Ba)llvo,, —vollL2(r) + CllvallL2(85) Vo, = voll L2,

where B =R?\ Bg and C'>0 is a constant. Hence, by integrable property of v,, for
any € >0, there exists R >0 such that

Cllvellz2sg) llve,, —vollz2 < g

2

2 (R9) implies that there exists an

Then, the strong convergence of {v,, }m to v, in L
integer N >0 such that for m > N, we have

9
Clivoll 2y v, —vollL2(Br) <5

This proves (2.5).

(2) T is continuous. Let o, €C such that o, —0 in H*. It is clear that o €C. Similar
to the proof in (1), it is quite easy to prove v, —v, in H'. Thus, T is continuous.
This ends the proof of Theorem 1.1. ]
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3. Energy estimates and proof of Theorem 1.2

3.1. Preliminaries. Let (7,0,E,B) be the steady-state solution given by Theo-
rem 1.1. Let T >0 and (n,u, F, B) be the smooth solution of problem (1.1)-(1.2) defined
in the time interval [0,T]. We denote

N ng—mn
N U Ug
U= , W= , Wy= _ 1, (3.1)
u F Ey—F
G By—B

and

Wr = sup [[[W(,)l]s.
t€[0,T]

In what follows, we assume Wy is sufficiently small which implies that
< 2. (3.2)

Let C'>0 be a generic constant independent of any time. For all ¢ €[0,7], we want to
establish the energy estimate (1.10), i.e.

t
IHW(t,-)|||§+/O (MU AHNEHMNE T+ N0-G (7, ) 2o + VG )52 ) dr
<C[Wol3- (3.3)

According to [23], this estimate implies the global existence result of Theorem 1.2.

To prove (3.3), we need two lemmas below on calculus inequalities, similar to the
version in H*® (see [17,22]). Lemma 3.1 can be found in [16,31] and Lemma 3.2 is proved
in [24].

LEMMA 3.1. Let s>3 be an integer and o € N3 with 1<|a|<s. Then
102 (wv) —udgv|| < Cl|Vulls—1llvfljaj-1,  Vu,veH?,
and
107 (wo)[| < Cllulls[[vllja-

LEMMA 3.2.  Suppose f is a smooth function and u,v€ By with s>3. Let k, leN
and o, BEN3.

i) If k+]a| <s, then
105 (w0 Vo) —udg Of Vol < Cllfullls/v]l]s-
ii) If

E+lal<s, 1+|8|<s, k+1<s, |a|+|8]<s, k+l+]|a|+]|8]<s+1,
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then
1(0F 05 w) (95 0) | < Clllwlllsll[v]]]s-
Furthermore, if l4+|a|>1 and k+|f| > 1, then
10 05 w) (8050)|| < Cll|Oull|s—11[|80]]] -1,
where 0 denotes any first order derivative with respect to t or x. Hence,
[Hwollls < CllTullls][o]l]s-
1) If 1<k and k+|a| <s, then
16505 £ ()| < ClllOev][]s—1-

Finally, for a=(ay,a2,a3), B=(61,02,83), f<a stands for 3; <a; for all j=
1,---,3, and B <« stands for <« and §# «. We recall the Leibniz formulas

09 (wv) = may05 udjv, VaeN?®

y<a
k
OF (wv) = meclaf_luﬁiv, VkeN,

=0

where mq~ and mj, are positive constants. These formulas will be used in the next
subsections.

3.2. Energy estimates with dissipation estimates of u.  Substituting
n=N+n, u, E=F+E, B=G+B
into (1.1) and (1.3), yields the system satisfied by W:

O¢N+u-VN+ Ndivu+u-Va=0,
Owu+u-Vu+V(h(n)—h(n))=—F —u—ux (B+G),
OF -V xG=nu, divF=-N,

HG+V xF=0, divG=0,

where

V(h(n)—h(n))=h'(n)VN+VHK (R)N +r(ii,N),
with

r(7,N)= (k' (n)—h(7)—h"(R)N)Va=O(N?).
From (1.2) and (3.1), the initial condition for (3.4) is

t=0: W=W,, inR3.
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We write the Euler equations in (3.4) for U in the form

d
QU+ Aj(n,u)0y, U+ L(x)U + M(W) = f,

=1

where

Let us introduce the matrix

A= (""" ") A ) = Ao Ay o).
0 nl3

and

3
B(n,u,z)= Zﬁ% Zj (n,u) —2Ag(n)L(x).

It is easy to see that Ag(n) is symmetric and positive definite when n >0, and gj(n,u)
is symmetric. Furthermore,

I
o (VP (n)—2nVH (7)) div(nu)ls ’
and
0 (V' () —2h(R)))"
B(mu,x)’(n,u):(ﬁ,o): (—V(p'(ﬁ)—2h(ﬁ)) 0 ) )

which is an anti-symmetric matrix.
Let k€N and o € N3 with k+|a|<s. Applying 9F9% to (3.4), we get

d
OUra+ Y Aj(n,0)0y, Up o+ L(x)Up o +0F 05 M =07 05 f + g, (3.5)
j=1
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supplemented by the Maxwell equation

6tF‘k,oz -V x Gk,a = (nu)k,a7 diVFk,a = _Nk,a;
8tG;W +V x Fk,a =0, diVG}aa =0,

where

i (n,0)05,; Uk o — 0702 (Aj(n,u) 05, U) | + L(2) Up o — OF OS(L(2)U).  (3.7)

Mg

j:l
When || > 1, we have the following estimate.

LEMMA 3.3. For all k€N and a € N? with 1< |a| and k+|a| < s, we have

T <<A0Uk asUka) + | Frall® +[|Grall ) + Collup,q?
<C(I0Fullfy =1 + IO F i 1 +IOENNIE)) +CIHIUIENW s, (3.8)

here, and hereafter, <-,-> denotes the inner product of L?, Cy is a positive constant.

Proof.  Taking the inner product of (3.5) with Ag(n)Uy,, in L? yields a classical
energy equality

<A0 Uk aka a> <atA0(n)Uk,ouUk,a>+<B(n7uax)Uk,a7Uk,a>
—2(AgdF DS M, Uy, o) +2(A0g" Uy, o)
+2<A08t’€8§‘f7 Uk,a)
=L+ L+ I3+1+15, (3.9)

with the natural correspondence for Iy, I, I3, I4 and I5. In what follows, we control
each term on the right-hand side of (3.9).

Estimate of I;. Using classical Sobolev embedding theorem together with the first
equation in (1.1), we have

[0enlloc < Cll(u, Vu)|loo < C|U]]s.
Hence,

1| = ‘<5tAo(n)Uk,mUk,a> < Cl0nlloo Uk ol < CHITIIENW - (3.10)

Estimate of I;. Noting that the matrix B(n,u,z) is anti-symmetric at point (n,u)=
(72,0). Tt follows easily that

\Ta) = [{B(,0,2)Us . Ui )| < T (3.11)
Estimate of I5. We write I3 as
Is=—2(Ag0f 02 M, Uy, o) = —2(nup, o, g0 ) — 2{ Flo o, N 0 ) (3.12)
Estimate of I;. By (3.7), we write g"® as

ka _ ko k,«
g _gl +g2 )
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where

d
gv° =" A (0,0)05, Uy o — 0F 02 (A (n,1)85, U],

j=1
95" = L(@)Uy o — 0£ 05 (L()U).
A straightforward calculation yields
{Aogy™,Uk.o) =(u-V Ny o —F0% (u-VN),I (n) Nk o)
+{u- Vg, o —0F 05 (u- V), nug,q )

+ (n(divu),o — OF 05 (ndivu),h () Nj.o )
+ (W (n)V(Nk,a) —0F 05 (K (R)VN),ntu 0 ). (3.13)

For the first term on the right-hand side of (3.13), the Leibniz formula gives

u-VNeo—0f 0 (w-VN)= > mymasdidiu-0f 03 PVN.
0<i<k,B<a
1+161>1
Applying Lemma 3.2, we get
lu-V Nio =005 (u- VN) | < Cl[[ul [ 1N]]l5-
Then,

(- VNia =07 05 (us VN), I () Nig.a )| < C|lINI2]]ullls- (3.14)

In the same way, we get

‘<u.vum — OF O (u- V), nug o )| < C|lful|2. (3.15)

We write the third term as

(n(divu) .o — 0 02 (ndivu), B (n) Ni.a ) =((divu) ko — 902 (Adivu), k' (n) Ni,q )
+ (N (divt) o — 0702 (Ndivu), ' (1) Ny ).

It is easy to see that

’(N(diVU)k,a — 0707 (Ndivu),h' (n) Ni.o) | < CIIIN]|2][[ull],

and the Leibniz formula yields
(div) g .o —OF O (Adivu) = ROSOF (divu) — 0% (ROF divu)
== > mapdlndf(divoy P u).

0<B<a

Since ¢ > s+3, by Theorem 1.1, we have n € W*+1:°°(R3). Hence,

‘(mdivu)m — 0802 (Adivu), b’ (n) Nk o )
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S
§6||Uk,a||2 +C|07ullfoy -1+ CIOEN ). (3.16)

By the Leibniz formula, we write the last term on the right-hand side of (3.13) as

B (n)V Ny, o — 0RO (h (n)VN)
=1 (n)0(OFVN) = 03 (W (n)OFVN) = >~ miymapdiof(h ()0 0~ (VN).
0<pZa
Applying Lemma 3.2, we have
10 ()35 (9 VN) =05 (W (n)AFVN)|| < C VR ()| s-1[10F Nllja
<Ol Nljog +CIIINTI
and
Imrimasdy 0 (B (n)ag = 0~ (VN)[| < O |00 (0)||[s1[[[VN[[s—1 < CIINII2.

Hence,

(1 ()9 (Ni.) = 002 (0 () T N), )

_BIIUk,aIIQﬂLCHafNII\QM +CITNEN - (3.17)

The combination of (3.14)-(3.17) yields

‘2<Aogf’a7Uk,a> < +Cl0Fullf -1 +CIOEN 7o +CHNIUNENWlls- - (3.18)

For 2<A0g§’a,Uk7a>, the Leibniz formula yields

g5 = L(x) Uy, o — OFO% (L = > mapdl(L(x))0s~P(0FU).

0<B<ax

Noticing the expression of L(z) and i€ W*T1:°°(R3), we have L € W*°(R3). Then,

@ g
‘2<Aog§’ Uka)| < = lunal® + CIOENIE, . (3.19)

Thus, from (3.18) and (3.19), we obtain

4] = ‘2<A09k’a7Uk,a>
<ellugall® + CllOFul?y 1 +CIOFN Iy + T 5. (3.20)

Estimate of I5. Obviously,

15| = 20400k 02 .U < CINTIIENW I (3.21)

Hence, by (3.10)-(3.12), (3.20)-(3.21), we obtain

T (<A0Uk a>Ug a>) +2(nUg 5 Uk, )
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<ellur.all® +CllOF ullfoy -1 +ClIOF NIy + CIIUNENW s +2(Fr 00—tk o). (3.22)

Next, by Maxwell equations (3.6), we get

d
= (1Pl +1Gral?) =2 ()., Fra) =0. (3.23)

The combination of (3.22) and (3.23) yields
d
2 (AU V) + [ Ficall* +11Gial) +2(mt s i )
<ellu,all?+CllOFulfy—1 +ClIOF Nl +2(Fr.ar () k.0 — ntga) + Cl[U[[Z][[W]]]s-
(3.24)

For the term 2<Fk7a,(nu)k,a—nuk’a> on the right-hand side of (3.24), noticing
n=n+ N and |a|>1, we can use an integration by parts and Lemmas 3.1-3.2 to get

+ ’2<Fk,a7(Nu)k,a _Nuk,a>

‘2<Fk,aa (nu)k,a - nuk:,oc> < ‘2<Fk:,oc7 (ﬁu)k,a - ﬁuk,a>

< (2P 02 ()0 = 7,0) ) |+ IV IW ], (3.25)

where a; € N® with |a;|=|a|—1. The Leibniz formula implies that the highest order
derivatives of u and 7 in O, (Muk o — (PU)k,o) are k+|a| and 14 |a|, respectively. Notic-
ing i€ WsTh2(R?), we get

2(Fr.a,00 (k0 — (A)k.0) )| < CIOFF |l jaj—1 (lukall + 1107 wllja)—1)
<ellunal*+Cl0Fullfy _, +CIOFFIy 1 (3:26)

These inequalities together with (3.24) yield

d
= (40U, Ura) + (1Bl +1Gral®)) +2(ntn asur.a)

< 2¢llup,o|* + Cll0F ullfs 1 + CIOF Ffo -1 + ClIO NIE, + CIUNENW . (3.27)
Let € >0 be small enough. Due to (3.2), there is a constant Cy >0 such that
o9 —2e > Cy.

Thus, this inequality together with (3.27) implies (3.8). d

For a=0, we have a simpler estimate, which also implies the classical L? energy
estimate when k=0.

LEMMA 3.4. For all k€N with k<s, we have
@ (A0 Ui o) + [ Ficoll? + G ) +Collur o> <CIUIENIW Il (3:28)
a 0Uk,0,Uk,0 k,0 k,0 ollur,0ll” = 5 5
Proof. According to the steps in the proof of Lemma 3.3, we only need to prove
2|(Aog", Wieo)| < CIITIENWIIL (3.29)

and

[2(Fi0, ()0 =m0 | < CHTIEIW L, (3.30)
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which correspond to (3.20) and (3.25)-(3.26), respectively. In this case, noting that
a(divu)g, o — OF (divu) =0
and

W (n)V (Nio) = 0F (H () VN) == 3 muadi('(n)of 'V N.
0<i<k

Applying Lemma 3.2, we get
10 (1) V (Ni,0) =05 (B (n) V) || < O[N]

These last two formulas together with related estimates yield (3.29).
Next,

‘2<Fk,07(nu)k,0 _nuk,0>’ = ‘2<Fk,a,(Nu)k,O _Nuk,0>‘
<CIUIENWIIls,

which implies (3.30). 0

3.3. Dissipation estimates of (N,F'). In order to prove Theorem 1.2, we still
need to control the terms HafFHfalfl and ||OF N||?  appearing on the right-hand side

la
of (3.8). This is achieved in the next lemmas.

LEMMA 3.5. For all keN and a € N3 with k+|a|<s and 1 <|a|, we have
10Ny < O (10F (Nl +10F Ml ) +CHTIENW L, (3:31)
and
10 F IRy 2 < C(I9F NIy + 10F ully -y ) +CUTIENWL.— (3.32)
Proof. We write the second equation in (3.4) as

V(K (7)N)=(h'(n)—h'(7))VN —uxG—u-Vu—u—u—F—uxB
=R —Ou—u—F—uxB, (3.33)

where
Ry=(h(n)—h(n))VN —uxG—u-Vu.
Let |8 <|a|—1. Applying 9F92 to (3.33), we get

R (2)02NOFN =1/ ()02 VOF N — 02 (1 (R)VOFN)
+856£R1 —Uk+1,8 — UE,B 7Fk75 — Uk, X B

Taking the inner product with (VN) g in L?, we obtain
(W @)OEVOFN,OIVOEN ) = —(Fi . (VN )by5) = (41,5 + i g+ b5 < B, (VN )

—(W'(R)OZVOEN =97 (W (R)VIEN), (VN )r5)
+(0F 08 R1,(VN)i ). (3.34)
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Using the compatibility condition divF'=—N, we have

~(Fio s (VN)ig) = || Nios ||

Applying the Young inequality yields

‘<“k,5 + uk41,8 + Uk g X Ba(VN)k,M <CO([lofullfy— + 105 ullfy 1) +el (Vg 6|

For (W' (7)0SVOFN — 8% (W (R)VOFN),(VN)kg), notice that the highest order deriva-
tives of N and 7 in h/(n)0°VOFN — 02 (h'(R)VOFN) are k+|8| and |3, respectively.
Due to n€ Wst1:°(R3), the Young inequality yields

(0 (@)ZVOEN — 0 (W () VOE N, (VN )i )| SCIOENIE, -y +El(TN ) ol
By Lemmas 3.1-3.2, we easily get
|(9F02 Ry, (VN)ws)| < CHIUIEIIW I,

Adding the inequalities above by taking € > 0 small enough such that € < h/é") , from

(3.34) we get

1OV N sl + N2 < C (198 (N )y + 10l -y ) +CHITIEN W
Summing these inequalities for all indexes |8| <|a|—1, we get (3.31). Finally, from
F=-V(N(A)N)+ Ry —0u—u—F —ux B,

we get (3.32). O

We give a dissipation estimate of |97 N|| and a refined estimate of (3.31) for ||0F N||,
with k€N and £ <s—1.

LEMMA 3.6. For all keN with k<s—1, we have
1oy N1IE < C (105 ul® + 1107 ) + CHITNENW s, (3.35)
10 N> < Cllo5 = ullf + CIIU W] (3.36)

Proof. Taking =0 in (3.34), we get
<h’(ﬁ)afv1v, afvzv> = —(0FF,0FVN) — (08 u+ 0F u+0Fux B,OFVN)
+(0F R1,0fVN).
For the first term on the right-hand side of the above equality, we have
—(0FF,0fVN)=—(9}N,0;N).
Similar to the proof of Lemma 3.5, we also have

[(0F ' u+0f u+0fux B,OFVN )|+ |(0F R1,0F VN)|
<C([10Full® + 1107 ul®) +2¢l|0y VN |2+ Tl
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From these three relations, we obtain (3.35). Finally, using the first equation in (3.4)

and applying Lemma 3.2, we easily get (3.36). d
From Lemmas 3.3-3.6, we get the following results.

PROPOSITION 3.1.  For all keN and a € N? with 1<|a| and k+ |a| <s, we have

d
25 (AU, Uk ) + 1 Ficsl>+ G 2) + CollOFU I,
Bl
<C(IOFUIR s + 1105l ) +CUTNEIW . (3:37)

ProrosiTION 3.2.  When Wy is small enough, we have

4

pr ((Aof)fUﬁfUH||35F||2+||35GH2> +ColldFUII* < Cllo; U +CIIUNIEIW 5.

(3.38)

3.4. Proof of Theorem 1.2. We shall use an induction argument on the order
of the derivatives of the solution to prove (3.3). First, for any fixed index k€N with
k<s—1, we carry on the induction on |af (1 <|a|<s—k) of space derivatives for (3.37)
from |a|=1 to |a| =s—k. More specially, for |a|>2, [|0fU|||q|—1 on the right-hand side
of (3.37) can be controlled by [|0fU|||4| in the preceding step on the left-hand side of
(3.37) multiplying an appropriate positive constant. Thus, we get

d
G 2 wo({AUkaUia) H1FealP +Gral?) + 10U

la|<s—k

<C(I0FUI+ 10 ullz 1) +CHUINIENW s, (3.39)

where a o >0(k<s—1,1<|a|<s—k) are constants.
Next, we carry on the induction on k from k=s to k=0. The corresponding
estimate for k=s is given by (3.38). For k=s—1, (3.39) yields

d G
dt Z As—1,0 (<AOUS—1,a7Us—1,a>+ | Foz1,all*+ ||Gs—1,a||2) +o; U3
la|<1

<C(10;= Ul +l107ull®) + CHU WL (3.40)

Obviously, the term [0 ' U||? on the right-hand side of (3.38) can be controlled by the
same term on the left-hand side of (3.40) multiplying an appropriate constant. Similarly,
|08 w2, can be also controlled by [|0FU||2_,. in the preceding step. In this way,
by induction on k, we get

d S
p > ak,a(<Aon,a,Uk,a>+||Fk,a||2+||Gk,a||2)+Z||85U||§—k
k+|a|<s k=0

s—1
<G (I0FU 1> +llor ul®) +CIIUIIENW s, (3.41)
k=0
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where the positive constants ax . are possibly amended based on (3.39). Noting the
equivalence of > ;7 _ |0FU||2_, and [||U]||2, from (3.28), (3.35) and (3.41), we get
d

93 apa (Ao V) 1l + [Gia) + 201U )2
k+|al<s

<CluEHENWwIILL,

where ay,o >0 is possibly modified again. Since Wy is sufficiently small, we obtain

d 2 2 2
dt“z; ara ((AoUkaUna) + | Fral?+ 1 Grall?) + 11U (]2 <0.

From the equivalence of |||[W]]|? and

Z Ak,a (<A0Uk,a7Uk,a> +|Fral> +1|Gr.a
k+lal<s

2),
we get
t
|||W(t,-)|||§+/0 U () dr <CIWol,  te[0,T].

Finally, from the second equation and Maxwell equations in (3.4), we get

IIENZ- <ClTIIE+CNUETNWLS,

118: Gl 2 +IIVGIIZ_o < CHIUIIZ + U NI

These last three estimates give (3.3), i.e. (1.10). This proves the global existence of
smooth solution (n,u,F,B) to (1.1)-(1.2).
Finally, from (1.10), for any index k€N and 8 € N3 with k+|8| <s—1, we have

k0% (n—n,u,F—E)e L*(RY; L) nW1>(RT; L?)
In addition, if 1 <k+|8| <s—1, we have
kP Be LA (R, L) NWL>(RT;L?).
From these two formulas, we get (1.11) and (1.12).
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