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CONDITIONAL REGULARITY FOR THE 3D INCOMPRESSIBLE
MHD EQUATIONS VIA PARTIAL COMPONENTS∗

HUIFANG WANG† , YAFEI LI‡ , ZHENGGUANG GUO§ , AND ZDENĔK SKALÁK¶

Abstract. In this paper we establish some new regularity criteria for the three dimensional
incompressible magnetohydrodynamic (MHD) equations. Particularly, we prove that if ∇u3 and the
horizontal magnetic field bh = (b1,b2) satisfy certain integrable conditions with respect to space and
time variables in Lebesgue spaces, then a weak solution (u,b) is actually regular. Moreover, we obtain
a regularity criterion in the framework of scaling invariance.
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1. Introduction
We are concerned with the following 3D viscous incompressible magnetohydrody-

namic (MHD) equations: 
∂tu+u ·∇u= ∆u−∇p+b ·∇b,
∂tb+u ·∇b= ∆b+b ·∇u,
divu= divb= 0,
u(x,0) =u0(x), b(x,0) = b0(x),

(1.1)

where u= (u1(x,t),u2(x,t),u3(x,t)), b= (b1(x,t),b2(x,t),b3(x,t)) and p=p(x,t), x∈R3,
t>0 denote the unknown velocity field, magnetic field and pressure, respectively. u0(x)
and b0(x) are the given initial data. In the early 1970s, Duvaut and Lions [7] con-
structed a class of global weak solutions, similarly to the Leray-Hopf weak solutions
to the three dimensional Navier-Stokes equations. But the strong solution is generally
local. It is not known whether the smooth solution of Cauchy problem in three dimen-
sions exists for all time for given sufficiently smooth and divergence-free initial data.
For the two-dimensional case, the smoothness of solutions has been shown. The same
results hold in the case of three dimensions under the assumption that (u,b) belongs
to L∞(0,T ;H1(R3)), see Sermange and Temam [20] for the details. The main differ-
ence between the two-dimensional and three-dimensional cases can be well understood
by considering the dynamics of the fluid vorticity as pointed out by Constantin and
Fefferman in [6] for the Navier-Stokes equations. Therefore, the global regularity of
weak solutions in three dimensions is still an outstanding challenging open problem.
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It seems to be beyond the scope of the present techniques. Nevertheless, there exist
many criteria to guarantee the global regularity of weak solutions of (1.1), see for ex-
ample [5,9,18,19,26,27] and references therein. We mention here the following classical
results from He et al. [9] and Zhou [26]; of course, some other results which may also
be very interesting cannot be mentioned due to the length of this article. Motivated
by the regularity criteria of the Navier-Stokes equations, He et al. and Zhou estab-
lished the fundamental Serrin-type regularity criteria only in terms of the velocity field,
independently. Precisely, they showed if the velocity field satisfies

u∈Lα,γ with
2

α
+

3

γ
≤1, 3<γ≤∞, (1.2)

or

∇u∈Lα,γ with
2

α
+

3

γ
≤2,

3

2
<γ≤∞, (1.3)

then the weak solution of (1.1) is smooth on R3×(0,T ]. The main interest of this Serrin-
type regularity criteria in [9, 26] is that there are no assumptions on the magnetic field
after the initial time. As stated in [9], this indicates that the fluid velocity may play
a dominant role in the evolution of MHD flows. Note that the condition (1.3) requires
that ∇u should satisfy some integrability with suitable indices α and γ in Lebesgue
spaces, and the number on the right-hand side of the first inequality is 2. This result
is optimal from the scaling-invariant point of view. However, it seems more restrictive
since ∇u is actually a 3×3 matrix and 9 elements of it are supposed to satisfy (1.3).
Since u is divergence-free, we may expect regularity conditions imposed on the gradient
of only one velocity component, say ∇u3, instead of the gradient of all u, moreover,
these conditions are expected to be scaling invariant. Although it is a straightforward
idea, this can not be reached very easily without the help of magnetic field for the
time being. It is obvious that one cannot see any contribution of the magnetic field or
the interplay between the fluid velocity and the magnetic field in the criteria of [9, 26].
In order to capture the nature of coupling effects between the fluid velocity and the
magnetic fields in the magneto-fluid motion, the role of magnetic field should not be
neglected. Then the problem of so-called “regularity criteria for the MHD equations via
partial components” has drawn many researchers’ interest in the last ten years, see for
example [1,10–13,16,17,23,32,33] and references therein. Particularly, Yamazaki in [25]
provided a regularity criterion in terms of u3 and b both in scaling-invariant norms using
anisotropic Littlewood-Paley theory. Recently, Zhang in [31] proved the global regularity
based on ∇u3 and some current density. It seems that this kind of investigation on
only one velocity component is more difficult than the one of akin criteria based on
one partial derivative of the velocity field; in this regard one can see for example the
discussions [1, 4, 12, 24, 31] on the MHD equations, and also [2, 3, 15, 21, 22, 28–30] for
the Navier-Stokes equations (b≡0 in (1.1)). In this paper, we are interested in the
conditions which can guarantee the regularity of weak solutions in view of the gradient
of only one velocity component and the magnetic field. Namely, we will first prove the
following result:

Theorem 1.1. Assume that (u,b) is a global weak solution to the MHD Equations
(1.1) corresponding to the initial data (u0,b0)∈Hs(R3), s≥3 with ∇·u0 =∇·b0 = 0 and
satisfies the energy inequality. Suppose ∇u3∈Lα1(0,T ;Lβ1) and b∈Lα2(0,T ;Lβ2) with

2

α1
+

3

β1
≤ 7

4
+

1

2β1
, 2<β1<∞, (1.4)
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and

2

α2
+

3

β2
≤ 3

4
+

1

2β2
,

10

3
≤β2≤∞, (1.5)

Then (u,b) remains smooth on (0,T ].

Remark 1.1. We note that the authors in [17] have proven if

∇hu∈Ls1,t1 with
2

s1
+

3

t1
≤2,

3

2
<t1≤∞, (1.6)

∇hb∈Ls2,t2 with
2

s2
+

3

t2
≤2,

3

2
<t2≤∞, (1.7)

then the corresponding solution is actually regular, where ∇h= (∂1,∂2) is the horizontal
gradient. It was improved recently by Jia [14] where the assumptions on ∇hu3 and
∇hb3 of (1.6) and (1.7) were removed. However, we find that more information on the
unknowns is still required such as uh= (u1,u2) and bh= (b1,b2), although the spaces
from (1.6) and (1.7) are scaling invariant. If one imposes some conditions only on the
partial derivative of the velocity field, say ∂3u, then regularity can also be guaranteed.
Jia et al. in [12] proved the following criterion

∂3u∈Lβ,α with
2

β
+

3

α
≤ 3(α+2)

4α
and α>2. (1.8)

It is obvious that they removed restraints on the magnetic field b, and the num-
ber of the first inequality on the right-hand side of (1.8) is not scaling invariant(

lim
α→2

3(α+2)

4α
=

3

2

)
. Moreover, all the components of u are involved, i.e., on one hand,

they gain less restrictions on the unknowns (no assumptions on b), but, on the other
hand, lose the nice scaling-invariant property. Based on the above comparison, there
might be a kind of balance between the scaling-invariant norms and the unknown vari-
ables in regularity theory, and the loss of regularity in velocity turns out to be balanced
by some additional regularity in magnetic fields. This can be exactly used to demon-
strate the coupling effect of velocity and magnetic fields. Therefore, in this paper, we
make full consideration of it and try to make balance between them to guarantee the
regularity of weak solutions, this is shown in Theorem 1.1.

Remark 1.2. Conditions in Theorem 1.1 are not optimal since the spaces from (1.4)

and (1.5) are not scaling invariant in Serrin’s framework. We find that in (1.4)
7

4
+

1

2β1
goes to 2 as β1 tends to 2, i.e., it is almost optimal for ∇u3 as β1 changes around 2.
So the possible improvement of conditions in Theorem 1.1 is to achieve a balance by
using some more information on velocity field in the framework of scaling invariance,
see conditions in Theorem 1.2 for the details, additional conditions on partial derivative
of the horizontal velocity are imposed.

Theorem 1.2. Assume that (u,b) is a global weak solution to the MHD Equations
(1.1) corresponding to the initial data (u0,b0)∈Hs(R3), s≥3 with ∇·u0 =∇·b0 = 0 and
satisfies the energy inequality. Suppose that ∂3uh∈Lα3(0,T ;Lβ3) with

2

α3
+

3

β3
≤2,

3

2
<β3≤∞.
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Furthermore, assume that ∇u3∈Lα4(0,T ;Lβ4) and b∈Lα5(0,T ;Lβ5) with

2

α4
+

3

β4
≤2,

3

2
<β4≤∞,

and

2

α5
+

3

β5
≤1, 3<β5≤∞.

Moreover, for the case βi (i= 3,4,5) being the left endpoint of the above intervals, let the
norms ||∂3uh||

L∞,
3
2
, ||∇u3||

L∞,
3
2

and ||b||L∞,3 be sufficiently small, respectively. Then

(u,b) remains smooth on (0,T ].

Considering the balance between the scaling-invariance norms and the unknown
variables which are involved in the conditions, if we focus on the partial components of
the unknowns u and b, it is possible to establish the following regularity criterion.

Theorem 1.3. Assume that (u,b) is a global weak solution to the MHD Equations
(1.1) corresponding to the initial data (u0,b0)∈Hs(R3), s≥3 with ∇·u0 =∇·b0 = 0 and
satisfies the energy inequality. Suppose ∇u3∈Lα6(0,T ;Lβ6) and bh∈Lα7(0,T ;Lβ7) ei-
ther with

2

α6
+

3

β6
≤ 7

4
+

1

2β6
, β6>2, (1.9)

and

2

α7
+

3

β7
≤ 2

5
, β7>

15

2
, (1.10)

or

2

α6
+

3

β6
≤ 7

5
, β6>

15

7
, (1.11)

and

2

α7
+

3

β7
≤1, β7>3, (1.12)

Then (u,b) remains smooth on (0,T ].

Remark 1.3. Theorem 1.3 implies that what we earn is less restriction on the
unknowns, and what we lose is the right-hand side numbers of (1.10) and (1.11); they
are smaller than what we expected. Note that, as we know, the ultimate goal is to
establish criteria with conditions only on ∂iuj and bk for i,j,k∈{1,2,3} in Serrin’s
regularity class. To our knowledge, it is still very challenging.

2. Preliminaries
We can take a forward step based on the following anisotropic Lebesgue spaces and

some technical inequalities.

Definition 2.1. Let p̄= (p1,p2,p3), pi∈ [1,∞], i= 1,2,3. We say a function f belongs
to Lp̄ if f is measurable on R3 and the following norm is finite:

‖f‖p̄=

∥∥∥∥∥∥∥‖f‖LP1
1

∥∥∥
L
p2
2

∥∥∥∥
L
p3
3

:=

∫ (∫ (∫ |f(x1,x2,x3)|p1dx1

) p2
p1

dx2

) p3
p2

dx3


1
p3

.
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These anisotropic Lebesgue spaces seem to be convenient for our purposes, since
they differentiate between different directions and better estimates can be expected.

Lemma 2.1. Let p, q, r∈ [2,∞) and 1/p+1/q+1/r−1/2≥0. Then there exists a
constant c such that for every f ∈L2∩C∞∥∥∥∥∥∥∥‖f‖Lp1∥∥∥Lq2

∥∥∥∥
Lr3

≤ c||∂3f ||
r−2
2r

2 ||∂2f ||
q−2
2q

2 ||∂1f ||
p−2
2p

2 ||f ||
1
r+ 1

q+ 1
p−

1
2

2 .

The proof of Lemma 2.1 was given in [8].

In the following, we denote

∫
f(x)dx the integral over the whole three dimensional

space, use the standard notation for Lebesgue spaces Lp(R3) endowed with the norm
‖·‖p :=‖·‖Lp(R3) and for Sobolev spaces W k,p(R3) endowed with the norm ‖·‖k,p. C
denotes a generic constant which might change from line to line even within the same
line. Moreover, denote

J2(T2) = sup
T1<τ<T2

(
‖∇hu(τ)‖22 +‖∇hb(τ)‖22

)
+

∫ T2

T1

(
‖∇∇hu(τ)‖22 +‖∇∇hb(τ)‖22

)
dτ,

L2(T2) = sup
T1<τ<T2

(
‖∂3u(τ)‖22 +‖∂3b(τ)‖22

)
+

∫ T2

T1

(
‖∇∂3u(τ)‖22 +‖∇∂3b(τ)‖22

)
dτ.

and

K2(T2) = sup
T1<τ<T2

(
‖∇u(τ)‖22 +‖∇b(τ)‖22

)
+

∫ T2

T1

(
‖∆u(τ)‖22 +‖∆b(τ)‖22

)
dτ.

We also work with

E2(T2)
def
= sup

0<τ<T2

(‖u(τ)‖22 +‖b(τ)‖22)+

∫ T2

0

(
‖∇u(τ)‖22 +‖∇b(τ)‖22

)
dτ.

Note that E(T2)≤E(0) due to the energy inequality.

3. Proof of Theorem 1.1
Let T ∗= sup{τ >0; (u,b) is regular on (0,τ)}. Since (u0,b0)∈W 1,2(R3), (u,b) is

regular on some positive time interval and T ∗ is either equal to infinity (in which case
the proof is finished) or it is a positive number and (u,b) is regular on (0,T ∗). It is
sufficient to prove that T ∗>T. We proceed by contradiction and suppose that T ∗≤T.
We take ε>0 sufficiently small (it will be specified later) and fix T1∈ (0,T ∗) such that

||∇u3||Lα1 (T1,T∗;Lβ1 )<ε and ||b||Lα2 (T1,T∗;Lβ2 )<ε. (3.1)

Taking arbitrarily T2∈ (T1,T
∗) the proof will be finished if we show that

||∇u(T2)||2 + ||∇b(T2)||2≤C<∞, (3.2)

where C is independent of T2. Actually, the standard extension argument then shows
that the regularity of (u,b) can be extended beyond T ∗ and it contradicts the definition
of T ∗. As a matter of fact, it now suffices to show that

J2(T2)+L2(T2)≤Const.<∞, (3.3)
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uniformly in T2. Firstly, we prove the following estimate.

Lemma 3.1. There holds

L(T2)≤C+CJ(T2)
4
3 , (3.4)

where C is a constant independent of T2.

Proof. The inequality (3.4) is crucial for (3.3). Multiplying the first equation of
(1.1) by −∂33u and integrating over R3 from (T1,T2), we obtain

1

2
||∂3u(T2)||22 +

∫ T2

T1

||∇∂3u(τ)||22dτ

=
1

2
||∂3u(T1)||22 +

∫ T2

T1

∫
(u ·∇)u ·∂33u dxdτ−

∫ T2

T1

∫
(b ·∇)b ·∂33u dxdτ. (3.5)

Likewise, for the second equation of (1.1), we multiply it by −∂33b and integrate over
R3 and (T1,T2), it follows that

1

2
||∂3b(T2)||22 +

∫ T2

T1

||∇∂3b(τ)||22dτ

=
1

2
||∂3b(T1)||22 +

∫ T2

T1

∫
(u ·∇)b ·∂33b dxdτ−

∫ T2

T1

∫
(b ·∇)u ·∂33b dxdτ. (3.6)

Now we denote the four terms on the right-hand side of (3.5) and (3.6) by RHS, i.e.,

RHS :=

∫ T2

T1

∫
(u ·∇)u ·∂33u dxdτ−

∫ T2

T1

∫
(b ·∇)b ·∂33u dxdτ

+

∫ T2

T1

∫
(u ·∇)b ·∂33b dxdτ−

∫ T2

T1

∫
(b ·∇)u ·∂33b dxdτ

:=RHS1 +RHS2 +RHS3 +RHS4.

Firstly, we estimate RHS1:∫
(u ·∇)u ·∂33udx

=−
3∑

j,k=1

∫
∂3uj∂juk∂3uk dx−

3∑
j,k=1

∫
uj∂

2
j3uk∂3uk dx

=−
3∑

j,k=1

∫
∂3uj∂juk∂3uk dx

=

2∑
j=1

3∑
k=1

∫
uk(∂2

3juj∂3uk+∂2
3juk∂3uj) dx+

3∑
k=1

∫
(∂1u1 +∂2u2)∂3uk∂3uk dx

=

2∑
j=1

3∑
k=1

∫
uk(∂2

3juj∂3uk+∂2
3juk∂3uj) dx−

3∑
k=1

2

∫
(u1∂3uk∂

2
31uk+u2∂3uk∂

2
32uk) dx

≤C
∫
|u||∂3u||∇∇hu|dx
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≤C||∂1u||
1
3
2 ||∂2u||

1
3
2 ||∂3u||

1
3
2 ||∂3u||

1
2
2 ||∂2

13u||
1
6
2 ||∂2

23u||
1
6
2 ||∂2

33u||
1
6
2 ||∇∇hu||2

≤C||∇hu||
2
3
2 ||∂3u||

1
3
2 ||∂3u||

1
2
2 ||∇∇hu||

4
3
2 ||∇∂3u||

1
6
2 .

Then we have ∣∣∣∣∣
∫ T2

T1

∫
(u ·∇)u ·∂33u dxdτ

∣∣∣∣∣
≤ C

∫ T2

T1

||∇hu||
2
3
2 ||∂3u||

1
3
2 ||∂3u||

1
2
2 ||∇∇hu||

4
3
2 ||∇∂3u||

1
6
2 dτ

≤ C||∇hu||
2
3
∞,2||∂3u||

1
3
∞,2||∂3u||

1
2
2,2||∇∇hu||

4
3
2,2||∇∂3u||

1
6
2,2

≤ CJ(T2)2L(T2)
1
2 . (3.7)

Similarly, we deal with RHS3 as follows.∫
(u ·∇)b ·∂33bdx

=−
3∑

j,k=1

∫
∂3uj∂jbk∂3bkdx−

3∑
j,k=1

∫
uj∂

2
j3bk∂3bkdx

=−
3∑

j,k=1

∫
∂3uj∂jbk∂3bkdx

=

2∑
j=1

3∑
k=1

∫
bk(∂2

3juj∂3bk+∂2
3jbk∂3uj)dx+

3∑
k=1

∫
(∂1u1 +∂2u2)∂3bk∂3bkdx

=

2∑
j=1

3∑
k=1

∫
bk(∂2

3juj∂3bk+∂2
3jbk∂3uj)dx−2

3∑
k=1

∫
(u1∂3bk∂

2
31bk+u2∂3bk∂

2
32bk)dx

≤C
∫

(|u||∂3b||∇∇hb|+ |b||∂3b||∇∇hu|+ |b||∂3u||∇∇hb|)dx.

Then we obtain by a similar way to RHS1 that∣∣∣∣∣
∫ T2

T1

∫
(u ·∇)b ·∂33b dxdτ

∣∣∣∣∣≤CJ(T2)2L(T2)
1
2 . (3.8)

Finally, we estimate RHS2 +RHS4:∫
[(b ·∇)b ·∂33u+(b ·∇)u ·∂33b] dx

=

∫
(b ·∇)(b+u)∂33(u+b) dx−

∫
[(b ·∇)b ·∂33b+(b ·∇)u ·∂33u] dx

=−
3∑

i,j=1

∫
(∂3bi ·∂ibj ·∂3uj+∂3bi ·∂iuj ·∂3bj) dx,

it follows by similar techniques on RHS1 and RHS3 that

RHS2 +RHS4≤CJ(T2)2L(T2)
1
2 . (3.9)

Combining (3.7), (3.8) and (3.9), we obtain (3.4).
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3.1. Estimate of J2. Multiplying the first two equations of (1.1) by

∆hu=
∑2
j=1∂

2
jju and ∆hb=

∑2
j=1∂

2
jjb, respectively, integrating by parts and taking

the divergence-free conditions into account, we have

1

2

d

dt

(
‖∇hu‖22 +‖∇hb‖22

)
+
(
‖∇h∇u‖22 +‖∇h∇b‖22

)
=

∫
[(u ·∇u)∆hu−(b ·∇b)∆hu+(u ·∇b)∆hb−(b ·∇u)∆hb] dx

:=J1 +J2 +J3 +J4. (3.10)

Next, we estimate Ji (i= 1,2,3,4) one by one. By regrouping the terms of J1, we have

J1 =

∫
(u ·∇u) ·∆hu dx

=

2∑
i,j=1

∫
ui ·∂iuj ·∆huj dx+

3∑
i=1

∫
ui ·∂iu3 ·∆hu3 dx+

2∑
j=1

∫
u3 ·∂3uj ·∆huj dx

:=J
(1)
1 +J

(2)
1 +J

(3)
1 . (3.11)

Using the result given by Kukavica et al. in [15] for J
(1)
1 , one has

J
(1)
1 =

1

2

2∑
i,j=1

∫
∂3u3 ·∂jui ·∂jui dx−

∫
∂3u3 ·∂1u1 ·∂2u2 dx+

∫
∂3u3 ·∂2u1 ·∂1u2 dx

≤C
∫
|∇u3||∇hu|2 dx. (3.12)

Using the divergence-free condition divu= 0 and integrating by parts, we have

J
(2)
1 =−

3∑
i=1

2∑
j=1

∫
∂jui ·∂iu3 ·∂ju3 dx≤C

∫
|∇u3||∇hu|2 dx, (3.13)

and

J
(3)
1 =

2∑
j=1

2∑
k=1

∫ (
−∂ku3 ·∂3uj ·∂kuj+

1

2
∂3u3 ·∂kuj ·∂kuj

)
dx

≤C
∫
|∇u3||∂3u||∇hu| dx+C

∫
|∇u3||∇hu|2 dx. (3.14)

Integrating by parts and taking the divergence-free condition for b into account, it
follows that

J2 =−
∫

(b ·∇b) ·∆hu dx=

3∑
i,j=1

2∑
k=1

∫
bi ·bj ·∂2

kk∂iuj dx

=−
3∑

i,j=1

2∑
k=1

∫
∂k(bi ·bj) ·∂2

kiuj dx

≤C
∫
|b||∇hb||∇∇hu| dx. (3.15)
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Similarly

J3 =

∫
(u ·∇b) ·∆hb dx=−

3∑
i,j=1

2∑
k=1

∫
∂kui ·∂ibj ·∂kbj dx

=

3∑
i,j=1

2∑
k=1

∫
bj ·∂i(∂kui ·∂kbj) dx

≤C
∫
|b||∇hu||∇∇hb| dx, (3.16)

and

J4 =−
∫

(b ·∇u) ·∆hb dx

≤C
∫
|b||∇hu||∇∇hb| dx+C

∫
|b||∂3u||∇∇hb| dx. (3.17)

Thus, inserting (3.11)-(3.17) into (3.10), we get

1

2

d

dt

(
‖∇hu‖22 +‖∇hb‖22

)
+
(
‖∇h∇u‖22 +‖∇h∇b‖22

)
≤C

∫
|∇u3||∇hu|2 dx+C

∫
|∇u3||∂3u||∇hu| dx

+ C

∫
|b||∇hb||∇∇hu| dx+C

∫
|b||∇hu||∇∇hb| dx+ C

∫
|b||∂3u||∇∇hb| dx. (3.18)

There are five terms in the above inequality (3.18) to be estimated. We separate the b
terms from the u terms in order to obtain better estimates. For the b terms, we estimate
as following:

C

∫
|b||∇hb||∇∇hu| dx≤C||b||2β2

||∇hb||22β2
β2−2

+
1

6

∫
|∇∇hu|2 dx

≤C||b||2β2
||∇hb||

2(1− 3
β2

)

2 ||∇hb||
6
β2
6 +

1

6

∫
|∇∇hu|2 dx

≤C‖b‖
2β2
β2−3

β2
‖∇hb‖22 +

1

6

(
‖∇∇hu‖22 +‖∇∇hb‖22

)
,

and

C

∫
|b||∇hu||∇∇hb| dx≤C||b||2β2

||∇hu||22β2
β2−2

+
1

6

∫
|∇∇hb|2 dx

≤C||b||2β2
||∇hu||

2(1− 3
β2

)

2 ||∇hu||
6
β2
6 +

1

6

∫
|∇∇hb|2 dx

≤C‖b‖
2β2
β2−3

β2
‖∇hu‖22 +

1

6

(
‖∇∇hu‖22 +‖∇∇hb‖22

)
,

and

C

∫
|b||∂3u||∇∇hb| dx

≤C
∫
|b|2|∂3u|2 dx+

1

6

∫
|∇∇hb|2 dx
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≤C||b||2β2
||∂3u||22β2

β2−2

+
1

6

∫
|∇∇hb|2 dx

≤C||b||2β2
||∂3u||

2(1− 3
β2

)

2 ||∂3u||
6
β2
6 +

1

6

∫
|∇∇hb|2 dx

≤C||b||2β2
||∂3u||

2(1− 3
β2

)

2 ||∇∇hu||
4
β2
2 ||∇∂3u||

2
β2
2 +

1

6

∫
|∇∇hb|2 dx

≤C‖b‖
2β2
β2−2

β2
‖∂3u‖

3β2−10
2β2−4

2 ‖∂3u‖
1
2
2 ‖∇∂3u‖

2
β2−2

2 +
1

6

(
‖∇∇hu‖22 +‖∇∇hb‖22

)
,

where the interpolation inequality and Young’s inequality are again used. Integrating
inequality (3.10) over time interval (T1,T2), it follows

J2(T2)≤C(T1)+C

∫ T2

T1

‖b‖
2β2
β2−3

β2

(
‖∇hu‖22 +‖∇hb‖22

)
dτ

+ C

∫ T2

T1

‖b‖
2β2
β2−2

β2
‖∂3u‖

3β2−10
2β2−4

2 ‖∂3u‖
1
2
2 ‖∇∂3u‖

2
β2−2

2 dτ

+C

∫ T2

T1

∫
|∇u3||∇hu|2dxdτ+C

∫ T2

T1

∫
|∇u3||∂3u||∇hu|dxdτ. (3.19)

The first term of (3.19) can be estimated by

C

∫ T2

T1

‖b‖
2β2
β2−3

β2

(
‖∇hu‖22 +‖∇hb‖22

)
dτ

≤C sup
T1<τ<T2

(
‖∇hu‖22 +‖∇hb‖22

)(∫ T2

T1

‖b‖
2β2
β2−3

β2
dτ

)

≤C sup
T1<τ<T2

(
‖∇hu‖22 +‖∇hb‖22

)(∫ T2

T1

‖b‖
8β2

3β2−10

β2
dτ

) 3β2−10
4β2−12

(∫ T2

T1

1dτ

) β2−2
4β2−12

≤C(T2−T1)εJ2(T2). (3.20)

The second term of (3.19) can be estimated by

C

∫ T2

T1

‖b‖
2β2
β2−2

β2
‖∂3u‖

3β2−10
2β2−4

2 ‖∂3u‖
1
2
2 ‖∇∂3u‖

2
β2−2

2 dτ

≤C‖b‖
2β2
β2−2

Lα2 (T1,T2;Lβ2 )
‖∂3u‖

3β2−10
2β2−4

L∞(T1,T2;L2)‖∇u‖
1
2

L2(T1,T2;L2)‖∇∂3u‖
2

β2−2

L2(T1,T2;L2)

≤CεJ2(T2). (3.21)

For the endpoint case of b, due to (3.1) and (3.4) we also have

C

∫ T2

T1

‖b‖510
3
‖∂3u‖

1
2
2 ‖∇∂3u‖

3
2
2 dτ

≤C‖b‖5
L∞(T1,T2;L

10
3 )
‖∇u‖

1
2

L2(T1,T2;L2)‖∇∂3u‖
3
2

L2(T1,T2;L2)

≤Cε(C+CJ(T2)
4
3 )

3
2 ≤Cε(1+J2(T2)).

For the u terms, we have

C

∫ T2

T1

∫
|∇u3||∇hu|2 dxdτ
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≤C‖∇u3‖Lα1,β1‖∇hu‖2
L

4β1
3
,

2β1
β1−1

≤C‖∇u3‖Lα1 (T1,T2;Lβ1 )‖∇hu‖
4β1−6
2β1

L∞(T1,T2;L2)‖∇∇hu‖
3
β1

L2(T1,T2;L2)

≤CεJ2(T2). (3.22)

It remains to estimate the following term:∫ T2

T1

∫
|∇u3||∂3u||∇hu| dxdτ.

Using Hölder’s inequality and Lemma 2.1, we have the following∫
|∇u3||∂3u||∇hu| dx

≤||∇u3||β1

∥∥∥∥∥∥∥‖∂3u‖Lq11
∥∥∥
L
q2
2

∥∥∥∥
L
q3
3

∥∥∥∥∥∥∥‖∇hu‖Lr11 ∥∥∥Lr22
∥∥∥∥
L
r3
3

≤||∇u3||β1
||∂13u||

q1−2
2q1

2 ||∂23u||
q2−2
2q2

2 ||∂33u||
q3−2
2q3

2 ||∂3u||
1
q1

+ 1
q2

+ 1
q3
− 1

2

2

||∂1∇hu||
r1−2
2r1

2 ||∂2∇hu||
r2−2
2r2

2 ||∂3∇hu||
r3−2
2r3

2 ||∇hu||
1
r1

+ 1
r2

+ 1
r3
− 1

2

2 ,

where β1, qi and ri satisfy that

1

β1
+

1

qi
+

1

ri
= 1, i= 1,2,3.

Therefore, if we take q1 = q2 =
2β1

β1−2
, q3 = 2, r1 = r2 = 2, r3 =

2β1

β1−2
, then it follows that

∫ T2

T1

∫
|∇u3||∂3u||∇hu| dxdτ

≤
∫ T2

T1

||∇u3||β1 |||∂3u||
1
q1

+ 1
q2

2 |∂13u||
q1−2
2q1

2 ||∂23u||
q2−2
2q2

2

||∂3∇hu||
r3−2
2r3

2 ||∇hu||
1
r3

+ 1
2

2 dτ

≤
∫ T2

T1

||∇u3||β1
||∂3u||

3
4q1

+ 3
4q2

2 ||∇u||
1

4q1
+ 1

4q2
2

||∇hu||
1
r3

+ 1
2

2 ||∇∇hu||
3
2−

1
q1
− 1
q2
− 1
r3

2 dτ

≤||∇u3||Lα1 (T1,T2;Lβ1 )||∇hu||
1
r3

+ 1
2

L∞(T1,T2;L2)||∂3u||
3

4q1
+ 3

4q2

L∞(T1,T2;L2)

||∇u||
1

4q1
+ 1

4q2

L2(T1,T2;L2)||∇∇hu||
3
2−

1
q1
− 1
q2
− 1
r3

L2(T1,T2;L2)

≤CE
1

4q1
+ 1

4q2 εJ2(T2), (3.23)

where (3.4) was used. Now if we combine (3.19)-(3.23) together, it is easy to obtain
(3.3) with the aid of (3.4). This completes the proof of Theorem 1.1.
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4. Proof of Theorem 1.2
Based on the proof of Theorem 1.1, we only need to do the following estimates in

a different way. Some notations used here are the same with those in Theorem 1.1.

Firstly, we redo estimate for J
(3)
1 as following

J
(3)
1 =

2∑
j=1

∫
u3 ·∂3uj ·∆huj dx

=−
2∑
j=1

2∑
k=1

∫
∂ku3∂3uj∂kuj dx−

2∑
j=1

2∑
k=1

∫
u3∂3kuj∂kuj dx

=−
2∑
j=1

2∑
k=1

∫
∂ku3∂3uj∂kuj dx+

1

2

2∑
j=1

2∑
k=1

∫
∂3u3(∂kuj)

2 dx

≤C
∫
|∂3u3||∇hu|2 dx+C

∫
|∂3uh||∇hu|2 dx.

Then

C

∫ T2

T1

∫
|∂3uh||∇hu|2 dxdτ ≤C‖∂3uh‖Lα3 (T1,T2;Lβ3 )‖∇hu‖2

L
4β3
3 (T1,T2;L

2β3
β3−1 )

≤C‖∂3uh‖Lα3 (T1,T2;Lβ3 )‖∇hu‖
4β3−6
2β3

L∞(T1,T2;L2)‖∇∇hu‖
3
β3

L2(T1,T2;L2)≤CεJ
2(T2).

Secondly, for the estimate of J4, we have the following

J4 =−
∫

(b ·∇u)∆hb dx

=−
2∑

i,j,k=1

∫
bi ·∂iuj ·∂2

kkbj dx−
2∑

i,k=1

∫
bi ·∂iu3 ·∂2

kkb3 dx

−
3∑
j=1

2∑
k=1

∫
b3 ·∂3uj ·∂2

kkbj dx

≤C
∫
|∂3uh||∇hb|2 dx+C

∫
|b||∇hb||∇∇hu| dx+C

∫
|b||∇hu||∇∇hb| dx.

Similar techniques on

∫ T2

T1

∫
|∂3uh||∇hb|2 dxdτ yield the following

C

∫ T2

T1

∫
|∂3uh||∇hb|2 dxdτ ≤CεJ2(T2).

The remaining parts are very similar to ones in the proof of Theorem 1.1; we skip it for
concision.

5. Proof of Theorem 1.3
Based on (3.2) in the proof of Theorem 1.1, this proof will be divided into two steps.

Step 1. The estimation of ‖∇hu‖2 +‖∇hb‖2.
Due to (3.12)-(3.14), we have

J1 =

∫
(u ·∇u) ·∆hudx≤

∫
|∇u3||∂3u||∇hu|+ |∇u3||∇hu|2dx, (5.1)
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and J2 can be estimated as following:

J2 =−
∫

(b ·∇b) ·∆hudx

=−
2∑

i,j,k=1

∫
bi ·∂ibj ·∂2

kkuj dx−
2∑

i,k=1

∫
bi ·∂ib3 ·∂2

kku3dx−
3∑
j=1

2∑
k=1

∫
b3 ·∂3bj ·∂2

kkuj dx

=−
2∑

i,j,k=1

∫
bi ·∂ibj ·∂2

kkuj dx−
2∑

i,k=1

∫
bi ·∂ib3 ·∂2

kku3dx+

3∑
j=1

2∑
k=1

∫ (
b3 ·∂2

k3bj ·∂kuj+∂kb3 ·∂3bj ·∂kuj
)
dx

≤C
∫
R3

|bh||∇hb||∇∇hu| dx+C

∫
R3

|bh||∇hu||∇∇hb| dx

+C

∫
R3

|b3||∇hb||∇∇hu| dx+C

∫
R3

|b3||∇hu||∇∇hb| dx. (5.2)

Similarly

J3 =

∫
R3

(u ·∇b) ·∆hbdx

=

2∑
i,j,k=1

∫
R3

ui ·∂ibj ·∂2
kkbj dx+

2∑
i,k=1

∫
R3

ui ·∂ib3 ·∂2
kkb3dx

+

3∑
j=1

2∑
k=1

∫
R3

u3 ·∂3bj ·∂2
kkbj dx

:=J
(1)
3 +J

(2)
3 +J

(3)
3 .

By integration by parts and taking the divergence-free condition into account, we obtain

J
(1)
3 =

2∑
i,j,k=1

∫
ui ·∂ibj ·∂2

kkbj dx

=−
2∑

i,j,k=1

∫
∂kui ·∂ibj ·∂kbj dx−

2∑
i,j,k=1

∫
ui ·∂2

kibj ·∂kbj dx

=

2∑
i,j,k=1

∫ (
∂2
kkui ·∂ibj ·bj+∂kui ·∂2

kibj ·bj
)
dx+

1

2

2∑
i,j,k=1

∫
∂iui ·∂kbj ·∂kbj dx

≤C
∫
|bh||∇hu||∇∇hb| dx+C

∫
|bh||∇hb||∇∇hu| dx.

In the same way, we get the estimates for J
(2)
3 and J

(3)
3 as follows:

J
(2)
3 =

2∑
i,k=1

∫
ui ·∂ib3 ·∂2

kkb3 dx

=−
2∑

i,k=1

∫
∂kui ·∂ib3 ·∂kb3 dx−

2∑
i,k=1

∫
ui ·∂2

kib3 ·∂kb3 dx
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=

2∑
i,k=1

∫ (
∂kui ·∂2

kib3 ·b3 +∂2
kkui ·∂ib3 ·b3

)
dx+

1

2

2∑
i,k=1

∫
∂iui ·∂kb3 ·∂kb3 dx

=

2∑
i,k=1

∫ (
∂kui ·∂2

kib3 ·b3 +∂2
kkui ·∂ib3 ·b3

)
dx

−1

2

2∑
i,k=1

∫ (
∂2
kiui ·∂kb3 ·b3 +∂iui ·∂2

kkb3 ·b3
)
dx

≤C
∫
|b3||∇hb||∇∇hu| dx+C

∫
|b3||∇hu||∇∇hb| dx,

and

J
(3)
3 =

3∑
j=1

2∑
k=1

∫
u3 ·∂3bj ·∂2

kkbj dx

=−
3∑
j=1

2∑
k=1

∫ (
∂ku3 ·∂3bj ·∂kbj+u3 ·∂2

k3bj ·∂kbj
)
dx

=

3∑
j=1

2∑
k=1

∫ (
∂2

3ku3 ·bj ·∂kbj+∂ku3 ·bj ·∂2
3kbj

)
dx

+
1

2

3∑
j=1

2∑
k=1

∫
∂3u3 ·∂kbj ·∂kbj dx

=

3∑
j=1

2∑
k=1

∫ (
∂2

3ku3 ·bj ·∂kbj+∂ku3 ·bj ·∂2
3kbj

)
dx

+
1

2

3∑
j=1

2∑
i,k=1

∫ (
∂2
kiui ·∂kbj ·bj+∂iui ·∂2

kkbj ·bj
)
dx

≤C
∫
|b3||∇hb||∇∇hu| dx+C

∫
|b3||∇hu||∇∇hb| dx

+

∫
|bh||∇hb||∇∇hu| dx+C

∫
|bh||∇hu||∇∇hb| dx.

Owing to the estimates for J
(1)
3 , J

(2)
3 , J

(3)
3 , we obtain

J3≤C
∫
|b3||∇hb||∇∇hu| dx+ C

∫
|b3||∇hu||∇∇hb| dx

+

∫
|bh||∇hb||∇∇hu| dx+ C

∫
|bh||∇hu||∇∇hb| dx. (5.3)

Concerning the estimate for J4, we have

J4 =−
∫

(b ·∇u)∆hb dx

=−
2∑

i,j,k=1

∫
bi ·∂iuj ·∂2

kkbj dx−
2∑

i,k=1

∫
bi ·∂iu3 ·∂2

kkb3 dx
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−
3∑
j=1

2∑
k=1

∫
b3 ·∂3uj ·∂2

kkbj dx

≤C
∫
|b3||∂3u||∇∇hb| dx+C

∫
|bh||∇hb||∇∇hu| dx. (5.4)

Thus, inserting (5.1)-(5.4) into (3.10), we obtain

1

2

d

dt

(
‖∇hu‖22 +‖∇hb‖22

)
+
(
‖∇h∇u‖22 +‖∇h∇b‖22

)
≤ C

∫
|∇u3||∂3u||∇hu|+ |∇u3||∇hu|2 dx+C

∫
|b3||∇b||∇∇hu| dx

+C

∫
|b3||∇u||∇∇hb|dx

+

∫
|bh||∇hb||∇∇hu|dx+ C

∫
|bh||∇hu||∇∇hb|dx

:=K1 +K2 +K3 +K4 +K5.

Firstly, suppose that (1.9) and (1.10) are satisfied, we show (u,b) remains smooth on
(0,T ]. Since K2, K4 and K3, K5 are similar, so we only estimate K2, K4.

K2 =

∫
|b3||∇b||∇∇hu| dx

≤C‖b3‖ 10
3
‖∇b‖5‖∇∇hu‖2

≤C‖b3‖ 10
3
‖∇b‖

1
10
2 ‖∇b‖

9
10
6 ‖∇∇hu‖2

≤C‖b3‖ 10
3
‖∇b‖

1
10
2 ‖∇∇hb‖

3
5
2 ‖∆b‖

3
10
2 ‖∇∇hu‖2

≤C‖b3‖510
3
‖∇b‖

1
2
2 ‖∆b‖

3
2
2 +

1

8

(
‖∇∇hb‖22 +‖∇∇hu‖22

)
, (5.5)

and

K4 =

∫
|bh||∇hb||∇∇hu| dx

≤ c‖bh‖
6
11
2 ‖bh‖

5
11

β7
‖∇hb‖q‖∇∇hu‖2

≤ c‖b‖
24q

11(6−q)
2 ‖bh‖

20q
11(6−q)
β7

‖∇hb‖22 +
1

8

(
‖∇∇hu‖22 +‖∇∇hb‖22

)
, (5.6)

where
3

11
+

5

11β7
+

1

q
+

1

2
= 1, q∈

(
22

5
,6

)
, then β7∈

(
15

2
,∞
)

. It follows from (5.5) and

(5.6) that

J2(T2)≤C+

∫ T2

T1

K1dτ+C

∫ T2

T1

‖b3‖510
3
‖∇b‖

1
2
2 ‖∇∂3b‖

3
2
2 dτ

+C

∫ T2

T1

‖b3‖510
3
‖∇u‖

1
2
2 ‖∇∂3u‖

3
2
2 dτ+C

∫ T2

T1

‖b‖
24q

11(6−q)
2 ‖bh‖

20q
11(6−q)
β7

‖∇hb‖22dτ

+C

∫ T2

T1

‖b‖
24q

11(6−q)
2 ‖bh‖

20q
11(6−q)
β7

‖∇hu‖22dτ. (5.7)
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We deal with the right-hand side of (5.7) in the following. It follows from (3.22) and
(3.23), we have ∫ T2

T1

K1dτ ≤CεJ2(T2).

and∫
‖b‖

24q
11(6−q)
2 ‖bh‖

20q
11(6−q)
β7

‖∇hb‖22dτ ≤C‖bh‖
20q

11(6−q)

Lα7 (T1,T2;Lβ7 )
‖∇hb‖2L∞(T1,T2;L2)≤CεJ

2(T2).

Similarly, ∫
‖b‖

24q
11(6−q)
2 ‖bh‖

20q
11(6−q)
β7

‖∇hu‖22dτ ≤CεJ2(T2).

Next, we estimate∫
‖b3‖510

3
‖∇b‖

1
2
2 ‖∇∂3b‖

3
2
2 dτ ≤C sup

T1<τ<T2

‖b3‖510
3
K

3
2 . (5.8)

Thus, if we can show that

sup
T1<τ<T2

‖b3‖ 10
3
≤C. (5.9)

then we obtain

J2≤C+CK
3
2 . (5.10)

Now our main concern is to prove (5.9). We multiply the equation of b3 in (1.1)

∂tb3 +(u ·∇)b3−(b ·∇)u3−∆b3 = 0

by |b3|
4
3 b3 and integrate over R3, we obtain

3

10

d

dt
‖|b3|

5
3 ‖22 +

9

25
‖∇|b3|

5
3 ‖22

≤
∫
|b||∇u3|(|b3|

5
3 )

7
5 dx≤

∫
|b3||∇u3|(|b3|

5
3 )

7
5 dx+

∫
|bh||∇u3|(|b3|

5
3 )

7
5 dx

≤
∫
|∇u3|(|b3|

5
3 )2 dx+

∫
|bh||∇u3|(|b3|

5
3 )

7
5 dx

≤‖∇u3‖β6‖|b3|
5
3 ‖22β6

β1−2

+‖bh‖β7‖∇u‖2‖|b3|
5
3 ‖

7
5
14β7

5β2−10

≤C‖∇u3‖
2β6

2β6−3

β6
‖|b3|

5
3 ‖22 +C‖bh‖

10β7
7β7−15

β7
‖∇u‖

10β7
7β7−15

2 ‖|b3|
5
3 ‖

8β7−30
7β7−15

2 +
9

50
‖∇|b3|

5
3 ‖22

≤C‖∇u3‖
2β6

2β6−3

β6
‖|b3|

5
3 ‖22 +C‖bh‖

10β7
7β7−15

β7
‖∇u‖

10β7
7β7−15

2

(
‖|b3|

5
3 ‖22 +1

)
+

9

50
‖∇|b3|

5
3 ‖22.

(5.11)

Then (5.9) holds true by applying Grönwall’s inequality to (5.11).

Step 2. The estimation of ‖∇u‖2 +‖∇b‖2.
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Multiplying the first two equations of (1.1) by ∆u and ∆b, we obtain

1

2

d

dt

(
‖∇u‖22 +‖∇b‖22

)
+
(
‖∆u‖22 +‖∆b‖22

)
=

∫
[(u ·∇u)∆u−(b ·∇b)∆u+(u ·∇b)∆b−(b ·∇u)∆b] dx

≤C
∫
|∇h(u,b)| · |∇(u,b)|2dx

≤C‖∇h(u,b)‖2‖∇(u,b)‖24
≤C‖∇h(u,b)‖2‖∇(u,b)‖

1
2
2 ‖∇∇h(u,b)‖2‖∆(u,b)‖

1
2
2 . (5.12)

Then integrating in time yields

K2(T2)≤C+C sup
T1<τ<T2

‖∇h(u,b)‖2

(∫ T2

T1

‖∇u‖22 +‖∇b‖2dτ

) 1
4

·

(∫ T2

T1

‖∇∇hu‖22 +‖∇∇hb‖2dτ

) 1
2
(∫ T2

T1

‖∆u‖22 +‖∆b‖2dτ

) 1
4

≤C+CJ ·η ·J ·K 1
2 ≤C+CJ2 ·ηK 1

2 . (5.13)

Gathering (5.10) into (5.13), and taking η sufficiently small, we obtain that K2(T2)≤C,
it implies that (3.2) holds true.

Secondly, we prove regularity in conditions (1.11) and (1.12). As in the first case,

it sufficies to estimate
∫ T2

T1
K1dτ,

∫ T2

T1
K2dτ,

∫ T2

T1
K4dτ. In view of (1.10), for any β6∈(

15

7
,∞
)

, there exists an α6 which satisfies the assumption of (1.11). By using (3.22)

and (3.23), we obtain∫ T2

T1

K1dτ ≤C
(∫
‖∇u3‖αβ6

dτ

) 1
α

J2(T2)

≤C(T2−T1)

(∫
‖∇u3‖

α·α6
α

β6
dτ

) 1
α6

J2(T2)≤C(T2−T1)εJ2(T2). (5.14)

It is easy to find that (5.8) is also right, we just have some changes in (5.11)

3

10

d

dt
‖|b3|

5
3 ‖22 +

9

25
‖∇|b3|

5
3 ‖22≤

∫
|b||∇u3|(|b3|

5
3 )

7
5 dx

≤C‖b‖ 12β6
5(β6−1)

‖∇u3‖β6
‖|b3|

5
3 ‖

7
5

12β6
5(β6−1)

≤C‖b‖
3
4−

5
4β6

2 ‖∇b‖
1
4 + 5

4β6
2 ‖∇u3‖β6

‖|b3|
5
3 ‖

7
5

(
3
4−

5
4β6

)
2 ‖∇|b3|

5
3 ‖

7
5

(
1
4 + 5

4β6

)
2

≤C‖∇b‖
10(β6+5)
33β6−35

2 ‖∇u3‖
40β6

33β6−35

β6
‖|b3|

5
3 ‖

14(3β6−5)
33β1−35

2 +
9

50
‖∇|b3|

5
3 ‖22

≤C‖∇b‖
10(β6+5)
33β6−35

2 ‖∇u3‖
40β6

33β6−35

β6

(
‖|b3|

5
3 ‖22 +1

)
+

9

50
‖∇|b3|

5
3 ‖22 , (5.15)

then we apply Grönwall’s inequality in (5.15), it follows (5.9). For the term
∫ T2

T1
K4dτ,

we obtain that∫ T2

T1

K4dτ ≤
∫
‖bh‖β7

‖∇hb‖ 2β7
β7−2
‖∇∇hu‖2 dτ
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≤C
∫
‖bh‖β7‖∇hb‖

3β7−6
2β7

2 ‖∇∇hu‖
β7+6
2β7

2 dτ

≤C‖bh‖Lα7 (T1,T2;Lβ7 )‖∇hb‖
3β7−6
2β7

L∞(T1,T2;L2)‖∇∇hu‖
β7+6
2β7

L2(T1,T2;L2)

≤CεJ2(T2).

Then we can repeat Step 2 in the first case to obtain K2(T2)≤C, it implies that (3.2)
holds true. This completes the proof of Theorem 1.3.
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