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MOVING BOUNDARY"*
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Abstract. Nonlinear electromagneto-elasticity with moving boundary is presented in this work.
We introduce a diffeomorphism operator that transforms the moving boundary system into an equiv-
alent one with fixed boundary and we apply Galerkin’s method and results of compactness to obtain
the existence and uniqueness of solution.
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1. Introduction

The determination of deformation, stress, motion, and electromagnetic field in a
medium on the applications of external loads are studied in the electromagnetic contin-
uum theory. These external loads may be of mechanical origin (e.g., constraints placed
on the surface of the body, and initial and boundary conditions arising from thermal and
other changes, forces, couples) and of electromagnetic origin (e.g., magnetic, electric,
and current fields).

If an electro-conductive medium is subjected to an electromagnetic field, the prop-
agation of elastic and electromagnetic waves will influence each other through the cou-
pling effects of mechanical stresses in the medium and electromagnetic oscillations.

The foundation of magneto-elasticity was first presented by Knopoff [6] in 1955.
This pioneering work was followed by Dunkin et al. [3], in which the authors investigated
the coupling of electromagnetic and elastic waves from the standpoint of linear elasticity
and a linearized electromagnetic theory. An investigation of the same problem for a
uniform electrostatic field showed that the usual plane waves propagate without any
change in their phase velocities but the mechanical waves are accompanied by small
fluctuating electromagnetic fields. The problem of vibration of a free infinite elastic plate
in a large magnetostatic field were examined under the assumption that the resulting
electromagnetic fields are quasi-stationary.

Mathematical problems of interaction between the propagations of elastic and elec-
tromagnetic waves were treated by Avdeev et al. [1]. We also refer the readers to the
following related works: Imomnazarov [5], Merazhov [11], Yakhno [8,9], Priimenko et
al. [15,16] Romanov et al. [17,18] and Yakhno et al. [19,20].

In recent years, the interaction of electromagnetic fields in deformable media has
been a subject of many theoretical and experimental investigations in continuum me-
chanics and geophysics, such as, among others, [2,14]. A special attention is being given
to the interaction between the magnetic and the deformation fields in a thermoelastic
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solid due to its relevance in the fields of geophysics, plasma and nuclear physics, for
which we can mention the works of [10,12].

For the theory of electromagneto-elasticity, we can mention, among others, the
works [2,4,13].

2. Mathematical model

Consider a mathematical model of an isotropic electromagneto-elastic medium de-
scribing the coupling mechanism of electromagnetic and elastic effects due to small
deformation of the medium and the variation of electromagnetic field. The system of
governing equations are given by the following electromagnetic dynamics:

L ouv - -

rotH=0FE + O'MGEXH + J, (2.1)
q H .

rotE:—,ueaa—t, div(u.H)=0, (2.2)

and the equation of motion of the elastic medium with the Lorentz force:
Z=div T(U) + pe rotHxH + F, (2.3)

where the stress tensor T(U) is given by
=MV -0)8ij +u(Usj+Uj,), 1<i,j<3. (2.4)

The vectors E = (E1,Es,E3) and H= (Hy,Hs, Hs) are the components of electric and
magnetic fields respectively; U= (U1,Us,Us) is the displacement vector of the medium;
o, le, p, A and pu are electric conductivity, magnetic permeability, density and the Lamé
coefficients of the medium, respectively; J is the source of electromagnetic field; F is
the external force field and J;; is the Kronecker symbol.

We shall consider the case where all functions in Equations (2.1)-(2.4) depend
on variables (z,t) and U E H J and F are vectorial functions defined by E=
e(2,4)(0,1,0), H=h(z,t)(1,0,0), U =1u(z,t)(0,0,1), J=j(z,¢)(0,1,0), F= f(z)(0,0,1)
where e, h,u,7 and f are scalar functions and z represents the variable z3.

For the particular case of p= constant and u. = constant, the system can be written
in the form:

he=(rh,), — (huy)z— (1),
utt:(VQuz)z—phhz—i—ﬁ (2.5)
e=rh, — huy,

where, v, = ((A+2u)/p)!/? is the velocity of longitudinal elastic wave; r~'=pu.LVoo
is the magnetic Reynolds number, p:,uengflv(fQ, v=1v,/Vy are the dimensionless
speeds of propagation of elastic field and L,V and Hy are the characteristic values of
length, velocity and magnetic field, respectively.

In this paper we shall formulate the problem based on the coupled system (2.5) in
a domain with moving boundary.

2.1. Formulation of the problem. Let Q={(z,t)eR? a(t) <z <pB(1),

0<
t<T} be a noncylindrical domain, with its lateral boundary denoted by S =
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Ugo<t<ri{a(t), B(t)} x {t}. We shall consider the following coupled system of nonlinear
electromagneto-elasticity with moving ends:

hi— (rhy )+ (hug) o + (1) =0, in Q

gt — (Vg ) g + phha +6us — f =0, inQ

u=h=0, V(z,t) e (2.6)
h(z,0)=ho(x), a(0) <z < B(0)

w(x,0) =uo(x), ug(2,0) =uy (z), (0)<z<A(0)

where we have added a damping term du; with damping coefficient § > 0.

The existence and uniqueness of weak solutions for the fixed domain of the model
(2.6) was proved in [14]. In this work, we will investigate the existence and uniqueness
of weak solutions of electromagnetic and elastic fields for the model (2.6) with moving
boundary.

2.2. Notations and hypotheses. Let the space V=H}(Q)NH?() be
equipped with the scalar product and norm given by

Bo 524, 520 ) Bo
o= [ GG de = [ |5

0 0

82

’ dz, VueV.

The scalar product and norm in L?(2) are represented by

Bo Bo
(u,v):/ u(x)v(x)dx; \u|2:/ lu(z)|2dx, Yu,veL*(Q).

0

and by L>(Q) we represent the Banach space of bounded measurable functions equipped
with the norm

|lu|loo =sup ess|u(x,t)|r.
(zt)eqQ
Consider the following hypotheses for the boundary {«a(t),5(t)}:

H1: o,3€C?([0,T];R), where 0 <~y = r<ntl<any(t)§fyl;

H2: 5'(t)>0 and o/(t) <0, Vt€[0,T].
In order to solve problem (2.6), we shall now consider a change of variables to
transform the domain @Q; to a cylindrical domain @Q using the following transformation:

TQt%Q:(Oal)X(O7T)

@ty )= ().

which is C2. The inverse 7! is also C2. Using the application (2.7) and notations

o(y,t) =h(a(t) +y(B)y,t), () =B()—alt)

(2.7)
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With the transformation T, the coupled system (2.6) is transformed into the following
equivalent coupled system with the cylindrical domain @ =(0,1) x (0,7)

/ 1 / / 1 /

o = 5 (1 W)o)y = (@ O +7 W))vy )+ (60,
+¥(1t)((my)jl(y,t))y—(a’<t>+v'<t>y>)q;y=o, 2 inQ

” / / 2 2 / / 2./

SNEL0 (@) +/ O = R W) + 55 (66 = 55 @' (1) 44 B,

-5 (a”(t)‘F’YH(t)y)+5(o/(t)+7’(t)y))vy+5v’—f1(y7t) —0. 0.

v=¢=0, Yy es= J {0,1} x{t},

o0 =do(w) vl =0(y). @0 =u(), 0<y<l

2.8
where the prime {'} denotes the partial derivative with respect to ¢ and %)
vi(y)=v(a@®)+v@)y),  ji(y,t)=j(a@)+v@)y,t), fi(y.t)=[f(a(t)+~(t)y.t)

vi(y) = (at) +7(0)y),  do(y) =ho(a(0)+7(0)y), vo(y)=uo(c(0)+7(0)y)
v1(y) = u1((0) +7(0)y) +7(0)uos (a(0) ++(0)y).
With this change of variables, u(x,t) and h(x,t) are solutions of the coupled problem
(2.6) if and only if v(y,t) and ¢(y,t) are solutions of the coupled problem (2.8).

To establish the existence and uniqueness of the solution to the coupled problem
(2.8), we shall require the following additional hypotheses:

H3: M = ma {Jo’(0)]+|9'(0)], [o” (6)]+|8"(8)]}, M= max {lo’(5)] + 18 (8)]}

4EM? +2c2 My, +26c2 My, < vj /4.
The «(t) and 5(t) functions, which define boundary conditions, will be conveniently

chosen to satisfy the following assumptions,

dyg M3 4 8(1+46)?
—5 (5 LR

Mryc2 <ry, M/vo<6/8, M <v3/2 and 4ciM?+2c2 M~y +25c2 My, <v3 /4,
where 15 and v3 are defined by the hypothesis (H4) below and ¢5 is a constant due to
immersion H'(0,1) C C°([0,1]).

H4: re Wh>e(a,h), veW?>(a,b), jEW'S(Q), ve(a(t)=v(5(1)=0,
where (a(t),8(t)) C(a,b), and there are positive constants ry, v, rs and vg such
that ro <r(x) <rsand vo <v(z)<vs, Vz&(a,b)with pand é being positive constants.

H5: {ho,ur} € Hy(Q0), uwo€ Hi(Q)NH?*(Q), Qo =((0),8(0)), fe
L2(0,T;H} (), where Q, = (a(t), B(t))

4ud~gt
+2(co+1)?) M2+ (% (1 8)eom ) M <vd/2,

The functions {ug, u1, f} are chosen small enough, so that, after changing variables,
the functions {vg, v1} satisfy the conditions:

1 g ,
(term-+ 5 (spMern) (Kotp [ [Vra@lia(.o) P
Heé: V2 0

1 2,22 2 T 2 1/2
e Oid+164) | 10 at) " <rs,

where Ko=¢ (|¢o|?+|v1|?+|vo|?> + ||vo]|?) and € a positive constant.
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REMARK 2.1.
(i) From hypothesis (H4) and using the change of variables T, we obtain

T €WH(0,1), 11 eW2>(0,1), j1 €WHX(Q), v1,(0)=v1,(1)=0.
Besides that, there are positive constants {rq, 73, 2, V3, V4, s} such that

r2 <r1(y) <r3, va <vi(y) <ws, viy(y) <va, vigy(y) <vs, Vy€(0,1).
(ii) Similarly, from hypothesis (H5), we obtain
{¢o,v1} € H}(0,1), vo € H3(0,1)NH?(0,1), f1 € L*(0,T;H;(0,1)).

3. Existence of solution
To show the existence of a solution to the coupled system (2.6), we will use the
Galerkin method. First, let us define the concept of a solution for (2.6):

DEFINITION 3.1. Suppose that hg,u1,uq, satisfying (H5). A global solution for the
coupled system (2.6), is a pair of functions {h, u} belonging to the class

he L(0,T; Hy ()N L2(0,T; Hy () N H?(Q)), he € L*(0,T;L* (%)),
uwe L®(0,T; Hy () NH?(Q)), ug € L(0,T; HY (1)), uge € L2(0,T; L% (%))

satisfying the following integral identities,

/ht(x,t)cp(x,t)dxdt—k/r(az)hx(x,t)cpx(x,t)dxdt
Q Q

—/h(x,t)ut(:c,t)@x(x,t)dzdt—/r(x)j(a:,t)wx(x,t)dxdtzo
Q Q

Autt(:c,t)go(x,t)dxdt—k/l/z(x)ux(x,t)gpw(x,t)dxdt
Q Q

+/ph(z,t)hx(x,t)cp(z,t)dxdt—/f(z,t)<p(:1:,t)d:cdt:0, Vo€ L2(0,T; H (%)).

Q Q

Moreover, {h,u} satisfy the initial conditions u(0) =wug, ut(0) =uq, h(0) = ho.
Similarly, the concept of global solution for the coupled system (2.8) is given by:

DEFINITION 3.2. Suppose that {¢o,v1}€ H(0,1), voe€ HE(0,1)NH?(0,1), fi€
L2(0,T;HE(0,1)). A global solution for the coupled system (2.8), is a pair of functions
(9;0): Q=0x(0,T) =R, belonging to the class

¢€ L*°(0, T3 Hy (0,1))N L2(0,T5 H (0,1) N H2(0,1)), ¢4 € L*(0,T;L*(0,1)),
ve L>(0,T; Hy (0,1)NH?(0,1)), v, € L(0,T; Hy (0,1)), vse € L*(0,T;L2(0,1))

satisfying the following integral identities

/ ou(yt) oy, )dQ + /Q 7%(t)<n<y><z>y<y7t))s%(ynf)d@

+472 " )+ (t)y)¢(y,t)vy(y,t)gay(y,t)dQ—/Q’y(t)(¢(y7t)vt(y,t))¢y(y7t)dQ
/cﬂ(lt) Y)W, ey(y,)dQ= / B+ (1)9) by (y,1) 2y (y,1)dQ =0,
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1
[ tntetnie | o (/)7 00 - )00

p 1 / /
n /Q m(¢(y7t)¢y(y,t)<p(y7t))dQ—2 /Q @(a )+ (O)y)vy(y. 1)y, 1)dQ

ol GUCRR RO G ORR D) IR AR R Rt

- /Q A 05 )dQ=0, Ve L2(0,T; HA(0,1)).

Moreover, {¢, v} satisfy the initial conditions v(0)=wvg, ¢(0) = dg, v:(0) =v1.

THEOREM 3.1.  From the hypotheses (H1) - (H6) and given {r1,j1,v1, f1,%0,v0,v1},
there exists a pair of functions (¢; v):Qx(0,T)—=R for the electromagnetoelasticity
problem (2.8), in the class

$€ L>=(0,T;Hy(0,1))NL2(0,T;Hy(0,1) NH?(0,1)), ¢ € L*(0,T;L*(0,1)),
v€ L>®(0,T; H} (0,1)NH?(0,1)), v € L°°(0,T; H3(0,1)), vyt € L*(0,T;L?(0,1)).

Proof.  Since the coupled system (2.8) has time-dependent coefficient, a natural
method to show the existence of solution for system (2.6) is the classical Galerkin’s
method. For this, we choose a special spectral basis (w;);en of the Laplace operator in
L2(Q2) which is an orthogonal and complete system in Hg(€2). For each m €N we set
Vi =span {w;,..., v, } C HE(0,1) generated by the first m basis vectors.

Approximation Problem: For each m € N, we find a real number t,, >0 and real
functions g;,, and d;,, defined on [0,t,,] such that setting

m

Um, (t) = Zgim (t)wz € Vm and ¢m (t) = Zdim(t)wi € Vm» (31)

i=1 i=1

where (¢, vm,) for y€Q and t €0, t,,] is the solution to the approximate problem:
r 1 1 .
(61(010) + 5 (Dm0, = £ (0 +2/9)6my (00) =L (11 00

% (0! ')y (£) 6 (£),03) — %(abm(t)v;@(t),wy) —0 (32

(0 (0.0) + =5 (B0 = @+ 0 (0.10,) + 2 (611610, (1).0)
-2

+ ((a'Jr"y’y)%y,w) - % (((0/' +7"y) +6(a’ +v’y))vmy,w)
+ (0vy, (1), w) = (f1(t),w). (3.3)

Associated with the initial data (vo,v1,00) we will take (vom, Vim, Gom)men such
that

U (0) = vom — vo in Hg(0,1)NH?(0,1), (3.4)
¢m(0) :¢0m —> o in H&(Oa 1),
vl (0) =vim — vy in Hg(0,1).
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The existence of local approximate solution {¢,,, vy} of (3.2) - (3.6) is a consequence of
the standard ordinary differential equation theory. To extend the local solution to the
interval [0,7] independent of m, in the sense of Definition (2.3), the following a priori
estimates are needed.

Estimate I: Taking w=p¢,,(t) in (3.2), w=v,,(t) in (3.3), and adding the equa-
tions, we have

17,,1 ,
b0 OF [ TG )y 5 5 o 0
+3a | 72 (RO~ @O +7002) iy 0y + 5 TR0 0

+
=Tk Do+ I Lot T 22 ol = (M) =200 /9 )y () (37)

where {I1, I, I3, 14, I5} are defined as follows:
Analysis of the terms on the right side of (3.7):

L ()]
B =p(5nin O O) <o[VARO]_ [T o )Py

Iy = 2 () 47 (119 vy (6 (6, Sy (1)) < 25 1y () 9y ()

. P

72 (t) 72 (t)
where cg is the immersion constant |.[ e (0,1) < col|-|| 1 (0,1) and [/ (8) +7' (t)y| <[/ ()] +
18'(t)] < M.

Similarly for the I3, Iy and I5 term, using Cauchy-Schwarz inequality and remem-
bering that ~(t) is increasing, we have,

B=gi | (220 0+ 00 O+ 070 = (6= (0 +7))207 )l (0. )d

24
1 _
< (M7 + 08+ MM oy ()

and

Now, taking w=wv,,(t) in (3.2), we have

0.0 O) = OF + [ = (0) = @040 oy 6+ 5 G o (O

=I5+ T+ Is+ I (3.8)

where {Ig, I, I3, Iy} are defined as follows:
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Analysis of the terms (3.8):

16:‘Tp<¢m<t>¢my<t>,vm<t>> < §\¢<t>|mo,1>||¢my<t>||vm<t>| < POy ()0 (1)

Integrating by parts, we obtain
2 ! / ! ! 1 ! ! /
== ((a + y)vmy(t),vm(t)) =—92/ = ((a +7 y)vm(y,t)) vl (y,t)dy
Y o 7 Y
! 1
=2 [ (1700000 0) + 2 (0" £2'9) O ) 00 )
0

2 1 2 1

=3 (Ia'[+18"1) (ex 4 1) [vmy () [Jor, (£)] < 7z (V2M (e14 1)) |omy (8)* + §|U§n(t)|2

where c; is the immersion constant, i.e, |.|z2(¢0,1) < Cl||~HHg(0,1)~

1
v(t)
< (Io/'(t)\+Iﬂ”(lf)l+5(\0/(t)|+Iﬂ/(lt)l))clIvmy(t)l2 < %(H(;)J\fcmlvmyl2 (3.9)

(((@"(®)+7" (1) +0(a/ () + (1)) ) vy (8), 0 (1))

Is=

where, we have used Young’s inequality. Similarly, we have

Io = (f1(8),0m (8) <[ f1()[[om (8)| < (VEeival L)) +v3]omy (1)) (3.10)

1
72 (t)
Considering the inequalities (I3 — Ig), multiplying (3.8) by §/4, adding with the terms
of (3.7), we obtain, after some calculus, that

1
2 r1(y) o ld, 2
m —— t 1 I I
B0 O +p | TG )+ 5 T (OF +Fo+ T+ T
5% d

dd
8 dt

0T ()4 5 (o (1), 0m (6) = S o ()4 (1)
§ o1 ) / / N
+Z/0 ’YT(t)(Vl (y)— (@' (@) ++'(t)y) )vmy(y7t)dy

4.dt

PNE Lri(y) pMeo 0
SP‘\/?lel(t)‘Looer/o 12 12ny(y7t)dy+W‘vmy‘|¢my|2+§|vin|2

+

1 2 2 2 1 9 1 29 )
200 (M + (v +M>) M)y, )Ivmy(t)\ +W((1+5)M) S[vmy (1)

2 ) 5pco’y1 1) 2
LA A4 S+ 255 By o (¢ )I+g<M(cl+1)v) oy

1
73 (t)

where {19, I11, I12} terms, on the left side of (3.10) are defined as follows:

4] 4]
+ gl + thi

(6(1+5)Mc171)|vmy(t)|2 SR+ 5”2|my|2 (3.11)

pM 7101

|6 (D)]? < =22 (1| +18']) [y < B2 |, 2

T
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1 =3 [ o () =00+ (0 1)

1) o B S SN
/072(t)vmy(yvt)dy 4/0 2 (@ O+ (y) vy (g, 1)y
wa;/?t)lvmy(t)2—fvjy(t)lvm,(t)l2 (3.12)

where, we use the (H3) hypothesis to obtain the inequalities.

G Blon®F+ 31 P+ 5 [ s ()= (@047 02 )y

2Jo 73(t)
—I-é(v’ v )+£|v ﬂ—l—i\(b |2(r — (6comi|vm| +4Meov |))
4 m>Ym ] m 472 my 2 0/11Ym 0[Umy
p 2 2 oM 2 02 p (0 M
+ 5o 0ml (2= M) g omy P Gl P (5= )
) 2 52’}/262 2
<p|Vr 0|+ TR AWM+ S0P (3.13)
Lo 8vs 0

where
2 2
M= [%2 - (4];4 + %(u&,’ + MM~y + 6—82(1+6)2M2 +2M(e1 +1)° +(1+8)Merm +M2)} .

Let us denote the function K (t) by

2
K(0) = 2o (0P + 5 o () + e (0 4+ 5 (05 (6,0 (0)
1/t 1 , ,
+5 [ =3 (0 = @0+ 0022 ) (3.14)

REMARK 3.1. Now, we want to show that there are constants ¢ and ¢ such that
K(t) 2 (Iom ()] +on, () + [om ()12 + [0 (1)[12)
K(t) <2 (Iom () +on, () + [vm )12+ 0w (0)]12)

Proof. Indeed, K (t) > (|¢m(t)|*+ vy, ()% +[vm (8)* + lvm (£) |-
By using Cauchy’s inequality, one gets

(3.15)

2
2 (1), 0m ()] < 01 (Gl ()1) < Then (P + T (D,
then
2
(1), 0m (1) 2~ o () = S o ()
Note that,
K () =216 (1) 3l OF + 5 om0+ 5 (0 (1), 0m(1)

1/t 2 I N2, 2 p 2, L, 2
— _ _ > —
+5 | 22 (B =079 )y > Flon (O + 3 hfu0)
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& 2 ) 0 2, 1y, 12,2
Sl PP = Tglon P+ 5 [ 5 (200~ @ ) (316
Therefore
p 24 24 & 2, 1 ! 2 ’ 2,2
>|o - = - :
K(0)2 516 ()4 10O + ol 0P+ 5 [ =2 (4300 (@ +79)2)ok o
(3.17)
1
However, using the hypotheses that MZ < 51/22, it follows that
1t 2 / ’ 2\, 2 Lo v3 2
— - _ > (=2 .
5 72 (0= @0+ 007y )y 1 (25 )y 1)
Thus,
K(t)>£|¢m(t)l2+llv’ (t)|2+ilvrn(t)l2+ & [vm (D)1 (3.18)
-2 4™ 16 4~2(t)
{2 18 n
Taking c= mln{2 1 16 4’Y%} results that
K ()2 (|¢m ()] +[03, (O + [om () +[[om ($)]1%)- (3.19)

Now, let us prove the second inequality of (3.15),. Indeed; from (3.16) we have

p 2 1 / 2 62 2 1 2 62 2
<Z Z i —
K(0) <2 10m(0) + 50O + T lom (0) 2+ 70 (O + T om(8)
1 /1
43 | 2o (W) = @0+ Oy -, (3.20)
2 Jo Y3(1)
Therefore,
P 3 362 1/t
K(t) <2l 4+ i P+ 2o |m\2 3 R0~ @)
D 2, 3 1 2, 307 2, 1 V3+M2 2
<Pl O+ 2 OF + 2w 0) wm(T(t) Yomy .
Thus,
p 3 362 1
K0S 5lom ()P + 710 OF + JelonOF + 35 (14 +M2)lom®I (.21
Taking
_ p 3 36% vi+M?
C—max{g, 1, ﬁ’ 27’}/3}, (322)
Therefore,
K (1) <T (| (O + [0l (8) > + [0 (8) 2+ [[0m (D)), (3.23)

thus, we conclude the Remark (3.1). |
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Returning to (3.13) and with the help of Remark (3.1), we can write

d ]
GO+ T l0m (O (72 = (Beom v ()] 4Meolvny (1)) + F et (0
2
<p’\/r7j1( ‘2+ |J;1§V)2| (6%7ici+1613) (3.24)
and
8Mcov
R(t) = dcoy1|vm (t)|+4Mco|vmy (t)| < (400’71 + T) K(t). (3.25)

Now, suppose that {vg, ¢o, j1, f1} are such that

8Mc r UUNE I Cov-re- B (77 AN 1/2
(400’}/1—5-7071) {K(O) —|—p/ ‘\/T1j1(t)‘ + (%)/ |f1|2} <To.
0 vy 0

Vo
(3.26)
Affirmation:
The function R(t), defined in (3.25) satisfies: R(t) <rg, Vt>0.
Indeed, the proof will be made by contradiction. Suppose, by contradiction, that is
false. From (3.25) and (3.26), we have that R(0) <ry. From the continuity of R, there
exists a minimum t* such that

R(t) <Trg, Vte [0, t*[
(3.27)
R(t*) =

Thus, integrating (3.13) from 0 to ¢*, we have

T 2
5(52 Yict +16v3) /0 | f1(t)| dt. (3.28)

K(17) < K(0) /Op|ml

From (3.25), it follows that

8M
R(t") < (deom+=—1)
2

SM
() < (deom +, )

3.29
{K(0)+/()Tp|\/ﬁj1(t)| dt+ (62223216%) /OT|f1|2}1/ ( )
Then,
R(t") <ra, which contradicts (3.27),. (3.30)
Therefore,
R(t)<ry, Vt>0. (3.31)

Thus, integrating (3.24) over (0,t), we have,

5 [ H—
K@)+ [ (o) Pds <KO) +p [ Vim0 it
0 0

T
ooz 036 168) [ 1110t <0 2+ {ounf?+ e+ w0
2 0
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—i—p/OT|\/ﬁj1(t)]2Lw(07l) + 852 2(52 1cl+16u2)/0T|f1(t)|2dt)<cQ. (3.32)
As € (|om ()2 + 00, (O + [om () |2+ [|vm (8)[|?) < K (t), it follows that
(I () + o (O +vm (8)]* + lvm (1) / o7 (5)Pds < c3. (3.33)
Thus, we have
|6 (817 + 05 () + [0 () + [lvm (D)1 + / o, (8)[Pds < ey, (3.34)
where ¢4 is independent of m.

Estimate II: Taking w = —p@my,(t) in (3.2), w=—v
equations, we have

in (3.3) and adding the

myy( )

1
2 ri(y) o li / 2
B0 40 [ TRl v 5 I dy

[y

+2 /O 721@) (1 (y)vay (y) = (& () +7/ (Y)Y (1)) Uy rnyy dy
1
5 | 2 R @ @+ @), d

-5 | 3 (o (R0 = @O+ @0)") )y du+-{Tis=Tro}

1
1
+/0 5((@”+’y’/y)+5(O/+’y'y))”my( )myydy+6||vm”2 IZO' (335)

Analysis of the terms (3.35):
Let us first analyze the fourth and last term on the left-hand side of (3.35), then
the fifth and sixth term, and finally the remainder terms (I35 — I2). We denote,

o= (M~ @y ) (@ ) (@30)

Since that,
d 1 1 1
= wvmyvmyydy:/ w’vmyvmyydy—i-/ wv;nyvmyydy—i-/ Wy Uy Y5
0 0 0 0
it follows that

1 1 1 1
d
/vamyvmwdy dt/ wvmyvmyydy—/o w’vmyvmyydy—/o WO,y Uy Y.

Then, we have

1 1
1
/ wvmyvmyydyzi/ w(vfny)y dyziwvfny
0 0

Therefore,

3%, <55
v 27(t) v(t)



J. LIMACO, B. SANTOS, AND M.A. RINCON 911

+| o <—204;((tt))’7/(t) /() +80/(1) ) 2, (0,1)]

S% <2M2 +(M(1+5)))C$‘Umyy

T

2 1 202 2
( . (3.37)

+M(1+6))

’ myy

where {c5, cg, c7} are positive constants due to the continuous immersion of space
H(0,1)cC(]0,1]).
Thus, |[Vmy(1)| <c7|vmyyl and vy (0)] <c7|vmyy|. Therefore,

1

M
29| < iy (M40 (140)) oy ()
0
Also,
tl 1
0
B e
:’Y(t) (U,)m ( ) — 7ny O t / 7vmydy 3 38)

Since that, by hypothesis, () is increasing, then the following inequality is true:
1

(1)

Estimate of the terms (113 — Iog). The procedure for estimating each (I35 — Izo) term

is very similar to that done for the terms (I; — Iy) and thus we will not detail all of the
calculus. Indeed:

(8" (W)viny (1,6) =/ (1) ()7, (0,£) > 0.

1
2
113:72%) / my<y>¢my¢myydysT”(>| 1y|m Hldm ]2 Sf—%wmyy(wﬁ
1
1 / !
fa=p || @O+ @0) b OF + 32 om0

1 ) (¢ 1
115:—%/0 (Tl(y)Jl)y¢myydy+P,’:2((t))/o Uiy OmPmyy Ay

2p , pra
< Te |(7'1J1(t))y|%oc(0,1) t o |¢myy(t)‘2

8v%(t)
Lig= % /0 1 % (@' (1) +7' (1)) Vmyy Gm Omyy
< om0 + S B O
no=—s | 1 5 OO+ O vy D
%|vmyy<t>|2|¢m<t>|2+8§7“§)|<z>myy< )2

! 1 / / / 2
118:2/0 @O+ O, dy<—||v ol

18p

o lom @I (0) + Lo by (D)

]1 /¢myv ¢myy ()
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1
1 1
o= [ fuyviny dy< 3 IA@I+ O
0

Let us now make estimates for the remaining terms of the (3.35).

b :/o Tlm (~20a/ (1) ++/ () (0" (6) +2 () ()~

3 - <a'<t>+w’<t>y>22w<t>v’<t>>)viy < (2 + B, o

2pM
o=, [ (070t < 22 o P om O+ 23 om0

2

! @2 M?\2 ,
| oy < L (S0 v £ 2094 (4974 (5+0) ) v 0
0 O 0

Ion =
2 -8 Yo

N |

1 1
+ 5 0m (8) S eslvmyy (O + 5 llom ()]

! / 172 2 2 M2 2
L= | Jyvmy |y < 5 (S (v +vavs + M )+(1+5)%) om (D)
0

T2\
1 1
+§|| oy, (t )”2<C9||Um(t)|‘2+§||U;n(t)||2

1
Ins = / sy S 55 (30 + A+ MM +93(1+6)M ) Toml?
1
+5||vm<t>||2scmlvmyyw+§||vm<t>u2
1
1 M
o= | oty vl < 5 (a4 M) + 22(14) [om (0 + o O
0 0

1
< cat oy (B2 + 5 94, (1)

Here, we used the hypotheses: M? <v3 /2 and 4c2M? +2c2 My, +26c2M~y, < v3 /4. Thus
from (3.35), using (I13— I27), grouping common terms and integrating from 0 to t we
have

p pTz
@I+ 22 [ 165, s Juta@F +5 [ )1 %as

+8’$ |'Umyy( )‘2 ||¢0mH2 ”vlm“2 8 2‘”0myy|

+ ?‘(rljl)y‘%fm(@) +? <M270+(V§M+M3)+C97§) va||2Loo(o,T;H5) T
0

2p !
+mz/0 (M8 + |71y |7 0 (0,1) + 2M [0 () 1P + 975 107, (8) P | o (5) || P s
0
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2pM?

2
7270

t T
+ [ ((estrernten) + L lon (o)) longy (o) s+ 5 [ (0]

0
# (320 [tutorreas (3.39)

Therefore, using the estimate (3.34) and Gronwall’s inequality in (3.39), we obtain
p||¢m||2+m/tl¢myy<s)|2+1|v’ ||2+5/t o i P cia. (340
2 871 Jo 20 0 " 87

where ¢12 depends on {¢g,v0,v1,71,41,1, f1,1} and is independent of m.
Estimate IIT: Taking w=¢/, (t) in (3.2)and w=v!, (¢) in (3.3), we have

|¢;n<t>|2=(,y%(t) nmmy(t)m;”—@)oﬁmyy(tw%(a%ww(t)’ywmy(t))

(rl,h () )y n z;((’?) Vrmy () o (£) + 1 (M> vmyy(t)¢m(t)>
1
5

(
“

2) CAEI0)
m ) _l 1}, _l ’Ul /
(55 ) s 06 my (0 =~ Oyt =~ (0l (). 9 (1)) (3:41)

(0 = (=515 (401 = (@ (07 (007 ) (1)
+ (% (v = (@ +9'9)*) oma (1) =~ O () (1) + % ((@+79)er, )
+( (%t) (0" ())+ (£)g) +6(e’ (E)+ (8)y) vy (8) — B3 () + F1 (8), 07 (1))
(3.42)

The analysis to make the estimates of the terms is done in a similar way to the
Estimate II, that is, we have from (3.41) and (3.42), that

1y 5 !
:/0 ,yz(t)rly(y)qﬁmyﬁb:ndyg 2761|7’1y‘%°<>(0,1)H‘bm(t)||2+1*0|¢;n(t)|2
1y 5 )
JQ:/O ~2 t)rl(y)quyyd);ndyﬁ 2761|T1‘i°°(0,1)|¢myy(t)|2+ﬁ|¢in(t)|2
1 / / 2
o (1) +7'(t)y / 5M 2 Loy e
= - N m d <— m t - t
g [ (O oty < o 10m I + g 0)

r1(y)j1 / 5 . 2 Lo 2
Ji=— rdy < r171(t 1)t 5 |Pm(t
4 ; ( >y¢ Y 273“ 11(8)ylL (0,1) 10|¢ (t)]

_ (1YW , _5M? , S
5= [ L vt < S o 016 (0 + 51 0)

. 1 1 o/(t)—l—,y/(t)y , 5M2 ) , 1, ,
JG_W/Q (T)Umyy¢m¢mdy§ %mey(t” | ()] +T0‘¢m<t)|

IS D , 5M? ) o L,
= — —_ < —_— —_

_ 1 ! /Y 5 2,/ 2 1 / 2
JS__W/O ¢>myvm¢mdy§ﬁll¢m(t)ll [0 () + 15 19m (0)]
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1 1 Y. ) . , 1., )
2t <5 1
1 1 8
o= / 1@y W) = (@ 7Dy Vom0, < 5 (vova+ M2 o +f| ml?
0 0

1
1 2 1
Ti= [ (0200 =@ 470 oty < (M o P+ Gl (O
0

1 2
p " 2p 2 2 1y 2
J **\/ m mvmd S mt mt 7(Umt
12 ; —,y(t)cb Py U Y 2 [m (@O [|@m ()7 + Zlvm (2)]

! , , 8M? o L,
J13: o W(a (t)+’)’ (t)y) my mdy< 2 va(t)” +§ Um(t)|
1 2
o l " 1" é / / 2M 2 2 1 " 2
J14_/0 (S0 +"m)+ 2 (o +)) < =5 L+ fom (O + gl 0)

1
1
Jis= / Sunm < 810t (0 (0] <262, () + o (D)
0

1
Sl @)%

1
Bo= [ Sty <R OO <2 ROF +le,

Substituting the inequalities (J; —Ji6) in (3.41) and (3.42) and integrating from 0 to ¢,
we have

5 L1607 < el [ loml+ Zairitie [ 1omal

5M? 5 5M
2 22 61700 (0,753 T + ,YO|(7"1]1) vt T+ 5 P2 HUmHLoo 0,T5H}) / |6l
5M 5M?
+ im0 [ 16+ S lom e [ T
+2,}/8|¢m|%W(O,T;H(§)/O U:n(5)|2+2,)/3||v:n||2L°°(O,T;Hé)/O |G (3.43)
9 2
| j V3V4+M) HUmHLoe (0,T;H}) " T+ (V3+M) |"Umyy|Loo(0TL2) T
Yo
p 2
+72||¢m||Loo(0’T;H1(071))/ |¢m(3) ” ds
2M?

_|_

= (L0 oo im0 1))T+262/ W ()] ds+2/ F(0)2de (3.44)
By using the estimates (3.34) and (3.40) in (3.43) and (3.44), it yields
t
/ |p! (s)|2ds < 13, where ¢;3 is independent of m. (3.45)
0

Besides that,

t
/ [v” (s)|2ds < c14, where ¢4 is independent of m. (3.46)
0
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From the estimates (3.34), (3.40), (3.45) and (3.46), using Banach-Bourbaki-Alaoglu,
Kakutani and Aubin-Lions theorems, there exists a subsequence of (u,),(hy,); still
denoted by (), (hsm,) such that

G — ¢ (weak star) in L=(0,T; HL(0,1))

Vm — v (weak star) in L>°(0,T; H}(0,1)NH?(0,1))

Umy — vy (strong) in L?(0,T;L2(0,1)) and a.e. in 2x (0,7)=Q
dm — ¢ (weak) in L2(0,T; H}(0,1)NH?2(0,1))

¢m — ¢ (strong) in L?(0,T;HL(0,1))and a.e. in Qx (0,7)=Q
Gmy — ¢y (strong) in L?(0,T;L?(0,1)) and a.e. in 2x (0,7)=Q
vl o’ (weak star) in L(0,T; H} (0,1))

vl —v' (strong) in L2(0,T;L?(0,1))and a.e. in Qx (0,7)=Q
¢!, — ¢ (weak) in L?(0,T;L?(0,1))

vl =" (weak) in L*(0,T;L?*(0,1)).

(3.47)

We also have, from (3.47), that ¢, ¢my — ¢, a.e. in @Q=0Qx (0,T) and
1 T
6l < (16Ol | 160}t < [ o0 lom @l

T
<@ [ 16n@de < crsl bl o rimo T <err

Therefore, from Lions [7], ¢mdmy — ¢d, (weak) in L(Q).
On the other hand, as ¢, v), = ¢v" a.e. in Q and

T 1 T
Pyt < [ (16m®Fiman | W Paly)ar< [ (om0l e
T
S A R CACI e

Then, from Lions [7], ¢,v), —¢v’ (weak) in L?(Q) and similarly, ¢.,vm, — ¢v, (weak)
in L?(Q).

Uniqueness of solution.

We will prove the uniqueness of solution using the argument by contradiction.

In fact, consider two solutions {¢1,v1} and {¢2,v2} solutions of the coupled systems
(2.8) in the sense defined in Theorem (3.2).

Taking w=¢1 — @2 and z=v; — v, it yields

wi= (5 (1)), = (5 (0 O+ )G, = damy)),
#Gigtono), o), (0. o
it (s 0+ 0)° - y) ), s (161, — a0, (348
T e i

w=z=0, Vt>0

w(y,0)=0, 0<y<1

Z(y,O)ZO, zt(yvo)zoa 0<y< 1
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Taking the composition of (3.48); with w and (3.48), with z;, we have

;c;lt|w(t)|2+/0 ;12((?13 33 / ( t)( o/ (1) +9'(t)y) (Prv1y — ¢2@2y))wy dy

1

1 1 1 2 g
-l-/o m(¢2v2t P1v1e)wydy /0 W )+ )y ))wy dy=0 (3.49)

2

;jﬂ 22+ ;/01(((;(23/))_(&4;7’1/) )jt y)d += /(¢1¢1y P22y )zt

‘/01 (i@ +7i)) —/01 (@) 48 4 ) mr ol =0
(3.50)

Analysis of the terms (3.49) and (3.50).
For the third term of the left-hand side from (3.49), we have:

1 / t / t M 1
Il:/o ((W)(¢lvly_¢2”2y))wydy§2/ |P1[v1y —vay|wy|

M
/ |vay |1 — pallwy| < 20|Zy( Ollwy ()] + — 2 )|U2y( )z 0,1)|w(E)[|wy (t)]
MCzo

< T, Ollwy O]+ = ea(0) | (O, 0
2M? 2, T2 2 ﬂ 2 w(t))?
ST’Y ()“ ()“ 4 2<)| y( )| 7“2'}’ ()| 2( )|H2(071)‘ (t)| s

where [¢1(t)] e (0,1) < ¢20, since ¢ € L>(0,T;Hi(0,1)) € L>=(0,7;L(0,1)).
For the fourth term of the left-hand side from (3.49), we have:

1 /! 1 /! 1 1t
12:;/ (qszvgt—mu)wys;/ |¢2|\v2t—v1t|\wy|+—/ (o — 1 (O)||osel [y
0 0

C20
<=l @llwy (0] +

€20 23 2 2, 265 2
—lw(t)||w, ()| < —== + + ——|w(t)|*,

o @y (O] = =" ()] 7|y()| o [l
where [¢2(t)| 10,1y <20 since that ¢ € L>(0,T5L>°(0,1)). We also use |v1¢]gee(0,1) <
c20 since that v, € L°°(0,T;H}) C L*°(0,T;L*°).

Similarly, for the last term from (3.49), we have:

M2 < M.

h==; | @O+ Opuiiy< P <

(t)

Consider now the terms from (3.50).
For the fourth and fifth terms of the left side from (3.50), we have:

1 L 1 ’ / 2 M 2
=1 / @O Oy < )

e / %t)((aff(n+w<t>y>+a<a'<t>+v'<t>y>)zyztdy
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M(1+96) . . (M(1+49))* 2 lz 2
<=0 [2(@®)[|z:(8)| < o I 121"+ S = ()]

For the second term of the left-hand side from (3.50), we have:

i (- C g i
Py) = (@ () +7/ (t)y)? )szyl/l d (A= @O+ Oy s
0

l/

7§d7 (t) vWTo ), dt ~2(1) v 4
_1d OO0 oy L (M GREMAMG
2t ), 0 Jeatr+ (Gt )0

For the third term of the left-hand side from (3.50), we have:

et (Gr61y— o) edy
<71(';)/01¢1||¢1y—¢2y<t>||zt|dy+;;)/01|¢2y|¢1—¢>2||zt|dy
< 2 b Ol1z(0)1+ =10 ()l 0. ke (O 1)
< 2 sl + T 1620 o b (0| (0)
S L >|2+2pT§18|zt<t>|2+8;;2@)|¢2<t>|%p<o,1>|w<t>|2+2’;3’3zt<t>|2.

Substituting the inequations (I3 —I7) in (3.49) and (3.50), and then integrating from 0
to t, we have

1 2M2
SlwP+ / g9 < (228) [ a0 ot Pl

2M 2 2
020 /|| )|2ds + 020 /|z )2ds+ ( 020 /|w )|2ds
1 v3 M? (V2 +M2)M'y_ ¢
S OP + 2 0)ds < (2 +3—2°)/|zy s+ 22 [ o)
2 ’Y1 70 0 0

2p%(co0+¢
+(m D) [aPast 2 [os gt Pas

”5 /|| JI[2ds. (3.51)

Thus, from (3.01)7 we obtain

1 o t t
@+ 3% [y (s)ds Sen [ (-t lunlino (o) Pds
71 Jo 0

t ¢
+622/ ||Z(S)H2d8+623/ |zt(s)|2ds (3.52)
0 0

1 v t t
Sl OF + 22O ds <can [ a()|Pds +eas [ fu(s)|Pas
71 0 0



918 ELECTROMAGNETO-ELASTICITY SYSTEM WITH MOVING BOUNDARY

t t
bean [ fa(o)Pds-+ear [ 16a(5) o () Pds: (359
0 0
Therefore, summing (3.52) and (3.53), we obtain

1 2 313 ! 2 1 2 L% 2
t)|"+ ds+ t 2(t
2‘w( )| ] %/0 Hw(s)” s 2|Zt( )| 1,)/12” ( )”

SCzs/O (L+]v2(8)lFr2(0,1) +102(8) 72 (0,0)) (w0 ()P + [ 2(8)II° + |22 (s)*)ds. (3.54)

Applying the Gronwall inequality in (3.54), we obtain the uniqueness. d

THEOREM 3.2. From the hypotheses (H1) - (H5) and given {r,j,v, f,ho,uo,u1},
there exists a pair of functions (h; u):Q: x (0,T) =R, for the electromagnetoelasticity
problem (2.6), in the class

he L>(0,T; Hy (%)) N L*(0,T; HY () N H?(Q)), he € L*(0,T;L*(Q)),
w€ L>®(0,T; Hy ()N H?(94)), us € L°°(0,T; HY (1)), e € L*(0,T;5 L% ().

Proof.  The transformation 7T, given in (2.7), is invertible; then the solution of the
coupled system (2.8) can be transformed into the solution of the coupled system (2.6),
i.e, u(z,t) and h(z,t) are solutions of the coupled system (2.6) if and only if v(y,t) and
¢(y,t) are solutions of the coupled system (2.8). ad
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