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ELECTROMAGNETO-ELASTICITY SYSTEM WITH
MOVING BOUNDARY∗
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Abstract. Nonlinear electromagneto-elasticity with moving boundary is presented in this work.
We introduce a diffeomorphism operator that transforms the moving boundary system into an equiv-
alent one with fixed boundary and we apply Galerkin’s method and results of compactness to obtain
the existence and uniqueness of solution.
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1. Introduction

The determination of deformation, stress, motion, and electromagnetic field in a
medium on the applications of external loads are studied in the electromagnetic contin-
uum theory. These external loads may be of mechanical origin (e.g., constraints placed
on the surface of the body, and initial and boundary conditions arising from thermal and
other changes, forces, couples) and of electromagnetic origin (e.g., magnetic, electric,
and current fields).

If an electro-conductive medium is subjected to an electromagnetic field, the prop-
agation of elastic and electromagnetic waves will influence each other through the cou-
pling effects of mechanical stresses in the medium and electromagnetic oscillations.

The foundation of magneto-elasticity was first presented by Knopoff [6] in 1955.
This pioneering work was followed by Dunkin et al. [3], in which the authors investigated
the coupling of electromagnetic and elastic waves from the standpoint of linear elasticity
and a linearized electromagnetic theory. An investigation of the same problem for a
uniform electrostatic field showed that the usual plane waves propagate without any
change in their phase velocities but the mechanical waves are accompanied by small
fluctuating electromagnetic fields. The problem of vibration of a free infinite elastic plate
in a large magnetostatic field were examined under the assumption that the resulting
electromagnetic fields are quasi-stationary.

Mathematical problems of interaction between the propagations of elastic and elec-
tromagnetic waves were treated by Avdeev et al. [1]. We also refer the readers to the
following related works: Imomnazarov [5], Merazhov [11], Yakhno [8, 9], Priimenko et
al. [15, 16] Romanov et al. [17, 18] and Yakhno et al. [19, 20].

In recent years, the interaction of electromagnetic fields in deformable media has
been a subject of many theoretical and experimental investigations in continuum me-
chanics and geophysics, such as, among others, [2,14]. A special attention is being given
to the interaction between the magnetic and the deformation fields in a thermoelastic
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solid due to its relevance in the fields of geophysics, plasma and nuclear physics, for
which we can mention the works of [10,12].

For the theory of electromagneto-elasticity, we can mention, among others, the
works [2, 4, 13].

2. Mathematical model

Consider a mathematical model of an isotropic electromagneto-elastic medium de-
scribing the coupling mechanism of electromagnetic and elastic effects due to small
deformation of the medium and the variation of electromagnetic field. The system of
governing equations are given by the following electromagnetic dynamics:

rot ~H=σ ~E + σµe
∂~U

∂t
× ~H + ~J, (2.1)

rot ~E=−µe
∂ ~H

∂t
, div(µe ~H) = 0, (2.2)

and the equation of motion of the elastic medium with the Lorentz force:

ρ
∂2~U

∂t2
=div T (~U) + µe rot ~H× ~H + ~F , (2.3)

where the stress tensor T (~U) is given by

Tij =λ(∇· ~U)δij+µ(Ui,j+Uj,i), 1≤ i,j≤3. (2.4)

The vectors ~E= (E1,E2,E3) and ~H= (H1,H2,H3) are the components of electric and

magnetic fields respectively; ~U = (U1,U2,U3) is the displacement vector of the medium;
σ, µe, ρ, λ and µ are electric conductivity, magnetic permeability, density and the Lamé
coefficients of the medium, respectively; ~J is the source of electromagnetic field; ~F is
the external force field and δij is the Kronecker symbol.

We shall consider the case where all functions in Equations (2.1)-(2.4) depend

on variables (z,t) and ~U, ~E, ~H, ~J and ~F are vectorial functions defined by ~E=

e(z,t)(0,1,0), ~H=h(z,t)(1,0,0), ~U =u(z,t)(0,0,1), ~J = j(z,t)(0,1,0), ~F =f(z,t)(0,0,1)
where e,h,u,j and f are scalar functions and z represents the variable x3.

For the particular case of ρ= constant and µe= constant, the system can be written
in the form:

ht= (rhz)z−(hut)z−(rj)z,

utt= (ν2uz)z−phhz+f, (2.5)

e= rhz−hut,

where, vp= ((λ+2µ)/ρ)1/2 is the velocity of longitudinal elastic wave; r−1 =µeLV0σ
is the magnetic Reynolds number, p=µeH

2
0ρ
−1V −20 , ν=vp/V0 are the dimensionless

speeds of propagation of elastic field and L,V0 and H0 are the characteristic values of
length, velocity and magnetic field, respectively.

In this paper we shall formulate the problem based on the coupled system (2.5) in
a domain with moving boundary.

2.1. Formulation of the problem. Let Q̂={(x,t)∈R2; α(t)<x<β(t), 0<
t<T} be a noncylindrical domain, with its lateral boundary denoted by Σ̂ =
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∪{0<t<T}{α(t),β(t)}×{t}. We shall consider the following coupled system of nonlinear
electromagneto-elasticity with moving ends:

ht−(rhx)x+(hut)x+(rj)x= 0, in Q̂

utt−(ν2ux)x+phhx+δut−f = 0, in Q̂

u=h= 0, ∀(x,t)∈ Σ̂

h(x,0) =h0(x), α(0)<x<β(0)

u(x,0) =u0(x), ut(x,0) =u1(x), α(0)<x<β(0)

(2.6)

where we have added a damping term δut with damping coefficient δ>0.
The existence and uniqueness of weak solutions for the fixed domain of the model

(2.6) was proved in [14]. In this work, we will investigate the existence and uniqueness
of weak solutions of electromagnetic and elastic fields for the model (2.6) with moving
boundary.

2.2. Notations and hypotheses. Let the space V =H1
0 (Ω)∩H2(Ω) be

equipped with the scalar product and norm given by

(u,v)V =

∫ β0

α0

∂2u

∂x2
∂2v

∂x2
dx; |u|2V =

∫ β0

α0

∣∣∣∂2u
∂x2

∣∣∣2
R
dx, ∀u∈V.

The scalar product and norm in L2(Ω) are represented by

(u,v) =

∫ β0

α0

u(x)v(x)dx; |u|2 =

∫ β0

α0

|u(x)|2Rdx, ∀u,v∈L2(Ω).

and by L∞(Q) we represent the Banach space of bounded measurable functions equipped
with the norm

‖u‖∞= sup ess
(x,t)∈Q

|u(x,t)|R.

Consider the following hypotheses for the boundary {α(t),β(t)}:
H1: α,β∈C2([0,T ];R), where 0<γ0 = min

0≤t≤T
γ(t)≤γ1;

H2: β′(t)>0 and α′(t)<0, ∀t∈ [0,T ].

In order to solve problem (2.6), we shall now consider a change of variables to
transform the domain Qt to a cylindrical domain Q using the following transformation:

T :Qt→Q= (0,1)×(0,T )

(x,t) 7→ (y,t) =
(x−α(t)

γ(t)
, t
)
,

(2.7)

which is C2. The inverse T −1 is also C2. Using the application (2.7) and notations

φ(y,t) =h(α(t)+γ(t)y,t), γ(t) =β(t)−α(t)

u(x,t) =u
(
T −1(y,t)

)
=v(y,t).
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With the transformation T , the coupled system (2.6) is transformed into the following
equivalent coupled system with the cylindrical domain Q= (0,1)×(0,T )

φ′− 1

γ2(t)

(
((r1(y)φy)y−(α′(t)+γ′(t)y))φvy

)
y

+
1

γ(t)
(φv′)y

+
1

γ(t)

(
(r1(y)j1(y,t))y−(α′(t)+γ′(t)y)

)
φy = 0, in Q

v
′′

+
1

γ2(t)

(
(α′(t)+γ′(t)y)2−(ν21(y)vy)y

)
+

p

γ(t)
(φφy)− 2

γ2(t)
(α′(t)+γ′(t)y)2v′y

− 1

γ(t)

(
(α′′(t)+γ′′(t)y)+δ

(
α′(t)+γ′(t)y

))
vy+δv′−f1(y,t) = 0, in Q,

v=φ= 0, ∀(y,t)∈Σ =
⋃

0<t<1

{0,1}×{t},

φ(y,0) =φ0(y), v(y,0) =v0(y), v′(y,0) =v1(y), 0<y<1,
(2.8)

where the prime {′} denotes the partial derivative with respect to t and

ν1(y) =ν(α(t)+γ(t)y), j1(y,t) = j(α(t)+γ(t)y,t), f1(y,t) =f(α(t)+γ(t)y,t)

ν21(y) =ν2(α(t)+γ(t)y), φ0(y) =h0(α(0)+γ(0)y), v0(y) =u0(α(0)+γ(0)y)

v1(y) =u1(α(0)+γ(0)y)+γ(0)u0x(α(0)+γ(0)y).

With this change of variables, u(x,t) and h(x,t) are solutions of the coupled problem
(2.6) if and only if v(y,t) and φ(y,t) are solutions of the coupled problem (2.8).

To establish the existence and uniqueness of the solution to the coupled problem
(2.8), we shall require the following additional hypotheses:

H3: M = max
0≤t≤T

{|α′(t)|+ |β′(t)|, |α′′(t)|+ |β′′(t)|}, M1 = max
0≤t≤T

{|α′(t)|+ |β′(t)|}

4c27M
2 +2c25Mγ1 +2δc27Mγ1<ν

2
2/4.

The α(t) and β(t) functions, which define boundary conditions, will be conveniently
chosen to satisfy the following assumptions,

4γ−10 M3

δ
+
(4

δ
+1+

8(1+δ)2

δ2
+2(c0 +1)2

)
M2 +

(4ν23γ
−1
0

δ
+(1+δ)c0γ1

)
M<ν22/2,

Mγ1c
2
0<r2, M/γ0<δ/8, M

2
1 <ν

2
2/2 and 4c25M

2 +2c25Mγ1 +2δc25Mγ1<ν
2
2/4,

where ν2 and ν3 are defined by the hypothesis (H4) below and c5 is a constant due to
immersion H1(0,1)⊂C0([0,1]).

H4: r∈W 1,∞(a,b), ν ∈W 2,∞(a,b), j∈W 1,∞(Q̂), νx(α(t)) =νx(β(t)) = 0,
where (α(t),β(t))⊂ (a,b), and there are positive constants r2, ν2, r3 and ν3 such

that r2≤ r(x)≤ r3 and ν2≤ν(x)≤ν3, ∀x∈ (a,b) with p and δ being positive constants.

H5: {h0,u1}∈H1
0 (Ω0), u0∈H1

0 (Ω0)∩H2(Ω0), Ω0 = (α(0),β(0)), f ∈
L2(0,T ;H1

0 (Ωt)), where Ωt= (α(t),β(t))

The functions {u0, u1, f} are chosen small enough, so that, after changing variables,
the functions {v0, v1} satisfy the conditions:

H6:

(
4c1γ1 +

1

ν2

(
8pMc1γ1

)(
K0 +p

∫ T

0

|
√
r1(y)j1(y,t)|2dt

+
1

8δν22

(
δ2γ21c

2
0 +16ν22

)∫ T

0

|f1(t)|2dt
)1/2

<r2,

where K0 = c (|φ0|2 + |v1|2 + |v0|2 +‖v0‖2) and c a positive constant.
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Remark 2.1.
(i) From hypothesis (H4) and using the change of variables T , we obtain

r1∈W 1,∞(0,1), ν1∈W 2,∞(0,1), j1∈W 1,∞(Q), ν1y(0) =ν1y(1) = 0.

Besides that, there are positive constants {r2, r3, ν2, ν3, ν4, ν5} such that

r2≤ r1(y)≤ r3, ν2≤ν1(y)≤ν3, ν1y(y)≤ν4, ν1yy(y)≤ν5, ∀y∈ (0,1).

(ii) Similarly, from hypothesis (H5), we obtain

{φ0,v1}∈H1
0 (0,1), v0∈H1

0 (0,1)∩H2(0,1), f1∈L2(0,T ;H1
0 (0,1)).

3. Existence of solution
To show the existence of a solution to the coupled system (2.6), we will use the

Galerkin method. First, let us define the concept of a solution for (2.6):

Definition 3.1. Suppose that h0,u1,u0, satisfying (H5). A global solution for the
coupled system (2.6), is a pair of functions {h, u} belonging to the class

h∈L∞(0,T ;H1
0 (Ωt))∩L2(0,T ;H1

0 (Ωt)∩H2(Ωt)), ht∈L2(0,T ;L2(Ωt)),

u∈L∞(0,T ;H1
0 (Ωt)∩H2(Ωt)), ut∈L∞(0,T ;H1

0 (Ωt)), utt∈L2(0,T ;L2(Ωt))

satisfying the following integral identities,∫
Q̂

ht(x,t)ϕ(x,t)dxdt+

∫
Q̂

r(x)hx(x,t)ϕx(x,t)dxdt

−
∫
Q̂

h(x,t)ut(x,t)ϕx(x,t)dxdt−
∫
Q̂

r(x)j(x,t)ϕx(x,t)dxdt= 0∫
Q̂

utt(x,t)ϕ(x,t)dxdt+

∫
Q̂

ν2(x)ux(x,t)ϕx(x,t)dxdt

+

∫
Q̂

ph(x,t)hx(x,t)ϕ(x,t)dxdt−
∫
Q̂

f(x,t)ϕ(x,t)dxdt= 0, ∀ϕ∈L2(0,T ;H1
0 (Ωt)).

Moreover, {h,u} satisfy the initial conditions u(0) =u0, ut(0) =u1, h(0) =h0.

Similarly, the concept of global solution for the coupled system (2.8) is given by:

Definition 3.2. Suppose that {φ0,v1}∈H1
0 (0,1), v0∈H1

0 (0,1)∩H2(0,1), f1∈
L2(0,T ;H1

0 (0,1)). A global solution for the coupled system (2.8), is a pair of functions
(φ;v) :Q= Ω×(0,T )→R, belonging to the class

φ∈L∞(0,T ;H1
0 (0,1))∩L2(0,T ;H1

0 (0,1)∩H2(0,1)), φt∈L2(0,T ;L2(0,1)),

v∈L∞(0,T ;H1
0 (0,1)∩H2(0,1)), vt∈L∞(0,T ;H1

0 (0,1)), vtt∈L2(0,T ;L2(0,1))

satisfying the following integral identities∫
Q

φt(y,t)ϕ(y,t)dQ+

∫
Q

1

γ2(t)
(r1(y)φy(y,t))ϕy(y,t)dQ

+

∫
Q

1

γ2(t)
(α′(t)+γ′(t)y)φ(y,t)vy(y,t)ϕy(y,t)dQ−

∫
Q

1

γ(t)
(φ(y,t)vt(y,t))ϕy(y,t)dQ

−
∫
Q

1

γ(t)
(r1(y)j1(y,t))ϕy(y,t)dQ−

∫
Q

1

γ(t)
(α′(t)+γ′(t)y)φy(y,t)ϕy(y,t)dQ= 0,
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Q

vtt(y,t)ϕ(y,t)dQ−
∫
Q

1

γ2(t)

(
(α′(t)+γ′(t)y)2−ν21(y)

)
vy(y,t)ϕy(y,t)dQ

+

∫
Q

p

γ(t)

(
φ(y,t)φy(y,t)ϕ(y,t)

)
dQ−2

∫
Q

1

γ(t)
(α′(t)+γ′(t)y)v2yt(y,t)ϕ(y,t)dQ

−
∫
Q

1

γ(t)

(
α′′(t)+γ′′(t)y+δ(α′(t)+γ′(t)y)

)
vy(y,t)ϕ(y,t)dQ+δ

∫
Q

vt(y,t)ϕ(y,t)dQ

−
∫
Q

f1(y,t)ϕ(y,t)dQ= 0, ∀ϕ∈L2(0,T ;H1
0 (0,1)).

Moreover, {φ, v} satisfy the initial conditions v(0) =v0, φ(0) =φ0, vt(0) =v1.

Theorem 3.1. From the hypotheses (H1) - (H6) and given {r1,j1,ν1,f1,φ0,v0,v1},
there exists a pair of functions (φ; v) : Ω×(0,T )→R for the electromagnetoelasticity
problem (2.8), in the class

φ∈L∞(0,T ;H1
0 (0,1))∩L2(0,T ;H1

0 (0,1)∩H2(0,1)), φt∈L2(0,T ;L2(0,1)),

v∈L∞(0,T ;H1
0 (0,1)∩H2(0,1)), vt∈L∞(0,T ;H1

0 (0,1)), vtt∈L2(0,T ;L2(0,1)).

Proof. Since the coupled system (2.8) has time-dependent coefficient, a natural
method to show the existence of solution for system (2.6) is the classical Galerkin’s
method. For this, we choose a special spectral basis (wi)i∈N of the Laplace operator in
L2(Ω) which is an orthogonal and complete system in H1

0 (Ω). For each m∈N we set
Vm= span {wi,. .. ,vm}⊂H1

0 (0,1) generated by the first m basis vectors.

Approximation Problem: For each m∈N, we find a real number tm>0 and real
functions gim and dim defined on [0,tm] such that setting

vm(t) =

m∑
i=1

gim(t)wi∈Vm and φm(t) =

m∑
i=1

dim(t)wi∈Vm, (3.1)

where (φm,vm) for y∈Ω and t∈ [0, tm] is the solution to the approximate problem:(
φ′m(t),w

)
+
r1
γ2
(
φmy(t),wy

)
− 1

γ

(
(α′+γ′y)φmy(t),w

)
− 1

γ

(
r1j1(t),wy

)
+

1

γ2
(
(α′+γ′y)vmy(t)φm(t),wy

)
− 1

γ

(
φm(t)v′m(t),wy

)
= 0 (3.2)

(
v′′m(t),w

)
+

1

γ2(t)

((
ν21(y)−(α′+γ′y)2

)
vmy(t),wy

)
+
p

γ

(
φm(t)φmy(t),w

)
+
−2

γ

(
(α′+γ′y)v′my,w

)
− 1

γ

(((
α′′+γ′′y

)
+δ
(
α′+γ′y

))
vmy,w

)
+
(
δv′m(t),w

)
= (f1(t),w). (3.3)

Associated with the initial data (v0,v1,φ0) we will take (v0m, v1m, θ0m)m∈N such
that

vm(0) =v0m−→v0 in H
1
0 (0,1)∩H2(0,1), (3.4)

φm(0) =φ0m−→φ0 in H
1
0 (0,1), (3.5)

v′m(0) =v1m−→v1 in H
1
0 (0,1). (3.6)
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The existence of local approximate solution {φm, vm} of (3.2) - (3.6) is a consequence of
the standard ordinary differential equation theory. To extend the local solution to the
interval [0,T ] independent of m, in the sense of Definition (2.3), the following a priori
estimates are needed.

Estimate I: Taking w=pφm(t) in (3.2), w=v′m(t) in (3.3), and adding the equa-
tions, we have

p

2

d

dt
|φm(t)|2 +p

∫ 1

0

r1(y)

γ2(t)
φ2my(y,t)dy+

1

2

d

dt
|v′m(t)|2

+
1

2

d

dt

∫ 1

0

1

γ2(t)

(
ν21(y)−(α′(t)+γ′(t)y)2

)
v2my(y,t)dy+

p

2

γ′(t)

γ(t)
|φm(t)|2

=I1 +I2 +I3 +I4 +I5 +
γ′+δ

γ
|v′m|2−

(
ν21(y)−2(α′+γ′y)2γγ′

)
v2my(y,t) (3.7)

where {I1, I2, I3, I4, I5} are defined as follows:

Analysis of the terms on the right side of (3.7):

I1 =p
( 1

γ(t)
r1j1(t),φmy(t)

)
≤p
∣∣∣√r1j1(t)

∣∣∣2
L∞(0,1)

+p

∫ 1

0

|r1(y)|
4γ2(t)

|φmy(y,t)|2dy

I2 =
−p
γ2(t)

((
α′(t)+γ′(t)y

)
vmy(t)φm(t),φmy(t)

)
≤ pMc0
γ2(t)

|vmy(t)||φmy(t)|2

where c0 is the immersion constant |.|L∞(0,1)≤ c0‖.‖H1
0 (0,1)

and |α′(t)+γ′(t)y|≤ |α′(t)|+
|β′(t)|≤M.

Similarly for the I3, I4 and I5 term, using Cauchy-Schwarz inequality and remem-
bering that γ(t) is increasing, we have,

I3=
1

2γ4(t)

∫ 1

0

(
−2(α′(t)+γ′(t)y)(α′′(t)+γ′′(t)y)γ2(t)−(ν21 (y)−(α′+γ′y)2)2γγ′

)
v2my(y,t)dy

≤
( 1

γ2
M2γ2+(ν23 +M

2)Mγ−1
0

)
|vmy(t)|2.

and

I4 =

∫ 1

0

1

γ(t)

((
α′′(t)+γ′′(t)y

)
+δ
(
α′(t)+γ′(t)y

))
vmy(y,t)v′m(y,t)dy

≤ 1

γ2(t)

(
(1+δ)M

)2 2

δ
|vmy(t)|2 +

δ

8
|v′m(t)|2

I5 =(f1(t),v′m(t))≤ 2

δ

∣∣f1(t)
∣∣2 +

δ

8

∣∣v′m(t)|2.

Now, taking w=vm(t) in (3.2), we have

d

dt
(v′m(t),vm(t))−|v′m(t)|2 +

∫ 1

0

1

γ2(t)

(
ν21(y)−(α′(t)+γ(t)y)2

)
v2my(y,t)+

δ

2

d

dt
|vm(t)|2

= I6 +I7 +I8 +I9 (3.8)

where {I6, I7, I8, I9} are defined as follows:
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Analysis of the terms (3.8):

I6 =
−p
γ

(φm(t)φmy(t),vm(t))≤ p

γ
|φ(t)|L∞(0,1)||φmy(t)||vm(t)|≤ pc0γ1

γ2
|φmy(t)|2|vm(t)|.

Integrating by parts, we obtain

I7 =
2

γ

((
α′+γ′y

)
v′my(t),vm(t)

)
=−2

∫ 1

0

1

γ

((
α′+γ′y

)
vm(y,t)

)
y
v′m(y,t)dy

=−2

∫ 1

0

(
γ′γvm(y,t)v′m(y,t)+

1

γ

(
α′+γ′y

)
vmy(y,t)v′m(y,t)

)
dy

≤ 2

γ

(
|α′|+ |β′|

)
(c1 +1)|vmy(t)||v′m(t)|≤ 1

γ2
(√

2M(c1 +1)
)2|vmy(t)|2 +

1

2
|v′m(t)|2

where c1 is the immersion constant, i.e, |.|L2(0,1)≤ c1‖.‖H1
0 (0,1)

.

I8 =
1

γ(t)

(((
α′′(t)+γ′′(t)y

)
+δ
(
α′(t)+γ′(t)y

))
vmy(t),vm(t)

)
≤
(
|α′′(t)|+ |β′′(t)|+δ(|α′(t)|+ |β′(t)|)

)
c1|vmy(t)|2≤ 1

γ2
(1+δ)Mc1γ1|vmy|2 (3.9)

where, we have used Young’s inequality. Similarly, we have

I9 = (f1(t),vm(t)≤|f1(t)||vm(t)|≤ 1

γ2(t)

(
γ21c

2
1ν

2
2 |f1(t)|2

)
+ν22 |vmy(t)|2. (3.10)

Considering the inequalities (I1−I9), multiplying (3.8) by δ/4, adding with the terms
of (3.7), we obtain, after some calculus, that

p

2

d

dt
|φm(t)|2 +p

∫ 1

0

r1(y)

γ2(t)
φ2my(y,t)dy+

1

2

d

dt
|v′m(t)|2 +I10 +I11 +I12

+δ|v′m(t)|2 +
δ

4

d

dt
(v′m(t),vm(t))− δ

4
|v′m(t)|2 +

δ2

8

d

dt
|vm(t)|2

+
δ

4

∫ 1

0

1

γ2(t)

(
ν21(y)−(α′(t)+γ′(t)y)2

)
v2my(y,t)dy

≤p
∣∣∣√r1j1(t)

∣∣∣2
L∞

+p

∫ 1

0

r1(y)

4γ2
φ2my(y,t)dy+

pMc0
γ2(t)

|vmy||φmy|2 +
δ

8
|v′m|2

+
1

γ2(t)

(
M2 +((ν23 +M2)M)γ−10

)
|vmy(t)|2 +

1

γ2(t)

(
(1+δ)M

)2 2

δ
|vmy(t)|2

+
2

δ
|f1|2 +

δ

8
|v′m|2 +

δpc0γ1
4γ2

|φmy|2|vm(t)|+ δ

2γ2

(
M(c1 +1)γ

)2
|vmy|2

+
δ

8
|v′m(t)|2 +

1

γ2(t)

(
δ(1+δ)Mc1γ1

)
|vmy(t)|2 +

δγ21c
2
1

8ν22
|f1|2 +

δν22
8γ2
|vmy|2 (3.11)

where {I10, I11, I12} terms, on the left side of (3.10) are defined as follows:

I10 =
pγ′(t)

2γ(t)
|φm(t)|2≤ p

2γ2
(|α′|+ |β′|) |φm|2γ≤

pMγ1c
2
1

2γ2
|φmy|2

I11 =
γ′(t)

γ(t)
|v′m(t)|2≤ 1

γ0
M |v′m(t)|2
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I12 =
δ

4

∫ 1

0

1

γ2(t)

(
ν21(y)−(α′(t)+γ′(t)y)2

)
v2my(y,t)dy

=
δ

4

∫ 1

0

ν21(y)

γ2(t)
v2my(y,t)dy− δ

4

∫ 1

0

1

γ2(t)
(α′(t)+γ′(t)y)2v2my(y,t)dy

≥δ
4

ν22
γ2(t)

|vmy(t)|2− δM2

4γ2(t)
|vmy(t)|2 (3.12)

where, we use the (H3) hypothesis to obtain the inequalities.

d

dt

[p
2
|φm(t)|2 +

1

2
|v′m(t)|2 +

1

2

∫ 1

0

1

γ2(t)

(
ν21(y)−(α′(t)+γ′(t)y)2

)
v2my(y,t)dy

+
δ

4
(v′m,vm)+

δ2

8
|vm|2

]
+

p

4γ2
|φmy|2

(
r2−

(
δc0γ1|vm|+4Mc0|vmy|

))
+

p

2γ2
|φmy|2(r2−Mγ1c

2
1)+

δM̂

4γ2
|vmy|2 +

δ

4
|v′m|2 + |v′m|2

(δ
8
−M
γ0

)
≤p
∣∣∣√r1j1(t)

∣∣∣2
L∞

+
δ2γ21c

2
1

8ν22
|f1(t)|2 +

2

δ
|f1(t)|2 (3.13)

where

M̂ =
[ν22
2
−
(4M2

δ
+

4

δ
(ν23 +M

2)Mγ−1
0 +

8

δ2
(1+δ)2M2+2M2(c1+1)2+(1+δ)Mc1γ1+M

2)].
Let us denote the function K(t) by

K(t) :=
p

2
|φm(t)|2 +

1

2
|v′m(t)|2 +

δ2

8
|vm(t)|2 +

δ

4
(v′m(t),vm(t))

+
1

2

∫ 1

0

1

γ2(t)

(
ν21(y)−(α′(t)+γ′(t)y)2

)
v2my(y,t)dy. (3.14)

Remark 3.1. Now, we want to show that there are constants c and c̃ such that

K(t) ≥ c̃ (|φm(t)|2 + |v′m(t)|2 + |vm(t)|2 +‖vm(t)‖2)

K(t) ≤ c (|φm(t)|2 + |v′m(t)|2 + |vm(t)|2 +‖vm(t)‖2)
(3.15)

Proof. Indeed, K(t)≥ c̃ (|φm(t)|2 + |v′m(t)|2 + |vm(t)|2 +‖vm(t)‖2.
By using Cauchy’s inequality, one gets∣∣∣δ

4
(v′m(t),vm(t))

∣∣∣≤|v′m(t)|
(δ

4
|vm(t)|

)
≤ 1

4
|v′m(t)|2 +

δ2

16
|vm(t)|2,

then

δ

4
(v′m(t),vm(t))≥−1

4
|v′m(t)|2− δ

2

16
|vm(t)|2.

Note that,

K(t) =
p

2
|φm(t)|2 +

1

2
|v′m(t)|2 +

δ2

8
|vm(t)|2 +

δ

4
(v′m(t),vm(t))

+
1

2

∫ 1

0

1

γ2

(
ν21(y)−(α′+γ′y)2

)
v2my(y,t)dy≥ p

2
|φm(t)|2 +

1

2
|v′m(t)|2
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+
δ2

8
|vm|2−

1

4
|v′m|2−

δ2

16
|vm|2 +

1

2

∫ 1

0

1

γ2

(
ν21(y)−(α′+γ′y)2

)
v2mydy. (3.16)

Therefore

K(t)≥ p
2
|φm(t)|2 +

1

4
|v′m(t)|2 +

δ2

16
|vm(t)|2 +

1

2

∫ 1

0

1

γ2

(
ν21(y)−(α′+γ′y)2

)
v2mydy.

(3.17)

However, using the hypotheses that M2
1 <

1

2
ν22 , it follows that

1

2

∫ 1

0

1

γ2(t)

(
ν21(y)−(α′(t)+γ′(t)y)2

)
v2my(y,t)dy≥ 1

4

( ν22
γ2(t)

)
|vmy(t)|2.

Thus,

K(t)≥ p
2
|φm(t)|2 +

1

4
|v′m(t)|2 +

δ2

16
|vm(t)|2 +

ν22
4γ2(t)

‖vm(t)‖2. (3.18)

Taking c̃= min
{p

2
,

1

4
,
δ2

16
,
ν22
4γ21

}
results that

K(t)≥ c̃ (|φm(t)|2 + |v′m(t)|2 + |vm(t)|2 +‖vm(t)‖2). (3.19)

Now, let us prove the second inequality of (3.15)2. Indeed; from (3.16) we have

K(t)≤p
2
|φm(t)|2 +

1

2
|v′m(t)|2 +

δ2

8
|vm(t)|2 +

1

4
|v′m(t)|2 +

δ2

16
|vm(t)|2

+
1

2

∫ 1

0

1

γ2(t)

(
ν21(y)−(α′(t)+γ′(t)y)2

)
v2my(y,t)dy, (3.20)

Therefore,

K(t) ≤ p
2
|φm(t)|2 +

3

4
|v′m|2 +

3δ2

16
|vm|2 +

1

2

∫ 1

0

1

γ2
(
ν21(y)−(α′+γ′y)2

)
v2mydy

≤ p
2
|φm(t)|2 +

3

4
|v′m(t)|2 +

3δ2

16
|vm(t)|2 +

1

2γ2(t)

(ν23 +M2

γ2(t)

)
|vmy(t)|2.

Thus,

K(t)≤ p
2
|φm(t)|2 +

3

4
|v′m(t)|2 +

3δ2

16
|vm(t)|2 +

1

2γ20

(
ν23 +M2

)
‖vm(t)‖2 (3.21)

Taking

c= max
{p

2
,

3

4
,

3δ2

16
,
ν23 +M2

2γ20

}
, (3.22)

Therefore,

K(t)≤ c (|φm(t)|2 + |v′m(t)|2 + |vm(t)|2 +‖vm(t)‖2), (3.23)

thus, we conclude the Remark (3.1).
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Returning to (3.13) and with the help of Remark (3.1), we can write

d

dt
K(t)+

p

4γ2(t)
|φmy(t)|2

(
r2−

(
δc0γ1|vm(t)|+4Mc0|vmy(t)|

))
+
δ

4
|v′m(t)|2

≤p
∣∣∣√r1j1(t)

∣∣∣2 +
|f1(t)

∣∣2
8δν22

(
δ2γ21c

2
1 +16ν22

)
(3.24)

and

R(t) = δc0γ1
∣∣vm(t)

∣∣+4Mc0
∣∣vmy(t)

∣∣≤(4c0γ1 +
8Mc0γ1
ν2

)√
K(t). (3.25)

Now, suppose that {v0, φ0, j1, f1} are such that(
4c0γ1 +

8Mc0γ1
ν2

)[
K(0)+p

∫ T

0

∣∣∣√r1j1(t)
∣∣∣2 +

(δ2γ21c21 +16ν22
8δν22

)∫ T

0

|f1|2
]1/2

<r2.

(3.26)
Affirmation:
The function R(t), defined in (3.25) satisfies: R(t)<r2, ∀t≥0.

Indeed, the proof will be made by contradiction. Suppose, by contradiction, that is
false. From (3.25) and (3.26), we have that R(0)<r2. From the continuity of R, there
exists a minimum t∗ such thatR(t)<r2, ∀t∈ [0, t∗[

R(t∗) = r2
(3.27)

Thus, integrating (3.13) from 0 to t∗, we have

K(t∗)≤K(0)+

∫ T

0

p
∣∣√r1j1(t)

∣∣2dt+ 1

8ν22δ

(
δ2γ21c

2
1 +16ν22

)∫ T

0

∣∣f1(t)
∣∣2dt. (3.28)

From (3.25), it follows that

R(t∗) ≤
(

4c0γ1 +
8Mc0γ1
ν2

)√
K(t∗)≤

(
4c0γ1 +

8Mc0γ1
ν2

)
[
K(0)+

∫ T

0

p
∣∣√r1j1(t)

∣∣2dt+(δ2γ21c21 +16ν22
8δν22

)∫ T

0

|f1|2
]1/2

<r2.
(3.29)

Then,

R(t∗)<r2, which contradicts (3.27)2. (3.30)

Therefore,

R(t)<r2, ∀ t≥0. (3.31)

Thus, integrating (3.24) over (0,t), we have,

K(t)+
δ

4

∫ t

0

|v′m(s)|2ds≤K(0)+p

∫ T

0

|
√
r1j1(t)|2L∞(0,1)dt

+
1

8δν22
(δ2γ21c

2
1 +16ν22)

∫ T

0

|f1(t)|2dt≤ c
(
|φ0m|2 + |v1m|2 + |v0m|2 +‖v0m‖2
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+p

∫ T

0

∣∣√r1j1(t)
∣∣2
L∞(0,1)

dt +
1

8δν22

(
δ2γ21c

2
1 +16ν22

)∫ T

0

∣∣f1(t)
∣∣2dt)≤ c2. (3.32)

As c̃ (|φm(t)|2 + |v′m(t)|2 + |vm(t)|2 +‖vm(t)‖2)≤K(t), it follows that

c̃
(
|φm(t)|2 + |v′m(t)|2 + |vm(t)|2 +‖vm(t)‖2

)
+
δ

4

∫ t

0

|v′m(s)|2ds≤ c3. (3.33)

Thus, we have

|φm(t)|2 + |v′m(t)|2 + |vm(t)|2 +‖vm(t)‖2 +

∫ t

0

|v′m(s)|2ds≤ c4, (3.34)

where c4 is independent of m.

Estimate II: Taking w=−pφmyy(t) in (3.2), w=−v′myy(t) in (3.3) and adding the
equations, we have

p

2

d

dt
‖φm(t)‖2 +p

∫ 1

0

r1(y)

γ2(t)
φ2myydy+

1

2

d

dt
‖v′m(t)‖2 dy

+2

∫ 1

0

1

γ2(t)

(
ν1(y)ν1y(y)−(α′(t)+γ′(t)y)γ′(t)

)
vmyv

′
myy dy

+
1

2

d

dt

∫ 1

0

1

γ2(t)

(
ν21(y)−(α′(t)+γ′(t)y)2

)
v2myy dy

− 1

2

∫ 1

0

d

dt

( 1

γ2(t)

(
ν21(y)−(α′(t)+γ′(t)y)2

))
v2myy dy+{I13−I19}

+

∫ 1

0

1

γ

((
α′′+γ′′y

)
+δ
(
α′+γ′y

))
vmy(v′)2myydy+δ‖v′m‖2 = I20. (3.35)

Analysis of the terms (3.35):
Let us first analyze the fourth and last term on the left-hand side of (3.35), then

the fifth and sixth term, and finally the remainder terms (I13−I20). We denote,

ω=
2

γ2

(
ν1(y)ν1y(y)−(α′+γ′y)γ′

)
+

1

γ

(
(α′′+γ′′y)+δ(α′+γ′y)

)
. (3.36)

Since that,

d

dt

∫ 1

0

ωvmyvmyydy=

∫ 1

0

ω′vmyvmyydy+

∫ 1

0

ωv′myvmyydy+

∫ 1

0

ωvmyv
′
myydy,

it follows that∫ 1

0

ωvmyv
′
myydy=

d

dt

∫ 1

0

ωvmyvmyydy−
∫ 1

0

ω′vmyvmyydy−
∫ 1

0

ωv′myvmyydy.

Then, we have∫ 1

0

ωvmyvmyydy=
1

2

∫ 1

0

ω(v2my)y dy=
1

2
ωv2my

∣∣∣1
0
− 1

2

∫ 1

0

ωyv
2
my dy.

Therefore,

1

2
ωv2my

∣∣∣1
0
≤
∣∣∣ 1

2γ(t)

(−2β′(t)γ′(t)

γ(t)
+β′′(t)γ(t)+δβ′(t)

)
v2my(1,t)

∣∣∣
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+
∣∣∣ 1

2γ(t)

(−2α′(t)γ′(t)

γ(t)
+α′′(t)+δα′(t)

)
v2my(0,t)

∣∣∣
≤ 1

2γ

(2M2

γ
+(M(1+δ))

)
c27

∣∣∣vmyy∣∣∣2 +
1

2γ

(2M2

γ
+M(1+δ)

)
c27

∣∣∣v2myy∣∣∣2, (3.37)

where {c5, c6, c7} are positive constants due to the continuous immersion of space
H1(0,1)⊂C0([0,1]).

Thus, |vmy(1)|≤ c7|vmyy| and |vmy(0)|≤ c7|vmyy|. Therefore,

1

2
ωv2my

∣∣∣∣1
0

≤ M

γ2(t)

(
2M+γ1(1+δ)

)
c27|vmyy(t)|2.

Also,

2

∫ 1

0

( 1

γ

(
α′+γ′y

))
v′myv

′
myydy=

1

γ

(
α′+γ′y

)
v′2my

∣∣∣1
0
−
∫ 1

0

γ′

γ
(v′)2mydy

=
β′

γ(t)
(v′)2my(1,t)− α

′

γ
v′2my(0,t)−

∫ 1

0

γ′

γ
v′2mydy. (3.38)

Since that, by hypothesis, γ(t) is increasing, then the following inequality is true:

1

γ(t)

(
β′(t)v′2my(1,t)−α′(t)

)
(v′)2my(0,t)≥0.

Estimate of the terms (I13−I20). The procedure for estimating each (I13−I20) term
is very similar to that done for the terms (I1−I9) and thus we will not detail all of the
calculus. Indeed:

I13 =
p

γ2(t)

∫ 1

0

r1y(y)φmyφmyydy≤
2p

r2γ2(t)
|r1y|2L∞(0,1)‖φm(t)‖2 +

pr2
8γ2(t)

|φmyy(t)|2

I14 =p

∫ 1

0

1

γ(t)

(
α′(t)+γ′(t)y

)
φmyφmyy dy≤

2pM2

r2
‖φm(t)‖2 +

pr2
8γ2(t)

|φmyy(t)|2

I15 =− p

γ(t)

∫ 1

0

(r1(y)j1)yφmyydy+p
γ′(t)

γ2(t)

∫ 1

0

vmyφmφmyy dy

≤ 2p

r2
|(r1j1(t))y|2L∞(0,1) +

pr2
8γ2(t)

|φmyy(t)|2

I16 =
p

γ(t)

∫ 1

0

1

γ(t)

(
α′(t)+γ′(t)y

)
vmyyφmφmyy

≤ 2pM2

r2γ2(t)
‖vm(t)‖2‖φm(t)‖2 +

pr2
8γ2(t)

|φmyy(t)|2

I17 =
p

γ(t)

∫ 1

0

1

γ(t)

(
α′(t)+γ′(t)y

)
vmyφmyφmyy

≤ 2pM2

r2γ2(t)
|vmyy(t)|2|φm(t)|2 +

pr2
8γ2(t)

|φmyy(t)|2

I18 = 2

∫ 1

0

1

γ(t)

(
α′(t)+γ′(t)y

)
v′myv

′
myy dy≤

M

γ0
‖v′m(t)‖2

I19 =− 3p

γ(t)

∫ 1

0

φmyv
′
mφmyydy≤

18p

r2
‖φm(t)‖2|v′m(t)|2 +

pr2
8γ2(t)

|φmyy(t)|2
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I20 =

∫ 1

0

f1yv
′
my dy≤

1

2
‖f1(t)‖2 +

1

2
‖v′m(t)‖2.

Let us now make estimates for the remaining terms of the (3.35).

I21 =

∫ 1

0

1

2γ4(t)

(
−2(α′(t)+γ′(t)y)(α′′(t)+γ′′(t)y)γ2(t)−

(ν21(y)−(α′(t)+γ′(t)y)22γ(t)γ′(t))
)
v2my≤

(M2

γ20
+

(ν23 +M2)M

γ30

)
‖vm(t)‖2

I22 =
p

γ2

∫ 1

0

(
α′+γ′y

)
vmyφmyφmyy≤

2pM2

r2γ2
‖vm(t)‖2‖φm(t)‖2 +

pr2
8γ2
|φmyy(t)|2

I23 =
1

2

∫ 1

0

ω′yvmyvmy≤
c20
8

( 2

γ30
(ν24 +ν3ν5 +2M3)+ (1+δ)

M

γ0
+(5+δ)

M2

γ20

)2
v2myy(t)

+
1

2
v2m(t)≤ c8|vmyy(t)|2 +

1

2
‖vm(t)‖2

I24 =

∫ 1

0

|ωyvmyv′my|dy≤
1

2

( 2

γ20

(
ν24 +ν3ν5 +M2

)
+(1+δ)

M

γ0

)2
‖vm(t)‖2

+
1

2
‖v′m(t)‖2≤ c9‖vm(t)‖2 +

1

2
‖v′m(t)‖2

I25 =

∫ 1

0

|ω′vmyvmyy|dy≤
1

2γ30

(
(3+δ)γ0M

2 + 4(ν3ν4 +M2)M+γ20(1+δ)M
)2
|vmyy|2

+
1

2
‖vm(t)‖2≤ c10|vmyy(t)|2 +

1

2
‖vm(t)‖2

I26 =

∫ 1

0

|ωv′myvmyy|dy≤
1

γ20

((
ν3ν4 +M2

)
+
Mγ0

2
(1+δ)

)
|vmyy(t)|2 +

1

2
‖v′m(t)‖2

≤ c11|vmyy(t)|2 +
1

2
‖v′m(t)‖2

I27 =

∫ 1

0

1

γ2

((
ν21(y)−(α′+γ′y)2

)
vmyydy−

(
2c27M

2 +c27Mγ1 +δc27Mγ1

))∫ 1

0

v2myydy

≥ 1

2

∫ 1

0

1

γ2

((
ν22−M2

1

)
−
(

4c27M
2 +2c27Mγ1 +2δc27Mγ1

))
v2myy(y,t)dy

≥ 1

2γ2(t)

(
(ν22/2)−(4c27M

2 +2c27Mγ1 +2δc27Mγ1)
)
|vmyy(t)|2≥ 1

8

ν22
γ2(t)

|vmyy(t)|2

Here, we used the hypotheses: M2
1 <ν

2
2/2 and 4c27M

2 +2c27Mγ1 +2δc27Mγ1<ν
2
2/4. Thus

from (3.35), using (I13−I27), grouping common terms and integrating from 0 to t we
have

p

2
‖φm(t)‖2 +

pr2
8γ1

∫ t

0

|φ2myy(s)|2ds+
1

2
‖v′m(t)‖2 +δ

∫ t

0

‖v′m(s)‖2ds

+
ν22
8γ1
|vmyy(t)|2≤ p

2
‖φ0m‖2 +

1

2
‖v1m‖2 +

ν22
8γ21
|v0myy|2

+
2pT

r2
|(r1j1)y|2L∞(Q) +

1

γ30

(
M2γ0 +(ν23M+M3)+c9γ

3
0

)
‖vm‖2L∞(0,T ;H1

0 )
·T

+
2p

r2γ20

∫ 1

0

(M2γ20 + |r1y|2L∞(0,1) +2M2‖vm(s)‖2 +9γ20 |v′m(s)|2)‖φm(s)‖2ds
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+

∫ t

0

(
(c8 +c10 +c11)+

2pM2

r2γ20
|φm(s)|2

)
|vmyy(s)|2ds+

1

2

∫ T

0

‖f1(t)‖2dt

+
(3

2
+
M

γ0

)∫ t

0

‖v′m(s)‖2ds. (3.39)

Therefore, using the estimate (3.34) and Grönwall’s inequality in (3.39), we obtain

p

2
‖φm‖2 +

pr2
8γ1

∫ t

0

|φmyy(s)|2 +
1

2
‖v′m‖2 +δ

∫ t

0

‖v′m(s)‖2 +
ν22
8γ1
|vmyy|2≤ c12. (3.40)

where c12 depends on {φ0,v0,v1,r1,j1,ν1,f1,T} and is independent of m.

Estimate III: Taking w=φ′m(t) in (3.2)and w=v′′m(t) in (3.3), we have

|φ′m(t)|2 =
( 1

γ2(t)
r1yφmy(t)+

r1
γ2(t)

φmyy(t)+
1

γ(t)
(α′(t)+γ′(t)′y)φmy(t)

)
−
((r1j1(t)

γ(t)

)
y

+
γ′(t)

γ2(t)
vmy(t)φm(t)+

1

γ(t)

(α′(t)+γ′(t)y

γ(t)

)
vmyy(t)φm(t)

)
+
( 1

γ

(α′+γ′y

γ

)
vmy(t)φmy(t)− 1

γ
φmyv

′
m−

1

γ
φm(t)v′my(t),φ′m(t)

)
(3.41)

|v′′m(t)|2 =
( 2

γ2(t)

(
ν1ν1y−(α′(t)+γ′(t)y)γ′(t)

)
vmy(t)

)
+
( 1

γ2
(
ν21−(α′+γ′y)2

)
vmyy(t)− p

γ
φm(t)φmy(t)+

2

γ

((
α′+γ′y

)
v′my(t)

)
+
(( 1

γ(t)

(
α′′(t)+γ′(t)y)+δ(α′(t)+γ′(t)y

))
vmy(t)−δv′m(t)+f1(t),v′′m(t)

)
.

(3.42)

The analysis to make the estimates of the terms is done in a similar way to the
Estimate II, that is, we have from (3.41) and (3.42), that

J1 =

∫ 1

0

1

γ2(t)
r1y(y)φmyφ

′
mdy≤

5

2γ40
|r1y|2L∞(0,1)‖φm(t)‖2 +

1

10
|φ′m(t)|2

J2 =

∫ 1

0

1

γ2(t)
r1(y)φmyyφ

′
mdy≤

5

2γ40
|r1|2L∞(0,1)|φmyy(t)|2 +

1

10
|φ′m(t)|2

J3 =

∫ 1

0

(α′(t)+γ′(t)y

γ(t)

)
φmyφ

′
mdy≤

5M2

2γ20
‖φm(t)‖2 +

1

10
|φ′m(t)|2

J4 =−
∫ 1

0

(r1(y)j1
γ(t)

)
y
φ′mdy≤

5

2γ20
|(r1j1(t))y|2L∞(0,1) +

1

10
|φ′m(t)|2

J5 =

∫ 1

0

γ′(t)

γ2(t)
vmyφmφ

′
m≤

5M2

2γ40
‖vm(t)‖2|φm(t)|2 +

1

10
|φ′m(t)|2

J6 =
1

γ(t)

∫ 1

0

(α′(t)+γ′(t)y

γ(t)

)
vmyyφmφ

′
mdy≤

5M2

2γ40
|vmyy(t)|2|φm(t)|2 +

1

10
|φ′m(t)|2

J7 =
1

γ

∫ 1

0

( 1

γ
(α′+γ′y)

)
vmyφmyφ

′
mdy≤

5M2

2γ40
‖vm(t)‖2‖φm(t)‖2 +

1

10
|φ′m(t)|2

J8 =− 1

γ(t)

∫ 1

0

φmyv
′
mφ
′
mdy≤

5

2γ20
‖φm(t)‖2|v′m(t)|2 +

1

10
|φ′m(t)|2
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J9 =− 1

γ(t)

∫ 1

0

φm(t)v′myφ
′
mdy≤

5

2γ20
|φm(t)|2‖v′m(t)‖2 +

1

10
|φ′m(t)|2

J10 = 2

∫ 1

0

1

γ2
(ν1(y)ν1y(y)−(α′+γ′y)γ′)vmyv

′′
m≤

8

γ40
(ν3ν4 +M2)2‖vm‖2 +

1

8
|v′′m|2

J11 =

∫ 1

0

( 1

γ2
(ν21(y)−(α′+γ′y)2)

)
vmyyv

′′
mdy≤

2

γ40
(ν23 +M2)2|vmyy|2 +

1

8
|v′′m(t)|2

J12 =−
∫ 1

0

p

γ(t)
φmφmyv

′′
mdy≤

2p2

γ20
|φm(t)|2 ‖φm(t)‖2 +

1

8
|v′′m(t)|2

J13 = 2

∫ 1

0

1

γ(t)
(α′(t)+γ′(t)y)v′myv

′′
mdy≤

8M2

γ20
‖v′m(t)‖2 +

1

8
|v′′m(t)|2

J14 =

∫ 1

0

( 1

γ
(α′′+γ′′y)+

δ

γ

(
α′+γ′y

))
vmyv

′′
m≤

2M2

γ20
(1+δ)2‖vm(t)‖2 +

1

8
|v′′m(t)|2

J15 =

∫ 1

0

δv′mv
′′
m≤ δ|v′m(t)||v′′m(t)|≤2δ2|v′m(t)|2 +

1

8
|v′′m(t)|2

J16 =

∫ 1

0

f1v
′′
mdy≤|f1(t)||v′′m(t)|≤2|f1(t)|2 +

1

8
|v′′m(t)|2.

Substituting the inequalities (J1−J16) in (3.41) and (3.42) and integrating from 0 to t,
we have

1

10

∫ t

0

|φ′m|2≤
5

2γ40
|r1y|2L∞

∫ t

0

‖φm‖2 +
5

2γ40
|r1|2L∞

∫ t

0

|φmyy|2

+
5M2

2γ20
‖φm‖2L∞(0,T ;H1

0 )
·T +

5

2γ20
|(r1j1)y|2L∞(Q) ·T +

5M2

2γ40
‖vm‖2L∞(0,T ;H1

0 )

∫ t

0

|φm|2

+
5M2

2γ40
|vmyy|2L∞(0,T ;L2)

∫ t

0

|φm(s)|2 +
5M2

2γ40
‖φm‖2L∞(0,T ;H1

0 )

∫ t

0

‖vm(s)‖2

+
5

2γ20
‖φm‖2L∞(0,T ;H1

0 )

∫ t

0

|v′m(s)|2 +
5

2γ20
‖v′m‖2L∞(0,T ;H1

0 )

∫ t

0

|φm|2 (3.43)

and

1

8

∫ t

0

|v′′m|2≤
8

γ40
(ν3ν4 +M2)2‖vm‖2L∞(0,T ;H1

0 )
·T +

2

γ40
(ν23 +M2)2|vmyy|2L∞(0,T ;L2) ·T

+
2p2

γ20
‖φm‖2L∞(0,T ;H1

0 (0,1))

∫ t

0

|φm(s)|2ds+
8M2

γ20

∫ t

0

‖v′m(s)‖2ds

+
2M2

γ20
(1+δ)2‖vm‖2L∞(0,T ;H1

0 (0,1))
T +2δ2

∫ t

0

|v′m(s)|2ds+2

∫ T

0

|f1(t)|2dt. (3.44)

By using the estimates (3.34) and (3.40) in (3.43) and (3.44), it yields∫ t

0

|φ′m(s)|2ds≤ c13, where c13 is independent of m. (3.45)

Besides that, ∫ t

0

|v′′m(s)|2ds≤ c14, where c14 is independent of m. (3.46)



J. LIMACO, B. SANTOS, AND M.A. RINCON 915

From the estimates (3.34), (3.40), (3.45) and (3.46), using Banach-Bourbaki-Alaoglu,
Kakutani and Aubin-Lions theorems, there exists a subsequence of (um),(hm); still
denoted by (um),(hm) such that

φm
∗
⇀φ (weak star) in L∞(0,T ;H1

0 (0,1))

vm
∗
⇀v (weak star) in L∞(0,T ;H1

0 (0,1)∩H2(0,1))

vmy→vy (strong) in L2(0,T ;L2(0,1)) and a.e. in Ω×(0,T ) =Q

φm⇀φ (weak) in L2(0,T ;H1
0 (0,1)∩H2(0,1))

φm→φ (strong) in L2(0,T ;H1
0 (0,1)) and a.e. in Ω×(0,T ) =Q

φmy→φy (strong) in L2(0,T ;L2(0,1)) and a.e. in Ω×(0,T ) =Q

v′m
∗
⇀v′ (weak star) in L∞(0,T ;H1

0 (0,1))

v′m→v′ (strong) in L2(0,T ;L2(0,1)) and a.e. in Ω×(0,T ) =Q

φ′m⇀φ′ (weak) in L2(0,T ;L2(0,1))

v′′m⇀v′′ (weak) in L2(0,T ;L2(0,1)).

(3.47)

We also have, from (3.47), that φmφmy→φφy a.e. in Q= Ω×(0,T ) and∫
Q

|φmφmy|2dydt≤
(
|φm(t)|2L∞(0,1)

∫ 1

0

|φm|2dy
)
dt≤

∫ T

0

|φm(t)|2L∞(0,1)‖φm(t)‖2dt

≤ c20
∫ T

0

‖φm(t)‖4dt≤ c15‖φm‖4L∞(0,T ;H1
0 (0,1))

T ≤ c17.

Therefore, from Lions [7], φmφmy⇀φφy (weak) in L2(Q).
On the other hand, as φmv

′
m→φv′ a.e. in Q and∫

Q

|φmv′m|2dydt ≤
∫ T

0

(
|φm(t)|2L∞(0,1)

∫ 1

0

|v′m|2dy
)
dt≤

∫ T

0

(c20‖φm(t)‖2|v′m(t)|2)dt

≤ c15‖φm‖2L∞(0,T ;H1
0 (0,1))

∫ T

0

|v′m(t)|2dt≤ c16.

Then, from Lions [7], φmv
′
m⇀φv′ (weak) in L2(Q) and similarly, φmvmy⇀φvy (weak)

in L2(Q).

Uniqueness of solution.
We will prove the uniqueness of solution using the argument by contradiction.
In fact, consider two solutions {φ1,v1} and {φ2,v2} solutions of the coupled systems

(2.8) in the sense defined in Theorem (3.2).
Taking w=φ1−φ2 and z=v1−v2, it yields

wt−
( 1

γ2(t)
(r1(y)wy

)
y
−
( 1

γ2(t)
(α′(t)+γ′(t)y)(φ1v1y−φ2v2y)

)
y

+
( 1

γ(t)
(φ1v1t)

)
y
−
( 1

γ(t)
(φ2v2t)

)
y
−
(α′(t)+γ′(t)y

γ(t)

)
wy = 0, inQ

ztt+
(( 1

γ2(t)

(
α′(t)+γ′(t)y

)2− ν21(y)

γ2(t)

)
zy

)
y

+
p

γ(t)
(φ1φ1y−φ2φ2y)

− 2

γ

(
α′+γ′y)

)
zyt−

(( 1

γ

(
α′′+γ′′y

)
+δ
(
α′+γ′y

)))
zy+δzt= 0

w=z= 0, ∀t≥0
w(y,0) = 0, 0<y<1
z(y,0) = 0, zt(y,0) = 0, 0<y<1

(3.48)
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Taking the composition of (3.48)1 with w and (3.48)2 with zt, we have

1

2

d

dt
|w(t)|2 +

∫ 1

0

r1(y)

γ2(t)
w2
y+

∫ 1

0

( 1

γ2(t)
(α′(t)+γ′(t)y)(φ1v1y−φ2v2y)

)
wy dy

+

∫ 1

0

1

γ(t)
(φ2v2t−φ1v1t)wydy−

1

2

∫ 1

0

( 1

γ(t)
(α′(t)+γ′(t)y)

)
w2
y dy= 0 (3.49)

1

2

d

dt
|z′t|2 +

1

2

∫ 1

0

(((ν21(y)

γ2
)
−
(α′+γ′y

γ

)2) d
dt
z2y

)
dy+

p

γ

∫ 1

0

(φ1φ1y−φ2φ2y)zt

−
∫ 1

0

( 1

γ(t)
(α′+γ′y)(z2t )y

)
−
∫ 1

0

1

γ

(
(α′′+γ′′y)+δ(α′+γ′y)

)
zyzt+δ|zt(t)|2 = 0.

(3.50)

Analysis of the terms (3.49) and (3.50).
For the third term of the left-hand side from (3.49), we have:

I1 =

∫ 1

0

((α′(t)+γ′(t)y

γ2(t)

)
(φ1v1y−φ2v2y)

)
wydy≤

M

γ2(t)

∫ 1

0

|φ1||v1y−v2y||wy|

+
M

γ2

∫ 1

0

|v2y||φ1−φ2||wy|≤
Mc20
γ2
|zy(t)||wy(t)|+ M

γ2(t)
|v2y(t)|L∞(0,1)|w(t)||wy(t)|

≤Mc20
γ2
|zy(t)||wy(t)|+Mc0

γ2
|v2(t)|H2 |w(t)||wy(t)|

≤ 2M2c220
r2γ2(t)

‖z(t)‖2 +
r2

4γ2(t)
|wy(t)|2 +

2M2c20
r2γ2(t)

|v2(t)|2H2(0,1)|w(t)|2,

where |φ1(t)|L∞(0,1)≤ c20, since φ∈L∞(0,T ;H1
0 (0,1))⊂L∞(0,T ;L∞(0,1)).

For the fourth term of the left-hand side from (3.49), we have:

I2 =
1

γ

∫ 1

0

(φ2v2t−φ1v1t)wy≤
1

γ

∫ 1

0

|φ2||v2t−v1t||wy|+
1

γ

∫ 1

0

|φ2−φ1(t)||v1t||wy|

≤ c20
γ
|zt(t)||wy(t)|+ c20

γ
|w(t)||wy(t)|≤ 2c220

r2
|zt(t)|2 +

r2
4γ2
|wy(t)|2 +

2c220
r2
|w(t)|2,

where |φ2(t)|L∞(0,1)≤ c20 since that φ∈L∞(0,T ;L∞(0,1)). We also use |v1t|L∞(0,1)≤
c20 since that vt∈L∞(0,T ;H1

0 )⊂L∞(0,T ;L∞).
Similarly, for the last term from (3.49), we have:

I3 =−1

2

∫ 1

0

1

γ(t)
(α′(t)+γ′(t)y)w2

ydy≤
M

γ(t)
|w(t)|2≤M

γ0
|w(t)|2.

Consider now the terms from (3.50).
For the fourth and fifth terms of the left side from (3.50), we have:

I4 =−1

2

∫ 1

0

1

γ(t)
(α′(t)+γ′(t)y)(z2t )ydy≤

M

γ0
|zt(t)|2

I5 =−
∫ 1

0

1

γ(t)

(
(α′′(t)+γ′′(t)y)+δ(α′(t)+γ′(t)y)

)
zyztdy
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≤M(1+δ)

γ(t)
‖z(t)‖|zt(t)|≤

(M(1+δ))2

2γ2(t)
‖z(t)‖2 +

1

2
|zt(t)|2.

For the second term of the left-hand side from (3.50), we have:

I6 =
1

2

∫ 1

0

((ν21(y)

γ2(t)
−
(α′(t)+γ′(t)y

γ(t)

)2) d
dt
z2y

)
dy

=
1

2

d

dt

∫ 1

0

(ν21(y)−(α′(t)+γ′(t)y)2

γ2(t)

)
z2ydy−

1

2

∫ 1

0

d

dt

(ν21(y)−(α′(t)+γ′(t)y)2

γ2(t)

)
z2y dy

≤ 1

2

d

dt

∫ 1

0

(ν21(y)−(α′(t)+γ′(t)y)2

γ2(t)

)
z2ydy+

( M2

γ2(t)
+

(ν23 +M2)Mγ−10

γ2(t)

)
|zy(t)|2.

For the third term of the left-hand side from (3.50), we have:

I7 =
p

γ(t)

∫ 1

0

(φ1φ1y−φ2φ2y)ztdy

≤ p

γ(t)

∫ 1

0

|φ1||φ1y−φ2y(t)||zt|dy+
p

γ(t)

∫ 1

0

|φ2y||φ1−φ2||zt|dy

≤ pc18
γ(t)
|wy(t)||zt(t)|+

p

γ(t)
|φ2y(t)|L∞(0,1)|w(t)||zt(t)|

≤ pc18
γ(t)
|wy(t)||zt(t)|+

pc0
γ(t)
|φ2(t)|H2(0,1)|w(t)||zt(t)|

≤ r2
8γ2(t)

|wy(t)|2 +
2p2c218
r2
|zt(t)|2 +

r2
8γ2(t)

|φ2(t)|2H2(0,1)|w(t)|2 +
2p2c20
r2
|zt(t)|2.

Substituting the inequations (I1−I7) in (3.49) and (3.50), and then integrating from 0
to t, we have

1

2
|w(t)|2 +

r2
2γ21

∫ t

0

|wy(s)|2ds≤
(2M2c20
r2γ20

)∫ t

0

|v2(s)|2H2(0,1)|w(s)|2ds

−
(2M2c220

r2γ20

)∫ t

0

‖z(s)‖2ds+
(2c220
r2

)∫ t

0

|zt(s)|2ds+
(2c220
r2

+
M

γ0

)∫ t

0

|w(s)|2ds

1

2
|zt(t)|2 +

ν22
4γ21
‖z(t)‖2ds≤

(M2

γ20
+

(ν23 +M2)Mγ−10

γ20

)∫ t

0

|zy(s)|2ds+
r2

8γ20

∫ t

0

|wy(s)|2ds

+
(2p2(c20 +c20)

r2
+
M

γ0
+

1

2

)∫ t

0

|zt(s)|2ds+
r2

8γ20

∫ t

0

|φ2(s)|2H2(0,1)|w(s)|2ds

+
(M(1+δ))2

2γ20

∫ t

0

‖z(s)‖2ds. (3.51)

Thus, from (3.51), we obtain

1

2
|w(t)|2 +

r2
2γ21

∫ t

0

|wy(s)|2ds≤ c21
∫ t

0

(1+ |v2|2H2(0,1))|w(s)|2ds

+c22

∫ t

0

‖z(s)‖2ds+c23

∫ t

0

|zt(s)|2ds (3.52)

1

2
|zt(t)|2 +

ν22
4γ21
‖z(t)‖2ds≤ c24

∫ t

0

‖z(s)‖2ds+c25

∫ t

0

‖w(s)‖2ds
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+c26

∫ t

0

|zt(s)|2ds+c27

∫ t

0

|φ2(s)|2H2(0,1)|w(s)|2ds. (3.53)

Therefore, summing (3.52) and (3.53), we obtain

1

2
|w(t)|2 +

3r2
8γ21

∫ t

0

‖w(s)‖2ds+
1

2
|zt(t)|2 +

ν22
4γ21
‖z(t)‖2

≤c28
∫ t

0

(1+ |v2(s)|2H2(0,1) + |φ2(s)|2H2(0,1))(|w(s)|2 +‖z(s)‖2 + |zt(s)|2)ds. (3.54)

Applying the Grönwall inequality in (3.54), we obtain the uniqueness.

Theorem 3.2. From the hypotheses (H1) - (H5) and given {r,j,ν,f,h0,u0,u1},
there exists a pair of functions (h; u) : Ωt×(0,T )→R, for the electromagnetoelasticity
problem (2.6), in the class

h∈L∞(0,T ;H1
0 (Ωt))∩L2(0,T ;H1

0 (Ωt)∩H2(Ωt)), ht∈L2(0,T ;L2(Ωt)),

u∈L∞(0,T ;H1
0 (Ωt)∩H2(Ωt)), ut∈L∞(0,T ;H1

0 (Ωt)), utt∈L2(0,T ;L2(Ωt)).

Proof. The transformation T , given in (2.7), is invertible; then the solution of the
coupled system (2.8) can be transformed into the solution of the coupled system (2.6),
i.e, u(x,t) and h(x,t) are solutions of the coupled system (2.6) if and only if v(y,t) and
φ(y,t) are solutions of the coupled system (2.8).
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1969. 3

[8] A. Lorenzi and V.I. Priimenko, Identification problems related to electro-magneto-elastic interac-
tions, J. Inverse Ill-Posed Probl., 4:115–143, 1996. 1

[9] A. Lorenzi and V.G. Romanov, Identification of the electromagnetic coefficient connected with
deformation currents, Inverse Problems, 9:301–319, 1993. 1

[10] Kh. Lotfy and M.E. Gabr, Response of a semiconducting infinite medium under two temperature
theory with photothermal excitation due to laser pulses, Opt. Laser Technol., 97:198–208, 2017.
1

[11] I.Z. Merazhov and V.G. Yakhno, Direct and inverse problems for system of electromagneto-
elasticity equations, in M.M. Lavrentev (Ed.), Computerized Tomography, Proc. of the Fourth
Internat. Symp., Novosibirsk, 10–14 August 1993; VSP, Utrecht, 332–335, 1995. 1

https://doi.org/10.1515/jiip.1999.7.5.453
https://doi.org/10.1515/jiip.1999.7.5.453
https://doi.org/10.1016/0020-7225(63)90004-1
https://link.springer.com/book/10.1007%2F978-1-4612-3226-1
https://doi.org/10.1029/JZ060i004p00441
https://doi.org/10.1515/jiip.1996.4.2.115
https://iopscience.iop.org/article/10.1088/0266-5611/9/2/010
https://doi.org/10.1016/j.optlastec.2017.06.021
https://www.researchgate.net/publication/265572632_Direct_and_inverse_problems_for_system_of_electromagneto-elasticity_equations


J. LIMACO, B. SANTOS, AND M.A. RINCON 919

[12] M.I.A. Othman and M.I.M.Hilal, Effect of initial stress and rotation on magneto-thermoelastic
material with voids and energy dissipation, Mult. Model. Mater. Structures, 13(2):331–346,
2017. 1

[13] S.R. Pride, Governing equations for the coupled electromagnetics and acoustics of porous media,
Phys. Rev. B, 50(21):15678–15698, 1994. 1

[14] V. Priimenko and M. Vishnevskii, An initial boundary-value problem for model electromagnetoe-
lasticity system, J. Diff. Eqs., 235:31–55, 2007. 1, 2.1

[15] V.I. Priimenko and M.P. Vishnevskii, Direct and inverse problems of electromagnetoelasticity:
Theoretical and numerical aspects, in 57th Seminário Brasileiro de Análise, Viçosa, Brasil,
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1

[17] V.G. Romanov, On an inverse problem for a coupled system of equations of electrodynamics and
elasticity, J. Inverse Ill-Posed Probl., 3:321–332, 1995. 1

[18] V.G. Romanov, Structure of a solution to the Cauchy problem for the system of the equations of
electrodynamics and elasticity in the case of point sources, Siberian Math. J., 36(3):541–561,
1995. 1

[19] V.G. Yakhno and I.Z. Merazhov, Direct problems and a one-dimensional inverse problem of elec-
troelasticity for “slow” waves, Siberian Adv. Math., 10(1):87–150, 2000; translated from: Mat.
Tr., 2(2):148–213 (in Russian) 1999. 1

[20] V.G. Yakhno, Inverse problem for differential equations system of electromagnetoelasticity in
linear approximation, in A.G. Ramm (Ed.), Inverse Problems, Tomography, and Image Pro-
cessing, Plenum Press, New York, 211–240, 1998. 1

https://doi.org/10.1108/MMMS-09-2016-0047
https://doi.org/10.1108/MMMS-09-2016-0047
https://doi.org/10.1103/PhysRevB.50.15678
https://doi.org/10.1016/j.jde.2006.12.016
https://doi.org/10.1515/jiip.1995.3.4.321
https://link.springer.com/article/10.1007%2FBF02109842
https://link.springer.com/article/10.1007%2FBF02109842
https://mathscinet.ams.org/mathscinet-getitem?mr=1767828
https://link.springer.com/chapter/10.1007%2F978-1-4020-7975-7_14

