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ASYMPTOTIC-PRESERVING SCHEMES FOR TWO-SPECIES
BINARY COLLISIONAL KINETIC SYSTEM WITH DISPARATE
MASSES I: TIME DISCRETIZATION AND ASYMPTOTIC ANALYSIS*
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Abstract. We develop efficient asymptotic-preserving time discretization schemes to solve the
disparate mass kinetic system of a binary gas or plasma in the “relaxation time scale” relevant to the
epochal relaxation phenomenon. Since the resulting model is associated to a parameter given by the
square of the mass ratio between the light and heavy particles, we develop an asymptotic-preserving
scheme in a novel decomposition strategy using the penalization method for multiscale collisional kinetic
equations. Both the Boltzmann and Fokker-Planck-Landau (FPL) binary collision operators will be
considered. Other than utilizing several AP strategies for single-species binary kinetic equations, we
also introduce a novel splitting and a carefully designed explicit-implicit approximation, which are
guided by the asymptotic analysis of the system. We also conduct asymptotic-preserving analysis for
the time discretization, for both space homogenous and inhomogeneous systems.
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method.
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1. Introduction

We are interested in the numerical approximation of a disparate mass binary gas
or plasma system, consisting of the mixture of light particles and the heavy ones. De-
pending on different scalings, such a mixture exhibits various different and interesting
asymptotic behavior which poses tremendous numerical challenges due to both the
strongly coupled collisional mechanism, described by the nonlinear and nonlocal Boltz-
mann or Fokker-Planck-Landau (FPL) collision operators, and multiple time and space
scales. In the case of plasma, a mixture of electrons and ions, the equalization of elec-
tron and ion temperatures is one of the oldest problems in plasma physics and was
initially considered by Landau [24]. See [2,3,12,14,22,23] for more physical description
of gas mixtures. By introducing the small scaling parameter, which is the square root
of the ratio between the masses of the two kinds of particles, one can obtain various
interesting asymptotic limits by different time scalings of the equations, see [3,7,8] for
both the Boltzmann and FPL collisions. In particular, under the so-called “relaxation
time scale”, both particle distribution functions are thermalized and the temperatures
evolve toward each other via a relaxation equation. This is the epochal relaxation phe-
nomenon first pointed out by Grad [13], and is the asymptotic regime we are interested
in here. For recent numerical studies of the disparate mass problems, see [17,31].

One of the main computational challenges for multiscale kinetic equations for bi-
nary interactions is the necessity to resolve the small, microscopic scales numerically
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which are often computationally prohibitive. In this regard, the Asymptotic-Preserving
(AP) schemes [15] have been very popular in the kinetic and hyperbolic communities
in the last two decades. Such schemes allow one to use small-scale independent com-
putational parameters in regimes where one cannot afford to resolve the small physical
scalings numerically. Such schemes are designed such that they mimic the asymptotic
transition from one scale to another at the discrete level, and also use specially de-
signed explicit-implicit time discretizations so as to reduce the algebraic complexity
when implicit discretizations are needed. See review articles [6,16]. For single species
particles, in order to overcome the stiffness of the collision operators, one could penal-
ize the collision operators by simple ones that are easier to invert, see [10,21], or use
exponential Runge-Kutta methods [9,26], or via the micro-macro decomposition [1,25].
See also [28]. However, for binary interactions in multispecies models, one encoun-
ters extra difficulties due to the coupling of collision terms between different species.
The Cauchy problem for the full non-linear homogeneous Boltzmann system describing
multi-component monatomic gas mixtures has been studied recently in [11]. For rel-
atively simpler scalings which lead to hydrodynamic limits, multispecies AP schemes
were developed in for examples [17,20,27]. See also [29], where a spectral-Lagrangian
Boltzmann solver for a multi-energy level gas was developed. However, none of the
previous works dealt with the disparate mass systems under the long-time scale studied
in this paper.

The main challenges to develop efficient AP schemes for the problems under study
include: 1) the strong coupling of the binary collision terms between different species;
2) the disparate mass scalings; so different species evolve with different time scales thus
different species needed to be treated differently and 3) the long-time scale. In fact,
other than utilizing several existing AP techniques for single species problems, we also
introduce two new ideas: a nowvel splitting of the system, guided by the asymptotic anal-
ysis introduced in [7], which is a natural formulation for the design of AP schemes, and
identifying less stiff terms from the stiff ones, again taking advantage of the asymptotic
behavior of the collision operators. We will handle both the Boltzmann and FPL colli-
sion terms, thanks to their bilinear structure, and in the end the algebraic complexity,
judged by the kind of algebraic systems to be inverted, somehow similar to the single
species counterparts as in [10] and [21].

Due to the complexity of the systems under study, we split our results in several
papers. In the current paper we focus on the time discretization, which is the most
difficult part for the design of AP schemes for such a system. We will conduct an AP
analysis for a simplified version of the time discretization, as was done for their single-
species counterpart in [10]. Given the length of the paper, we will leave the numerical
experiments in a forthcoming paper.

This paper is organized as follows. In Section 2, we present the physical equations
and outline their basic properties and the scalings. We also review the asymptotic anal-
ysis in [7] for the space homogenous case, under the relaxation time scaling. In Section
3, an AP time discretization for the space homogeneous equations will be presented,
with an asymptotic analysis of its AP property. Section 4 extends the scheme and anal-
ysis to the space inhomogeneous case, by combining with the idea of diffusive relaxation
schemes in [18,19] to handle the (also stiff) convection terms. Conclusions and future
work will be given in Section 5.

2. An overview
In this section we present the physical equations which include both Boltzmann
and FPL collisions, their scalings and fundamental properties, and the asymptotic limit
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conducted in [7].

2.1. The equations and scalings. Let f(t,z,v) and f(t,z,v) be the prob-
ability density distributions of the light and heavy particles at time ¢, position x with
velocity v. The rescaled, space inhomogeneous equations are given by

L
%” Vo [l PPNV fr= QR (FY, f5) + Q7 (5, £1), (2.1)
H
% e (T Vo T+ FH Y f1) = [QUH(F1 f1)+ QHE (7 )], (22)

where FY, FH stand for the force fields. The definitions of collision operators Q%F,
QHH  QLH and QHL representing the binary collisions between light (‘L’) and heavy
(‘H’) particles, are given in the Appendix, since only some of their properties, not
their specific forms, will be used in this paper. Moreover, we assume these are binary
interaction operators with transition probability rates presenting the natural symmetries
that give rise to the classical conservation laws for mixtures. € is the square root of the
mass ratio between the light and heavy particles.
Define n, v and T as the density, bulk velocity, and temperature

1 1
= . f(v)dv, u=- . f)vdo, T:%/Rs f)|v—ul|*dv, (2.3)

and denote M, 7 the normalized Maxwellian

1 v—ul?
Mu,T('U) = W exp <_ | 5T ‘ ) . (24)

In [7], three different time scales were introduced which lead to different hydrody-
namic limits. We are interested in the third time scale, namely the “relaxation time
scale” studied in [7]. The macroscopic limit under this scaling, as well as the design of
AP schemes, are the most challenging. The AP schemes that preserve the other two
asymptotic limits are easy to design by classical AP strategies so will not be discussed
here.

The collision time for the light and heavy species are denoted by t§ and t{!, re-
spectively. We define to =t} as the basic time scale. Introduce the long-time scaling
ty=to/e? and change of variables t =&2t, 2/ =ex, F' = F /e, at which both distribution
functions will be thermalized and temperatures influence each other via a relaxation
equation. Then the evolution equations are given by

L
th o1 ( L.foL_’_FL.vULfL):E%[QLL(ijfL)_’_Qé,H(fL“fH)]’ (2.5)
%HvH-VIfHJrFH-VUHfH):% QT (7 )+ QEE(F 5] (2.6)

Inserting the ansatz
QI =" +eQ" +0(?), Q=" +eQi"" +0(?)
into (2.5)—(2.6), one has

ﬂ L, L L, L
En +e (0P Vol 4+ PRV fY)
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=2 (QM(FE I+ QT (fE ) +e o (fE FEY + 93 (fE FE) +O(e),  (2.7)
%JFUH-VIfHJrFH-VUHfH

= QM (I + Qi (£ 1) + o (1 £ 1)+ OCe). (2.8)

Clearly the dynamics of (2.7)—(2.8) have stiff terms associated to the electron-ion mass
ratio that naturally enables the development of asymptotic-preserving schemes.

We first give a summary of the propositions and lemmas on the properties of the
collision operators given in [5,30] and summarized in [7] that will be useful in our
paper. We call “inter-particle collisions” and “intra-particle collisions” to distinguish
binary collisions between different species and like particles in the sequel.

THEOREM 2.1.
(1) For the FPL collision operator,

Q(%H(fLafH):anO(fL)a qO(fL):va' [B(’UL)S(UL)VULJCL(UL)} ) (29)

B(vh)
rs [vE[?

Q(P)IL(vafL):_2vafH(UH)' vaL(UL)de'

For the Boltzmann collision operator,

QB (7 4™) =" (M) = [ BOE.0) (PP —20" )9 = ) ds
(2.10)

(v", )

QM () = =2V " | B Q)

R3 xS2

vF L (vl dot dQ.

(2) For any function f,
(i) if f¥ is a function of |vL|, then QFH (fL, fH#)=0,

(ii) if fL is an even function, then QYL (fH, fF)=0.

(8) The conservation properties of the inter-particle collision operators are given by

QELHdez/ QL gv =, (2.11)
R3 R3
QLH ol dol + QHL v dv =0
€ |1)L|2 v € = "UH|2 v =Y,
R3 R3
o gyl = [ QHLdv =0,  VieN, (2.12)
R3 R3

R3 R3
/Qf%de”/ Qi [ Pdv =0,  VieN,ix>1,
R3 R3

[ ek ptpant—o. (2.13)
R3
(4) Introduce the operator

QE(f1) = QML (f, 1) +nf o (f1).
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For all sufficiently regular f,

[ ekttymrav<o
R3
and
Qk(f)=0<3(n,T)€[0,00)? such that f =nMyr, (2.14)

where My 1 is the normalized Mazwellian defined in (2.4) with u=0.
(5) Define M :=nk(t) Mo 1z )- L% is a non-positive self-adjoint operator associated
with the inner product

@)= [ ovrfa

on the space x ={¢p(v),(¢,p) <o}, and is such that
ker TF ={¢(v") such that I(a,b) €R?, p(v*) =a+blv"|?}.

For iy € x, the equation Fégf):w 1s solvable if and only if

ol LY MEaet —o.
R3 |v™|

Then the solution ¢ is unique in (ker F(’%)L.

2.2. The macroscopic approximation. For clarity of the presentation, we
first consider the space homogeneous case of (2.7)—(2.8), so the spatial and velocity
gradients on the left-hand side of the equations are omitted. Inserting the Hilbert
expansions

fELZfOL—i—EflL—stfQL—F---, ffzf(fl—f—&ff]—i—Efo—&----

and equating terms of ¢ leads to: order e~

Q (fa fo)+ Q0" (fa fa") = s (2.15)
order e~ 1:
0=2Q"(f5' /') + Q5™ (fo, fI') + Qo™ (fI', f6") + Q" (f5', fo), (2.16)
0= Q" (f5", fa")+ Qo™ (fa" f3): (2.17)
order €%
O —aQUH (71§ + QU )+ QU (3 S8+ QB 1)+ Q.51
+ QU (fg )+ QU (1) + Q57 (f5. £87), (2.18)
%:2QHH(foH,ff’)+QS’L(f(fI,flL)+Q(§“(ff’7f§)+9{“(f§’7f§)- (2.19)

First consider the equation for the heavy particles. By (2.9) and (2.10), we know
Q (f. ) =ng ao(f"),
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with different qo(f*) definitions for the Boltzmann and FPL equations respectively.
Using (2.14), Equation (2.15) gives f&=M{Z. By statement (2)(ii) in Theorem 2.1,
since f& is an even function, thus

B ) =0,
and (2.17) reduces to
QMH(fs" f3")=0.

Using the classical theory of the Boltzmann equation [4], 3(nf (t),T# (t)) €[0,00)2,
ull (t) €R3, such that

ol =0 () Mg o), 1) 7= Mg
By statement (2)(i) in Theorem 2.1,
o5 (fy, 1) =0,

since f&= M is a function of [vE|. Then (2.16) is an equation for f{, which can be
solved by setting

o1 = (M)~
and
Dyor =—(My) ™' Qi (Mg, f3), (2.20)
where I'} is an operator defined by
o= (M)~ [2Q"" (Mg, Mg ¢)+ng' g0(Mg 9)] (2.21)

According to statement (5) in Theorem 2.1, T'§¢ =1 is solvable if and only if

/ng(lvi@ MEdv*t =o0. (2.22)

Therefore, we have
v=—(My) "ty (Mg, fg')
in (2.20), and (2.22) is satisfied thanks to statement (5) in Theorem 2.1, thus (2.20) is
solvable and its unique solution in (ker['})~ is given by
"= g ME@H )l 0"
Since again Q¥ L (fH, fL)=0, (2.19) is an equation for f{f, which can be written in

terms of ¢ = fH (M)~ with

ot

rfof =)~ off (M ) — oft F (M M{) |, (2.23)

where T}l is the linearization of Q' around a Maxwellian MZ?:

T o=2(M) =1 Q" H (MI, M ¢).
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The necessary and sufficient condition of solvability of Equation (2.23) is given by

1
oMt
|5 - et sy - aton )| | o Ja<o. @2
R3 o5 |2
The calculation in [7] gives
1 0
[ Tt sty + ol ] | o) ot = 0
R3 |1)2| -3 )\(7?; )”0 ng (TH TL)
Inserting it into (2.24), one finally has
nd! 0
i nH(?uH _ 0
dt 1, 20 3 H ATy ) H L
ng! (5lud! >+ 3157 =37 n ng (Tg" —Ty")

Therefore the macroscopic limit of the heavy particles, as € =0, is

d H_O d H H_O

a'to qr'o o =
d (3”6{7}{{) A(TOL) L._H/mH L
— | — | =-3 ngng (Tg' —Ty')-

Now we consider the light particles. Equation (2.19) is an equation of f& which can
be written in terms of ¢& = f£ (ML)~ with

Loy =(Mg)~"S*,
where T'Y is defined by (2.21) and

oM
St=—5 - QMU D) = Q" (L AT
= QU (Mg, fi) = QT (1, Mg") - Q3 (Mg, M) (2.25)

According to statement (5) in Theorem 2.1, the necessary and sufficient condition for
the existence of f& should be

/Ra SE(wh) (|vi|2> dvt =0. (2.26)

The first equation leads to dn{/dt =0. By statement (3) in Theorem 2.1,
[ Qb E A P 0t

[ttt st Past /Q (M) o P o™ =0
The remaining terms on the right-hand side of (2.25) give

[ TQH (s M)+ QF (M) ot vt
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- / [QUE(ME FE) + QUF (M MEY] [0 P o
TE)

Ty

=6

oo (Ty' =Ty)-

Inserting into (2.26), one obtains the evolution equation for T{:

d 3”0LT0L /\(TOL) L._H /L H

We now summarize the macroscopic equations for the whole system, as € — 0,

d
dtné 0,
2.28

d 3”0T0 )‘(TOL) ntnH H ( )
dt 9 =-3 TL Non O(To -1y )7

0

and

d
%né{ 0,
d g u
a(no uy ) =0, (2:29)
d (3nHTH MTE
dt( 0T )3 06 gty (),

0

3. An asymptotic-preserving time discretization

An AP scheme requires that the discrete version of (2.5)—(2.6) asymptotically ap-
proaches the macroscopic equations (2.28)—(2.29) as € — 0, when numerical parameters
are held fixed. A necessary requirement for such a scheme is some implicit time dis-
cretization for the numerical stiff terms, which can be easily inverted [16]. In this
section, we design such a time discretization for the space homogeneous equations.

The space homogeneous version of Equations (2.5)—(2.6) is given by

afL L aLn pL oL LH(¢L ¢H
= [QM (st - @ (41, (3.)
Of" 1 mm,.m em HL(¢H ¢L
WZE[Q (f 7f )+Q€ (f 7f )} (32)
3.1. A splitting of the equation. We first decompose f into fy and fi,
fr=fy+eft, = f+efl, (33)

and insert into the system (3.1)—(3.2), then
0 1
50 +efD) =5 [QMF (T +efl fo +e )+ QL (f§ +efl fi +efiT)]
1
= 5| Q" (o fo) +2e QM (for f) +e2 QM (fE )

+ QM (f fi) +eQET (fy A +e QBT (fE £ + 2 QB (£, I |
(3.4)
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and

0

S et = [QUI 4 efll S+ 1)+ QUP (! +efll 5+ D)
=2 QUH (1) + 2 (1 1) +2 QM (71 1)

+ QI (i fg) +eQI  (foT ST +e QU (fT f5) +e2 QU (T, £1) |-
(3.5)

Our first key idea is to split (3.4) into two equations for f¥, f£ respectively,

TN R

2
9 .1

11
ST = | H(OH 1) - O (8. A1) 420V (1 1E) + QP 1)
+ QI (fo SN+ QET (I f) +e QX (£ S| (3.6)

and split (3.5) into two equations for f&, fH respectively:

S =2t g+ et )|

g
0 1(1
atf{fEL(@?WM&)Q§L<f§,fé>)+2QHH<f§I,ff>+eQHH(ff,fﬁ)
+QHE(fH iy + QHE(F fEy +e QR (A 1) | (3.7)

This splitting is motivated by the asymptotic analysis presented in Subsection 2.2, and
plays the central role in the AP time discretization, which will be introduced in the next
subsection.

3.2. Time discretization. First, to have a scheme uniformly stable with
respect to g, it is natural to use the implicit discretizations for all the stiff collision
terms, namely, those that appear to be of O(1) inside the brackets on the right-hand
side of (3.6)—(3.7). We use the notations f7. o, 71, fir0, fir1 to denote the numerical
solutions of f&, fE, f& and f at time step t". Consider the light particles. A naive
discretization for fr o, fr,1 in (3.6) is

Z,J(r)l*ff,o L SLn, pmt1 pnt1 LH( gn+l pn+l

At52|:Q (frofro)+Q0 " (fro - fro )], (3.8)
Zjl_fg,l 111 LH( pn+1 pntl LH( pn+1 pntl

A]f:gQ[g(Qe (fro fro)—Qo (fLo fro ))

+20M () +e QM (T 1)

+Q£H(f£—gla Iz:i_ll)_FQéH(fgjla }-}:i(_)l)+€Q£H(f£,1afZ,l) . (39)
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Consider the time evolution for fr o, fu,1. A naive implicit scheme for (3.7) would be:
n+1

Ho —Jho 1
ot =2 QT A + O A | (3.10)

Ry 11
, ; HL 1 1 HL ! !
:[s(gg (Fi5 180~ QU F25)

At 5
+20" (it D e QT (fR 1, fH )

HOI (i S+ QIF (R F ) +e QI (fira fL0) | (3.11)

in which the right-hand side is fully implicit, except the terms that are relatively less
stiff due to an extra factor of €. Inverting the above system is algebraically complex due
to the nonlinearity, nonlocal nature of the collision operators and the coupling between
the two types of particles. Our next key idea is to use the asymptotic behavior of the
operators to identify those terms that are not stiff.

3.2.1. Identifying the less stiff terms. First, as e >0,
fiot —=nf Mo 7z (3.12)

Since My 7z is a function of |vl|, according to (2)(i) in Theorem 2.1,
QgH(”g Mo,TOLa 1%1) =0,

thus
Q™ (fEt [l =0(e),

which is less stiff and can be implemented explicitly.
Secondly, as € — 0, similarly

LH( n+1l gn+l LH( pn+l pntl
Q (fz,o ’ 13,1 )— Qo (ff,o ) 2{,1 )=0(e),
so the corresponding term is less stiff and can also be discretized explicitly.

For the less stiff terms Q§ (fr.0, fr0) and QL (f1, 0, fr 1) we treat them explicitly,
thus our time discretizations for fr, o, fr,1 are given by

n+1 n
L,0 _fL,O 1 n n n n
T R S QPR+ O o i) (313)
n+1 n
L,1 _fL,l 141 n n n n
A = L (O Uikt i - Q" (LA S
+2QLL( E:i(;l) Z,—il_l)—"_eQLL(fZ,lafg,l)
+ QI (1 oo i)+ QEH (F131, ;;zl)%QfH(fﬂl,f?,,l)] (3.14)

Similarly for fg o, fi,1, we introduce the following time discretizations for fx o, fa1
by taking advantages of some terms that are actually not stiff:

n+1

H,0 7f?1,0 1 n n n n
T 20 _ QM (gt ) + QU (T L) (3.15)



IRENE M. GAMBA, SHI JIN, AND LIU LIU 1267

n+1 f 1
7}11 el (QHL( n+1 n+1)_QHL( n+1 n+1))
At -z H0 /L0 o UHp:/L0

+20MH (it i +e QM (fr fir )

QIR S+ O i ) + QI Ml FE) | (310
where the argument (2)(ii) of Theorem 2.1 is used, that is, since f”Jrl is asymptotically
an even function due to (3.12), one has

o “ (i fLs) =00,
thus the second term on the right-hand side of (3.10) is not stiff. In addition, as € =0,

QI (fh fi6h) = Qo (i f6) =0(e).

Thus the term QH L ( ;}"'11, f'gl) in (3.11) is less stiff and can be approximated explicitly.

3.2.2. Handhng of the stiff terms. First, we point out the terms
QHL( E’Bl, 2461) A ( }}'51, 2‘51) and QHE( }}'51, E"{l) in (3.16), although implicit,

can be obtained explzcztly since ff*ol, ﬁﬁol and fgtl are already computed from (3.13),

(3.14) and (3.15).

Now we take care of the truly stiff and implicit collision terms in schemes (3.13)—

(3.14) and (3.15)—(3.16). They will be penalized by an operator that can either be
inverted analytically (for the case of the Boltzmann collision [10]) or by a Poisson-type
solver (for the case of FPL collision [21]).
(i) For the stiff and nonlinear term QLH ( 2"‘1'1, ;}'51) in (3.14), motivated by [10,21],
we use QX (fr 1, fmo) which is the leading order asymptotically for e small, as the
penalty operator. The rationale for this is that Q5 (f1 1, fm,0) is much easier to be
inverted than QL (f1 1, fu.0), as will be shown below. We substitute QL ( Z"Il, ﬁ,‘%l)
in (3.14) by ’ ’

QfH(fg,lvf?I,O)_ QgH(fg,lva,0)+QOLH( Zjla ?1?61)

less stiff stiff

Integrating both sides of (3.15) in v, we get that n{! does not change from " to

t"*1 so we will drop its dependence on n. Thus

H( n+1 n+1)

L1 JH)o ( n+1)

”o qo

)

with ¢ defined in (2.9) and (2.10) for the Boltzmann and FPL equations respectively.
For the FPL case,

TR i) =ndl Ve [ BRSS9V f1 (09)] (3.17)
thus one only needs to invert a linear FP operator. See [21]. For the Boltzmann case,
T ) =l [ BOR) (R 0P -20h09) - 1 00
: <2 ;

:né{/S2B(vL,Q) E‘jl(vL—2(vL,Q)Q)dQ—né{f”+1( ) S2B(UL,Q)dQ,
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which is still a nonlocal operator. We use the linear penalty method [25] to remove the
stiffness here, that is, substitute the above term by

i [ BP9 (Fa (0" 2P ) = 01 =l a0+ wf 01,
where

p=max [ B(vl, Q)dQ.
vl Js2

(See discussions in Remark 3.1 for the use of linear penalty here instead of the BGK
penalty of Filbet-Jin [10].)

(ii) To deal with the stiff terms Q%( E:gl, E};l) and QT H( ITE)I, }}:51) in (3.13) and
(3.15) respectively, the BGK penalty is used for the Boltzmann collision operators [10],
while a linear Fokker-Planck operator will be used to penalize for the FPL collision case,
as done in [21]. Take the term QLL( 2”617 fgl)/az and the Boltzmann equation as an
example. The idea is to split it into the summation of a stiff, dissipative part and a
non-(or less) stiff, non-dissipative part:

QM (fin" in') _ QM UL Sin) ~PUEY  PULL")

g2 g2 g
—
less stiff stiff

with P(f0) a well-balanced relaxation approximation of QXL (fy o, fr.0) and defined
by

QLL(fL,O7fL,O)
fro—Mpury!|’

P(fro) =081 (Mg 1y — fro)s ﬁ1—bup

and the local Maxwellian distribution function is

_n |v—ul?
M{n,u,T} - (27TT)3/2 €xXp (_ 2T ) ) (318)

and n, u, T are defined in (2.3) with f= f1, 0. How to obtain n, u, T from the moment
systems of fr o and fro will be discussed below. See the Appendix for more details of
the penalization for both the Boltzmann and FPL cases.

(iii) To deal with the nonlinear collision operators QF( 2317 2”11) in (3.9), since
2:51 is already computed from (3.13), this is essentially a linear operator and we use
the classical formula [4]
BE(p I = § [QUF R IR TR IR — QU - i e - )]
(3.19)
For each collision term on the right-hand side of (3.19) that has the same argument, we
adopt the linear penalty method as mentioned in [25] to serve the purpose of removing
the stiffness. The reason why the BGK-type penalty method of Filbet-Jin does not
work well here will be explained in Remark 3.1 below. The strategy is to substitute

QLL( E:El’ Z:Ql—l) by

1
1 QLL(fE,o+f£,1afg,0+f£,1)+M(f£,0+f£,1) (an +fn+1)



IRENE M. GAMBA, SHI JIN, AND LIU LIU 1269
(PR fiafo- T +uliEo~ FED - (R - 1) | G20)
where p is chosen sufficiently large. For the FPL equation, let
1
p> 5 maxA(D(g)),

where g= fr o+ fr,1 and A\(D(g)) is the spectral radius of D defined by
D)= [ BHb-ob)Sh o)t dot.
R3

For the Boltzmann equation, let p > QF%~, where we split the operator QX% in (3.20)
as

QM (g)=0 "t (g)—g Q" (g),

with the definitions g= fr 0% fr,1 and
oltt(g / BE (" —of,Q)g" T gh" dQdut,
R3 J§2
Q" ()= [ [ BH" ~of. gt dcnt.
s2
The collision term Q7H (fpHl, frt!) in (3.16) is dealt in a similar way.

Now with the penalties plugged into (3.13)—(3.14) and (3.15)—(3.16), our scheme
becomes

n+1

I ] o
fid —fio 1 [QLL<f£,O,f£,o> U o)+ P+ QB (f7, fH’O)]’ .
n+1

ffa 171
e H Gl AR Al D)

1
5| QUL+ T Lo FE) F Lo+ FE) =i+ 111
~(Q¥H o fEa S FE0) il o~ L)~ UIER - £20) |
"‘EQLL(JCE,DJCZJ) + QELH(fg,vaﬁJ) + (QgH(fE,1afﬁ,o) - QgH(fE,lvfIT-LI,O))

LR 0 (T (3.22)

n+1 n
—f 1
N H’”z[gﬂﬂ o T = P(fio) + PURG) + Qé”(f;;,o,fz,o)], (3.23)

n+1 le 1
HL +1 +1 HL +1 +1
e H GRS L Ae)

At e

1
5| ot TS+ Foa) 4o+ i) ~ WU+ T3
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HH +1 +1
~ (@ o ipa o= T+ o~ i) ~ I~ 7))

+5QHH(f?I,17fI7},1) +ol'( 17?51» Fil)"‘QgL(f?I,UfE,O)+EQ§L(fﬁ,1,f£,1)]'
(3.24)

REMARK 3.1. In this remark, we will explain why the BGK- or Fokker-Planck-type
penalties do not work well and so the linear penalties are used in (3.22) and (3.24). One
needs to compute the moment systems in order to define the local Maxwellian My, ., 7
in the penalty operators. Define the vectors

Ly_ L |UL|2 Hy _ H |UH‘2
d)(?] )_(17U I 2 )7 QS(U >_(17U I 2 )7
and denote
AP oH |2
I Y (325)

Denote the moments by
1
= [ f(v)dv:=PF, nu:/ vf(v)dv:=P, / —|v? f(v)dv:=P;.  (3.26)
R3 R3 RS 2

Multiplying (3.21)—(3.22) by ¢(v), we obtain the moment systems for fr, o, fr1:

(PES = (Rolt
At
(POEY = (Pt o5 [ oF Q87 (o))",

(P2)1 4 = (P2)7 o

(R = (P + 250 (P — (P03, (327
<P1>z,ﬁl=<P1>’z,1+§ L (et ) - ozt g oh)

+(QE(fL 0 it ) (W5 + QEF (1 1. fir0) (0F) = Q5 (f7 1. fii0) (7))

(OB LT T (W) +eQE (s T (01) | o v

IR (P - (PR, (3.29)
(PR =Pt 5 [ | OH RS0+ O (0. f ) ()

QI (11 Fp o)) +2QE (1 a0 o

P2 (g (PR, (329)

The reason why the BGK- or Fokker-Planck-type penalties do not work well for
fr1 is due to the complexity of the moment Equation (3.28), in which the term
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MH( f"{l, Z*E)l)(v ) is implicit since f”'|r1 is unknown. We find it difficult to in-
Vert this term, since both the moment Equation (3.28) and the Equation (3.14) for fra
involve the same term fL’ thus the entire coupled system (3.13)—(3.14) needs to be
inverted all together. Thus it is hard to get the Maxwellian associated with fr o0+ fr1
in the BGK- or Fokker-Planck-type penalty operators. Investigating a better approach
than the currently used linear penalty method in (3.20) is deferred to a future work.
For the second collision term QF*(f' o= ff' 1, fi' o= f1.1) in (3.19), the reason we
adopt the linear penalty is to avoid negative values of the temperature difference
computed from the moment equations of fr o and fr; (hence unable to define the
Maxwellian in the penalty operators). The difference between the Filbet-Jin (or Jin-
Yan) penalty and the linear penalty is that the latter owns an error of O(At) compared
to O(e) as in the former, in the AP analysis. See [10]. Another disadvantage of the
linear penalty method is that the linear operator does not preserve exactly the mass,
momentum and energy as the BGK-type operator does, as mentioned in [10]. Never-
theless, the conservation issues (conservation of mass for each species, and conservation
of total momentum and energy for the two species) will be addressed in our follow-up
work.

3.2.3. The final numerical scheme. To summarize, the schemes for fr, ¢, fr1
are given by

"H —flo 1{
2

- OV fi g ft0) ~PULO+PUL) + 08 (Fhonfiva)| . (330)

n+1 le 1[1 (QLH( ntl pnily | QLH( gl n+1))

At =2 Lo JHo Lo JHo
1 LL(fn n n n n n n+1 n+1
+§ {Q (fLot+frfrot i) +ulfLot i) —ulfiy +fi1)
(@R fea S JE) il S0~ L)~ UER - £2D) |
+5QLL(f£L,17fZ,1)+Q£H<f£,07fﬁ,1)+(Q£H<f£,17fﬁ,o)_QOLH<f£L,17fIZ,0))

L (ot zt)l)wQéH(fgl,fﬁ,l)]. (3:31)

The schemes for fr, fm,1 are given by

n+l_fn 1
W=5[QHH< Hon S = PR + PURG) + QéfL(f;;,o,fz,o)], (3.32)

n+1
ﬂ 1|: (QHL( n+1 nJﬂ)_Qé{L( n+1 n+1))

At - H0>JL0 H,0JL0

1
5| ot T S+ Fioa) 4o+ i)~ WU+ T30
(@ Fo= FiaTho ~ ) + o~ Fia) ~ Y~ £5D) |

CeQHH(fp )+ QI ftlwQfL(fz,l,ff,())+leL<f;;1,f£,1>].
(3.33)
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We couple with the following equations for moments of fr o and fm o (recall (3.26) for
the definition):

(RS = (P, (3.34)
(PR = (Pt 55 [ oF Q8 (Lo Firo) (), (3.39)
(P25 = (P (3.36)
(Po)3a = (Pl (3.37)
(PO = (Pt 55 [ 0" O (Fg SE ™o, (3.38)
e =+ o [ R e o oM. @

From the moment system, one computes u from u= % and solves for T' by using the

formula
1 3
Py=_Pylul?+=PT
275 oul +2 o4,

then obtain the local Maxwellian by the definition

n |v—ul?
)= s (-7 )

Mzzl (or M}}fgl) is obtained by n, u, T got from the moment equations of fr o (or
fr,0), namely (3.34)—(3.36) (or (3.37)—(3.39)).

The following shows the detailed steps for the implementation of our proposed
numerical scheme:

(a) get M£,+01 from (3.34)—(3.36), then update ff;l from (3.30);

(b) get M}}jg)l from (3.37)—(3.38), then update f}}?bl from (3.32);

(¢) update ffjl from (3.31);

(d) update f}}*‘ll from (3.33).

Our scheme, although contains some implicit terms, can be implemented explicitly
for the case of Boltzmann collision operator, or just needs a linear elliptic solver in the

case of FPL operator, as in the case of single species counterpart in [10] and [21]. We
would like to mention that higher order time approximation can be extended.

3.3. The AP property. Our goal of this subsection is to prove the AP property
of the discretized scheme (3.13)—(3.14) and (3.15)—(3.16).
First, for the light particles, inserting the expansion

QL — QM 1 QUM+ 22 Q1 1 O()
into (3.14), one has

n+1 n
L1 — fL,l
At
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1 n n n n n mn n
:?[2QLL( ngla le)'i_QgH(fL,Oaf;LLl)—i_QéH( lea H?r01>+QfH( L;517 Hjt)l)
1 n n n n n n
"‘g[QLL(fL,bfLJ)“‘QéH(fL,thJ)"‘QlLH(fL,OafHJ)
+QU(fL 1o i o)+ Q7 (FLG fily)
+ O (F7 1 fi) + Q5 (F7 00 fi1) + Q5 (F7 10 i 0)- (3.40)
First, (3.13) gives
QLL( gj(gla 2:51)—1_QéH(fITJL,O’fIT},O):O<E2)a
thus
ot =npi My g4 +O(2+ At):= M} 5 +0(2 + At). (3.41)
As for the heavy particles, by (3.15),
QHH( IT-;:‘(_)lv }:LI—,BI)_FQSIL(fIr-},mfg,O)20(6)7
S ——
=0(e2+At)
which gives
no=nily M ir g +O(e+ At) = M +0(e+At). (3.42)
According to (3.40),
208 (f 5N F) + Q5™ (FL 00 f) + Qe (25 Firo ) + QU7 (FL5" o) = O(€?),
—_———

=0(e2+At)
(3.43)

which is an equation for fz”{l, and can be equivalently written in the form

¢ptt =it (MmpEhH
with
Tpogp™ =—(MpEH b (M, My +0(e + At),

where I'f o is the linearized operator

Prodpt =(MEEH) ™ [2Q8F (MR My 63 + Q6 (M5 o7 My |
Analogous to the continuous case proved in [7], the unique solution in (ker(T" L’o))J‘ is
given by

n+1

ﬁl(vL):% uffd vt +0(e+ At), (3.44)
7 Ty (vh)

o proml
=Jr

where fL’"+1 is used to denote the leading order of f”H.
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Multiply (3.40) by € and add up with (3.13), then
£,+01_f2,0 te Zjl_ffg
At At
1 n n n n
== [QLL(fL,J(Slv L,+01)+Q€H(fL,07fH,o)
1 n n n n n n
2 [2QEE U S+ QE T (fE 00 i)+ QET L Fire )+ QE (2 i)
+ QM (S FE) + Q0 (FE s fia) + Q1 (T 00 fHr1)
+ QU (FL s firo) + 2™ (16 Firg)
+e [Q{:H(fg,hfg,ﬂ + QéH(fZ,O»f;Lm) + QéH(fg,laf;LI,O)] . (3.45)

Plugging in the leading order of (3.41), (3.44) and comparing the O(1) terms on both
sides, one gets

MZ,—ElfME,O _ ALL/p*m pxn LH/ p¥,n px,n LH n *,m
T*Q (o o)+ (L furh) + Q07 (ML . frh)
+ O (11 M o) + Q3 T (MG, M) + O(Ab). (3.46)
Integrate both sides of (3.46) against |[v%|? on v, then
[t Past = [ Qs i ot Pt o,
[tz g ot Pt = [ QEH (g M) o P ot =0,
and

[ @b M)+ QM Mt [

| Q8 (M0, F17) + QI (MR M| [0 2
Q= (Mt f ) + QMR MY | o 2 + O(a)
(

NT7GY)
, 1 1 1 1
=3 T ”H) nnH-t_O (TIT(_) *TH )+O(At),
L,0

where analogous calculation of the integrals for the continuous case is shown in [7].
Denote D;(u™) the discrete time derivative of the numerical quantity of interest u™:

u7l+1 —u”

D(u™):=

(") At

Integrating both sides of (3.46) on v’ gives
Dy(nf0) =O(Al),

by using (2.12) in Theorem 2.1. Integrals of the left-hand side of (3.46) against 1 and
[v¥|? on vl are

T
1 3
Dy (”2,07 ”7LL,0(§|UZ,O|2 + QTE,O)) .
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Therefore, the limit of our discretized numerical scheme is given by

Dy(nf, o) =O(Ab),

3 MTL5Y)
D, (271270va0> =8 S ) (T~ TE ) +O(8),
L,0
which is consistent with the implicit discretization of the continuous limit (2.28), up to
a numerical error of O(At).
Now we examine the system for the heavy particles fr o, fm,1. Multiplying (3.16)

by ¢, adding it up with (3.15) and using the expansion

QL =Qflt 40+ QfI L+ 0(),

one gets
n+1l fn n+l _ ¢n
H,0 H,0 Te H,1 H,1
At At

1 n n n n
=z [QHH(ijt)l’ HBl) + Qé{L(fH.,OafL,O):|

QUL LS + QUL (T f7.0)+ 2Q M (A TR + QU A

e[ Q1 i) + QRS S + OF . )

O )+ O3S 25

+e2 | QI (i1 f0) + QEF (G S + QFF (R f1bh) | (3.47)

Plug in the leading order term of (3.42) and compare the O(1) terms on both sides,
then

M}}IEI_M}}IO n *,n—+1 n *,10 *, 10 n
# :2QHH(MH517 1&%,1+ )"’_QSIL(MH?E}’ L:1+1)+Qé{L( 71 ML)

—_———
=0

+QI" (M ML 1) +O(At).
It is an equation for f;}ﬁ“ and can be equivalently written in terms of

n+1 1\—
o=l (MR

according to
Caody™ = (M) ™ [ Dby — QF (MG 71 — QFFE (M My | +0(Aw),
(3.48)
I'my is a linearization operator given by
FH,O qsz—i-l :2(M1711’:&61)71 QHH(ME:Bl7 M;L[:Bl z—‘rl).
The necessary and sufficient condition for the solvability of Equation (3.48) is given by

1
/R3 [DtMIi},O*Qé{L(M]Z_,‘EJla z:?+1)7Q{IL(MZ—~E)17M£,—Sl)} |UI§I|2 de:O<At)H3a
(%
(3.49)
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where I3 = (1,1,1)". Analogous to the calculation in [7] for the continuous equations,

1

/Rg [95 O ;;?“HQ?L(M%HM%I)] (vt) Ivf|2 v’
0
= )\(Tn+1) 41 0 1 41 1 +O(At)H3' (350)
=3 (TR =T
L,0
Insert (3.50) into (3.49), then
o 8
Dy 1”?1,0“?{,03 = ATEE) mat mat i . +O(AN)I5.
”nH,o(i‘UnH,OP"‘iTﬁ,o) —3 Tﬁq i Mo (Timo = Tro’)

(3.51)
This shows that n% ,, uf o are constant in time with a numerical error of O(At),

Dy(nfr o) =O(At), Dy(nfroup o) =O(AL),
while T7;  evolves according to

3 0 o /\(TE,J(SI) n+1, n+1/pn+1 n+1
Dy §nH70TH,0 :_SWTLL,O niro (Tao =Ty ) +O(A),
L0

which is consistent with the discretized implicit scheme of the limiting system (2.29),
up to a numerical error of O(At).
We conclude our AP analysis with the following theorem.

THEOREM 3.1. The time discretized numerical schemes given by (3.13)-(5.14) and
(3.15)-(3.16), as € =0, approaches the system

npit=nlt o+ O0(Ab),

n+l__ . n n+l, n+l__ , n n
niry =nfro+O(A), Ny Wirg =Moo+ O(AL),

dt (Q”LvOTLﬂ) =3—— o iro (Tio —TLo") +O0(A),
L,0

d 3 )\(Tn+1)
—=ny o Th o ) = =3 = np (TR = 75 + O (A,
di \ 2 TS

which are consistent with the implicit discretization of the continuous limit shown in
(2.28)-(2.29), with a numerical error of O(At).

REMARK 3.2.  We would also like to point out that our AP analysis for the scheme
does not include the penalty method, namely the schemes (3.30)—(3.33) that one actually
uses in practice, since it is hard to prove a scheme is AP with all the penalty terms
included, not done even for the single species Boltzmann (or FPL) equation [10, 21].
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4. The space inhomogeneous systems
In the space inhomogeneous case, the evolution equations are given by system (2.5)—
(2.6). We first recall the main results in [8] in the following Theorem:

THEOREM 4.1. Ase—0, the limit distributions and limit systems are given by
fOL((E,’U,t) :n(l)l(xvt) M&T&(m,t)a f({l(‘rvvvt) :né{(mvt) Mué{(w,tLTJ{(w,t)?

where nk, TE, nkl, TH satisfy the coupled system:

0 FLpL LT
"0+v “(ndull) =V | D1y | Vand — ﬂ + Dy OV - )] =0, (41)
ot T T

5 (3nETE ) 4.

LL, H L  H
nOTOuO)—noF Uy

5

2
z [D21

{Dn

FInf V. TF
L 0 L Vzlo
e[ (Ve =S ) 0 (S5 )
FInfl V. TF
L L 0 L Vatg
H Ll L L MNTE) 1 owpm o
=uy’ - [Va(ng Ty ) — Fing| +3 7L 00 (T4 —Ty), (4.2)
0
and
0
gf + V.- (nilull) =0, (4.3)
0
6t(n0 ug' )+ Ve - (nf uff ©uf’) + Vi (nf Ty") —nf FY
=— (Vo (ndTy) - Finf), (4.4)
o 2 H\|, H|2 5
at( |§0| +2 H >+V ((no |;o| +2n(1){T(J}I)u£I>_n0 FH .,
H Ll L_L MNTE) 1w mm L
=~ Up '[V:v(noTo)_F ”0]_3 7L "0 (Ty" —T), (4.5)
0

where D;; (i,j=1,2) and A\(T') are given in the Appendiz.

Insert the expansion
fr=fg+eft,  fU=fl et
into (2.5) and (2.6), then
YL (0 Vuff RV )4 (08 Ve 4 FE Vo fF)
= QM et e i)+ QU (et B e
= S [QUE U ) +2eQ (s ) 42 QU (S )
+ QU (F JH) + e QL (ff 1)+ QEH (1, £T) +2QEH (fE, £11)).
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We design the scheme by letting f&, fI satisfy the system
0 1
S+ (0 VoA PN ) = 5 [ QS+ P fD] ()
9f%+i (" Ve ff+ 5V 0 )
-3 { (QE7(fy fo") = Q5™ (fg f31)) + 2@ (fg f1) +eQ F (fE, 1)
+ QL (S )+ QL (E, £31) +eQE (£, £17)] (4.7)
and letting f, f satisfy the following system
0 1
0 1
aff{+g(UH'fooH+FH'vaf({I)
1711
= =[S (QE (U 1) — QB8 50) +2Q (581, FiT) +2 Q™ (511, 1)
+ QI (S, FE)+ QI (I ) +eQIEE (1 1)), (4.9)

4.1. Time discretization. Following [19], we rewrite (4.7) into the diffusive
relaxation system

0
—f% +1 (v Vo fE+FE-V o fE)

5[ QU 1)~ QM (s 501)) + 2P (1 )+ e@VH (s )
+Q£H(f0af1 >+Q£H(ff7f({1)+5Q£H(f%af{1>
— (122 (o8 Vo fE+ 2V fd)), (4.10)

52

where a simple choice of 1 is

1

=min{l, —

g1 =min{1, 5
Note that when ¢ is small, 11 =1. The collision operators on the right-hand side are dis-
cretized exactly the same as the space homogeneous case. Then the time discretizations

for (4.6) and (4.10) are

n+1 fL o

At (UL‘meE,l +F£'VuLf£L,1)

[Q“( T+ QE T (f1 00 Fii0)]) (4.11)
n+1 fL L
T+¢ ( NValflot+FL Vo fLo)
=[S (QEH U e~ QB R FE)) + 2QM R F1 ) + @ (L 0o 1)

+Q£H<fL,o,f;},1)+Q£H< T +eQE (ff 1, fHr )
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— (1= 20)(0F Vo i 4 FE Vo 150 (4.12)

Using the same technique, time discretizations for the systems (4.8) and (4.9) are
given by

n+1 f
HO n mn n
T (vH’foH,1+FH'vafH,1>
1 n n mn n
z [QHH( H,+01a H?E)l)"i_QgL(fH,vaL,O)}a (4.13)
n+1 fH L

LT (o VS 0+ Py Vn S0 )
— [ Y - QLU A + 20 (L A5 +eQM (f 1. Fi)
+ QI (i FL T + QI (fhrs fL0) +2QF (fhia, f20)

7(17677/12)( VLS - va”+1)], (4.14)

where
. 1
o =min{1, g}

We will use the penalties exactly the same as discussed in Subsection 3.2, namely the
right-hand side of the schemes (3.30)-(3.33). We omit repeating it here.

4.2. The AP property. First, for the light particles, inserting the expansion
QM =i +eQr +e2QF + 0(<%)
into (4.12), one has

n+1 le
T + (05 Vo R+ FR Vo f1)

s (2O UEE A + QB (R ) + QBT R £ + QHT TR A
( Vo fn+1 _~_F£L+1.v fn+1)}
2 [QUEUR 1 I )+ QE (0 Fi)+ O (1 00 )
+ QU (fE fHr0) + QE (£ 0]

QLH(f£17f}}1)+QL (fLO’fH1)+Q2LH(f£L,1afI7qLI,O)
+ (W Vo fI A FLT Vo 1. (4.15)

From (4.11), we have
QLL( E:Elv £B1)+Q£H(f£707f?1,0)20(62)3
which gives

1o =0 My pnia +0(2+At):= M §1 +O(e* + At). (4.16)
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From (4.13),
QM(f  fir )+ Q0 (fir0: f1.0) =0(e),
thus
fo =nrlo Myis s +O(AL) := MEG +O0(e+ At). (4.17)

From (4.15),
2QM (S IEE D + Q6 (oo i) +Q6 " (23" Firh) + QU (F25" i)
T oA
:vL-szZ,ng+F£L+1~VUL £$1+O(52). (4.18)
(4.18) is an equation for ffjl and can be equivalently written in terms of
A AN

according to:
Prodp™ =—(MEEY) ™ [oh - Va M + FE -V, MER = oF " (ML Myh)] +O(e + Av),
where I'y, o is the linearized operator given by

]-—‘L,O¢z+l _ (Mz,jgl)fl |:QQLL(M£BI’ nggl erl) + QéH(MIT;L’El 7[l/+17 M}*L]ﬁ)l)} )

As proved in [8], the unique solution in (ker(I'z o))" is given by

n+1
L
1 Fptt nTol L 1 vaiLgl L "Tol u’ifol L
= - Vznnﬂfi’ Uy (lv —pt T 50 oy 4+ —)]-v
nTE)l( ( L,0 TE,-SI 1(| |) L,0 Tﬁzl 2(| |) TE,-SI
+O(e+ At),
thus
T =MPE T +O(e+ At). (4.19)
N————
L pe,ntl
*—JL,1

We multiply (4.15) by € and add it to (4.11), then get

Z,J(Sl_fﬁo c Ejl—fﬁl
At At
4 (0 VP A FP Vo 1) +e (08 Vo R o+ FE -V f1)
1 n n n n
ZQ[QLL(szlv L,J(r)l)JFQgH(fL,OafH,o)}

1
+ 2 [2QE (S S+ QB (0. ik )+ QBT (2" fihh) + QP (£ 1)
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( Y, fn+1_|_F£l+1_v fn+1)]
+ QI (fL 1 L)+ Q6T (L0 fira) + QY (FL 00 fii )
+OF (fE 1, Fir o)+ QF ™ (Fbh Firh) +e [ QFF (11 1, ) + QB (FL oo f 1)

T(fa firo) + (05 Vo 5+ FEr o gt (4.20)

Plugging in the leading order term of (4.16), (4.19) and comparing the O(1) terms on
both sides gives

ML M
L,0 L,0 L *,1
v 'szLl'i‘FE'vale*m

At
_QLL(fLu )+ (pr H1)+QLH(fLO’ H1)+QLH( M o)
+0k (Mffgl,M;}j[)l)+O(At). (4.21)

Integrate both sides of (4.20) against 1, v*, [v7|?> on v%, by the statement (2)(i) and
(2.13) in Theorem 2.1, thus

/QLL(pr Ll ) " [? dv* /Q L17 H1)|U |2dvt =0,
/ QLI (M o, f3i) o [2dv® = / QUL (f35 MY o) [0 v =0.

Mt My
Integrals of TLO are

d n |2 3 n T
pr N 0> MY ol LOanO( ‘“L,o| +§TL,0) .

Analogous to the calculation in [8], then
[@bm i 500+ QE" Mz o P o
= [ [l .1y + QAL MR o P

= [ Qi )+ QIO M 10" P o+ 02

(T25")

_u?[+01 [V (nTLHBlTF(Sl) Frily HH}+3WHZ£IHZTOI(TE,JBI_TE,#H'O(A”

Therefore, the limit of our scheme is given by

n
ﬁnL’O

ot + V- (n] oup o)

Frnio VT
x° D11 ango— po : +D12 nzo - ’
( ’ T7, © Tro
0

3 5 n n n
8t< ”LOTL0>+V < nLoTLouH())”L,oFLUH,o

-V
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Fn? V.17
-V, [Dgl (anzo — %nL7O> + Do <nz,o TnL,O)
L0 L0

Frrn® V. T?
+Fp- | D1y <V:pn%,o - ;an) + Do (nﬁ,e ;nLo)]
L,0 L,0
n+1 n+1pn+1 n+1_n+1 )\(Tz—gl) n+1l_n+1 n+1 n+1
=Upo [Va:(nL,o 176 ) —Frnlh } +3 okt L0 TH (Tyo =175 ) +O(AL).
L0

(4.23)

This is first order (in At) consistent to the implicit numerical discretization of the limit
Equation (4.1)—(4.2).
Next we look at the system for the heavy particles. Inserting the expansion
Qi +eQfft +2Qff P+ O(e?)
into (4.14), one has
i —Jia
T + (UH Vafnot+Fr vafI?I,O)
1
= [ QUi F) + QO (s 7.0)+2Q77 (£l 550 + QI (5 S251)
— (Vo f R FR Vo )]
+ QHH(f}},pf?m) + Q{{L(f}},%la Zﬁl) + Q{IL(ffi,hfﬁo) +O5M( H1 1)

+ QF (P S + (0 Vi + iy Vo [ + e | QF (a0, F20)

+OF (R + AR S (4.24)
We multiply (4.24) by € and add it up with (4.13), then get

o —Tho | JEh =T
5 s 5 s H n
A teT +e(0 Vo ff,
+ PR Von fiy ) + (07 Vaff o+ Fi - Von fii o)
1 n n n n n n n n
=g {QHH(JCH?Bl, Hj)l)-FQgIL(fH,o»fL,o)} "‘leL(ijBla L,+11)+Q(€IL(fH,1va,o)

+2Q M (fh fikh) + QI E (i FE5D) = (0 -V S5+ Pl Vo f175)
e[ QT (1, fir )+ QLS S+ QF (o L)
QU (S SE) + QU F151) + (Ve 5+ By 751

2| QI (fpr 1 f10) + QF (UG N + (U A (4.25)

Plugging in the leading order term of (4.17) and comparing the O(1) terms on both
sides, one gets

MZ[+01_M?IO HH 1 px,n+1 HL 1 px,n+1 HL/ p%,n
— e =20 (M ) Qe (M )+ Q0 (FE T ME )

At Ho JH1 0 Ho /L1
| S ——
=0
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+ O (M MpEY) — (07 Vo My o+ Fiy - Vo M ) + O(AL).

(4.26)
(4.26) can be equivalently written for
S = (M i
with
Traodpt = (M) S +0(AL). (4.27)
'm0 is a linearization operator given by
Pao ot =2 (M5~ Q7 (MR M o),
and Szﬁl is
Sttt = (Di+0" Vo +Fip - Von) Mi;
= Qe (MY 1 — o F(MER M. (4.28)
The necessary and sufficient condition of solvability of Equation (4.27) is
1
/ Settl ofl | dv =0(A)Ts. (4.29)
R3

o2

The following is analogous to the proof shown in [8], except that we have a discrete
counterpart here. With details omitted, (4.29) thus gives

n
6nH’0

ot

+ Vo (nfroufye) =O0(At), (4.30)

ot (nr.0uh o) + Ve (ol o@ufo) +Vae(nioTho) — 1o Fh

== (Valnp o Tr6") —FL i np ) +O(AY), (4.31)

o (nholufol 3 nolulol® 5
&<2+2n7ﬁ,oTﬁ,O +Vy- f*‘inril,oTﬁ,O U o
—nipoFg Uk
+1
MITo)
T

_ n+1 n+1pn+1 n+1_n+1 n+1l_n+1 n+1 n+1
=—Ugo - {Vw(”L,o T, )=y "o } -3 "o "Ho (TH,O —T7 )

FO(AY).  (4.32)

Therefore, (4.30), (4.31) and (4.32) are consistent with the discrete scheme of the hy-
drodynamic limit system (4.3)—(4.5), up to a numerical error of O(At).

4.3. Splitting of convection from the collision.  As in [18,19], we adopt a
first-order time splitting approach to separate the convection from the collision opera-
tors. To summarize, our scheme is given by the following equations:

Moment equations for f; o and fx:

(Po)gfol =(Po)}.o +At/}R3 vL.VIfglde, (4.33)
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(POFS =(Pto+ s [ oF OF (Lo o) oD)do +A¢ [ ooz ant

(4.34)
(132)”+1 (P2L0+At/ Py vl Vo fi g do”, (4.35)
(P = (Pt et [ o9, fiy " (1.36)

(H)T;ITOIZ(P H0+7/ o QL (f.0:IT.0) (v )dUH‘f'EAt/RB%HUH'meﬁ,1dUH7

(4.37)
where ¢L, ¢ are defined in (3.25) and i=1,2.
The scheme for fr o, fr.1, fr,0, fu,1 are given by:
Step 1: The implicit collision step
fL 0 fL O L *
oI O 0 fi0) - PURD +PULD+ B (o fio)| (439
fia—Jft, 11 5 g x  px
AL 22 L (Q£H<fL7O7fH,0) - QOLH(prfo,o))

1
+ 5| QUL+ S o FE) o+ L) = FE 0+ )

QMR iy o E,1)+u(f£,o—fﬁ,l)—u(f}i,o—f}i,l))]
+5QLL(f£,1>fE,1) + QELH(fﬁva?J,l) + (QELH(fg,laf?I,o) - Q(%H(fg,laf?[,o))

B[ 1o Fig) + 2@ T fa) = (1= £200) (05 Va0 + FE- Vs ).
(4.39)
* 1
Bio Ji0 L Qg Fi) = PUh )+ P i)+ O Fl )| (.0

1(1
B T 1 (@M i) - QU S i)

1
43|+ T o )+ (ot S =i+ Fiv)

- (QHH(fﬁ,o—fﬁ,hfﬁ,o—fz,ow(f;;,o—f,z,o—u(fz,o—fz,l))}
+5QHH(fI7§,1afIT},1)"‘QfL(fIZ,mfzJ)"‘QfL(f?I,hfg,o)"‘EQfL(f?I,hfg,l)

~(1=en) (Voo + FipVon i) | (141)

The order is to first solve (4.38), (4.40), then solve (4.39) and (4.41).
Step 2: The explicit transport step

n+1 fL P

OB (0 ff 4+ FE Vs 7 ) =0, (442)
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n+1 7f*
%"’@Dl (vL~foE,o+F£-VvaE,o) =0. (4.43)
and
o — fino
%+5(0H'Vzﬁl,1 +F;I'Vva}kI,1):0» (4.44)
=
T+¢2 (UH'foE,(ﬁ'FE'Vva;},o) =0, (4.45)
where
11 =min{1 l} =min{1 1}
1— ,52 ) 2— ) c .

5. Conclusion and future work

In this paper, we develop asymptotic-preserving time discretizations for disparate
mass binary gas or plasma for both the homogeneous and inhomogeneous cases, at
the relaxation time scale, for both the Boltzmann and Fokker-Planck-Landau collision
operators. We introduce a novel splitting of the system and a carefully designed explicit-
implicit time discretization so as to first guarantee the correct asymptotic behavior at
the relaxation time limit and also significantly reduce the algebraic complexity which
will be comparable to their single species counterparts. The design of the AP schemes
are strongly guided by the asymptotic behavior of the system studied in [7,8]. We also
prove that a simplied version of the time discretization is asymptotic-preserving.

In the follow-up work, spatial and velocity discretizations will be discussed, along
with extensive numerical simulations and experiments. Moreover, we plan to address
the issue of uncertainty quantification (UQ), by adding random inputs into the system,
and develop efficient numerical methods for such uncertain kinetic system.

Acknowledgement. Dr. Liu Liu would like to thank Dr. Ruiwen Shu for a helpful
discussion. We thank the referees for their helpful comments.

Appendix A. Definitions of Q. In the Fokker-Planck-Landau case, the collision
operators are given by

Q=" (S S (") =V i / B(" —v)S" —v)(Vor fU S =V f ) dol,

R3

Q=0 (f1, M) (") =V - / B —v) S — o) (Vyu fH f =V 7 ) a0,

R3

Q=0T (f7 ™ (ev™)) (")

2\ 2t2 vl —ev? L H L ¢H H (L H
=(1+€")"2 V- R3B( /1+e2 )S(" —ev" ) (Ve fUf7 eV 7 f7)dv™,
Qe =Qr (f (0™, f1) (™)
2\ 2t2 vl — v L H L oH H (L L
=+ Von - | BE A=) S —ev™)(Vor f7f7 ~eVou f717) dv,
R3

where the matrix S(w) and the intra-molecular potential B(w), respectively, are given
by

w R w

S(w)=1d— 2" Blw)= %|w|7+2.

jw[?
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In particular, B (mw) =114~ = |w|"*2, and the value v= —3 corresponds to

Coulomb interactions.
In the Boltzmann case, the collision operators in center of mass — relative velocity
coordinates expressed in the angular scattering direction o, are given by

Ok =@M (11 0" = [ [ B0 =t (= g doait
QU =@ (1 f )= [ [ Bl o) (1 = g 1 d
QB = QM (7 ()W) = 1+ [ [ B S o) (7 g ded,

QL. =Ql (fH (e vH),fL)(vH)

1+¢&? e it or i
_( ) AS 52 m(v —ev ) a)(f T f o) dodv”,

with
2L H |,\L H
1L _ L L H L _my v e+t —ev|o
vle —y —|—1_’_82 (Jv* —ev|o— (v —ev™)) = e 7
and
2 2, L H_ 2|, L H
IH,e H__€ L H L H et +ev —efv” —ev'|o
T=EvT — —€ — —e =
v v 5o (Jv v |o—(v v™)) 5o

Here the collision kernel B is assumed to be in the form

1 w
B(w,a)zi\wpb(mﬂ).

Appendix B. The penalty methods. For the Boltzmann equation, the best
choice of this relaxation operator shown in [10] is

P(f):ﬁ(Mp,u,T_f)a
where 8> 0 is an upper bound of ||[VQ(M,, ,,.7)||. Another simple example of 5 at time
t" is
o M-l hrmh
fn _ fn—l
We briefly review the penalty method introduced in [10] for the Boltzmann equation
in the form:

p" =sup

1
atf+vvwf:gQB(faf)7
the discretized scheme is given by
n+1 n n n 7P n P n+1
PP e QEUTPUT) PG
At € €

where P(f)=B[M,.r(v)— f(v)]. Multiplying (B.1) by ¢(v) = (1,v,|v|*)T, one gets the
macroscopic quantities U := (p, pu,T):

(B.1)

Ut = /¢(v)(f" —Atv-V, f")dv
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U™t is obtained explicitly, which defines M"*!, thus f**! can be computed explicitly.
On the other hand, [21] discusses the penalty method for solving the multiscale

Fokker-Planck-Landau equation:

Ouf +0Vaf =1 Qu(f 1),

(B.2)

The authors in [21] demonstrate analytically and numerically that the best choice of

the penalization operator is the linear Fokker-Planck (FP) operator,

Pee( =, (9, (£)).

p@) o (u(@)?
2T ()72 p( 27 () )

where
M(x,v)=
The first order AP scheme for (B.2) is given by

#:%(Q(f",f”)7ﬂpnfn+ﬁpn+1fn+1)’

(B.3)

where § is chosen large enough to ensure stability. For example, let 5= SymaxA(Da(f)),

with 8o >4 and A(D,) is the spectral radius of the positive symmetric matrix D,

defined by

Da(f)= / Alv—.)fudo,

with

L2 _z®z
A(z)=|z| (]I |z|2>

Compute the moments of f” by

_ 2
(p,pu,pT)”Jrl:/ (M, U )f”dv,
s 2

and update M™*!. One can then solve f**! by

—1

3

Introduce the symmetrized operator [21]

e ()

then the penalty operator is Ppp f=+/MP (ﬁ) Rewrite (B.4) as

€

(o) =2 g

VM Navess

(B.4)

)}
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The discretization of P in one dimension is given by
~ 1 1 h h
Ph); = —— /M M; —) (=
(P =Ry \ﬁMj{ M ((m)+ (m))

v () (40, )

1 M1+ M;—
<hj+1 — St It hj +hj1> .

(Boy?

Since the new operator P is symmetric, the Conjugate Gradient (CG) method can be used to

n+1
get (\/%) . See section 3 in [21] on details for the full discretization.
Definitions of A\(T") and coefficients Dj; (i,j=1,2).

We recall some definitions given in [8]. In the Boltzmann case, A\(T") is given by
)\(T):g/ B(0,2)(v,Q)? Moz (v) dQdv,
3 R3 JS2
and in the FPL case,

AT) = 3/ B(v) Mo, (v)dv.

T'he coefficients ij are given by
. 1
Dlj = g‘/Rg MO,TEL (U) \I/]'E(|'U|) |q_;|2dU7
. 1
Ds;= E/Re, M07T5L () Tje(|v]) |v|4 dv.

U, is given by the following: The unique solutions ¥F, i=1,2, in (ker rk )J'7 of the equations

1" 3)vL

Loyt =v", Féwéz(z e 3
are of the form:
P == )o".

REFERENCES

[1] M. Bennoune, M. Lemou, and L. Mieussens, Uniformly stable numerical schemes for the Boltz-
mann equation preserving the compressible Navier-Stokes asymptotics, J. Comput. Phys.,
227(8):3781-3803, 2008. 1

[2] A.V.Bobylev and I.F. Potapenko, Monte Carlo methods and their analysis for Coulomb collisions
in multicomponent plasmas, J. Comput. Phys., 246:123-144, 2013. 1

[3] A.V. Bobylev, LF. Potapenko, and P.H. Sakanaka, Relazation of two-temperature plasma, Phys.
Rev. E, 56:2081-2093, 1997. 1

[4] C. Cercignani, The Boltzmann Equation and Its Applications, Appl. Math. Sci., Springer-Verlag,
67, 1988. 2.2, 3.2.2

[5] S. Chapman and T.G. Cowling, The Mathematical Theory of Non-uniform Gases, Cambridge
University Press, Cambridge, 1962. 2.1

[6] P. Degond and F. Deluzet, Asymptotic-preserving methods and multiscale models for plasma
physics, J. Comput. Phys., 336:429-457, 2017. 1

[7] P. Degond and B. Lucquin-Desreux, The asymptotics of collision operators for two species of
particles of disparate masses, Math. Models Meth. Appl. Sci., 6(3):405-436, 1996. 1, 2, 2.1,
2.1,2.2, 3.3, 3.3, 3.3, 5


https://doi.org/10.1016/j.jcp.2007.11.032
https://doi.org/10.1016/j.jcp.2013.03.024
https://doi.org/10.1103/PhysRevE.56.2081
https://link.springer.com/book/10.1007%2F978-1-4612-1039-9
https://doi.org/10.1119/1.1942035
https://doi.org/10.1016/j.jcp.2017.02.009
https://doi.org/10.1142/S0218202596000158

(8]
(9]

(10]

(11]
(12]

(13]
14]

(15]

(16]

[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[23]
[26]
[27]
28]
[29]
[30)

(31]

IRENE M. GAMBA, SHI JIN, AND LIU LIU 1289

P. Degond and B. Lucquin-Desreux, Transport coefficients of plasmas and disparate mass binary
gases, Transp. Theory Stat. Phys., 25(6):595-633, 1996. 1, 4, 4.2, 4.2, 4.2, 5, B

G. Dimarco and L. Pareschi, Fxponential Runge—Kutta methods for stiff kinetic equations, STAM
J. Numer. Anal., 49(5):2057-2077, 2011. 1

F. Filbet and S. Jin, A class of asymptotic-preserving schemes for kinetic equations and related
problems with stiff sources, J. Comput. Phys., 229(20):7625-7648, 2010. 1, 3.2.2, 3.2.2, 3.1,
3.2.3,3.2, B

I.M. Gamba and M. Pavié—éolié, On existence and uniqueness to homogeneous Boltzmann flows
of monatomic gas miztures, Arch. Ration. Mech. Anal., 1-59, 2019. 1

C.J. Goebel, C.J. Harris, and E.A. Johnson, Near normal behavior of disparate mass gas mixtures,
in J.L. Potter (ed.), Rarefied Gas Dynamics, 51(1):109-122, 1977. 1

H. Grad, Rarefied Gas Dynamics, F. Devienne (ed.), Pergamon Press, London, 10-138, 1960. 1

J.O. Hirschfelder, C.F. Curtis, and R.B. Bird, Molecular Theory of Gases and Liquids, Wiley,
New-York, 1954. 1

S. Jin, Efficient asymptotic-preserving (AP) schemes for some multiscale kinetic equations, STAM
J. Sci. Comput., 21(2):441-454, 1999. 1

S. Jin, Asymptotic preserving (AP) schemes for multiscale kinetic and hyperbolic equations: a re-
view, Lecture Notes for Summer School on Methods and Models of Kinetic Theory (M&MKT),
Porto Ercole (Grosseto, Italy), 177-216, 2010. 1, 3

S. Jin and Q. Li, A BGK-penalization-based asymptotic-preserving scheme for the multispecies
Boltzmann equation, Numer. Meth. Part. Diff. Egs., 29(3):1056-1080, 2013. 1

S. Jin, L. Pareschi, and G. Toscani, Diffusive relaxation schemes for multiscale discrete-velocity
kinetic equations, SIAM J. Numer. Anal., 35(6):2405-2439, 1998. 1, 4.3

S. Jin, L. Pareschi, and G. Toscani, Uniformly accurate diffusive relaxation schemes for multiscale
transport equations, SIAM J. Numer. Anal., 38(3):913-936, 2000. 1, 4.1, 4.3

S. Jin and Y. Shi, A micro-macro decomposition-based asymptotic-preserving scheme for the
multispecies Boltzmann equation, STAM J. Sci. Comput., 31(6):4580-4606, 2010. 1

S. Jin and B. Yan, A class of asymptotic-preserving schemes for the Fokker-Planck-Landau equa-
tion, J. Comput. Phys., 230(17):6420-6437, 2011. 1, 3.2.2, 3.2.2, 3.2.3, 3.2, B, B, B

E.A. Johnson, Energy and momentum equations for disparate—mass binary gases, Phys. Fluids,
16(1):45-49, 1973. 1

E.A. Johnson, Description of disparate-mass gases, Arch. Mech., 28:803-808, 1976. 1

L.D. Landau, On the theory of phase transitions, Zh. Eksp. Teor. Fiz., (7):19-32, 1937. 1

M. Lemou, Relaxed micro-macro schemes for kinetic equations, C.R. Math. Acad. Sci. Paris,
348(7-8):455-460, 2010. 1, 3.2.2, 3.2.2

Q. Li and L. Pareschi, Ezponential Runge—Kutta for the inhomogeneous Boltzmann equations
with high order of accuracy, J. Comput.Phys., 259:402-420, 2014. 1

C. Liu and K. Xu, A unified gas kinetic scheme for continuum and rarefied flows V: multiscale
and multi-component plasma transport, Commun. Comput. Phys., 22(5):1175-1223, 2017. 1

C. Liu, K. Xu, Q. Sun, and Q. Cai, A unified gas-kinetic scheme for continuum and rarefied flows
1V: Full Boltzmann and model equations, J. Comput.Phys., 314:305-340, 2016. 1

A. Munafo, J.R. Haack, .M. Gamba, and T.E. Magin, A spectral-Lagrangian Boltzmann solver
for a multi-energy level gas, J. Comput. Phys., 264:152-176, 2014. 1

J.P. Petit and J.S. Darrozes, Une nouvelle formulation des équations du mouvement d’un gaz
ionisé dans un régime dominé par les collisions, J. Mécanique, 14:745-759, 1975. 2.1

C. Zhang and I. Gamba, A conservative scheme for Vlasov Poisson Landau modeling collisional
plasmas, J. Comput. Phys., 340(1):470-497, 2017. 1


https://doi.org/10.1080/00411459608222915
https://doi.org/10.1137/100811052
https://doi.org/10.1016/j.jcp.2010.06.017
https://link.springer.com/article/10.1007/s00205-019-01428-y
https://doi.org/10.2514/5.9781600865251.0109.0122
https://doi.org/10.1063/1.3062225
https://doi.org/10.1016/0016-0032(55)91080-2
https://doi.org/10.1137/S1064827598334599
https://mathscinet.ams.org/mathscinet-getitem?mr=2964096
https://doi.org/10.1002/num.21746
https://doi.org/10.1137/S0036142997315962
https://doi.org/10.1137/S0036142998347978
https://doi.org/10.1137/090756077
https://doi.org/10.1016/j.jcp.2011.04.002
https://doi.org/10.1063/1.1694172
https://ui.adsabs.harvard.edu/abs/1976ArMeS..28..803J/abstract
http://inspirehep.net/record/1634383/
https://doi.org/10.1016/j.crma.2010.02.017
https://doi.org/10.1016/j.jcp.2013.11.020
https://doi.org/10.4208/cicp.OA-2017-0102
https://doi.org/10.1016/j.jcp.2016.03.014
https://doi.org/10.1016/j.jcp.2014.01.036
https://mathscinet.ams.org/mathscinet-getitem?mr=406071
https://doi.org/10.1016/j.jcp.2017.03.046

