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CORRECTOR HOMOGENIZATION ESTIMATES FOR
A NON-STATIONARY STOKES-NERNST-PLANCK-POISSON
SYSTEM IN PERFORATED DOMAINS*

VO ANH KHOA' AND ADRIAN MUNTEAN?

Abstract. We consider a non-stationary Stokes—Nernst—Planck—Poisson system posed in perfo-
rated domains. Our aim is to justify rigorously the homogenization limit for the upscaled system derived
by means of two-scale convergence in [N. Ray, A. Muntean, and P. Knabner, J. Math. Anal. Appl.,
390(1):374-393, 2012]. In other words, we wish to obtain the so-called corrector homogenization esti-
mates that specify the error obtained when upscaling the microscopic equations. Essentially, we control
in terms of suitable norms differences between the micro- and macro-concentrations and between the
corresponding micro- and macro-concentration gradients. The major challenges that we face are the
coupled flux structure of the system, the nonlinear drift terms and the presence of the microstructures.
Employing various energy-like estimates, we discuss several scalings choices and boundary conditions.

Keywords. Stokes—Nernst—Planck—Poisson system; Variable scalings; Two-scale convergence; Per-
forated domains; Homogenization asymptotics; Corrector estimates.
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1. Introduction

Colloidal dynamics is a relevant research topic of interest from both theoretical
perspectives and modern industrial applications. Relevant technological applications
include oil recovery and transport [37], drug-delivery design [24], motion of micro-
organisms in biological suspensions [9], harvesting energy via solar cells [6], and also,
sol-gel synthesis [7]. Typically, they all involve different phases of dispersed media (solid
morphologies), which resemble at least remotely to homogeneous domains paved with
arrays of contrasting microstructures that are distributed periodically. Mathematically,
the interplay between populations of colloidal particles leads to work in the multiscale
analysis of PDEs, especially what concerns the Smoluchowski coagulation-fragmentation
system and the Stokes—Nernst—Planck—Poisson system, which is our target here.

It is well known (cf. [8], e.g.) that many particles in colloidal chemistry are able to
carry electrical charges (positive or negative) and, in some circumstances, they can be
described using intensive quantities like the number density or ions concentration, say
c*. Following [11], we consider such concentrations ¢t of electrically charged colloidal
particles to be involved as unknowns in the Nernst—Planck equations. These equations
model the diffusion, deposition, convection and electrostatic interaction within a porous
medium. The associated electrostatic potential, called here ®., is usually determined by
a Poisson equation linearly coupled with the densities of charged species, describing the
electric field formation inside the heterogeneous domain. Colloidal particles are always
immersed in a background fluid. Here, we assume that the fluid velocity v, fulfills a
suitable variant of the Stokes equations.

It is the aim of this paper to explore mathematically the upscaling of such non-
stationary Stokes—Nernst—Planck—Poisson (SNPP) systems posed in a porous medium
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Qf CRY, where ¢ € (0,1) represents the scale parameter relative to the perforation (pore
sizes) of the domain. To be more precise, we wish to justify the homogenization asymp-
totics for a class of SNPP systems developed by the group of Prof. P. Knabner in
Erlangen, Germany, that fit well to the motion of charged colloidal particles through
saturated soils.

As the starting point of the discussion, we consider the following microscopic Stokes—
Nernst—Planck—Poisson (SNPP) system:

—?Av.+Vp. == (¢f —c2) VO, in QF:=(0,T)xQF, (1.1)

V-ove=0 in QF, (1.2)

ve=0 on (0,T)x(I°UN), (1.3)
—e*Ad.=cF—c in QF, (1.4)
e*Vo.-n=0 on (0,T)x01, (1.5)

e+ V- (vecE —VeEF1cEVO) =R (cF,e0) in QF, (1.6)

—(vecEF =VeEF1cEVD) n=0 on (0,7)x(I°UN), (1.7)

E=ct0 in {t=0}xQ°. (1.8)

We refer to (1.1)—(1.8) as (P¢). The system (1.1)—(1.8) is endowed either with
€*Vo.-n=eco on (0,7T)xTI%, (1.9)
or with

o.=Pp on (0,7)xT%p. (1.10)

We deliberately use variable scaling parameters «, 3,7 for the ratio of the magni-
tudes of differently incorporated physical processes to weigh the effect a certain hetero-
geneity (morphology) has on effective transport coefficients. In view of the motivated
application in soil and colloidal transport, our microscopic system (P¢) stems from the
non-dimensionalization procedure of the SNPP system in the colloidal dynamics with
different length scales (cf. [28] for the detailed derivation of these systems). In this
scaled setting, the parameter o and 8 should then be related to the presence of the
so-called Debye screening length that describes the thickness of the double layer and
the Reynolds number, respectively, while the Peclet and Strouhal numbers are linked to
the value of . The physical meaning of the functions and parameters involved in the
whole system (1.1)—(1.10) are detailed in Table 1.1.

A few additional remarks are in order: The background fluid (solvent) is assumed
to be isothermal, incompressible and electrically neutral. The movement of this liquid
at low Reynolds numbers decides the momentum equation behind our Stokes flow (see
n (1.1)=(1.3)). The Stokes equation further couples to the mass balance equations
of the involved colloidal species as described by the Nernst-Planck equations in (1.6)—
(1.8). The initial charged densities ¢*° are present cf. (1.8), while we remark that
the involved reaction terms Rsi linearly include positive and negative charged densities.
Usually, such linear rates are necessary in describing the electric interaction for e.g.
a simple mass-conserving reaction X; = X with rate coefficients equal to one, which
essentially leads to the explicit form chosen in the assumption (A3) made in Section 2.
On the other hand, this choice is essentially fine to ensure the conservation of mass for
the system under scrutiny. More complex nonlinear structures for Rgc are used, e.g.,
when multicomponent ionic flows are involved (e.g., when the Smoluchowski dynamics
is assumed to take place). The Poisson-type equation points out an induced electric
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ve: Q7 — R velocity

De Q7 —R pressure

®.: Q% —R electrostatic potential

cF:Q57—R number densities

0 0F SR initial charged densities
oceR surface charge density

dpeR (-potential
RT:RZ-R reaction rates
o, B,7eR variable choices of scalings

TABLE 1.1. Physical unknowns and parameters arising in the microscopic problem (P¢).

field acting on the liquid as well as on the charges carried by the colloidal species (see
in (1.4)—(1.5)). The surface charge density o of the porous medium is prescribed as in
(1.9), while we consider in (1.10) the surface potential related to the specification of the
so-called zeta potential of the porous medium.

Although it can in principle introduce a boundary layer potentially interacting with
the homogenization asymptotics, the magnitude of the (-potential ®p in (1.10) does
not influence our theoretical results. Here, it only indicates the degree of electrostatic
repulsion between charged colloidal particles within a dispersion. In fact, experiments
provide that colloids with high (-potential (i.e. ®p>1 or ®p <« —1) are electrically
stabilized while with low {-potential, they tend to coagulate or flocculate rapidly (see,
e.g., [18,26] for a detailed calculation).

A glimpse on the structure of the selected microscopic system reveals that the
current setting does not involve asymmetric multicomponent electrolytes, and hence,
Faradaic processes at electrode surfaces are not included in the discussion (see Appendix
B in [5]). This can be a possible route for further work.

Specific scenarios for averaging Poisson—-Nernst—Planck (PNP) systems as well as
Stokes—Nernst—Planck-Poisson (SNPP) systems were discussed in a number of recent
papers; see e.g. [12,13,15,16,33,35]. The SNPP-type models are more difficult to
handle mathematically mostly because of the oscillations introduced by the presence of
the Stokes flow. The SNPP systems shown in [14,29] are endowed with several scaling
choices to cover various types of SNPP systems including the study of a stationary
and linearized SNPP system by Allaire et al. cf. [3] and related to Schmuck’s work
cf. [33] where also an additional electric permittivity of the solid phase is taken into
account. As main results, the global weak solvability of the respective models as well
as their periodic homogenization limit procedures were obtained. We refer the reader
to the lit. cit. also for the precise structure of the associated effective transport tensor
parameters and upscaled equations. It is worth also mentioning that sometimes, like
e.g. in [33-35], a classification of the upscaling results is done depending on the choice
of boundary conditions for the Poisson equation.

The main theme of this paper is the derivation of corrector estimates quantifying
the convergence rate of the periodic homogenization limit process leading to upscaled
SNPP systems. This should be seen as a quantitative check of the quality of the two-scale
averaging procedure. Getting grip on corrector estimates is a needed step in designing
convergent multiscale finite element methods (see, e.g., [20]) and can play an important
role also in studying multiscale inverse problems.

Our main results are reported in Theorem 4.1 and in Theorem 4.2. Here both the
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Neumann and Dirichlet boundary data for the electrostatic potential are considered.
The two types of boundary conditions for the electrostatic potential will lead to differ-
ent structures of the upscaled systems, and hence, also the structure of the correctors
will be different. To obtain these corrector estimates, we rely on the energy method
combined with integral estimates for periodically oscillating functions as well as with
appropriate macroscopic reconstructions, regularity results on limit and cell functions
as well as the smoothness assumptions for the microscopic boundaries and data. It is
worth mentioning that the corrector estimate for the closest model to ours, i.e. for the
PNP equations in [34, Theorem 2.3], reveals already a class of possible assumptions
on the cell functions (taken in W) as well as on the smoothness of the interior and
exterior boundaries (taken in C*°). Also, we borrowed ideas from both linear elliptic
theory [1] as well as from the techniques behind the previously obtained corrector esti-
mates [4,21-23] for periodically perforated media. Concerning the locally periodic case,
we refer the reader to [25] and references cited therein or to Zhang et al. [40]. In the
latter paper, the authors have studied the homogenization of a steady reaction-diffusion
system in a chemical vapor infiltration (CVI) process and have also deduced the con-
vergence rate for the homogenization limit.

The reader should bear in mind that our way of deriving corrector estimates does not
extend to the stochastic homogenization setting, but can cover, involving only minimal
technical modifications, the locally periodic homogenization setting.

The corrector estimates we claim are the following:

Case 1: If the electrostatic potential ®. satisfies the homogeneous Neumann boundary
condition, then it holds

ch-:i_c(ﬂ)E’EHLQ((o,T)sz)

b, — P
H € TOLe0,1)x00)
- =0 1 2
— < .
+Hv(@€ cpl)H[L2((O,T)><QE)]d_Cmax{82’€2}’ (1.11)
: 1 (1.12)

1
te ngax{sz,a

—c

(V1S

IV (e

’ [L2((0,T)xQe)]?

T ||p5 *pOHLQ(Q)/R SO (max{sie%}#»e% +€17% +€%7)‘) , (113)

) H [L2((0,T)xQ#)]¢

ve — Y| 7 Dv§ —e[Vi| T Dog

where pe€Ry and A€ (0,1).

. J

Case 2: If the electrostatic potential ®. satisfies the homogeneous Dirichlet bound-
ary condition, then it holds

+ Tt B _HE
+leZ -5 HL2((0,T)xQE)+HV<(I)E (I)O)H[Li’((QT)XQE)]d

)]dSCmaX{E%ﬁ%}, (1.14)

H&)«s_ég

L2((0,T) x )

+H|V (e =)

‘ [L2((0,T)x Q)]

+lIp- = Poll oy < C (max{ed e } et 1% 4ed2). (1.15)

H [L2((0,T)x Q=

ve = [Yi| 7' Do — e |¥i| T Dof
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The paper is organized as follows. In Section 2, the geometry of our perforated
domains is introduced together with some notation and conventions. The list of as-
sumptions on the data is also reported here. In Section 3, we present the classical
concepts of the two-scale convergence on periodic domains and periodic interfaces and
then provide the weak and strong formulations of all systems of PDEs mentioned in
this framework (including the microscopic and macroscopic evolution systems, the cell
problems). Section 4 is devoted to the statement of our main results and to the corre-
sponding proofs. The remarks from Section 5 conclude the paper.

2. Technical preliminaries

2.1. A geometrical interpretation of porous media. Let 2 be a bounded
and open domain in R? with 9Q € C%!. Without loss of generality, we assume Q to be
the parallelepiped (0,a1) X ... x (0,a4) for a; >0,i€{1,...,d}.

Let Y be the unit cell defined by

d
Y:Z{ZAi€i20<Ai<1},

i=1

where €; denotes the ith unit vector in R¢. We suppose that Y consists of two open
sets Y; and Y; which respectively represent the liquid part (the pore) and the solid
part (the skeleton) such that YUY, =Y and Y;NY, =0, while Y;NY, =T has a non-zero
(d—1)-dimensional Hausdorff measure. Additionally, we do not allow the solid part Y
to touch the outer boundary JY of the unit cell. As a consequence, the fluid part is
connected (see Figure 2.1).

Let Z CR? be a hypercube. For X C Z we denote by X* the shifted subset

d
XF=X+) ki,
=1

where k= (ki,...,ka) € Z% is a vector of indices.

Let e>0 be a given scale factor. We assume that €2 is completely covered by a
regular array of e-scaled shifted cells. In porous media terminology, the solid part/pore
skeleton is defined as the union of the cell regions eYF, i.e.

05:= ] ev¥,

kezd

while the fluid part, which is filling up the total space, is represented by

0F = U Y.

kezd

We denote the total pore surface of the skeleton by I'*:=0€Qf. This description
indicates that the porous medium we have in mind is saturated with the fluid.

Note that we use the subscripts N and D in (1.9)—(1.10) to distinguish, respectively,
the case when the Neumann and Dirichlet conditions are applied across the pore surface.
Furthermore, the assumption 9QNT¢ = holds.

In Figure 2.1, we show an admissible geometry mimicking a porous medium with
periodic microstructures. We let n.:=(nq,...,ng) be the unit outward normal vector
on the boundary I'*. The representation of the periodic geometries is in line with the
descriptions from [19,22,29] and the references cited therein.
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F1G. 2.1. An admissible perforated domain. The perforations are referred here as microstructures.

We denote by x € Q° the macroscopic variable and by y =1z /e the microscopic vari-
able representing fast variations at the microscopic geometry. In the following, the
upper index ¢ thus denotes the corresponding quantity evaluated at y=x/s. Suppose
that our total pore space Q¢ is bounded, connected and possesses a C%'-boundary.

In the sequel, all the constants C' are independent of the homogenization parameter
g, but their precise values may differ from line to line and may change even within a single
chain of estimates. Throughout this paper, we use the superscript € to emphasize the
dependence of the material on the heterogeneity characterized by the homogenization
parameter. In the following, we use dS; to indicate the surface measure of oscillating
surfaces (boundary of microstructures). In addition, depending on the context, by |-|
we denote either the volume measure of a domain or the absolute value of a function
domain.

When writing the superscript & or F in e.g. csi7 we mean both the positive ¢ and
negative densities ¢ .

Due to our choice of microstructures, the interior extension from H*! (Q°) into H' ()
exists and the extension constant is independent of & (see [19, Lemma 5]).

2.2. Assumptions on the data. To ensure the weak solvability of our SNPP
system, we need essentially several assumptions on the involved data and parameters.

(A1) The initial data of charged densities are non-negative and bounded indepen-
dently of €, i.e. there exists an e-independent constant Cy >0 such that

0<ct0(2)<Cy for ae. e

(A2) The initial data of charged densities satisfy the compatibility condition:

/ (c+70—c*70) dx:/ odS:.

(A3) The chemical reaction rates are structured as RE (c¢I,co) =F (¢t —c2).

(A4) The surface charge density ¢ and the (-potential @ are constants.
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(A5) The electrostatic potential ®. has zero mean value in the fluid part, i.e. it

satisfies
/ . dxr=0.

(Ag) The pressure p. has zero mean value in the fluid part, i.e. it satisfies
/ pe(t,x)dz=0 for all t>0.

REMARK 2.1. Assumption (A;) implies that at the initial moment, our charged
colloidal particles are either neutral or positive in the macroscopic domain and their
maximum voltage is known. Based on (As), if the surface charge density is static (i.e.
0 =0), then we obtain the so-called global charge neutrality which means that the charge
density of our colloidal particles ¢Z is initially in neutrality. This global electroneutrality
condition is particularly helpful in the analysis work (well-posedness, upscaling approach
and numerical scheme) of related systems as stated in e.g. [29,30,35]. Nevertheless, it is
not used in the derivation of the corrector estimates in this work. Cf. (Aj), the reaction
rates are linear and ensure the conservation of mass for the concentration fields.

3. Weak settings of SNPP models

3.1. Preliminary results. In this subsection, we present the definition of two-
scale convergence as well as related compactness arguments (cf. [2,27]). We also recall
the results on the weak solvability and periodic homogenization of the problem (P¢),
which are derived rigorously in [28,29], e.g.

DEFINITION 3.1 ( Two-scale convergence). Let (u®) be a sequence of func-
tions in L?((0,T)x ) with Q being an open set in RY, then it two-scale con-
verges to a unique function u®€ L?((0,T)xQxY), denoted by ugguo, if for any
peCy° ((O,T) x ;0 (Y)) we have

T T
T 1
li e (t tr, = ) dedt=— Ot t dydxdt.
61_%/0 /Qu (,x)go( ,;me) x |Y|/o /Q/YU (t.z,y)e(t,2,y)dyde

THEOREM 3.1 (Two-scale compactness).
o Let (uf) be a bounded sequence in L*((0,T)x Q). Then there exists a function
u® € L2((0,T) x QxY) such that, up to a subsequence, u® two-scale converges
to u°.

o Let (uf) be a bounded sequence in L> (O,T;H1 (Q)), then up to a subsequence,
we have the two-scale convergence in gradient Vueivxuo—&-vyul for u® €

L2((0,T)xQxY) and u' € L2 ((o,T) x QO HL(Y) /R).

DEFINITION 3.2 (Two-scale convergence for e-periodic hypersurfaces). Let
(u®) be a sequence of functions in L? ((0,T) x T'¢), then u® two-scale converges to a limit

u® € L2((0,T) x QxT) if for any p € C§° ((O,T) x Q0% (F)) we have

T T
T 1
lim c(t, t,x, =) dS.dt = — O(t,x, t,x,y)dS,dzdt.
El—’0/0 /€€U ( x)@( ! 5) Y |/0 /Q/Fu (t2.9)ph,m,y)d5yde
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REMARK 3.1. The two-scale compactness on surfaces is the following: for each
bounded sequence (uf) in L2((0,T) x T'?), one can extract a subsequence which two-
scale converges to a limit u’ € L?((0,T) x Q@ xT'). Furthermore, if (u¢) is bounded in
L ((0,T) xT?), it then two-scale converges to a limit function u® € L> ((0,7) x 2 x I').

DEFINITION 3.3 (Weak formulation of (P?)). The vector (ve,pe,®.,cE) satisfying

Eyte

ve € L (0,5 H (92)) ,p- € L™ (0,T; L () ,®. € L= (0,T; H' (),
¢F € L (0,5 L2 (9)) N L2 (0,73 H (9°)) et € 12 (0,73 (1 (29)) ),

is a weak solution to (P¢) provided that

/ (52Vvs'Vg017p5V~g01)dz:—/ 5B(cj—cg)V<I>socp1dx, (3.1)

/vs~dex:0, (3.2)

/EQVCDE-Vapgd:c—/ e*Vo, - npodS, = (cj—c;)cpgdx, (3.3)
= £ QE

<(‘3th7g03>(H1(QE))/7H1(QE) +/QE (—vecE +VeE £e7¢EVP,) - Vipsda

:/ RE (ct,c0) pada. (3.4)

for all (1,02, 03,9) € [HY ()] x H (2°) x H' (9°) x H' (€°).

THEOREM 3.2 (Existence and uniqueness of solutions). Assume (A1)—(4¢). For
each £ >0, the microscopic problem (P€) admits a unique weak solution (ve,p.,®.,cF)
in the sense of Definition 3.3.

The proof of Theorem 3.2 can be found in [29] (see Theorem 3.7) and [28].

THEOREM 3.3 (Effective transport tensors. Cell problems). The averaged
macroscopic permittivity/diffusion tensor D= (Dij)1<z:j<d is defined by

Dz‘j:/y (0:5+0y, 05 (v)) dy,

where 0;=;(y) for 1<j<d are unique weak solutions in H'(Y}) of the following
family of cell problems

—Byp;(y) =0 in Y,
Vyo;(y) - n=—ej-n  onT, (3.5)
@; periodic in y.

Furthermore, the averaged macroscopic permeability tensor K= (K;;), ., i<d 18 de-
fined by T

Kijlz/ w;dy,
Y,
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where w; =w, (y) together with m;=m;(y) for 1<j<d are unique weak solutions, re-
spectively, in H*(Y;) and L?(Y;) of the following family of cell problems

—Ayw; +Vymj=e¢; mn Yy,

Vy~wj =0 m }/l, (36)
w; =0 in T,
wj,m; periodic in y.
Also, we define the following cell problem
_Ay(p(y>:1 in Yy,
o (y) =0 on T, (3.7)

@ periodic in vy,

which admits a unique weak solution in H' (V).
Note that 0;; denotes the Kronecker symbol and e; is the jth unit vector of R,

The proof of Theorem 3.3 can be found in [29] (see Definition 4.4) and [28].

REMARK 3.2. Fundamental results for elliptic equations provide that the problems
(3.5) and (3.7) admit a unique weak solution in H*(Y;) (cf. [4]). Similarly, the solutions
w’ and m; (1<4,j<d) of (3.6) are in H'(¥;) and L?(Y}), respectively. Particularly, for
every s € (—%, %) it follows from Theorem 4 and Theorem 7 in [32] that for 1<4,j <d,

¢h e H'™(Y;) and w}e H'* (V)),x; € H* (V)

are unique weak solutions to (3.5) and (3.6), respectively.

The permeability tensor K is symmetric and positive definite (cf. [31, Proposition
2.2, Chapter 7]), whilst the same properties of the permittivity tensor D are proven
in [4].

3.2. Neumann condition for the electrostatic potential. In this section,
we study the effect the choice of the Neumann boundary condition on the electrostatic
potential has on the corrector estimates.

THEOREM 3.4 (Positivity and Boundedness of solution).  Assume (A1)—(Ay4).
Let (ve,pe, ®e,cE) be a weak solution of the microscopic problem (P¢) with the Neumann
condition (1.9) in the sense of Definition 3.3. Then the concentration fields cEi are non-
negative and essentially bounded from above uniformly in €.

The proof of Theorem 3.4 can be found in [29] (see Theorems 3.3 and 3.4) and [28].

THEOREM 3.5 (A priori estimates).  Assume (A1)—(4g). The following a priori
estimates hold:
For the electrostatic potential, we have

NP 20,711 (00)) < C- (3.8)
If 6>« it holds
10ell 220,17y x025) TENV Vel L2((0,7)x 02 S C (3.9)
and additionally, if v> «, it holds

tg%(‘?’)jg]HCQHLQ(QE)_th%&)TE]chr||[,2(§2€)+HVC;HLQ((O,T)XQE)+HVC;FHLZ((O,T)XQE)
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- +
+[|0rez HL2(07T;(H1(QE))’) +||Dpc? ||L2(0,T;(H1(Qs))’) <C. (310)

The proof of Theorem 3.5 can be found in [29] (see Theorem 3.5) and [28].

THEOREM 3.6 (Homogenization of (P5)). Let the a priori estimates (3.8)—(3.10)
of Theorem 3.5 be valid. Taking ®. :=e“®., there exist functions ®o e L2 (0 T;H! (Q))

and &, € L2 ((O,T) X Q,H%&( )) such that, up to a subsequence, we have

2 ~
84(1)07

=

Vo, AV, b0+ V, .

If B>a, then there exist functions vo€L? ((O,T) X Q;H?}7£ (Y)) and po €
L?((0,T) xQxY) such that, up to a subsequence, we have

2
Ve — Vo,
Vo, 2V
EVUe y U0,
2
Pe — Po-

Moreover, the convergence for the pressure is strong in L? () /R.
If ~>a«, then there exist functions c(jf cL? (O,T;H1 (Q)) and cljE €

L? ((O,T) X Q;H;iﬁ (Y)) such that, up to a subsequence, we have

& —cE strongly in L*((0,T)xQ),

2
Vcei = chg + Vycli.

THEOREM 3.7 (Strong formulation of the macroscopic problem in the Neu-
mann case - (PY)).  Let (ve,p-,®.,cF) be a weak solution of (PF) in the sense of
Definition 5.3. According to Theorem 3.6, we have the following results:

Let ®y be the two-scale limit of the electrostatic potential ®., it then satisfies the
following macroscopic system:

Vo (DV. o (1.2) ) =0+ Vil (e (1) — 5 (L) in (0,T)x
DV, P (t,z)-n=0 on (0,T) x 09,
where c‘r::fF odS, and the permittivity/diffusion tensor D is defined in Theorem 3.5.

Let vg be the two-scale limit of the velocity field v.. With additionally 8> «, it then
satisfies the following macroscopic system:

To (t,z) +KV,po (t,2) =—K (ca' —ca) Vo®o(t,z) in (0,T)xQ,if B=a,

To (t,z) +KV,po (t,2) =0 in (0,T)xQ,if B>,
V9o (t,2)=0 in (0,T) %9,
Do (t,x)-n=0 on (0,T) x 09,

where Tg (t,x) fY vo (t,2,y)dy and the permeability tensor K is defined in Theorem 3.3.



V.A. KHOA AND A. MUNTEAN 715

Let c% be the two-scale limits of the concentration fields c=. With v=«, they satisfy
the following macroscopic system:

V3| QyciE (t,2) + Vs - [cgt (t,2) (@Oq:m)vméi)o) —DV,ct (t,:c)}
=|Yi|RE (¢ (t,2),¢q (t,2)) in (0,T)xQ,
((:5‘L (t,x) (170 (t,z) TDV, Py (t,x)) — DV, (t,x)) -n=0 on (0,T)x 09,

while with v> «, they satisfy

Y1|8cg (t,@) + V- [F (t,2) To (t,2) =DV et (t,7)]

= |v;|RE (cf (t,2),cq (t,2)) in (0,T)x9,

(céE (t,2) T (t,x) — DV pc (t,z)) -n=0 on (0,T) x 0N.
REMARK 3.3. Observe that when multiplying the homogenized system in Theorem 3.7
by |Y|71, one obtains the fraction % as the well-known volumetric porosity. Note that

the mathematical results with and without the presence of such |Y\_1 are the same. We
pursue the results originally obtained in [29] and continue to work on those structures
of the homogenized systems. Due to the a priori estimate (3.8) for the electrostatic
potential in Theorem 3.5, ®. and its gradient V®. converge to zero when a<0. In
Theorem 3.7, the number densities c§ in the macroscopic Poisson equations with per-
mittivity tensor D positions itself as forcing terms. Similarly, the forcing terms in the
macroscopic Stokes equations with the case f =« dwell in the part of the electrostatic
potential ®y and the distribution of the number densities c(ﬂf. Clearly, the macroscopic
Nernst—Planck equations in the case v = « yield the fully coupled system of partial differ-
ential equations, whilst with v > « it reduces to a convection-diffusion-reaction system
due to also the structure of the reaction terms R

Let us define the function space
Hy (Q):={veH'(Q):=DV,v-n=0 on 9Q},

which is a closed subspace of H(Q2). This Hilbert space plays a role when writing the
weak formulation of the macroscopic systems in Theorem 3.8 and Theorem 3.12.

THEOREM 3.8 (Weak formulation of (PY)). Let the quadruple of functions
(vo,po,io,cﬁf) be defined as in Theorem 3.7. Then (Uo,poﬁi)o,coi) satisfies

o € L ((0,T) x Q) ,po € L*((0,T) x ),
bo € L2(0,T; H (), ¢t € L2 (0,T; H' (), 0y € L2 (O,T; (H (Q))’)

and becomes a weak solution to (PY) provided that

/ (Topr _KPOV'SDI)dx:_K/ (CSF—CS)V@O'@ldx if B=aq,
Q Q

/ (Vo1 =KpoV-p1)dz=0 if B>a,
Q

/ Go - Vibda =0,
Q
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/|Yl\_1DV<i)O~V<p2dx—|Yl\_16/ wgdx:/ (cg—ca)%?zdi?y
Q Q Q
CGRE H1+/ (1 (fcg (@Oxmvéo)+mvcg) Vpsdr
’ Q
:/ROi (C(J{,ca)cpgdx if y=a,
Q
<8tc§,903>(H1),,H1+/Q\Y}|71 (fc(jf@o+]D)chE).V<pgdm:/QR$ (cg,cg)gogdx if v>a,

for all (1,02, 03,9) € [HE ()] x HY () x H'(Q) x H' ().

The proof of Theorems 3.6, 3.7 and 3.8 are collected from Theorems 4.5-4.10 in [29]
and can also be found in [28].

3.3. Dirichlet condition for the electrostatic potential. In this section,
we study the effect the choice of the Dirichlet boundary condition on the electrostatic
potential has on the corrector estimates.

REMARK 3.1. What concerns Theorem 3.4, the proof (as mentioned in [29, Theorem
3.3, Theorem 3.4]) consists in suitable choices of test functions, based on the energy-
estimates arguments. Nevertheless, for the case where the Dirichlet boundary condition
(1.10) is prescribed, the volume additivity constraint ¢ 4+ ¢Z =1 is required to guarantee
the e-independent boundedness of the concentration fields.

DEFINITION 3.4. Assume (A1)—(A4). Let O, be a solution of the microscopic problem
(P?) in the sense of Definition 3.5. Then the transformed electrostatic potential ®hom :=
®. — dp satifies the following system.:

— AP =t T in Q5

dhem—0  on (0,T)xTI%,

V@M. n=0 on (0,T) x ON.
THEOREM 3.9 (A priori estimates).  Assume (A1)—(A4). The following a priori

estimates hold:
For the electrostatic potential, we have

50‘*2||<I>§"m||L2( +sa*1||V<I>Q°m||L2( C. (3.11)

(0,T)x Q) O,1)x0e) S

If 6>a—1, it holds
HUEHL?((O,T)XQE) ‘*‘EHVUEHLZ((Q,T)XQE) <C, (3.12)
and additionally if v>a—1, it holds

tgfgf)}]||C;||L2(Qs)+tgﬁ)}]||C:||L2(Qs)+||VC;||L2((0,T)sz)+HVC:||L2((0,T)sz)
+||Orez ||L2(O,T;(H1(QE))’) +[|Opct HL?(O,T;(HI(QE))') <C. (3.13)

The proof of Theorem 3.9 can be found in [29] (see Theorem 3.6); see also [28].
THEOREM 3.10 (Homogenization of (P5)). Let the a priori estimates (3.11)—(3.13) of

Theorem 3.9 be valid. Let ®4°™ be as defined in Definition 3./. Taking ®. :=e*2@tom
then it satisfies the following system:

—?Ad, =c —c. in QF,
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d.=0 in (0,T)xT,,
2V, -n=0 in (0,T)x Q.
Therefore, we can find a function ®ye L2 ((O,T) XQ;H,}# (Y)) such that, up to a
subsequence,
i)s 3\ i)Oa
5Vi>s 3\ Vyéo

If, additionally, $> o —1, then there exist functions vy € L? ((O,T) X Q;Hi% (Y)) and
po (t,z,y) € L?((0,T) x QxY) such that, up to a subsequence, we have

2
Ve — V0,
Vo, 2V
EV Ve y 00,
2
Pe — Po-

Furthermore, there  ewist  functions cT € L? (0,T;H* ()  and e
L? ((O,T) X Q;H# (Y)) such that, up to a subsequence, we have

& —cE strongly in L*((0,T)xQ),
Vet N Vg + Vet

THEOREM 3.11 (Strong formulation of the macroscopic problem in the Dirich-
let case - (PY)). Let (ve,pe,®.,c) be a weak solution of (P°) in the sense of
Definition 5.3. According to Theorem 3.10, we have the following results:

Let By be the two-scale limit of the electrostatic potential ®., it then satisfies the
macroscopic equation:

o (1) = ( /Y go(y)dy) (cf (b:2)— <5 (t,2),

where ‘I’o (t,z) fY ® (t,z,y)dy and ¢ is the solution of the cell problem (3.7).
Let vy be the two-scale limit of the velocity field v.. With B> a—1, it then satisfies
the following macroscopic system:

To (t,2) + KV po (t,2) =0 in (0,T) x Q,
Vo (t,z)=0 in (0,T) x £,
To (t,x)-n=0 on (0,T) x 09,

where T (t,x) fY vo (t,2,y)dy and the permeability tensor K is deﬁned in Theorem 3.3.

Let c0 be the two-scale limits of the concentration fields cX. With v>a—1, they
satisfy the following macroscopic system:

Y| cg (t,2) + Vi [eF (t,2) To (t,2) =DV et (t,)]

:|YE|R6‘: (car(t7$)7ca (t,x)) in ( )XQ
(cét (t,2) T (t,x) — DV pc (t,z)) -n=0 on (0,T) x 90
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where the permittivity /diffusion tensor D is defined in Theorem 3.3.

REMARK 3.4. Due to the a priori estimate for the electrostatic potential in Theorem
3.9, @, converges to ®p as a < 2. Moreover, in the case a <1 we obtain the convergence
of ®. and its gradient V&, to the (-potential & and zero, respectively. When a=2,
then <i>6 = <I>ls‘°m :=®_. — ®p holds, we compute that

‘T’o(tw):/y(<I>18°m(t,x,y)+%)dy=(/Ytp(y)dy> (c5 (t,2) =g (t,2)) + V1| @p.

(3.14)

In Theorem 3.11, we see that in contrast to Theorem 3.7, the electrostatic potential

is not present in the macroscopic Stokes and Nernst—Planck equations. In addition,

the macroscopic Poisson system for the electrostatic potential reduces from the partial

differential equations in the Neumann case to the macroscopic “representation” in the

Dirichlet case. Both cases are all coupled with the concentration fields ¢. Note that

in both Neumann and Dirichlet cases, we need the strong convergence of the concen-

tration fields, i.e. ¢& — ¢t in L2((0,T) x ©2), to derive the macroscopic systems for the
electrostatic potential, the fluid flow as well as for the pressure, respectively.

THEOREM 3.12 (Weak formulation of (PY)). Let the quadruple of functions

(vo,po,éo,cﬁf) be defined as in Theorem 3.11. Then, it satisfies

Vg € L2 ((OvT) X Q) Do € L2 ((OvT) X Q)7
by € L2((0,T) x Q) it € L2 (0,T; H' (), dyci € L2 (o,T; (H (Q))’)

and is a weak solution to (PP) provided that

/ (’L_)OgOl 7Kp0v . <p1)dx :O,
Q

/170~V1/)dx:0,
Q

gog@gdl‘: (/ go(y)dy)/ (ca“—ca)gpgdx,
Q Y, Q

<3tcoia¢3>(H1)/7H1 +/Q |Yl\71 (fcoi”DOJrDchE) ~ch3d:c:/QR3E (ca',cg)gogdx,

Jor all (91,02,03,0) € [HE ()] x HY (Q) x HY (Q) x H' ().

The proof of Theorems 3.10, 3.11 and 3.12 are collected from Theorems 4.11-4.16
in [29] and can also be found in [28].

3.4. Discussions. According to the proofs of the macroscopic systems in The-
orems 4.6, 4.8, 4.10, 4.12, 4.14 and 4.16 cf. [28], we formulate here the first-order limit
functions of the systems (PY) and (P2), respectively.

When the electric potential satisfies the Neumann condition on the micro-surface,
we deduce that ®; can be formulated by

d
Oy (t,y) =Y ¢ (4) D, Bo (t,7),

Jj=1
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with ¢; being solutions of the cell problems (3.5). We also remark that the limit function
po for the pressure is proved to be independent of y, i.e. po (t,x,y) =po (t,z), due to the
structure of the Stokes equation, see Theorem 3.6. Accordingly, the representation of
the limit function vy for the fluid flow is given by

727.0‘]' (v) {(car — ¢y ) Oz, @0 (t,2) +0u,p0 (t,2)| if B=q,
Vo (t,ﬂ?,y):
ij Oz, po (t,x) if 5> a,

where w; =w; (y) for 1<j <d are the solutions of the cell problems (3.6). We are able
to determine the (extended) macroscopic Darcy’s law by the following pressure:

1 (tx,y)=p1 (t,2,y)+ (cg (t,x)—cy (t,x)) o, (t,z,y),

where with 7; =m; (y) for 1 <j <d are the solutions of the cell problems (3.6), we com-
pute that

Zﬂ'] [c —cq ) Oq, Dy (t, )+ 0z, p0 (1, x)} if f=q,
p1 (t,x,y):
Zﬂ'] Oqz;p0 (L, ) if B> a.

On the other hand, the representation of the first-order functions cf is

d

Z(cpj (y)@cha[ (t,x) Fer (t,) 0, o (t,x)) if y=a,
e (ta,y)= J !

Z% ) Oy Co (t,x) if v>a,

where ¢; =¢; (y) for 1 <j<d are the solutions of the cell problems (3.5).

When the electric potential satisfies the Dirichlet condition on the micro-surface, we
obtain a different scenario. In fact, the macroscopic electrostatic potential ®g is in this
case independent of y and it can be computed by the averaged term @ (see Theorem
3.11 and the special case in (3.14)). We obtain the same manner with the macroscopic
velocity vy in Theorem 3.11. However, the limit function pg for the pressure remains
independent of y. As a consequence, the representation of the first-order functions cli
is

d

Z (cpj (y)(“)gcjc(j)E (t,2) F et (t,2) Do (t,x)) if y=a—1,
Cit (t,z,y)= J '

Zapj ) Oy Co (t,z) it y>a-—1,

where ¢; =¢; (y) for 1 <j<d are the solutions of the cell problems (3.5).
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It is worth mentioning that upscaling the microscopic system (P¢) is done by the
two-scale convergence method. This approach, which aims to derive the limit system,
does not require the derivation of the first-order macroscopic velocity, denoted by v,
herein. To gain the corrector for the oscillating pressure arising in the Stokes equation,
we use the same procedures as in [36], and thus, we need the structure of v;.

Following [31], we have in the Neumann case for the electrostatic potential that

N - zd: Tij (g) O, ((03' —c&)@xjfi)() (t,2) 40z, p0 (t,x)) if B=q,
t7 y ) — b=t
vl( z 5) _zd:n.j (g)@giszo(t,x) if B>a,
i,j=1

where 7;; € H' (Y}) for 1<i,5 <d is the solution for the following cell problem

Vy o +wi=Yi| T Ky in Y,
Tij ZO on F, (315)

r;; periodic in y.

It holds

d
x X
U1 (t,x, g) =— E Tij (g) aiiszo (t,x),

i,j=1
provided the electrostatic potential satisfies the Dirichlet boundary data on the micro-
surfaces.
3.5. Auxiliary estimates. Here, let Y; and ¢ as defined in Subsection 2.1.
LEMMA 3.1 (cf. [23]). Let p*(z):=p(x/c)€ H'(QF) satisfy

1

= [ p(y)dy,
¥ Sy, P

]

then the following estimate holds:
_ 1
1" =Pl L2y SC2 P71 0y -

LEMMA 3.2.  Assume 0Q€C* for k>4 holds. Then, there exist 5o >0 and a function
n’ € [C’kfl (ﬁ)} ¢ such that n® =0y on OQ with Ty being the averaged macroscopic velocity
defined in Theorem 3.7, V,-n°=0 in Q and for any 1<q<oo and 0<L<k—1, the
following estimate holds:
van(s

| oy SC7° for §€(0,8]. (3.16)

Proof.  We adapt the notation from [36] (see Lemma 1) to our proof here. It is
well known from [17, Lemma 14.16] that there exists an e-independent v >0 such that
the distance function z(z)=dist (x,99) belongs to C*(S,) where

Sy :={zeQ:dist(z,00) <~}. (3.17)



V.A. KHOA AND A. MUNTEAN 721

By definition, we have

OQ:={zeR?:2(z)=0} and n::—|§—j| for x€S,.
If we define a function V (2,£) b

Vo (3?)

V0= 7w

for r=x(z,§) €S, (3.18)

where £ is the tangential component of z along 0€2. We observe that |Vz| >0 for x €S,
and the trace V (0,¢) is well-defined as a function in C*(S,).
Following the same spirit of the argument as in Temam [39] in e.g. Proposition 2.3,
we aim to take n° as curly, where v is chosen in such a way that
oY

E:O on 0f,

where we denote by 7 the tangential component of ¢, and
Vi-n=9y-7 on 9.

Note from the structure of the macroscopic Stokes system (cf. Theorem 3.7 and
Theorem 3.11) that 9p-n=0 on 9N and from the fact that the tangential component
is different from 0 in principle. We aim to choose ¥ =0 on 92. Based on the function
V (%,€), defined in (3.18), we choose

v@)=@en (-5 V0.0 7).

Due to the presence of z, it is clear that ¥ =0 on 0Q2. Furthermore, we can check
that

Vo= o5 (V5L ) = 1vA (1= ) en (=5) VO ) o0 7

holds on 0f2.
Therefore, we are now allowed to take n° =curl) in S,.
We can now complete the proof of the lemma. Indeed, we estimate that

)dx

Owning to the C*-smoothness of 99, we can proceed as above to obtain the following
high-order estimate:

con(-2) L0

IV9llE0(s,) < C/ < (1-Dew (-2 V0] +
<C6.

IV s, SCOT7° for0<r<k—1.

Hence, for § <7y the function v is exponentially small at S {xe Q:dist (z,00) 7}

and we can extend it to a function, which is denoted again by 1, in C* (Q ( ) such that it
satisfies 7° = curly and thus the estimate (3.16). |
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By Lemma 3.2, we can introduce a cut-off function m® €D (Q) corresponding to
011, satisfying

and vamgHLw(Q) <Ce* for £€10,2].

() 0 if dist(z,00) <e,
m®(z)=
1 if dist (z,00) > 2¢,

As a consequence, one can also show that
|1 =mllpaqey SOt el|Vme|paqe) < Ost. (3.19)
LEMMA 3.3 (cf. [31, Lemma 1, Appendix]). For any ue€ Hg(QF), it holds

[ull L2 (o) < CellVul|pz gy

4. Macroscopic reconstructions and corrector estimates

In this section, we begin by introducing the so-called macroscopic reconstructions
and provide supplementary estimates needed for the proof of our main results stated
in Theorem 4.1 and Theorem 4.2. Our working methodology was used in [10] and
successfully applied to derive the corrector estimates for a thermo-diffusion system in
a uniformly periodic medium (cf. [23]) and an advection-diffusion-reaction system in
a locally-periodic medium (cf. [25]). In principle, the asymptotic expansion can be
justified by estimating the differences of the solutions of the microscopic model (P¢)
and macroscopic reconstructions which can be defined from the macroscopic models
(PS) and (PY).

Our main results correspond to two cases:

Case 1: The electric potential satisfies the Neumann boundary condition at the
boundary of the perforations

Case 2: The electric potential satisfies the Dirichlet boundary condition at the
boundary of the perforations

REMARK 4.1. To gain the structure of the corrector estimates, we require more regu-
larity assumptions on the involved functions as well as the smoothness of the boundaries
of the macroscopic domain; compare with the assumptions employed when upscaling
(P?). In fact, it is worth pointing out that in Theorem 4.1 and Theorem 4.2 we require
regularity properties on the limit functions, postulated in Theorem 3.8 for Case 1 and
in Theorem 3.12 for Case 2, as follows:

Do, ct e WH=(QF) N H? (0°),5p € L™= (QF). (4.1)

The cell functions ¢; for 1 <j <d solving the family of cell problems (3.5) are supposed
to fulfill

0 W2 (Y)) for s>d/2. (4.2)

Moreover, the cell functions wé, m; and r;; for 1 <4, j <d solving the cell problems (3.6)
and (3.15), respectively, satisfy

wi e WH2(Y)),m; e W2 (Y)) and ri; € W52 (Y)) for s>d/2. (4.3)

In addition, we stress that the corrector estimates for the Stokes equation can be gained
if we take Q€ C*. This assumption is only needed to handle Lemma 3.2.
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4.1. Main results.
THEOREM 4.1 (Corrector estimates for Case 1). Assume (A1)—(A4g). Let the
quadruples (vs,p@(I)E,cEi) and (vo,po,q)mcoi) be weak solutions to (P¢) and (PJ%) in the
sense of Definition 3.3 and Theorem 3.8, respectively. Furthermore, we assume that
the limit solutions satisfy the regqularity property (4.1). Let @; for 1<j<d be the cell
functions solving the family of cell problems (3.5) and satisfy (4.2). Assume that the
initial homogenization limit is of the rate

<Cet  for some peR,.

2
Ot
L2(Qe)

Then the following corrector estimates hold:

_ 1
lve =051l L2 (0,7 x2e) S O,

Hée_(i)([i)

HC?_C(j)mHL"‘((o,T)xQe)

< Cmax{eé ,5% } ,
L2((0,T)xQe)]¢

1
gC’maX{st,zs%}7

L2((0,T)x %)
+|[v (2--a1)]|

HV(Cf_CT’E)H[Lz((o,T)sz)]d

where U5, ®F, cg’a, ®s, cic’a are the macroscopic reconstructions defined in (4.4)—(4.8).
Let w;:, m; and r;; for 1<i,j<d be the cell functions solving the cell problems (3.6)
and (3.15), respectively, and satisfy (4.3). If we further assume that

(i>0 c H* (QE) 7C§ c W2 (QE) Do c it (95)7
then for any A€ (0,1), the following corrector estimates hold:
’ Sc(max{5%75%}+5%+s *7+€%—A),
[L2((0,T) x2=)]¢

l|pe _pOHLZ(Q)/R <C (max{s%,e:%}—kg% —|—51*% +g%*)‘) ,

ve — V1| 7' Dw§ — e |[Vi| T Dwf

where v§ and v§ are defined in (4.9) and (4.10), respectively.

THEOREM 4.2 (Corrector estimates for Case 2). Assume (A1) —(A4). Let the
quadruples (ve,pe,®.,c) and (vo,p0,<1>0,c§) be weak solutions to (P¢) and (Pg) wn the
sense of Definition 3.3 and Theorem 3.12, respectively. Furthermore, we assume that
the limit solutions satisfy the regularity property (4.1). Let @; for 1<j<d be the cell
functions solving the family of cell problems (3.5) and satisfy (4.2). Assume that the
initial homogenization limit is of the rate

2

+0 40
L ) ’

<Cet  for some peR,.

L2(Qe)

Then the following corrector estimates hold:

L2((0,T) % Q°) + HV (és B ég)

~ -
9 (e =65 2oy e + | B — P

Héefi)g

‘[Lz((O,T)XQE)]d * ||c§ﬁ 703:,6 ||L2((07T)x95)

1o
< Cmax{a2 ,E2 },
L2((0,T)x0°)
=€
where c(ﬂf’e, cf’e, ®F, O, are the macroscopic reconstructions defined in (4.55)-(4.56)

and (4.57)~(4.58).
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Let w;-, m; and ri; for 1<i,j<d be the cell functions solving the cell problems (3.6)
and (3.15), respectively, and satisfy (4.3). If we further assume that po € H*(QF), then
for any A€ (0,1), the following corrector estimates hold:

2(
I
2

— Y| Do —e Y2 Dog

’U §C<max{5%,€%}+€%+51*%+5%7>\>’
[L2((0,T)xQe)]?

||pe_pOHL2(Q)/R§C<maX{ €2, }+€2 +e -5 +5%_>\)>
where v§ and v§ are defined in (4.53) and (4.54), respectively.

4.2. Proof of Theorem 4.1. To study the homogenization limit, the existence
of asymptotic expansions

T T

ve (t,2) =g (t,x,7> +evy (t,x,f) + ...
€ 5
T T

Pe (t,.T) =DPo (t,IE,g) +ep1 (t,fl?,g) +..

P, (t,z) =d, (t,x7£> +ed, (t,x,g) +...
5

CEi (t,:c):cgE (tx,f) —1—501 (t x x) + .
€ €

is assumed and some terms (e.g. v, p0,<I>07cO) have been determined in the previous
section. Since the route to derive the corrector for Stokes’ equation is different from the
usual construction of corrector estimates for the other equations, we shall postpone for
a moment the proof of the corrector for the pressure.

We define the macroscopic reconstructions, as follows:

6(5) (t,l’) = |Yi|_11_)0 (t7f£)’
BF (t,x) := Do (),

&< (t,2) = &5 (t,7) +EZ%( )a B (t,2), (4.6)
Tf (ta) = (t,a), (4.7)
E (4,0) = (1,2 —I-EZ(,O]( )00, (1), (4.8)
v (,2) =g (t,x, 2). (4.9)
vi (t,z):=v; (t,x, g) . (4.10)

Lemma 3.1 ensures the following estimate:
_ 1
[0e = U6l 20,1y x 2y < CE2, (4.11)

where Definition 3.3 and Theorem 3.2 guarantee the regularity for v..

Let us now consider the correctors for the electrostatic potential and the concen-
trations. We take the difference of the microscopic and macroscopic Poisson equations
in Definition 3.3 and Theorem 3.7, respectively, with the test function ¢o € H! () and
thus obtain

/ (Vég—\erlDV(ﬁo)-V(pgda:+|Yl|716/ gogdx—e/ opadS:
£ QE 1—‘6
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:/ (e —cf +eg —c2) pada, (4.12)

where we recall that <i>6 =e*®, cf. Theorem 3.6.
Similarly, for ¢3€ H'(Q°) we also find the difference equations for the Nernst—
Planck equations, as follows:

(0 (Cgc _Coi) ’9"3>(H1)’ o +/ (vczc - |Yl|_1DVCOi) -Vepsdr
, 0
/ “Yl| e (170 :FDV‘i)()) —cEjE (UE:FV&)EH -Vsdx
Z/ﬁ (B (cfc0) = Ry (i cp)) wada. (4.13)

We start the investigation of these corrector justifications by the following choice
of test functions:

02 (t,2) = . (t,2) — | BE (t,2) +eme (a Z@J(g)a@éo(m) : (4.14)

o3 (t,z) = (ta) — | 5% (t,z) +em ( Z%( )895700 (t.z) |. (4.15)

To get the estimates from (4.12) and (4.13), we denote the following terms just for
ease of presentation:

7 ;:/ (Vé-— il ' DV, ) - Vpada,

Qa
=0 [ puda—c [ opais.,

Qe €

JyZ/)@§—®416—47¢ﬂ%
Ky :=(0, (CéE _C(ﬂJE) 7903>(H1)/,H1 :/QE & (Céﬁ _c(ﬂJE)SD‘gdx’
o= | (Ve =7 DVG) - Viuds,
Kgi= / [‘ - CO (’Uo$]D)V(I>0) ('%?V(i)e)] Vzdz,

/c4_/ (RE (e .c0) — RE (e ey )) ada.

Using the representation
— Vil DBy =V (&, — 5 ) + Vi - vi| ' DV,
the term J; thus becomes

T = / v (ég —&)i) -wzdﬁ/m (Vi)i - |Yl|*110>v<i>o) Vpadz.
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With the choice of @9 in (4.14), we have
/ A\ <<i>5 - @f) -Vodx
N
>C||v (& - &) |

To estimate the second term on the right-hand side of (4.16), we assume that &, e
Whee (QF)NH? (Q°) and @; € WH52(Y)) for s>d/2 and 1<j<d. Using the Sobolev
embedding W'+%2(Y;) C C* (Y}) together with the inequalities in (3.19), we estimate
that

2
d

—C2 ||V (1=m)) 950, o . (4.16)

=t [L2(Q9)]

[L2(Q9))¢

d
e|lV| (@ —mE)Zg}j@%&)O
=t [£2(0))?

<el|[Vm®lL2 gz

d
|, QE)Zlusojnc@)

1 =ml 2 q-) || P

of| (Q)Zn illogenge+<[ 2] e anc )

<C (5—}—5%) .
Taking into account the explicit computation of Vi)‘i , which reads
Vo] = V.80 + (V)" Voo +p V.V for o= (), 13
we can write
V&5 — V|7 DV = Voo + (V@) Voo — Y| ' DVEy+e5°V, V. (4.17)

Due to the smoothness of the involved functions, the fourth term in (4.17) is bounded
in L2-norm by

(4.18)

PV P00
s”@ V.:V® (L2 (e )]d_ ||<P||[ o))" ||®0 200

On the other hand, from the structure of the cell problem (3.5) we see that G:=I+
p— \Yl|_1D is divergence-free with respect to y. In parallel with that, its average
also vanishes in the sense that

Gdy =0.
v,
Consequently, the function G possesses a vector potential V which is skew-symmetric
and satisfies G=V,V. Note that the choice of this potential is not unique in general,
but V can be chosen in such a way that it solves a Poisson equation A,V = f(y)V,G
for some constant f only dependent of the cell’s dimension. Therefore, to determine V
uniquely, we associate this Poisson equation with the periodic boundary condition at I"
and the vanishing cell average. Using the simple relation V, =V —eV,, we arrive at

GVdy=cV - (stéo) _eVEAD,, (4.19)
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Due to the skew-symmetry of V, the first term on the right-hand side of (4.19) is
divergence-free and its boundedness in L?(2¢) is thus of the order of . Since g€

[(Wits:2(y;)] * for s> d/2, it yields from the Poisson equation for V that
IVIlwrsee ) SCNGllwen () -
Applying again the compact embedding W*2(Y;) C C (V) for s>d/2, we obtain

vedl (Yl) and it enables us to get the boundedness of the second term on the right-
hand side of (4.19). In fact, it gives

€HV5A§>0‘ (<elVile,

%]

L2(Qf) H2(QF)

Combining this inequality with (4.17), (4.18) and using the Holder’s inequality, we
conclude that

/ (véi - |Yl|_1ID)V<i>0) Vpoda < Ce.
QE
This step completes the estimates for ;. More precisely, we obtain

Fi=C||v (.- ) —C(21e). (4.20)

‘ [L2(Qe))?

In the same vein, we can estimate the term Ko with the aid of the a priori regularity
LWL (Q)NH? () and @, € WH52(Y)) for s>d/2 and 1<j <d. We thus get

Ko> OV (¢ =) | enye — C (€2 +e). (4.21)

We now turn our attention to the estimates for J5 and J3. Noticing 6::fr odS,

which implies that
mrl/ 6dy:/ad5y,
\ r

we then apply [25, Lemma 5.2] to gain
| 72| < Cell2l 1 ey -
Note that due to the choice of ¢y in (4.14), we have

¢ [v (@-99)
1) L2 (@)

#[7(8580) | o #2920

+||v (2. -a%)

L2(Q7) ‘

H@Q”Hl(ﬂ:—;) S H(i)a_(io‘

H1(Q°)

c(1+a+s%), (4.22)

IN

|~

(L2 (99))¢

where we use the inequalities (3.19) with the regularity assumptions on @ and ®g, and
the following bound:

g < A _ ~ ) _ 0 .
HV ((I) (DO) H [L2(Qe)]¢ ~ HV?’QOHC(YI) H(I)OHWLOO(QE)Jrs”SO”C(Yl) ’q)OHH2(QE)
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Therefore, we can write that

1921 <Ce (|-

& —d° ‘ 1). 42
)+HV( € 1) [L2(Qs)]d+ ) (4.23)

The estimate for J3 can be derived by the Holder inequality, which reads

L2(Qe

15510 (N~ ey + e =66 oy ) 220

and then leads to

|J3|gc(y|c:_cguwm+y|c;_cong))(Hég—&»o\ms)ﬂ) (4.24)

Let us now consider the term /C; and K4. Note that i can be rewritten as

/ 0i (cF —cg) [eX —(c5 (t,x) +em @ - Vocs) | do

1d

_§$HC§E_CO||;(QE)_5/QE@ (¢ —cT)m°p-Vacidr, (4.25)

while from the structure of the reaction in (Az), we have the similar result for K4 (to

J3), i.e.
K SC(HCj_CgHH(QE)"'HCE_ _CaHL2(QE)) (Hcei_coium(m)"i'l)' (4.26)
The estimate for K3 relies on the following decomposition:
vy~ et (@va@o) —ct (Hvéa)
= (c§ —cZ) (M7 G0 F Vi T Do ) + ¢ (1%~ 50— 0. ) F e (1% DVE - V. ).

Clearly, if 5p€ L>(QF) and since &€ W™ (QF)NH?(Q°), we can estimate, by
Holder’s inequality, that

/ (CS_L_C?) (|37|7150:F|3ﬁ|71]1])v<i>0) ‘V¢3d$§CHCsi_C(j)E||Lz(QE) IVesllir2(qeye-

(4.27)
By using the same arguments in estimating the norm ||g02HH1(QE) in (4.22), we get
from (4.27) that

/ (cg fcei) (|Yl|_1170 :F|Yl|_1]D)V<i>O) -Vsdx
Qe
SCHCEE_C?J[HLQ(QE) (HV@E_C?’E)H[H(Qs)]d"'l)' (4.28)
Next, we observe that
/Qa Cg: (|5/2‘_1170 _UE) ~v(103d.'1; SC”’UE _'DSHLQ(QE) (HV (Cg: —C?:ﬁ) H[LQ(S\LE)]d —+ 1)

<Ced (|7 (cF =) | paaeya 1) (4.29)



V.A. KHOA AND A. MUNTEAN 729

which is a direct result of (4.11) and of the fact that all the microscopic solutions are
bounded from above uniformly in the choice of € (see Theorem 3.4).
Using again Theorem 3.4, we estimate that

/ ot (|Yl|*1m>v<i>0 —vés) Vipada
QE

< (7 () g 7 (353 50) )
% (19 (¢ =) | o e +1)
§C<Hv(ésiﬁ) ’[L2(Qf)}d+€) (HV(Cf*Cliys)H[m(Qs)}d*l)v (4.30)

which also completes the estimates for ;.
Combining (4.20), (4.21), (4.23), (4.24), (4.26), (4.28), (4.29) and (4.30), we obtain,
after some rearrangements, that

HV((I) B ) [2L2(QE)]d

<C(e2+4¢) +Ce? (HV(C — )||L2 QE)]d—H)

e[V (e

2
)| [L2(00)]

#0800 17 (58] o)

4O = 3 gy (B 80 ., 1)
+cs<Hv(éE&>§)([Lzm >(||V(c ) | oy 1)

+Ce e = || oy (19 (2 =) | agarye + 1) (4.31)

It now remains to estimate the second term on the right-hand side of (4.25). In
fact, integrating the right-hand side of (4.25) by parts gives

¢
// msﬁt(ceifcg)ﬁvzcgtdxds
0 €

:/ m°® (ci—co)gp Vo dm‘s ! / / c —co @ Vet duds,

and we also have

€

/gsmE [(cgi—coi) — (cgE (0)—c§ (0))]@~Vwc§dx’

<Ce <Hcei HL2 ooy F | " 0‘ LQ(QE)> ’ (432)

-
At this moment, if we set

2 2
L2(Qe) + Hcgt (t) 706‘: (t)HLQ(QE)7

YO eIV (E =) )
1 [Lz(Qa)]d 1 [LQ(QE)]d7
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2

Wo = 0

+,0 +0
T —c ‘

L2(Qe)’

then, after integrating (4.31) and (4.25) from 0 to ¢, we are led to the following Gronwall-
like estimate:

t t
wy (t)+/ wa(s)ds<C <6+(1+5)w0+/ wy (s)ds) ,
0 0
which provides that
¢
wy (t)+/ wa(s)ds<C(e+(14+¢e)wy) forte[0,T].
0
Assuming

2

<Ot cR,, 4.33
e S et for some peRy (4.33)

+.,0 +,0
- )

we thus obtain

~ ~ |12
|-

2
0 ‘
L2((O,T) X QE)

+ +1]2 T e
+HCE 700 ||L2((O,T)><QE)+HV(q)ei(pl) [Lz((O,T)XQE)]d
+e|[V (et —er) H[2L2((O,T)><QE)]d <Cmax{e,e"}. (4.34)

Since the obtained estimate for Hv<i)57(i)i> is of the order of

‘ [L2((0,T)xQ=)]¢

O (max{e,e"}), we can also increase the rate of HV(cEi—cli’E)H[Lz((o Tyxoeyes 100
deed, let us consider the estimate (4.28) and (4.30) for ||cai—c§HL2((O T)%0e) and

Hv<i)57éi> ‘[L?((O,T)xge)]d’ respectively. Then, we combine again (4.21), (4.26),

(4.28), (4.29), (4.30) and (4.32) to get another Gronwall-like estimate:

t
||V (05jE fcli’s) (t)||[2L2(QE)]d <C (eé +max{e,e"} +5/0 HV (cai fci':’s) (S)||[2L2(95)1dd5) .
As a result, we have

+ +.e\ |2 1
IV (e =) | Fpaqorry waaey < Cmax b2 }. (4.35)
Note that for 7> «, the drift term in the macroscopic Nernst—Planck system is not

present. Thus, this term does not appear in (4.28) and (4.30). Due to the a priori

P, < C (cf. Theorem 3.5) in combination with the bound-
L2(0,T;H ()

edness of Cf (cf. Theorem 3.4), it is straightforward to get the same corrector estimate as
(4.34). Moreover, if o <0, the corrector becomes of the order O (max{e,e~*,e*}). This
explicitly illustrates the effect of the scaling parameter v on the rate of the convergence.

For the time being, it only remains to come up with the corrector estimates for
the Stokes equation. At this point, we must pay a regularity price! concerning the

estimate that ‘

ICompare to the two-scale convergence method when deriving the structure of the macroscopic
system in [29].
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smoothness of the boundaries to make use of Lemma, 3.2. With 9Q € C*, we adapt the
ideas of [36] to define the following velocity corrector:

VEO (t,x) ij( ) [ o —cg)3zj<i>o(t,x)+3szo(t,$)+(K_lng)j}

d
—€ Z Tij (g) (1—=m®) 0y, ((ca' —cg)axjéo (t,2)+0x,po (t, )+ (Kiln‘;)j) ,
i,j=1

(4.36)

and the pressure corrector:

ped (t,z):=po (t,2)
d
—SZWj (g) [(ca' —cg) Oz, d, (t,2)+0x,po (t, )+ (K_ln‘s)j} ,  (4.37)

where w;, m; and r;; are solutions of the problems (3.5) and (3.15), respectively, for
1<i,j<d; and 7° is a function defined in Lemma 3.2.

From (4.36), one can structure the divergence of the corrector V. In fact, by
definition of the function 7° and the structure of the macroscopic system for the velocity
in Theorem 3.7, the divergence of the first term of (4.36) itself vanishes. Therefore, one
computes that

e 35 (05 ()i ) 000 [ 510, o ()

1,j=1

d . ] 7 ~ )
_Ez‘;::lrij (g) 1-m")V- {azi ((C(J)r_co )31].@0-1-39;].1)0-1- (K 1775)]')}

+e zd: Tij (g) Vim0 [(Cg o) 02, ®0+0z;po+ (Kilné)y} '

3,j=1

where we also use the structure of the cell problem (3.15).
Taking into account that

d
— Z Kljaxl ((Catfca)amj‘i)oﬁ’axjpo) :0,

i,j=1

d
> Kijos, (K'°) =0,
i,j=1

hold (see again the macroscopic system for the velocity in Theorem 3.7 as well as the
properties of 7° in Lemma 3.2), the estimate for the divergence of V=9 in L?-norm

[V V20 oy SC (367 o6~ 4286 373)  for ge[2,00],

is directly obtained from Lemma 3.2 and the inequalities in (3.19).
At this stage, if we choose ¢=2 and §>¢, we get

VY29 oy < C (26~ +ed671), (4.38)
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and hence,
HV’VE’(SHB((O,T)xQE) <C (557% Jrsé(sil) :

Next, we introduce the following function:

e (t,2) = AV (t,2) —e 2VP — (cf (t,x) — ¢y (t,2)) V0 (t,2).

Thus, for any ¢ € [H& (Qe )}d we have, after direct computations, that

<\I/63S01>([H1]d)’7[H1]d

(4.39)

:_jzi;/gs (ij (9 _6_1V7rj (g)) [(CS_ _CJ) Oz, D + 0z, po+ (K_ln‘s)j} prdx

—672/ (Vpo—|— (cf —cp) V&)o) prdz

‘i/ (290 (2) e 7 (2)1) ¥ [ (e — ) By B+ o+ (K1) e

B Jzi;/ S (§> A [(C;’r =g ) a; @0+ 02,p0+ (K_ln(S)j} prdx

Eéfﬂsv [ris (£) (1=, (6 —5) e, B0+ 0, po+ (K717), )| - Viprda

1211 —|—Ig —|—I3 +I4 +I5

(4.40)

Note that H/here stands for the identity matrix. From now on, to get the estimate
for ¥¢ in (Hl) -norm, we need bounds on Z; for 1<7<5. Indeed, with the help of
Lemma 3.3 applied to the test function ¢1, and the estimates of the involved functions,

one immediately obtains from the Holder’s inequality that
Zol+1Za < C (67% +267% ) [Vl 2oy

where we also apply again the estimate of ° in Lemma 3.2.
To estimate Z5, we notice

Z51<C (575 4078 ) IVl pacaeye.

where we also employ the estimates (3.19) on me.
In addition, we have

|71+ 15| < /

€

j=1
+ Vpo+ (CD+ —ca) Vi)o] goldx‘

<Ce7162 IVorllipzqeye-

2 | =2 (e =) 0e, B0+ 00, p0+ (K H07) )

(4.41)

(4.42)

(4.43)
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Consequently, collecting (4.40)~(4.43) and according to the definition of the (H')'-
norm, we arrive at

”\I/E” [H(QF) = sup <\Ijsa§01> g rgd
(I ) We[Hl(QE)]dmeH[Hl(gs)]d§1 (L)) [H)

gc(g—laé toE +g5—%) IV1ll g2 (e (4.44)

Now, we have available a couple of estimates related to the correctors V=9 and P=9.
To go on, we consider the differences

DS =0, — Y| DV, Dy:=p.—|Y;| ' DP?,
and observe that the equation

—2ADE + VD5 =2 ||y D — 2 ((cj — D) VD~ (cf —c5) |m‘11D>V<i>O)]
(4.45)
holds a.e. in °.

It remains to estimate the second term on the right-hand side of the Equation (4.48)
in (H 1)/—norm. This estimate fully relies on the corrector estimate for the electrostatic
potentials in (4.34), the boundedness of concentration fields in Theorem 3.4 with the
assumption that ¢y € WH (Q°)NH? (). In fact, the estimate resembles very much
the one in (4.30), viz.

_ 1 ~
(et —ez) Vo = (i —c5) ] DV@O,@1>([H1]d),)[Hl]d

L
<C|va. -y DV%H[MQEWIle\ILzme)

Scmax{5%,€%+1}||V§01||[L2(95)]d, (446)

for all ¢y € [H} (Q‘S)]d and where we also use Lemma 3.3.
For ease of presentation, we put

LF=e? ((c;|r —cZ ) VP~ (c§ —c5) |Yl|_1]D>V‘i>0) :

The corrector for the pressure can be obtained by the use of the following results
which are deduced from [38] and [36]:
e there exists an extension E(D5) € L?(2) /R of D§ such that

1B (D5l 20y < Ce (195 = L s gy +I9D5 N pageyer ) (447)
e the following estimates hold:
“VDE d2 SC(H\IIE £e ”( [H(Q#)] ) +571 Hv.ve,éHLQ(QE))’ (448)

HDﬂ'[LQ(QE)]dSC(EH\PE—’CE”([Hl(QE +HV VE(SH[}(QE ) (449)

||[L2 (Q9)]

Collecting (4.44) and (4.46), we get

1

195 = 2 gy ey < C (57108 +07 8 6~ tmax {5,571 }) [ Vil o
(4.50)
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We thus observe from (4.49), (4.38) and (4.50) that

(NS

D1l p2(qeye <C (5% +e5 342572 —&—max{aé,a }—&—55_% —&—5%6_1) .

Since 0 > ¢, we can take 6 =& for A€ (0,1) to obtain

VT

IDll(r2(eye <C (5% telmr 42 4o —i—s%_’\—kmax{s%,fs

j)

§C<max{€%,€%}+e% tel=% +5é7/\>.
On the other hand, the optimal value for A is 1/3 which leads to the following
estimate:

D112 SC’maX{eé,e%}. (4.51)

Hereafter, it follows from (4.51), (4.47), (4.48) and (4.50) that

1 (D5 20y < C (2195 = £ s gy + 19 V7 | o)
<C (max{eé,sg}+5% +e -5 +55 A)
This indicates the following estimate:
Ip= —poll 2y < C (max{ed 8 b et pei=% 2372), (4.52)

Finally, we gather (4.11), (4.34), (4.35), (4.51) and (4.52) to conclude the proof of
Theorem 4.1.

4.3. Proof of Theorem 4.2. We turn the attention to the Dirichlet boundary
condition for the electrostatic potential on the micro-surface. Based on Theorem 3.11,
we observe that the structure of the macroscopic systems for the Stokes and Nernst—
Planck equations are the same as the corresponding systems in the Neumann case (see
Theorem 3.7). Therefore, the corrector estimates for these systems remain unchanged
in Theorem 4.1. Also, some regularity properties are not needed in this case. We derive
first the corrector estimates for the velocity and pressure and then the corrector esti-
mates of the concentration fields. Thereby, the corrector for the electrostatic potential
can also be obtained. Here, the macroscopic reconstructions are defined as follows:

vg (t,2):=vg (t,x,g), (4.53)
vf (t,x) ==y (t,x,g), (4.54)
co < (ta)=ci (t,), (4.55)
i 15 () fco “(t,x JrsZ(pJ (g) 6%03:’5 (t,z). (4.56)

Recall @, =2~ 2@hom By Theorem 3.10, ®,. obeys the weak formulation

/EQV‘i)E-chgdx:/ (cj—c;)gogda: for all apgeHé(QE).
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Therefore, we define the following macroscopic reconstructions:
&5 (t,) == By (t,x, f) , (4.57)
By ()= Vi By (t,2), (4.58)
and recall that the strong formulation for ®q (see [29, Theorem 4.12]) is given by

— A, (t,,y) =T (t,z) —cg (t,x) in (0,T) x Qx Y],
Po=0 in (0,T) xQxT.

Consequently, the difference equation for the Poisson equation can be written as
~e2Ab. + (8, B0) = (cF —cf) +(cg —c7).-
Choosing the test function g =&, — @8, let us now estimate the following integral:
~ €
Using the simple relation V,, =¢(V —V,) and the decomposition
(Ayé()) =(1-m%) (Ayéo) +em®V- (Vy ((i)o) ) —em® (VI- (Vﬂm)) ,

~ g
and we obtain, after integrating by parts the term V- (Vy (@0) ), that

[ i e

)
—em® (v (v <I>0)> —eVmE-V (@0) ]cpgdx

+s/ (1-m)V, (éo) -wzdx—g/ v, (@0) Vipoda
=F1+F+ Fs. (4.59)

The first and second integrals on the right-hand side of (4.59) can be estimated by

|f1|+|f2|sc(||1mﬁanma)

e (o)

+Ce|[Vm®| 12 ge

A, H
’ VIO Lo (02,0m))

L2(05,0(1)) ) Ie2llza e

9]

Lo (90 (Y))||802HL2(QE)

+Ce[[1=m|| L2(qs)

‘V q’oH — \|V802||L2(Qe)7
where we assume that & e L>® (Q5; W22 (v)))nH* (QE;WHS’2 (V7)) and make use of
the compact embeddings W22 (Y;) C C?(Y;), Wt$2(Y;) c C* (Y)) for s>d/2. Apply-

ing the inequalities (3.19), we thus have

F+IFA <C (e+8) [0l aany +C Tl agan)- (4:60)
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It now remains to estimate the following integral:
/ 2V, - Vpadx =/ eVd, -V (ég — ég) dx.

Its right-hand side can be estimated by

b, -2V (&, &5 ) du<Ce |V (3. - &) | , 4.61
/SEaV V(P -G | dr < Ce||V (P, — D L2 (e (4.61)
where we use the fact that e HV&JE o) <C in Theorem 3.9.
Based on the corrector estimates for the concentration fields c*, we see that
- " - -
/E [(cF—cf)+ (cg — )] pada < C||cF =5 HLz(Qe) ‘(IDE —®F . (4.62)

Setting

R _ 2
wn (t) =@ (0 -850, .

e 0= Oy

s (0)5= v (8. 85) HIV (e =) Ol e

2

2
d
) [L2(Q=))¢

wo = 0

+.,0 =+,0
c;—c ‘

L2(Qs)’

the combination of the estimates (4.60)—(4.62) with the respective estimates for the
concentration fields (which are similar to the Neumann case) and the application of
suitable Holder-like inequalities give

t t
w1 (t)+/ wa(s)ds<C <€+(1+5)w0+/ wy (s)ds) :
0 0
Using Gronwall’s inequality yields
t
wq (t)Jr/ wa (8)ds<C(e+(14+¢€)wo).
0

As a consequence, we obtain

Hésfég

+|[v (8-3%))|
L2((0,T)xQe) [L2((0,T)x$2e)]?

+feZ _c§’6HL2((O,T)><QE)+ [V (e —ci ) H[Lz((o,:r)xm)]d ScmaX{E%f%} for peRy,

where we have used (4.33).
Finally, we apply Lemma 3.1 to get

~ =
€

~ =€
| %5 -8,

b.— o,

<H<i>5—é>g

L2((0,T)xQ<) L2((0,T)x =) + H L2((0,T)x Q)

N

SCmaX{E%,si}.

This completes the proof of Theorem 4.2.
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5. Conclusions

In [29], the two-scale convergence method has discovered possible macroscopic struc-
tures of a non-stationary SNPP model coupled with various scaling factors and different
boundary conditions. In this paper, we have justified such homogenization limits by de-
riving several corrector estimates (cf. Theorem 4.1 and Theorem 4.2). Although we
always rely on the e-independent constant C in every step of proofs, it is worth noting
that such corrector estimates are exponentially controlled with respect to time due to
the aid of the Gronwall argument. The techniques we have presented here are mainly
based on the construction of suitable macroscopic reconstructions and on a number
of energy-like estimates. The employed methodology is applicable to more complex
scenarios, where coupled systems of partial differential equations posed in perforated
media are involved. As indicated in [5], a quite interesting aspect meriting additional
mathematical study is the coupling of the electrochemical dynamics to the background
fluid, targeting applications concerning microfluidic devices. In such contexts, one may
also wonder whether a super fast electrophoresis is actually possible, while attempting
to devise validity regimes for an eventual dilute solution approximation.
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