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CONVERGENCE RATE OF
AN ASYMPTOTIC PRESERVING SCHEME FOR THE DIFFUSIVE
LIMIT OF THE P-SYSTEM WITH DAMPING*

SOLENE BULTEAUT, CHRISTOPHE BERTHON#, AND
MARIANNE BESSEMOULIN-CHATARDS

Abstract. This paper aims to establish the convergence rate of approximate solutions of the p-
system with damping towards its diffusive limit. We consider an approximation obtained with a full
discrete asymptotic preserving finite volume scheme. We study the discrete diffusive limit and establish
an exact formulation of the convergence rate. To access such an issue, we estimate the error between
approximate solutions of the hyperbolic system and the approximate diffusive limit using a discrete
version of the relative entropy method.
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1. Introduction
This paper is devoted to the numerical behaviour of asymptotic regimes satisfied
by approximated solutions of the p-system. The system of interest reads:

0T —Ou=0,

z,t) ERxXR,, 1.1
O+ 0,p(T) = —0u, (@¢) * (1.1)
where 7> 0 is the specific volume of gas and u €R stands for the velocity. Here o >0
denotes the friction parameter. Regarding the pressure law, p(7) >0 is assumed to be
smooth enough; namely C?(R?). Moreover, in order to enforce the system (1.1) to be
hyperbolic, we also impose p’(7) <0 for all 7> 0.

To simplify the notations, we set w="(7,u) assumed to belong to the following
phase space:

Q={"(r,u); 7>0, ueR}. (1.2)
The system (1.1) is endowed with an entropy inequality given as follows:
on(w) + 0 (w) < —ou?. (1.3)

The entropy-entropy flux pair (1,%) is defined by:

n(w)=——P(1),  b(w)=up(r), (1.4)
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where the function P defines an internal energy given by:

ﬂﬂ=/p®w, (1.5)
with 7% >0 a fixed reference specific volume.

In the present work, we study the long-time behaviour of solutions to system (1.1)
with a dominant friction. Such behaviours are of particular interest since long-time
solutions coincide with solutions of diffusive regimes. During the two last decades,
several works studied this kind of mathematical difficulty.

In the pioneering work of Hsiao and Liu [20], the authors established that the
time asymptotic regime of the system (1.1) coincides with the nonlinear porous media
equation given by:

O T = 0,0,
T (2,) ERX Ry, (L6)
U=—— zp(T)y
o
or equivalently
1
atﬂ;amp(?):o (z,t) eERxRy.

More precisely, they proved that the solution w of (1.1) converges to w="(7,u) solution
of (1.6) when time goes to infinity. In addition, they exhibited an estimation of the L°°-
convergence rate in O(t_l/ 2). Next, by adopting energy estimate techniques, Nishihara
and co-authors improved this convergence rate in [32] (see also the companion papers
[30,31]). A generalization has been proposed by Bianchini et al. in [3] to deal with
general entropy dissipative hyperbolic systems of balance laws. Under the Shizuta-
Kawashima condition, they established that the solutions under interest converge to a
constant equilibrium state. In addition they exhibited the asymptotic convergence rate.
Moreover, we refer the reader to the recent paper of Mei [26] where a wide literature
devoted to the long-time asymptotic behaviour of the p—system with damping (1.1) is
given.

Another method to analyze the convergence from w solution of (1.1) to @ solution
of (1.6) consists in introducing a relevant time rescaling (see [24,26]). To address such
an issue, let us note € >0 a small parameter to govern the long time and the dominant
friction. From now on, because of the high friction, let us emphasize that the velocity
is naturally controlled by €. As a consequence, the rescaled system writes:

O =0, (2,t) ERXR (1.7)
T,t) eIk X . .
e20,u° 4+ 0,p(7°) = —ou, *

This rescaled system is now endowed with the following rescaled entropy inequality:

8t7]5(75,u5)+6w¢(7'5,u5)§—a(u5)2, (1.8)

where the rescaled entropy reads:

e (ryu) =2 % — P(r). (1.9)
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From a formal Chapman Enskog expansion, let us note that the solutions of (1.7) clearly
coincide with the solutions of the asymptotic Equation (1.6) in the limit of & to zero.

This work is of course dedicated to the nonlinear formulation (1.1), but let us
emphasize that, as soon as the pressure law is assumed to be linear, namely p(7) = —ar,
we recognize the well-known Goldstein Taylor model, arising from the two-velocities
kinetic model [22,27]. Indeed let us set f* the distribution functions associated with
constant particle velocities £1 governed by the following system:

1 1,
3tf++gaxf+:;2(f _f+)a

O 0uf =5 (I 1)

The macroscopic variables for this model are the mass density p= f+ f~ and the
1

current j=~(f*—f7). Since f* and f~ can be expressed in terms of p and j, we
€

obtain the following macroscopic model:

8tp+8iv.7 :07
e2atj—axp: —2j.

We easily recognize the initial model (1.7) with a linear pressure.

Recently, Lattanzio and Tzavaras [24] rigorously proved this convergence and exhib-
ited the rate by adopting the well known relative entropy approach. Relative entropy is a
useful tool to compare the difference (in a sense to be prescribed) between two solutions.
The notion of relative entropy for hyperbolic systems of conservation laws was intro-
duced in the pioneering works of DiPerna [10] and Dafermos [8]. It was used to study
rigorously the convergence from kinetic models to their hydrodynamic limit [14, 33].
Later, in [9], Dafermos adopted this method to establish a stability result for classical
solutions in the class of entropy weak solutions. Next, in [34], Tzavaras applied a similar
relative entropy method to study the convergence of hyperbolic systems with stiff relax-
ation towards the corresponding hyperbolic limit. Based on the same ideas, Lattanzio
and Tzavaras considered in [24] the case of diffusive relaxation. They treated several
hyperbolic systems with source term of type (1.7) which converge to a diffusive problem
when € goes to zero. In particular, they established the convergence of solutions to the
p-system (1.7) towards solutions of the porous media Equation (1.6).

To be more precise, as soon as the hyperbolic system (1.7) is supplemented with an
entropy function 7°, the associated relative entropy is defined as the quadratic term of
the Taylor expansion between w® =" (7¢,u¢) solution of (1.7) and w="(7,u) solution of
(1.6) as follows:

0 (wlw) =n®(w) —n° (W) —vn® (@) - (w—w). (1.10)

Since it will be useful in the sequel, let us introduce the space integral of the relative
entropy:

¢6(t):/Rn€(w|m)dx. (1.11)

We emphasize that this quantity has a similar behaviour to ||w—1w||%. as long as 7° is
a convex function.
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Lattanzio and Tzavaras estimated this quantity and obtained the following conver-
gence rate:

¢°(t)<C (¢°(0)+£"), te[0,T), (1.12)

where C is a positive constant depending only on T, the properties of the pressure
function p and estimates on the smooth diffusive limit .

From a numerical point of view, the derivation of a suitable discretization of (1.7)
in order to get a consistent approximation of (1.6) in the limit of € to zero is essential
to ensure an accurate approximation. In the two last decades, numerous works have
been devoted to both elaboration and analysis of so-called Asymptotic Preserving (AP)
schemes. This notion was introduced by Jin et al. in [21,22] in the kinetic framework.
Indeed they remarked that a particular attention has to be paid on the discretization
of the hyperbolic system in order to recover the correct asymptotic diffusive regime.
For instance, Naldi and Pareschi proposed several discretizations of a two-velocities
kinetic equation in [27,28] in order to obtain a discretization of the heat equation at
the limit. In the same mind, we also refer to the work of Gosse and Toscani [16].
Numerous applications arising from complex physics require the development of AP
schemes: gas dynamics [4], radiative transfer M1 model [5, 6], chemotaxis [2, 15, 18, 29],
hydrodynamics [11,17].

In general, the asymptotic preserving property is obtained by performing a formal
Chapman Enskog expansion. Recently, Mathis and Therme adopted in [25] the relative
entropy technique to analyse the diffusive limit of a finite volume scheme for the linear
Goldstein Taylor system on a bounded domain. In [1], a similar approach was considered
to study the long-time asymptotic behaviour of a semi-discrete scheme for the nonlinear
system (1.7). In addition, the authors established a convergence rate, according to
(1.12). Let us underline that the time discretization may introduce additional error of
approximation which makes some semi-discrete results erroneous. We also mention that
the relative entropy can be applied in other numerical contexts (see for instance [7,23]).
Recently, in [12,13], authors used a discrete relative entropy estimate to control the
convergence error of the approximation of the barotropic Navier-Stokes equations.

The main objective of the present paper is the full derivation of the asymptotic
convergence rate given by (1.12) in the context of the numerical scheme proposed by Jin
et al. [22]. At the discrepancy with [1], the time discretization involves new error terms,
which necessitate a particular attention to be controlled. To address such an issue,
in the next section, the scheme under consideration is detailed and our main result is
stated. The sequel of the paper is devoted to the establishment of the convergence rate.
To give short keys of the method, we first derive the discrete evolution law satisfied by
the relative entropy. Next, we exhibit the evolution of the discrete space average of the
relative entropy which is governed by a dissipative equation. The result is then obtained
by relevant estimations of the dissipative terms. This proof is the aim of Section 3 while
Section 4 is devoted to the proof of some technical lemmas.

In the last section, several numerical experiments illustrate the relevance of the
main result.

2. Scheme and convergence rate result

For the sake of completeness, let us introduce the here adopted scheme given in [1,22]
to approximate the weak solutions of (1.7). Such numerical approach is based on a
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suitable reformulation of (1.7) as follows:

T — 0, u=0,
1—¢2
atu+azp(7_) = 7;;21‘* Taxp(,r)

Considering this reformulation, a 2-step splitting technique is derived. The first
step consists in approximating the solutions of the following hyperbolic system:

O — 0, u=0,
(2.1)
du+0yp(T) =0,
while, in the second step we approximate the solutions of:
at’/" = 0,
o 1-¢&? (2.2)
Oru= i 67283019(7').

Now, we detail the discretization of each step. We consider a uniform mesh made
of cells (z;_1/2,%;41/2)icz of constant size Axz. We denote by At the time increment,
with t"T1 =t" 4+ At for all n€N.

Concerning the first step, we use a HLL scheme [19] given by:

A A
Tinﬂ/Z +f( ?Jrl_“?—l)'*‘;At (g =27 +774), 23)
niije o At . N AAE . .
U, =y —m(P( i) — p(ﬁq))‘*‘ﬂ( = 2ul Ul ),

where we have set:

A< sup max( —p’(T{‘)).

0<n<N €Z

As usual the time step is restricted according to the following CFL-like condition:

At 1
—A<
Az

Next, concerning the second step, the system (2.2) is approximated with an implicit
method:

n+1 n+1/2

T =1, )
n n+1/2 n+1 n+1 2.4
it =t o 1= p () —p () 24)
At 2 g2 2Ax
From (2.3) and (2.4), we get the complete scheme which reads:

n AAL At o, n
T+1_T +2A (z+1 2+ 1 )+E(ui+1_ui*1)’

(1 —252)

n+1 _un _ UAt n+1 At

it ((p(TZ”+1) —p(7{1))+

U — Y 62
AAL
+m( i+1 2u +’LL1 1)




1464 ASYMPTOTIC CONVERGENCE RATE FOR DIFFISIVE LIMIT

Equipped with (2.5) to approximate the solutions of (1.7), we now exhibit a discretiza-
tion of the diffusive limit system (1.6). This asymptotic scheme is defined as the limit
of (2.5) when ¢ tends to zero. Straightforward computations give the following approx-
imation of W solution of (1.6):

. . At e AAL —n

7ot =7 tors (e 1)"‘%(#1 27 +7i), (2.6)
1 .

w == o () ().

Because 77, — 27/ + 771 = O(Az?) coincides with numerical viscosity, this scheme is
naturally consistent with the limit regime equations (1.6).

As usual, according to [1,24], the discrete numerical solution is assumed to satisfy
the following limits for all n € N:
iSteet  isdeo I E
. (2.7)
lim u= lim u; =0.
i—Foo z~>:i:oo
For the sake of simplicity in the notations, we set w?* ="*(7/*,u?) and W} =" (7", ul").
In addition, let us introduce AX]* = X" ,Y’? and the following discrete derivative op-
erators:

Xptt - xr Xr,—Xpr
5tXTl+1/2 — 7 7 , 5aan 1+1 i—1 ,
5 Xn X:L—i-l - 2X" +Xl 1 5 X _ X;n-‘rl - X’Ln
me st Aa? YV

Endowed with these notations, both schemes (2.5) and (2.6) now read:

G 2 =g + %Ammnﬂ,
(2.9)

n n A
S0y T = — 0wt = d,p () 42 Atdp (1)) P+ S Aadul

and

A
572 =5, + 5 A6, 7Y,

(2.10)
W == Lo,

K2

In order to present the required asymptotic convergence rate from (2.9) to (2.10),
we define the measuring distance between w;' and w;' as follows:

=> " Az, (2.11)
=
where n;" is the discrete relative entropy given by:

2
e,n n|=—n € n_=n n|=n
" =t (i) = 5 (uf =) = P(r 7)), (2.12)

? K2 2
and where P(7|T) writes:

P(r|7)=P(r)—P(7)—p(T) (t—7). (2.13)
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Moreover, to simplify the forthcoming estimations, we introduce the two following
norms:

1/2
[ X™ )22 = (Z(XZL)QAJJ> ;

iez (2.14)

[ X" || Lee =sup|X;'].
i€l

Equipped with these notations, we now give the expected convergence result.

THEOREM 2.1. Let T=(N+1)At denote the final time. Let w} be given by the
scheme (2.9) and W} be given by the asymptotic scheme (2.10).
We assume the existence of a positive constant K such that:

6@ 222, 100022, 0T 2 Lz, (107" L S K. (2.15)

We assume the existence of a positive constant L, such that specific volumes are bounded
as follows:

1
L—ST{L,??SLTVZ'EZ, 0<n<N. (2.16)

We assume the existence of a positive constant L, such that the pressure p and its three
first derivatives are bounded as follows:

1 1
fSP(T)SLp, 7Lp Spl(’r)gffa
P P
1 . » 1 Vrell/L;,L.]. (2.17)
fﬁp (T)SLpa —L,<p (T)S_fv
P P

We assume that the time step At is restricted according to the following parabolic CFL
condition.:

= <q,, (2.18)

where

c, = . 2.19
P 4L3+45L2+14/3L,,+32/3L,L2 +49/3L,L, +4/K +6 (2.19)

We moreover assume that € and At satisfy:

2<min| —2 7 A 2.20
: mm(cp(2+15Lg)’8A x) (2:20)

and
At . 2, 2

Then the following convergence rate holds:

?”“1§M(¢g+||uo—ﬂ0||%i+54), (2.22)



1466 ASYMPTOTIC CONVERGENCE RATE FOR DIFFISIVE LIMIT

where M is a positive constant only depending on T and the parameters o, A\, K, L.
and L.

The estimation (2.22) contains the convergence rate e* and the term ¢°+ ||u® —
EOHQLg which corresponds to the error at time ¢=0 for general initial data. In the
sequel, well prepared initial data must satisfy

¢2+|Ju® —a°||7. =0. (2.23)

As expected, according to the convergence rate (1.12) established by Lattanzio and
Tzavaras in [24], the above result ensures an &% convergence rate as long as the initial
data are well prepared. To reach this result, hypotheses have been imposed. Similar
to [24] (see also [1]), assumptions must be put on w}. Essentially, these conditions
allow a control of the numerical viscosity. Because of the expected smoothness satisfied
by w7, these assumptions are natural. Moreover, in [1,24], conditions are imposed on
the first two derivatives of the pressure. Once again, to control the numerical viscosity
due to the time discretization, we here need an estimation of the third derivative of
the pressure. Let us underline that the classical pressure function p(7)=7"" with v>1
satisfies these conditions. Actually, the most restrictive assumption stated in Theorem
2.1 concerns 7" since we impose (2.16). Let us underline that hypotheses (2.20) and
(2.21) are not restrictive at all. Finally, the parabolic CFL condition (2.18) is relevant
according to the numerical experiments performed with the scheme (2.5) and natural
since we consider an explicit discretization of a diffusive problem. This CFL restriction
is discussed in Section 5 devoted to numerical experiments.

3. Proof of Theorem 2.1

In order to establish the convergence rate (2.22), several technical lemmas are
needed. They will be proved in the next section.

We first exhibit an evolution law satisfied by the measuring distance ¢ defined by
(2.11). To address such an issue, in the following lemma, we state a discrete evolution
law satisfied by the relative entropy.

LEMMA 3.1.  Let wl be given by (2.9) and W} be given by (2.10). The discrete relative
entropy ;" defined by (2.12), verifies the following expression:

5 e,n+1/2 1 n+1 n+1 . A n+1y)2 62A S5 A n+1/2 2
t7; +A7x (¢¢+1/2_¢¢71/2) =—o (Auy™) Y t( taU; ) (3.1)
+ R+ R+ R+ R,

with the residues given by:

n.1 2 1 n+1/2 2 1 1/2 )\ 2 1 n
n.2 2 1 n+1/2 )\ 2 1 n

BV = (=P QT g A ot 4 (p( ) = Q) gy,
(3.2)

R™3 :AtAp(Terl)&zAun'i_l/z — %AxAp(Ti"+1)6mATf,

where we have set:

w12 _ P =P(7)  Snvi2_ P77 - P(T})
Qi - T?z+1_ : -
i

_nt1/2 p(TF ) —p(77)
@ =+l _—n 4 S R —
1

T, -7 T, —T;
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and where the discrete emfropy fluz writes:

77[}?:11/27 (Au Ap(r ) + Aul T Ap(rHh) . (3.4)

According to [1,24], the relation (3.1) is now numerically integrated in time and
space. By summation of (3.1), we obtain:

Bt Y (U — )

i€Z
=0 (Aurt) Az —AtZ(éAu”+l/2> Az
1E€EL i€Z
—|—ZR?’IAJ}—I—ZR?’QAQT—I—ZR?’?)AJJ—FZR?AAZ‘. (3.5)
i€Z i€z i€Z i€z

Since (2.7) holds, we have:
n+1 n+1 o
Z (wi+1/2 7wi71/2> =0.
i€Z
Using the definition of the discrete L? norm (2.14), we numerically integrate (3.5) with
respect to time to get:

N N 2 N
g
Y Gt T PAL=—0 :||Au”+1||%§At—5At§ 6 Au 2|17, At

n=0 n=0 n=0
N N N N
Y N TR AzAL+ YN CRPPAzAL+Y S TR AzAL+Y Y R AzAL.
n=0i€Z n=04i€Z n=0i€Z n=0i€Z

Since we have:

Z(S ¢n+1/2At ¢N+1 O

n=0

we easily obtain:

PN+ =0 — aZHAu"HHQ At——AtZHthu"“/QHZ At+ZZR”1AxAt

n=01€Z

+ ZZR?’QAxAtJrZZR?’SAmAtJr ZZR;“‘*MN. (3.6)

n=0i€Z n=01€Z n=0:€Z

Now our objective is to state an estimation of ¢2 of the following form:

N
OV <a (ol + 1A 3s et ) + 8 dr AL, (3.7)
n=0

where a and 3 are two positive constants only depending on the final time 7= (N + 1) At
and the parameters o, A\, K, L, and L,. Indeed, as soon as such an inequality is
obtained, a discrete Gronwall lemma immediatly yields:

oY+ <aelT (o0 + A3, +),
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and the proof is thus achieved.

We now need to obtain a control of each residue, essentially by either ¢4, initial data,
or the nonpositive terms in (3.6). In the following, we give the sequence of required
estimations.

LEMMA 3.2, Assume that |55 /2 |2, <K, [|0p(7)" /2 (|2, <K and ||0,,7" 3, <
K for all0<n<N, with K a positive constant. Then for all 9>0, we have:

A\ 2
ZZR” 1AxAt<QZHAu"+1||L2At+ 10 (1+0At+2A33> e, (3.8)
n=01i€Z

LEMMA 3.3. Assume that ||5ﬁ”+1/2||L;o <K for all 0<n<N, with K a positive
constant and the conditions on the pressure (2.17). Then we have:

ZZR”QA At<2<2A +)\)Z||Au”+1||2 At

n=01icZ
€2 (3L2At K2AL2 N
1 Au||?. A
Aw( (145 )H)Zl AN

n=0

N
(8N +2N° KA+ K Aa?) Y “¢lAt.  (3.9)
n=0

3L3e*At
+ PR —
Ax?

LEMMA 3.4.  Assume that HSI?"HU;O <K forall0<n <N, with K a positive constant
and the conditions on the pressure (2.17). Then we have:

B LAt K
ZZRn AzAt< ¢)N+1 A o Z||Aun+1H2 At
n=0i€Z
At (o KA\ 1 2 LAt o
+A(9L <1+ )7 ,;HA“L”L%AHQAgﬂ &z

9L3A 2 2 2A2 QA >\2A - A
+| A (BN +2V KA+ K?As®) +1+2L, A2+2)\KL HZ:O% t.

(3.10)

LEMMA 3.5. Assume that ||5ﬁ”+1/2||L;o <K for all 0<n<N, with K a positive
constant, the conditions on specific volumes (2.16) and the conditions on the pressure
(2.17). Then we have:

ZZR”4AxAt<< < L.+ KAt+ > KQAt2+7

KL At+8L2)
n=0:€Z

A al ) 8A2At 7 1oono, 7

2 N
2 ) )+KL,, <KL (1+ KAt) +KAt+2LT+1>>Z¢?At~
n=0

(3.11)
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After tedious computations, the estimations of the four above Lemmas (3.8)—(3.11)
allow us to rewrite (3.6) as follows:

N N
1 n n
VEL <ol Do b Y A, At ka3 Aun 3, A
n=0 n=0
N

+a3€4+a4Zqﬁ?At—&—%HAuOHQLi, (3.12)

n=0

where a1, as, a3, as and as write:

e? (C, 3
a1:—0+9—|—E 7A$+A +Lp0p7
e? 9 K2At? 9 K2A?\ 1
as :E (3LPCPA$ <1+ 1 > —‘r)\) —|—Cp (QLP <1+ 1 > +2)
7 1oy T 8
+Cp ( Ly gLr+ KAt+ CKPAP 4+ IKL At L2 ) +At )
KT A
as 10 ( +o t—|—2 JC) ,

as=(3+¢%)3L3C, (BN* +2 K2 At* + K*Az®) + 1+ 2L, (\*Cp+2AK L)
+L, [8)\2019 (L,, (;LT + KAt + éKz’At? - EKLTAH— §L3> +At>

)

2
11
+KL, (KL,, <+KAt> +KAt+2L, + 1)

2 3
L3C,
as = L pv
2
with C), given by (2.19).
N
A particular attention must be paid on agz |Au™||32 At. Performing a discrete
n=0

integration by parts, this sum rewrites:

N N N
0D 0" 3 Ar=ar 3 (180" 3 — 8w 3, ) Attar 3 Aun [, At
n=0 n=0 n=0

N
=—a|| AN T[22 At an | AuC|| T2 At +an Y AumT 7. At
n=0
N
< ap||Au®||T2 Attaz > [[AumT7, At
n=0
Hence we have:
1 N N
§¢év+1 <@+ (a1 +a2) Y AT 7. At +age +as Y gl AL
n=0 n=0

+ (a2 At+as)

| Au||7. (3.13)
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Choosing 8 =C), and under the conditions (2.18) and (2.20), we have
a1 +az < 0,

and the inequality (3.7) is obtained. The proof of Theorem 2.1 is achieved.

4. Proof of technical lemmas

This section is devoted to the proof of technical Lemmas 3.1 to 3.5. For sake
of clarity in the presentation, we first establish intermediate results and then we give
successively the required proofs.

LEMMA 4.1. Let us assume the hypotheses of Lemmas 3.2 to 3.5.
(i) Let (X7);ez. o<n<n be given. Thus we have:

1 ~ 2
162Xz < X7 rzs X" M2z < 1X" 22,

4 (4.1)
||6:1er ”L?‘STzQ”X ||L§~
(ii) We have the following estimations:
|AT"|[22 <2Ly02, (4.2)
2At
Atls AT 2y < 2= ([1Au" 3, +8\Lyet ). (4.3)

(iii) The quantity 0, Ap (T")iﬂ/2 satisfies the following relation:
~ 1
(5IAp(T")Z.+1/2—5 AT +1/2/0 (1] + sAxd, Tii1/2)ds

1 1
+0, RPYAY /0 /2, Jds+ Ao, 71+1/25 A'r+1/2/ s8Il 1), 5ds, (4.4)

where
1 ~
I?+1/2,s:/0 p” (??+5Ax5$??+1/2 +t(AT +8Ax0, AT +1/2))dt (4.5)

(iv) The quantity AtH(StAp(T)TH_l/QHQL? is estimated as follows:

6L2AtL 2 A2
At Ap(ry/2|2, <85 (1 S

o L

6L3At
g (BN 2N KA+ K2 Az®) g2 (4.6)
T

Proof.  The proof of (i) follows from direct computations using the definition of
the discrete derivative operators.

Concerning (7), from the definition of ¢” and 7;"" we have:

2
0 =3 (S AU =PI ) Aaz = S PG TA

€L
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Moreover the definition of P(7]"|7}") and a Taylor expansion directly gives:
1
PP =(Ar) [ (1-s)p! (71 + 5D,
0
Since the pressure function satisfies (2.17), we get:

1

= (AT™)?
2Lp( 7—’L)7

P(rlmi) <=

to write

and the inequality (4.2) is proved.

Concerning the establishment of (4.3), from (2.9) and (2.10), we have the evolution
law satisfied by A7 as follows:

S AT =6, Aul+ %mammﬂ

Then the following equality holds:
A\ 2
AtH(StAT”+1/2||2L§ = Atz (5IAU? + 2Aa:(5mATi”> Az.
i€l
Since for all a,b€R we have (a+b)? <2(a?+b?), the following estimation is satisfied:
)\2
At]|5, AT 22, SQAtZ <(61Au?)2+4Ax2 (5MAT;L)2> Ax.
’ i€z
By applying estimation (4.1) on [|0,X"||z2 and on ||, X™||L2, we have:

At
Atls A7 2y <2 = (1 Auf 3, +4X2 AT 2,)

The expected result (4.3) easily comes from inequality (4.2).

Concerning (iii), by definition of the discrete operator b5, we have:

5Dy /2= 5 (T2~ p(71)) — (0(TH) ~ (D))

Moreover, from a Taylor expansion, the two following equalities are obtained:
~ 1 ~
P2 )= DT )+ Aabrlys o [ (704 50uBrT )i,
0

1
P70y =p(72) + ATB T / P (704 50,8,70,1 ),
0

to write

1 1
51Ap(7")i+1/2:5zﬁz_1/2/ p/(n”+sazaﬂf+1/2)ds—51?;11/2/ P77+ 5058,774 10 ds.
0 0
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Since &,7" /2 =0, ATH_UQ +5x7?+1/2, we obtain:

1
(5IAP(T”)i+1/2 =5 AT+1/2/O p (7] + 50, ) T+1/2)d

1
+5I??+1/2/ ( (77 + 50,0, Tiv12) — (??+3AJ:5$??+1/2)) ds.
0
(4.7)
Similarly, applying a Taylor expansion, we have:

P (71 + 50,0 oTiv1/2) = (7?+33x5x7?+1/2) (AT + sAzd, AT +1/2) 172,80

with 7 /2.8
result (4.4).
We achieve the proof of Lemma 4.1 by establishing (7). Using the same type of

arguments based on Taylor expansions, we get:

defined by (4.5). Plugging the above quantity in (4.7) yields the expected

1
8 Ap()" T2 =6, AT”+1/2/ "7 + sAtd; Tn+1/2)d

o7 T 2L / 2 ds+ Ao 726, A / IV ds,
0

where

1,8

1

[ / 4 (T +sAtS Y 1 (ATZ‘—}—sAt(StATfH/Z)) dt.
0

Thus, by definition (2.14) of [|.|[z2, we obtain:

At||5tAp(7-)n+1/2H%g :Atz (5tATZL+1/2/ (77 4 s AL, Tn+1/2)d
1€L 0

2
+5t,n+1/2A n "+1/2ds+At5tTn+1/25 AT "*1/2/ SIZjl/st> Azx.
o 0

For all a,b,c€R, we have (a+b+c)2 <3 (a2 +b? —1—02)7 so that the above inequality be-
comes:

1
AH[6,Ap(r)" 23, <3ALY ((@AT;‘“/? / p’(T;L+sAt5tTf“/2)ds>
‘ 0

1€EL

2 1 2
((5 2 A / ' 2ds ) (Atétnﬂ/zé ATZ-”H/Q/ 812:1/2d5> )Am.
0 0

Moreover, from assumptions (2.17) on the pressure law, we have:

2

1 1 1
/ p'(Tf+sAt5tT?+1/2)ds§Lp, / IZ:l/stng, / sIZ:I/QdSSLp/Z
0 0 0

thus

At?
Atlsapr) 213 <aziae( (14 SRR ) oA,
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ST ATy )
Finally, since ||5ﬁ”+1/2||L;o < K by (2.15), combined with (4.2) and (4.3), the inequality

(4.6) is obtained. The proof of Lemma 4.1 is thus achieved. d

Proof. (Proof of Lemma 3.1.) By definition of the discrete relative entropy
(2.12) and the discrete operator d; given by (2.8), we have:

2
n 1
bt " = = (At = (Qu)?) = 5 (P T = P ).
Involving the deﬁnition of the relative pressure P(7|7) given in (2.13), and since for all
a,b€R we have a? —b? =2a(a—b) — (a —b)?, we obtain:

2
. f"H/z 2A7 (2Au"+1 (Au"+1 Aul) — (Au;’+1 —Au?)z)

1
=g (PET) = PE) = p(7 AT = P(r]) + P(7)) +p(77) AT)).

We reformulate the above relation as follows:

2 2 p(th_p(rn
g2 = A = D () - g =g e
T, =T

P —P(7)) nt1/2, on nt1y2 | DA —p(FE) - _ng1ye n
+ S - 0T + / —|—p( +1)5 A +1/ +T?nt6t7 +1/ A
1 1

(4.8)
Moreover, from both schemes (2.9) and (2.10), we derive the following evolution law for
Aul:

20, Au] T = — o AT = 5, Ap (1Y) + 2 At ,,p (7))

A
+ 5€ 2Ax0,ul — 26,1 *"+1/2

Arguing the notations Q"+1/2, Q?H/Z, 772 defined in (3.3), and plugging the above

relation equality within (4.8), d; an/ now reads:

2 2
Seny ™ = —%At (6tAu?H/2)

2
7Q@+1/25 n+1/2+Qn+1/25 —n+1/2 (7 ”+1)§ ATn+1/2+,n+1/2ATn5 fn+1/2

+ Ayt (—aAu?“—émAp( ”“) +e2AtSeup(T )n+1/2+ Sl Axbyul — %6, "+1/2)

We develop the second term to get:
5mie,n+1/2 - (Au?“f —AU?H%AP( n+1)l+€2AtAun+16 (T )n+1/2
A 2
+ St Aw o — 2 Aup o - At (5 A 2)

—Q?+1/2(5 n+1/2+Qn+1/26 7n+1/2+p(7n+1)6 ATn+1/2+7n+1/2A7_n5 7n+1/2
(4.9)
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The objective now is to correctly control the above quantity according to (3.1). To
address such an issue, we reformulate the discrete entropy flux, defined by (3.4), as
follows:

1 n n 1 n n n n
(%;“11/2 _wijllﬂ) YN (AufH Ap(r ) + Au  Ap(rh)

Az
—Au T Ap(r) — A Ap(r] )

+1 +1 +1 +1
:Ap(Ti"“)Au?H — A 7’z‘"+1 )—Ap(r")

Ap(
n+1
2Ax Ay, 2Ax

=Ap(r]"t) 8 Auf ! + Auf 6, Ap (7)) (4.10)
to write
—AutL, Ap () :—i(w“ —p ! )
i z i Ax i+1/2 i—1/2

+ AAD(T S AT 4 Ap(rP S Au

Moreover, using (2.9) and (2.10) we have:

A
oAl =6, A2 S A8 AT,
and (4.10) becomes:

1 "
— Ao, Ap (1), == o (V1 =i ) + ARG )b AT

+AP(T?+1)515ATZI+1/2 - %AxAp(TZ’H)(SmAT]L.
We plug the above expression within (4.9) to obtain:

2 2
n+1/2 1 n+1 n+l ) n+1\2 € n+1/2
Jtnf + Az (w7;+1/2 *%_1/2) =—0 (Aul ) — ?At ((LAul )

A A Ap(rI )8 AT 2 A () AT

" A
+ 2 AtAUP T p (7)) +1/2) + §€2A5L’Au?+15mu?
—eQAu;‘“(Stﬂ?“ﬂ _ Q?+1/25t7_in+1/2 +@:’+1/26ﬁ?“/2

FpEY S AT g T P A F T2 (4.11)

We remark that, using (3.2), we have:
n A n
AtAp(r )1 A T D A Ap(r] )0 AT =R}
and
T T e (ALY
+67-L+1/2A7'<n6t?n+1/2 _ RT_’L,4

and (4.11) rewrites as follows:

5 e,n+1/2 1 n+1 n+1 o A n4+1\2 SQA 5. A n+1/2 2
t7; Jrfx(wiﬂ/z*q/’ifl/z)**a( U ) DY t( 2 )
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n n A
—e? "H(S I +1/2+52AtAu"+1(5 «D(T); /2y 252AxAu”+1(5mu

n A
+ 2 ALtAUPT S, Ap (7] /2 552AxAu?+15m Aul
+R™3 4 g4
We recognize R?’l and R?’Q in the second and third lines and the expected evolution
law (3.1) is obtained. |
Proof. (Proof of Lemma 3.2.) Arguing the definition (3.2) of R, we have:
SR Ar=—2Y " Aurtlal P An+ Aty Au o p (7)Y Ax
i€Z i€Z 1€Z

A
+ 552AIZAU?+15M¢AI.
1€EZL

A Cauchy Schwarz inequality immediatly gives:
D R Aw < A g 62 1 + €At Au | 12 8280 ()" 21
icZ

A
+ §€2Ax||Au”+l||L§ [|022" || 2 -

Considering assumptions (2.15) together with the limit scheme (2.10) we obtain:
A

ZR?’IAm <VKe? (1 +oAt+ QAx) AW 2.

iE€EL

Then for all 8 >0, the Young inequality yields:

n,1l n+12 K A 2 4
> R Az <6||Au 172+ 55 (1Hodt+ S Az ) €'
€L

The expected estimation (3.8) comes from a discrete integration with respect to time.
|
Proof. (Proof of Lemma 3.3.) Arguing the definition (3.2) we have:
n A
D ORMIAr=PALY A S Ap(r)] T Aa+ TP Ae Yy Aup T bpp Aul A
iEZ i€Z i€Z
Once again, a Cauchy Schwarz inequality gives:
A
> R Az <A Aum | o |60 Ap(7) "2 13 + S A Au Y 1 || Ges A" 1.
i€z

Moreover, applying item (i) of Lemma 4.1 for |0, (6;Ap(7)"*1/2) || 2 and |[[0gaAu™|| 12,
we have:

" 2)e?
SRr2 Az < Zo A s 16,807 2 g + 20

1€EZL

1 Au™ | 2 [| Au| s -
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The Young inequality yields:

SR Ax <<A 2||Au"+1||%i+At||5tAp(7')"H/2%g)

€L

)\E n+1 n
+ 5 (a3, + aun3 ).

Using (4.6), we get:

. 2 /AL . e (BLIAt K2A¢? n
> RMAz< (Az )\>|Au +1||2L3;+A$< s <1+ 1 >+A>||Au 172

I€EZ

3L3e2At
2 272 A 42 2 A .2\ 41
ﬁ(w 2N KA + K?Ax?) ol
A discrete integration with respect to time gives the required estimation (3.9). O
Proof. (Proof of Lemma 3.4.) Arguing the definition (3.2) we have:

> RMPAr=A"+B",

i€Z
where

:AtzAp(Ti”H)émAu?H/QA%
i€Z

n /\ n+1 n
B :_EAJ;%AIJ(Q V0wa AT Az,

We first provide the estimation for A™. A discrete integration by parts with respect to
time gives:

ZA”At——AtZZ(StAp )26, Aul Az At

n=01€Z
+ALY Ap(rN T AuN T Az — ALY Ap(r))8, Auf Az
i€L i€Z

Once again, we apply Cauchy Schwarz inequality:

N N
S ATAL<ALY (|6 Ap(7)" T L2 |16, Au”| 2 At
n=0 n=0
H AL AP(TN ) | 22100 Au™ | 12 + AL Ap(T0) || £2[8: Au| 2.

and Young’s inequality, which leads to:
0
ZA”AL‘<Z <At|\5tAp )2, +At||5IAu"||2L§) At+ [ Ap(r |7

0 1
+ —At2||5rAuN“ 172 + 2 Atl| Ap(r0)|3 2 + =~ Atl|da AuC|| 2,
20, ) = 20, =
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where 67, 65 >0 will be fixed further.

From a Taylor expansion of p, we have for all 0 <n < N:

2

1
1Ap(™)2 =Z(An" / p"<7y+smmds) .

i€z
Moreover, properties (2.17) on p give:
IAD(T™) 122 < Ly AT 122,
and from (4.2) we obtain:
IAp(T™) (122 <2L5eT

By plugging the previous estimation for n=N +1 and n=0 in the expression of A™ and
by applying estimation (4.1), we get:

N
n At n+1/2 n
34 At<—Z||5tAp (r)" 122, At+2A 2leAu I7: At

n=0 n=0

At? 1

BpN+1 N+1 340 4 0
+91Lp¢s QA 20, ||A HLz +92AtL (15 5A220, AtHAU ||L2
1 1 : N+1 i
We fix 6, = 308 and 6y = I3 to get 1/2 as coefficient of ¢! and At as coefficient of
P P

#°. We thus get:

At &

n n+1/2)2 =t n||2

}:A At<—n§ O:H(stAp(T) ||L§At+2A$2nZ:%HAu 12, At
3A+2 3

L2 At
+§¢§+1+ﬁ||AUNHH%g+At¢S 2A 5 At Au’|Z; .

Since |[Au"!(|2, and ¢ are nonnegative for all n=0,...,N, we clearly have:

N N
JAuN 2, <37 Aw 2, and @<,

n=0 n=0

and we obtain:

At
+1/2
ZA"At<—Z||5t yn+1/2)12, DAt ZZHAu”HLQAt

1 N+1 L:Z?;At n+1(2 n )
+ 502 +ﬁnzzo|mu ||L§At+nZ:0¢€At+2A -

At A3

We conclude by using the estimation (4.6) to write:

N 3 N
n 1 N+1 LPAt n+1(2

n=0 n=0
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At o (. K2A? al )
+2M2(6Lp<1+ )t > llAun|7 At

n=0

3L3AL L3At
+ ( (8N2+2) 2 K2At* + K*Ax?) +1> > grat+E

Ax2 IAT 2||Au0||L2'

Now we provide an estimation for B". We add and substract Ap(7}*) and we proceed
to a discrete integration by parts in space to get:

B" 777AxAt 0 Ap(T; ”H/Qé AT A+ — A:r b Ap(t S AT A
")it1/202AT 19
€L iE€EL

Applying the formula (4.4) we obtain:

B" :——AIAt25tAp )26, AT A
1€EZL

A 2 !
+§sz (6 ATH/Q) /0 P (] + sAxd, T 2)dsAz
i€Z

)\ - 1
+§AxZAT;L5ﬁyH 20 AT / Iy g odsAx
i€Z

A < 2
+§Ax225x7i+1/2 (5 AT +1/2) / i41/2,sdsAT,
i€EZ

where I7,, , ~is given by (4.5). We now estimate each term of the previous expression
to obtain an estimation of B™. Using assumptions (2.17) on p, we have:

A 2t n s .n
§Ax; (6 AT_H/Q) /0 P +8Ax0, 7] jp)dsAx <0,

1 1
/OIZ-”_H/Q,Sdsng and /Oslf+1/27sds§Lp/2.

Moreover, the Cauchy Schwarz inequality allows us to write the following estimation of
B™:

A
B" < A6, Ap(r)" 2| 1 |00 AT"| 2
AL ~ ~ AL ~ <
200 A5 i AT 5. ATz + 22 A7 [0 A7 2.
Using regularity assumptions (2.15) on 7 and estimations (4.1), we get:
2 At

B" <= (|0 Ap(r) "2 12 | AT 12 + 20K Ly | AT" 7.

Now, we consider the Young inequality and estimations (4.6) and (4.2) to write:

6L2At K2A¢2
B" L <1+ > [Au”(|7,

IN

Ax? 4
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2 2
ACAL
2 272 A 42 2 n
+2Lp< A (8/\ +2N KA + K2 Az?) + Az TPAKL >¢E.
The expected result (3.10) is recovered after summing in time the estimation of B™ and
combining it with the estimation of A™. 0

Proof. (Proof of Lemma 3.5.) Arguing the definition (3.2), we have:
R?A: <7Q;L+1/2+@?+1/2+qzz+l/2ATf) 5ﬁ?+1/2+ <p(7in+1) 7Q?+1/2) 5tATZL+1/2'
According to a sequence of Taylor expansions, we write:

—n+1/2

1
o) :/ [p( )+At(1—s)5fn+1/2ps}d5
0
1
g2 = / [T+ A1 = )57 5 s,
0

1
p(r ) = / {p(??) AT (7 + AT Pl 4+ A, ATV ]
0

FALR 587 T 25 AT TP AL AT ST P+ T +Twz} ds,

1
QU= [ b+ Arw () + AL )37 4 A1 - 5 AT
0

FALS(1— )57 T 25, AT TP 4 Ab(1— ) AP s 7T 2T T,
+(1—5)T}%] ds,

where we have for all s€ [0,1]:

pl=p (T + sAtd, F"H/Z)

Pl =p/ (7P + sAts7 ),

zsl_(AT ) ( _S)p (?' +SATin)7
2__

T, = AtATIS AT Y27 +At2s(5tmf“/2) o

1
A8 4 G AT (sAr 4 (1 - ) AT / (1—)p® (my)dt,
0

with mg =7 +tAT]' +sAt <5fn+1/2+t5tAT?+1/2> for all s,t€[0,1].

Equipped with these formulas, we can rewrite R;LA as follows:

1
R} = / [(—p(??)—ATi"p/(??)—At(l—s)éT"H/Z — At(1—s)5 AT
0
— APs(1— )87 25 AT 2T — At(1— 8) ATl s AR — T — (1— 8)TT,
() + At (1= s) 0,70 PPl + ATl (T0) + At(1— s) Al o7 T 2p H)r"“/?
+5 (Atéﬁ?“/ 2Pl At AT 4 AR ss 7T RS AT 2

FAEATIS T 2 ,52)5 AT"“/ﬂd
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After simplifications, we get:
RM = At Ar 2 {@T;LH/Q / 1(2571);T;ds+5tmf“/2 / splds
0
_At (5ﬁy+1/2)2 / 1 s(1—s)plds + 6,77 /25, A7 /2 / Ats¥plids
0
+AT O nH/z/lsp’S’ds} +1T7,
0

where

7;”:/1[ (T7y + (1= $)T7%) 67 Y2 4 5T 6, ATn+l/2} ds. (4.12)

0

Moreover, performing a Taylor expansion on p,, we get:

1 1 1
/ (2s—1)plds —/ (2s—1) ( "(T1) + sAtd, *nﬂ/z/ (T +stAt(5t"+1/2)dt> ds
0 0 0

1
:At(?ﬁzlﬂ/z/ s(1—s)pds,
0

and

1 1 1
/ SdeS—/ ( '(??)—i—sAt&ﬁ?H/Q/ pII(T;L+StAt6tT?+1/2)dt> ds
0 0 0
1 At _, ! _
o/ (T ST [ s
2 2 o
We can rewrite R?A as follows:
n,d n+1/2 _nt12\2 [ — 1 nt1/2 1/—n
R =Até, A, At (5t7'¢ ) / s(l—s)psds—kfétATi P (T})
0
At o 12 nt12 [ N7 ,n+1/2 ! -
—|——5th- AT, (1—s%)p’ds— At (0,7 s(1—s)plds

0 0

o R A / Ats?plds + Al 2 / ’;ds] +T7
0

After simplifications, we obtain:
At n 2 A2, n 2 —
R =22 (8 ) (7 + o R (aan ) / (14%)plds
0

1
+ ALAT ST 2 A2 / splds+T7".
0

1

Now we focus on T} defined by (4.12). Setting I, :/ (1—1)p® (m)dt and developing
0

T, we get:

9 1 1 o
=AtAT] <6tATi"H/2) / spllds — AtA7‘”6fn+1/26 AT?H/?/ (1—s)p!ds
0 0
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2 n+1/2 3 ! 277 2¢ —n+1/2 n+1/2 2 ! —7
+ A7 (8 AT spllds — At*0,T, S AT s(1—s)p’ds
0 0

2 1
~AL(AT? (5ﬁy+1/2) / (1—s)I.ds
0

2 1
—2AAT! <5ﬁ?+1/2> (5tATZ-n+1/2/ s(1—9)Isds
0

A (v 2)2 (5tATf+1/2)2 /0 1 s2(1—8)Ids

1
FALAT 67T 20, AT / (25— 1)I,ds
0

2 1
+2At2ATi”(5t??H/2 <(5tATi"+1/2) / s(2s —1)I,ds
0

3 1
A (s,a5 ) / s%(2s — 1)1 ,ds
0
2 rl 3 rl
+At(ATf)2<5tATZLH/2> / SISds—I—QAtQATf((StATZLHm) /SQISdS
0 0

4 rl 1
+AL? (5tmi"“/2) / s°Iyds — (AT 6,70/ / (1=s)p" (7} +sA7]")ds.
0 0

We plug this development in the expression of R}"* to write:

A 2
Rt =S (B ) )

2 1 - 1 o
+AtAT! (5,5A7'in+1/2) / spé’ds—!—AtATf(Sﬁ?H/zétATinH/z/ (2s—1)pds
0 0
3t AR 2 ! —
+At2 <§tATZL+1/2> / Sng'd8+75t??+l/2 (5tA7_in+l/2) / (382—2S+1)pgd8
0 0

2 1
~ At(ATH)? (5ﬁy+1/2) / (1—s)I,ds
0

2 1
—2ALAT" (5ﬁ$+1/2) 5 AT/ / s(1—s)L,ds
0

—A# (55;‘“/2)2 (srarY 2)2 /0 152(1 — 8)I.ds

1
+At(AT?)Q&??“”@AT{‘“”/ (25— 1)I,ds
0

2 1
F2AL AT (5tAT;‘+1/2) / s(25—1)1,ds
0

, 3t
+At35ﬁ?+1/2 (5,5A'rin+1/2) / 52(2571)Isd5
0
3

2 rl 1
+At(Arf)2(5tATf“/2) / sISds+2At2ATf(6tATZL+1/2) / s21,ds
0 0

4 rl 1
+ A (5tmf“/2) / $3Iods— (AT 6,70 /2 / (1—8)p" (7 + sAT™)ds.
0 0
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Assumptions (2.17) on p, which give in particular that I, is negative, imply that:
At
2
2 1
At(AT])? ((5tA7'1-n+1/2) / slsds <0,
0

(sar 2)Zp’(??) <0,

3

4 1
AL (5tm,"+1/ 2) / $Ids<0.
0

In addition, assumptions (2.16) on 7 and (2.17) on p, p”" and p®) together with a Cauchy
Schwarz inequality allow us to write, after summing in space:

1
ZR?AAJ:ginLTAtH(StAT"“/QH%i
1€

1

+ ngAtHéﬁ”“/2 oo IAT™ | 22 16, AT /2| 2
2
3

1

+ §LpAtH5ﬁ"“/2 7 AT ]I72

1
+ S Lo Lo A8 AT Gy S LA |67 e 6,877

1
+ ngAt2||5ﬁn+1/2||2L;o AT |2 |6 A7 2| 2

1 n _
+ 5 Lo AT (10,7, R 10 AT + Ly Lo |07 e AT 7,

1
+ 5LZ,LTAtQ||<5t?”+1/2||Lg° |6, A7 H/2 172

3
+ ngLTAtQH&?nH/Q”LgO ||5tATn+l/2H%g
4 1
+ ngLfAtsttAT”“/QIIQLg + §Lp||5ﬁn+l/2||Lg° [AT"||7

Application of Young’s inequality, assumptions (2.15) on 7 and estimation (4.2) give:

2

1 1

> RMAr<+KL? (KL,, (2 + SKAt) +KAt+2L, + 1) o

=

7 1 1 7 4 1
At(Ly| =L+ KA+ — KA+ - KL At+ L2 | + S At | |6, A7 T2 |13,

Invoking (4.3) and a discrete integration in time lead to the required estimation (3.11).

O

5. Numerical experiments

In this section, numerical experiments are performed to illustrate Therorem 2.1. To
address such an issue, three simulations, with distinct initial data and distinct pressure
laws, are displayed on the interval (—10,10). All the numerical results are considered at
final time T'=0.5. The friction coefficient is fixed to o =1 and we have adopted standard
Neumann boundary conditions. The pressure is under the form p(7)=7"" with y>1.
For all the numerical tests, initial data are well prepared according to (2.23) while the
initial velocity is fixed as follows:

0 7lp(7'¢0+1) —p(71)

WSS oAs (5-1)
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We compute the approximate solutions of system (1.7) with
€€ {1,5.1071,3.10*1,1.10’1,5.10*2,1.10*2,1.10’3,1.10*4} and different numbers of
cells M € {50,100,200,500,1500}.

The time step At must be restricted according to a CFL condition. The restriction
(2.18) can be adopted. However, constants involved in (2.15), (2.16) and (2.17) are
clearly not optimal. Indeed, to improve the readability of Theorem 2.1, the number of
constants have been minimized. In fact it is possible to get a better CFL condition with
the introduction of numerous additional constants. The full evaluation of C, defined
by (2.19), according to the adopted numerical values, is of order 10~%. Here we have
considered less restrictive CFL condition as follows:

Az?
At = CCFL /(N /(=N :
max(p ()P 7))

yeeey

First, we present on Figure 5.1 simulations with Copr, =0.4 and = 1.4 for two different
initial conditions as follows:
e Discontinuous initial condition:

1 ifz<0,
To(x) = { (5.2)
2 else.
e Smooth initial condition:
T
-9 (—) . .
To(z) =2+ cos 10 (5.3)

We display the discrete space integral of the relative entropy at final time ¢¥ ! with
respect to ¢ in log scale. We can see that both for the discontinuous and smooth initial
data, the slopes are of order £*, which is expected according to Theorem 2.1.

10 - 10

1.0e-02 M =50 —o

2 =200
1 =500
M =1500 —&

1.0e-04 A =500

10004 N =1500

1.06-06
1.00.06
1.0e-08
1.00-08 ¢N+l
N+1 ©
Pe

1.0e-10

1.0e-10
1.0e-12

1.0e-12
10e-14

1.0e14 1.0e-16 |-

1.0e16 Loe-18 ;

4 L L L 1.0e.20 L L L
0.0001 0.001 £ 0.01 0.1 1 0.0001 0.001 £ 0.01 0.1 1

(a) Discontinuous initial data (b) Smooth initial data

Fic. 5.1. Space integral of the relative entropy ¢é\/+1

and y=14.

with respect to € in log scale with Copp, =0.4

Next, we study the behaviour of the convergence rate for different values of the
constant Copr,. We adopt the discontinuous initial data given by (5.2). The pressure
coefficient is equal to 1.4. Once again we present, on Figure 5.2, the discrete space
integral of the relative entropy ¢N*1 with respect to e in log scale for two distinct
values of the CFL constant, Ccpp =0.4 and Copp =0.25. As expected, the slopes are
of order &2.
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1.0e-02 1.0e-02

1.0e-08 1.0e-04

1.0e-06 1.02-06

1.0e-08
¢N+l
€

1.0-08

¢N+l
€
1.0e-10 1.0e-10

1.0e-12 1.0e-12

1.0e14 1.0e-14

1.0e36 [ 1.0e-16 [

0.0001 0.001 I3 0.01 0.1 1 0.0001 0.001 £ 0.01 0.1 1

(a) Corr=0.4 (b) Copr,=0.25

N+1
e

Fia. 5.2. Space integral of the relative entropy ¢ with respect to € in log scale with the

discontinuous initial data and vy=1.4.

Finally, on Figure 5.3, we display the convergence rate with the discontinuous initial
data (5.2) and Copr =04 for two different pressure functions respectively defined by
v=1.4 and v=3.5. Here again, we obtain a convergence rate of order .

1.0e-02

poi

1.0e-02

] 0
1.0e-04 10e-04 N =1500

1.0e-06 10606

1.0e-08
¢N+l
&

1.0-08

¢N+l
(5
1.0e-10 1.0e-10

L0e12 10e12

10e1d 10e14

Loe16

1.0e16 [

0.0001 0.001 £ 0.01 0.1 1 0.0001 0.001 £ 0.01 0.1 1

(a) y=14 (b) y=3.5

N+1
£

Fic. 5.3. Space integral of the relative entropy ¢ with respect to € in log scale with the

discontinuous initial data and Copr =0.4.
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