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GLOBAL STABILITY OF LARGE STEADY-STATES FOR AN
ISENTROPIC EULER-MAXWELL SYSTEM IN R3∗

CUNMING LIU† , ZUJI GUO‡ , AND YUE-JUN PENG§

Abstract. This paper concerns the global existence and stability of smooth solutions near large
steady-states for an isentropic Euler-Maxwell system in R3. This system describes the dynamics of
electrons in magnetized plasmas where the ion density is a given smooth function with a positive lower
bound, but without any restriction on the size. We establish the well-posedness of large steady-state
solutions with zero velocity in R3. It is achieved through a study for a semilinear elliptic equation by
using variational methods. For the initial data close to the steady-state solutions, we solve the stability
problem by means of classical energy estimates and an anti-symmetric matrix technique together with
an induction argument on the order of the derivatives of solutions with respect to the time and space
variables.
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1. Introduction and main results We study a global stability problem for
an isentropic Euler-Maxwell system in R3. The system is a hydrodynamic model in
plasma physics to describe the dynamics of electrons. Let n, u= (u1,u2,u3)T , E and
B be the density, the velocity of the electrons, the electric field and magnetic field
of the magnetized plasma, respectively. The system satisfied by these variables reads
(see [2, 4]) 

∂tn+div(nu) = 0,
∂t(nu)+div(nu⊗u)+∇p(n) =−nu−n(E+u×B),
∂tE−∇×B=nu, divE= b(x)−n,
∂tB+∇×E= 0, divB= 0,

(1.1)

for the time t>0 and the position x∈R3, where b(x) and p stand for the ion density
and the pressure function, respectively.

We assume that p is sufficiently smooth and strictly increasing on (0,+∞). This
covers the usual case for ideal gas p(n) =Anγ , where A>0 and γ≥1 are constants. The
system is supplemented by the following initial condition:

t= 0 : (n,u,E,B) =
(
n0(x),u0(x),E0(x),B0(x)

)
, x∈R3. (1.2)

Throughout this paper, we assume that

divE0 = b(x)−n0, divB0 = 0.

Then, in (1.1) the constraint equations hold for all positive time:

divE= b(x)−n, divB= 0, ∀t>0.
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For smooth solutions in any non-vacuum field, the momentum equation in (1.1) can be
written as

∂tu+u ·∇u+∇h(n) =−u−E−u×B, (1.3)

where h is the enthalpy function defined by

h′(n) =
p′(n)

n
.

Now consider steady-state solutions (n̄,ū,Ē,B̄) only depending on x, with zero
velocity ū= 0 and n̄>0. By (1.1), we have∇h(n̄) =−Ē,

∇× Ē= 0, divĒ= b(x)− n̄,
∇×B̄= 0, divB̄= 0.

(1.4)

In (1.4), the equations for B̄ imply that B̄ is a constant vector, and the first equation
together with divĒ= b(x)− n̄ implies that n̄ satisfies a second-order elliptic equation

−∆h(n̄)+ n̄= b(x), in R3. (1.5)

Moreover, there exists a potential function φ̄ such that

Ē=−∇φ̄, φ̄=h(n̄). (1.6)

To precisely show our stability results, we introduce some notations. For any integer
s∈N, we denote by Hs, L2 and L∞ the usual Sobolev spaces Hs(R3), L2(R3) and
L∞(R3), and by ‖·‖s, ‖·‖ and ‖·‖∞ the corresponding norms, respectively. For a
multi-index α= (α1,α2,α3)∈N3, we denote

∂αx =
∂|α|

∂α1
x1 ∂

α2
x2 ∂

α3
x3

, with |α|=α1 +α2 +α3.

For any given time T >0, let Bs,T be the Banach space defined by

Bs,T =

s⋂
k=0

Ck([0,T ];Hs−k),

equipped with the norm

‖v‖Bs,T = max
0≤t≤T

|||v(t,·)|||s, ∀v∈Bs,T ,

where

|||v(t,·)|||s=
( ∑
|α|+k≤s

‖∂kt ∂αx v(t,·)‖2
) 1

2

.

System (1.1) for variables (n,u,E,B) is symmetrizable hyperbolic when n>0. The
local existence and uniqueness of smooth solutions was established by Lax [18] and
Kato [16] (see also [22]). It can be stated as follows. Let s≥3 be an integer and
(n0− n̄,u0,E0− Ē,B0−B̄)∈Hs satisfying n0≥ const.>0. There exists T∗>0 such that
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the Cauchy problem (1.1)-(1.2) admits a unique solution (n,u,E,B) on the domain
[0,T∗]×R3, and

n− n̄,u,E− Ē,B−B̄∈C
(
[0,T∗];H

s
)
∩C1

(
[0,T∗];H

s−1
)
, n≥ const.>0.

Using (1.1), we have (n− n̄,u,E− Ē,B−B̄)∈Bs,T∗ .
The stability problem is to study the global existence of smooth solutions to prob-

lem (1.1)-(1.2) when (n0,u0,E0,B0) is sufficiently close to (n̄,ū,Ē,B̄). Such a problem
has been investigated by many authors when b is a positive constant [5, 25, 29] or is
a small perturbation of a constant [21]. Furthermore, various decay estimates of the
solutions were obtained through the study on the pointwise behavior of the solutions to
the linearized system, see [5,21,26,27,30]. We also refer to [1,15,28] for stability results
for Euler-Poisson systems or to [11,13] for global existence for isentropic Euler-Maxwell
systems without the velocity dissipation term but with generalized irrotationality con-
strains.

When b is large, only fewer related results can be found in the literature. A pioneer-
ing work on the stability was carried out for an isentropic Euler-Poisson system [14], by
using an anti-symmetric matrix technique and the energy estimates for the divergence
and the curl of the velocity. In [24], the last author of the present paper further employed
an induction argument on the order of the derivatives of solutions in energy estimates
and solved this problem for both the isentropic Euler-Poisson system and Euler-Maxwell
system. These results were extended to the two-fluid isentropic systems [9] and to non-
isentropic systems with temperature diffusion term [10] or without this term [19,20]. All
these results are valid for the system considered in bounded domains with appropriate
boundary conditions or for periodic solutions.

In this paper, we consider the stability to problem (1.1)-(1.2) for large b in the whole
space. The first obstacle is to solve the stationary Equation (1.5) in the whole space.
Here, we use variational methods to study this problem in any dimension d≥1:

−∆h(n̄)+ n̄= b(x), in Rd. (1.7)

In a bounded domain Ω⊂Rd with periodic, Dirichlet or Neumann boundary conditions,
it is easy to prove that (1.7) admits a unique solution (see [6, 14]) due to the compact
embeddingH1(Ω) ↪→L2(Ω), which is no longer valid in the whole space. Here, we recover
compactness by fine estimates to establish the well-posedness of smooth solutions of
(1.7) in Rd. This result is shown in the following Theorem but what we state is in the
sense of weak solutions of (1.7), which are defined by∫

Rd

[
∇h(n) ·∇g+(n−b)g

]
dx= 0, ∀ g∈C∞0 (Rd).

Theorem 1.1. Let q≥1 be an integer. Suppose that
(i) b∈L∞(Rd) and b(x)≥ const.>0, a.e. x∈Rd,
(ii) ∇b∈Hq−1(Rd),
(iii) h∈Cq(0,+∞) and h′(n)>0 for all n>0.
Then (1.7) admits a unique weak solution n satisfying n−b∈Hq(Rd) and

0<b1
def
= essinf

y∈Rd
b(y)≤n(x)≤ b2

def
= esssup

y∈Rd
b(y)<+∞, a.e. x∈Rd. (1.8)

Moreover, let q> d
2 and r= q−1− [d2 ]≥0. Then, n∈W r,∞(Rd)∩Cr(Rd). In particular,

n is a classical solution of (1.7) when q>2+ d
2 .
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Remark 1.1. In [15], Hsiao et al. obtained a result on the existence and uniqueness
of solutions n∈H4(Rd)+b under the assumptions:
(a) lim

|x|→+∞
b(x)>0 and b(x)>0 for x∈Rd,

(b) b∈C4(Rd) and ∇b∈H3(Rd).
However, the proof of this result is not given explicitly. Obviously, assumptions (a)-(b)
correspond to a particular case of (i)-(ii) with q= 4. Moreover, the result of Theorem
1.1 is valid for all q≥1 without condition b∈C4(Rd) in (b).

Once n̄ is given by Theorem 1.1, together with (1.6), we obtain a steady-state
solution (n̄,0,Ē,B̄) of system (1.1). Then the stability result can be stated as follows.

Theorem 1.2. Let s≥3 be an integer and the assumptions of Theorem 1.1 hold with
q≥s+3 (and d= 3). Assume (n0− n̄,u0,E0− Ē,B0−B̄)∈Hs with (n̄,0,Ē,B̄) being the
steady-state solution of (1.1). Then there exist constants δ>0 and C>0 such that if

‖(n0− n̄,u0,E0− Ē,B0−B̄)‖s≤ δ, (1.9)

problem (1.1)-(1.2) admits a unique global smooth solution (n,u,E,B), and for any t≥0,

|||(n(t, ·)− n̄,u(t,·),E(t)− Ē,B(t)−B̄)|||2s

+

∫ t

0

(
|||(n(τ,·)− n̄,u(τ,·))|||2s+ |||E(τ,·)− Ē|||2s−1

+ |||∂τB(τ,·)|||2s−2 + |||∇B(τ,·)|||2s−2

)
dτ

≤C‖(n0− n̄,u0,E0− Ē,B0−B̄)‖2s. (1.10)

Furthermore, we have

lim
t→+∞

|||(n(t)− n̄,u(t),E(t)− Ē)|||s−1 = 0, (1.11)

lim
t→+∞

(
|||∂tB(t)|||s−2 + |||∇B(t)|||s−2

)
= 0. (1.12)

This paper is organized as follows. We focus on the proof of Theorem 1.1 in the
next section. In Section 3, we first establish energy estimates together with dissipation
estimates, and then give the proof of Theorem 1.2.

2. Proof of Theorem 1.1
In this section, we give a detailed proof of Theorem 1.1 on the existence and unique-

ness of the solution to (1.7). Throughout this section when we say a solution of an
equation, it means a weak solution of the equation. For simplifying the notation, for
any integer s∈Z, the spaces Hs(Rd), L2(Rd) and L∞(Rd) are still denoted by Hs, L2

and L∞, respectively.
Since h is a strictly increasing function on (0,+∞), we denote by f the inverse

function of h. Clearly, f is also strictly increasing. By using the potential function
φ=h(n) defined in (1.6), (1.7) can be written as

−∆φ+f(φ) = b, in Rd.

Let’s define

φb(x) =h(b(x)) and φ̃=φ−φb.

Then

−∆φ̃+f(φ̃+φb)−b= ∆φb.
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Noting that b=f(φb), we further obtain

−∆φ̃+a(φ̃,φb)φ̃= `, in Rd,

where

a(σ,φb) =

∫ 1

0

f ′(φb+θσ)dθ and `= ∆φb.

Since φb is a given function, for the sake of simplicity, in what follows a(σ,φb) is denoted
by a(σ). From the assumptions in Theorem 1.1, for each σ such that h(b1)≤σ+φb≤
h(b2), we have

a1≤a(σ)≤a2, in Rd, (2.1)

where a1 and a2 are two given constants independent of σ.
Let n be a solution of (1.7) satisfying (1.8). For q= 1, we have

n−b∈H1⇐⇒ φ̃∈H1,

and (1.8) is equivalent to

h(b1)−φb(x)≤ φ̃(x)≤h(b2)−φb(x), a.e. x∈Rd.

Therefore, we only need to search for a solution φ̃ in H1 to the equation

−∆φ̃+a(φ̃)φ̃= `∈H−1, (2.2)

where H−1 is the dual space of H1.
Thus, we define

C=
{
σ
∣∣σ∈H1,h(b1)−φb(x)≤σ(x)≤h(b2)−φb(x), a.e. x∈Rd

}
.

It is easy to see C is not empty, closed and convex, and the linear equation

−∆v+a(σ)v= `∈H−1 (2.3)

has a unique solution vσ ∈H1. More precisely, we have the following result.

Lemma 2.1. For each σ∈C, the Equation (2.3) has a unique solution vσ ∈C. More-
over,

(i) we have the following variational character for vσ,

Iσ(vσ) = inf
v∈H1

Iσ(v),

where

Iσ(v) =
1

2

∫
Rd

(
|∇v|2 +a(σ)v2

)
dx−<`,v>H−1,H1 , v∈H1;

(ii) we have the estimate:

‖vσ‖H1 ≤C‖`‖H−1 ;
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(iii) if `∈L2, then vσ ∈H2 and

‖vσ‖H2 ≤C‖`‖L2 ,

where C is a positive constant independent of σ.

Proof. Let σ∈C. It is easy to see that Iσ ∈C∞(H1). Let cσ be the infimum of the
functional Iσ on H1:

cσ = inf
v∈H1

Iσ(v).

In H1 we define a new inner product as

(u,v)σ =

∫
Rd

(
∇u ·∇v+a(σ)uv

)
dx.

According to (2.1), ‖·‖σ defined by

‖v‖σ = (v,v)1/2
σ

is a norm of H1, and it is uniformly equivalent to the standard norm ‖·‖H1 with respect
to σ. By the Cauchy-Schwarz inequality, we deduce

Iσ(v) =
1

2

∫
Rd

(
|∇v|2 +a(σ)v2

)
dx−<`,v>H−1,H1

≥1

2
‖v‖2σ−‖v‖H1‖`‖H−1

≥1

4
‖v‖2σ−C1‖`‖2H−1 , (2.4)

where C1 is a positive constant independent of σ. Thus, cσ>−∞.
Let {vm}m⊂H1 be a minimizing sequence of Iσ. From (2.4), {vm}m is bounded in

H1. Therefore, up to a subsequence, we may assume

vm⇀vσ weakly in H1, withvσ ∈H1.

According to the well-known Ekeland variational principle [7], we have

I ′σ(vm)→0, as m→∞,

where

I ′σ(v)(g) =

∫
Rd

(
∇v ·∇g+a(σ)vg

)
dx−<`,g>H−1,H1 , g∈H1.

By the definition of weak convergence, it is easy to see that vσ is a solution of (2.3).
The uniqueness of solutions is obvious for the linear equation. Moreover, we check easily
that h(b1)−φb and h(b2)−φb are a subsolution and supersolution of (2.3). It follows
from the maximum principle that

h(b1)−φb≤vσ≤h(b2)−φb, in Rd.

Therefore, vσ ∈C is the unique solution of (2.3). On the other hand, the norm is weakly
lower-semi continuous in a Banach space, i.e.,

‖vσ‖σ≤ liminf
m
‖vm‖σ.
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By the definition of the weak convergence, we have

lim
m
<`,vm>H−1,H1 =<`,vσ>H−1,H1 .

Hence,

cσ≤ Iσ(vσ)≤ liminf
m

Iσ(vm) = cσ.

This shows the conclusion (i). Finally, multiplying (2.3) by vσ and integrating it on Rd,
we obtain (ii) by using the Cauchy-Schwarz inequality. The conclusion (iii) is purely a
regularity result in [3, 8, 12].

Thanks to (ii) of Lemma 2.1, there exists a constant M>0 such that

‖vσ‖H1 ≤M, for all σ∈C.

Set

BM =
{
σ
∣∣σ∈H1,‖σ‖H1 ≤M} and C̃=C∩BM .

According to Lemma 2.1, the mapping

T : C̃ → C̃
σ 7→vσ

is well-defined.

Proof. (Proof of Theorem 1.1.) It suffices to consider the case where q= 1. The
results of Theorem 1.1 for q≥2 follow from the regularity of solutions (see [3,8,12]) and
the Sobolev embedding theorems.

We first consider the uniqueness of solutions to (1.7). Let n1 and n2 be two solutions
of (1.7) satisfying n1−b∈H1, n2−b∈H1 and (1.8). We have

n1−n2∈H1, h(n1)−h(n2)∈H1

and

−∆(h(n1)−h(n2))+(n1−n2) = 0.

Taking h(n1)−h(n2) as a test function in the above equation, it yields∫
Rd
|∇(h(n1)−h(n2))|2dx+

∫
Rd

(h(n1)−h(n2))(n1−n2)dx= 0.

Thus, n1 =n2, since h is a strictly increasing function.
Now we consider the existence of solutions to (1.7). Obviously, the solution of (2.2)

is a fixed point of the mapping T in C̃. It is easy to see that C̃ is a nonempty, bounded,
closed and convex subset of H1. By the Schauder fixed point theorem, it remains to
show that T (C̃) is precompact in H1 and T is continuous.

(1) T (C̃) is precompact. Let {σm}m be a sequence in C̃. Then {σm}m is bounded in
H1. We need to show, up to a subsequence (not re-labelled), that vσm→vσ in H1.

Lemma 2.1 (ii) implies that the sequence {vσm}m is bounded in H1, with

‖vσm‖H1 ≤C‖`‖H−1 .
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As above, up to a subsequence, we may assume

vσm⇀vσ weakly in H1, withvσ ∈H1.

It follows from the Rellich compact embedding theorem, up to a subsequence, that

vσm→vσ strongly in L2
loc(Rd).

By the equations of vσm and vσ we have

−∆(vσm−vσ)+a(σm)(vσm−vσ)+(a(σm)−a(σ))vσ = 0.

Multiplying this equation by vσm−vσ and integrating it on Rd yields∫
Rd
|∇(vσm−vσ)|2dx+

∫
Rd
a(σm)(vσm−vσ)2dx=−

∫
Rd

(
a(σm)−a(σ)

)
vσ(vσm−vσ)dx.

On one hand, since a(σm)≥a0, there exists a constant δ>0 such that∫
Rd
|∇(vσm−vσ)|2dx+

∫
Rd
a(σm)(vσm−vσ)2dx≥ δ‖vσm−vσ‖2H1 .

On the other hand, we will show that

lim
m

∫
Rd

(
a(σm)−a(σ)

)
vσ(vσm−vσ)dx= 0. (2.5)

These last two relations imply that vσm→vσ in H1.
To prove (2.5), let BR be the ball of center zero and radius R>0. Since σ, σm,

vσ ∈C̃, we have σ, vσ ∈L2∩L∞ and the sequence {σm}m is bounded in L∞. Therefore,∫
Rd

∣∣(a(σm)−a(σ)
)
vσ(vσm−vσ)

∣∣dx
=

∫
BR

∣∣(a(σm)−a(σ)
)
vσ(vσm−vσ)

∣∣dx+

∫
BcR

∣∣(a(σm)−a(σ)
)
vσ(vσm−vσ)

∣∣dx
≤C‖vσ‖L2(BR)‖vσm−vσ‖L2(BR) +C‖vσ‖L2(BcR)‖vσm−vσ‖L2 ,

where BcR=Rd \BR and C>0 is a constant. Hence, by integrable property of vσ, for
any ε>0, there exists R>0 such that

C‖vσ‖L2(BcR)‖vσm−vσ‖L2 <
ε

2
.

Then, the strong convergence of {vσm}m to vσ in L2
loc(Rd) implies that there exists an

integer N >0 such that for m>N , we have

C‖vσ‖L2(BR)‖vσm−vσ‖L2(BR)<
ε

2
.

This proves (2.5).

(2) T is continuous. Let σm∈C̃ such that σm→σ in H1. It is clear that σ∈C̃. Similar
to the proof in (1), it is quite easy to prove vσm→vσ in H1. Thus, T is continuous.
This ends the proof of Theorem 1.1.
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3. Energy estimates and proof of Theorem 1.2

3.1. Preliminaries. Let (n̄,0,Ē,B̄) be the steady-state solution given by Theo-
rem 1.1. Let T >0 and (n,u,E,B) be the smooth solution of problem (1.1)-(1.2) defined
in the time interval [0,T ]. We denote

N =n− n̄, F =E− Ē, G=B−B̄,

U =

(
N

u

)
, W =


N

u

F

G

 , W0 =


n0− n̄
u0

E0− Ē
B0−B̄

, (3.1)

and

WT = sup
t∈[0,T ]

|||W (t, ·)|||s.

In what follows, we assume WT is sufficiently small which implies that

n̄

2
≤n≤ 3n̄

2
, |u|≤ 1

2
. (3.2)

Let C>0 be a generic constant independent of any time. For all t∈ [0,T ], we want to
establish the energy estimate (1.10), i.e.

|||W (t,·)|||2s+

∫ t

0

(
|||U(τ,·)|||2s+ |||F (τ,·)|||2s−1 + |||∂τG(τ,·)|||2s−2 + |||∇G(τ,·)|||2s−2

)
dτ

≤C‖W0‖2s. (3.3)

According to [23], this estimate implies the global existence result of Theorem 1.2.
To prove (3.3), we need two lemmas below on calculus inequalities, similar to the

version in Hs (see [17,22]). Lemma 3.1 can be found in [16,31] and Lemma 3.2 is proved
in [24].

Lemma 3.1. Let s≥3 be an integer and α∈N3 with 1≤|α|≤s. Then

‖∂αx (uv)−u∂αx v‖≤C‖∇u‖s−1‖v‖|α|−1, ∀u,v∈Hs,

and

‖∂αx (uv)‖≤C‖u‖s‖v‖|α|.

Lemma 3.2. Suppose f is a smooth function and u,v∈Bs,T with s≥3. Let k, l∈N
and α, β∈N3.

i) If k+ |α|≤s, then

‖∂αx (u∂kt∇v)−u∂αx ∂kt∇v‖≤C|||u|||s|||v|||s.

ii) If

k+ |α|≤s, l+ |β|≤s, k+ l≤s, |α|+ |β|≤s, k+ l+ |α|+ |β|≤s+1,
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then

‖(∂kt ∂αx u)(∂lt∂
β
xv)‖≤C|||u|||s|||v|||s.

Furthermore, if l+ |α|≥1 and k+ |β|≥1, then

‖(∂kt ∂αx u)(∂lt∂
β
xv)‖≤C|||∂u|||s−1|||∂v|||s−1,

where ∂ denotes any first order derivative with respect to t or x. Hence,

|||uv|||s≤C|||u|||s|||v|||s.

iii) If 1≤k and k+ |α|≤s, then

‖∂kt ∂αx f(v)‖≤C|||∂tv|||s−1.

Finally, for α= (α1,α2,α3), β= (β1,β2,β3), β≤α stands for βj≤αj for all j=
1, ·· · ,3, and β<α stands for β≤α and β 6=α. We recall the Leibniz formulas

∂αx (uv) =
∑
γ≤α

mαγ∂
α−γ
x u∂γxv, ∀α∈N3,

∂kt (uv) =

k∑
l=0

m′kl∂
k−l
t u∂ltv, ∀k∈N,

where mαγ and m′kl are positive constants. These formulas will be used in the next
subsections.

3.2. Energy estimates with dissipation estimates of u. Substituting

n=N+ n̄, u, E=F + Ē, B=G+B̄

into (1.1) and (1.3), yields the system satisfied by W :
∂tN+u ·∇N+Ndivu+u ·∇n̄= 0,

∂tu+u ·∇u+∇(h(n)−h(n̄)) =−F −u−u×(B̄+G),

∂tF −∇×G=nu, divF =−N,
∂tG+∇×F = 0, divG= 0,

(3.4)

where

∇(h(n)−h(n̄)) =h′(n)∇N+∇h′(n̄)N+r(n̄,N),

with

r(n̄,N) = (h′(n)−h′(n̄)−h′′(n̄)N)∇n̄=O(N2).

From (1.2) and (3.1), the initial condition for (3.4) is

t= 0 : W =W0, in R3.
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We write the Euler equations in (3.4) for U in the form

∂tU+

d∑
j=1

Aj(n,u)∂xjU+L(x)U+M(W ) =f,

where

Aj(n,u) =

(
uj neTj

h′(n)ej ujI3

)
, j= 1,2,3,

L(x) =

(
0 (∇n̄)T

∇h′(n̄) 0

)
,

M(W ) =

(
0

F +u+u×B̄

)
,

f =−

(
0

u×G+r

)
.

Let us introduce the matrix

A0(n) =

(
h′(n) 0

0 nI3

)
, Ãj(n,u) =A0(n)Aj(n,u),

and

B(n,u,x) =

3∑
j=1

∂xj Ãj(n,u)−2A0(n)L(x).

It is easy to see that A0(n) is symmetric and positive definite when n>0, and Ãj(n,u)
is symmetric. Furthermore,

B(n,u,x) =

(
div(h′(n)u) (∇p′(n)−2h′(n)∇n̄)T

(∇p′(n)−2n∇h′(n̄)) div(nu)I3

)
,

and

B(n,u,x)
∣∣
(n,u)=(n̄,0)

=

(
0 (∇(p′(n̄)−2h(n̄)))T

−∇(p′(n̄)−2h(n̄)) 0

)
,

which is an anti-symmetric matrix.
Let k∈N and α∈N3 with k+ |α|≤s. Applying ∂kt ∂

α
x to (3.4), we get

∂tUk,α+

d∑
j=1

Aj(n,u)∂xjUk,α+L(x)Uk,α+∂kt ∂
α
xM =∂kt ∂

α
x f+gk,α, (3.5)
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supplemented by the Maxwell equation{
∂tFk,α−∇×Gk,α= (nu)k,α, divFk,α=−Nk,α,
∂tGk,α+∇×Fk,α= 0, divGk,α= 0,

(3.6)

where

gk,α=

d∑
j=1

[
Aj(n,u)∂xjUk,α−∂kt ∂αx (Aj(n,u)∂xjU)

]
+L(x)Uk,α−∂kt ∂αx (L(x)U). (3.7)

When |α|≥1, we have the following estimate.

Lemma 3.3. For all k∈N and α∈N3 with 1≤|α| and k+ |α|≤s, we have

d

dt

(〈
A0Uk,α,Uk,α

〉
+‖Fk,α‖2 +‖Gk,α‖2

)
+C0‖uk,α‖2

≤C
(
‖∂kt u‖2|α|−1 +‖∂kt F‖2|α|−1 +‖∂kt N‖2|α|

)
+C|||U |||2s|||W |||s, (3.8)

here, and hereafter, < ·, ·> denotes the inner product of L2, C0 is a positive constant.

Proof. Taking the inner product of (3.5) with A0(n)Uk,α in L2 yields a classical
energy equality

d

dt

〈
A0(n)Uk,α,Uk,α

〉
=
〈
∂tA0(n)Uk,α,Uk,α

〉
+
〈
B(n,u,x)Uk,α,Uk,α

〉
−2
〈
A0∂

k
t ∂

α
xM,Uk,α

〉
+2
〈
A0g

k,α,Uk,α
〉

+2
〈
A0∂

k
t ∂

α
x f,Uk,α

〉
= I1 +I2 +I3 +I4 +I5, (3.9)

with the natural correspondence for I1, I2, I3, I4 and I5. In what follows, we control
each term on the right-hand side of (3.9).

Estimate of I1. Using classical Sobolev embedding theorem together with the first
equation in (1.1), we have

‖∂tn‖∞≤C‖(u,∇u)‖∞≤C|||U |||s.

Hence,

|I1|=
∣∣∣〈∂tA0(n)Uk,α,Uk,α

〉∣∣∣≤C‖∂tn‖∞‖Uk,α‖2≤C|||U |||2s|||W |||s. (3.10)

Estimate of I2. Noting that the matrix B(n,u,x) is anti-symmetric at point (n,u) =
(n̄,0). It follows easily that

|I2|=
∣∣〈B(n,u,x)Uk,α,Uk,α

〉∣∣≤C|||U |||2s|||W |||s. (3.11)

Estimate of I3. We write I3 as

I3 =−2
〈
A0∂

k
t ∂

α
xM,Uk,α

〉
=−2

〈
nuk,α,uk,α

〉
−2
〈
Fk,α,nuk,α

〉
. (3.12)

Estimate of I4. By (3.7), we write gk,α as

gk,α=gk,α1 +gk,α2 ,
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where

gk,α1 =

d∑
j=1

[
Aj(n,u)∂xjUk,α−∂kt ∂αx (Aj(n,u)∂xjU)

]
,

gk,α2 =L(x)Uk,α−∂kt ∂αx (L(x)U).

A straightforward calculation yields〈
A0g

k,α
1 ,Uk,α

〉
=
〈
u ·∇Nk,α−∂kt ∂αx (u ·∇N),h′(n)Nk,α

〉
+
〈
u ·∇uk,α−∂kt ∂αx (u ·∇u),nuk,α

〉
+
〈
n(divu)k,α−∂kt ∂αx (ndivu),h′(n)Nk,α

〉
+
〈
h′(n)∇(Nk,α)−∂kt ∂αx (h′(n)∇N),nuk,α

〉
. (3.13)

For the first term on the right-hand side of (3.13), the Leibniz formula gives

u ·∇Nk,α−∂kt ∂αx (u ·∇N) =
∑

0≤l≤k,β≤α
l+|β|≥1

m′klmαβ∂
l
t∂
β
xu ·∂k−lt ∂α−βx ∇N.

Applying Lemma 3.2, we get

‖u ·∇Nk,α−∂kt ∂αx (u ·∇N)‖≤C|||u|||s|||N |||s.

Then, ∣∣〈u ·∇Nk,α−∂kt ∂αx (u ·∇N),h′(n)Nk,α
〉∣∣∣≤C|||N |||2s|||u|||s. (3.14)

In the same way, we get∣∣∣〈u ·∇uk,α−∂kt ∂αx (u ·∇u),nuk,α
〉∣∣∣≤C|||u|||3s. (3.15)

We write the third term as〈
n(divu)k,α−∂kt ∂αx (ndivu),h′(n)Nk,α

〉
=
〈
n̄(divu)k,α−∂kt ∂αx (n̄divu),h′(n)Nk,α

〉
+
〈
N(divu)k,α−∂kt ∂αx (Ndivu),h′(n)Nk,α

〉
.

It is easy to see that∣∣∣〈N(divu)k,α−∂kt ∂αx (Ndivu),h′(n)Nk,α
〉∣∣∣≤C|||N |||2s|||u|||s,

and the Leibniz formula yields

n̄(divu)k,α−∂kt ∂αx (n̄divu) = n̄∂αx ∂
k
t (divu)−∂αx (n̄∂kt divu)

=−
∑

0<β≤α

mαβ∂
β
x n̄∂

k
t (div∂α−βx u).

Since q≥s+3, by Theorem 1.1, we have n̄∈W s+1,∞(R3). Hence,∣∣∣〈n̄(divu)k,α−∂kt ∂αx (n̄divu),h′(n)Nk,α
〉∣∣∣
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≤ε
6
‖uk,α‖2 +C‖∂kt u‖2|α|−1 +C‖∂kt N‖2|α|. (3.16)

By the Leibniz formula, we write the last term on the right-hand side of (3.13) as

h′(n)∇Nk,α−∂kt ∂αx (h′(n)∇N)

=h′(n)∂αx (∂kt∇N)−∂αx (h′(n)∂kt∇N)−
∑

0<l≤k
0≤β≤α

m′klmαβ∂
β
x∂

l
t(h
′(n))∂α−βx ∂k−lt (∇N).

Applying Lemma 3.2, we have

‖h′(n)∂αx (∂kt∇N)−∂αx (h′(n)∂kt∇N)‖≤C‖∇h′(n)‖s−1‖∂kt N‖|α|
≤C‖∂kt N‖|α|+C|||N |||2s

and

‖mklmαβ∂
β
x∂

l
t(h
′(n))∂α−βx ∂k−lt (∇N)‖≤C|||∂th′(n)|||s−1|||∇N |||s−1≤C|||N |||2s.

Hence, ∣∣∣〈h′(n)∇(Nk,α)−∂kt ∂αx (h′(n)∇N),nuk,α
〉∣∣∣

≤ε
6
‖uk,α‖2 +C‖∂kt N‖2|α|+C|||U |||2s|||W |||s. (3.17)

The combination of (3.14)-(3.17) yields∣∣∣2〈A0g
k,α
1 ,Uk,α

〉∣∣∣≤ 2ε

3
‖uk,α‖2 +C‖∂kt u‖2|α|−1 +C‖∂kt N‖2|α|+C|||U |||2s|||W |||s. (3.18)

For 2
〈
A0g

k,α
2 ,Uk,α

〉
, the Leibniz formula yields

gk,α2 =L(x)Uk,α−∂kt ∂αx (L(x)U) =−
∑

0<β≤α

mαβ∂
β
x (L(x))∂α−βx (∂kt U).

Noticing the expression of L(x) and n̄∈W s+1,∞(R3), we have L∈W s,∞(R3). Then,∣∣∣2〈A0g
k,α
2 ,Uk,α

〉∣∣∣≤ ε
3
‖uk,α‖2 +C‖∂kt N‖2|α|. (3.19)

Thus, from (3.18) and (3.19), we obtain

|I4|=
∣∣∣2〈A0g

k,α,Uk,α
〉∣∣∣

≤ε‖uk,α‖2 +C‖∂kt u‖2|α|−1 +C‖∂kt N‖2|α|+C|||U |||2s|||W |||s. (3.20)

Estimate of I5. Obviously,

|I5|=
∣∣∣2〈A0∂

k
t ∂

α
x f,Uk,α

〉∣∣∣≤C|||U |||2s|||W |||s. (3.21)

Hence, by (3.10)-(3.12), (3.20)-(3.21), we obtain

d

dt

(〈
A0Uk,α,Uk,α

〉)
+2
〈
nuk,α,uk,α

〉
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≤ε‖uk,α‖2 +C‖∂kt u‖2|α|−1 +C‖∂kt N‖2|α|+C|||U |||2s|||W |||s+2
〈
Fk,α,−nuk,α

〉
. (3.22)

Next, by Maxwell equations (3.6), we get

d

dt

(
‖Fk,α‖2 +‖Gk,α‖2

)
−2
〈
(nu)k,α,Fk,α

〉
= 0. (3.23)

The combination of (3.22) and (3.23) yields

d

dt

(〈
A0Uk,α,Uk,α

〉
+‖Fk,α‖2 +‖Gk,α‖2

)
+2
〈
nuk,α,uk,α

〉
≤ε‖uk,α‖2 +C‖∂kt u‖2|α|−1 +C‖∂kt N‖2|α|+2

〈
Fk,α,(nu)k,α−nuk,α

〉
+C|||U |||2s|||W |||s.

(3.24)

For the term 2
〈
Fk,α,(nu)k,α−nuk,α

〉
on the right-hand side of (3.24), noticing

n= n̄+N and |α|≥1, we can use an integration by parts and Lemmas 3.1-3.2 to get∣∣∣2〈Fk,α,(nu)k,α−nuk,α
〉∣∣∣≤ ∣∣∣2〈Fk,α,(n̄u)k,α− n̄uk,α

〉∣∣∣+ ∣∣∣2〈Fk,α,(Nu)k,α−Nuk,α
〉∣∣∣

≤
∣∣∣2〈Fk,α1

,∂x
(
(n̄u)k,α− n̄uk,α

)〉∣∣∣+C|||U |||2s|||W |||s, (3.25)

where α1∈N3 with |α1|= |α|−1. The Leibniz formula implies that the highest order
derivatives of u and n̄ in ∂x(n̄uk,α−(n̄u)k,α) are k+ |α| and 1+ |α|, respectively. Notic-
ing n̄∈W s+1,∞(R3), we get

2
∣∣〈Fk,α1 ,∂x(n̄uk,α−(n̄u)k,α)

〉∣∣≤C‖∂kt F‖|α|−1(‖uk,α‖+‖∂kt u‖|α|−1)

≤ε‖uk,α‖2 +C‖∂kt u‖2|α|−1 +C‖∂kt F‖2|α|−1. (3.26)

These inequalities together with (3.24) yield

d

dt

(〈
A0Uk,α,Uk,α

〉
+(‖Fk,α‖2 +‖Gk,α‖2)

)
+2
〈
nuk,α,uk,α

〉
≤2ε‖uk,α‖2 +C‖∂kt u‖2|α|−1 +C‖∂kt F‖2|α|−1 +C‖∂kt N‖2|α|+C|||U |||2s|||W |||s. (3.27)

Let ε>0 be small enough. Due to (3.2), there is a constant C0>0 such that

2n−2ε≥C0.

Thus, this inequality together with (3.27) implies (3.8).

For α= 0, we have a simpler estimate, which also implies the classical L2 energy
estimate when k= 0.

Lemma 3.4. For all k∈N with k≤s, we have

d

dt

(〈
A0Uk,0,Uk,0

〉
+‖Fk,0‖2 +‖Gk,0‖2

)
+C0‖uk,0‖2≤C|||U |||2s|||W |||s. (3.28)

Proof. According to the steps in the proof of Lemma 3.3, we only need to prove

2
∣∣∣〈A0g

k,0,Wk,0

〉∣∣∣≤C|||U |||2s|||W |||s, (3.29)

and ∣∣∣2〈Fk,0,(nu)k,0−nuk,0
〉∣∣∣≤C|||U |||2s|||W |||s, (3.30)
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which correspond to (3.20) and (3.25)-(3.26), respectively. In this case, noting that

n̄(divu)k,0−∂kt (n̄divu) = 0

and

h′(n)∇(Nk,0)−∂kt (h′(n)∇N) =−
∑

0<l≤k

mkl∂
l
t(h
′(n))∂k−lt ∇N.

Applying Lemma 3.2, we get

‖h′(n)∇(Nk,0)−∂kt (h′(n)∇N)‖≤C|||N |||2s.

These last two formulas together with related estimates yield (3.29).
Next, ∣∣∣2〈Fk,0,(nu)k,0−nuk,0

〉∣∣∣= ∣∣∣2〈Fk,α,(Nu)k,0−Nuk,0
〉∣∣∣

≤C|||U |||2s|||W |||s,

which implies (3.30).

3.3. Dissipation estimates of (N,F ). In order to prove Theorem 1.2, we still
need to control the terms ‖∂kt F‖2|α|−1 and ‖∂kt N‖2|α| appearing on the right-hand side

of (3.8). This is achieved in the next lemmas.

Lemma 3.5. For all k∈N and α∈N3 with k+ |α|≤s and 1≤|α|, we have

‖∂kt N‖2|α|≤C
(
‖∂kt (N,u)‖2|α|−1 +‖∂k+1

t u‖2|α|−1

)
+C|||U |||2s|||W |||s, (3.31)

and

‖∂kt F‖2|α|−1≤C
(
‖∂kt (N,u)‖2|α|−1 +‖∂k+1

t u‖2|α|−1

)
+C|||U |||2s|||W |||s. (3.32)

Proof. We write the second equation in (3.4) as

∇(h′(n̄)N) = (h′(n)−h′(n̄))∇N−u×G−u ·∇u−∂tu−u−F −u×B̄
=R1−∂tu−u−F −u×B̄, (3.33)

where

R1 = (h′(n)−h′(n̄))∇N−u×G−u ·∇u.

Let |β|≤ |α|−1. Applying ∂kt ∂
β
x to (3.33), we get

h′(n̄)∂βx∇∂kt N =h′(n̄)∂βx∇∂kt N−∂βx (h′(n̄)∇∂kt N)

+∂kt ∂
β
xR1−uk+1,β−uk,β−Fk,β−uk,β×B̄.

Taking the inner product with (∇N)k,β in L2, we obtain〈
h′(n̄)∂βx∇∂kt N,∂βx∇∂kt N

〉
=−

〈
Fk,β ,(∇N)k,β

〉
−
〈
uk+1,β+uk,β+uk,β×B̄,(∇N)k,β

〉
−
〈
h′(n̄)∂βx∇∂kt N−∂βx (h′(n̄)∇∂kt N),(∇N)k,β

〉
+
〈
∂kt ∂

β
xR1,(∇N)k,β

〉
. (3.34)
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Using the compatibility condition divF =−N , we have

−
〈
Fk,β ,(∇N)k,β

〉
=−

∥∥Nk,β∥∥2
.

Applying the Young inequality yields∣∣∣〈uk,β+uk+1,β+uk,β×B̄,(∇N)k,β
〉∣∣∣≤C(‖∂kt u‖2|α|−1 +‖∂k+1

t u‖2|α|−1

)
+ε‖(∇N)k,β‖2.

For
〈
h′(n̄)∂βx∇∂kt N−∂βx (h′(n̄)∇∂kt N),(∇N)k,β

〉
, notice that the highest order deriva-

tives of N and n̄ in h′(n̄)∂βx∇∂kt N−∂βx (h′(n̄)∇∂kt N) are k+ |β| and |β|, respectively.
Due to n̄∈W s+1,∞(R3), the Young inequality yields∣∣∣〈h′(n̄)∂βx∇∂kt N−∂βx (h′(n̄)∇∂kt N),(∇N)k,β

〉∣∣∣≤C‖∂kt N‖2|α|−1 +ε‖(∇N)k,β‖2.

By Lemmas 3.1-3.2, we easily get∣∣∣〈∂kt ∂βxR1,(∇N)k,β
〉∣∣∣≤C|||U |||2s|||W |||s.

Adding the inequalities above by taking ε>0 small enough such that ε≤ h′(n)
3 , from

(3.34) we get

‖(∇N)k,β‖2 +‖Nk,β‖2≤C
(
‖∂kt (N,u)‖2|α|−1 +‖∂k+1

t u‖2|α|−1

)
+C|||U |||2s|||W |||s.

Summing these inequalities for all indexes |β|≤ |α|−1, we get (3.31). Finally, from

F =−∇(h′(n̄)N)+R1−∂tu−u−F −u×B̄,

we get (3.32).

We give a dissipation estimate of ‖∂stN‖ and a refined estimate of (3.31) for ‖∂kt N‖1
with k∈N and k≤s−1.

Lemma 3.6. For all k∈N with k≤s−1, we have

‖∂kt N‖21≤C
(
‖∂kt u‖2 +‖∂k+1

t u‖2
)

+C|||U |||2s|||W |||s, (3.35)

‖∂stN‖2≤C‖∂s−1
t u‖21 +C|||U |||2s|||W |||s. (3.36)

Proof. Taking β= 0 in (3.34), we get〈
h′(n̄)∂kt∇N,∂kt∇N

〉
=−

〈
∂kt F,∂

k
t∇N

〉
−
〈
∂k+1
t u+∂kt u+∂kt u×B̄,∂kt∇N

〉
+
〈
∂kt R1,∂

k
t∇N

〉
.

For the first term on the right-hand side of the above equality, we have

−
〈
∂kt F,∂

k
t∇N

〉
=−

〈
∂kt N,∂

k
t N
〉
.

Similar to the proof of Lemma 3.5, we also have∣∣〈∂k+1
t u+∂kt u+∂kt u×B̄,∂kt∇N

〉∣∣+ ∣∣〈∂kt R1,∂
k
t∇N

〉∣∣
≤C

(
‖∂kt u‖2 +‖∂k+1

t u‖2
)

+2ε‖∂kt∇N‖2 +C|||U |||2s|||W |||s.
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From these three relations, we obtain (3.35). Finally, using the first equation in (3.4)
and applying Lemma 3.2, we easily get (3.36).

From Lemmas 3.3-3.6, we get the following results.

Proposition 3.1. For all k∈N and α∈N3 with 1≤|α| and k+ |α|≤s, we have

d

dt

∑
β≤α

(〈
A0Uk,β ,Uk,β

〉
+‖Fk,β‖2 +‖Gk,β‖2

)
+C0‖∂kt U‖2|α|

≤C
(
‖∂kt U‖2|α|−1 +‖∂k+1

t u‖2|α|−1

)
+C|||U |||2s|||W |||s. (3.37)

Proposition 3.2. When WT is small enough, we have

d

dt

(〈
A0∂

s
tU,∂

s
tU
〉

+‖∂stF‖2 +‖∂stG‖2
)

+C0‖∂stU‖2≤C‖∂s−1
t U‖21 +C|||U |||2s|||W |||s.

(3.38)

3.4. Proof of Theorem 1.2. We shall use an induction argument on the order
of the derivatives of the solution to prove (3.3). First, for any fixed index k∈N with
k≤s−1, we carry on the induction on |α| (1≤|α|≤s−k) of space derivatives for (3.37)
from |α|= 1 to |α|=s−k. More specially, for |α|≥2, ‖∂kt U‖|α|−1 on the right-hand side

of (3.37) can be controlled by ‖∂kt U‖|α| in the preceding step on the left-hand side of
(3.37) multiplying an appropriate positive constant. Thus, we get

d

dt

∑
|α|≤s−k

ak,α

(〈
A0Uk,α,Uk,α

〉
+‖Fk,α‖2 +‖Gk,α‖2

)
+‖∂kt U‖2s−k

≤C
(
‖∂kt U‖2 +‖∂k+1

t u‖2s−k−1

)
+C|||U |||2s|||W |||s, (3.39)

where ak,α>0 (k≤s−1,1≤|α|≤s−k) are constants.

Next, we carry on the induction on k from k=s to k= 0. The corresponding
estimate for k=s is given by (3.38). For k=s−1, (3.39) yields

d

dt

∑
|α|≤1

as−1,α

(〈
A0Us−1,α,Us−1,α

〉
+‖Fs−1,α‖2 +‖Gs−1,α‖2

)
+‖∂s−1

t U‖21

≤C
(
‖∂s−1
t U‖2 +‖∂st u‖2

)
+C|||U |||2s|||W |||s. (3.40)

Obviously, the term ‖∂s−1
t U‖2 on the right-hand side of (3.38) can be controlled by the

same term on the left-hand side of (3.40) multiplying an appropriate constant. Similarly,
‖∂k+1
t u‖2s−k−1 can be also controlled by ‖∂kt U‖2s−k in the preceding step. In this way,

by induction on k, we get

d

dt

∑
k+|α|≤s

ak,α

(〈
A0Uk,α,Uk,α

〉
+‖Fk,α‖2 +‖Gk,α‖2

)
+

s∑
k=0

‖∂kt U‖2s−k

≤C
s−1∑
k=0

(
‖∂kt U‖2 +‖∂k+1

t u‖2
)

+C|||U |||2s|||W |||s, (3.41)
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where the positive constants ak,α are possibly amended based on (3.39). Noting the
equivalence of

∑s
k=0‖∂kt U‖2s−k and |||U |||2s, from (3.28), (3.35) and (3.41), we get

d

dt

∑
k+|α|≤s

ak,α

(〈
A0Uk,α,Uk,α

〉
+‖Fk,α‖2 +‖Gk,α‖2

)
+2|||U(t,·)|||2s

≤C|||U(t,·)|||2s|||W |||s,

where ak,α>0 is possibly modified again. Since WT is sufficiently small, we obtain

d

dt

∑
k+|α|≤s

ak,α

(〈
A0Uk,α,Uk,α

〉
+‖Fk,α‖2 +‖Gk,α‖2

)
+ |||U(t, ·)|||2s≤0.

From the equivalence of |||W |||2s and∑
k+|α|≤s

ak,α

(〈
A0Uk,α,Uk,α

〉
+‖Fk,α‖2 +‖Gk,α‖2

)
,

we get

|||W (t,·)|||2s+

∫ t

0

|||U(τ,·)|||2sdτ ≤C‖W0‖2s, t∈ [0,T ].

Finally, from the second equation and Maxwell equations in (3.4), we get

|||F |||2s−1≤C|||U |||2s+C|||U |||2s|||W |||s,

|||∂tG|||2s−2 + |||∇G|||2s−2≤C|||U |||2s+C|||U |||2s|||W |||s.

These last three estimates give (3.3), i.e. (1.10). This proves the global existence of
smooth solution (n,u,E,B) to (1.1)-(1.2).

Finally, from (1.10), for any index k∈N and β∈N3 with k+ |β|≤s−1, we have

∂kt ∂
β
x (n− n̄,u,E− Ē)∈L2(R+;L2)∩W 1,∞(R+;L2)

In addition, if 1≤k+ |β|≤s−1, we have

∂kt ∂
β
xB∈L2(R+;L2)∩W 1,∞(R+;L2).

From these two formulas, we get (1.11) and (1.12).
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