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AN APPLICATION OF
FDM BY GIBOU TO A NUMERICAL BLOW-UP FOR NONLINEAR
EVOLUTION EQUATIONS ON A DOMAIN QcRM*

SOON-YEONG CHUNG! AND JEA-HYUN PARK?

Abstract. In this paper, using a finite difference method introduced by Gibou et al., we show the
blow-up phenomenon of solutions to nonlinear evolution equations with Dirichlet boundary condition
on an N-dimensional smooth bounded domain Q@ C R™V.

We first present bounds of the discrete smallest eigenvalue and the corresponding eigenfunction
to the discrete Dirichlet eigenvalue problem with the discrete Laplacian which is obtained by Gibou’s
method. We also show that the numerical solution is second order accurate to the theoretical solution
and there exists a blow-up time of the numerical solution by finding upper and lower bounds of the
blow-up time. Finally, using the above results, we prove that the theoretical solution has a blow-up
time and we also give upper and lower bounds for the blow-up time of the theoretical solution.
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1. Introduction

In recent decades, there has been an explosion of interest in blow-up of solutions to
various linear or non-linear evolution equations representing many physical situations,
such as flows in porous media, heat transfer, or biochemical kinetics (see [13,15,17-20]
and references therein). Among methods to research long time behaviors of solutions,
numerical approximation methods have been known to be an efficient tool to analyze
qualitative properties of solutions, such as the blow-up, extinction, global existence, and
so on (see [1-5,11,12]).

The purpose of this paper is to apply the finite difference method (FDM) intro-
duced by Gibou et al. in [14] to show the blow-up phenomenon and to give upper and
lower bounds for a blow-up time of a solution u € C3(€2x [0,7]) to nonlinear evolution
equations on a multi-dimensional smooth bounded domain Q CRY (N >1)

u(z,t) =Au(z,t)+ f(u(z,t), z€Q, t>0
u(z,t) =0, x€ed, t>0 (1.1)
u(z,0) =up(x) xeq.

where CH(Qx[0,T]):={u:Qx[0,T] =R | u, 0%u, u,€C(Qx[0,T]),k=1,2,3,4}, the
initial condition wug is sufficiently large and the non-homogeneous term f is convex and
satisfies [ f‘fz) < oo for some € > 0.

In general, if the given domain is regular, such as finite intervals, squares, rectangles,
cubes, and so on, then the FDM by Shortley-Weller has been mainly used, which is a
basic finite difference method mainly for solving elliptic partial differential equations on
regular domains. But it has been known that the method constitutes a non-symmetric
linear system for irregular domains [21]. For this reason, Gibou et al. [14] introduced

a simple method, as a modified version of the Shortley-Weller method, in which they

*Received: November 23, 2016; Accepted (in revised form): April 4, 2019. Communicated by Shi
Jin.

fDepartment of Mathematics and Program of Integrated Biotechnology, Sogang University, Seoul
121-742, Republic of Korea (sychung@sogang.ac.kr) .

 Corresponding author. Department of Mathematics, Kunsan National University, Kunsan 573-701,
Republic of Korea (parkjhm@kunsan.ac.kr).

1149


mailto:sychung@sogang.ac.kr
mailto:parkjhm@kunsan.ac.kr

1150 BLOW-UP FOR NONLINEAR EVOLUTION EQUATIONS

gave a symmetric linear system for N-dimensional irregular domains so that numerical
solutions to Poisson equations turn out to be convergent to theoretical solutions.

The novelty of this paper is to present bounds of the smallest eigenvalue and its
eigenfunction of the discrete Laplacian obtained by the FDM of Gibou et al. which
are key tools to show the blow-up phenomenon of the theoretical solution to (1.1) on a
multi-dimensional (irregular) domain Q C RY (N >1). More precisely, in this paper, we
give bounds of the blow-up time of theoretical solution which are obtained by bounds
of the blow-up time of the numerical solution to the discrete equation obtained by the
FDM of Gibou et al. Specially, the upper bound of the blow-up time of the numerical
solution depends on the smallest eigenvalue and its eigenfunction of the discrete Lapla-
cian. Hence the bounds of the smallest eigenvalue and its eigenfunction of the discrete
Laplacian is used when we discuss boundedness of the blow-up time of the numerical
solution.

Actually, in the one-dimensional case, it is well-known that the smallest eigenvalue
and its eigenfunction of the discrete Laplacian converge to the smallest eigenvalue and
its eigenfunction of the Laplacian. These convergences were used as key tools in [1]
when proving that the blow-up time of the semidiscrete problems converges to the
theoretical one. On the other hand, in the multi-dimensional case, there is no result
about the convergence of the smallest eigenvalue and its eigenfunction of the discrete
Laplacian obtained by the FDM of Gibou et al., and some bounds of only eigenvalues
of the discrete Laplacian were presented in [21]. We note that the bound of the smallest
eigenvalue of the discrete Laplacian in this paper is slightly improved than the bound
in [21], and as far as the authors know, this paper is the first to present the bounds of
the eigenfunction corresponding to the smallest eigenvalue.

Moreover, we also expect that using the FDM by Gibou et al., various results for
the behaviors of particles in networks can be applied to study properties of solutions to
evolution-type equations. In fact, we analyze the behaviors of theoretical solutions to
evolution-type equations in Remark 4.2 of this paper, as applying the FDM by Gibou
et al. to the results for networks ( [9,16]).

This paper is organized as follows: we first consider the case N =2. For this case,
in Section 3, we present some bounds of the smallest discrete eigenvalue and the cor-
responding eigenfunction of discrete Dirichlet eigenvalue problems with the discrete
Laplacian obtained by the method in [14]. In Section 4, we still consider the case N =2,
and we show that the numerical solution is second order accurate to the theoretical
solution. To prove this result, we use some known results by Yoon and Min in [21].
Their results are very usefully employed to discuss results for the N-dimensional case
in this paper. So, their results used in this paper are included in the Appendix of this
paper for self-containedness. And then, we also show the existence of a finite blow-up
time of the numerical solution by finding upper and lower bounds of the blow-up time.
We also prove that the theoretical solution has a blow-up time and we present upper
and lower bounds for the blow-up time of the theoretical solution. The case N >3 is
dealt with in Section 5. Actually, in this case, by similar procedure as in Section 3 and
Section 4, we can obtain exactly the same results as Section 3 and Section 4 except only
one result in Section 3. So, we are going to simply introduce the changed result.

2. Preliminaries

We start this section with the discretization of (1.1) obtained by the method of
Gibou et al. in the 2-dimensional case.

Let us consider a smooth bounded domain 2 C R? and a uniform grid hZ? with step
size h >0 and denote by Q" the set of nodes of the grid belonging to £ and by 9Q" the
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set of intersection points between the boundary 02 of €2 and grid lines as Figure 2.1.
For convenience, by Q%, we denote Q" UJQ". For z,y € Q", by y~ x, we denote that the
grid node y is a neighboring node of the grid node . By d(z,y), we denote the distance
from a node z € Q" to its neighbor y € Q". We note that (z;,y;) is generally used as a
notation of a grid node in numerical analysis. But in this paper, we use x instead of
(x;,y;) for notational simplicity.

/1/' ™~

%

.

v

— +—1

FIG. 2.1. Blue vertices are grid nodes in Q" and red vertices are intersection points between dQ
and grid lines.

We now consider the following discrete equation which is the discretization of (1.1)
obtained by the method of Gibou et al.:

Ul (z,t) = AMUM(x,t) + f(UM(2,1)), € Q" >0,
Uh(z,t)=0, z eI, t>0, (2.1)
Uh(x,0)=Upl(z) re.

where Ul (z) :=ug(z), € Q" and the discrete Laplacian operator A" is defined by for

each € Q",
1

hd(z,y)’

AU (z) = Z [Uh(y) - Uh(ac)}

yeah

y~x

We now recall the eigenvalue problem for the discrete Laplacian A" which is defined by

~ARG(a) = Ab(a), 2D,
{ b(z) =0, z OOk, (2.2)

Then it is well-known that the discrete smallest eigenvalue A! is strictly positive and
there exists an eigenfunction ¢! corresponding to A\¥ such that

(i) oh(x)>0, x€Qh,

(il) h2Y  cqn|@i(x)|=1, i=0,1,...,]Q" —1.
Moreover, the discrete smallest eigenvalue A} can be variationally characterized by the
Rayleigh quotient as follows:

S [6) — 6P
h : y~x
Ao = inf ,

920 > can 0*(7)

Plonh =0

(see [6,7] for more details). In addition, by po and ®¢, we denote the smallest eigenvalue
and its corresponding eigenfunction for the eigenvalue problem for the Laplacian A on
the given domain 2 as follows:

—A®(x)=pud(z), z€Q,
{@(x):O, 8 x €09, (2.3)
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and we assume that ®,>0 in Q and [, ®o(z)dr =1 throughout this paper. (see [10],
for more properties of eigenvalues and eigenfunctions).

Finally, we introduce the comparison principle for the discrete Laplacian, which
plays an important role throughout this paper. The proof of it can be done in a similar
way as in [8], with some modification.

THEOREM 2.1 (Comparison Principle). Suppose that a function f is locally Lipschitz
continuous on R. If two functions UM and V' on QM x [0,00) satisfy

U}~ AMUP — f(UP) 2 V= APV = f(V?), in Q" x (0,00),
Uh>vh, on 90" x [0,00), (2.4)
Uh('70)zvh('a0)7 in Qha

then U™ > V" on Q" x [0,00).

REMARK 2.1 (Uniqueness). If a function f is locally Lipschitz continuous and f(0)=
0, then by the above theorem, it is easy to see that the solution UM to (2.1) is unique.

3. Bounds for the discrete smallest eigenvalue and the corresponding
eigenfunction

In this section, we give upper bounds for the smallest eigenvalue A} and the cor-
responding eigenfunction qﬁ(’)‘, which are very useful in the next section and seem to be
interesting itself.

In the following theorems, the eigenvalue problems (2.2) and (2.3) are considered in
Q CR?. Instead, the N dimensional case with N >3 is going to be stated in Section 5.

THEOREM 3.1.  The discrete smallest eigenvalue i to (2.2) satisfies that

lim AP < 3.1
hli)% 0 > Mo, ( )

where g is the smallest eigenvalue to (2.3).

Proof. By the same arguments with the proof of Theorem 3.2 in [21], for each
h >0, we have

2
ng?h [@8(33)—@6‘@)] m
y~T
2
where ®f(z):=®¢(x), z€QP. Since h>d(x,y), the right-hand side of the above in-

equality satisfies that for each h >0,

2 D (2)—dh (1) ]2
S [20@) — W) ity T |G| hd(z,y)

Yy~ y~z

> e @4 ()] TN (b)) b2 d(ey)/2)

zeQh

Ao

IN

b

Hence we have

Ol (2)—d" (y) 2
O A

lim )\g < lim it = 140-
h=0" " o0 N (o (2)] *hik/2 4 d(z,y) /2] Jo®E
zeQh O
THEOREM 3.2. The eigenfunction (;Sg corresponding to the smallest eigenvalue )\8

satisfies the following:
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() 0<gh(a)< a2 peqh,
(i) Y. e [0h () — 0 (y)] " < C2QaS

(111) Ezeaoszh ¢6L('T) S )‘87
where Cq >0 is a constant depending on Q and 9°Q" is defined by

°V ={xcQ" | y~a for some ycdQ"}.

Proof. (i) It follows from h>d(z,y) that

.o [Gh(@) — b (y)]”
A e .

B2y, qr [#h(@)]

Since ¢ (x) >0 for all z€ Q" and h?Y"_ on ¢4 (x) =1, we have

>[5 —ob )] <X masx g (z). (3.2)

Moreover, by the assumption h? D zean Ph(z)=1,

2 h
> (66 -ob)] < 20 (3.3)

Let xo € Q" satisfy (bg(xo):maxmemq’)g(x). Then there exists the shortest path P,

from zg to the boundary 99" where a path from x € QP to y € Q" is a sequence of nodes
T=20,%1,...,Tn =Y satisfying ;1 ~x; for j=1,...,N. Let ,, € 00" be the final node
in the path P,,. Then since we choose the shortest path, it is clear that x; € Q"
7=0,....n—1.

Applying the triangle inequality and Holder’s inequality for the path P,,, we have

6 (20) <D 16 (i) =g (@) <V | D (8 (wio1) — g (2:)°| - (3.4)
i=1 1=1
Since the domain €2 is bounded, it is clear that there exists Cq > 0 such that
Cq
< . 3.5
n<— (3.5)

IN
2

3 @) o)’

z,yeQh
oy

(3.6)
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Thus it follows from (3.4), (3.5), and (3.6) that
3
Cat

o) < S0

Repeating the above argument infinitely many times, we eventually reach the de-
sired result.

(ii) It is trivial in view of (i) and (3.2).

(iii) From the discrete eigenvalue problem (2.2), we have

%Y dh@= 2 X e -t XY W@ -l

xr
zeQh xEQh yeah 2€0°Qh yeaah ( ay)

y~a y~a

> Y )

€O NN

where a set 0°Q" C Q" is defined by 9°Q":= {xEQh | z~y for some yE@Qh}. Thus
the assumption h?Y" _on ¢ (#) =1 implies the desired result. |

4. Numerical blow-up for the solutions

In this section, we show that the blow-up phenomenon of the solution u to (1.1)
occurs in finite time, with a lower bound and an upper bound of the blow-up time T
of u. In order to do this, we need to first discuss the convergence property of U" and
its blow-up time.

In fact, Gibou et al. [14] considered the convergence property of discrete solution
of the Poisson Equation (6.1), by showing that the solution U" to (6.1) approximates
the solution u to (6.2) with an accuracy of the second order.

We now state and prove one of the main theorems in which the discrete solution
U" to (2.1) also approximates the theoretical solution u to (1.1) with an accuracy of
the second order.

THEOREM 4.1.  For a time T'>0, let u be a function in C{ (2 x [0,T]) which satisfies
(1.1) up to the interval [0,T]. If a nonlinear source f is locally Lipschitz continuous on
R, then the solution UM to (2.1) is well-defined on Q" x [0,T] and satisfies that

max ’Uh(m,t)—uh(x,t)’ <COrh?, (4.1)
zEQ
te[0,T]

for a sufficiently small h>0 and a constant Cr >0, being independent of h, where the
function u” is defined by u"(x,t):=u(w,t) for (z,t) € Q" x [0,T].

Proof.  We first choose a time T" as

Th._ Tk — 6, if UM has a blow-up time T4,
] oo, if not, (that is, U" is global),

where § >0 is sufficiently small. Then since U} (z)=ul(x) for all z€Q", there exists
the greatest time TJ such that

Ty <min{T,T"} and ||U"(-,t)—u"(-)]|,.. <1, t€[0,T7) (4.2)

where the norm || - ||;= is defined by ||v]|; :=max,cqn [v(x)| for a function v: Q" —R.
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For each t € (0,7}, putting e(z,t) :=U"(z,t) —u”(x,t), 2 € QF, then it follows that
for all z € Q" and t€[0,T7],

led(,t) = Ale(a,t)| <[ f(U"(2,1)) = f (" (2,0)) |+ |Au(z,t) — AMu"(z,t)|
<|fU" (1) = f(u(2,1))|
+C1RIgm gogn (@) + (Co + Csh)[goqn (),

for positive constants C7, Cs, and C3, where the last part follows from Lemma 6.1 in
the Appendix and the function I is defined by

1, zeT,
Ir ()= { 0, 2€ QP\T,

for a subset T C QF.
On the other hand, by the (locally Lipchitz) continuity, there exists Rp >0 and
M7 >0 such that

max |u(z,t)| < R, (4.3)

te[0,T]

and |f(s)— f(t)| < Mrp|s—t|, s,t€[0,Rr+1], respectively. Hence it follows from (4.2)
that

UMz, t) <Rp+1, zeQl, te[0, T
and so that
[F(U" (2,8) = £ (u" (2,)| < M |U" (1) =" (w,t)]
for all z€QF and te [0,7{]. Therefore, the function e satisfies
les(x,t) — Ahe(x,t)| < Mrle(z,t)|+ Cth]IQh\ath () + (Co+ Csh)lgoqn ()

for all z.€ QP and t € [0,T7]. o
Let us consider a function V" : Q" x [0,7#] — R defined by

V" (2,t) :=exp(Mrt) [C1hv" (z) + (Co + Csh)w" ()], =€ Qh, t€[0,T]]
where w” and v" come from Lemma 6.2 in the Appendix. Then it is easy to see that

VI (z,t)=0 for each (z,t) € 90" x [0,T}] and V' (z,0) >0 for each x € Q". Moreover, a
simple calculation gives that

dvh

W(gg,t) =AM (@ t) > MV (@,t) + C1h*Igm gean (x) + (C2 4+ C3h)lgoqn (2)

for each x € Q" and t € [0,T%]. Hence it follows from the comparison principle that
le(@,8)| <[V (x,t)| < exp(Mrt) [Crho" (2) + (Co + Csh)w" (z)]
for € Q" and t€[0,T}]. By Lemma 6.2 in the Appendix, we have

le(x,t)| <Crh?,x Q" te[0,Ty], (4.4)
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for some constant Cp:=CeM7T | being independent of h.

We now show that the inequality (4.4) is still true up to the interval [0,7]. We first
show that T'<T". If U" is global, it is clear. So let us assume that U" has a blow-up
time T%. Then it suffices to show that T <T%, since T" =T% —§ for sufficiently small
§>0. Let us suppose that 7% <T, on the contrary. Then it follows from (4.2) and (4.4)
that

1=||U" (1) = (T ||, < Crb?,

which leads to a contradiction for a sufficiently small A > 0.

Then we see that TJ* <T', by the definition of T and it remains to show that T} =T.
But if T2 <T, then we can reach a contradiction by the same argument as the above,
which is desired. O

REMARK 4.1.
(i) What is interesting in the above theorem is that the convergence property (4.1)
works not only for blow-up solutions but also for global solutions, under only
the condition of the local Lipchitz continuity of f.

(i) If w is a blow-up solution with a blow-up time Tz, then the constant Cr goes
to infinity as T goes to Tz. By this observation, even though U" has a blow-
up time T4 for all h>0, we can not directly say that the blow-up time 7%
converges to Tp, in general. This is a reason why we impose a convexity on
nonlinear source f, instead of a local Lipschitz continuity in Theorem 4.4.

REMARK 4.2.
(i) In [9], authors discussed the network version for the discrete evolution equations
with a nonlinear absorption term, that is, they consider — f instead of f in (2.1).
In particular, as applying the FDM by Gibou et al. to some results in [9], we
can obtain the following result:
If the locally Lipschitz continuous function f satisfies

|
/0 f(s)ds<oo7

then the solution U" to

Up (x,t) =AU (2,t) = f(U"(2,1)), € Q", >0,
Uh(x,t)=0, reo", t>0,
Uh(z,0)=Ul(x) zeQh.

is global. Moreover, the solution U" satisfies

0<U (x,t)<F~! <{F(r§neaé<uo(f))—t} >, zeQ t>0,

+
where F(s):= [; ﬁds, and [s]+ :=max{s,0}.

We note that the super-solution F~! ([F (maxecouo(€)) —1t] +) becomes extinct
at t=F(max¢equo(£)). Hence the solution U™ is extinct in finite time.

Moreover, we can get a convergence estimate result for the case —f as

max |Uh(:v7t)fuh(x,t)|§0h2, (4.5)
reQ
te[0,T)
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using the same arguments with the proof of Theorem 4.1. In this case, since
the discrete solution U" is not blow-up, the constant C' is independent of time

t. Moreover, since the super-solution F~! ([F(max§€gg uo(§)) —t] +) is indepen-

dent of h, it follows from (4.5) that the continuous solution u satisfies

0<u(z,t)<F* < [F(maé(uo(«f)) - t} +> :

ge

Thus the solution w is extinct in finite time (see [9], for more details).

(#3) Similar to Remark 4.2 (i), we can also consider the case —f+g where f and
g are locally Lipschitz continuous and strictly positive on (0,00). In this case,
since it is not guaranteed that (f —g)(z) >0, z € (0,00), it can not be discussed
by the method of Remark 4.2 (i). We note that it is not easy to find sub-solution
or super-solution for the case that the nonlinear source (or absorption) is not
positive.

On the other hand, the special case (f —g)(z) =d(2® —z) was discussed in [16].
In the paper, they considered the Cucker-Smale-type (C-S-type) model with
the Rayleigh friction

axi _

dt - 19
N

dVi A

e ﬁZMHXi —xi[)(vj =vi) +avi(1—=|vi]*),
1=1

and presented flocking estimates for the C-S-type model where A and 1 are
a nonnegative coupling strength and a communication weight and ||-]| is the
standard [?>-norm in R?. In particular, they assumed that v (s)>1, >0 for
some positive .. By this assumption, their arguments of some results can be
applied to our case even if the C-S-type model has no boundary and the weight
¥ depends on time. We note that, by the same proof of Theorem 3.1 in [16], it
is proved that the solution U" to

Ul (@,t) = AMUM (z,t) + 56U (2,t) (1 — (UM (2,1))?), 2 €Q", t>0,
Uh(x,t)=0, redQ", >0,
Uh(z,0)=Upk(z) reQh.

satisfies

1
2

0<UM(z,t) < ((meaécuo(m))_le_‘st—i—(l —e_‘st)> , x€S, t>0.
xT

Hence the discrete solution U" is global. Therefore by the same arguments as
in Remark 4.2 (i), the theoretical solution u for the case (f —g)(z)=0(z%—z)
is global.
THEOREM 4.2.  Let the function f be locally Lipschitz continuous on R and satisfy
f(s)>0 for all s>0. If the solution U" to (2.1) has a blow-up time T}, then the blow-up

time Tg satisfies
> dz
A= _n
/U(’f”loo f(2)
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Proof. Let V be a solution to

W)= f(V(t), t>0,
{¢<o>=||UéLle- (46)

Then it is easy to see that V is strictly increasing on [0,00) and V (t) > ||U! te
(0,00), since V(0) > 0.

Let us define V" (z,t):=V(t) for all € Q" and t>0. Then it is easy to see that
Vi (z,t)>0=U"(z,t) for all (z,t) €N x[0,00), and V"(z,0)>Ul(x) for all z€Q".

Moreover, it is clear that

i

Vi () = APV (@, 6) = f(V(,1)) =0=Uf (2,t) = AMU (a,8) — f(U"(x,1))
for all (z,t) € Q" x [0,00). Thus by the comparison principle,
Vi (x,t)>U"(z,t), zeQ" t>0.

Thus the function V" also has a blow-up time tg < Tg. Finally, by a simple calculation,

the Equation (4.6) implies
_/°° dz
v /(%) .

In the next theorem, we establish sufficient conditions to guarantee that blow-
up phenomenon occurs. We also give an upper bound of the blow-up time T g.
The upper bound is composed of two functions Q":[0,00) =R and G:[Q"(0),00) —
(vagz(o) ﬁf)\gz} which are defined by

Q ()= Beh(x)U"(x,t), t>0,

zeQh

and

> dz
G(s):= — . s>Q"0).
@=] o 2@0
In particular, assuming that the function f is convex and satisfies

* dz
] ‘Z;5<:OO QL?)

for some € >0, it is clear that for each C' >0, there exists the smallest value z¢ >0 such
that

f(z)=Cz>0, z>zc, (4.8)

and the value z¢ non-decreasing with respect to C. In particular, we denote by z{{ the
smallest one of zg satisfying

f(2)=Az>0, 2> 2.
as in (4.8) with C'=\{. Therefore, if the function Q" satisfies

Qh(O) >z(§b,
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then the function G is well-defined. It is also clear that the function G is strictly

decreasing and has an inverse function G~! which is also strictly decreasing.

THEOREM 4.3. For each fixed h >0, suppose that a function f is convex and satisfies

> dz
c FE&
for some €. If the function Q" satisfies
Q"(0)> =g,
then Q" has a blow-up time Tg. Moreover, the blow-up time Tg satisfies
e dz
T5< /th) FE A =

Proof.  We first show that the function Q" satisfies

h
T 02 7Q" ) - M@ 0, 120

Since U" is the solution to (2.1), we have

o™

()= WP @) A" 1)+ D W (@) f(U" (x,1))

zeQh zeQh
for all £>0. Since A" is symmetric and f is convex, Q" satisfies

Q'

S (0= 3 RPUM @A (@) +f | D W)U ()

zeQh zeQh
=-AQ" (M) +F(Q (1), t=0.
Secondly, we show that

Q"(t)>Q"(0), t>o.

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

The inequality (4.10) implies f(Q"(0)) —A2Q"(0)>0. Thus there exists 75 such that
Q"(t)>Q"(0) for all t€(0,79). Suppose that there exists to>7y such that Q"(ty)=
Q"(0) and Q" () > Q"(0) for all t € (0,ty). Then at the time ¢y, the function Q" satisfies

Q"
0> W(to)-

On the other hand, by (4.12), we have

h
T 10) 2 5(Q" (10)) ~ NoQ" (10) = F(Q" (0)) ~ NoQ"(0) >0,

which is a contradiction. Hence Q"(t) >Q"(0) for all ¢ > 0.
We now show that

/°° Az
Q" (0) f(z) —)\82’ '
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It follows from (4.10) and (4.13) that

f(z)=Mz>0, 2>Q"(0). (4.14)
Since the function f is convex and satisfies (4.9) and (4.14), these facts imply that there

exists 21 > Q"(0) > z{ such that f(z)— A2z is strictly increasing on [21,00). Hence there
exists €y >0 such that

Hence by a simple calculation, we have

/°° dz <)\g+eo/°° dz .
on) f(2) =Mz = e Jongo f(2)

We note that there exists x € Q" such that Ul'(x) >0 for sufficiently small k>0, since
ug#0 and ug>0. Thus Q"(0) >0 and it follows from (4.9) that

/°° dz -
o are——— .
Q" (0) f(z) — )\82

Finally, we show that Q" has a blow-up time. It follows from (4.14) that

dh
()

"S5 N

which implies
Q" (=G (GQM0)—t), =0,
Hence Q"(t) — oo as t — G(Q"(0)). Therefore we have
e dz
Th<G(Q"(0)= —_—
bo@ o=

d
Now we are in a stage to state and prove the main theorem as a final result. In fact,
we prove that the solution u to (1.1) blows up in a finite time and its blow-up time T
can be obtained by the limit of the blow-up time T} as h goes to zero.
For notational simplicity, we denote by z,, the smallest one of z satisfying

f(z2)=(o+3d0)z>0, z>z

as in (4.8) with C'=po+ 9. Here §p >0 is a fixed number.

THEOREM 4.4. Suppose f is convexr and satisfies

* dz

) <00 (4.15)

€

for some € >0. If the initial condition ug is sufficiently large in a sense that

uo(z) >vo(z), z€Q, (4.16)
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where vy s a function on Q satisfying

{ —AUO ZMOZH+6O7 mn Q7 (417)

v =0, on 052,

for a fized number 5o >0, then there exists a blow-up time T of the solution u to (1.1)
and the blow-up time Tg has the following upper bound:

/|uo|ocf(2)§TBS . ()= (po+do)z’ (4.18)

Proof. o
(i) We first show that limj, 0 Q"(0) >0. Let us define V{*(x) :=vq(z) for all z € Qh.
Since ug(z) >wvo(z) for all z €Q, it is easy to see that the function VI satisfies

UM x) >V (z), zeQh. (4.19)

Hence it follows from (4.17), (4.19), and Lemma 6.1 that

2
POz | X b tdo- )~ Y bt Coh)
0

TEQR\JOQh €PN

Recalling limy, 0 A% <y in Theorem 3.1 and the inequality (iii) in Theorem 3.2, we
obtain

< Tim B2 h c p2yh
0< lim > 9 (x) < lim h?AG =0,
r€0°Nh

so that we have

lim > oh(x)(Cat Csh)=0.
0

On the other hand, since h? Zmemgbg(x) =1, h>0, we have

2

h o
lim — OB (x) (o2, + 00 — Chh?) > 2, + —.
h—0 A} zeﬂ%oﬂh 0 O Tro T " o

Thus it follows that

5
im Q"(0) >z, + — >0. :
}1113%62 (0)7z#+u0>0 (4.20)

(ii) Secondly, we show that the solution U” to (6.1) has a blow-up time T%. Since
f is convex and satisfies (4.15), there exists 2{ such that

f(2)=MNoz>0, 2>z}

for each h >0. Moreover, we note that Theorem 3.1 implies

5
zg<zﬂ+/7f; <Q"(0) < [luo|| L= (o



1162 BLOW-UP FOR NONLINEAR EVOLUTION EQUATIONS

for sufficiently small h>0. Thus it follows from Theorem 4.2 and Theorem 4.3 that
there exists a blow-up time T satisfying

o dz e dz o0 dz
_ _—~_<Th - 4.21
/momm f(2)</|Ug||lw 7@ =L, T eree MY

(iii) We now show that there exists a blow-up time T of the solution w. If u has
no blow-up time Tz, that is, u is global, then it follows from Theorem 4.1 that U” has
no blow-up time. It is a contradiction that U" has a blow-up time T4 by (4.21). Thus
u has a blow-up time Tp in a sense that

lu(-,t)|| oo (@) =00, t—Tp.
Moreover, if we suppose that
Tp > liminf ",
then it is a contradiction to Theorem 4.1. Hence we have

& dz

T < s, F(2) = (po+d0)2

(iv) We now show that limp,_,o HUh(-,TB)HlOQ =o00. Suppose that there exists M >0
and a sequence {h;} such that h; -0 as j — oo and
(U (- Tp)| e <M, j=12,....
Then we can take a sufficiently small €3 >0 such that
|u" (-, T = €0)|| oo = |U" (- T5 —€0)|| ) =1, F=1,2,...,

which is a contradiction to Theorem 4.1.

(v) We now show that the blow-up time Ts satisfies

[eS)
/ Az g
HUOHLOO(Q) f(Z)

Putting U" (2", Tg) := HUhj(',TB)Hloo, then we have
Uf (", t) =AM (2" 6) + f (U (2,1) < fU" ("), te€[0,T)
which implies
UM (=", Tg)
/ bz g
U*h(zh,0) f(z)

for sufficiently small A > 0. By (iv), we have

UM (2 Tp) ds /oo ds
I

lim — = —_— .
h=0Junan oy F(2) Jjuollpso o f(2)
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REMARK 4.3.
(i) In the above, it seems that the condition (4.16) and (4.17) for the initial value
ug is not only a little bit technical but also original. In general, in order to get
a blow-up solution, it is necessary for the initial condition ug to be sufficiently
large. A good example of the initial value ug seems to be ug(z) =v(z)+w(z),
where w is a nonnegative function in  with w|sq =0 and v is a (super-)solution
to

—Av =9z, +0d, in Q,
v=0, on Jf.
In fact, it is well-known that the solution v is smooth and positive in €.

(ii) In the above theorem, it is not certain whether limj_,o T8 =Tp. But if we knew
the convergence

. ik _
Jim max [ (x) — o ()] =0, (4.22)

then we would prove that limj,_,oTh =T, following a similar procedure in [1],
in which they dealt with the Equation (1.1) in R'. In fact, the convergence
(4.22) is true for a domain of special type, such as intervals in R! or rectangular
domains in RV. As a matter of fact, as far as the authors know, the convergence
(4.22) is still open for the domain in RY.

5. Multi-dimensional space
We now discuss Q2 C RY where N >3. In this case, the discrete eigenfunction ¢ is
assumed to be

> Vg () =1 (5.1)
zeQh
and the function Q" is given by
Q"(w,t):= > WV (x)U"(x,t), t>0.
zeNh
Then Theorem 3.2 can be stated as follows:

THEOREM 5.1.  For each h>0, the eigenfunction ¢l corresponding to the smallest
eigenvalue N} satisfies the following:

h
(i) 0<gh(z) < 2 peQbh.

(i) 3., con [0 (@)~ b)) < TREr,

T~y

(i) Y, comqn #h(2) < 2.

Proof. Tt is proved by the same argument as in the proof of Theorem 3.2. O

Then the same procedure as in the previous Section 3 and Section 4, with a little
changes in calculation and notation, can be applied to the case in RY so that we can
obtain exactly the same result as Theorem 4.4.
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Appendix. In this appendix, we introduce theoretical analysis of the consistency
and convergence accuracy of the method by Gibou et al. which had been discussed
in [21] by Yoon and Min. They showed that the discrete solution U" to the discrete
Poisson equation

AN () = f(2), wE O, 61
Uh=o, x €N, '
is second order accurate to the theoretical solution u to the Poisson equation
—Au(z)=f(z), z€Q,
{uzo, 2 €. (6.2)

Here, we only introduce some results related to the consistency and convergence
accuracy which are only needed to prove results in Section 3 and Section 4 (see [21], for
other results and their proofs).

LEMMA 6.1 (Consistency error). For a function ue C*(Q),

Cih2,  zeQh\oh,

Cy+Csh, z€9°Qh, (6.3)

| Au(z) — Ahuh(w)’ < {

where the function u" is defined by u”(z) :=u(z), zeQl, Cy, Cy, and Cy are constants
independent of h.

LEMMA 6.2.
(i) Let w" be a solution to

Al h - 07$€Qh\8°Qh,
Alw (x){l,xeaoﬁh,

and wh(z)=0 for all x €. Then 0 <wh(z) <h? for all z € Sh.

(ii) Let v" be a solution to

Al R o 1,xEQh\8°Qh,
Atv (x){o,xeaogh,

and v"(z) =0 for all € 9Q". Then 0 <v"(z) < C,, for all x € S", where vy is an ana-
lytic solution to

2, x e,
—Awvg(z) = { 0, z€09Q,

and Cyy :=maxzequo(x)+1.
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