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TIME PERIODIC SOLUTIONS
TO THE FULL HYDRODYNAMIC MODEL TO SEMICONDUCTORS∗

MING CHENG† AND YONG LI‡

Abstract. In this paper, a full hydrodynamic semiconductor model with a time periodic external
force is concerned. First, we regularize the system under consideration and prove the existence of time
periodic solutions to the linearized approximate system by applying Tychonoff fixed point theorem
combined with the energy method and the decay estimates. This idea is from the Massera-type criteria
for linear periodic evolution equations. Then, the existence of a strong time periodic solution under
some smallness assumptions is established by using the topological degree theory and an approximation
scheme. The uniqueness of time periodic solutions is proved basing on the energy estimates. Also, the
existence of the stationary solution is obtained.
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1. Introduction
The paper concerns the full hydrodynamic model to semiconductors:

ρ̄t+div(ρ̄ū) = 0, (1.1)

ρ̄(ūt+ ū ·∇ū)+∇(ρ̄θ̄)+ ρ̄ū= ρ̄Ē+ ρ̄f, (1.2)

3

2
ρ̄(θ̄t+ ū ·∇θ̄)+ ρ̄θ̄divū=4θ̄+κρ̄|ū|2− ρ̄(θ̄−1), (1.3)

Ē=∇φ, (1.4)

4φ= ρ̄−b(x), (1.5)

where x∈Ω :=
∏3
i=1(0,Li)⊂R3, κ is a constant, ρ̄, ū, θ̄ denote the current density, the

average velocity and the absolute temperature, respectively, Ē is the gradient of elec-
trostatic potential, b(x) is a given function which describes the prescribed background
ion density, f is an external force.

System (1.1)-(1.5) is a nonisentropic hydrodynamic model. It describes that elec-
tron flow transport in the semiconductor devices, as in submicron devices or in the
occurrence of high field phenomena. The corresponding drift-diffusion model works well
under some assumptions of low carrier densities and small electronic fields. This model
can be derived from the Boltzmann equation by a moment method. For the physical
background of semiconductor devices, we refer to [1–3] and the references therein. In
the past few years, the study of semiconductor devices has attracted a lot of attention
from the mathematical point of view. In [4], Tao et al. established the global exis-
tence of smooth solutions to the Cauchy problem for the one-dimensional isentropic
hydrodynamic model for semiconductors with small initial data. They found that these
solutions converge to the stationary ones of the drift-diffusion equations. The model
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in one-dimensions has been concerned in the literature. One can see [5–9]. In multi-
space dimensions, Hsiao and Wang considered a full hydrodynamic semiconductor model
in [10]. They proved the global existence and large-time behavior of smooth solutions.
The model in multi-dimensions has been studied in many directions, see, for exam-
ple [11–13].

In the present paper, we are devoted to studying time periodic solutions to semi-
conductor models. To the best of our knowledge, this is the first result giving a proof of
existence of the time periodic solutions to system (1.1)-(1.5). Different from some pre-
vious results, we don’t need the symmetry of the external force. We can estimate the L2

norm of solutions by the structure of the system directly. Also, the regularized assump-
tion of the external force is more general because we adopt a new method to solve the
linearized system and make careful energy estimates. The basic idea of the proof is the
following. First, we reformulate the system. Next, we give the energy estimates of the
linearized system which is regularized. The existence of time periodic solutions to the
linearized system is obtained by the Tychonoff fixed point theorem. This idea is from
the Massera-type criteria for periodic evolution equations [21–23]. From the argument,
one can see that the initial data of time periodic solutions to the linearized system lies
in a convex hull. Then, inspired by [18,19] and [20], we use the Leray-Schauder degree
theory and approximation scheme to establish the existence of time periodic solutions.
Moreover, the uniqueness of time periodic solutions is proved.

As is known, one of the interesting phenomena in fluid mechanics is time periodic
flow. It has been studied theoretically and numerically in the last decades. In particular,
there has been a lot of interest in the study of time periodic compressible Navier-
Stokes equations. Feireisl et al. [14, 15] established the existence of time periodic weak
solutions by the Faedo-Galerkin method and the vanishing viscosity method. In [16],
Valli considered the existence and asymptotic stability of small strong solutions in a
bounded domain with nonslip boundary condition. He obtained the existence of a time
periodic solution by following the approach of Serrin [17] concerned with time periodic
solutions of incompressible Navier-Stokes equations. In 2015, Jin and Yang [18, 19]
studied the problem in three-dimensional space when the external force satisfied the
oddness condition. They obtained the existence of a small amplitude periodic solution
around a positive constant state by topological degree theory and energy method. With
similar ideas in [18, 19], Tan et al. [20] considered the existence and uniqueness of
time periodic solutions to compressible Euler equations with damping. They employed
the continuity and momentum equations to overcome the difficulty of the lower order
dissipation of damping when deriving the highest order energy estimates.

Our aim is to investigate the time periodic solution around (1,0,1). Denote ρ̄=
1+ρ,ū=u,θ̄= 1+θ with (ρ,u,θ) being small. Then, system (1.1)-(1.5) is reformulated
as follows:

ρt+divu=−div(ρu), (1.6)

ut+u−E+∇θ+∇ρ+u ·∇u=
(ρ−θ

1+ρ

)
∇ρ+f, (1.7)

3

2
θt+θ+divu−4θ=−3

2
u ·∇θ−θdivu+κ|u|2−

( ρ

1+ρ

)
4θ, (1.8)

E=∇φ, (1.9)

4φ=ρ+1−b(x). (1.10)

Throughout the paper, we assume that b(x) = 1. The same argument works when
b(x) = 1+γb1(x) with a sufficiently small constant γ and a smooth function b1(x). The



MING CHENG AND YONG LI 415

functions (ρ,u,θ,φ) are periodic in each xi of period Li, i= 1,2,3. f(x,t) is a given
external force, which is periodic both in space and in time, respectively. In addition,
we assume that

∫
Ω
φdx= 0 to assure uniqueness.

Before stating the main result, we explain notations and conventions. We will omit
variables t,x of functions for simplicity if it does not cause any confusion. In addition,
we abbreviate

∫
Ω

by
∫

for convenience. C is used to denote a generic positive constant
which may vary in different estimates. Ca,b denotes a generic positive constant which
depends on a,b. We use Hs to denote the usual Sobolev space defined over Ω equipped
with the norm || · ||Hs , and Lp (1≤p≤∞) to denote the usual Lebesgue space defined
over Ω equipped with the norm || · ||p. Especially, the norm and the inner product in L2

are denoted by || · || and 〈·, ·〉, respectively.

Now, our main result is stated as follows.

Theorem 1.1. Assume that m≥2, and the T−periodic external force f ∈
L2(0,T ;Hm+1(Ω)) satisfies ∫ T

0

||f ||2Hm+1dt<η,

for some small constant η>0. Then, system (1.6)-(1.10) has a unique T−periodic
solution (ρ,u,θ) such that

(ρ,u,θ)∈Xδ,

where Xδ is defined in Section 2, δ<1 is an appropriately small constant.

Remark 1.1. From the uniqueness of time periodic solutions, one can see that there is
no small nontrivial time periodic solution to system (1.6)-(1.10) without external force.

Remark 1.2. Furthermore, if we assume that f is independent of t, then f is periodic
of any period T ≥0. By virtue of Theorem 1.1, there exists a time periodic solution
(ρ1,u1,θ1) of period 1. On the other hand, there is a time periodic solution (ρ2,u2,θ2) of
period 1

2 . By the property of uniqueness, it should be (ρ1,u1,θ1) = (ρ2,u2,θ2). Repeating
this process, it concludes that (ρ1,u1,θ1) is constant for any rational number t. From a
continuity argument, we have that (ρ1,u1,θ1) is independent of t. Thus, (ρ1,u1,θ1) is a
unique small stationary solution of the following system:

div((ρ+1)u) = 0,

u−E+∇θ+
(1+θ

1+ρ

)
∇ρ+u ·∇u=f,

θ+divu− 1

1+ρ
4θ=−3

2
u ·∇θ−θdivu+κ|u|2,

E=∇φ, 4φ=ρ.

The rest of this paper is organized as follows. We are going to regularize system
(1.6)-(1.10). In Section 2, we derive some energy estimates of higher and lower order
derivatives of the linearized system, respectively. The existence of time periodic solu-
tions is given in Section 3. The uniqueness of time periodic solutions is shown in the
last section.
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2. Energy estimate of linearized system
For m≥2, we define the following suitable function spaces:

X=
{

(ρ,u,θ)∈L∞(0,T ;Hm+1(Ω));θ∈L2(0,T ;Hm+2(Ω));

(ρ,u,θ) is periodic in space and in time, and

∫
ρdx= 0

}
and

Xδ =
{

(ρ,u,θ)∈X
∣∣∣||(ρ,u,θ)||2X := sup

t∈[0,T ]

||(ρ,u,θ)||2Hm+1 +

∫ T

0

||θ||2Hm+2dt≤ δ2
}
.

In order to grant the uniqueness, the condition
∫
ρdx= 0 is necessary. And we require

that φ is periodic in each xi of period Li(i= 1,2,3),
∫
φdx= 0.

We regularize system (1.6)-(1.10):

ρt+divu−ε4ρ=−τdiv(ρu), (2.1)

ut+u−E+∇θ+∇ρ+τu ·∇u−ε4u= τ
(ρ−θ

1+ρ

)
∇ρ+τf, (2.2)

3

2
θt+θ+divu−4θ= τ

(
− 3

2
u ·∇θ−θdivu+κ|u|2−

( ρ

1+ρ

)
4θ
)
, (2.3)

E=∇φ, (2.4)

4φ=ρ, (2.5)

for τ ∈ [0,1].
Now, we consider the following linearized system:

ρt+divu−ε4ρ=−τdiv(ρ′u′), (2.6)

ut+u−E+∇θ+∇ρ+τu′ ·∇u−ε4u= τ
(ρ′−θ′

1+ρ′
)
∇ρ′+τf, (2.7)

3

2
θt+θ+divu−4θ= τ

(
− 3

2
u′ ·∇θ′−θ′divu′+κ|u′|2−

( ρ′

1+ρ′
)
4θ′

)
, (2.8)

E=∇φ, (2.9)

4φ=ρ, (2.10)

for any given T−periodic function (ρ′,u′,θ′)∈Xδ.
Since supt∈[0,T ] ||ρ′||∞≤C supt∈[0,T ] ||ρ′||Hm+1 ≤ δ for δ small enough, we assume

that |ρ′(x,t)|≤ 1
2 for all (x,t)∈Ω× [0,T ] without loss of generality. Now, the energy

estimates of lower and higher order derivatives are obtained respectively.

Lemma 2.1. There exists a large enough constant M1>0 such that

d

dt
(||ρ||2 + ||u||2 +

3

2
||θ||2−M1〈divu,ρ〉)+(ε||∇ρ||2 +

1

2
||u||2 +ε||∇u||2

+
M1

4
||ρ||2H1 +

1

2
||θ||2H1)

≤C
(
||∇ρ′||2||u′||2H2 + ||ρ′||2H2 ||divu′||2 + ||divu′||H2 ||u||2 +(||θ′||2H2 + ||ρ′||2H2)||ρ′||2H2

+ ||f ||2 + ||u′||2H2 ||∇θ′||2 + ||θ′||2H2 ||divu′||2 + ||u′||44 +M1

(
||∇θ||2 + ||divu||2
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+ ||u′||2H2 ||∇u||2 +(||θ′||H2 + ||ρ′||2H2)||∇ρ′||2 + ||f ||2 + ||∇ρ′||2||u′||2H2

+ ||divu′||2||ρ′||2H2 +ε||4ρ||2 +ε||4u||2
))
. (2.11)

Proof. Multiplying Equations (2.6)-(2.8) by ρ,u,θ, respectively, integrating them
over Ω by parts, we have

1

2

d

dt
||ρ||2 +

∫
divuρdx+ε||∇ρ||2 =−τ

∫
div(ρ′u′)ρdx, (2.12)

1

2

d

dt
||u||2 + ||u||2−

∫
E ·udx+

∫
∇θ ·udx+

∫
∇ρ ·udx+τ

∫
(u′ ·∇)u ·udx+ε||∇u||2

=

∫
τ(
ρ′−θ′

1+ρ′
)∇ρ′ ·udx+

∫
τf ·udx, (2.13)

3

4

d

dt
||θ||2 + ||θ||2 +

∫
divuθdx+

∫
|∇θ|2dx

=−τ
∫

ρ′

1+ρ′
4θ′θdx−τ

∫
3

2
(u′ ·∇)θ′θdx−τ

∫
θ′divu′θdx+τ

∫
κ|u′|2θdx. (2.14)

Note that

−
∫

ρ′

1+ρ′
4θ′θdx=

∫
ρ′

1+ρ′
∇θ∇θ′dx+

∫
θ∇
( ρ′

1+ρ′
)
∇θ′dx

≤C||∇θ|||∇θ′||||ρ′||H2 +C||∇θ||||∇θ′||H1 ||∇ρ′||,

∫
(u′ ·∇)u ·udx=−1

2

∫
divu′|u|2dx≤C||divu′||∞||u||2.

Then, summing up Equations (2.12)-(2.14), and using Hölder’s and Young’s in-
equalities, we have

d

dt
(||ρ||2 + ||u||2 +

3

2
||θ||2)+(ε||∇ρ||2 +

1

2
||u||2 +ε||∇u||2 +

1

2
||θ||2 +

1

2
||∇θ||2)

≤C
(
||∇ρ′||2||u′||2H2 + ||ρ′||2H2 ||divu′||2 + ||divu′||H2 ||u||2 + ||ρ||2 + ||∇θ′||2||ρ′||2H2

+ ||∇θ′||2H1 ||∇ρ′||2 +(||θ′||2H2 + ||ρ′||2H2)||∇ρ′||2 + ||f ||2 + ||u′||2H2 ||∇θ′||2

+ ||θ′||2H2 ||divu′||2 +κ||u′||44
)
. (2.15)

On the other hand, multiplying Equation (2.7) by ∇ρ and integrating it over Ω by
parts yields

−〈div∂tu,ρ〉+ ||∇ρ||2 +〈∇θ,∇ρ〉−〈divu,ρ〉−〈E,∇ρ〉+τ〈u′ ·∇u,∇ρ〉−ε〈4u,∇ρ〉

=τ

∫ (ρ′−θ′
1+ρ′

)
∇ρ′ ·∇ρdx+τ

∫
f∇ρdx.

Since

〈div∂tu,ρ〉=
d

dt
〈divu,ρ〉−〈divu,ρt〉

=
d

dt
〈divu,ρ〉+ ||divu||2 +〈divu,τdiv(ρ′u′)〉−〈divu,ε4ρ〉,

〈E,∇ρ〉= 〈∇φ,∇ρ〉=−||ρ||2,
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one deduces that

1

2
||ρ||2H1−

d

dt
〈divu,ρ〉

≤C
(
||∇θ||2 + ||divu||2 + ||u′||2H2 ||∇u||2 +(||θ′||H2 + ||ρ′||2H2)||∇ρ′||2 + ||f ||2

+ ||∇ρ′||2||u′||2H2 + ||divu′||2||ρ′||2H2 +ε||4ρ||2 +ε||4u||2
)
. (2.16)

Therefore, we can multiply inequality (2.16) by a constant M1>0 large enough to
absorb the term ||ρ|| in (2.15). It completes the proof.

Lemma 2.2. There exists a small enough constant ε′>0 such that

1

2

d

dt
(||divu||2 + ||∇ρ||2 + ||ρ||2 +

3

2
||∇θ||2 + ||curlu||2)+

1

2
||divu||2 +

1

2
||curlu||2

+ ||∇θ||2 +
1

2
||4θ||2 +ε(||∇ρ||2 + ||4ρ||2 + ||∇divu||2 + ||∇curlu||2)

≤C
(
||∇u′||H2 ||∇u||2 + ||divf ||2 +C||curlf ||2 +(||θ′||2H2 + ||ρ′||2H2)||4ρ′||2

+(||θ′||2H2 + ||ρ′||2H2)||∇ρ′||2H2 ||∇ρ′||2 +(||∇θ′||2H2 + ||∇ρ′||2H2)||∇ρ′||2
)

+ε′||ρ||2H1

+Cε′ ||ρ′||2H2 ||u′||2H2 +C
(
||u′||2H2 ||∇θ′||2 + ||θ′||2H2 ||divu′||2 + ||ρ′||2H2 ||4θ′||2 + ||u′||44

)
.

(2.17)

Proof. Multiplying Equation (2.7) by −∇divu and integrating it over Ω by parts,
we infer that

1

2

d

dt
||divu||2−〈∇θ,∇divu〉−〈∇ρ,∇divu〉+ ||divu||2 +〈E,∇divu〉+ε||∇divu||2

=τ〈u′ ·∇u,∇divu〉+τ

∫
divfdivudx+τ

∫
div
(ρ′−θ′

1+ρ′
∇ρ′

)
divudx.

Note that

−〈u′ ·∇u,∇divu〉=
∫
∂ju
′
i∂iuj∂kukdx−

1

2

∫
∂iu
′
i|∂juj |2dx≤C||∇u′||∞||∇u||2,

〈E,∇divu〉=−〈ρ,−ρt−τdiv(ρ′u′)+ε4ρ〉,

where we have used the representation of divu from Equation (2.6).
Hence, using Hölder’s, Sobolev’s and Young’s inequalities, we have

1

2

d

dt
||divu||2−〈∇θ,∇divu〉−〈∇ρ,∇divu〉+ 1

2
||divu||2 +

1

2

d

dt
||ρ||2 +ε||∇ρ||2

+ε||∇divu||2

≤C||∇u′||H2 ||∇u||2 +C||divf ||2 +C(||θ′||2H2 + ||ρ′||2H2)||4ρ′||2 +ε′||ρ||2

+C(||θ′||2H2 + ||ρ′||2H2)||∇ρ′||2H2 ||∇ρ′||2 +C(||∇θ′||2H2 + ||∇ρ′||2H2)||∇ρ′||2

+Cε′(||∇ρ′||2||u′||2H2 + ||ρ′||2H2 ||divu′||2). (2.18)

Taking ∇ to Equation (2.6), multiplying by ∇ρ and integrating it over Ω by parts,
we find that

1

2

d

dt
||∇ρ||2 +〈∇divu,∇ρ〉+ε||4ρ||2 =τ

∫
−∇div(ρ′u′)∇ρdx
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≤ε′||∇ρ||2 +Cε′ ||ρ′||2H2 ||u′||2H2 . (2.19)

Now, multiplying (2.8) by −4θ and integrating it over Ω by parts, we have

3

4

d

dt
||∇θ||2 + ||∇θ||2 +〈∇divu,∇θ〉+ 1

2
||4θ||2≤C||τG1(ρ′,u′,θ′)||2, (2.20)

where G1(ρ′,u′,θ′) =− 3
2u
′ ·∇θ′−θ′divu′+κ|u′|2− ρ′

1+ρ′4θ
′.

Combining the above inequalities (2.18)-(2.20), we conclude that

1

2

d

dt
(||divu||2 + ||∇ρ||2 + ||ρ||2 +

3

2
||∇θ||2)+

1

2
||divu||2 + ||∇θ||2 +

1

2
||4θ||2 +ε(||∇ρ||2

+ ||4ρ||2 + ||∇divu||2)

≤C||∇u′||H2 ||∇u||2 +C||divf ||2 +C(||θ′||2H2 + ||ρ′||2H2)||4ρ′||2 +C||ρ′||2H2 ||4θ′||2

+C(||θ′||2H2 + ||ρ′||2H2)||∇ρ′||2H2 ||∇ρ′||2 +C(||∇θ′||2H2 + ||∇ρ′||2H2)||∇ρ′||2 +ε′||ρ||2H1

+Cε′ ||ρ′||2H2 ||u′||2H2 +C||u′||2H2 ||∇θ′||2 +C||θ′||2H2 ||divu′||2 +C||u′||44. (2.21)

On the other hand, applying curl to Equation (2.7), multiplying by curlu and inte-
grating it over Ω by parts, we have

1

2

d

dt
||curlu||2 + ||curlu||2 +τ

∫
curl(u′ ·∇u) ·curludx+ε||∇curlu||2

=τ

∫
curl

(ρ′−θ′
1+ρ′

∇ρ′
)
·curludx+τ

∫
curlfcurludx.

Focusing on one component of the term τ
∫

curl(u′ ·∇u) ·curludx, we obtain that∫
(u′i∂i∂2u3(∂2u3−∂3u2)−u′i∂i∂3u2(∂2u3−∂3u2))dx

≤1

2

∫
ui∂i[(∂2u3)2 +(∂3u2)2]+

∫
∂iui∂3u2∂2u3≤C||∇u′||∞||∇u||2.

The argument for other components is similar. Hence, we have

1

2

d

dt
||curlu||2 +

1

2
||curlu||2 +ε||∇curlu||2

≤C
(
||∇u′||∞||∇u||2 +

∥∥curl
(ρ′−θ′

1+ρ′
∇ρ′

)∥∥2
+ ||curlf ||2

)
≤C
(
||∇u′||H2 ||∇u||2 +(||θ′||2H2 + ||ρ′||2H2)||4ρ′||2 +(||θ′||2H2 + ||ρ′||2H2)||∇ρ′||2H2 ||∇ρ′||2

+(||∇θ′||2H2 + ||∇ρ′||2H2)||∇ρ′||2 + ||curlf ||2
)
.

Combining with (2.21) implies

1

2

d

dt
(||divu||2 + ||∇ρ||2 + ||ρ||2 +

3

2
||∇θ||2 + ||curlu||2)+

1

2
||divu||2 +

1

2
||curlu||2

+ ||∇θ||2 +
1

2
||4θ||2 +ε(||∇ρ||2 + ||4ρ||2 + ||∇divu||2 + ||∇curlu||2)

≤C||∇u′||H2 ||∇u||2 +C||divf ||2 +C||curlf ||2 +C(||θ′||2H2 + ||ρ′||2H2)||4ρ′||2

+C(||θ′||2H2 + ||ρ′||2H2)||∇ρ′||2H2 ||∇ρ′||2 +C(||∇θ′||2H2 + ||∇ρ′||2H2)||∇ρ′||2

+C
(
||u′||2H2 ||∇θ′||2 + ||θ′||2H2 ||divu′||2 + ||u′||44 + ||ρ′||2H2 ||4θ′||2)
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+Cε′ ||ρ′||2H2 ||u′||2H2 +ε′||ρ||2H1 ,

which completes the proof.

Lemma 2.3. There exists a large enough constant M2�M1>0 such that

d

dt

(
(1+M2)||ρ||2 +M2||∇ρ||2 + ||u||2 +M2||divu||2 +M2||curlu||2 +

3

2
||θ||2

+
3M2

2
||∇θ||2−M1〈divu,ρ〉

)
+ε((1+

M2

2
)||∇ρ||2 +

M2

2
||4ρ||2 + ||∇u||2

+
M2

2
||∇divu||2 +

M2

2
||∇curlu||2)+

1

4
||u||2 +

M2

4
(||divu||2 + ||curlu||2)

+
M1

4
||ρ||2H1 +

1

2
||θ||2H1 +

M2

2
(||∇θ||2 + ||4θ||2)

≤C
(
||f ||2H1 +(||θ′||2H3 + ||ρ′||2H3)||ρ′||2H2 +(||θ′||2H2 + ||ρ′||2H2)||ρ′||2H3 ||ρ′||2H1

+ ||ρ′||2H2 ||u′||2H2 + ||u′||2H2 ||θ′||2H2 + ||u′||4H1

)
.

Proof. We will multiply inequality (2.17) by M2>0 large enough to absorb the
terms ||∇θ||2, ||divu||2,ε||4ρ||2,ε||4u||2 on the right-hand side of (2.11). Then, choosing
ε′= M1

2M2
, we have

d

dt

(
(1+M2)||ρ||2 +M2||∇ρ||2 + ||u||2 +M2||divu||2 +M2||curlu||2 +

3

2
||θ||2

+
3M2

2
||∇θ||2−M1〈divu,ρ〉

)
+ε((1+

M2

2
)||∇ρ||2 +

M2

2
||4ρ||2 + ||∇u||2

+
M2

2
||∇divu||2 +

M2

2
||∇curlu||2)+

1

2
||u||2 +

M2

2
(||divu||2 + ||curlu||2)+

M1

4
||ρ||2H1

+
1

2
||θ||2H1 +

M2

2
(||∇θ||2 + ||4θ||2)

≤C
(
||f ||2H1 +(||θ′||2H3 + ||ρ′||2H3)||ρ′||2H2 +(||θ′||2H2 + ||ρ′||2H2)||ρ′||2H3 ||ρ′||2H1

+ ||ρ′||2H2 ||u′||2H2 + ||u′||2H2 ||θ′||2H2 + ||u′||4H1 + ||divu′||H2 ||u||2 +M1||u′||2H2 ||∇u||2

+M2||∇u′||H2 ||∇u||2
)
.

Note that

||∇u||∼ ||divu||+ ||curlu|| and (ρ′,u′,θ′)∈Xδ.

It completes the proof providing that δ>0 small enough.

Next, we will derive the energy estimate on higher order derivatives of ρ,u,θ.

Lemma 2.4. Let k= 1,. ..,m, m≥2. There exists a large enough constant M3>0 such
that

d

dt

(1

2
||∇k+1ρ||2 +

3

4
||∇k+1θ||2 +

1

2
||∇kdivu||2 +

1

2
||∇kρ||2 +

1

2
||∇kcurlu||2

− 1

M3
〈∇kdivu,∇kρ〉

)
+
ε

4
(||∇k4ρ||2 + ||∇k+1ρ||2)+

1

4M3
(||∇k+1ρ||2 + ||∇kρ||2)

+
1

4
||∇k+1θ||2 +

1

2
||∇k4θ||2 +

1

8
(||∇kdivu||2 + ||∇kcurlu||2)+

ε

4
(||∇k+1divu||2
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+ ||∇k+1curlu||2)

≤Cε(||ρ′||2Hm+1 ||u′||2H2 + ||ρ′||2H2 ||u′||2Hm+1)+C
(
||θ′||2Hm+1 ||u′||2H2 + ||θ′||2H2 ||u′||2Hm+1

+ ||ρ′||2Hm ||θ′||2Hm+2 + ||u′||4Hm + ||∇kdivf ||2 + ||ρ′||2Hm ||u′||2Hm + ||u′||2Hm+1 ||u||2Hm+1

)
+Cε

(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||∇ρ′||2Hm +C||∇kcurlf ||2 +C||∇kf ||2.

Proof. Let k= 1,. ..,m, m≥2. Applying ∇k+1 to Equations (2.6) and (2.8),
multiplying ∇k+1ρ and ∇k+1θ, and integrating it over Ω by parts, we have

1

2

d

dt
||∇k+1ρ||2 +〈∇k+1divu,∇k+1ρ〉+ε||∇k4ρ||2 =−τ

∫
∇k+1div(ρ′u′)∇k+1ρdx,

3

4

d

dt
||∇k+1θ||2 + ||∇k+1θ||2 + ||∇k4θ||2 +〈∇k+1divu,∇k+1θ〉

=− 3τ

2

∫
∇k+1(θ′divu′)∇k+1θdx−τ

∫
∇k+1(u′ ·∇θ′)∇k+1θdx

+τ

∫
κ∇k+1|u′|2∇k+1θdx−

∫
τ∇k+1

( ρ′

1+ρ′
4θ′

)
∇k+1θdx.

Then, from Proposition 3.6 in [24], there holds

1

2

d

dt
||∇k+1ρ||2 +〈∇k+1divu,∇k+1ρ〉+ε||∇k4ρ||2

≤ ε
2
||∇k4ρ||2 +Cε(||ρ′||2Hm+1 ||u′||2H2 + ||u′||2Hm+1 ||ρ′||2H2), (2.22)

3

4

d

dt
||∇k+1θ||2 + ||∇k+1θ||2 +

1

2
||∇k4θ||2 +〈∇k+1divu,∇k+1θ〉

≤C||ρ′||2Hm ||4θ′||2Hm +C(||θ′||2Hm+1 ||u′||2H2 + ||θ′||2H2 ||u′||2Hm+1)+C||u′||4Hm . (2.23)

Now, multiplying Equation (2.7) by ∇2k+1divu and integrating it over Ω by parts,
we get

− 1

2

d

dt
||∇kdivu||2−||∇kdivu||2−〈∇kE,∇k+1divu〉+〈∇k+1θ,∇k+1divu〉

+〈∇k+1ρ,∇k+1divu〉+τ〈∇k(u′ ·∇u),∇k+1divu〉−ε||∇k+1divu||2

=−τ〈∇k(
θ′−ρ′

1+ρ′
∇ρ′),∇k+1divu〉+τ〈∇kf,∇k+1divu〉.

Note that

〈∇kE,∇k+1divu〉=−〈∇kρ,∇kdivu〉=−〈∇kρ,∇k(−ρt+ε4ρ−τdiv(ρ′u′))〉

=
1

2

d

dt
||∇kρ||2 +ε||∇k+1ρ||2 +τ〈∇kρ,∇kdiv(ρ′u′)〉.

For m≥3, we have

〈∇k(u′ ·∇u),∇k+1divu〉

=

∫
u′ ·∇k+1u∇k+1divudx+

k∑
l=1

Clk

∫
∇lu′∇k−l∇u∇k+1divudx

≤C||∇u′||H2 ||∇k+1u||2 +C(||∇2u′||H2 ||∇u||Hm−1 + ||∇2u′||Hm−1 ||∇u||H2)||∇k+1u||
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+C(||∇u′||H2 ||∇2u||Hm−1 + ||∇u′||Hm−1 ||∇2u||H2)||∇k+1u||.

For k=m= 2, we have

〈∇2(u′ ·∇u),∇3divu〉

=

∫
u′ ·∇3u∇3divudx+C1

2

∫
∇u′∇2u∇3divudx+C2

2

∫
∇2u′∇u∇3divudx

≤C||∇u′||H2 ||u||2H3 .

Therefore, there exists a small constant ε′>0 such that

1

2

d

dt
||∇kdivu||2 +

1

2
||∇kdivu||2 +

1

2

d

dt
||∇kρ||2 +ε||∇k+1ρ||2 +

ε

2
||∇k+1divu||2

−〈∇k+1θ,∇k+1divu〉−〈∇k+1ρ,∇k+1divu〉
≤C||u′||Hm+1 ||u||2Hm+1 +C||∇kdivf ||2 +Cε′ ||ρ′||Hm ||u′||Hm +ε′||∇k+1ρ||

+Cε
(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||∇ρ′||2Hm . (2.24)

Applying ∇kcurl to Equation (2.7), multiplying by ∇kcurlu and integrating it over
Ω by parts, we have

1

2

d

dt
||∇kcurlu||2 + ||∇kcurlu||2 +ε||∇k+1curlu||2

=−τ〈∇kcurl(u′ ·∇u),∇kcurlu〉

−τ〈∇kcurl(
θ′−ρ′

1+ρ′
∇ρ′),∇kcurlu〉+τ〈∇kcurlf,∇kcurlu〉.

We focus on the first component of the term 〈∇kcurl(u′ ·∇u),∇kcurlu〉. The estimate
of other components is obtained similarly. The first component is∫

∇k(∂2(u′i∂iu3)−∂3(u′i∂iu2))∇k(∂2u3−∂3u2)dx.

The hard term is∫
(u′i∂2∇k∂iu3−u′i∂3∇k∂iu2)(∇k∂2u3−∇k∂3u2)dx

=

∫
u′i
2
∂i(∇k∂2u3)2dx+

u′i
2
∂i(∇k∂3u2)2dx−

∫
u′i∂i∇k∂2u3∇k∂3u2dx

−
∫
u′i∂i∇k∂3u2∇k∂2u3dx.

Note that

−
∫
u′i∂i∇k∂2u3∇k∂3u2dx−

∫
u′i∂i∇k∂3u2∇k∂2u3dx

=

∫
∂i(u

′
i∇k∂3u2)∇k∂2u3dx−

∫
u′i∂i∇k∂3u2∇k∂2u3dx=

∫
∂iu
′
i∇k∂3u2∇k∂2u3dx.

Hence, there is no derivative of u at the m+2 order. With a similar argument as above,
we have

1

2

d

dt
||∇kcurlu||2 +

1

2
||∇kcurlu||2 +

ε

2
||∇k+1curlu||2≤C||u′||Hm+1 ||u||2Hm+1
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+Cε
(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||∇ρ′||2Hm +C||∇kcurlf ||2. (2.25)

It concludes from (2.22)-(2.25) that

d

dt

(1

2
||∇k+1ρ||2 +

3

4
||∇k+1θ||2 +

1

2
||∇kdivu||2 +

1

2
||∇kρ||2 +

1

2
||∇kcurlu||2

)
+ε(||∇k4ρ||2 + ||∇k+1ρ||2)+ ||∇k+1θ||2 +

1

2
||∇k4θ||2 +

1

4
(||∇kdivu||2 + ||∇kcurlu||2)

+
ε

2
(||∇k+1divu||2 + ||∇k+1curlu||2)

≤Cε(||ρ′||2Hm+1 ||u′||2H2 + ||ρ′||2H2 ||u′||2Hm+1)+C(||θ′||2Hm+1 ||u′||2H2 + ||θ′||2H2 ||u′||2Hm+1)

+C
(
||ρ′||2Hm ||θ′||2Hm+2 + ||u′||4Hm + ||∇kdivf ||2 + ||u′||Hm+1 ||u||2Hm+1 + ||∇kcurlf ||2

)
+Cε

(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||∇ρ′||2Hm +Cε′ ||ρ′||2Hm ||u′||2Hm

+ε′||∇k+1ρ||2. (2.26)

On the other hand, applying ∇k to Equation (2.7), multiplying it by ∇k+1ρ and
integrating it over Ω, we have

−〈∇kdivut,∇kρ〉+〈∇ku,∇k+1ρ〉−〈∇kE,∇k+1ρ〉−ε〈∇k4u,∇k+1ρ〉
+〈∇k+1θ,∇k+1ρ〉+〈∇k+1ρ,∇k+1ρ〉+τ〈∇k(u′ ·∇u),∇k+1ρ〉

=−τ〈∇k
(θ′−ρ′

1+ρ′
∇ρ′

)
,∇k+1ρ〉+τ〈∇kf,∇k+1ρ〉.

Note that

−〈∇kE,∇k+1ρ〉=||∇kρ||2,

||∇k
(θ′−ρ′

1+ρ′
∇ρ′

)
||2≤C

(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||∇ρ′||2Hm ,

−〈∇kdivut,∇kρ〉=−
d

dt
〈∇kdivu,∇kρ〉+〈∇kdivu,∇kρt〉

=− d

dt
〈∇kdivu,∇kρ〉+〈∇kdivu,∇k(−divu+ε4ρ−τdiv(ρ′u′))〉,

where we have used the representation of ρt in Equation (2.6).
Therefore, we obtain

1

2
||∇k+1ρ||2 +

1

2
||∇kρ||2− d

dt
〈∇kdivu,∇kρ〉

≤C||∇kdivu||2 +C||∇k+1θ||2 +C||u′||2Hm ||∇u||2Hm +C
(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm

+ ||ρ′||2Hm
)
||∇ρ′||2Hm +C||∇kf ||2 +C(||ρ′||2Hm+1 ||u′||2H2 + ||ρ||2H2 ||u′||2Hm+1)

+ε||∇k4ρ||2 +ε||∇k4u||2. (2.27)

To absorb the terms ||∇kdivu||2, ||∇k+1θ||2,ε||∇k4ρ||2,ε||∇k4u||2, we choose M3>
0 large enough and ε′= 1

4M3
. Multiplying (2.27) by 1

M3
, it concludes from (2.26) that

d

dt

(1

2
||∇k+1ρ||2 +

3

4
||∇k+1θ||2 +

1

2
||∇kdivu||2 +

1

2
||∇kρ||2 +

1

2
||∇kcurlu||2

− 1

M3
〈∇kdivu,∇kρ〉

)
+
ε

4
(||∇k4ρ||2 + ||∇k+1ρ||2)+

1

4M3
(||∇k+1ρ||2 + ||∇kρ||2)
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+
1

4
||∇k+1θ||2 +

1

2
||∇k4θ||2 +

1

4
(||∇kdivu||2 + ||∇kcurlu||2)

+
ε

4
(||∇k+1divu||2 + ||∇k+1curlu||2)

≤Cε(||ρ′||2Hm+1 ||u′||2H2 + ||ρ′||2H2 ||u′||2Hm+1)+C
(
||θ′||2Hm+1 ||u′||2H2 + ||θ′||2H2 ||u′||2Hm+1

+ ||ρ′||2Hm ||θ′||2Hm+2 + ||u′||4Hm + ||∇kdivf ||2 + ||ρ′||2Hm ||u′||2Hm + ||u′||2Hm+1 ||u||2Hm+1

)
+Cε

(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||∇ρ′||2Hm +C||∇kcurlf ||2 +C||∇kf ||2,

which completes the proof.

Proposition 2.1. Assume that (ρ′,u′,θ′)∈Xδ for δ>0 small enough, (ρ,u,θ) is the
solution of system (2.6)-(2.10) with initial data (ρ0,u0,θ0). Then, there exists a constant
C1>0 independent of ε such that

||(ρ,u,θ)||2Hm+1

≤Ce−C1t||(ρ0,u0,θ0)||2Hm+1 +

∫ t

0

eC1(s−t)(Cε(||ρ′||2Hm+1 ||u′||2H2 + ||ρ′||2H2 ||u′||2Hm+1)

+C(||θ′||2Hm+1 ||u′||2H2 + ||θ′||2H2 ||u′||2Hm+1 + ||ρ′||2Hm ||θ′||2Hm+2 + ||u′||4Hm + ||f ||2Hm+1)

+Cε
(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||ρ′||2Hm+1 +C||ρ′||2Hm ||u′||2Hm

)
ds.

Proof. From Lemma 2.4, summing up with k, we obtain that

m∑
k=1

d

dt

(1

2
||∇k+1ρ||2 +

3

4
||∇k+1θ||2 +

1

2
||∇kdivu||2 +

1

2
||∇kρ||2 +

1

2
||∇kcurlu||2

− 1

M3
〈∇kdivu,∇kρ〉

)
+

m∑
k=1

ε

4
(||∇k4ρ||2 + ||∇k+1ρ||2)+

m∑
k=1

( 1

4M3
(||∇k+1ρ||2

+ ||∇kρ||2)+
1

4
(||∇k+1θ||2 + ||∇k4θ||2)+

1

8
(||∇kdivu||2 + ||∇kcurlu||2)

+
ε

4
(||∇k+1divu||2 + ||∇k+1curlu||2)

≤Cε(||ρ′||2Hm+1 ||u′||2H2 + ||ρ′||2H2 ||u′||2Hm+1)+C(||θ′||2Hm+1 ||u′||2H2 + ||θ′||2H2 ||u′||2Hm+1)

+C||ρ′||2Hm ||θ′||2Hm+2 +C||u′||4Hm +Cε
(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||∇ρ′||2Hm

+C||f ||2Hm+1 +C||ρ′||2Hm ||u′||2Hm ,

provided δ>0 small enough.
Then, from Lemma 2.3, there exists a constant C1>0 independent of ε such that

d

dt

(
(1+M2)||ρ||2 +M2||∇ρ||2 + ||u||2 +M2||divu||2 +M2||curlu||2 +

3

2
||θ||2

+
3M2

2
||∇θ||2−M1〈divu,ρ〉

)
+ε((1+

M2

2
)||∇ρ||2 +

M2

2
||4ρ||2 + ||∇u||2

+
M2

2
||∇divu||2 +

M2

2
||∇curlu||2)+C1

(
(1+M2)||ρ||2 +M2||∇ρ||2 + ||u||2

+M2||divu||2 +M2||curlu||2 +
3

2
||θ||2 +

3M2

2
||∇θ||2−M1〈divu,ρ〉

)
+
M2

2
||4θ||2

≤C
(
||f ||2H1 +(||θ′||2H3 + ||ρ′||2H3)||ρ′||2H2 +(||θ′||2H2 + ||ρ′||2H2)||ρ′||2H3 ||ρ′||2H1

+ ||ρ′||2H2 ||u′||2H2 + ||u′||2H2 ||θ′||2H2 + ||u′||4H1

)
,
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and

m∑
k=1

d

dt

(
||∇k+1ρ||2 +

3

2
||∇k+1θ||2 + ||∇kdivu||2 + ||∇kρ||2 + ||∇kcurlu||2

− 1

M3
〈∇kdivu,∇kρ〉

)
+

1

8

m∑
k=1

(ε(||∇k4ρ||2 + ||∇k+1ρ||2)+ ||∇k4θ||2 +ε(||∇k+1divu||2

+ ||∇k+1curlu||2))+C1

m∑
k=1

(
||∇k+1ρ||2 +

3

2
||∇k+1θ||2 + ||∇kdivu||2 + ||∇kρ||2

+ ||∇kcurlu||2− 1

M3
〈∇kdivu,∇kρ〉

)
≤Cε(||ρ′||2Hm+1 ||u′||2H2 + ||ρ′||2H2 ||u′||2Hm+1)+C(||θ′||2Hm+1 ||u′||2H2 + ||θ′||2H2 ||u′||2Hm+1)

+C||ρ′||2Hm ||θ′||2Hm+2 +C||u′||4Hm +Cε
(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||ρ′||2Hm+1

+C||ρ′||2Hm ||u′||2Hm +C||f ||2Hm+1 .

Combining the above inequalities, multiplying by eC1t and integrating from 0 to t,
there holds

eC1s
(
||ρ||2Hm+1 + ||u||2 + ||divu||2Hm + ||curlu||2Hm + ||θ||2Hm+1

)∣∣t
0

≤
∫ t

0

eC1s
(
Cε(||ρ′||2Hm+1 ||u′||2H2 + ||ρ′||2H2 ||u′||2Hm+1)+C(||θ′||2Hm+1 ||u′||2H2

+ ||θ′||2H2 ||u′||2Hm+1 + ||ρ′||2Hm ||θ′||2Hm+2 + ||u′||4Hm)+Cε
(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm

+ ||ρ′||2Hm
)
||ρ′||2Hm+1 +C||ρ′||2Hm ||u′||2Hm +C||f ||2Hm+1

)
ds.

Hence, we get

||(ρ,u,θ)||2Hm+1

≤Ce−C1t||(ρ0,u0,θ0)||2Hm+1 +

∫ t

0

eC1(s−t)(Cε(||ρ′||2Hm+1 ||u′||2H2 + ||ρ′||2H2 ||u′||2Hm+1)

+C(||θ′||2Hm+1 ||u′||2H2 + ||θ′||2H2 ||u′||2Hm+1 + ||ρ′||2Hm ||θ′||2Hm+2 + ||u′||4Hm + ||f ||2Hm+1)

+Cε
(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||ρ′||2Hm+1 +C||ρ′||2Hm ||u′||2Hm

)
ds,

which completes the proof.

3. Existence

3.1. Existence and uniqueness of time periodic solutions to the linearized
system.
Lemma 3.1. Assume that m≥2, and the T−periodic external force f ∈
L2(0,T ;Hm+1(Ω)) satisfies ∫ T

0

||f ||2Hm+1dt<η,

for some small constant η>0. Let δ>0 be an appropriately small constant. Then, for
any (ρ′,u′,θ′)∈Xδ, τ ∈ [0,1], linearized system (2.6)-(2.10) admits a unique T−periodic
solution (ρ,u,θ) such that

(ρ,u,θ)∈X.
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Proof. We rewrite the linearized system in vector sense:

Ut=AU+G(W )+F,

where

AU =

−λ1v
′∇σ−γdivv

−γ∇σ+ µ̄4v+ ν̄∇divv λ2

ρ̄ (∇×M)×B̄
λ1∇×(v×B̄)+4M− 1

ρ̄∇×
(
(∇×M)×B̄

)
,

and

U = (σ,v,M),W = (σ′,v′,M ′),F = (0,λ2f,0),

G(W ) = (−λ1σ
′divv′,G1(σ′,v′,M ′),G2(σ′,v′,M ′)).

First, the linearized system with trivial initial data is global well-posed by the
classical parabolic equations theory. Let U(x,t) be the solution of linearized system
(2.6)-(2.10) with initial data (0,0,0). Then, for any t≥0, there exists a non-negative
integer n such that t∈ [nT,(n+1)T ). Notice that (ρ′,u′,θ′)∈Xδ is T−periodic. From
Proposition 2.1, we have

||U(x,t)||2Hm+1

≤
∫ t

0

eC1(s−t)
(
Cε(||ρ′||2Hm+1 ||u′||2H2 + ||ρ′||2H2 ||u′||2Hm+1)+C(||θ′||2Hm+1 ||u′||2H2)

+C||ρ′||2Hm ||θ′||2Hm+2 +C||u′||4Hm +Cε
(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||ρ′||2Hm+1

+C||ρ′||2Hm ||u′||2Hm +C||f ||2Hm+1 +C||θ′||2H2 ||u′||2Hm+1

)
ds

≤
∫ T

0

eC1(s−t)
(
Cε(||ρ′||2Hm+1 ||u′||2H2 + ||ρ′||2H2 ||u′||2Hm+1)+C(||θ′||2Hm+1 ||u′||2H2

+ ||θ′||2H2 ||u′||2Hm+1)+C||ρ′||2Hm ||θ′||2Hm+2 +C||u′||4Hm +Cε
(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm

+ ||ρ′||2Hm
)
||ρ′||2Hm+1 +C||ρ′||2Hm ||u′||2Hm +C||f ||2Hm+1

)
ds

+

n−1∑
i=0

eC1((i+1)T−t)
∫ T

0

(
Cε(||ρ′||2Hm+1 ||u′||2H2 + ||ρ′||2H2 ||u′||2Hm+1)+C||f ||2Hm+1

+C(||θ′||2Hm+1 ||u′||2H2 + ||θ′||2H2 ||u′||2Hm+1)+C||ρ′||2Hm ||θ′||2Hm+2 +C||u′||4Hm

+Cε
(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)
||ρ′||2Hm+1 +C||ρ′||2Hm ||u′||2Hm

)
ds

≤Cε( sup
t∈[0,T ]

||u′||2H2

∫ T

0

||ρ′||2Hm+1ds+ sup
t∈[0,T ]

||ρ′||2H2

∫ T

0

||u′||2Hm+1ds)

+C( sup
t∈[0,T ]

||u′||2H2

∫ T

0

||θ′||2Hm+1ds+ sup
t∈[0,T ]

||θ′||2H2

∫ T

0

||u′||2Hm+1ds)

+C sup
t∈[0,T ]

||ρ′||Hm
∫ T

0

||θ′||2Hm+2ds+C sup
t∈[0,T ]

||u′||4Hm +Cε sup
t∈[0,T ]

(
||θ′||2Hm

+ ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm
)∫ T

0

||ρ′||2Hm+1ds+C sup
t∈[0,T ]

||ρ′||2Hm sup
t∈[0,T ]

||u′||2Hm
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+C

∫ T

0

||f ||2Hm+1ds,

where we have used the fact

n−1∑
i=0

e−C1(t−(i+1)T )≤e−C1t
n−1∑
i=0

eC1(i+1)T ≤e−C1teC1nT
1

1−e−C1T
≤ 1

1−e−C1T
.

Consequently,

||U ||Hm+1 ≤Cεδ4 +Cη≤Cεδ2,

for δ=η
1
4 and η is suitably small.

Define

S1 :={U(kT ),k= 0,1,. ..}.

It is obvious that S1 is nonempty and bounded in Hm+1(Ω). Therefore, CoS1 is compact
in Hm(Ω).

Define

P (φ) :=U(T,φ), for φ∈CoS1,

where U(T,φ) is the solution of linearized system (2.6)-(2.10) with the initial data φ
at time T . From the uniqueness of Cauchy problem, we can see P (x)∈S1, for x∈S1.
Then, we assert that the map

P :CoS1 7→CoS1

is continuous.
In fact, for any given y∈Co{U(kT ),k= 0,1,. ..}, there exist θ∈ [0,1] and x1,x2∈

{U(kT ),k= 0,1,. ..} such that y=θx1 +(1−θ)x2. Hence,

P (y) =P (θx1 +(1−θ)x2) =e−AT (θx1 +(1−θ)x2)+

∫ T

0

eA(τ−T )(G(W )+F )dτ

=θ(e−ATx1 +

∫ T

0

eA(τ−T )(G(W )+F )dτ)+(1−θ)(e−ATx2 +

∫ T

0

eA(τ−T )(G(W )+F )dτ)

=θP (x1)+(1−θ)P (x2).

The continuity of P is from the continuous dependence of initial data.
Therefore, from Tychonoff fixed point theorem [25], there exists U∗∈CoS1 such

that P (U∗) =U∗. That is, there exists a T−periodic solution U(t,U∗) of linearized
system (2.6)-(2.10). Since ||U∗||Hm+1 ≤Cεδ2, there holds

sup
t∈[0,T ]

||U(t,U∗)||2Hm+1 ≤C||U∗||2Hm+1 +Cε( sup
t∈[0,T ]

||u′||2H2

∫ T

0

||ρ′||2Hm+1ds

+ sup
t∈[0,T ]

||ρ′||2H2

∫ T

0

||u′||2Hm+1ds)+C( sup
t∈[0,T ]

||u′||2H2

∫ T

0

||θ′||2Hm+1ds

+ sup
t∈[0,T ]

||θ′||2H2

∫ T

0

||u′||2Hm+1ds)+C sup
t∈[0,T ]

||ρ′||Hm
∫ T

0

||θ′||2Hm+2ds+C sup
t∈[0,T ]

||u′||4Hm
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+C sup
t∈[0,T ]

||ρ′||2Hm sup
t∈[0,T ]

||u′||2Hm +Cε sup
t∈[0,T ]

(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm

+ ||ρ′||2Hm
)∫ T

0

||ρ′||2Hm+1ds+C

∫ T

0

||f ||2Hm+1ds≤Cεδ2. (3.1)

On the other hand, note that U(t,U∗) := (ρ,u,θ) is a T−periodic solution of lin-
earized system (2.6)-(2.10). From Lemma 2.3 and 2.4, integrating from 0 to T , it yields

ε
(∫ T

0

||ρ||2Hm+2dt+

∫ T

0

||u||2Hm+2dt
)

+

∫ T

0

||θ||2Hm+2dt+

∫ T

0

||ρ||2Hm+1dt+

∫ T

0

||u||2Hm+1dt

≤Cε( sup
t∈[0,T ]

||u′||2H2

∫ T

0

||ρ′||2Hm+1ds+ sup
t∈[0,T ]

||ρ′||2H2

∫ T

0

||u′||2Hm+1ds)

+C( sup
t∈[0,T ]

||u′||2H2

∫ T

0

||θ′||2Hm+1ds+sup
t
||θ′||2H2

∫ T

0

||u′||2Hm+1ds)

+C sup
t∈[0,T ]

||ρ′||Hm
∫ T

0

||θ′||2Hm+2ds+C sup
t∈[0,T ]

||u′||4Hm +C sup
t∈[0,T ]

||ρ′||2Hm sup
t∈[0,T ]

||u′||2Hm

+Cε sup
t∈[0,T ]

(
||θ′||2Hm + ||θ′||2Hm ||ρ′||2Hm + ||ρ′||2Hm

)∫ T

0

||ρ′||2Hm+1ds+C

∫ T

0

||f ||2Hm+1ds

≤Cεδ2. (3.2)

We are going to prove the uniqueness of time periodic solutions for linearized system
(2.6)-(2.10). Assume that U1 and U2 are two solutions of linearized system (2.6)-(2.10).
Denote U1−U2 = (ρ,u,θ). With a similar argument as above, we get∫ T

0

(||θ||2Hm+2 + ||ρ||2Hm+1 + ||u||2Hm+1)dt= 0.

Thus, we obtain that ρ=u=θ= 0, i.e., U1 =U2.

3.2. Existence of time periodic solutions to the regularized system.
Now, we introduce an operator:

L :Xδ× [0,1]→X,(
(ρ′,u′,θ′),τ

)
→ (ρ,u,θ).

From the argument in Section 4.1, the operator L is well defined. The following
lemmas show that the operator L is completely continuous.

Lemma 3.2. The operator L is compact.

Proof. Multiplying Equations (2.6)-(2.8) by ρt,ut,θt, respectively, and integrating
them over [0,T ]×Ω by parts, we have∫ T

0

∫
|ρt|2dxdt+

∫ T

0

∫
divuρtdxdt=−τ

∫ T

0

∫
div(ρ′u′)ρtdxdt,∫ T

0

∫
|ut|2dxdt−

∫ T

0

∫
Eutdxdt+

∫ T

0

∫
∇θutdxdt+

∫ T

0

∫
∇ρutdxdt

+τ

∫ T

0

∫
u′ ·∇uutdxdt= τ

∫ T

0

∫ (ρ′−θ′
1+ρ′

)
∇ρ′utdxdt+τ

∫ T

0

∫
futdxdt,
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0

∫
|θt|2dxdt+

∫ T

0

∫
divuθtdxdt=−

3τ

2

∫ T

0

u′ ·∇θ′utdxdt−τ
∫ T

0

∫
θ′divu′θtdxdt

−τ
∫ T

0

∫ ( ρ′

1+ρ′
4θ′

)
θtdxdt+τ

∫ T

0

∫
κ|u′|2θtdxdt.

By using Hölder’s, Sobolev’s and Young’s inequalities, we infer that∫ T

0

∫
[|ρt|2 + |ut|2 + |θt|2]dxdt

≤C sup
t∈[0,T ]

(
||divu||2 + ||div(ρ′u′)||2 + ||E||2 + ||∇θ||2 + ||∇ρ||2 + ||u′ ·∇u||2

+ ||ρ
′−θ′

1+ρ′
∇ρ′||2 + ||f ||2 + ||u′ ·∇θ′||2 + ||θ′divu′||2 + || ρ′

1+ρ′
4θ′||2 + ||u′||44

)
≤Cεδ2.

Let β= 1,. ..,m−1. Applying∇β to Equations (2.6) and (2.8), multiplying by∇βρt,
∇βθt, respectively, and integrating them over [0,T ]×Ω by parts, there holds∫ T

0

∫
|∇βρt|2dxdt+

∫ T

0

∫
∇βdivu∇βρtdxdt=−τ

∫ T

0

∫
∇βdiv(ρ′u′)∇βρtdxdt,∫ T

0

∫
|∇βθt|2dxdt+

∫ T

0

∫
∇βdivu∇βθtdxdt=−τ

∫ T

0

∫
∇β(θ′divu′)∇βθtdxdt

− 3τ

2

∫ T

0

∫
∇β(u′ ·∇θ′)∇βθtdxdt−τ

∫ T

0

∫
∇β
( ρ′

1+ρ′
4θ′

)
∇βθtdxdt

+τ

∫ T

0

∫
κ∇β |u′|2∇βθtdxdt.

Therefore, from inequality (3.1), we have∫ T

0

∫
|∇βρt|2dxdt≤C

∫ T

0

∫
|∇βdivu|2dxdt+C

∫ T

0

∫
|∇βdiv(ρ′u′)|2dxdt

≤C sup
t∈[0,T ]

(||u||2Hm + ||ρ′||2Hm ||u′||2m)≤Cεδ2, (3.3)

and∫ T

0

∫
|∇βθt|2dxdt≤C sup

t∈[0,T ]

(||u||2Hm + ||θ′||2Hm ||u′||2m+ ||u′||4Hm + ||ρ′||2Hm ||θ||2Hm+1)

≤Cεδ2. (3.4)

Multiplying Equation (2.7) by∇2β−1divut and integrating it over [0,T ]×Ω by parts,
we have∫ T

0

∫
|∇β−1divut|2dxdt+

∫ T

0

∫
∇β−1divE∇β−1divutdxdt

+

∫ T

0

∫
∇β−1div∇θ∇β−1divutdxdt+

∫ T

0

∫
∇β−1div∇ρ∇β−1divutdxdt

−τ
∫ T

0

∫
∇β−1div(u′ ·∇u)∇β−1divutdxdt
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=−τ
∫ T

0

∫
∇β−1div

(θ′−ρ′
1+ρ′

∇ρ′
)
∇β−1divutdxdt+τ

∫ T

0

∫
∇β−1divf∇β−1divutdxdt.

Hence, by using Hölder’s, Sobolev’s and Young’s inequalities, we obtain∫ T

0

∫
|∇β−1divut|2dxdt

≤C sup
t∈[0,T ]

(
||θ||2Hm + ||ρ||2Hm + ||u′||2Hm ||u||2Hm+1 +(||θ′||2Hm + ||ρ′||2Hm)||ρ′||2Hm + ||f ||2Hm

)
≤Cεδ2. (3.5)

On the other hand, applying ∇β−1curl to Equation (2.7), multiplying by ∇βcurlut
and integrating it over [0,T ]×Ω by parts, we have∫ T

0

∫
|∇β−1curlut|2dxdt−τ

∫ T

0

∫
∇β−1curl(u′ ·∇u)∇β−1curlutdxdt

=−τ
∫ T

0

∫
∇β−1curl

(θ′−ρ′
1+ρ′

∇ρ′
)
∇β−1curlutdxdt+τ

∫ T

0

∫
∇β−1curlf∇β−1curlutdxdt.

Hence, ∫ T

0

∫
|∇β−1curlut|2dxdt

≤C sup
t∈[0,T ]

(
||u′||2Hm ||u||2Hm+1 +(||θ′||2Hm + ||ρ′||2Hm)||ρ′||2Hm + ||f ||2Hmdt

)
≤Cεδ2. (3.6)

Combining inequalities (3.1)-(3.6) with the strong compactness of Lp space, yields
the result.

Lemma 3.3. The operator L is continuous.

Proof. Assume that (ρ′n,u
′
n,θ
′
n)∈Xδ,(ρ

′,u′,θ′)∈Xδ,τn∈ [0,1], and τ ∈ [0,1] satisfy

lim
n→∞

τn= τ,

and

lim
n→∞

sup
t∈[0,T ]

||(ρ′n−ρ′,u′n−u′,θ′n−θ′)||2Hm+1 +

∫ T

0

||θ′n−θ′||2Hm+2dt= 0.

Let (ρn,un,θn) =L(ρ′n,u
′
n,θ
′
n),(ρ,u,θ) =L(ρ′,u′,θ′). Then (ρn−ρ,un−u,θn−θ) is

a time periodic solution of the following system:

(ρn−ρ)t+div(un−u)−ε4(ρn−ρ)=(τ−τn)div(ρ′u′)−τndiv
(
(ρ′n−ρ′)u′+ρ′n(u′n−u′)

)
,

(un−u)t+(un−u)−(En−E)+∇(θn−θ)+∇(ρn−ρ)+(τn−τ)u′ ·∇u+τn
(
(u′n−u′)∇u

+u′n ·∇(un−u)
)
−ε4(un−u)

= (τn−τ)
ρ′−θ′

1+ρ′
∇ρ′+τn

(ρ′n−θ′n
1+ρ′n

− ρ
′−θ′

1+ρ′
)
∇ρ′n+τ

(ρ′−θ′
1+ρ′

)
∇(ρ′n−ρ′),

3

2
(θn−θ)t+(θn−θ)+div(un−u)−4(θn−θ)
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=−3

2
(τn−τ)u′ ·∇θ′− 3τn

2
((u′n−u′)∇θ′

+u′n∇(θ′n−θ′))−(τn−τ)θ′divu′−τn((θ′n−θ′)divu′+θ′ndiv(u′n−u′))+(τn−τ)κ|u′|2

+τnκ(|u′n|2−|u′|2)+(τ−τn)
ρ′

1+ρ′
4θ′+τn

( ρ′

1+ρ′
4(θ′−θ′n)−(

ρ′

1+ρ′
− ρ′n

1+ρ′n
)4θ′n

)
,

En−E=∇(φn−φ),

4(φn−φ) =ρn−ρ.

Similar to the argument in Section 3, we obtain that

lim
n→∞

sup
t∈[0,T ]

||(ρn−ρ,un−u,θn−θ)||2Hm+1 +

∫ T

0

||θn−θ||2Hm+2dt= 0.

Therefore, the continuity of the operator L is proved.

3.3. Approximated solution. In this part, we will prove the existence of time
periodic solutions to system (2.1)-(2.5) by Leray-Schauder degree theory. For applying
the property of Leray-Schauder degree, some high order energy estimates of ρ,u,θ will
be derived.

Lemma 3.4. Assume that m≥2,, k= 1,. ..,m, |ρ|≤ 1
2 , |θ|< 1

2 . Let (ρ,u,θ) be the solu-
tion of system (2.1)-(2.5). Then

d

dt

(1

2
||∇k+1ρ||2 +

3

4
||∇k+1θ||2 +

1

2
||∇kdivu||2 +

1

2
||∇kρ||2 +

1

2
||∇kcurlu||2

)
− 1

M3
〈∇kdivu,∇kρ〉+ ε

4
(||∇k4ρ||2 + ||∇k+1ρ||2)+

1

2M3
(||∇k+1ρ||2 + ||∇kρ||2)

+
1

2
||∇k+1θ||2 +

1

2
||∇k4θ||2 +

1

2
(||∇kdivu||2 + ||∇kcurlu||2)+

ε

2
(||∇k+1divu||2

+ ||∇k+1curlu||2)

≤1

2

d

dt

∫
ρ

1+τρ
|∇k+1ρ|2dx+Cε||ρ||Hm+1 ||ρ||2Hm+2 +C||u||Hm ||ρ||2Hm+1

+C||ρ||4Hm+1 +C||ρ||6Hm+1 +C(||θ||2Hm+1 ||u||2H2 + ||θ||2H2 ||u||2Hm+1)

+C||ρ||2Hm ||θ||2Hm+2 +C||u||4Hm +C||u||3Hm+1 +C||f ||2Hm+1 +C||ρ||2Hm ||u||2Hm

+C(||θ||2Hm+1 ||ρ||2Hm+1 + ||ρ||4Hm+1)+
1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ
|∇kdivu|2dx

+C(||u||m+1 + ||ρ||Hm+1 ||u||Hm+1 + ||θ||Hm+2 + ||u||Hm+1 ||θ||Hm+1 + ||u||2Hm)||u||2Hm+1

+C
[
(||θ||2Hm+1 + ||ρ||2Hm+1)2(||u||2Hm+1 + ||ρ||2Hm+1 + ||θ||2Hm+1 + ||u||4Hm+1 + ||f ||2Hm+1

+ ||ρ||4Hm+1 + ||θ||2Hm ||ρ||2Hm+1 +ε||u||2Hm+2)+(||θ||2Hm+1 + ||ρ||2Hm+1)(||u||2Hm+1

+ ||ρ||2H2 ||θ||2Hm+2 + ||ρ||2Hm)
]

+Cε(||θ||H2 + ||ρ||H2)(1+ ||ρ||Hm+1 + ||θ||Hm+1)||u||2Hm+2

+ ||u||2Hm+1 ||ρ||Hm+2 +C||θ||2Hm ||ρ||2Hm+1 ||ρ||2Hm+1

+
1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ
|∇kcurlu|2dx. (3.7)

Proof. In fact, similar to the argument in Section 3, we want to replace (ρ′,u′,θ′)
by (ρ,u,θ).
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Since some terms on the right-hand side of the estimates involving the derivatives of
ρ,u at the m+2 order and the constant Cε depending on ε, we cannot bound these terms
as usual. To overcome this difficulty, we use the continuity and momentum equations.

For k= 1,. ..,m, we focus on the following terms:

−
∫
∇k+1div(ρu)∇k+1ρdx,−

∫
∇kdiv(

θ−ρ
1+ρ

∇ρ)∇kdivudx,

−
∫
∇kcurl(

θ−ρ
1+ρ

∇ρ)∇kcurludx.

First, note that

−
∫
∇k+1div(ρu)∇k+1ρdx=−

∫
∇k+1(u ·∇ρ)∇k+1ρdx−

∫
∇k+1(ρdivu)∇k+1ρdx.

We estimate each term on the right-hand side:

−
∫
∇k+1(u ·∇ρ)∇k+1ρdx=−

∫
(u∇k+1∇ρ+

k+1∑
l=1

Clk+1∇lu∇k+1−l∇ρ)∇k+1ρdx

=
1

2

∫
divu|∇k+1ρ|2dx−

∫ k+1∑
l=1

Clk+1∇lu∇k+1−l∇ρ∇k+1ρdx

≤C
(
||divu||∞||ρ||2Hk+1 +(||∇u||∞||∇ρ||Hk + ||∇u||Hk ||∇ρ||∞)||∇k+1ρ||

)
≤C||u||Hm+1 ||ρ||2Hm+1 +Cε1 ||ρ||4Hm+1 +ε1||u||2Hm+1 ,

and

−
∫
∇k+1(ρdivu)∇k+1ρdx=−

∫ (
ρ∇k+1divu+

k+1∑
l=1

Clk+1∇lρ∇k+1−ldivu
)
∇k+1ρdx

≤−
∫
ρ∇k+1divu∇k+1ρdx+C(||∇ρ||∞||divu||Hk + ||∇ρ||Hk ||divu||∞)||∇k+1ρ||

≤−
∫
ρ∇k+1divu∇k+1ρdx+Cε1 ||ρ||4Hm+1 +ε1||u||2Hm+1 , (3.8)

where ε1 is a small constant to be determined later.
One can see the term −

∫
ρ∇k+1divu∇k+1ρdx involving the derivatives of u at k+2

order. To overcome this difficulty, we use the representation of divu from Equation
(2.6). A full use of the equation will be applied frequently to overcome the similar
difficulties in the later part of the paper.

We rewrite the term −
∫
ρ∇k+1divu∇k+1ρdx as follows:

−
∫
ρ∇k+1divu∇k+1ρdx=

∫
ρ∇k+1

(ρt−ε4ρ+τu ·∇ρ
1+τρ

)
∇k+1ρdx

=

∫
ρ

1+τρ
(∇k+1ρt−ε∇k+14ρ+τu∇k+2ρ)∇k+1ρdx

+

∫ k+1∑
l=1

Clk+1ρ∇l(
1

1+τρ
)∇k+1−l(ρt−ε4ρ)∇k+1ρdx

+τ

∫ k+1∑
l=1

Clk+1ρ∇l(
u

1+τρ
)∇k+1−l∇ρ∇k+1ρdx
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:=I1 +I2 +I3.

Since |ρ|≤ 1
2 , by Hölder’s, Sobolev’s and Young’s inequalities, we derive that

I1 =
1

2

d

dt

∫
ρ

1+τρ
|∇k+1ρ|2dx− 1

2

∫
1

(1+τρ)2
ρt|∇k+1ρ|2dx

+ε

∫
1

(1+τρ)2
∇ρ∇k+2ρ∇k+1ρdx+ε

∫
ρ

1+τρ
|∇k+2ρ|2dx

− τ
2

∫ ( 1

(1+τρ)2
u ·∇ρ+

1

1+τρ
divu

)
|∇k+1ρ|2dx

≤1

2

d

dt

∫
ρ

1+τρ
|∇k+1ρ|2dx+Cε||ρ||Hm+1 ||ρ||2Hm+2

+C||ρ||Hm+1 ||u||Hm+1 ||ρ||2Hm+1 +C||u||Hm+1 ||ρ||2Hm+1 , (3.9)

I2≤C
(
||∇(

1

1+τρ
)||∞||ρt−ε4ρ||Hk + ||∇(

1

1+τρ
)||Hk ||ρt−ε4ρ||∞

)
||∇k+1ρ||

≤Cε1 ||ρ||4Hm+1 +Cε1 ||ρ||6Hm+1 +ε1||u||2Hm+1 , (3.10)

I3≤C||∇k+1ρ||(||∇(
u

1+τρ
)||∞||∇ρ||Hk + ||∇(

u

1+τρ
)||Hk ||∇ρ||∞)

≤Cε1 ||ρ||4Hm+1 +Cε1 ||ρ||6Hm+1 +ε1||u||2Hm+1 . (3.11)

Substituting (3.9)-(3.11) into (3.8), we have∫
∇k+1(ρdivu)∇k+1ρdx≤1

2

d

dt

∫
ρ

1+τρ
|∇k+1ρ|2dx+C||u||Hm+1 ||ρ||2Hm+1 +Cε1 ||ρ||4Hm+1

+Cε1 ||ρ||6Hm+1 +Cε||ρ||Hm+1 ||ρ||2Hm+2 +3ε1||u||2Hm+1 .

Therefore,∫
∇k+1div(ρu)∇k+1ρdx≤1

2

d

dt

∫
ρ

1+τρ
|∇k+1ρ|2dx+C||u||Hm+1 ||ρ||2Hm+1 +Cε1 ||ρ||4Hm+1

+Cε1 ||ρ||6Hm+1 +Cε||ρ||Hm+1 ||ρ||2Hm+2 +4ε1||u||2Hm+1 .

Next, we estimate the term
∫
∇kdiv( θ−ρ1+ρ∇ρ)∇kdivudx. The argument of the term∫

∇kcurl( θ−ρ1+ρ∇ρ)∇kcurludx is similar and we omit the details.
Note that

−
∫
∇kdiv(

θ−ρ
1+ρ

∇ρ)∇kdivudx=−
∫ [
∇k(

θ−ρ
1+ρ

4ρ+∇(
θ−ρ
1+ρ

)∇ρ)
]
∇kdivudx

=−
∫ [θ−ρ

1+ρ
∇k4ρ+

k∑
l=1

Clk∇l(
θ−ρ
1+ρ

)∇k−l4ρ+

k∑
l=0

Clk∇l+1(
θ−ρ
1+ρ

)∇k−l+1ρ
]
∇kdivudx.

We will estimate each term on the right-hand side above:∫ k∑
l=1

Clk∇l(
θ−ρ
1+ρ

)∇k−l4ρ∇kdivudx
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≤C(||∇(
θ−ρ
1+ρ

)||∞||4ρ||Hm−1 + ||∇(
θ−ρ
1+ρ

)||Hm−1 ||∇ρ||∞)||∇kdivu||

≤Cε1(||θ||2Hm+1 ||ρ||2Hm+1 + ||ρ||4Hm+1)+ε1||∇kdivu||2,

∫ k∑
l=0

Clk∇l+1(
θ−ρ
1+ρ

)∇k−l+1ρ∇kdivudx

≤C(||∇(
θ−ρ
1+ρ

)||Hk ||∇ρ||∞+ ||∇(
θ−ρ
1+ρ

)||∞||∇ρ||Hk)||∇kdivu||

≤Cε1(||θ||2Hm+1 ||ρ||2Hm+1 + ||ρ||4Hm+1)+ε1||∇kdivu||2.

The most difficult term to estimate is −
∫
θ−ρ
1+ρ∇

k4ρ∇kdivudx. Since |θ|< 1
2 , we

will use the following representation of ∇ρ from Equation (2.2):

∇ρ=
1+ρ

1+ρ−τρ+τθ
(E+τf−u−ut−τu ·∇u−∇θ+ε4u).

We have

−
∫
θ−ρ
1+ρ

∇k4ρ∇kdivudx

=−
∫
θ−ρ
1+ρ

∇kdiv(
1+ρ

1+ρ−τρ+τθ
(−ut−u−τu ·∇u−∇θ+E+τf+ε4u))∇kdivudx

:=I4 +I5 +I6 +I7 +I8 +I9 +I10.

Now, we estimate each term.

I4 =

∫
θ−ρ
1+ρ

∇k
( 1+ρ

1+ρ−τρ+τθ
divut+ut∇(

1+ρ

1+ρ−τρ+τθ
)
)
∇kdivudx

=

∫
θ−ρ
1+ρ

( 1+ρ

1+ρ−τρ+τθ
∇kdivut+

k∑
l=1

Clk∇l
1+ρ

1+ρ−τρ+τθ
∇k−ldivut

+

k∑
l=0

Clk∇lut∇k−l∇
1+ρ

1+ρ−τρ+τθ

)
∇kdivudx

:=I41 +I42 +I43. (3.12)

Note that

I41 =

∫
θ−ρ

1+ρ−τρ+τθ
∇kdivut∇kdivudx

=
1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ
|∇kdivu|2dx− 1

2

∫
|∇kdivu|2 d

dt

( θ−ρ
1+ρ−τρ+τθ

)
dx

=
1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ
|∇kdivu|2dx− 1

2

∫
|∇kdivu|2

( −1−θ
(1+ρ−τρ+τθ)2

ρt

+
1+ρ

(1+ρ−τρ+τθ)2
θt
)
.

From Equations (2.1)-(2.5), it concludes that

||ρt||∞=||ε4ρ−divu−τdiv(ρu)||∞≤Cε||ρ||H4 +C||divu||H2 +C||ρ||H3 ||u||H3 ,
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||θt||∞=
2

3
||θ+divu−4θ+

3τ

2
u ·∇θ+τθdivu−τκ|u|2 +τ

ρ

1+ρ
4θ||∞

≤C(||θ||H4 + ||divu||H2 + ||u||H3 ||θ||H3 + ||u||2H2),

||divut||Hk−1 =||div(u−E+∇θ+∇ρ+τu ·∇u−ε4u−τ ρ−θ
1+ρ

∇ρ−τf)||Hk−1

≤C
(
||u||Hm + ||ρ||Hm+1 + ||u||Hm ||u||Hm+1 + ||ρ||Hm ||ρ||Hm+1

+ ||θ||Hm ||ρ||Hm+1 + ||θ||Hm+1 + ||f ||Hm
)

+Cε||u||Hm+2 ,

||divut||∞≤C
(
||u||H3 + ||ρ||H4 + ||u||H3 ||u||H4 + ||ρ||H3 ||ρ||H4 + ||θ||H3 ||ρ||H4 + ||f ||H3

+ ||θ||H4

)
+Cε||u||H5 .

Hence,

I41≤
1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ
|∇kdivu|2dx+ ||∇kdivu||2||ρt||∞+ ||∇kdivu||2||θt||∞

≤1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ
|∇kdivu|2dx+ ||∇kdivu||2

(
Cε1ε||ρ||2H4 +C(||divu||H2

+ ||ρ||H3 ||u||H3 + ||θ||H4 + ||u||H3 ||θ||H3 + ||u||2H2)
)

+ε1||∇kdivu||2, (3.13)

I42≤ε1||∇kdivu||2 +Cε1(||θ||2H2 + ||ρ||2H2)(||ρ||2H3 + ||θ||2H3)(||u||2Hm
+ ||ρ||2Hm+1 + ||θ||2Hm+1 + ||u||2Hm ||u||2Hm+1 + ||f ||2Hm + ||ρ||2Hm ||ρ||2Hm+1

+ ||θ||2Hm ||ρ||2Hm+1 +ε||u||2Hm+2), (3.14)

I43≤ε1||∇kdivu||2 +Cε1(||θ||2∞+ ||ρ||2∞)(||∇ 1+ρ

1+ρ−τρ+τθ
||∞||ut||Hk

+ ||∇ 1+ρ

1+ρ−τρ+τθ
||Hk ||ut||∞)2

≤ε1||∇kdivu||2 +Cε1(||θ||2H2 + ||ρ||2H2)
[
(||ρ||2H3 + ||θ||2H3)(||u||2Hm

+ ||ρ||2Hm+1 + ||θ||2Hm+1 + ||u||2Hm ||u||2Hm+1 + ||f ||2Hm + ||ρ||2Hm ||ρ||2Hm+1

+ ||θ||2Hm ||ρ||2Hm+1 +ε||u||2Hm+2)+(||ρ||2Hm+1 + ||θ||2Hm+1)(||u||2H2 + ||ρ||2H3

+ ||u||2H2 ||u||2H3 + ||ρ||2H2 ||ρ||3H4 + ||θ||2H3 + ||f ||2H2 +ε||u||2H4)
]
. (3.15)

Substituting (3.13)-(3.15) into (3.12), we have

I4≤
1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ
|∇kdivu|2dx+ ||∇kdivu||2

(
Cε1ε||ρ||2H4 +C(||divu||H2

+ ||ρ||H3 ||u||H3 + ||θ||H4 + ||u||H3 ||θ||H3 + ||u||2H2)
)

+3ε1||∇kdivu||2

+Cε1(||θ||2H2 + ||ρ||2H2)(||ρ||2Hm+1 + ||θ||2Hm+1)(||u||2Hm + ||ρ||2Hm+1 + ||θ||2Hm+1

+ ||u||2Hm ||u||2Hm+1 + ||f ||2Hm + ||ρ||2Hm ||ρ||2Hm+1 + ||θ||2Hm ||ρ||2Hm+1 +ε||u||2Hm+2),

I5≤Cε1(||θ||2H2 + ||ρ||2H2)
[
(||ρ||2Hm+1 + ||θ||2Hm+1)||u||2H2 +(||ρ||2H2 + ||θ||2H2)||u||2Hm+1

]
+ε1||∇divu||2,

I6≤ε1||∇kdivu||2 +Cε1
[
(||θ||2H3 + ||ρ||2H3)||u||2H3 +(||θ||2H2 + ||ρ||2H2)(||ρ||2Hm+1

+ ||θ||2Hm+1)||u||2Hm ||u||2Hm+1

]
.
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We also have

I7≤ε1||∇kdivu||2 +C(||θ||2∞+ ||ρ||2∞)
[
|| 1+ρ

1+ρ−τρ+τθ
||2∞||∇θ||2Hk+1

+ || 1+ρ

1+ρ−τρ+τθ
||2Hk+1 ||∇θ||2∞

]
≤ ε1||∇kdivu||2 +Cε1(||θ||2H2 + ||ρ||2H2)

[
||ρ||2H2 ||θ||2Hm+2 +(||ρ||2Hm+1 + ||θ||2Hm+1)||θ||2H3

]
,

I8 =−
∫
θ−ρ
1+ρ

(
1+ρ

1+ρ−τρ+τθ
∇kdivE+

k∑
l=1

Clk∇l
( 1+ρ

1+ρ−τρ+τθ

)
∇k−ldivE

+
k∑
l=0

Clk∇lE∇k−l∇
1+ρ

1+ρ−τρ+τθ
)∇kdivudx

≤ε1||∇kdivu||2 +Cε1(||θ||2H2 + ||ρ||2H2)||ρ||2Hm +Cε1(||θ||2H2 + ||ρ||2H2)
[
(||ρ||2H3

+ ||θ||2H3)||ρ||2Hm +(||ρ||2Hm + ||θ||2Hm)||ρ||2H2

]
,

I9≤ε1||∇kdivu||2 +Cε1(||θ||2H2 + ||ρ||2H2)(||ρ||2H2 ||f ||2Hm+1 +(||ρ||2Hm+1

+ ||θ||2Hm+1)||f ||2H2).

I10≤Cε(||θ||H2 + ||ρ||H2)(1+ ||ρ||Hm+1 + ||θ||Hm+1)||u||2Hm+2 .

Thus,

−
∫
∇kdiv(

θ−ρ
1+ρ

∇ρ)∇kdivudx

≤C(||θ||2Hm+1 ||ρ||2Hm+1 + ||ρ||4Hm+1)+
1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ
|∇kdivu|2dx

+C(||u||m+1 + ||ρ||Hm+1 ||u||Hm+1 + ||θ||Hm+2 + ||u||Hm+1 ||θ||Hm+1

+ ||u||2Hm)||∇kdivu||2 +Cε1

[
(||θ||2Hm+1 + ||ρ||2Hm+1)2(||u||2Hm+1 + ||ρ||2Hm+1 + ||θ||2Hm+1

+ ||u||4Hm+1 + ||f ||2Hm+1 + ||ρ||4Hm+1 + ||θ||2Hm ||ρ||2Hm+1 +ε||u||2Hm+2)+(||θ||2Hm+1

+ ||ρ||2Hm+1)(||u||2Hm+1 + ||ρ||2H2 ||θ||2Hm+2 + ||ρ||2Hm)
]

+Cε(||θ||H2 + ||ρ||H2)(1

+ ||ρ||Hm+1 + ||θ||Hm+1)||u||2Hm+2 +Cε||u||2Hm+1 ||ρ||Hm+2 +10ε1||∇kdivu||2.

Therefore, it concludes that

1

2

d

dt
||∇kρ||2 +〈∇k+1divu,∇k+1ρ〉+ε||∇k4ρ||2

≤1

2

d

dt

∫
ρ

1+τρ
|∇k+1ρ|2dx+Cε||ρ||Hm+1 ||ρ||2Hm+2 +3ε1||u||2Hm+1 +C||u||Hm ||ρ||2Hm+1

+Cε1 ||ρ||4Hm+1 +Cε1 ||ρ||6Hm+1 ,

and

1

2

d

dt
||∇kdivu||2+ 1

2
||∇kdivu||2+ 1

2
||∇kρ||2+ε||∇k+1ρ||2+ε||∇k+1divu||2

−〈∇k+1θ,∇k+1divu〉−〈∇k+1ρ,∇k+1divu〉
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≤C||∇u||H2 ||u||2Hm+1 +C||f ||2Hm+1 +Cε′ ||ρ||2Hm ||u||2Hm+ε′||∇k+1ρ||2+C(||ρ||4Hm+1

+ ||θ||2Hm+1 ||ρ||2Hm+1)+10ε1||∇kdivu||2+
1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ |∇
kdivu|2dx

+C(||u||m+1+ ||ρ||Hm+1 ||u||Hm+1 + ||θ||Hm+2 + ||u||Hm+1 ||θ||Hm+1 + ||u||2Hm)||∇kdivu||2

+Cε1

[
(||θ||2Hm+1 + ||ρ||2Hm+1)

2(||u||2Hm+1 + ||ρ||2Hm+1 + ||θ||2Hm+1 + ||u||4Hm+1 + ||f ||2Hm+1

+ ||ρ||4Hm+1 + ||θ||2Hm ||ρ||2Hm+1 +ε||u||2Hm+2)+(||θ||2Hm+1 + ||ρ||2Hm+1)(||u||2Hm+1

+ ||ρ||2H2 ||θ||2Hm+2 + ||ρ||2Hm)
]
+Cε(||θ||H2 + ||ρ||H2)(1+ ||ρ||Hm+1 + ||θ||Hm+1)||u||2Hm+2

+Cε||u||2Hm+1 ||ρ||Hm+2 .

Similarly, we have

1

2

d

dt
||∇kcurlu||2+ 1

2
||∇kcurlu||2+ε||∇k+1curlu||2

≤10ε1||∇kdivu||2+C(||θ||2Hm+1 ||ρ||2Hm+1 + ||ρ||4Hm+1)+
1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ |∇
kcurlu|2dx

+C(||u||m+1+ ||ρ||Hm+1 ||u||Hm+1 + ||θ||Hm+2 + ||u||Hm+1 ||θ||Hm+1 + ||u||2Hm)||∇kcurlu||2

+Cε1

[
(||θ||2Hm+1 + ||ρ||2Hm+1)

2(||u||2Hm+1 + ||ρ||2Hm+1 + ||θ||2Hm+1 + ||u||4Hm+1 + ||f ||2Hm+1

+ ||ρ||4Hm+1 + ||θ||2Hm ||ρ||2Hm+1 +ε||u||2Hm+2)+(||θ||2Hm+1 + ||ρ||2Hm+1)(||u||2Hm+1

+ ||ρ||2H2 ||θ||2Hm+2 + ||ρ||2Hm)
]
+Cε(||θ||H2 + ||ρ||H2)(1+ ||ρ||Hm+1 + ||θ||Hm+1)||u||2Hm+2

+Cε||u||2Hm+1 ||ρ||Hm+2 +C||∇u||H2 ||u||2Hm+1 +C||∇kcurlf ||2.

Thus, there exists a large enough constant M3>0 such that

d

dt

(1

2
||∇k+1ρ||2 +

3

4
||∇k+1θ||2 +

1

2
||∇kdivu||2 +

1

2
||∇kρ||2 +

1

2
||∇kcurlu||2

− 1

M3
〈∇kdivu,∇kρ〉

)
+
ε

4
(||∇k4ρ||2 + ||∇k+1ρ||2)+

1

2M3
(||∇k+1ρ||2 + ||∇kρ||2)

+
1

2
||∇k+1θ||2 +

1

2
||∇k4θ||2 +

1

2
(||∇kdivu||2 + ||∇kcurlu||2)+

ε

2
(||∇k+1divu||2

+ ||∇k+1curlu||2)

≤1

2

d

dt

∫
ρ

1+τρ
|∇k+1ρ|2dx+Cε||ρ||Hm+1 ||ρ||2Hm+2 +3ε1||u||2Hm+1 +C||u||Hm ||ρ||2Hm+1

+Cε1 ||ρ||4Hm+1 +Cε1 ||ρ||6Hm+1 +C(||θ||2Hm+1 ||u||2H2 + ||θ||2H2 ||u||2Hm+1 + ||u||4Hm
+ ||ρ||2Hm ||θ||2Hm+2 + ||u||3Hm+1 + ||f ||2Hm+1)+Cε′ ||ρ||2Hm ||u||2Hm +ε′||∇k+1ρ||2

+C(||θ||2Hm+1 ||ρ||2Hm+1 + ||ρ||4Hm+1)+
1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ
|∇kdivu|2dx

+
1

2

d

dt

∫
θ−ρ

1+ρ−τρ+τθ
|∇kdivu|2dx+C||θ||2Hm ||ρ||2Hm+1 ||ρ||2Hm+1 +10ε1||∇kdivu||2

+C(||u||m+1 + ||ρ||Hm+1 ||u||Hm+1 + ||θ||Hm+2 + ||u||Hm+1 ||θ||Hm+1 + ||u||2Hm)||u||2Hm+1

+Cε1

[
(||θ||2Hm+1 + ||ρ||2Hm+1)2(||u||2Hm+1 + ||ρ||2Hm+1 + ||θ||2Hm+1 + ||u||4Hm+1 + ||f ||2Hm+1

+ ||ρ||4Hm+1 + ||θ||2Hm ||ρ||2Hm+1 +ε||u||2Hm+2)+(||θ||2Hm+1 + ||ρ||2Hm+1)(||u||2Hm+1

+ ||ρ||2H2 ||θ||2Hm+2 + ||ρ||2Hm)
]

+Cε(||θ||H2 + ||ρ||H2)(1+ ||ρ||Hm+1 + ||θ||Hm+1)||u||2Hm+2

+Cε||u||2Hm+1 ||ρ||Hm+2 .
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It completes the proof by choosing ε′= 1
4M3

,ε1 = 1
104 .

Now, we show the existence of time periodic solutions to the regularized system.

Proposition 3.1. Assume that the assumptions of the force f in Theorem 1.1
hold. Let τ ∈ [0,1], then regularized system (2.1)-(2.5) admits a time periodic solution
(ρ,u,θ)∈Xδ.

Proof. First, one can see that solving problem (2.1)-(2.5) is equivalent to solving
the equation:

U−L(U,1) = 0, U = (ρ,u,θ)∈X.

In what follows, we use the topological degree theory to solve this problem. We have to
show that there exists a small enough constant δ>0 such that

(1−L(·,τ))∂Bδ(0) 6= 0, ∀τ ∈ [0,1], (3.16)

where Bδ is the ball of radius δ centered at 0 in X.
Applying Lemma 3.4, integrating it over [0,T ] and by the periodicity of the solution,

we have

ε

∫ T

0

(||ρ||2Hm+2 + ||u||2Hm+2)dt+

∫ T

0

(||ρ||2Hm+1 + ||u||2Hm+1 + ||θ||2Hm+2)dt

≤Cε
(

sup
t∈[0,T ]

||ρ||Hm+1

∫ T

0

||ρ||2Hm+2dt+ sup
t∈[0,T ]

||u||2m+1

∫ T

0

||ρ||2Hm+2dt
)

+
1

2

∫ T

0

||u||2Hm+1dt

+Cε sup
t∈[0,T ]

(||ρ||H2 + ||θ||H2)(1+ ||ρ||Hm+1 + ||θ||Hm+1)

∫ T

0

||u||2Hm+2dt

+Cε sup
t∈[0,T ]

(||θ||4Hm+1 + ||ρ||4Hm+1)

∫ T

0

||u||2Hm+2dt+C

∫ T

0

||f ||2Hm+1dt

+C sup
t∈[0,T ]

[
||u||Hm ||ρ||2Hm+1 + ||ρ||4Hm+1 + ||ρ||6Hm+1 + ||θ||2Hm+1 ||u||2H2 + ||θ||2H2 ||u||2Hm+1

+ ||u||4Hm + ||u||3Hm+1 + ||ρ||2Hm ||u||2Hm + ||θ||2Hm+1 ||ρ||2Hm+1 + ||ρ||4Hm+1

+(||u||m+1 + ||ρ||Hm+1 ||u||Hm+1 + ||u||Hm+1 ||θ||Hm+1 + ||u||2Hm)||u||2Hm+1

+(||θ||4Hm+1 + ||ρ||4Hm+1)(||u||2Hm+1 + ||ρ||2Hm+1 + ||θ||2Hm+1 + ||u||4Hm+1 + ||ρ||4Hm+1

+ ||θ||2Hm ||ρ||2Hm+1)+(||θ||2Hm+1 + ||ρ||2Hm+1)(||u||2Hm+1 + ||ρ||2Hm)+ ||θ||2Hm ||ρ||4Hm+1

]
+C sup

t∈[0,T ]

[
||ρ||2Hm + ||ρ||2H2(||θ||2Hm+1 + ||ρ||2Hm+1)

]∫ T

0

||θ||2Hm+2dt

+C sup
t∈[0,T ]

||u||2Hm+1

∫ T

0

||θ||2Hm+2dt+C sup
t∈[0,T ]

(||θ||4Hm+1 + ||ρ||4Hm+1)

∫ T

0

||f ||2Hm+1dt,

where C is independent of ε.
Since δ<1 is appropriately small so that Cδ< 1

2 , there holds

ε

2

∫ T

0

(||ρ||2Hm+2 + ||u||2Hm+2)dt+

∫ T

0

(||ρ||2Hm+1 +
1

2
||u||2Hm+1 + ||θ||2Hm+2)dt

≤C(δ3 +δ4 +δ6 +δ8 +(1+δ4)η2).
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Hence, there exists t∗∈ (0,T ) such that

T (||ρ(T ∗)||2Hm+1 + ||u(T ∗)||2Hm+1 + ||θ(T ∗)||2Hm+2)

≤C(δ3 +δ4 +δ6 +δ8 +(1+δ4)η2).

Recalling Lemma 3.4, integrating from t∗ to t for any t∗≤ t≤ t∗+T and by the
periodicity of the solution, we have

sup
t∈[0,T ]

(||ρ||2Hm+1 + ||u||2Hm+1 + ||θ||2Hm+1)+

∫ T

0

||θ||2Hm+2dt

≤C(||ρ(T ∗)||2Hm+1 + ||u(T ∗)||2Hm+1 + ||θ(T ∗)||2Hm+1)+C(δ3 +δ4 +δ6 +δ8 +(1+δ4)η2)

≤C(δ3 +δ4 +δ6 +δ8 +(1+δ4)η2).

When δ=η
1
4 and η is suitably small, the above inequality leads to

sup
t∈[0,T ]

(||ρ||2Hm+1 + ||u||2Hm+1 + ||θ||2Hm+1)+

∫ T

0

||θ||2Hm+2dt≤
1

2
δ4.

Therefore, (3.15) holds.
Now, note that L((ρ,u,θ),0)≡0. From the properties of Leray-Schauder degree, we

have

deg(I−L(·,1),Bδ(0),0) = deg(I−L(·,0),Bδ(0),0) = deg(I,Bδ(0),0) = 1.

Thus, we obtain that problem (2.1)-(2.5) has a time periodic solution (ρ,u,θ)∈Xδ which
completes the proof.

3.4. Limiting as ε→0. In this section, we devote to proving the existence of
periodic solutions to Equations (1.6)-(1.10) by passing to the limit in the regularized
equations.

Proof. (Proof of the existence in Theorem 1.1.)
Let (ρε,uε,θε) be a time periodic solution of regularized Equations (2.1)-(2.5). From

the proof of Proposition 3.1, we get

sup
t∈[0,T ]

(||ρε||2Hm+1 + ||uε||2Hm+1 + ||θε||2Hm+1)+

∫ T

0

||θε||2Hm+2dt≤Cδ2,

where C and δ are independent of ε.
Moreover, integrating (3.7) from t to t+h, and then integrating it from 0 to T , we

have ∫ T

0

(||ρε(t+h)||2Hm+1 + ||uε(t+h)||2Hm+1 + ||θε(t+h)||2Hm+1)−(||ρε(t)||2Hm+1

+ ||uε(t)||2Hm+1 + ||θε(t)||2Hm+1)dt≤Cδ,

where C is independent of ε. Hence, there exists a subsequence (ρε,uε,θε) which is
denoted by itself such that

(ρε,uε,θε)⇀ (ρ,u,θ), weakly∗ in L∞(0,T,Hm+1),

(ρε,uε,θε)→ (ρ,u,θ), strongly in L2(0,T,Hm+1).
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In what follows, we will show ρε∈Cα,β([0,T ]×Ω), α,β∈ (0,1). Using Sobolev’s
imbedding theorem, we have ρε∈Cα(ω) for any t. So, we only need to prove

|ρε(x,t1)−ρε(x,t2)|≤C|t1− t2|β , ∀t1,t2∈ (0,T ),x∈Ω

for some β∈ (0,1).
With a similar argument in Lemma 3.2, we have∫ T

0

∫
|∂ρ
∂t
|2dxdt≤C sup

t∈[0,T ]

(||divu||2 + ||div(ρu)||2)≤C,

where C>0 is a constant independent of ε. Taking a ball Br of radius r centered at x
with r= |t1− t2|ζ , ζ= 1

3+2α , we obtain that∫
Br

|ρε(y,t1)−ρε(y,t2)|dy=

∫
Br

∣∣∣∫ t1

t2

∂ρε(y,t)

∂t
dt
∣∣∣dy

≤C
(∫

Br

∫ t1

t2

∣∣∣∂ρε(y,t)
∂t

∣∣∣2dtdy) 1
2 |t1− t2|

1
2 r

3
2 ≤C|t1− t2|

1
2 r

3
2 .

By the mean value theorem, there exists x∗∈Br such that

|ρε(x∗,t1)−ρε(x∗,t2)|≤C|t1− t2|
1
2 r−

3
2 ≤C|t1− t2|

1−3ζ
2 .

Then, we have

|ρε(x,t1)−ρε(x,t2)|≤ |ρε(x,t1)−ρε(x∗,t1)|+ |ρε(x∗,t1)−ρε(x∗,t2)|+ |ρε(x∗,t2)−ρε(x,t2)|

≤C(|x−x∗|α+ |t1− t2|
1−3ζ

2 )≤C(|t1− t2|αζ + |t1− t2|
1−3ζ

2 )≤C|t1− t2|
α

3+2α .

Repeating the above process with u,θ, it concludes that

|uε(x1,t1)−uε(x2,t2)|≤C(|x1−x2|α+ |t1− t2|β),

|θε(x1,t1)−θε(x2,t2)|≤C(|x1−x2|α+ |t1− t2|β)

for some constants α,β∈ (0,1).
From Arzelà-Ascoli theorem, we get

(ρε,uε,θε)→ (ρ,u,θ) uniformly.

As ε→0, one deduces that the limit function (ρ,u,θ)∈Xδ is the desired time periodic
solution in Theorem 1.1 which completes the proof.

4. Uniqueness
In this part, we show the uniqueness of time periodic solutions to system (1.6)-

(1.10).

Proof. (Proof of the uniqueness in Theorem 1.1.) We denote two time
periodic solutions by (ρ1,u1,θ1) and (ρ2,u2,θ2). Let ρ=ρ1−ρ2,u=u1−u2,θ=θ1−θ2.
Then, (ρ,u,θ) is a time periodic solution of the following system:

ρt+divu=−div(ρu1)−div(ρ2u), (4.1)
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ut+u−E+∇θ+∇ρ+u ·∇u1 +u2 ·∇u=
ρ−θ−θρ2 +θ2ρ

(1+ρ1)(1+ρ2)
∇ρ1 +

ρ2−θ2

1+ρ2
∇ρ, (4.2)

3

2
θt+θ+divu−4θ=−3

2
u∇θ1−

3

2
u2∇θ−θdivu1−θ2divu+κ(|u1|2−|u2|2)

− ρ

(1+ρ1)(1+ρ2)
4θ1 +

ρ2

1+ρ2
4θ, (4.3)

E=∇φ, (4.4)

4φ=ρ. (4.5)

Take the L2 inner product of Equations (4.1)-(4.3) with ρ,u,θ, respectively. There
holds

1

2

d

dt
||ρ||2 +〈divu,ρ〉= 〈−div(ρu1)−div(ρ2u),ρ〉,

1

2

d

dt
||u||2 + ||u||−〈E,u〉+〈∇θ,u〉+〈∇ρ,u〉+〈u ·∇1,u〉+〈u2 ·∇u,u〉

=〈ρ−θ−θρ2 +θ2ρ

(1+ρ1)(1+ρ2)
∇ρ1,u〉+〈

ρ2−θ2

1+ρ2
∇ρ,u〉,

3

4

d

dt
||θ||2 + ||θ||2 +〈divu,θ〉+ ||∇θ||2 = 〈−3

2
u∇θ1−

3

2
u2∇θ−θdivu1

−θ2divu+κ(|u1|2−|u2|2)− ρ

(1+ρ1)(1+ρ2)
4θ1 +

ρ2

1+ρ2
4θ,θ〉.

By using Hölder’s, Sobolev’s and Young’s inequalities, we obtain that

1

2

d

dt
||ρ||2 +〈divu,ρ〉≤C||ρ||(||ρ||H1 ||u1||H2 + ||ρ2||H2 ||u||H1), (4.6)

1

2

d

dt
||u||2 +

1

2
||u||2 +〈∇θ,u〉+〈∇ρ,u〉≤C

(
||ρ||2 + ||u||2H1(||u1||2H2 + ||u2||2H2)

+ ||ρ1||2H3(||ρ||2 + ||θ||2)+ ||ρ||2H1(||ρ2||2H2 + ||θ2||2H2)
)
, (4.7)

3

4

d

dt
||θ||2 +

1

2
||θ||2 +〈divu,θ〉+ ||∇θ||2≤C

(
||u||2||θ1||2H3 + ||u2||2H2 ||θ||2H1 + ||θ||2||u1||2H3

+ ||θ2||2H2 ||u||2H1 +(||u1||2H2 + ||u2||2H2)||u||2 + ||ρ||2H1 ||θ1||2H3 + ||ρ2||2H2 ||θ||2H2

)
. (4.8)

On the other hand, multiplying Equation (4.2) by −∇divu and integrating over Ω
by parts, we have

1

2

d

dt
||divu||2 + ||divu||2 +〈E,∇divu〉−〈∇θ,∇divu〉−〈∇ρ,∇divu〉= 〈u ·∇u1,∇divu〉

+〈u2 ·∇u,∇divu〉+〈ρ−θ−θρ2 +θ2ρ

(1+ρ1)(1+ρ2)
∇ρ,−∇divu〉+〈ρ2−θ2

1+ρ2
∇ρ,−∇divu〉.

Hence, there holds

1

2

d

dt
||divu||2 + ||divu||2−〈ρ,divu〉−〈∇θ,∇divu〉−〈∇ρ,∇divu〉

≤C
(
||∇u1||∞||∇u||2 + ||4u1||4||u||4||divu||+ ||∇u2||∞||∇u||2 + ||divu||||∇ρ||2(||ρ||H3

+ ||θ||H3 + ||ρ2||H3 ||θ||H3 + ||θ2||H3 ||ρ||H3)+ ||divu||||4ρ||4(||ρ||4 + ||θ||4)



442 TIME PERIODIC SOLUTIONS TO HYDRODYNAMIC MODEL

+ ||divu||||∇ρ||(||ρ2||H3 + ||θ2||H3)
)

+ |〈ρ2−θ2

1+ρ2
4ρ,divu〉|.

By using the representation of ∇ρ from (4.2), we infer that

〈ρ2−θ2

1+ρ2
4ρ,divu〉=〈ρ2−θ2

1+ρ2
div[

1+ρ2

1+θ2
(−ut−u+E−∇θ−u ·∇u1−u2 ·∇u

+
ρ−θ−θρ2 +θ2ρ

(1+ρ1)(1+ρ2)
∇ρ1)],divu〉.

Note that

〈ρ2−θ2

1+ρ2

1+ρ2

1+θ2
(−divut),divu〉= 〈ρ2−θ2

1+θ2
,−1

2

d

dt
|divu|2〉

=− 1

2

d

dt
〈ρ2−θ2

1+θ2
,|divu|2〉+ 1

2
〈 d
dt

(
ρ2−θ2

1+θ2
),|divu|2〉,

〈 d
dt

(
ρ2−θ2

1+θ2
), |divu|2〉≤C(||∂tρ2||∞+ ||∂tθ2||∞)||divu||2

≤C(||divu2 +div(ρ2u2)||∞+ ||θ2 +divu2−4θ2 +
3

2
u2 ·∇θ2 +θ2divu2−κ|u2|2

+
ρ2

1+ρ2
4θ2||∞)||divu||2

≤C(||u2||H3 + ||ρ2||H3 ||u2||H3 + ||θ2||H4 + ||u2||2H2 + ||u2||H3 ||θ2||H3)||divu||2,

and

〈ρ2−θ2

1+ρ2
div[

1+ρ2

1+θ2
(−u+E−∇θ−u ·∇u1−u2 ·∇u+

ρ−θ−θρ2 +θ2ρ

(1+ρ1)(1+ρ2)
∇ρ1)],divu〉

≤C||divu||(||ρ2||∞+ ||θ2||∞)
[
(||∇ρ2||∞+ ||∇θ2||∞)(||u||+ ||E||+ ||∇θ||+ ||∇u1||∞||u||

+ ||u2||∞||∇u||+ ||∇ρ1||∞(||ρ||+ ||θ||))+(||ρ2||∞+ ||θ2||∞)(||divu||+ ||divE||+ ||4θ||
+ ||u1||H3 ||u||4 + ||∇u1||∞||∇u||+ ||∇u2||∞||∇u||+(||ρ||4 + ||θ||4)||4ρ1||4
+(||∇ρ||+ ||∇θ||)||∇ρ1||∞)

]
.

It concludes that

1

2

d

dt
||divu||2 + ||divu||2−〈ρ,divu〉−〈∇θ,∇divu〉−〈∇ρ,∇divu〉

≤C(||u1||H3 ||u||2H1 + ||u2||H3 ||u||2H1 + ||u||H1 ||ρ||H1(||ρ||H3 + ||θ||H3 + ||ρ2||H3 ||θ||H3

+ ||θ2||H3 ||ρ||H3)+ ||u||H1 ||ρ||H3(||ρ||H1 + ||θ||H1)+ ||u||H1 ||ρ||H1(||ρ2||H3 + ||θ2||H3))

+C(||u2||H3 + ||ρ2||H3 ||u2||H3 + ||θ2||H4 + ||u2||2H2 + ||u2||H3 ||θ2||H3)||u||2H1

+C||u||H1(||ρ2||H3 + ||θ2||H3)[||u||H1 + ||ρ||H1 + ||θ||H2 +(||u1||H3 + ||u2||)||u||H1

+ ||ρ1||H3(||ρ||H1 + ||θ||H1)+ ||ρ||H1(||ρ2||H2 + ||θ2||H2)]+
1

2

d

dt
〈ρ2−θ2

1+θ2
,|divu|2〉.

(4.9)

Similarly, we get

1

2

d

dt
||curlu||2 + ||curlu||2

≤C(||u1||H3 ||u||2H1 + ||u2||H3 ||u||2H1 + ||u||H1 ||ρ||H1(||ρ||H3 + ||θ||H3 + ||ρ2||H3 ||θ||H3
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+ ||θ2||H3 ||ρ||H3)+ ||u||H1 ||ρ||H3(||ρ||H1 + ||θ||H1)+ ||u||H1 ||ρ||H1(||ρ2||H3 + ||θ2||H3))

+C(||u2||H3 + ||ρ2||H3 ||u2||H3 + ||θ2||H4 + ||u2||2H2 + ||u2||H3 ||θ2||H3)||u||2H1

+C||u||H1(||ρ2||H3 + ||θ2||H3)[||u||H1 + ||ρ||H1 + ||θ||H2 +(||u1||H3 + ||u2||)||u||H1

+ ||ρ1||H3(||ρ||H1 + ||θ||H1)+ ||ρ||H1(||ρ2||H2 + ||θ2||H2)]+
1

2

d

dt
〈ρ2−θ2

1+θ2
,|divu|2〉.

(4.10)

Multiplying Equation (4.3) by −4θ and integrating over Ω by parts, we have

3

4

d

dt
||∇θ||2 + ||∇θ||2 +〈∇divu,∇θ〉+ 1

2
||4θ||2

≤C
(
||u||2H1(||θ1||2H3 + ||θ2||2H2 + ||u1||2H2 + ||u2||2H2)+ ||θ||2H2(||u1||2H3 + ||u2||2H2 + ||ρ2||2H2)

+ ||θ1||2H3 ||ρ||2H1

)
. (4.11)

Multiplying Equation (4.1) by −4ρ and integrating over Ω by parts yields

1

2

d

dt
||∇ρ||2 +〈∇divu,∇ρ〉=−〈∇(ρdivu1 +u1∇ρ+ρ2divu+u∇ρ2),∇ρ〉.

Note that

−〈u1∇2ρ,∇ρ〉= 1

2

∫
divu1|∇ρ|2dx≤C||∇u1||∞||∇ρ||2.

We have

1

2

d

dt
||∇ρ||2 +〈∇divu,∇ρ〉≤C||∇ρ||(||∇ρ||||u1||H3 + ||ρ||4||u1||H3 + ||u1||H3 ||∇ρ||

+ ||ρ2||H3 ||divu||+ ||∇u||||ρ2||H3 + ||u||4||ρ2||H3)−〈ρ2∇divu,∇ρ〉.

By using the representation of divu from (4.1), there holds

−〈ρ2∇divu,∇ρ〉= 〈ρ2∇(
ρt+u1 ·∇ρ+ρdivu1 +u ·∇ρ2

1+ρ2
),∇ρ〉.

Note that

〈 ρ2

1+ρ2
∇ρt,∇ρ〉=

∫
ρ2

1+ρ2

1

2

d

dt
|∇ρ|2dx

=
1

2

d

dt

∫
ρ2

1+ρ2
|∇ρ|2dx+

1

2

∫
|∇ρ|2 1

(1+ρ2)2
(divu2 +div(ρ2u2))dx

≤1

2

d

dt

∫
ρ2

1+ρ2
|∇ρ|2dx+C||∇ρ||2(||u2||H3 + ||ρ2||H3 ||u2||H3),

and

〈 ρ2

1+ρ2
u1∇2ρ,∇ρ〉=−1

2

∫
div(

ρ2

1+ρ2
u1)|∇ρ|2dx≤C||∇ρ||2||u1||H3 ||ρ2||H3 .

It concludes that

1

2

d

dt
||∇ρ||2 +〈∇divu,∇ρ〉
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≤C||ρ||H1(||ρ||H1 ||u1||H3 + ||u||H1 ||ρ2||H3)+
1

2

d

dt

∫
ρ2

1+ρ2
|∇ρ|2dx+C||ρ||2H1(||u2||H3

+ ||ρ2||H3 ||u2||H3)+C||ρ||2H1 ||u||H3 ||ρ2||H3 +C||ρ2||H3 ||ρ||H1(||u1||H3 ||ρ||H1

+ ||u||H1 ||ρ||H3). (4.12)

Now, we give the estimate of ||ρ||H1 . Multiplying Equation (4.2) by ∇ρ and inte-
grating it over Ω by parts, there holds

−〈div∂tu,ρ〉+ ||∇ρ||2 +〈∇θ,∇ρ〉−〈divu,ρ〉−〈E,∇ρ〉+〈u ·∇u1,∇ρ〉+〈u2 ·∇u,∇ρ〉

=

∫
ρ−θ−θρ2 +θ2ρ

(1+ρ1)(1+ρ2)
∇ρ1∇ρdx+

∫
ρ2−θ2

1+ρ2
|∇ρ|2dx.

Note that

−〈div∂tu,ρ〉=−
d

dt
〈divu,ρ〉+〈divu,−divu−div(ρu1)−div(ρ2u)〉.

We have

1

2
||ρ||2− d

dt
〈divu,ρ〉

≤C
(
||∇θ||2 + ||divu||2 + ||ρ||H1 ||u||H1(||u1||H2 + ||u2||H2)+ ||ρ||2H1 ||u1||2H2

+ ||ρ2||2H2 ||u||2H1 +(||ρ2||H2 + ||θ2||H2)||ρ||2H1 + ||ρ||H1 ||ρ1||H3(||ρ||+ ||θ||)
)
. (4.13)

Choosing M4>0 appropriately large, summing up 1
M4
×(4.13)+(4.9)+(4.10)+

(4.11)+(4.12)+(4.6)+ 1
8CM4

×(4.7)+(4.8), integrating from 0 to T and by the peri-
odicity of solutions (ρ1,u1,θ1),(ρ2,u2,θ2)∈Xδ, we have∫ T

0

(||ρ||2H1 + ||u||2H1 + ||θ||2H2)dt≤Cδ
∫ T

0

(||ρ||2H1 + ||u||2H1 + ||θ||2H2)dt.

It implies that ρ=u=θ= 0 providing δ< 1
2C small enough. The proof of uniqueness is

complete.
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