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Abstract. Granger Causality (GC) has been widely applied to various scientific fields to reveal causal
relationships between dynamical variables. The mathematical framework of GC is based on the vector
auto-regression (VAR) model, and the GC value from one variable to the other is defined as the
logarithmic ratio of the variance of two prediction errors obtained by excluding and including the
second variable in the VAR model respectively. Besides its definition, GC shall also be reflected in
the regression parameters of the VAR model, e.g., larger regression coefficients indicate stronger causal
interactions in general. Yet an explicit description of how the GC value depends on the VAR parameters
for a general multi-variable case remains lacking. In this work, we aim to bridge this gap by expressing
conditional GC using the VAR parameters, which provides an alternative interpretation of GC with
novel intuition. The analysis developed in this work may also benefit the study of the VAR model in
the future.
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1. Introduction

As a popular method to reveal causal relationship among multiple dynamical vari-
ables, Granger Causality (GC) [12,14] has been widely applied in various fields, e.g.,
economics [4, 14], neuroscience [6, 8, 22], ecosystem [24] and climate science [20]. In
general, GC is based on the vector auto-regression (VAR) modeling of observed time
series (see an exception in [19] for non-linear GC). To identify GC, one compares the
prediction of a variable z; from the VAR model using all variables (known as joint-
regression, full VAR, or simply VAR) and that using all but one variable y; (known as
“auto’-regression, or partial VAR). If the prediction is improved in the full VAR model,
i.e., the variance of the prediction error of the full VAR model is smaller than that
of the partial VAR model, then the variable 3, excluded in the partial VAR model is
interpreted as having a “causality” to the variable x; being predicted. To quantify the
level of causality, the GC value from y; to z; is defined as the logarithmic ratio of the
variance of the two prediction errors from the partial and full VAR models respectively.

GC can be applied to many systems of different types. The applicability of GC to a
system relies on the validity of the VAR modeling of the system. In fact, a large number
of systems can be reasonably described by the VAR model, as proved by using the
multivariate Wold decomposition (Theorem 6.11 in [26]) which states that every wide-
sense stationary multivariate time series can be decomposed into a one-sided moving
average of white noise and a deterministic time series. By further assuming that the
time series is purely nondeterministic with its power spectrum being bounded, the time
series can be exactly represented by a VAR model.
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The importance of GC partially attributes to its close relation with transfer en-
tropy (TE) — an information-theoretic quantity being capable of detecting causality in
general systems beyond the VAR model. GC has been proven to be equal to TE for
Gaussian variables [3]. Although TE has a wider range of application in theory, GC can
outperform TE in practice. For instance, for any system with a long memory, TE will
suffer from the curse of dimensionality while GC can overcome the dimension issue.

Despite the simple framework of GC based on linear regressions of sample data, the
interpretation of GC is often difficult to explicitly obtain in practice. The lack of an
interpretation of the GC value largely lies in the fact that the relation between the GC
value and the full VAR model is implicit. Although an approximate relation between
the GC value and the VAR model has been derived in [11] and [29] for a two-variable
system, it fails to be directly applied to multi-variable large systems. Therefore, in this
work, we aim to establish a general relation between GC and the VAR model for high
dimensional systems consisting of multiple variables.

The establishment of the relation between GC and the VAR model will make the GC
value easy to understand. Note that the VAR model has a close relationship to the true
dynamics of a system under certain conditions. In fact, the VAR model can be viewed
as the (linearized) dynamics of a system when its underlying true dynamics is unknown
or difficult to obtain. In both situations, an explicit relationship between GC and the
VAR parameters could link the GC value to the system dynamics described by the VAR
model, thus greatly simplifying the interpretation of the GC analysis associated with
the dynamical system. In addition, it will provide an alternative way of investigating
GC, different from the traditional way of computing GC from the second order statistics
of the dynamics.

The establishment of the relation between GC and the VAR model will make GC
easy to compare with other causality measures. In addition to GC, several other mea-
sures based on the VAR model have been proposed to detect the causal relations between
dynamical variables. Among these quantities, partial directed coherence (PDC) [2] and
its generalization gPDC [1] are defined explicitly using the VAR parameters. Interest-
ingly, these methods behave similarly as GC in some cases but not in others. At present,
the comparison between the performance of these extensively used methods and that
of GC largely resorts to numerical computations. Therefore, the establishment of the
relation between GC and the VAR parameters will allow one to to compare these meth-
ods analytically, i.e., the similarity and difference among these methods with respect to
VAR parameters.

In this work, we derive both exact and approximated formulas of conditional GC
using VAR parameters — the regression coefficients and the variance matrix of the pre-
diction error in the full VAR model. Section 2 introduces the definition of conditional
GC. Section 3 gives an exact formula of conditional GC semi-explicitly expressed by
the VAR parameters. Section 4.1 gives an approximation of the GC value explicitly
expressed by the VAR parameters in the frequency domain. Section 4.2 gives an alter-
native approximation of GC in the time domain which is more accurate than that in
Section 4.1 but with a similar form, and its convergence to GC is proved. Section 4.3
numerically validates the approximations of GC derived from the theoretical analysis.
Section 5 compares GC with other measures of “causality”, notably gPDC. Section 6
discusses and summarizes these results. Appendix gives detailed proofs of lemmas and
propositions used in the main text.
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2. Definition of Granger causality

In this work, we focus on the general case when a system is composed of more
than two dynamical variables. Here we first introduce the definition of conditional GC,
i.e., the GC value from one variable to another variable conditioned on the remaining
variables. Unless otherwise specified, in the following, GC is referred to as conditional

GC.

T
Suppose we have a p-variate time series X; = {xgl) xgz) pr):| . For the ease of

illustration below, we set x; :xgl), Yt :xEQ) and z; = {xgg) xgp)}, where z; and y; are

scalars, z; is a vector containing p—2 elements." Assume E(z;)=E(y;) =0, E(z) =0,
O=[00---0]T. To define the GC value from y to x conditioned on z, we need to fit
the following full and partial VAR models,

=30 e+ Y0 g+ el a T, (2.1)
j=1 j=1 j=1
@:ch“)xf_]Jchg"Lz)z _]+e(llz), (2.2)
j=1 j=1

where all variables are scalars except a;m), c§fw) eRXP=2) 5, s cRP=2X1 The pa-

rx T
rameters a§ ), ag y), a

Egzlyvz))

§wz), c;m), and chz) for j=1,...,m are solved by minimizing

var ( and Var(egmlz)). In theory, the fitting order m is infinite, yet in practice
with finite data length, a finite m is determined by certain criteria such as Akaike
information criterion (AIC) [5] or Bayesian information criterion (BIC) [21].

The GC value from variable y to variable z in the time domain is defined as

var(egm‘z))

F, —
var(eﬁm‘y’z))

y—z|z =In

(2.3)

as x is assumed to be a scalar, or

det (Var(egmlz)))
det (Var(egxly’z))) .

Fy~>1|z =In

if # is multivariable (Ref. [12]).

By exchanging the variable indices, we can calculate the GC value for all pairs of
variables. According to the definition of GC (Eq. (2.3)), it is evident that the relation
between GC and the VAR model is implicit, which impedes one to understand the
interpretation of the GC value in terms of the underlying dynamical system. This
motivates us to express the GC value by the VAR parameters in this work.

It is worth mentioning that, in order to keep Equation (2.3) mathematically mean-
ingful, in this work, we focus on the case that the time series is wide-sense stationary
and purely non-deterministic [12,26]. By non-deterministic we require X; to lie out of

1In this paper, subscript denotes the time index of an element in a matrix or a time series; super-
script denotes the index of variables; subscript with a square bracket denotes a block matrix with the
number of blocks indexed by time.
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the space spanned by all its history {X;_1,X;_o,...}. This ensures var(egxly’z)) >0 in
Equation (2.3). By purely non-deterministic we additionally require that the projection
of X; to its history {X_j, X _k_1,...} converges to a zero vector as k— oo, i.e., the
deterministic part of X; in the Wold decomposition vanishes. This ensures that X; can
be represented by a one-sided moving average

Xt:ZBjet—ja (24)
7=0

where B; e RP*P By =1, and €, is white noise. Under the condition of X; being purely
non-deterministic with bounded power spectrum density (PSD), we have the VAR rep-
resentation for the observed time series of the system

Y AXe j=e, (2.5)
=0

where A; e RP*P, Ay =1. Equation (2.5) serves as the mathematical foundation of Egs.
(2.1) and (2.2).

3. Exact expression of GC by VAR parameters
We first introduce an exact formula of GC semi-explicitly expressed by VAR pa-
rameters derived in the following theorem.

THEOREM 3.1.  Assume the power spectrum density S(w) of X; has an upper bound
Smax and a lower bound Swyin, i-€.,

Omin (S(w)) > Smin >0, Omax (S(w)) <Smax Ywe [0727T].

And {X;} is fitted by an order m VAR model. Then the GC value defined in Equation
(2.3) can be expressed in the quadratic form of the VAR parameters:

a@y) Q(yy) -1 a(ey) T
Fy—>x|zzln <1+ ( ()zly z() ) ’ (3.1)
var(e; )
where
(uv) & (uv)
a (aj )j:1...m’ fO’/” U,UE{J),Z/,Z}, (32)

and QWY) is a matriz coming from
Q) Qlzy) Qlwz)
Q=|Quw» Q) Qw2 | AR~1 (3.3)
Q®) Q=) Q(#2)

with
RGz) Rpzy) Rzz)
R2 | Rwz) Ryy) R(yz) (3.4)
R(z7) R(zy) R(z2)
and

R(uv) & (E(ut_jvtT_k)) for wve{x,y,z}. (3.5)

J,k=1..m’
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Here (9;);—y ., s a row vector (a block matriz if g; is a matriz) with its j-th element
being g;, and (gjk)j,kzl‘..m s a matriz with the element in its j-th row and k-th column
being gji. And the superscript -7 means matriz transpose, omin (S(w)) (Omax (S(w)))
means the smallest (largest) singular value of S(w).?

Proof. By the definition of GC (Equation (2.3)), we have

var(el”1?)) :ln 1+var(egxlz))fvar(egxly’z)) .
)

(el:2) Lol

Fy—>a:|z =In

var( var(

Therefore, to prove the theorem, it is sufficient to prove that

—1 T
var(ef"1?) —var(ef"" ) a0 (@) (alv) . (36)

The coefficient a(*¥) in Equation (3.6) comes from the following full VAR model,
Ty = Zagm)xt_j + Za;wy)yt_j + Zang)zt_j + egwly’z), (3.7)
j=1 j=1 j=1

which can be solved by the Yule-Walker equations (see Appendix A for the detailed
derivation),

Rz) pzy) Rzz)
[a(wr) a(@v) a(zZ)] Rw2) Rwy) R?) | = [r(w\r) r(@lY) T(IIZ)] , (3.8)
R(z7) R(zy) R(z2)

where

plulv) = (E(utvtT_k)) u,v € {x,y,z}. (3.9)

k=1..m’

Note that the matrix R is a symmetric matrix *. Therefore, the fitting coefficients
a™¥) can be solved in the following two ways derived from Equation (3.8) and its
transposed version respectively,

Q(wy)
al™) = [p(le) paly) pal] | Quw | |
QY (3.10)

(a<wy>)T: [QUD) Qv Q)] [pele) plaly) T(x\z)f,
By right-multiplying ] to both sides of Equation (3.7) and taking expectation, we get
var(z;) = al™® (le))T +al@v) (Twy))TJra(zz) (rmz))T fvar(e®¥2)y,
Together with Equation (3.8), we get the prediction error

Var(eﬁmly"z))zvar(gct)—SS(xyz), (3.11)

2Theorem 3.1 also applies to complex-valued time series by replacing the transpose operator to the
conjugate transpose operator.
3R is a Hermitian matrix in the case of complex-valued time series.
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where

-1

R=z) Rpzy) R(zz)
gg(zyz) A [r(wlx) r(@ly) r(w\Z)] Rw») Ry Ryz) [T(ﬂclw) (@) r(w\z)]T. (3.12)
RGzz) R(zy) R(22)
The inverse of R in Equation (3.12) exists because omin(R) > Smin >0 (see Proposition
E.1 in Appendix E).

Similarly, by solving the partial VAR model in the absence of the variable y (Equa-
tion (2.2)), we get the prediction error

var(e!™)) = var(z;) — S,

where

(zz) p(zz) -1
SS(2) & [ p(ele) pel2)] [gm) fzua] [rek) pei) ], (3.13)

The inverse matrix in Equation (3.13) exists because it is a principal submatrix of R.
Now the left-hand side of Equation (3.6) becomes

Var(eggglz)) - Var(egily’z)) —=8s(@v=) _gg(@),
Before calculating SS®¥*) —SS(®%)  we first calculate the difference between the
following two terms, and express it in terms of the VAR coefficients a(*¥),

Q(zw) Q(zy) Q(w)
Lz [r(rlr) r@ly) T(IIZ)] Q(ym) Q(yy) Q(yZ) [r(rlr) r@lY) plz) ]T

Q(zz) Q(zy) Q(zz)

(z2) Q)(==) T
_ [ palo) p(al2) {Q ] P(@le) p(al2)
O Q= O
= [r(zlr) r@ly) r(rIZ)] Q) Qv Q2) [r(z\m) r(@ly) T(mIZ)]T
o Q& 0O
_ a@) (,.(zw))TH(zw) (CL(wy))Tfrmy)Q(yy) (r@c\y))T. (3.14)
The last equality in Equation (3.14) holds by applying the decomposition
0 Q& 0O 0 Q= O O O O O O O
QUWx) Qv Qw2 | =10 QWY O | + | Q) Q) QW2 | — | O QW) O
O Q® O 0 Q™) O o O O O O O

and Equation (3.10).
We next calculate the difference between the following two terms denoted by Io,
and express it in terms of the VAR coefficients a(*¥),

(zz) NH(xz) (zx) p(zz2) -1
L= [,,.(z|:r) ,r,(ac|z)} ([8(zw) g(zz)] o |:]]§(zz) g(zz):l ) [T(il‘r) r(zlsz

= [rlelo) pal9)] {gzz;] <Q<yy)) - [Qus) Q)] [plo) plal=)]”
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_ <a<wy> _r<w|y>Q<yy>) <Q<yy>> - ((a(zw)T —Qww (r<w>)T> . (3.15)

Here Q¥ is invertible because it is a principal submatrix of Q = R~ oy, (QWY)) >
Omin(Q) =0 L (R)>S,L . In Equation (3.15), the second equality holds because

— Y max max*

R@®) )17 [Qlaw) Q=) Q) -1
[R(”) R(zz)] _ {Q(m) Q(m] _ |:Q(zy):| (@) [Qu= qu)]

obtained by applying Theorem B.1 in Appendix B, and the last equality holds due to
Equation (3.10).

Combining Equations (3.14) and (3.15), now we can express the difference $§*¥*) —
SS*) in terms of the VAR coefficients a(®¥),

SS(@v2) _gs(@=) — 1, 4 I,
e (rmy))TMmy) (a(ww)T _ plaln) guw) (rmy))T

+ (ale) Qi) (@) - ((a<xy)) T g (T(my))T)

—a*) (Q(yy)) - (a(ﬂﬂy)> g
This completes the proof. 0

Theorem 3.1 can be extended to the general case of multivariable x; and y; as
follows.

ProposITION 3.1. Under the same condition in Theorem 3.1, for multivariable x;

and y;, we have
-1 1 _ T
Fy_ ). =Indet I—i—(var(egzly’z))) a™¥) (Q(yy)) ((var(egmy’z))) a(”’y)>
where M2 means the decomposition of the positive definite matrix M such that

1 i\ T
Mz(Mz) — M.

N

Proof. By the definition of the GC value, and noting that Var(egmly’z)) is positive
definite, we have

Fy—)w\z

det (var(el" ) det (var(ef"™?) + (var(ef"1?) —var(e"") ) )
det (Var(egrly’z))) =l det (Var(egzly’z)o

lndet <I+ (var(egx‘y’z))> -3 (var(e,Ele)) fvar(egxly;))) <(Var(€§x|y,z))) —é)T> .

Then by following Equation (3.6) and thereafter, it is straightforward to complete the
proof of the proposition. ]

=In

Theorem 3.1 gives a semi-explicit formula of GC, and the non-explicit part lies
in QWY) which, in principle, can be determined by the VAR parameters also. Yet it
provides several additional information of GC that cannot be gained from the original
GC definition (Equation (2.3)):
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e QWY) is a positive definite matrix. This implies that a(*¥) (Q(yy))_1 (a(zy))T
is approximately quadratic (skewed by (Q(yy))_l) when ||a(zy) ||2 is small, thus
Fy_,.). is also a quadratic function of a®¥) approximately.

e Assume the variance of prediction error ¥ is a diagonal matrix. Then af-
ter whitening X; by causal filters on each variable and normalizing X; so
that ¥ =1 — a process that does not change GC [10, 12], if the interaction
among x, y and z is weak (Ha(“”)H2<<l, Vu,v € {z,y,2}), then we have the

approximation R~1I, Q~1I, thus Q¥ ~I. In this case, GC is approximately
F,

y
e Equation (3.1) provides a more accurate way to compute GC numerically than

using its original definition by Equation (2.3). In particular, when the interac-
tion is weak, Var(€§$|z)) and var(eiw‘y’z)) would be close, thus the ratio between
them in F,_,, . will lose significant digits. Equation (3.1) avoids this prob-
lem. For example, in some extreme cases, the GC value computed by Equation
(3.1) can achieve the order of accuracy of 1073° when using double precision

arithmetic, in contrast to 10716 when computed by Equation (2.3).

D)z a*v) (a(my))T = ||a(my) H;, a clean quadratic function of a(*¥).

e Equation (3.1) substantially saves computation time by avoiding computing the
partial VAR model Equation (2.2). Note that, for a large dynamical system, a
substantial amount of partial VAR models need to be calculated according to
GC definition (Equation (2.3)) in order to identify the causal relation between
all pairs of variables in the system. Therefore, Equation (3.1) can lead to fast
algorithms of conditional GC.

e The finite regression order requirement in Theorem 3.1 can be dropped. In
fact, as the regression order m — oo, we can show that the computed Fy_,,.
will converge to its theoretical limit due to the convergence of the monotone
sequences var(e\*'*) and var(e{”*"*)). We can modify the proof in Theorem 3.1
for the case of m =00 by replacing matrices with linear operators since these

matrices are all norm bounded regardless of m.

e R is a block Toeplitz matrix, correspondingly @ and Q¥ can be proved to
be approximately Toeplitz matrices. Therefore, Q¥ can be approximated by
its power spectrum [16], which inspires us to approximate GC in the Fourier
domain. We will discuss this issue in Section 4.1.

4. Approximation of GC by VAR parameters

Equation (3.1) links the GC value F,_,,|, with the VAR coefficient a®¥) | which
provides an intuitive interpretation for F,_, .. For instance, F),_,, . takes a large value
when a(®¥) is large. However, there is still an implicit part Q%) in the expression of the
GC value in Equation (3.1). This section aims to develop expressions that approximate
QWY and further derive the GC value using VAR coefficients and prediction variances
explicitly.

4.1. Asymptotically equivalent approximation of GC. We note that Q(¥¥)
is approximately a Toeplitz matrix, which has a tight relationship to the Fourier trans-
form [15,16]. In fact, the Fourier transform has become an effective tool to solve time
series problems involving a Toeplitz matrix [9]. This subsection utilizes this idea to
link Q¥ with the VAR parameters and eventually derive an approximation of GC
expressed by VAR parameters.
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4.1.1. Notation of the power spectrum of time series.  Let S(w) denote the
power spectrum density of X;. By Wiener—Khinchin theorem [26], under the condition
of X; being purely non-deterministic, we have

S(w)=IprrT [{Rj}jgz} (w),

where
R;2E (X, X[ ), (4.1)

and the discrete-time Fourier transform (DTFT) is defined as
FDTFT {{Rj }jeZ:| = ZRje_ijw-
JEL

More details of DTFT on a matrix_function can be found in Appendix C. In the followin
to simplify the notation, we use A to denote the DTFT of a (matrix) time series {4; ?

According to Section 2, a time series X; with bounded PSD has a VAR representa-

tion
m

ZAth_jzet, (4.2)
j=0
where
af™ af™ af™ 100 000
Aj=—{a¥ a; o) (y2> , Ag=1|0I0|, A_;=[000], Vj>0,
R (zz) 001 000
J J

and m can be co. According to Lemma 3.8 in Ref. [27], we have
- - H
S(w)=A" (w)z (47 w)) (4.3)
H

where - means conjugate transpose, and ¥ =var(e;) is the variance of the prediction
error. We denote the inverse of S(w) as

Q(w) 2 S~ (w) = A" (w)S "L A(w). (4.4)

4.1.2. Derivation of asymptotically equivalent approximation of GC. In
this subsection, we will derive an asymptotically equivalent approximation of GC in the
following theorem.

THEOREM 4.1.  Under the same condition of Theorem 5.1, for small GC value F),_, .,
we have the approximation relation

(app)
y%x|z y—>x|z w,

where

YY) (1))
1w >éﬁw><w>m(ﬁ<w><w>)H. (4.5)

Here %(#) zvar(eﬁz‘y’i)), QWY s the second-row-second-column element of Q (Equa-
tion (4.4)), similarly A®Y) is the first-row-second-column element of A.*

4.(uwv) means extracting the submatrix corresponding to a pair of variables v and v.
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Proof. To define the mathematical meaning of the approximation in the theorem,
we first introduce the concept of asymptotic equivalence [16] as follows.

Suppose we have two sequences of matrices By,, Cp, € C"*™ if || By, ||, and ||Cp ]|,
are bounded ° (irrelevant to m), and if

|Bm — Comll p
vm
then we define the sequences {B,,} and {C,,} as asymptotically equivalent, denoted by
{Bn}~{Cn}.
Our aim is to approximate (Q(W))_l in Equation (3.1) by an asymptotically equiv-
alent matrix, such that the matrix can be explicitly expressed by the AR parameters.

We start from a block Toeplitz matrix Ry, by permuting the entries in R to group
variables of the same time index together

—0 as m—oo,

Ry Ry -+ Ry
R_1 Ry -
e . ' 0 . ; (4.6)
: .. - Rl
Ri_, - Ro1 Ry

where R; is defined in Equation (4.1). Then {Rp,} ~{Cn(S)} according to Lemma
6.1 in Ref. [16], where C,, is an operator that constructs a block circulant matrix using
elements from the inverse discrete Fourier transform,

Co €1 - Con
i) ot Co + Cons
¢y - o
and
I PN
ck_;)smm)e gk/m (4.7)

By applying Theorem 6.4 in Ref. [16], we also have
(B~ {ens ™) = {ea@). (4.8)

The matrix Q¥¥) in Equation (3.1) is a permuted submatrix of Rﬁ}, let’s denote

its size in subscript Qfgﬁ) Similarly, C,, (Q(yy)) is a permuted submatrix of C'm(Q)7 we
thus have

{ei}~{en@wn}.

Note that Q(yy)(w) is continuous and invertible, and according to Proposition E.1 in
Appendix E we have

Omin (Q% )> = Omin (R[_"}]) " O ZR[m]) -

1
Smax ’

5|l means the matrix 2-norm, ||-|| means the Frobenius norm.
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(Q(yy)) H is bounded. Therefore, by using Theorem 6.4 in Ref. [16], we have
2

{(eter) " p{en (@) )

which is the desired asymptotically equivalent matrix of (Q(yy))il, since Q(yy) can be
explicitly expressed by AR parameters as shown in Equation (4.4).

. . -1 . . . .
With the help of the approximated (Q¥¥)) ", we derive the approximation of GC in
the following. Note that the product of a circulant matrix and a vector can be computed
from the circular convolution of the matrix element and the vector. For our case, we

have
Crm ((Q@y))l) (a<w>)T —Crm ((Q@y))l (A(Wei?”)H) , (4.9)

where Cy ,,, is defined as

Cim(S) 2 [co e+ em—1],

with ¢; defined in Equation (4.7). The factor e appears due to the fact that the index
for elements in a(*¥) starts from zero instead of one when performing DFT.
By applying Parseval’s theorem of DFT, from Equation (4.9) we obtain

m—

a(chm((Q(yy))l) (am)) Z A0(wy) (@ ))71 (A“y)(wg‘))H

7=0

where w; = 2% And in the limiting case

a(chm(((g(yy))‘l) (awy))T_)%/j A=) (Q<yy>)_1(g<wy>)Hdw as m — 00,

(4.10)
Based on the right-hand side of Equation (4.10), we define f a_‘:i‘)z( ) as Equation
(4.5). For small F,_,,|, such that

zy) (O (qlev) T (zy) (Oyy) @y T
W:ln@a @) ' (a >> a™ (@) ' (a)

E () ()

Y

)

var( e var( e

by using Equations (4.5) and (4.10), we can approximate GC as

a(:w QW)™ a(wv N

—>f1; z
var (e} (=ly, 2) |

which ends the proof. ]

Theorem 4.1 shows that f;eff:l)z is in fact an approximate frequency-domain decom-

app)
y—x|z

expressed fully by parameters in the full VAR model, by combining Equation (4.4) and

position of time-domain GC F,_, ... It is now straightforward to write down f (
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Equation (4.5)
. Ay Ay . "
£ () = (£60) A | A | w1 [ Ao ((Z(m)) : A(my)) .
Alzy) Alzy)
(4.12)

The approximation of GC can be further simplified by assuming ¥ is diagonal as
often observed in practice. In such a case, we have

O — A (g jwy) ,
ue{%g}( ) (2 ) (4.13)

Therefore, we can obtain a second approximation of GC in the frequency domain as

i) (@~ (AT
pomns 17 - )H<A ") . (4.14)
vl (A(um) (Sn)) ™ Au)

ue{z,y,2}

With Equation (4.14), it becomes evident how GC depends on the VAR parameters.
For instance, some coefficients will not affect GC, e.g., F),_, ;. is only affected by Alzy)

Awy) A=Y) and ¥, but not, say Awr) and AW,

4.2. Tight convergent approximation of GC. It is mathematically challeng-
ing to estimate the accuracy of the approximation of GC given by Equations (4.11),
(4.12) and (4.14), which could limit its application. In this subsection, we aim to derive
an alternative GC approximation using VAR parameters in a similar form. Importantly,
we prove that our derived GC approximation becomes exact in the limit of the regression
order m being infinity.

The key to derive the GC approximation lies in representing the inverse covariance
matrix R[_W}] by VAR parameters. Ref. [28] and Ref. [13] provide ways to calculate R[_ni]
using VAR parameters for a simple univariate AR process. We next generalize the
result to the multivariable case, and finally derive a convergent approximation for GC.
In this subsection, the main theorem of GC approximation is Theorem 4.3, and its proof
requires proving Theorem 4.2 and Corollary 4.1 as follows.

THEOREM 4.2 (Representing the inverse of covariance matrix by VAR parameters).

Under the same condition of Theorem 3.1, in addition, assume the time series X
matches an order mye VAR model exactly, we then have the following representation
of R[;}} when choosing the regression order m > Myye in the full VAR model (Equation

(2.1)),

Ry =Vl = Lim Ot Lis (4.15)

[m] ] [m]~m]’

where Rim), Vim], Lim]; Cm) €R™PX™P - Ry is defined in Equation (4.6), and Vi, is
defined as

Vim) 2 A Tim) (AFJJ)H ’



1365

YANYANG XIAO, SONGTING LI, DOUGLAS ZHOU

and A[m] and Ty, are defined by VAR parameters
>0 --- 0

Ag Ay -+ Apq
O Ay . oYX
L o

()... C) D

(same size as A[m]),

Ay &
O - 0 A
A; is defined in Equation (4.2) and Aj =0 for j>myiwe, O means a zero matriz, and

Ry, is defined in Equation (4.6).
In addition, Ly, has the structure
} (4.16)

L[ | O(m_mtrue)pxnltruep O(m_"ltrue)px("n_mtrue)}?
] =
[Mtrue] MtrueD X (M—Mtrue)p
. . -1 .
where Opxn 15 an m X n matric of zeros and HC[m] H is bounded regardless of m.
2

For any VAR process with a finite regression order m >my,ye, the Z-
transform representation of Equation (4.3), or the so-called spectral polynomial satisfies

Proof.

e’} m -1 m -1
Z RL2" = (ZAkzk> by (ZAkHZk> ,
k=—o00 k=0 k=0

where R;, defined in Equation (4.1), are the covariance matrices of time series generated

by {A;} and ¥ through Equation (4.2). Rearranging terms

() ) ()

k=—o00
and matching the coefficients of z7 in both sides gives
- B;Y j>0
ZRk+jAH_{ S (4.17)
P 0] j<0
(4.18)

where Bj is defined as

e} m -1
ZBka: (ZAkzk> .
k=0 k=0

Note that B; is well defined because Y ;" Apz¥ does not have any zero roots within
the unit disk on the z-complex plane, i.e., it is minimum-phase [25]. By defining

R() Rl Rmfl Rim sz R71
K : R—m—l R—m R—Q
Rpm) £ %1% , Rim & . , , N R T)
: R <R1 . . . :
Ri_m - Ro1 Ry Ri_om R, 1R n
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Ag 0 - 0 AH ... AH AH

. . H H

qu]é A Al AH[ ]é O A AL

: .. 0 : .A.H

A Al Al O -~ 0 AH
By By - By, S0 -0

B[m]é QBO c ) F[m]é O > (m x m blocks),

: . By D0
O - 0O By O-- 0%

Equation (4.17) can be cast into block matrix form

o Al N
AH
[Rum) Ry ] | 347 | =0 (4.21)
Asm)

Here we introduce the notation of “ " ” such that A[m] and B[m] are special forms of

block Toeplitz matrix®, and the notation of “x” such that [R*[m] R[m]] and

N

are Toeplitz. Note that in Equation (4.18), only the first m terms of {B;} instead of
infinite terms are needed to form a complete set of linear equations with {A;}, i.e.,

B[m]A[m] =1. Therefore

B[m] = A71

[m]’

(4.22)

where the inverse of A[m} exists because S(w) is bounded. For simplicity, now we omit
the subscript [m] in Equations (4.20)-(4.22). From Equations (4.20)-(4.22) we get

RA® + RHAH — A7, (4.23)
R, A"t RAH =0. (4.24)

In Equation (4.23), by left-multiplying A, and replacing ARf by taking the conjugate
transpose of Equation (4.24), we arrive at

ARAT — A, RAF =T, (4.25)
By defining
G2A7'A,, (4.26)
Equation (4.25) becomes
GRGH —R+V =0, (4.27)

6There is one exception of Q) defined in Equation (4.32).
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which is known as the discrete Lyapunov equation.
Applying binomial inverse theorem [7] to Equation (4.27) to solve R™1, we get

R'=(V+GRGY)™

=V '-vIGRr ' +Gvie) TGyt
=V o AMD A (R 4 APT A TTART A, (4.28)

The proof of Equation (4.15) completes by defining

N
LWéAmﬁwAww (4.29)

and substituting Ly,,; and Cj,,) into Equation (4.28).

To examine the structure of L, described by Equation (4.16), let’s first focus
on Equation (4.29). For any m >Myye, the non-zero blocks of A, will be located at
its lower left corner, and the non-zero blocks of A will be located around its upper
diagonal. Hence the non-zero terms of ARD=1 A, form a lower triangular block matrix
of size Mirue X Mirue blocks located in its lower left corner. These nonzero elements do
not change as m changes. This proves the structure of Ly,,; (Equation (4.16)).

For the bound on HCfml] ) we have
Tmin (Clm]) > Omin (R[ ]) Tmax (Bim]) - (4.31)
HCMH Trin (Clm)) < Tmax (Rim) ) -

Due to Proposition E.1 in Appendix E, opax (R[m]) is bounded regardless of m, so is

lewill,

Based on Theorem 4.2, we have the following remarks:
e The error of estimating R by V[;n is a low-rank and sparse matrix due to
the sparse structure of Ly, Wthh will be further seen in Proposition 4.1. This
provides us a way to approximate ) by only VAR parameters through V[ ]1

e It happens that only the upper left of @ (including Q%)) is important for
GC computation, because GC can be computed from vector-matrix product
a*v) (Q(yy))_1 and a; —0 as j — oo under the condition of Theorem 3.1. The
convergence of V[;L]l under this type of vector-matrix product will be discussed
in Corollary 4.1.

e According to Equation (4.28), we can design an iterative scheme to compute
the full matrix R[;}] accurately by choosing m > 2my;ye-

e Another version of Theorem 4.2 can be proved by reordering the elements ac-
cording to variable index instead of time index in R[*ml]7 A[m], and I'f,,), which
is concluded in Proposition 4.2.
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PROPOSITION 4.1 (Element-wise approximation to R[_”}]). Under the condition of
Theorem 4.2, R[_ml] can be approximated by V[;L]l according to

R} oi[m] =V ! oi[m],

[m] [m]

where o means Hadamard product (element-wise product), and i[m] is defined as

12 | Lm—mue)px (m=mue)p Lom—muue)pxmep
(m] = ;

MtrueD X (M—"Mtrue)P Omm\epx MirueP

in which 1, xn 18 an mXn matriz of ones.

Proof. By Theorem 4.2, we have

R—l

[m]

-1 —17H
=Viml = L C o) Lim-
The non-zero elements of the Lj,, C[fml] L[Ifn ] is a block matrix of size Mirue X Mirue lO-

cated at its lower right corner, independent of the value of R~!. Therefore, R~! equals
V! except its lower right mgrue X Mitrye blocks. The Hadamard product o1y, picks out

fm]
all the identical elements in the two matrices. We point out that m =my,ue is a trivial
case. ]
PROPOSITION 4.2 (Element-wise approximation to Q).  Under the condition of Theo-
rem 4.2, the inverse covariance matriz Q can be approzimated by () according to ”

Qollval =(oilwvsl, (4.32)
where we define

Q=( A[zyz]f (cte) A,

AlrvEl 2 | A(wz) Atwy) Aw2) || plevel 2 | plye) ) T2)
AGz) A(zy) A(zz) o) pzy) (zz)
ag™ af™ -l E(ee”) 0 0
: . . aguv) : 0
0 - 0 ag™ 0 0 E(gVg”)

and here TV s an m xm block matriz, aouv)zéwl, u,v€{x,y,2}, and 1*¥? is a

permuted i[m] following the same way as permuting Alzvz] ¢ A[m]. (The proof is omitted
here.)

7The superscript -[#¥2] means rearranging the matrix in the order of variables z, y and z (variable-
major order), instead of time-major order (:[,,]). Note that this subscript is omitted if self-evident, for

example, Q is equivalent to Q[¥=].
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We comment that although () contains additional information of a(uv) for u,ve
{z,y,z} compared with Q by their definitions, both of them contain identical VAR
information when m > my,ue +1. In addition, ) consists of blocks

=i (G N S

j€{z,y,z} ke{z,y,z}

—1\ Uk)
Here ((F[“"yz]) 1) means the block submatrix in the j-th row k-th column of
(I‘[’”yz])71 following the same partition order as T'*¥2]. We can prove the convergence
relation between Q) and Q(“*) as well as the inverse case in Corollary 4.1 below.
Before the corollary, we first introduce the permutation matrices P[[fn‘l]’z] and P[(m“]) to
reorder matrices such that

[mz [zyz]T
R=PIv R, PIvIT,

[m]
and

v)T
R =Pl Ry, PO (4.34)

where R and Ry, are defined in Equation (3.4) and Equation (4.19) respectively. We
will use the permutation matrices to prove Corollary 4.1 in the following.

COROLLARY 4.1 (Approximation to @ under vector multiplication).  Under the same
condition as Theorem 4.2, for any vector b= [by -+ bm_1], 2250 Hbj||§ <00, we have
the following element-wise convergence relation B

bQ() — bQ), (4.35)

b(Q(““)>_l—>b(Q(““))_l, (4.36)

form— o0, w,ve{x,y,z}. Hereb; has the same matric size as al (see also Equation

(3.2))-

Proof. According to Theorem 4.2, we have

J

Ry = Vi) = Lom o Lo (4.37)

In addition, the matrices Q(“*) and Q%) can be expressed through a reordering of the
elements in R[_ml} and V[;L]l according to variable index

Q) =P{IR, PO, (4.38)
QU =PV 1 pT, (4.39)

m] " [m]~ [m]

where P is the permutation matrix that has been used previously in Equation (4.34).
Now we are ready to prove Equation (4.35). From Equations (4.37)-(4.39), we have

Q) —Qw) = _p po-1Hp®T (4.40)



1370 GRANGER CAUSALITY EXPRESSED BY REGRESSION PARAMETERS

where the subscript [m] in all matrices are omitted in the proof to further simplify the
notation.
From Theorem 4.2 we know P [, and L¥ P™T are low rank (at most Myrye X Mirue
nonzero blocks) matrices. Actually,
P(“)Lc_lLHP(U)T — [O[(m_mtrue) X (M—="mtrue)] O[(m_mﬁ) thrue]:| ,

[Metrue X (M—=1Mgrue)]

where M is a submatrix of the same size as O, xmeue]» Omxn] Means a block matrix

of zeros with m x n blocks, and each block has the same size as al™ (size can be different

J
depending on u and v). Therefore, we have

b(Q = Q) = (b0 [Optx - murwa] Ltmunnat]) QU = Q1))
Correspondingly, we can estimate the bound of b (Q(“”) ,Q(uv)) as

Hb(Q(uv) _Q(uv)) H2 < Hbo [O[lx(mfmtmc)] 1[1><mtruc]] H2 Hp(u)chlLHp(v)THz’

whete [ PWILC-1LHPOIT |, <[], PO L]
Clearly the nonzero elements in Ly, are always located in a block Ly, ) which does

not change as m increases. Therefore HL[ , and HL[m] H2 is upper bounded, regard-

mtruc]
less of m. Because the operation of permutation P(*) does not increase matrix 2-norm of
Ly, and the bound on ||C*1H2 has been given in Theorem 4.2, HP(“)LC”lLHP(”)T||2
is bounded.

Note that we also have Hbo [0 x (m—mire)] L[t xmeene]] ||2 —0 as m— 00, because

> is0llbj ||§ < 00. Therefore,

(-0, <lo(o ) -

This proves Equation (4.35).
We next prove Equation (4.36). From Equation (4.40), we have

Q) = Q) 4 p(w) Lot [H pT, (4.41)
By applying binomial inverse theorem to Equation (4.41), we have
. -1 -1 -1 —1
(@) "= (@u) = (Qu) oL <C+ L pT (@) p L)

LH pwT (Q(““))_l. (4.42)

-1

We point out that Q) is invertible because Q@ =R™' is strictly positive definite,
Q) is a principal submatrix of @, from Proposition E.1 in Appendix E, we have
Omin (Q(““)) > Opmin (@) > 0. Similarly, Qv is invertible according to Proposition E.2
in Appendix E.

Correspondingly, we have

(@) @))

< Hb(Q(uu))_lp(u)L

2 2
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(0+ LA pEIT (Quen) ) L) B

. H LHpT (Qwu)) N 2

2

It is straightforward to bound the norms

_ —1
(C + L pwT (Q“‘“)) " ptw) L)

=1/0min (c +LH pT (Q(““)) - P(“)L)
2

1
gamT(C')’ (4.43)
~1 1
(uu) (u) (uu) _ ||L||2
H(Q ) P LZSH(Q ) Ml = =y (4.44)
Note that
O (Q) onh (@) =0 (R™Y) = ok (R), (4.45)

together with Equations (4.16) and (4.31), the right-hand side of Equation (4.43) and
Equation (4.44) are upper bounded regardless of m.
In order to prove Equation (4.36), now it becomes sufficient to prove that

o) pon

—0 (m—o00). (4.46)

This is true because P L picks only the last mue of m elements in d=b (Q(““))_l,
and the elements in d= [do dm,l} have the property of d,, =0 as m — oo due to

1, <1l

(Qwu)) B H2 =|blly ot (Q(““)) <oo (VmeN). (4.47)

A uniformly bounded ||d||, regardless of m implies that all rows of d are 2-norm bounded
also, thus all rows of d,, converge to 0 as m — co.

Now let’s examine the bound on Equation (4.47). We have seen the bound on
O (QU®)) in Equation (4.45). To estimate the bound on ||b||, we need the property
of matrix 2-norm: for any fixed m, there exists a column vector ¢ such that [|b||, = ||bc||,
and |[c||,=1. By splitting the vector ¢ to match the partition of b, we have

m—1 m—1 m—1 oo
oell, =D bies| < D Mbieilla < D lIbslly lelly <D lIbsl, < oo,
7=0 7=0 7=0 7=0

2

i.e., ||b]|, < oo regardless of m.
Therefore, from Equations (4.43)-(4.46), we have

(@) @))

as m— 0o, which proves Equation (4.36). ]

—0
2
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We next introduce the main theorem in this subsection, which gives a convergent
approximation of GC explicitly expressed by VAR parameters.

THEOREM 4.3 (Convergent explicit expression of GC). Under the same condition as
Theorem 4.2, we have the following element-wise convergence relations

ate () ! (a) T glow) (@) ! (at) " (4.48)

@) (Q<yy>) (ae)T

Fy a2l | 1+ = Fy s (4.49)

as m— o00. For definitions of symbols in the theorem, see Eq. (3.2) for a™®¥), Equation
(3.3) for QWY and Equation (4.33) for QWv), (x®) zvar(egxly’z)).
Proof.  To prove the theorem, we only need to verify that the VAR coefficients
2
a®¥) satisfy the assumption in Corollary 4.1 i.e., Z;io Ha§-my) H < 00.
2

Because S(w) is lower bounded, we have

1 i 1 i
o | s wlldws o [ max (s w)],) dw <oc.

From Equation (4.4) and the relation between norms ||-||, and ||-|| 7, we have

2

], == |47 )|, < [ 4w dw)], < sl W)l

Therefore, we have

[e’e) oo 1 - 3 9
SIS Ml =5 [ A dw<ss,
7=0 7=0 —T
and
[e%s} 9 )
x 2
S [les [ < a1z <oe.
Jj=0 j=0

By Corollary 4.1,
. -1 -1
a@v) (Q(yy>> —a@ (wa)) . (m—00)

together with the arithmetic rules of limit, we complete the proof of Equations (4.48)
and (4.49). |

We should point out that the finite myye condition in Theorem 4.3 can also be
dropped by the following observation: the only difference between the condition of
Theorem 3.1 and Theorem 4.3 is that the latter one requires the time series {X;} to
match a finite order (myyue) VAR model. However, under the condition in Theorem
3.1, for any infinite order VAR model there is a sequence of finite order VAR models
converging to it, in the sense that their second-order moments (i.e. {R;}) are eventually
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all matched. Then the limit in Theorem 4.3 is valid for every VAR model in this
converging sequence because they are all finite-ordered. Thus by combining these two
embedded limiting processes, we have the convergence of Equation (4.49) for infinite
Mtrue-

By definition, Q¥ can be explicitly expressed by the parameters of the full VAR
model,

Alzy)

Swo) | (@ () H o/ H} v L |
Q= [(aen)” (aon)” (ae0) "] )

If we further assume that I'? is diagonal as often observed in practice, Q(yy) can be
simplified as

Q= 3 ( A(uy))H <p<uu>)’1 Alwn),

ue{z,y,z}

which takes a similar form as Equation (4.13).
Based on Theorem 4.3, we have the following remarks,

e In practice, with finite data length, we need to determine a finite value of regres-
sion order for Equation (2.1) by AIC or BIC. Then to accurately approximate
GC using Equation (4.49), we use the VAR parameters in Equation (2.1) with
a sufficiently large m, and set A,, =0 for m being greater than the regression
order determined by AIC or BIC.

e The increase of m does not increase the difficulty of interpreting the GC value.
Note that quadratic part in Equation (4.49) is the same as that in Equation
(4.5). Therefore, all the interpretation or intuition originated from Equation
(4.5) can be applied to Equation (4.49), giving the interpretation of GC as a
function of VAR parameters a solid (convergent) foundation.

4.3. Numerical results. Here we demonstrate the accuracy of our derived
GC approximations Equation (4.12) and Equation (4.49) using the following numerical
example (a model from Ref. [8]),

T = 0.8It_1 — O.5It_1 +0.4Zt_1 +0~2yt—2 —+ €
Y =0.9y;_1 — 0.8y o+ & (450)
zZt = 0.52,571 — 0.2Zt72 + 0~5yt71 +77t

with var (e;) =0.3, var (&) =1.0, and var(n;) =0.2. The theoretical conditional GC value
between z, y, and z are F),_,; . ~0.06742, F,_, ., ~0.12360, F,_, . ~1.06839 respec-
tively and the GC values for the remaining pairs of variables are zeros. These theoretical
values are calculated by definition using Equations (2.1)-(2.3) with m being sufficiently
large, and with the theoretical covariances defined by Equations (3.5) and (3.9) that are
numerically computed by Equation (4.3) with sufficiently large discrete Fourier trans-
form (DFT) length (1024) and inverse DFT. Then VAR parameters are solved through
Yule-Walker equations. The approximations Equations (4.12), (4.32), and (4.49) are
computed through these VAR parameters.

Figure 4.1a demonstrates the accuracy of the GC approximation in the frequency
domain (Equation (4.12)), which well approximates the ground truth but with visible
error. To verify Equation (4.32), Figure 4.1b shows that @ and Q are approximately



1374 GRANGER CAUSALITY EXPRESSED BY REGRESSION PARAMETERS

the same. The difference between them only appears at the lower right block of the
two matrices, and the size of that block is exactly myiuep X Miruep =06 X 6, as stated in
Proposition 4.2. To verify Equation (4.49), Figure 4.1c shows the errors of the GC
approximation by Equation (4.49) rapidly converge to zero as the regression order m
increases. In addition, zero GC values have zero error.

025 o8 10
02 5 04
010705
1
2015 0 02 ©
A S
N 15 0 =
19 S
& o1 £1071°
20 02 ©
0.05
25 = 0.4 115
"
0
0 05 1 15 2 25 3 30 -0.6 0 5 15 20 25 30
w 5 10 15 20 25 30 (VAR order)

(a) (b) (c)

Figure 4.1: (a) Comparison between the exact frequency domain GC (blue) and its approzimation by
Equation (4.12) (green). (b) Difference between matrices Q and Q, with m=10 (thus the block matriz
has a size of 30x30). (¢) Comparison between the theoretical GC value and its tight approximation
giwen by Equation (4.49). The abscissa is the fitting order m. The red dotted line indicates the
significance level a=10"3 for data length 105. There are sizx GC value curves in total, but the errors
for GC values Fy sy, Fr s, and F»_y are below 10~16 thus not visible.

5. Comparison between GC and other causality measures

In addition to GC, several other measurements of causality have been proposed
and extensively applied in practice, for instance, partial directed coherence (PDC) [2],
generalized partial directed coherence (gPDC) [1] and directed transfer function (DTF)
[18]. In this subsection, we introduce the definitions of the three causality measures and
identify the relation between them and GC using our derived GC expressions.

The PDC from variable y to variable x is defined as

AEY) ()
Ty (W) = = (w) T . (5.1)
Z (A(uy) (w)) A(“y)(w)
ue{z,y,z}

The gPDC from variable y to variable z is defined as

AG@) () (2 (2)) 712
) 2 wer) 52

3 ( Atuw)( ) (Z(uu)) A (1)
ue{x,y,z}

The DTF from variable y to variable z is defined as
BEY) (1)

Z B(m ( (M)( ))Hj

uwe{x,y,z}

Yay(w) =

where B (1) is the submatrix of B(w) corresponding to variables x and u € {z,y,2},
and B(w) is the DTFT of B; defined in Equation (2.4). B(w) is also called the transfer
function.
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By comparing Equation (5.1) and Equation (5.2) with the GC approximation Equa-
tion (4.14), we immediately see that PDC and gPDC are special forms of frequency
domain GC approximation. Specifically, we have

79 w) (x9)(w)) = £ (w)

Ty y—x|z

*

means complex conjugate. And
under an additional assumption that 3 has identical entries

under the assumptions of ¥ being diagonal, where -
PDC is identical to f(apzlz

along its diagonal. If further assuming F,_,,. being sufficiently small so that In(1+
f(app2)) Nf(app2)
) ~

Sale Y20 We can reveal the relation between time domain GC and gPDC by

The relationship between DTF and GC can be revealed by assuming that the inter-
action between variables are sufficiently small but not vanishing (i.e., [|4;|, <1, Vj>1)
so that the Taylor expansion

Bl = (1~ (If}l[m]»_l T (1= Ay (5.3)

is relatively accurate. Here A[m] and B[m] are defined in Equation (4.22). Note that the
diagonal of Iffl[m] are zeros, and the off-diagonal elements of RHS are —A;,—As,- -,
i.e., Bj~—A; and B(w)~ —A(w) due to the approximation Equation (5.3). Thus

- ~ H
B@Y) (w) ( Blay) (w)>
Yoy (W) (Vay(w))" = - - = (5.4)
5 ue oy BEW (w) (B (w))

A@Y) () (,Zl(wy) (u,)>H
S gy A ) (A6 ()

Comparing Equation (5.5) with Equation (4.14), we see that if further assuming ¥ =1,

~ ~ H - H _
Y e yey AT (w) (A<m>( )) <1, and Yocqy (A(“y)(w)) AW () <1, we can

app2
have v;; (w) (vi; (w))" = fyj:}v)\z)

Here we have shown that PDC, gPDC, and DTF are closely related to the frequency
domain GC approximation Equation (4.14) under some conditions. By examining those
conditions we can obtain qualitative and sometimes quantitative differences among these
alternative measurements of causality. For example, the approximation of B; by A4; in
Equation (5.3) may not be accurate enough and needs to include higher order terms of
A; if the number of variables is large. Consequently, the DTF value is likely to deviate
from GC when applied to a large system. In contrast, the relationship between PDC

~
~

(5.5)

and f (fflz does not depend on the number of variables, and is actually exact.

6. Summary and discussion

In this work, we have derived a new formula of GC (Equation (3.1)), which reveals
a semi-explicit relation between the GC value and the full VAR model. This derived
formula greatly helps interpret the GC value in terms of the underlying dynamics. In
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order to write down a fully explicit relationship between the GC value and the VAR
parameters, we have developed two types of approximations described by Equation
(4.11) and Equation (4.49) respectively, which are summarized in Table 6.1. Equation
(4.11) is easy to interpret and compute, generally a non-convergent approximation.
Equation (4.49) provides an alternative convergent GC approximation with a similar
form as Equation (4.11), thus provides one with novel interpretation and intuition of
GC.

Methodology Fy v “core part”
. var(e(I Z)) o
Original form In 7‘/“(6(2 ),
Variance reduction ! , p(linear) pllinear) & al=) (QU) ™ (alen)”
form n y—zlz y—z|z SICE)
QWY by circulant (app) (@pp) & 7(xy) (Qm)) ( (zy))
approximation f fy—mlz( w)dw fy—mlz A A
Q(yy) by Toeplitz ~In <1+F(11ncar)) F(llncar) A a(”y)(Q(yy))il(a(zy))T
approximation - —z|z y—a|z x(z)

Table 6.1: Different GC expressions. Note that the last two “core part” can be explicitly expressed
by VAR parameters: for circulant approximation, the expression utilizes frequency domain VAR coef-
ficients; for Toeplitz approximation, the expression involves “Toeplitz-rized” form of coefficients, i.e.,
A and T.

The GC approximation Equation (4.49) can be exact for finite m under a proper
assumption and a specific computational procedure, i.e., the time series is zero before
time zero and we do the regression by using its first m data points only, the covari-
ances needed in Yule-Walker equations are computed by taking average over multiple
realizations. From there we get an intuitive understanding of Theorem 4.3. As m goes
to infinity, data at the time zero point becomes a far elder history and tends to be
uncorrelated to most of the m samples. In other words, the difference between the
“positive time” signal and the full time signal is vanished, thus the GC of both time
series coincide.

Noting that both Equation (4.11) and Equation (4.49) can be expressed by simi-
lar operators involving Toeplitz matrices. It is thus possible to further investigate the
difference between Equation (4.11) and Equation (4.49), which may help to derive an
error bound. The methodology used to derive Equation (4.11) is also seen on various
applications in the field of signal processing and time series analysis [9], thus the the-
orems in Subsection 4.2 could be helpful for investigating errors in these applications
also.

Furthermore, the Toeplitz structure in Equation (3.1) also allows us to obtain an
approximation of the GC value in the frequency domain given by Equation (4.5), which
is derived by applying the Fourier analysis. As shown in Figure 4.1¢, Equation (4.5)
well approximates the conditional frequency domain GC qualitatively. However, several
questions regarding the relation between the frequency domain GC and its approxima-
tion (Equation (4.5)) require further investigations, including (1) analyzing the error
bound of the approximation; and (2) deriving an exact or convergence expression of
frequency domain GC using VAR parameters on the basis of Equation (3.1). To an-
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alyze the error and convergence of the approximation, the difficulty largely lies in the
fact that the inversion of a Toeplitz matrix is no longer Toeplitz, although they are
asymptotically equivalent. To circumvent this difficulty, here we have derived an alter-
native approximation Equation (4.49) to approximate GC in the time domain rather
than the frequency domain. We also comment that, with the development of recent
advances in spectral matrix factorization techniques [17], there is a hope to derive an
exact expression of frequency domain GC using VAR parameters.

As a byproduct, the approximation to the inverse covariance matrix derived in
Theorem 4.2 is also useful in tackling many other problems involving covariance matrix
and linear regression, such as investigating the sparsity of the covariance matrix and
the VAR model.

The theorems in this paper might be generalized to nonlinear GC problems. e.g.,
when the nonlinear regression for the GC can be expressed as a linear combination of
certain nonlinear basis, or when the regression can be linearized after embedding data
points into certain space, i.e., the kernel trick [19].
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Appendix A. Yule-Walker equation. The ordinary least squares problem

S 3 N R
can be solved by Yule-Walker equations

RGz) pzy) Rzz)
[a(rr) a(@v) a(zZ)] Rwz) Ryy) R?) | = [r(r\w) r(@ly) T(IIZ)]’ (A1)

RGz) R(zy) R(22)

which is obtained by right-multiplying xzﬂf . and taking expectation on both sides,
B (s ) =3B (e )+ 3 E )
j=1 j=1
+Za wz)E (ze—jai_ k)‘HE( (w‘y’z)xtT k)
j=1

The least square minimization will lead to E (€§x|y,z)z£k) =0 for k=1,...,m, this
leads to Equation (A.2).

E (z2]_) Za aa) E (z—jz{_}) +Za§xy)E (ye—jzi_p) —&—Za;m)E (ze—jai_y).
j=1

j=1 j=1

By using symbols defined in Equation (3.5) and Equation (3.9), i

R (B (59)D) L velea. (A3
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row
r) = (E(@(=")) (0 € {z,9,2}), (A4)
=1..m
we reach Equation (A.1).

Appendix B. Inverse of submatrix.
THEOREM B.1. For a block matriz with known inversion (assume all occurred inver-
sion of matrices are valid)

A1 = A1 Aro - —B— By Bia
A21 A22 BQl BQQ ’

the sub-block inverse Al_l1 can be expressed in terms of submatriz of B:
Ay =By1 — B12B5,' Boy. (B.1)

Proof. A column transform of matrix B to eliminate its lower-left block reads:

Bi1 B I O] _ B11 — B12Byy,' Boy Bia
Boi Bag | | =Byy'Boy T 0 By |”

Then left-multiplying matrix A to both sides, we get

{ I O] _ [Au A12] {311 — B12B3;' Ba 312}
—Byy'Boy I Azy Az 0 Bos |

Now its upper-left submatrix reveals the desired inverse A;}':
I=Ay; (Bi1 —B12B53' Bay) .

d
In the main context, one more trick is used: a block submatrix follow the same rule
as “single patched” submatrix when performing inversion. e.g. submatrix

(B.2)

An= [ Re) pz2) ]

of the whole matrix

R@z) R(zy) R(z2)
R=| Rwz) Rlyy) R(yz)
RGzz) R(zy) R(z2)

is related through column and row permutation

001 Rwx) Ry Ryz) 001 RGz) R(z2) | R(zy)
OI0]||[R*)] R [R=2)]| |O T O Rwz) Rlvz)  Ryy)

I 00] [[R=)] Rev) [RED [T OO {R(M) R(M)] R(=@v)

Note the inversion of the permutation here is itself:

I100|[IOO 100
OO0OI||00I1|=|01O0
OI0||0IO 001
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Thus the inversion = R~! relates to the inversion of permuted matrix in the same
way:

1 00] [R&® R@ R@D17 [T 00] [[R@ R@)] Raw ™"
B=|00 I| | Rw) Ry R2) OO0 1I|= [R(zx) R(ZZ)} Rv)
O I 0O| | Rx) R(zy) R(z2) O1I1O0 Rw») Rz Ry)

Due to Equation (B.1) we know the inversion of the submatrix A;; from Equation
(B.2) can be computed from submatrices of B and thus from the submatrices of @, i.e.
by defining B by

[Q) Q) [QEw
BH—[Qm) oG | Br=| g6 |
Boy =[QW™) QWA], By=QWY.

Appendix C. Discrete-time Fourier transform on matrix function.
For any scalar or matrix valued time series A; € R™*™, we define its discrete-time

Fourier transform (DTFT) A(w) as:

A(w) = Fprer [{Aj }jGZ} (w) & ZAje*ijw.

JEz

And its inverse discrete-time Fourier transform:
- 1 (™ . .
A=t [A] 2 o [ Aw)ervaw.
2r J_

For simplicity, we sometimes use the symbol with “tilde” to denote its DTFT, like
the A; and A(w) above.

For DTFT and inverse DTFT to be meaningful, A; or A(w) need to satisfy
some mild condition, such as {4;} and A(w) both being absolutely summable, or
Zj€Z|\Aj||§<oo (Il is the matrix spectral norm). Refer to standard text book
(e.g. [23]) for that topic.

Due to Wold’s theorem, DTFT is always valid in our case.

In case of matrix A; and fl(w), DTFT and inverse DTFT is defined entry-wise.
But still the convolution theorem applies

FDTFT ZAjkaj = ZDTFT [{Aj }jez} FDTFT {{Bj }jer| (C.1)
JEL kez

here A; e R™*", B; e R™*! (and suitable condition for DTFT to exist), the usual matrix
multiplication is used. As a corollary, the Parseval’s theorem in matrix form is

i T:i i A(w) A" (w)dw
;AJAJ Qﬁ[WA( VA (w)dw. (C.2)

which can be seen by letting B; = AT

; in Equation (C.1).
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Lemma C.1. Given power spectrum S(w), for any block vector B= [BO By ]
"ééT“ finite and its DTFT B(w), we have bound
2

L 1 [™ . . L
HBBT’ minamin(S(w))g‘ 7/ B(w)S(w) B (w)dw gHBBTH max||S(w)|,
2 w 2 J_ . 5 2 w
(C.3)
Proof. By definition of norm ||-||,,
1 ™ ~ ~ U ~ _
‘%/ﬂB(w)S(w)BH(w)dw QZHI?IEZ}%% 7WEB(w)S(w)BH(w)EHdw
1 [ = ~
< max o= [ @) ()|, B () du
1 [ -
—max Sl o [ Blw)B (w)dw
w 2 J_ . 9
Due to Equation (C.2)
1 (™ = -~ = =
7/ B(w)BH (w)dw|| = BBT’ :
2 J_ . 9 2
thus we get the right-hand side inequality. Similarly for the left-hand side. a0

Appendix D. Block circulant matrix and DFT. It is well known that circulant
matrix is diagonalizable by discrete Fourier transform (DFT) matrix. Here we present
a block circulant matrix version of this fact.

For circulant matrix C' = (Cjk)m_l Cik=Cr—j, Cizm=0C;j

k=0
Co Ci - Cp
C: C’H’I71 CO
Cy

Ci - O Gy

We have diagonalization

Co O -+ O

1 oA

—FHICF= ? = (D.1)
O - 0C,

where F' is the block DFT matrix
207 201 ... 207
el AT 27 ... Tl
F:(Zj I)j,k:O:

OF a1 .. ym=1)(m-1)]

Z:e—27ri/7n (D2)
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m—1
~ omiik
Cj=Y" Cre2miik/m,
k=0

This can be proved by straightforward verification.
The unit root z in Equation (D.2) has period m, i.e. z/t™ =27, For any integers [,
n, we have

m—1 m—1
—lj,mn (g+3) — 1 z
Jj=0 Jj=0

m—1 1— Z(n ym
=i _ ) ot =0 n—Itm
m n—1|m

j=0

Let By, be the block entry of FFCF = (By,,)"_,

m—1lm—1

Bl n = § § F‘[j ]ank
7=0 k=0
m—1lm—1

FZ?Oan,q-&-j (L] =k _J)

_JO l#n
N mZ;nolCZ”q mC l=n"

This proves Equation (D.1).
As a consequence, F'//\/m is a unitary matrix (proved by letting C; =0,1).
Another useful fact is, any general block matrix can be thought of as a part of block
circulant matrix.
For example

Ao Ay - A
A[m]_ O Ay

. . . A1

O -0 A

is part of block circulant matrix (size 2m x 2m)

Ay A
A — [m] x [m] D.
Clml { Aoy A (D.3)

where
A, O - O
A*[m]: AW.L_l Am

: . -0
Al Am—l Am
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As in Equation (D.1), A¢jm) is block diagonalizable, where the block diagonal is DTFT
of {AJ };n:O

Appendix E. Relation between power spectrum and the covariance ma-
trix.
PRrROPOSITION E.1 (Norm of covariance matrix).  For any wide-sense stationary multi-
variable time series X;, we have bounds on singular value of its covariance matrizc

Omax (R['m]):HR[m]HQ Smgxns(w)HQv (E]-)

Omin (R[m]) > Hhi}nomin (S(w)), (E.2)

where omin(C) and omax(C) means minimum and mazimum singular values of matriz C.
These are also the bounds for eigenvalues (Amax (R[m]), Amin (R[m])) due to Ry :R[Tm]

and Ry, positive semidefinite. (This is a multi-variable extension to Equation (2.38)
in Chap. 2.4.1 in [25].)

Proof. Consider a time series Y; as a filter result of X; by B= [BO By - Bm,l],

m—1

Y;=) B;jXi;.

j=0
Then the “variance” of Y; can be expressed in time domain,

-1
E(Y,Y[)= BjE(X;—;X[,) Bf =BRy,,B”, (E.3)
0

s

3

Il
=]
b
Il

J
and in frequency domain (note m finite, so B(w) is always well-defined)

B(VY]) = o [ B)S(w)B (w)du (E.4)

(L —

By definition of norm ||-||,, for c € R1*™P,

~ T
1R | = macx, ERpy
< max |E(Y;Y{")|, (by Equation (E.3))
[BB™||,=1
1" -
< max —/ B(w)S(w) B (w)dw (by Equation (E.4))
[B87||, =127 J = 2

<max|S(w)|, (by Equation (C.3)).

Similarly for Equation (E.2). d
LEMMA E.1 (Bounds on A[m] by DTFT). Given white noise W; e RP*Y E(W; W) =
0;kX (01 is Kronecker delta), and filter coefficients C; € RP*P | in matric

Wo
Wy
Wim) =

Wm—l
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Co O - O
c Gy
Cm=| ' ;
. . 0
Cmfl Cl C()
Z:C[m}W

we have bound

)

|E(227) <m||2||2“ééT‘2

=

where

C=[Co Cy -+ Crv].

Proof. We want to prove E(ZZT) =Clm) Ui C[fn] is bounded, where

P = |9 % 77| (mxm blocks).
.0

Zero extend C_; =C,—14; =0, for all integers j > 1, and define

Cp Cp1 oo Gy

o ¢,
Cipm) =

: .. . . Cm—l
o - 0 O,
Also zero extend the white noise so that W_; =W,,_1; :6, Vji>1.
The filtering result Y; of W; by C; is

Y=Y CiWj s,
kEZ
in matrix form

YL[m] = [YOT YlT Y$—1]Ta YU[m] = [er Y$+1 }/271;1—1]T

L [y, C
y:[ L[m]]:[ [m]}wm.
YU [m) my)

It is the matrix C,,,) that helped us to express the problem in DTFT. Also note that
we have only finite terms of nonzero {W;}, so its DTFT always exists:

C=Zprrr {{Cj }jEZ} ,
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W =Zprrr [{Wj}jez} )

Y = Zprrr |:{)/J }jGZ} ;

Denote S(w) =E (W(w)WH(w)), so E (Y/(w)f/H(w)) = C(w)S(w)CH (w). Due to
Lemma C.1:

i/7T C(w)S(w)CH (w)dw

ccr
2 J_,

| min o (S(w) < ‘
2 w

< HééTHQmaXHS(w)HZ.
2 w

More explicitly, by convolution theorem

E (W(W)WH(U))) = ZDTFT { (ZWka j> } = ZDTFT [{@-mE}jeZ} =mX.

kEZ

So we get upper bound

[ (oum¥Zi) [, <[ (P77,
:‘ 217r/_:E<17(w))7H(w))dw

<m||GCT|| |IZ]l,,
9 2

2

here Z =Y. 0

PROPOSITION E.2 (bounds of coefficient matrix). For any wide-sense stationary
multi-variable time series X; that has auto-regression representation

> AXe=E, (E5)
§=0
where Aj =0 Vi >mye. And has bounded power spectrum
0 < Smin < Omin (S(w)), [|S(w)]]y < Smax < 0.

Then we have bounds

AT 1—1 4 . -1
Omin A[mlr[m]A[m]Hzng[lolgw]omin (S (w)) (E.7)
where
Ag Ay - A, Y0 -0
Ay = O 40 : y Ty = O .E : (same size as Apy),
: Ay . .0

O - 0 A O.-- 0%
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and X=E (EtEtT)
In particular, Equation (E.6) is uniformly bounded with respect to m.
Proof.  For convenience, redefine A; —x-V 24;, where Y~ 1/2 is square root of

positive semidefinite matrix . i.e. we only need to prove the case of X =1, AH A m
[m]“2ml]|

is uniformly bounded for Vm > my;ye.-

Follow the construction of Equation (D.3) in Su})section D. Consider the big upper
left block of Ag m]Ac[m], that is A[T;n]A[m] —|—Af[m]A*[m]. Spectral norm of upper left
submatrix and the full matrix Ac(,) has relation

N sy T
HA[m}A[m] + A ) Asml H2 < HAC[m]AC[m] H2
Spectral norm of sum of matrices obey triangle inequality
N N s s
[ At A, = |4 A+ A% Ao |+ | g At

With Equation (D.1), we have

1 1
T T H H H
”Ac[m]AC[m] H2 = HQmFAC[m]F FAcim F 2mH2 =[|p* D],

where
[10 O - O
: . .NO
O - O Ao
and
DED|, = HAHAH < Aw)H A H _
H . jetomsm-1y 177 3= L 2[02m (w) ™ A(w) 2

Here A(w)? A(w)=S~"(w). Together we get

HA[Z;"]A[W]Hz Swler[l(%);w] HSil(w)H2+ H‘Af[m]A*[m] Hz

Note that HAT A*[m}‘ ,

*[m]

will not grow with m when m > my,ye because its nonzero

submatrix is the same for different m. Therefore the spectral norm HA[I;n]A[m] H is also
2

uniformly bounded with regard to m. This give us the conclusion Equation (E.6).
For the lower bound Equation (E.7), due to Equation (4.28), i.e. (note ¥ =1, thus
r=I
N 1T 1T 1T s

where the second term of right-hand side is positive semidefinite matrix. Hence
Omin (A’[I;n]A[m]) 2 Omin (Ril) = 1/O—max (R) .
With help of Equation (E.1), we have

1/ e (B) 21/ S(w)ly = min_oan (57 ()

which gives Equation (E.7). O
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