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HYPERBOLIC CONSENSUS GAMES*

RINALDO M. COLOMBO! AND MAURO GARAVELLOY

Abstract. We introduce the use of conservation laws in multi-player consensus games. Indeed,
a general non-anticipative strategy is proposed within a rigorous analytic framework. By means of
numerical integrations, we describe peculiar features of this strategy, such as its effectiveness, the
automatic formation of coalitions and the effects of competitions.
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1. Introduction

A group of “leaders”, or broadcasting agents, aims at getting the consensus of a
variety of individuals. We identify each individual’s opinion with a “position” p moving
in RY. It is then natural to describe the leaders through their “positions” Py, Ps,..., Py,
also in RY. We are thus lead to the general system of ordinary differential equation

Z.):U(t,p,Pl(t),...,Pk(t))

t being time. The vector field v describes the interaction among individuals and agents,
which can be attractive, repulsive, or a mixture of the two. Clearly, no linearity as-
sumption can be reasonably required on v, otherwise the agent — individuals interaction
increases as their distance increases.

The task of the agent P;, be it attractive or repulsive, is to maximize its own
consensus, i.e., to drive the maximal amount of individuals (or their opinions) as near
as possible to its own target region 7; at time T, for a suitable non-empty 7; CRY. The
time horizon T is finite and the same for all agents.

The presence of a high number of individuals, as well as of uncertainties in their
initial positions or specific movements, suggests to describe the dynamics underneath
the present problem through the continuity equation

Op+div, (pv(t,z, Pi(E), .., Py(1))) =0, (1.1)

where the description of each individual is substituted by that of the individuals’ den-
sity distribution p=p(t,x), while the goal of the i—th leader is formalized through the
minimization of the quantity

ji:/ p(T,x)d(x,T;) dz (1.2)
RN
where d(z,7;) =inf e7; ||z —y|| is the distance between the position  and the target 7;.

Aim of this paper is to formalize the above setting, to provide basic well posedness
theorems and to initiate the search for controls/strategies to tackle the above problem.

*Received: March 20, 2018; Accepted (in revised form): March 23, 2019. Communicated by Lorenzo
Pareschi.

fIstituto Nazionale di Alta Matematica (INdAAM) Unit, University of Brescia, Via Branze 38, 25123
Brescia, Italy (rinaldo.colombo@unibs.it).

fDepartment of Mathematics and its Applications, University of Milano Bicocca, Piazza dell’Ateneo
Nuovo, 1 - 20126, Milano, Italy (mauro.garavello@unimib.it).

1005


mailto:rinaldo.colombo@unibs.it
mailto:mauro.garavello@unimib.it

1006 HYPERBOLIC CONSENSUS GAMES

Indeed, the case k=1 of a single broadcasting agent leads to a control problem, while
the case k> 1 of k possibly competing agents fits into game theory.

As it is usual in control theory, rather than the agents’ positions P;, it is preferable to
use as controls/strategies the agents’ speeds u;, with u; € RY subject to a boundedness
constraint of the type |lu;|| <U, for a positive U. Introducing the initial individuals’
distribution p and agents’ positions Pi,..., P, the dynamics is then described by the
Cauchy Problem

{3tp+divx(pv(t,x,Pl(t),...,Pk(t)))—O where {Pi:ui(t_) i1
p(0,2) =p(x) Pi(0)=F;

where the cost functionals J; are as in (1.2). This structure is amenable to the in-
troduction of several control/game theoretic concepts, from optimal controls to Nash
equilibria, and to the search for their existence. Below we initiate this study providing
the basic analytic framework and tackling the problem of control/strategies that min-
imize costs of the type (1.2). In particular, we introduce a control/strategy with the
following properties:

Lk (13)

(1) it is non-anticipative, i.e. its value at time ¢ requires knowledge neither of the state
of the systems nor of any others’ strategy at times greater than ¢;

(2) it is explicit, i.e. we provide it through a fully computable closed-form integral
formula, see Section 2;

(3) it is effective, i.e. not only is it competitive with other simple strategies, but it also
leads to the automatic cooperation of agents having the same goal, see Section 3;

(4) it is versatile, i.e. it applies to any sort of agent—individuals interaction: long/short
range, attractive/repulsive, ... as well as to both competitive or cooperative agents.

A posteriori, the strategy defined below can be seen as a version of the instantaneous
control, see [1,13,16,17,19], specialized to the present setting (1.3).

Note that this framework, restricted to the case N =2, allows also to describe
the individual-continuum interactions considered, for instance, in [10], see also [8,9],
and [11], where an entirely different analytic structure is exploited. From this point of
view, the present results are related to the vast literature on crowd and swarm dynamics,
see the recent works [1,2,6,7,13,15,23-25,28] or the review [3] and the references therein.

Concerning our choice of the conservation law (1.1), we stress that typical of equa-
tions of this kind is the finite speed both of propagation of information and of the sup-
port of the density. This is in contrast with the typical situation in standard differential
games ruled by parabolic equations. The present setting is completely independent of
any kinetic approach such as that pursued in [1] and does not require any moment clo-
sure procedure. Indeed, similarly to the well known situation in fluid dynamics, it can
be of interest to address a further justification of (1.3) from a kinetic point of view.

In the next section we first provide the basic notation and definitions, then we pro-
vide basic well posedness results and introduce a reasonable non-anticipative strategy.
Section 3 is devoted to sample applications, while all analytic proofs are deferred to
Section 4.

2. A non-anticipative strategy

Throughout, the positive time T and the maximal speed U are fixed. The closed
ball in R™ centered at u with radius U is Bgm (u,U) and, when the space is clear, we
shorten it to B(u,U).

Introduce P=(Px,...,P), so that P€R™ with m=kN. Below, a recurrent as-

sumption on the function v in (1.3) is the following;:
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(v): The vector field ve C?([0, 7] x RY x R™;R¥) is such that
e for all t€[0,7] and P€R™, the map = —v(t,z, P) is in CH1(RN;RV);
e for all t€[0,7] and z € RY, the map P —v(t,x,P) is in C%1(R™;RY).

With reference to control or game theoretic problem presented in the Introduction,
below we consider the slightly more general expression

ji:/RN p(T,z)v;(x) dz (2.1)

which reduces to (1.2) in the case ©;(x) =d(x,T;).

The i-th leader P; seeks a control w; € L*>([0,7];B(0,U)) that minimizes the
cost (2.1). Assume first that P, knows in advance the strategies u;, for j#i, of the
other controllers P;. Then, the existence of an optimal control follows thanks to the
well posedness of (1.3).

PROPOSITION 2.1.  Fiz positive T and U. Let v be bounded and satisfy (v), Pj eRY
for j=1,....k and u; e L>([0,T]; B(0,U)) for j=1,...,k with j#i. In each of the two
cases

P, €EL®(RY;R)  and peL!(RY;R) or
P €L (RNV:R)  and peLY(RM;R) compactly supported,

loc

call p the solution to (1.3). Then, the map

Ji : L™ ([o,T};B(o,U)) -

R
2.2
U —>/RNp(T,a:)¢i(x)dx 22)

is weakx sequentially continuous in L and there exists an optimal control v} minimiz-
mg J;.
We refer to Corollary 4.1 for the analytic details.

Note however that the approach on which Proposition 2.1 is based can hardly be
used in the present game theoretic setting. Indeed, the possible necessary conditions
for a control u* to minimize J in (2.2) could not be used in a game theoretic setting.
Such conditions would require that P; is aware of all other strategies u;, j#%, on the
whole time interval [0,77]. This ability to foresee the future choices of the competitors
is unreasonable whenever different agents are confronting with each other.

We now proceed towards the definition of a non-anticipative strategy. To this aim,
always considering an arbitrary number of controllers, we fix our attention on P; and
we simplify the notation setting P=P;, u=wu;, J =J; and comprising within the time
dependence of the function v all the other strategies u;, for j #4, obtaining the problem

Orp+divy (po(t,x,P(t)))=0 P=u(t)
{p(O,x):p(x) where {P(O)—P. (2.3)

In this setting, we construct below a non-anticipative strategy w for the controller P,
i.e., a strategy u=wu(t) that depends only on p at times s € [0,¢[. For a wider discussion
about non-anticipative strategies in the framework of sub—optimal techniques, we refer
to [13].
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For a positive (suitably small) At, we seek the best choice of a speed we B(0,U)
on the interval [¢,t+ At] such that the solution p,, = p, (7,z) to

{8pr+divz(pwv(t,%P(t)—i—(T—t)w)):O reft i+ Al (2.4)

pw(t,x)=p(t,x)

is likely to best contribute to decreasing the value of 7. Remark that the dependence of
vontin (2.4) is frozen at time ¢. It is this choice that will later lead to a non-anticipative
strategy. The proof that (2.4) is well posed is deferred to Lemma 4.4.

In the case of the functional (1.2), a natural choice for the agent P at time ¢ is then
to choose a speed w on the time interval [¢,t+ At] to myopically minimize the myopic
functional

Tonr : RN = R

w o — pw(t+ AL z)Y(x)dx
RN

(2.5)

see also [17,22]. The main theorem now follows, providing an effective hint on a non-
anticipative optimal choice of w.

THEOREM 2.1. Fiz T>0 and U>0. Let v€ C%1([0,T] xRN x RY;RY) and ¢ €
L°(RY;R). As initial data in (2.3), choose a boundedly supported p€L*(RY;R) and
a PERYN. Define p as the solution to (2.3) and p, as the solution to (2.4), for a
we B(0,0).

Then, for any t € [0,T] and At €1]0,T —t] the map (2.5) is well defined and Lipschitz
continuous.

Moreover, if ve C2([0,T] x RN x RN;RN), the map (2.5) admits the expansion

Te.ar(W+6y) = T ar(w) +grad,, Je ae(w) - 0y +0(6y) as 0, —0 (2.6)
where, as At— 0,

(At)®
2

2
‘(At)/RNp(ax)gradpdivmv<t,x,P<t>>w<x>dx+o<At>2. (2.7)

grad,, Ji ar(w) = /RN grad, p(t,z)Dpv(t,x,P(t))(x)dx

2

The proof is deferred to Section 4. On the basis of Theorem 2.1, the definition of an
effective non-anticipative strategy for P; can be easily achieved as follows. Split the
interval [0,7] in smaller portions [t,tey1[, where t;=¢At. On each of them, define
u;(t) =wg, where wy minimizes on B(0,U) the cost Ji, a¢ defined in (2.5). The leading
term in the right-hand side of (2.7) is independent of w, so that for At small it is
reasonable to choose

U [gradmp(tg,x) Dpuv(te,z,P;(te)) — p(te,x) grad pdivy v (te, z, P; (te))} Y(x)de
RN
Wy = — ‘

/]RN [gradx p(te,x) Dpo(te,x,Pi(te)) — p(te,x) grad pdiv, v(te,z, P; (tg))} P(x)dx

as long as the denominator above does not vanish, in which case we set wy; =0. Remark
that, through the term p,, the right-hand side above depends on all the past values
wg,-..,we—1 attained by u;. Formally, in the limit At — 0, the above relation thus leads
to an integro-differential equation.
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3. Qualitative features of the non-anticipative strategy

This section shows that the strategy (2.7) can be effectively used in various situa-
tions. To this aim, we present below some numerical integrations of the game (1.3)—(1.2).

For the function v in (1.3), we typically choose an expression of the form

k

v(t,e,P)=Y_ai(|lz—Pill) (Pi—=), (3.1)

i=1

where P=(P,...,P;) and a;: Rt >R, i€{1,---,k}, is chosen so that (v) holds. In
other words, at time ¢, the velocity v(t,z,P) of the individual at x is the sum of k
vectors, each of them parallel to the straight line through = and the agent’s position P;
and its strength depends on the distance between x and P;. Typically, the functions a;
are chosen so that for all ¢t and P, the map « — v(¢,x, P) is either compactly supported,
or vanishes as ||z||— +oo. Note that a; >0 whenever P; is attractive, while a; <0
in the repulsive case. In the examples below, each target 7; is a single point and,
correspondingly, the cost 1; is the distance from that point.

With reference to (2.3), in each of the integrations below we use the Lax—Friedrichs
algorithm [18, Example 3.2] or [21, Section 4.6] with dimensional splitting [18, Para-
graph 4.1] or [21, Section 19.5] to integrate the conservation law, while the usual explicit
forward Euler method provides the “ezact” (up to rounding errors) solutions to the or-
dinary differential equation. To ease the presentations of the results, we fix the space
dimension N =2. Correspondingly, in each of the rectangular domains €2 considered
below, we fix a uniform regular rectangular grid consisting of n, x n, points.

3.1. Consensus pursued by a single attractive agent.  Consider (2.3) in
the numerical domain Q=10,10] x [0,10], with

N=2, a1 (&) = gigee 1, S _
k=1, U(t,x,P) _ &1—1’_)57 7p X[G’g]x[zs]’ 7;: i(l,S)}7 (3.2)
m=2, U=1.5, P15(3,2)7 =10.

We now compute the solution to (1.3) with u piecewise constant given by the strat-
egy (2.7), constant on intervals [jAt,(j+1)At], where At=0.01. The resulting solu-
tion, obtained on a grid of n, x n, =6000 x 6000 cells, is displayed in Figure 3.1.

The strategy relying on Theorem 2.1 can be seen as myopic, in the sense that it is
based on an optimization over a short time interval, namely from ¢ to t+ At. However,
remarkably, in the present case the leader P; does not move directly towards the target
T1. On the contrary, it first moves to the right to collect a higher quantity of individuals
and then moves back to the left; see Figure 3.1.

The resulting cost (1.2) is J3 =25.4. Choosing a constant u, so that P, moves along
a straight line, leaves P; at t=0 and reaches 7 at time ¢t =T, leads to the higher cost
69.6.

3.2. Two competing attractive agents. We now test how effective the
strategy (2.7) can be when competing against an agent driven by an a priori assigned
strategy. More precisely, we let Q=[0,10] x [0,10], with

ay(§) = g e 02, 5—
N=2, az(§) = o o—0.262 P Xgaxpr =9}
k=2, 25T 004 ’ L =(8,5), T={11)},  (33)
m=4, v(t7m7PU)'i§351)’ 72:(8,5)7 T=10.
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Fi1G. 3.1. Numerical integration of (1.3) with the strategy (2.7) and the parameters (3.2). The
first 7 figures depict the contour plots of the solution p and the position of P1, the bottom right diagram
displays the trajectory of P1, whose initial position is (3,2), drawn as a black circle. Note that the
leader first moves to the right and then turns to the left.
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F1G. 3.2. Numerical integration of (1.3)—(3.3) with two players. Pi is assigned strategy (3.4),
while Py uses (2.7) with At=0,01. The first 7 figures depict the contour plots of the solution p, the
bottom right diagram displays the trajectories of P1 and Pa, whose initial positions are as in (3.3).
The resulting cost of P is lower than that of Py, see Table 3.1.

The agent P; is assigned the rectilinear trajectory with constant velocity

0.7

Pi(t)= [ﬂ + [ 0.4 ] corresponding to  u(t) = {0047} , (3.4)

towards its target located at the point (1,9).

The player P, is assigned the strategy us by means of (2.7), with A¢=0.01. The
result, obtained on a grid of n, xn, =3000 x 3000 cells, is shown in Figure 3.2: strat-
egy (2.7) leads to the victory of Py. Here, P, first moves slightly up, superimposing its
attraction to that of P;. Then, it bends downwards towards 72, see the last picture in
Figure 3.2. As a result, P, attracts more individuals than P; and wins the game, see
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the costs in the first line of Table 3.1.

For completeness, we compare the situation described above with that of P; playing
alone, P, being absent. Note the significant variation in the cost J; of P; due to P
entering the game, see the costs in the second line of Table 3.1.

As a further test, we consider the case of both players using strategy (2.7). The
corresponding result, see the last line in Table 3.1, confirms that if the two players have
the same effect on the individuals, if the initial configuration is symmetric and if both
players use strategy (2.7), then the players break even.

Strategy of P  Strategy of P, Cost J; of P, Cost Js of P,

(3.4) (2.7) 40.2 29.2
(3.4) (absent) 19.9 //
(2.7) (2.7) 33.2 33.2

TABLE 3.1. Values of the costs J1 and J2 resulting from (1.3)—(3.3) with different strategies. The
first line shows that strategy (2.7) wins against (3.4). On the second line, Py plays alone. The third
line correctly shows that, in a symmetric situation, if both players use strategy (2.7), then the result
iS5 even.

t=0.00 t=084 t=169 t=253

t=3.38 t=a22 t=5.00

= . : ®
s @ s s | s
®
6 6 6 . 6 1
4 a a @ a
2
® ®

2 T & g 2 O G g 2 i g g (3 B @ G 8 E

F1G. 3.3. Integration of (2.3) with parameters (3.5). The 6 players are assigned the same target
and automatically cooperate. After time T =5, a portion of the individuals escapes the numerical
domain, distorting the computation of the cost.

3.3. Automatic cooperation among repulsive agents. The strategy in-
troduced in Section 2 fosters a sort of automatic cooperation among agents having the
same goal. Consider (2.3) with cost (1.2) and parameters, where i=1,...,6,

N=2, 0i(6) = — g €02 P= X6 83,7 :42537837
k:67 ! ’ ]5:(3 2) 5= 9747

t =(3.1 1 14)> — 3.5
m=12, V0T )255) P,=(3,4), r=9.6, 9
T=5 ’ P;=(3,6), Ti={(5,5)}.

Then, the application of the strategy defined in Section 2, with A¢=0.01, automatically
results in an apparently effective team play, see Figure 3.3.
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FiG. 3.4. Upper line, integration of (2.3) with parameters (3.6) and with the same cost for all
players Y1 (z) =12(x) =¢3(z)=d(z,T1). In the lower line, we set Y1 =1p3=—12 as in (3.7). As a
result, Py and Ps steal most of the followers to P>. In both cases, P1 and Ps are repulsive, while Pa is
attracting. On the first line, Po and Ps3 end up superimposing to each other while, on the second line,
all 3 controllers are superimposed at the final time.

This integration is computed on the numerical domain 2=10,10] x [0,10] through
a grid of ng xn, =3000x 3000 cells. The resulting final cost, common to all players, is
15.5.

We stress that here we use the terms “automatic cooperation” with a naive, though
meaningful, content. Indeed, the different players do not superimpose and their positions
evolve with an apparently combined motion resulting in a effective confinement of the
individuals. Remark that each controller moves according to the strategy outlined in
Section 2, without any knowledge of each other’s future trajectory.

3.4. Competition/cooperation among attractive/repulsive agents.  Fi-
nally, the following integrations of (2.3) show first that cooperation arises also between
attractive and repulsive agents. Then, it emphasizes the clear difference between coop-
eration and competition. Consider first the case

1 —0.2¢?

N=2  al@)=al®=-gze "t P Xpaen g5},
k=3, a(§)=girge **,  PA=(L1), T2={(9,5)}. (3.6)
m =6, v(t,z, P)=(3.1), Pr=(1,5), T5=1{(9,5)}.
T:57 U:15, P3:(179)a

whose solution is depicted in Figure 3.4, first line.
The final cost is 7.0, the density p being highly concentrated near to the target 7;.
Then, we keep the same parameters, but modify the costs of P; and P5 setting

Yi(x) =ths(z) =—d(x,T1) and  ¢o(x)=d(z,Th). (3.7)

The resulting evolution is in Figure 3.4, second line. Note that P, and P; now follow
a quite different trajectory, “cutting” the density p so that the final cost of P, raises
to 26.0. In both integrations, the mesh consists of n, xn,=3000x 3000 points and
At=0.01.
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4. Analytic proofs

Throughout, for a,b €R, denote (a,b) = [min{a,b},max{a,b}]. By LY we mean the
Lebesgue measure in RY. In R, |-| is the absolute value, while ||-|| is the Euclidean norm
in RY. The norm in the functional space F is denoted ||-|| . The space C°(4;R") of
the R"-valued functions defined on the subset A of R™ is equipped with || f||go(4;rn) =
sup,ec4 ||f(x)||. Throughout, TV(-) stands for the total variation, see [14, Chapter 5].
For a measurable function p defined on RY, spt p is its support, see [5, Proposition 4.17].
Throughout, the continuous dependence of v on ¢, as required in (v), can be easily
relaxed to mere measurability.

The following result on ordinary differential equations deserves being recalled.

LEMMA 4.1 ( [4, Chapter 3]). Let Vi,Va€ CO([0,T] x RY;RY) be such that the maps
x—Vi(t,z) are in COY1(RYN;RY) for i=1,2 and for all t€[0,T]. Then, for all (t,%)€
[0,7] xRN and i€ {1,2}, the Cauchy Problem

(i a

admits, on the interval [0,T], the unique solution t— X;(t;t,x) and the following esti-
mate holds, for all t€[0,T]:

[X1(68,2) — X2 (66,2) | < [[Vi = Vallpa (g0 o (Y R))
XeXP(||Da:V2||Loo(<{,t>xRN;RNXN)\t_ﬂ)' (4.2)

If moreover x — V;(t,x) € CY(RY;RY) for all t€[0,T], the map x— X;(t;t,%) is differ-
entiable and its derivative t — D, X;(t;t,%) solves the linear matriz ordinary differential
equation

{Y:Dz%(t,Xi(t;ﬂx))Y (4.3)

Y (f)=Id.

LEMMA 4.2. Let V€ CO([0,T] x RN;RN) be such that the map x—V(t,x) is in
CY(RY;RY) for i=1,2 and for all t€[0,T]. Then, for all t€[0,T[, i€{1,2}, and pe
LY(R¥;R), the Cauchy Problem

Op+div, (pV (t,x))=0
e 4

admits, on the interval [t,T], the unique Kruzkov solution

t
p(t,x)=p(X(f;t,x)) exp (—/ div, V(T,X(T;t,x))dr) (4.5)
t
and if sptp is bounded, then
Sptp(t) - B (Sptp({), ||V||L°°(<{,t> xspt g;RN) |t — ﬂ eHDwVHLOO((E,t) xRN ;RN XNy ‘tfﬂ> ) (46)

The fact that (4.5) solves (4.4) in Kruzkov sense follows from [9, Lemma 5.1}, see
also [12, Lemma 2.7]. The bound (4.6) is a direct consequence of [12, Proposition 2.8].
LEmMMA 4.3. Let V1,Vo € CO([0,T) x RY:RYN) be such that both maps x— Vi(t, ),
i=1,2, are in CY1([0,T] x RY;RY). If pe C%1(RY;R), then

p1(t)— pQ(t)HLl(RN;R)



1014 HYPERBOLIC CONSENSUS GAMES

<llgrad, plly o @x.pvy £ (Sptﬁv Cel e —ﬂ) vy =V L2 (7,951 (&Y jR))
+ (||din (Vi = Vo)l oo ((7,0y xrv ) +CNIVI — V2||L1((t_,t>;L°°(]RN;]R)))
X ||I7HL1(RN;R)6QC|t_ﬂ‘t_ﬂv

where

IVill oo ((2,0) xv )

C:{E?}é ||Dgcvi||Loo(<f,t)><]RN;]RNxN) . (4.7)
llgrad,, diva Villpeo (7.6 xrv m)

Proof. Using (4.5) and the triangle inequality, we have

102 (£) = p2(0)llg v ey < (D) -+ (1) + (111

where

t
(I):/ |/3(X1(t_;t,1:))—ﬁ(Xg(f;t,x))\eXp/diV$V1(T,X1(T;t,a:))dT dz
RN t
(0= [ p(Xa(Et)
RN
- - - -
X|exp —/ div, Vi (7, X1 (75t,2))d7 | —exp —/ div, Vo (1, X1 (738, 2))dr | |da
L J? | L Jt _
(= [ plaltit.o)
RN
- - - -
X|exp —/ div,, Vo (7, X1 (75t,2))d7 | —exp —/ divy Va (7, Xo(73t,2))dr | |dz
L J¢ | L Jt _

and we now bound the three terms separately. To estimate (I), observe that by (4.6)

2

U Sptpi(t)CB<SPtPa}n?>§ H‘/i”LOO((f,t) xspt ;RN ) EXP (”DacVz'HLoo((E,t) RNV _t_|> |t —ﬂ)
i=1 ’

and, using (4.2),

¢
/ div, Vi (7, X1 (75t,2))dr|dx
t

- 15X (Ft,2)) — p(Xa(Et,2)) | exp
Ui, sptpi(t)
</ lerad, Al oo |1 X (it ) — X (5t 2) |
U?:1 sptp; (t)
X €xp (||Da:V1 ||L°C((f,t)><]RN;]RN) \t—ﬂ) dz
< ”gradxﬁ”Lao(RN;RN)
x ﬁN(SPtPaim_%g IVill oo (7,8 xspt 53mN) €XP <||DzVi||Loo(<£,t>xRN;RNxN) |t— t_|) |t—t_|>

X Vi =Vallpa(zayn @5 R))

% exD ( (1| Da Vil (g1t vy + D2 Vellpoe (g vy ) [E=11)
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Passing to the estimate of (II), using the inequality |e? —e?| < emax{®b}|q —p],

. t
exp (—/ div, V4 (T,X1(7§t»$))d7'> —exp (‘/ divy V2 (TaXl(T5t’$))dT>
i t

Sexp <?_1?’§ 1D Vil (¢8,0) xmov sy [t t|)

t
X / |div, Vo (1, X1 (738,2)) — div, Vi (1, X1 (73¢,2)) | dT
t

s (LD Villm gy sy 1) 1092 = 0. Vel oy £

so that
(II)<exp (Zn_léluéDa:ViL‘X’((t,t)xRN;RNXN)tt> v (Vi = V2)llpe (2,0 )
x|1Pll L v gy 1E—E-

To bound (II1), use (4.2) and proceed similarly:
t

t
exp (—/ diVx‘/Q(T,Xl(T;t,x))dT) —exp <—/ din‘/Q(T,XQ(T;t,l'))dT>’
t i
gexp(HDZ’%||Lw(<{7t>XRN;RNXN)|t_t_|)

t
/ |div, Vo (7, X1 (738,2)) — divy, Va (1, X2 (75t,2)) | dT
t

X

S exp (2||Dl“/2||L°°(<f7t>><RN;]RNXN) |t_ﬂ> nga’dx dlvx VQ”L‘”((E,t}XRN;RN)

VL= Vallpa (0 mee @ my) 11
so that

(I1T) <exp (2||DwV2 ||Loo(<£,t>xRN;RNXN) |t— ﬂ) HﬁHLl(RN;R)

* llgrad, diva Vall o (2,0 <y mv) 1V = Vel (6 smee @ my) 18— -
Summing up the expressions obtained:

[o1(t) = p2() |2 @y m)
SngadwﬁHLoo(RN;RN) [Vi— VZ”LN(E,t);L“(R”;R))

x LN (Sptﬁ,ln_l% ||Vi||Loo((z,t>Xspt,3) exp (”DacVi”Loo((z,ﬂxRN)|t—{|) |t—t|)
X exp ((”Dzvl||LOO((<[7t>><]RN;]RN><N) + HDzVQHLOO(((ﬂ@XRN;RNXN)> |t*{|)
+exp [gﬁ?ﬁ|DrVi|Loo(<t‘,t)xRN)|t_t_|} [divs (Vi _%)||Lw(<{,t)xRN;R)HﬁHLl(RN;]R)'t_ﬂ

+exp (2\|DzV2HLoo(<f¢> XRN;RNXN) |t —t_|> ||ﬁ||L1(]RN;R) |grad, div, V2HLoo((f,t> xRN ;RN )

XMV =Vallpa goywoe @vimy) lE— 1
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Introduce C as in (4.7). Then,

p1(t) = p2() |2 v m)
< llgrad, pll g, mv &™) cv (Sptﬁaceclt_ﬂ ‘t_ﬂ) 2=t vy — Vallna ((g.6)imoe (5 )
ol @y gy =M div,, (Vi —Va)llLee (.6 xrvmy [E—
ol v r) C el v = VallLa gL @ my) [E— 1]
completing the proof. 0

We now prove well posedness and basic estimates for (1.3) or, equivalently, (2.3).

PROPOSITION 4.1.  Fix positive T and U. Let v C°([0,T] x RN x R™;RY) be such
that for all t€[0,T] and P€R™, the map x —v(t,x,P) is in CO*(RY;RY). For any
pELY(RN:R), PER™ and ucL>([0,T]; Brm(0,U)), problem (2.3) admits the unique
solution

p(t,x)=p(X(0;t,x))exp (— /OtdiVxU(T,X(T;t,{E),P(T))dT)

where t— X (t;1,T) solves {ig)v_(tg;x,P(t)) and P(t)P+/tU(T)dT for t€]0,T7.
= 0

Moreover, if v satisfies (v) and uy,ug € L°([0,T]; Bgm (0,U)), then (with obvious no-
tation) for all t€[0,T],

X1 (50,) — Xa(6:0,8) | < CLeC [Py~ Pallgo o ) (4.8)
[p1(t) = p2(t) ||L1(RN;R) <C (ngadwﬁ”Lw(RN;RN) o (B(SptﬁaCteot))
17l gy (14 C8) )2 | Pi= Pall oo gam)  (4:9)
where C is independent of the initial datum, more precisely:

O:max{ ||UHLOO([0¢]XRNXRM;RN)’ ”DWHLO-O([O’t]XRNXRm;RNXN)’ } (4.10)
HDPUHLOO([O,t]XRNXR"L;RNW'L)’ ”gradzd1V$U||L°°([O,t]><RNxR’”;]RN)

Here, the term “solution” means Kruzkov solution [20, Definition 1], which is also a
strong solution as soon as p is smooth, see [26].

Proof.  The first statement follows from Lemma 4.2. Define V;(t,2) =v (¢,z, P;(t)),
with P;(t) :]5—|—f0t u;(7)dr, for i=1,2. Then, direct computations yield:

IVillLoo (0,4 xRN 1) S NVl Loo ([0, xRN xR RN -
||Dr‘/’i||LOO([O7t]><]RN;]RN><N) = ||D5L‘UHL(X>([O,t]XRNX]RM;RNXN).
lgrad, dive Villp e (0,4 xry ma) < llgrad, dive vllge (o, xry xrm V) -
t
||V1*V2||L1([o,t];Loo(RN;R)) :/ sup ||v(7, 2, P1(7)) —v (7,2, P(7))||dT
0 zeRN
< ||DPU||L00([o,t]xRN me;RNXm)thl _P2||L°°([0,t];Rm)'

[[diva (Vi —=V2)ll Lo (0,4 xr~ r) < 1diVe vll e (0,4 xrn xrm ) 11 = Pallpoo (0,487

Now, (4.8) directly follows from (4.2) in Lemma 4.1. To prove (4.9) use Lemma 4.3. O
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COROLLARY 4.1. Fix positive T and U. Let v be bounded and satisfy (v),
pELY(RN;R) and PER™. If up,u, € L([0,T]; Bgm (0,U)) are such that w, >u, in
Lo°([0,T]);R™) as n— +oo, then, up to subsequences,

pn(t) = ps(t) in LY(RYN;R) for all t €[0,T],

: 0 RN
Po= Poin CH[O.TERT) and = 700 in CO([0,T): L (RV;R)).

If p€ CY(RN;R), then

grad,, p, (t) — grad, p.(t) in LY(RY;R) for all t€[0,T),
grad, p, — grad, p.  in C°([0,T];L*(RY;R)).

The poof is a straightforward consequence of (4.8) and (4.9) in Proposition 4.1. We
now verify that (2.4) is well posed.

LEMMA 4.4.  Fiz positive T, U, and At€)0,T[. Let ve CO1([0,T] xRN xRV;RY).
For any pe LL(RY;R), PeRYN, ueL*°([0,T); B(0,U)), t€[0,T — At[ and w € RN, prob-
lem (2.4) admits a unique solution given by

puw(T,2)=p(t, X w(t;7,2)) exp <— /fT divyv (¢, Xy w(s;7,2), P(t)+ (s —t)w)ds> (4.11)

where

§'=v(t,§,P(t) + (T —t)w)
()=

Moreover, if pe CLY(RN;R) and LN (sptp) < 400, for all wy,ws € RN

T— X (it x)  solves { fort,Tet,t+At. (4.12)

1wy (84 AE) = oy (E+ A8 [ L1 (v )
< (”gradwﬁ”mo(RN;RN) L (Sptﬁ,C@CAtAt) +( +CAt)|‘ﬁ‘|L1(RN;R))
3 Ce2OB (ALY [|wy — ws| (4.13)
where

C = max { ||”||Loo([t,t+At} XRN x B(P(t),UAt);RN)> ||Dmv||Loc([t,t+At]xRN xB(P(t),UAt);]RNxN)a} .

%HDPUHLOO([t,t+At]><]RN XRN ;RN XNY» [Dp din”HLoo([t,HAt]xRN XRN;RN)
(4.14)
(Above and in the sequel, £’ = %).

Proof. The first statement is a direct consequence of Lemma 4.2. To prove (4.13),
we apply Lemma 4.3 with V(7,2) =v(t,x, P(t)+ (7t —t)w) for 7 € [t,t+ At]:

< HUHLOO([t,tJrAt}X]RN X B(P(t),At]|w;|]);RN)>

IVill poo ([t,6+- At xRN ;RN
D2 Villuoo (1,64 A xrn mvxny S 1 Davlloe (1,0 a0 x 2N x BP(#), Adllw ) BY* V)
1
Vi = Vallps .42, Lo (v mY)) < 2 “DPUHL‘X’([t,tJrAt]XRNXRN;RNXN)(At)2||w1 —wel)
[|div, (V1 _VQ)HL"O([t.t-&-At]XRN;RN) < HDPdinU||L°°([tvt+At]><RNXRN;RN)(At) = w]

With the notation (4.14), and assuming that C'>1,

o1 (t+At) = p2(t+ At) |2 @y )
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< llgrad, ol g~ &y £y (sptﬁ,CeCAtAt) 2B O (AL)? |wy — wo|
ol vy €2 C(AD? w1 —wa |+ 1]l vy O €272 (A8 wr —ws|
< (||gradxﬁ||Loo(1RN;RN) LN (sptp,Ce“2FAt) + (1 +CAt)|‘ﬁ‘|L1(RN;R))
xCe?CA (AL)? ||lwy —ws|
completing the proof. 0

For the reader’s convenience, we recall here, without proof, the following result.

LEMMA 4.5 ( [27, Lemma 1.15]). Let X,Y be Banach spaces, AC X be open, x,€ A
and J: A=Y be Gateaux differentiable at all x € A in all directions v e X. Assume that

(1) the map v— D, J(x) is linear and continuous for all v € A;
(2) lim sup |DyJ(x)—DyJ(x,)|y =0.

2o vl =1
Then, J is Fréchet differentiable at x,.

The next result describes the Fréchet differentiability of the characteristic curves.

LEMMA 4.6. Fiz t€[0,T], At€]0,T—t] and z€RN. If ve C2([0,T] x RN x RY;RY),
then the map

X, .0 RY — CO([t,t+ At];RY)
w o — X o (w),

defined so that T— (X, (w))(T) solves the Cauchy problem

{?(;U(;Z&P(t) +(r—t)w) (4.15)

is Fréchet differentiable in R . Moreover X, . has the Taylor expansion
Xy o (w+0y) =Xy o (w) + DXy 1 (0) 64y +0(6,)  in C° as 6, —0

where T — (DX, ,(w)) (T) solves the linear first order N x N matriz differential equation

Y’ =Dy (t, X (w)(7),P(t)+ (r—t)w)Y
+(7—t)Dpv(t, X (w)(7),P(t)+ (T —t)w) (4.16)
Y(#)=0
and the term DX, ,(w) satisfies the expansion, as T —t,

(1—1)?

(DX o(w))(1)= Dpv(t,z,P(t))+o(r—t)% (4.17)

Proof.  Since t and x are kept fixed throughout this proof, we write X (w) for
Xy o (w). Recall that, for 7€ [t,t+ At],

X(w)(T)x+/tTv(t,X(w)(s),P(t)+(st)w)ds.

Fix a direction &,, € RV \ {0}. First we show the boundedness of the difference quotient

¥ (w+edw)(7) — X(w)(7)]|
9
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For 7€ [t,t+At], we have
2 (w-+e8)(r) — X ()7
<2 [ (02w 28,)(5) PO+ (5= 00w+ 26,) =0 (6 X)), P(0) + (5 ) ds
§i/jv(t,X(w+€5w)(s),P(t)+(st)(w+€5w))v(t,X(w)(s),P(t)+(st)(w+€5w))||ds
1 [ IR @)E) P+ (5 0w+ 8,)) = 0(t X)), PO+ (- )l ds
<ol ooy | [ It IZ RO gy 76y, as]

3

TNX (w+edy)(s) — X (w)(s
<lolen o | | 1 =N gy a2 .

e

Hence an application of Gronwall Lemma, see, e.g., [4, Chapter 3, Lemma 3.1] ensures
that

([ (w +du) (1) = X (w) (7)]]

< K1 (A1) |6, exp (K1At), (4.18)

where K1 = [v]|g1 (o 7] xrN xry mv)- Consequently

lim  sup ||[X(w+edy)(r)—X(w)(7)]|=0. (4.19)
€20 et t+AY

We now prove the existence of directional derivatives of X’ along the direction 6, €
RN\ {0}. Calling 7— Y (7) the solution to the Cauchy problem (4.16), we have

X(w+edy)(T)—X(w)(T)
€

Y ()b
o0 A+ 280) 51, PO+ 5~ ) 262) = (0, X)), 1) + (5~ s
- /t " Dy (t, X (w)(s), P(£) + (5 — t)w) Y () ds 5

- / (s 1) Dpv (8, X (w)(5), P(£) + (5 — )w)ds 8

t

:1/tT[v(t,X(w+56w)(s),P(t)+(s—t)(w+66w))

€
—o(t,X(w)(s),P(t)+ (s —t)(w+5,))] ds
-/ Dyv(t,X(w)(s),P(t)+ (s—t)w)Y (s)ds dy

2 [ X @) 6P+ (5= )0 +28,)) (6 X(w)(9). PO+ (s—wlds

_ / (s 1) Dpv (£, X (w)(5), P(£) + (5 — )w)ds 8

:/tT/Ol(Dmv(t,ﬁX(w-l—aéw)(s)+(1—19)X(w)(3),P(t)+(S_t)(w+55w))d0
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o X(w+5§w)(s)—2((w)(s))ds
€

_ /t "D (£, (w)(5), P(£) + (5 — £)w) ¥ (5) s 6y
T 1
+/t (sft)</0 Dpu (t,X (w)(s), P(£) + (s — ) (w+ (1 —9)2d,,)) dJ
—Dpu(t, X (w)(s), P(t) + (s —t)w)) ds b,

- /tf/ol (Dzv(tn?)((w—i-scsw)(s) +(1=9)X(w)(s),P(t)+ (s—t)(w+edy))dY

y X(w+edy)(s) —X(w)(s))ds
€

X (w+edy)(s) = X (w)(s)
3

ds

/TD v(t,X(w)(s), P(t)+ (s—t)w)
/Dmvt)( P(t)+(s—t)w)Y (s)ds by

/T/l(Dzv(t,ﬂ)((w+55w)(5)+(lﬂ)X(w)(s),P(t)+(5t)(era;w))dﬁ
t Jo

X(w+2b,)(5) = X (w)(s)

N /t " Do (b, X (w)(s), P(t) + (s — Hw)
y (X(w+€5w)(S)X(w)(5)

3

Y(s)5w> ds

T 1
+/ (s—t) (/ Dpv(t,X(w)(s),P(t)+ (s—t)(w+ (1 —19)edy))dd
t 0
—Dpu(t, X (w)(s), P(t) + (s —t)w)) ds 6.
Calling O(1) a constant dependent on the C? norm of v and on the right-hand side
of (4.18), the above equality leads to
X(w4edy) (1) —X(w)(T)

3

SO(1)+/tTO(1) HX(w—i—eéw)(T)—X(w)(T) Y ()b

3

=Y (7) 0w

+/T(9(1) (s—1t)eds dy.

Thanks to (4.19), an application of Gronwall Lemma proves the directional differentia-
bility of w— X (w) in the direction d,,.

To prove the differentiability of X', we are left to verify that (1) and (2) in Lemma 4.5
hold. The linearity of d,, = DX (w)(d,,) is immediate, thanks to the homogeneous ini-
tial datum in (4.16). The assumed C? regularity of v ensures the C! regularity of the
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right-hand side in (4.16) and, hence, the boundedness of §,, — DX (w)(d,) (in the sense
of linear operators), completing the proof of 1. Standard theorems on the continuous
dependence of solutions to ordinary differential equations on parameters, see [4, Theo-
rem 4.2], ensure that also 2. in Lemma 4.5 holds, completing the proof of the differen-
tiability of X.

The proof of the Taylor expansion (4.17) follows easily using (4.16). Indeed,
by (4.16), we deduce that Y (¢t)=Y"(¢t)=0, while Y"(t)=Dpv(t,z,P(t)), so that, if

€ [t,t+ At], then

_ (=)’ 2
Y(r)="= Dpv(t,%P(t))—l—o((T t)).

This completes the proof of (4.17) and of the lemma. 0

Proof. (Proof of Theorem 2.1.) The map Jt,At is well defined by Lemma 4.4.
To prove its Lipschitz continuity, let wy,ws € RY. Denote V;(7,x)=uv(t,z,P(t)+ (7 —
t)w;); X; =Xy w, the solution to (4.1) and p; = pu, the corresponding solution to (4.4).
Straightforward computations yield

LﬁmWH—ﬂAKWNS/|m@+AW®—m@+AUMW@N®
RTL
<llpr(t+At) = pa(t+ Ab) |2 wv gy 1Yl Lo @y r)-

and the proof of Lipschitzeanity is completed thanks to (4.13).
To prove (2.7), recall (2.4)—(4.11). Fix t,t+At in [0,7]. The solution 7—
Xy (T3t+ AL x) to

{El(t__:)gt)gzp( )F(r=tw) TE [t t+ At] (4.20)

will be shortened to 7 — X, (7;2). By Lemma 4.6, we have the expansion
Xyr s, (T:2) = X (T;0) + € Doy Xy (T32) 6y +0()  in C° as e —0, (4.21)
where 7 — D, Xy (T3t + At,x), or 7 — D, X, (7;2) for short, solves the Cauchy Problem
Y' =D, v(t, X (T;2),P(t)+ (T —t)w)Y + (7 —t) Dpv(t, Xy (1;2), P(t) + (T — t)w)
Y(t+At)=
(4.22)

for 7€ [t,t+At]. With reference to (2.5), denote for simplicity J =J;.A¢, ¥ =19 and
compute:

(T (w+edy) = T (w))

(Pwes, (t+ AL x) — py (t+ Aty x)))(x) de

2

M= =0

ﬁ\%\

{p(t, Xtes, (t;2))

t+At
X exp <—/t div, v (s, Xwtes, (8;2), P(t)+ (s—t)(w+edy)) ds>
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—p(t, Xy (t;2))

t+At
X exp <—/t div,v (s, Xy (s;x), P(t)+ (s —t)w) ds) } Y(z)dz

—(I)+ (1) + (II])
where
(D=7 [ 1ot (t50) =t 2 2)]

t+At
X exp ([ div,v (S, Xw—i-s&w (3;$)7P(t) + (S - t) (w +55w)) d8> ZZJ(LB) dz
(II)= é/RNp(t,Xw(t%m))

t+At
X [exp (/ divy v (s, Xwtes, (5;2), P(t) + (s —t) (w+edy)) ds)
t
t+At
—exp (— / divy v (s, Xytes, (8;2), P(t) + (s —t)w) ds) } Y(x)de
t
1
(D=2 [ ple.x(tio))
g JrN
t+At
X {exp (—/ div, v (s, Xytes, (8;2), P(t) + (s —t)w) ds)
t
t+At
—exp (—/ div, v (s, Xw(s;2), P(t)+ (s —t)w) ds) } Y(x)de.
t
The following estimate uses D,,X,, as defined in (4.22) and is of use to compute (I):

Lot Xus s (1)) — p 6, Xo(1:0))

1
_ / grad,, p(t,0X,ye5, (1) + (1 —0) Xy (t52)) 40

2 grad, p(t, Xo(t;2)) DX (t:2) 60,

Xyres, (t2) — Xy (t;2)
g

so that,
(1)°2° / grad, p(6. X, (1:2) Dy Xo (105,
R

t+At
X exp (—/t div, v (s, Xy (s;2), P(t) + (s —t)w) ds) Y(x)dz

t+AL
(IT) 30 /RN p(t ) exp ( /t div,v (s, Xy (s;2), P(t)+ (s —t)w) d5>

t+At
grad pdiv, v (s, Xy (s;2), P(t) + (s—t)w) (s —t) dsdyip(x) da

X
—
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and similarly, using D,, X, defined as solution to (4.22),

t+At
(I17) 630_/ p(t, Xy (s;x)) exp (—/t divwv(s,Xw(s;x),P(t)—l—(s—t)w)ds)

t+At
X / grad, div,v (s, Xy (s;2), P(t) + (s —t)w) Dy Xy (s;2) dstp(z) dx by
t
Adding the three terms we get:

lim 1 (j(w+55w) 7‘7(11}))

e—=0¢

:/ [gradmp(t,)(w(t;x)) Dy X,y (t;)
RN

t+AL
—p(t,Xw(t;m))/t (gradpdivwv(s,Xw(s;x),P(t) +(s—t)w)(s—1t)

+erad,, div, v (s, Xy (s;2), P(t)+ (s —t)w) Dwa(s;x)> ds}
t+At
X exp (—/t div,v (s, Xy (s;z), P(t)+ (s —t)w) ds) Y(x)dz 0.

To compute the limit as At — 0 of the expression above, recall that as At— 0,

Xo(t;t+At,x) = x —v(t,z, P(t)) At +o(At) [by (4.20)]
DXy (tit+At,z) = 2 Dpv(t,z, P(t)) (At)>+o(At)? [by (4.17)]

so that

hg%é (T (w+ebdy)— T (w))

= @/ (grad, p(t,z) Dpv(t,x,P(t)) — p(t,z) grad pdiv, v (s,z, P(t))) ¥ (x) dz o,
RN

+o(At)?

completing the proof. ]
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