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TIME PERIODIC SOLUTIONS
TO THE FULL HYDRODYNAMIC MODEL TO SEMICONDUCTORS*

MING CHENG! AND YONG LI*

Abstract. In this paper, a full hydrodynamic semiconductor model with a time periodic external
force is concerned. First, we regularize the system under consideration and prove the existence of time
periodic solutions to the linearized approximate system by applying Tychonoff fixed point theorem
combined with the energy method and the decay estimates. This idea is from the Massera-type criteria
for linear periodic evolution equations. Then, the existence of a strong time periodic solution under
some smallness assumptions is established by using the topological degree theory and an approximation
scheme. The uniqueness of time periodic solutions is proved basing on the energy estimates. Also, the
existence of the stationary solution is obtained.
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1. Introduction
The paper concerns the full hydrodynamic model to semiconductors:

pe+div(pu) =0, (1.1)
p(ty+u-Vu)+V(pd) +pu=pE+pf, (1.2)
gﬁ(ét+ﬂ-V§)+ﬁ§divﬂ:A§+nﬁ\ﬂ|2—ﬁ(ﬂ_—l), (1.3)
E=V¢, (1.4)
Ap=p—b(z), (1.5)

where z €} ::H§:1(0,Li) CR3, k is a constant, p,u,0 denote the current density, the
average velocity and the absolute temperature, respectively, E is the gradient of elec-
trostatic potential, b(z) is a given function which describes the prescribed background
ion density, f is an external force.

System (1.1)-(1.5) is a nonisentropic hydrodynamic model. It describes that elec-
tron flow transport in the semiconductor devices, as in submicron devices or in the
occurrence of high field phenomena. The corresponding drift-diffusion model works well
under some assumptions of low carrier densities and small electronic fields. This model
can be derived from the Boltzmann equation by a moment method. For the physical
background of semiconductor devices, we refer to [1-3] and the references therein. In
the past few years, the study of semiconductor devices has attracted a lot of attention
from the mathematical point of view. In [4], Tao et al. established the global exis-
tence of smooth solutions to the Cauchy problem for the one-dimensional isentropic
hydrodynamic model for semiconductors with small initial data. They found that these
solutions converge to the stationary ones of the drift-diffusion equations. The model
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in one-dimensions has been concerned in the literature. One can see [5-9]. In multi-
space dimensions, Hsiao and Wang considered a full hydrodynamic semiconductor model
in [10]. They proved the global existence and large-time behavior of smooth solutions.
The model in multi-dimensions has been studied in many directions, see, for exam-
ple [11-13].

In the present paper, we are devoted to studying time periodic solutions to semi-
conductor models. To the best of our knowledge, this is the first result giving a proof of
existence of the time periodic solutions to system (1.1)-(1.5). Different from some pre-
vious results, we don’t need the symmetry of the external force. We can estimate the L2
norm of solutions by the structure of the system directly. Also, the regularized assump-
tion of the external force is more general because we adopt a new method to solve the
linearized system and make careful energy estimates. The basic idea of the proof is the
following. First, we reformulate the system. Next, we give the energy estimates of the
linearized system which is regularized. The existence of time periodic solutions to the
linearized system is obtained by the Tychonoff fixed point theorem. This idea is from
the Massera-type criteria for periodic evolution equations [21-23]. From the argument,
one can see that the initial data of time periodic solutions to the linearized system lies
in a convex hull. Then, inspired by [18,19] and [20], we use the Leray-Schauder degree
theory and approximation scheme to establish the existence of time periodic solutions.
Moreover, the uniqueness of time periodic solutions is proved.

As is known, one of the interesting phenomena in fluid mechanics is time periodic
flow. It has been studied theoretically and numerically in the last decades. In particular,
there has been a lot of interest in the study of time periodic compressible Navier-
Stokes equations. Feireisl et al. [14,15] established the existence of time periodic weak
solutions by the Faedo-Galerkin method and the vanishing viscosity method. In [16],
Valli considered the existence and asymptotic stability of small strong solutions in a
bounded domain with nonslip boundary condition. He obtained the existence of a time
periodic solution by following the approach of Serrin [17] concerned with time periodic
solutions of incompressible Navier-Stokes equations. In 2015, Jin and Yang [18,19]
studied the problem in three-dimensional space when the external force satisfied the
oddness condition. They obtained the existence of a small amplitude periodic solution
around a positive constant state by topological degree theory and energy method. With
similar ideas in [18,19], Tan et al. [20] considered the existence and uniqueness of
time periodic solutions to compressible Euler equations with damping. They employed
the continuity and momentum equations to overcome the difficulty of the lower order
dissipation of damping when deriving the highest order energy estimates.

Our aim is to investigate the time periodic solution around (1,0,1). Denote p=
1+p,a=u,0=1+6 with (p,u,0) being small. Then, system (1.1)-(1.5) is reformulated
as follows:

pt +dive = —div(pu), (1.6)
-0

ut+u—E+V9+Vp+u.Vu:(TTP)Vp—f—f, (1.7)

3 . 3 . P

§9t+9+d1vu— NO= —§u-V9—0d1vu+f@\u|2 — (E)AH, (1.8)

E=V¢, (1.9)

Np=p+1—b(z). (1.10)

Throughout the paper, we assume that b(x)=1. The same argument works when
b(x) =14yby (z) with a sufficiently small constant v and a smooth function by (x). The
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functions (p,u,0,¢) are periodic in each x; of period L;, i=1,2,3. f(z,t) is a given
external force, which is periodic both in space and in time, respectively. In addition,
we assume that fQ ¢dx =0 to assure uniqueness.

Before stating the main result, we explain notations and conventions. We will omit
variables t,x of functions for simplicity if it does not cause any confusion. In addition,
we abbreviate fQ by [ for convenience. C is used to denote a generic positive constant
which may vary in different estimates. C,; denotes a generic positive constant which
depends on a,b. We use H?® to denote the usual Sobolev space defined over €2 equipped
with the norm ||-||gs, and LP (1<p<oo) to denote the usual Lebesgue space defined
over  equipped with the norm ||-||,. Especially, the norm and the inner product in L?
are denoted by ||-|| and (-,-), respectively.

Now, our main result is stated as follows.

THEOREM 1.1. Assume that m>2, and the T—periodic external force fe&
L2(0,T; H™1(Q)) satisfies

T
/ 12wt <1,
0

for some small constant n>0. Then, system (1.6)-(1.10) has a unique T—periodic
solution (p,u,0) such that

(puuve) EX57

where X5 is defined in Section 2, 6 <1 is an appropriately small constant.

REMARK 1.1. From the uniqueness of time periodic solutions, one can see that there is
no small nontrivial time periodic solution to system (1.6)-(1.10) without external force.

REMARK 1.2. Furthermore, if we assume that f is independent of ¢, then f is periodic
of any period T'>0. By virtue of Theorem 1.1, there exists a time periodic solution
(p1,u1,071) of period 1. On the other hand, there is a time periodic solution (p2,us,603) of
period % By the property of uniqueness, it should be (p1,u1,01) = (p2,us,02). Repeating
this process, it concludes that (p1,u;1,6;1) is constant for any rational number ¢. From a
continuity argument, we have that (p1,u1,61) is independent of ¢t. Thus, (p1,u1,01) is a
unique small stationary solution of the following system:

div((p+1)u)=0,

1+6
u—E—l—Vé?—k(ﬁ)Vp—i-u.Vu:f7

1 3
0+divu — —— A0 =——u- V0 —0divu+ r|ul?,
1+4+p 2

E=Vg¢, Ap=p.

The rest of this paper is organized as follows. We are going to regularize system
(1.6)-(1.10). In Section 2, we derive some energy estimates of higher and lower order
derivatives of the linearized system, respectively. The existence of time periodic solu-
tions is given in Section 3. The uniqueness of time periodic solutions is shown in the
last section.
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2. Energy estimate of linearized system
For m > 2, we define the following suitable function spaces:

X ={(p,u,0) € L=(0,T: H™+1(2));0 € L*(0,T: H"2(Q));
(p,u,0) is periodic in space and in time, and /pdz:()}

and

T
Xs={(pu,0) € Xl (p, w05 = D [1(p,0,0) B+ [ 110][3pmradt <62}
te(0,T] 0

In order to grant the uniqueness, the condition [ pdz=0 is necessary. And we require
that ¢ is periodic in each z; of period L;(i=1,2,3), [¢dz=0.
We regularize system (1.6)-(1.10):

pr +divu—eAp=—rdiv(pu), (2.1)
-0
ut+u—E+V0+Vp+Tu-Vu—eAu:7(§+p)Vp+Tf, (2.2)
gﬁt +0+divu—Af :T(— gu V0 —0divu + k|u|* — (ﬁpp)A@, (2.3)
E=Vé, (2.4)
Np=p, (2.5)
for 7€10,1].
Now, we consider the following linearized system:
pr+divu—eAp=—rdiv(p'u’), (2.6)
Y
m-l—u—E—l—VH—i—Vp—&—ru’-Vu—eAu:T('fi+p, )Vp/—i—rf, (2.7)
3 : 3 . '
§0t+9+d1vu—A0:T(—5u'~V€’—9'dlvu'+n|u’|2— (1£p’)A0/)’ (2.8)
E=V¢, (2.9)
No=p, (2.10)

for any given T—periodic function (p’,u’,0") € Xs.
Since supyepo, 1110’0 < Csupsefo 1y 10|l rm+1 <0 for 6 small enough, we assume

that |p/(z,t)| <3 for all (z,t) € Q2 x[0,T] without loss of generality. Now, the energy
estimates of lower and higher order derivatives are obtained respectively.

LEMMA 2.1.  There exists a large enough constant My >0 such that
d 3 . 1
a(HPH“’||U|\2+5”‘9”2—M1<d1VuaP>)+(€HVPH2+§|\u||2+€||vu||2
M, 1
+T||P||%11+§||9||%11)

SC(HVP/HQHU/HQHZ o' [Fe divar'[[2 + [|dive| | e [l 2 + (10772 + 10 2210l
AP+ 1 1 (V012 4 10]Fp2 diver |2+ '3+ My (|| VO] +[[divul



MING CHENG AND YONG LI 417

1= [l 24+ (10 L2+ 1o 1B ) IV 12+ LA+ 196 P
v 21113+l | 5+ ell Al 2) ). (2.11)

Proof.  Multiplying Equations (2.6)-(2.8) by p,u,6, respectively, integrating them
over ) by parts, we have

2dt” plI>+ /dlvupdx—FeHVpHQ——T/le u')pdx, (2.12)
2dt|\u||2—&—|\u||2 /E uda:—i—/V@ udm—i—/Vp ud:r:—l—T/(u V)u-udz + ||Vl |?
14 79 /

= T( 1+p ,)VP cudr+ | 7f - udez, (213)
4dt|\9||2+||9\|2 /dlvuﬁdx+/|V0| dx

— /! _ § / / o / /1. / / 12

= T/1+p/ /2(u V)0 0dx —7 [ ¢'dive'0dz+1 | klu'|"0dz. (2.14)

Note that

p/
— / =
/Hp,Ae fdz /1

SCIIWIHW'IIH,O 7e +CHV9||||V9/||H1HVP/”?

)V@ dx

1
/(u’.V)wudaz:fi/divu'|u\2dzSCHdiVU'HOOHuHZ.

Then, summing up Equations (2.12)-(2.14), and using Hoélder’s and Young’s in-
equalities, we have

L oI+ 1l P+ 2181%)+ (el + 3 lull> €l 7l + S 61 + 3 198112)
<SC(IVA' P11 | Fagz + 110 3 lldived| |2+ dived [z |ul P + ]l + [V 07 [0 2
HIVO IV 112+ 10112 + 110 72D [V 012+ 1P+ | V0[]
10| Fyldived |2 + s [u'[[) (2.15)
On the other hand, multiplying Equation (2.7) by Vp and integrating it over £ by
parts yields

—(divdyu, p) + ||V p||? +(VO,V p) — (divu, p) — (E,Vp) +7(u" - Vu,Vp) —e(Au,Vp)
g
:T/(p )Vp’~Vpdx+T/prdx.

1+
Since
. d, .. :
(divoyu, p) = 7 (divu, p) — (divu, pt)
= %(divu,p)—i—“divu”2 + (divu, 7div(p'u’)) — (divu,eAp),

(B,Vp)=(V¢,Vp)=—|lp||?,
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one deduces that

1 d, ..
1ol = 5 (v p)
<C([IVO|[* + Il divul [+ [ 3= [Vl * + (116" |22 + 10| ) [V 0|+ 11 £112
FIIVO P2 + lldive | P[] 0] B2 + €l [ Ap] P + e[ Aul?). (2.16)
Therefore, we can multiply inequality (2.16) by a constant M; >0 large enough to
absorb the term ||p|| in (2.15). It completes the proof. d

LEMMA 2.2. There exists a small enough constant ¢ >0 such that

1d 3 1 1
5 77 (1divul 2+ (19| +[lpl[* + SIIVOI1* + [leurlu| ) + 5 ||divul * + 5 [Jourlul|?

+[ VOl + %HA9H2+€(||VP||2+HAPHQJF |V divul [ +[[Veurlul[?)
SC(IIW’IIHz\IWII2+HdinH2+C||0ur1f|\2+(|l9’lli;2 +Io' ) [1A0']

+ (107 + 1 )V [ (VAN + (VO] +||Vp'||i]z)|\Vp’ll2> +¢llpll 7

+Cerllp |2 10| 72 +C(HU'II?I2||V9’||2+H9’|I§12HdiVU’H2+ ||p,|‘?{2||A9,H2+||u/||i>'

(2.17)

Proof. Multiplying Equation (2.7) by —Vdivu and integrating it over Q by parts,
we infer that

1d

§£Hdivu||2—<v9,Vdivu>—<Vp7Vdivu>—|—||divu||2—|—(E,Vdivu)—i—eHVdiquQ
pli ’
_ ’. . . . . ’ .
=7(u Vu,levu>+7'/dlvfdlvud:EJrT/le( [y Vp )dlvudx.
Note that

1
—<u'-Vu,Vdivu>=/ajugaiujﬁkukdz—i/6‘iu;|6‘juj|2dm§C||Vu'||oo\|VuH2,

(E,Vdivu) = —(p,—p; —7div(p'u') +eLp),
where we have used the representation of divu from Equation (2.6).

Hence, using Holder’s, Sobolev’s and Young’s inequalities, we have
1d 1d
2dt 2dt
+e||Vdivaul||?

<OV = |[Vul [+ Clldiv f[2 + C 10|72 + 10| 7)1 2012 + €[] ol

+CI0NG + 1P 117V NG IV 012+ CUIVE |2 + [V [72) V|2
+Cer (VAP 32 + 1" |72 lldived | ). (2.18)

1
ldiva [ (76, Veivu) — (Vp, Vdiva) + 5 [[diva[* + 5 [l +€l |Vl

Taking V to Equation (2.6), multiplying by Vp and integrating it over ) by parts,
we find that

1d
§£HVPH2+<VdiVU,V,0>+6||AP||2:T/—Vdiv(p’u')Vpdx



MING CHENG AND YONG LI 419
<€[|Vpl[* +Cer |l |72 I’ - (2.19)

Now, multiplying (2.8) by —A60 and integrating it over 2 by parts, we have

. 1
2 LIVl +IIveIP + <deu,w>+§|mo\|2scHTGl(pxu',e')n?, (2:20)

where G1(p/,u',0") = —%u’ VO — @' dive + k|2 — 1+p
Combining the above inequalities (2.18)-(2.20), we conclude that

1d 1. 1
5 g ldivel P+ [Vl +[lpl]* + |\V9||2)+§||(11VUII2+IIV(9||2+§HMII2+6(IIWH2

+{[Apl]? + || Vdivul[?)

<ClIVu'l| 2| Vul|* + Clldiv {2+ C 116" |2 + 12 )| 20 112 + Cll o 2| 2072
+C 1z + 1 DIV N VA NP+ CUNVE [ + IV DIV € Ml
+Cellp e[/ 172 + Cll 7=V 0| + C16"] |y || dived'| 2+ CJu'| [ (2.21)

On the other hand, applying curl to Equation (2.7), multiplying by curlu and inte-
grating it over § by parts, we have

1d
% chrlu||2—i—chrlqu—I—T/curl(u'-Vu)-0111r1ud:1:—|—e||chr1u||2
o —0
:T/cuﬂ( 1Ty Vp') -curluda:—!—T/curlfcurludx.

Focusing on one component of the term 7 [ curl(v’- Vu) - curludz, we obtain that
/(u;@agug (82’11,3 — 83UQ) — u;(?iagug ((92’113 — 83u2))d:v

1
Sg/ui@[(agug)z-l—(@gugf]+/8iui83u282u3§C||Vu’||oo|\Vu\|2.

The argument for other components is similar. Hence, we have

1d
2 dt

<c(||w oo | V]2 + chrl(

— ||curlu||* + f||curlu| |2 Jre\ |Veurlu| |2

-6
Vp)H + |[|curlf|| )
SC(HVU/”HQHvu||2+(||9/HH"’+||pHHQ)”Asz + (10112 + 110 17 IV |2V |2
+IVO |2+ [V 11312V 0[P+ [[curl £][?).
Combining with (2.21) implies
1d
sa
+||V9\|2+§||A9|\2+€(||VP||2+\|AP||2+||VdiVU\|2+||VCUF1UH2)
<C||VW|| g2 l|Vul|* + Clldiv £[]* + Clleurl £]|* + C(116"] | 7= + 10/ [[72) 11 2|
+CO' 72 + 10 [[FV A N IV 112+ CUIVE | + 1V 7)1V |2
+C (1172 (V017 + [167] 1 Zp ldiver'| |2 o[ |5+ 110|721 207] )

1 1
[divul|* +[[Vpl[* +]pl* + *HWIIQHICHrIU\I?H g lldivul[* + o [lourlu|
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+Ce 10 3214|372 + €'l pl 771
which completes the proof. 0
LEMMA 2.3.  There exists a large enough constant My >> My >0 such that

d

dt((1+-7\42)||p||2JerllvaerIIUH2JerszlVUHQJrf\fz\lcurIUII2 1oy

+ 2221901~ My diva, )+ (14 NI+ 22 A ]|Vl
+7||Vdivu||2+%HVCurlu\F)+£Hu||2+%(||divu\|2+||cur1u||2)
+ 2 A3 + 2 613 + 22 IV61 + 11461
<C (1113 + 10" s+ 1613110 =+ (1612 + 11 31| a2
o 10 3 o+ 1 | B 6+ 1 30 ).
Proof.  We will multiply inequality (2.17) by Ms >0 large enough to absorb the

terms ||VO]|?,||divul|?,€]|Ap| %, €] | Aul|?* on the right-hand side of (2.11). Then, choosing
we have

!
€ =550

d

dt((1+M2 pll? +Ma[[Vpll* +[[ul[* + Ma||divul[* + My||eurlul|* + |\9H2

3M
=2 vo) - M1<d1VUP>)+€((1+72)|\VP||2+72||AP||2+||VU||2

. 1 My, . M,
+ 22 [ Veival?+ %2 [ Feurtul )+ 2 ol + 2 vl + feurtul ) + 22 ol

M.
*H9||H1+*2(||V9||2+HA9H )

<C (1151 + 10 s+ 16/ 3 ) 110 2+ (16712 + 1 )16 |
o 110 e B 4 I 16 e s+ v L a2+ M| gz [T
+ M|V || 221V [2).

Note that
[|Vul| ~||divul|| +||curlu|| and (p',u’,0") € X;.

It completes the proof providing that § >0 small enough. O
Next, we will derive the energy estimate on higher order derivatives of p,u,6.

LEMMA 2.4. Letk=1,...,m, m>2. There exists a large enough constant Ms >0 such
that

d
dt

—Ew’“divu,vkm) S(IVE 2|2 +][VF 1l 2) + (IIV’““pII?HIV’“pH )

1 1 1
( IVl + IIV’““9H2+*HV’“diVUII2+*IIV’“P||2+ S l[VEcurlul|?

1 1
+1\|vk+19||2+5||v%9||2+ §(||deivu||2+|\churlu||2)+Z(||V’“+1divu||2
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+ ||Vk+1curlu|\2)
SCe(|lp' | Fpme w12 + 10 2 |
A 10" 101 [Frmsz =+ [0 | Fm A+ V5V F 12 A0 |G || o = [ |0l Fm1)

Ce([10"1Frm 110"z 10 [y + 1121 ) IV 2| + [V eunl |2 + OV £

Frme 10|+ 10 |2 10| [Fs

2 ) +C (1011

Proof. Let k=1,...,m, m>2. Applying V¥*! to Equations (2.6) and (2.8),
multiplying V**1p and VF+16, and integrating it over Q by parts, we have

1d .
§£||Vk+lp||2+(Vk+1divu7vk+1p>—I—GHV’“ApHQ:—T/Vk+1div(p'u’)vk+1pdx,

S LTI H[VE )7 4 [T A+ (T div, T4 1)

:—377 / VAL dive )V 9da — 7 / VL (- Vo) VE T 0da
+T/nv’“+1|u/|2vk+19dx7/7vk+1(1i A0V Gd,
Then, from Proposition 3.6 in [24], there holds
T I (T v, T )+l [TF A
< ENF 20| Cell 012 1 g [ | s 167121, (2:22)

4dt||v’€+19|\2+||v’“+19|\2 L1922 + (T dive, V1)

<Cllp|I3 AH/HH””+C(H0/HH"L+1HU/H%}2+||9/H§{2||ul||§{m+l)+C||ul||%{’"' (2.23)

Hm

Now, multiplying Equation (2.7) by V?**!divu and integrating it over Q by parts,
we get

- 5@ @\ dival? || VFdivel 2 — (VFE, V4 diva) + (V510,74 diva)

+(VEH o VA diva) +7(VF (0 - V), VR diva) — €] |[ VR dival 2
o’ _p/

_T<Vk( 1+

V'), VEH divu) + (V¥ £, VE divu).

Note that
(VEE, VF 1 divu) = — (VFp, VEdivu) = — (VFp, V¥ (—pr + e p—div(p'u))))
= 5 Il el V5 gl (9, T vl
For m >3, we have

(VF (' - Vu), VF 1 diva)

/ u v’f“uv’f“dwudHZCl / V' VI uvE  divuda
=1

<OV |2 V5l 2+ IV | 22Vl | s+ V200 g2 [Vl [ 72) [V |
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+ OV |12 1920l s+ 190 2 |92 112 [ V4.
For k=m=2, we have
(V2(u' - V), V3divu)
= / u' - V3uVidivude + Cy / V' V2uVidivude + C3 / V2 VuV3divuda
<OV |72 ful .
Therefore, there exists a small constant ¢ >0 such that
Ld Ld

2 dt 2 dt
— (VFFTLg VF L divu) — (VR p, VEF L diva)

<Cl[u' g |[ullFpmsr +CHIVEdiv |2+ Cerlp ||z [ || 1 + € [VE )]
+Ce (101 7m + 110 [ 10" [Frm + 1| )11V |- (2.24)

. 1 . € .
\|delvu\|2+§\|de1vu||2+ [IVEpl)? + €| [VETLpl|2 + §|\V’“+1d1vu||2

Applying VFcurl to Equation (2.7), multiplying by V*curlu and integrating it over
Q by parts, we have
1d
§%||churlu||2 +[|[VFeurlu||? + €| [V curlu| |2
= —7(VFeurl(v/ - Vu), VFcurlu)

/7

77<churl(0

o k k k
[ V'), VFeurlu) +7(V*curlf, V*curlu).

We focus on the first component of the term (VFcurl(u’-Vu), VFcurlu). The estimate
of other components is obtained similarly. The first component is

/ V(0 () Druis) — D (1, Dstiz) )V (Dais — D)

The hard term is

/ (w0 V¥ Osus — 105 VF Ou0) (VF Ogus — VFE O30 ) da:

_ / %@(Vkagu?,)de—i—%;8i(vk83u2)2dx— / L0,V Dy Dguada

- / w0, V*03us VF Dpuzdz.

Note that
—/ué@ivkaguze,vkagugdm—/ué@ivkﬁgugvkﬁgugdx
:/8i(ugvk83uQ)Vk62U3dx—/ué@ivkaguzvkagugdx:/@-ugvk@guzvkagu?,dx.

Hence, there is no derivative of v at the m+2 order. With a similar argument as above,
we have

1d 1 €
5 oIV curlul P+ 2 [V curtul[> 4+ 5[V eurlul B < Clfu s ful B
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+Cc (10" [[Fpm + [ 10| Fm + 10| 7 ) [V [ + Cl[VEcwnlfI2. - (2.25)
It concludes from (2.22)-(2.25) that

d /1 3 1 1 1

= (GIVE 2+ IV 002+ 51V divul 4 5] [VF0] 2+ 5[V Feurlul )

1 1
+€(||VkAp||2+||Vk+1pll2)+IIV’““9H2+§IIV]“A9H2+Z(I\V’“diVUI\2+IIchurIUIlz)
+§(|\vk+1divu|\2+||vk+1cur1u||2)

SO0 Fmesa [ ez + 10 2 1[0 [rmee ) + C U0 Fpmsa [0 G2+ 116 [ [ | [ | [Fpmen)
O [T 10 [[Frme2 4 [0 7 A+ [[VEdiv {12 4| e | ]G + ||V curl £[]?)
+Cc (16| + N6 [z 10" Fm 10| IV O [ Frm 4 Cerl |0 [m 10 | 7m
+ e[ VR (2.26)

On the other hand, applying V¥ to Equation (2.7), multiplying it by V**!p and
integrating it over €2, we have

— (VEdivuy, VFp) + (VEu, VEHL p) — (VEE, VETL p) — e(VF Au, VEFLp)
(VI VT p) 4 (VR p VR o) 4 7(VE (- V), VE T p)

__T<vk(9/_/)/v /) \viaz >+7_<ka \iaz! >
- 1_|_p/ P, P ’ P

Note that

(VBT p) | [T,

al_pl
IV* (S Vo I SCUE s 10 12 i 116 )V 5
d

dt
4
dt

—(VEdivuy, V¥ p) = — — (VFdivu, VFp) + (VFdivu, VFp;)

(VEdivu, VFp) + (VEdivu, VF (=divu+eAp —7div(p'u'))),

where we have used the representation of p; in Equation (2.6).
Therefore, we obtain

STl SVl — L (7 dives, 9p)

<CIITFdival P +CIIT* 61+ Ol By [Vl -+ C 10 -+ 16/ g 1o
1B ) IV i+ UV I+ O gl s+ 3l )
+ellTH Bl e[V e (227)

To absorb the terms ||[V*divul||2,||[V*H10| 2, €| [ VEAp| |2, €| [VE Aul |2, we choose M3 >
0 large enough and € = ﬁ. Multiplying (2.27) by ﬁ’ it concludes from (2.26) that

dlcrit 2 3okt 1 Lok iz Lok 2, Lok )
dt(QIIV PP+ Z V0N + SV dival |7+ SV PP+ S [V curlul|
1

k 3: k € k 2 k+1 (12 1 k+1 )12 k112
3 (Vv 40) ) + G(IVE A0l 41957 pI) + g (194 [V ?)
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1 1 1
+ IV + SV F A0 + 2 ([VFdivul | +][VF curlul )
+ i(HVk‘Hdivu\ 12+ |V curlu| [?)

<Ce(llp' [z 11172 + o [z 110 1 s )+ C (O g [ gz 4161z 2| s
10 g 1012 + 11 g + [V div 112 410" G || o+ [0 e el )
+C 1107+ [Frm 0| Frm 4112 i ) [V 6 igm + Cl[V curl £2 +C[V* £,

which completes the proof. 0

PROPOSITION 2.1.  Assume that (p',u,0") € X for § >0 small enough, (p,u,0) is the
solution of system (2.6)-(2.10) with initial data (po,uo,00). Then, there exists a constant
C1 >0 independent of € such that

H(P,U70)||ijm+l

t
SCe_Clt\l(po,UOﬁo)lIipm+/0 e (A ({24 e | | 2 | TS g ey

A CO N Frmen [ gz + 110" g2 11 s 110" 10 g+ [ 2gm 411 Frnr)
+Ce (10”11 + 110 [Frm 0| 110" [ ) 0 sr +Cl1p g [0 || ) ds-

Proof. From Lemma 2.4, summing up with k, we obtain that

"od /1 1 1 1
Zdt< IV pl1% + HV’““9||2+§IIV’“diVUHQ+§|\V’“p\l2+§\lvkcurlml2

(T ) £ 3 ST+ V) +Z(4M (110l
k=1

1 .
+1|V*l*) + Z(||Vk+1‘9||2Jr ||V]CA‘9\|2)Jr§(||dequ\|2Jr ||V*curlu |?)
+ i(HVkJrldiVUH2 +||Vk+1curlu||2)

<SCe(lp"|Epma '3z 110 [ Fr2 16/ By )+ C UV | Ty || g2+ 116 g2 || [[Fmsa)
+Cp 3m 10| Frmez + Cl [ rm + Ce (110 Frm + 10w 16" [[Frm + 110 e ) [V |7
O fl[Frmer +ClIp [ Fpm [0 |3,

provided § >0 small enough.

Then, from Lemma 2.3, there exists a constant C; >0 independent of € such that

d
7 ((1+M2)H/>H2+M2||Vpll2+HUII2+M2||d1VUII2+M2IICUTIUH +*||9||2

3M .
SSRNVB? — My (divasp)) + (1 IVl P+ 552 181 + [Vl

. M.
+ 7I|deu||2+ S IVeurtul[2)+Cy (1+ Ma) ol 2+ Mo |V ol +
3M2

. 3 M.
o+ Mo [divul [+ My leurlul [+ 5161+ 252 [ V]2 = Mi (dive,p) ) + 52| 6]

§C<||f|\%1 101 + 110 )10 2 +(||9'HH2 o' a0 s 10 i

10 W2 g2 + ' 772110112 +|IU’|I§11),
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and

m

d 3
> 2 (T 24+ SITH 012 4+ [V divarl 2+ |75l 2+ |V curtu] 2

m

1 . 1 .
- EW’“dwkam) JrgZ(E(HV’“APIIQJrHV’“HPIIQHHV’“MHQJrE(IIVWdlvull2
k=1
+[|VFH  eurlul ) +C1 ) (HV’““PH2+§HV’““9II2+\IV"”<211VUII2+HV%H2
k=1

1
+ || V*eurlu||? — E(V’“divu,V’“p))

<Ce(l1p Wgmer [/ 112 4110 Wz 11 [[Fgsn) + CUO Wpmea [ [z 41167 Fy [ )
+C1p |1y 16| Frma + Cllu [[agm + Ce (116" [ 7 + 16" P\ 110 g )1 [ e
+Clp W 10 [7m + Cl Wy

‘ 2
H7n,

Combining the above inequalities, multiplying by e“'*

there holds

and integrating from 0 to t,
. t
eCrs (||p||i1m+1 +Hu||2 +Hd1vu||§{m +chr1u‘|§{7n +||9H%1m+1) |0
t
S/O e (Cellp g |l g2 + 1o | 2 1/ || B )+ C O g || |2

Oz [ Frmsr + 10| o 10 gz 4110 [ rm) 4+ Ce (1107 pm + 1161 Fpm 10 7m
1 e )10 s + ClP N | g + CI fl | Fpnir ) s

Hence, we get

[1(py1,0) 71
<Ce™[(po,10,00) || Frm+1 +/Otecl(s_t) (Celllp g ' [1Fr2 +110" |2 [0 e )
F OO |Fpmsa 10|y + 10 2 |16 Fpmss 110 | 10| Fpsz | [+ | Fpmr)
+Ce (1107 A+ 107 12 g 410"z ) 16| T+ Ol g 12| 3 ) s,
which completes the proof. 0

3. Existence

3.1. Existence and uniqueness of time periodic solutions to the linearized
system.
LEMMA 3.1. Assume that m>2, and the T—periodic external force f¢€
L?(0,T; H™Y(Q)) satisfies

T
/ 12t <1,
0

for some small constant n>0. Let 6 >0 be an appropriately small constant. Then, for
any (p',u',0") € Xs, T€10,1], linearized system (2.6)-(2.10) admits a unique T —periodic
solution (p,u,0) such that

(pyu,0) e X.
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Proof. We rewrite the linearized system in vector sense:

where
—A\1v'Vo —~dive
AU = | =7Vo +ilv+vVdive’2(V x M) x B ,
MV x (vx B)+AM =2V x ((Vx M) x B)
and

U=(o,0,M),W=(c'v',M"),F=(0,\2f,0),

G(W)=(=\o'divv’,G1 (0" ,v',M"),Go (" ;0" , M")).

First, the linearized system with trivial initial data is global well-posed by the
classical parabolic equations theory. Let U(x,t) be the solution of linearized system
(2.6)-(2.10) with initial data (0,0,0). Then, for any ¢ >0, there exists a non-negative
integer n such that ¢ € [nT,(n+1)T). Notice that (p’,u’,0") € X5 is T—periodic. From
Proposition 2.1, we have

1T @)l s

< / oo (Celllo! B 1z + 1161z By )+ C U0 s [ )
+ Clp o 167 oz + C1 g+ Ce(16] B+ 16 e
o+l |1 + C I A + C11O g o | Fss )

1 s

P |G + 110 irm)

T
S/O eCl(H)(CE(IIp’H%mHHu’H%z+||p’\|§{2||u/||i,m+1)+C(||0’qum+1Hu’l\?p
A0 2 | Fpn) + Cl [ [10 e+ Cll [ + Ce (11671 Fpm + 116 g 10|
+1p 1 )1 [[Frmsr +Cll [ ' +C|\f||§1m+1)dS

n—1 T

4 3OO [ s 1 g+ 1 s I )+ e
=0

o+ COO g 1 g2+ 16" e 1 gms) - Cl1o o 10/ s+ Cl

+Ce (110 [7rm + 16" [Frm |16 [Frm + 1121 Zrm ) 1 g +CIIP’H%mHU'H§m)dS

T T
<C¢( sup Hu’l\?ﬂ/ 1P |[Frm+1ds+ sup ||p’\|312/ [t/ |[Frm+1 ds)
tel0,T" 0 t€[0,T) 0

T T
+CCsup W [ 100 sup 01 [ 1B
te[0,T] 0 te[0,T] 0

T
+C sup Hp’||Hm/ 11012 ms2ds+C sup |[u/]|3pm +C. sup (||0’||%Im
te[0,T] 0 te[0,T) te[0,T]

T
+||9’H?1m||p’||?1m+Hp’|l?{m)/ 1P [|Fmsrds +C sup ||p']|7pm sup [|u']|7m
0 t€[0,T] t€[0,T]
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T
4O [ N1,
0

where we have used the fact

n—1 n—1

) , 1 1
—C1(t—(i4+1)T) —C1t C(i+1)T —C1t ,CinT
> e <em Dty e se e T T ST ar
i=0 i=0
Consequently,

||U| |gm+1 < 0654 +Cn< 0552,

for 6 :77i and 7 is suitably small.
Define

Sy :={U(KT),k=0,1,...}.

It is obvious that S is nonempty and bounded in H™+1(2). Therefore, CoS; is compact
in H™(2).
Define

P(¢):=U(T,¢), for p€CoS,,

where U(T,¢) is the solution of linearized system (2.6)-(2.10) with the initial data ¢
at time T. From the uniqueness of Cauchy problem, we can see P(x)€ Sy, for z € 5.
Then, we assert that the map

P:@Sl H@Sl

is continuous. -
_In fact, for any given y € Co{U(KT),k=0,1,...}, there exist 0€0,1] and x1,22 €
{U(kT),k=0,1,...} such that y==0xz, + (1 —6)z5. Hence,

P(y)=P(0x1+(1—0)z2) =e AT (021 + (1—0)x2) + /OT ATD(Q(W) + F)dr

=0(e ATy + / TeAWT)(G(W) + F)dr)+(1—0)(e o+ / TeA(T’T)(G(W) + F)dr)
0 0

=0P(z1)+ (1—0)P(x2).

The continuity of P is from the continuous dependence of initial data.

Therefore, from Tychonoff fixed point theorem [25], there exists U* € CoS; such
that P(U*)=U*. That is, there exists a T—periodic solution U(¢,U*) of linearized
system (2.6)-(2.10). Since ||U*||gm+1 < C.62, there holds

T
sup ||U(t,U")[[Frm+1 < ClIU*[[ s +Ce( sup IIu’II%p/ 16|21 ds
te[0,T] te[0,T 0

T T
4 sup |17 113 / 2y ds) + O sup |12 / 16|22l
t€[0,T] 0 t€[0,T] 0

T T
4+ sup [10/] / g ds) +C sup [|o]] / 10 |2ymsads+C sup |[u|[%n
te[0,T] 0 te[0,T] 0 te[0,T]
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+C sup |[[p[[Fm $u>HuHHm+CTsup(HQH%m+WWW%mHﬂH%m
t€[0,T] t€[0,T) t€[0,T]

116 ) / 16/ Byssds +C / 11201 ds < G2, (3.1)

On the other hand, note that U(t,U*):=(p,u,0) is a T—periodic solution of lin-
earized system (2.6)-(2.10). From Lemma 2.3 and 2.4, integrating from 0 to T, it yields

([ Molmesat [ meadt) [ 10t [l [ st

<C.( sup ||u’||H2/ 17 Zmsnds+ sup |\p||H2/ (A —
t€[0,77] t€[0,T 0

T
+ 0 st (11 [0 s s 91 [ )
0 0

t€[0,T]

T
+O sup Hp|hpﬁ/‘|wqﬁpw2ds+678up /[ +C sup ||0/|Zm sup |[t|2m
tel0,T te[0,T] te[0,T] te[0,T]

T T
£ C sup (101 41813 10 B + 11730 / 16 |2gmsnds +C / 12 ds
te[0,T] 0 0

<C.52. (3.2)

We are going to prove the uniqueness of time periodic solutions for linearized system
(2.6)-(2.10). Assume that U; and Us are two solutions of linearized system (2.6)-(2.10).
Denote Uy — U = (p,u,0). With a similar argument as above, we get

T
/0 1181 22+ 1] g -+ sl 2o ) =00,

Thus, we obtain that p=u=0=0, i.e., Uy =Us. 0

3.2. Existence of time periodic solutions to the regularized system.
Now, we introduce an operator:

L:X5x [0,1] —X,
(0, 0'),7) = (p,u,0).

From the argument in Section 4.1, the operator L is well defined. The following
lemmas show that the operator £ is completely continuous.

LEMMA 3.2.  The operator L is compact.

Proof. Multiplying Equations (2.6)-(2.8) by p¢,us,0;, respectively, and integrating
them over [0,7] x Q by parts, we have

T T T
/ /|pt|2dxdt+/ /divuptda?dt:—T/ /div(p’u’)ptdxdt,
0 0 0
T T T T
/ / |ug|? ddt — / / Buydzdt+ / / Vouidrdt + / / V pusdzdt
0 0 0 0
T T p/—el T
+T/ /u’-Vuutdxdt:T/ /( )Vp’utdxdt—i-T/ /futdxdt,
0 0 L4p' 0
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T T 3y [T T
/ /|9t|2dxdt+/ /divu@tdxdt:——/ u’-VG'utdxdt—T/ /G’divu'ﬁtd:ﬂdt
0
—7'/ / dxdt—l—T/ /Fa|u| O¢dxdt.

By using Hélder’s, Sobolev’s and Young’s inequalities, we infer that

T

/ / e[+ e + 164 2] dedt
0

<C sup (|\divu|\2+||div<p’u'>|\2+||E||2+Hve||2+|\Vp||2+||u'~w|\2
tel0,T

p =6

+H1+p’

o
VO IR+ 4 - V9\|2+||9dwu\l2+ll1+ ,A9’|I2+Hu’|\ii)
<C.52.

Let 3=1,...,m—1. Applying V? to Equations (2.6) and (2.8), multiplying by V?p;,
VA0,, respectively, and integrating them over [0,7] x 2 by parts, there holds

/ / |V pe|2dadt + / / VAdivuVP pydadt = —7 / / VAdiv(p'u') VP ppdadt,
/ / VA0, 2dadt + / / VAdivuVP 0 dedt = —1 / / VA (0 divu) VP 0, dadt
0 0 0
3 T T p/
= VA (' -VOVP0,dxdt — / /vﬁ LN \VP0,dxdt
| [ ennssies [ [9( 0w 0
T
—l—T/ /HVB|U/|2V’89td$dt.
0

Therefore, from inequality (3.1), we have

/ /\vﬁpt 2dxdt<0/ /\vﬁdwu|2dxdt+c/ /|vﬁdw " |2dadt

<Cts[13p] (el Zrm 11 g [10'[[7,) < Ce?, (3.3)
S

and

T
/ /|V59t|2dxdt§0 sup (| ful|Fron + 16| Fpoe ||’ |7 + 110 7 110 77 [16] Frms1)

0 te[0,T)

<C.6%. (3.4)

Multiplying Equation (2.7) by V2%~ !divu; and integrating it over [0,7] x Q by parts,
we have

T T
/ /\Vﬁ_ldivut|2dxdt+/ /Vﬂ_ldivEVﬁ_ldivutdxdt
0 0
T T
+ / / VA LdivvevP—tdivu,dadt + / / VA divV pVP~tdivuydadt
0 0

T
—7'/ /V’B_ldiv(u’-VU)VB_ldivutdmdt
0
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T / / T
0 —
:—T/ /vﬁ—ldiv( p vp')vﬂ—ldivutddeT/ /vﬁ—ldivaﬂ—ldivutdxdt.
0 I+p 0
Hence, by using Holder’s, Sobolev’s and Young’s inequalities, we obtain

T
/ / |VA~ Y divu, [2dadt
0

<C S[lépﬂ (IIGII?qm + ol Frm + 1w [ [l Fms + (0| 410 (7101 Fm +\|f||§zm)
te|0,
<082 (3.5)

On the other hand, applying V#~!curl to Equation (2.7), multiplying by V#curlu;
and integrating it over [0,7] x Q by parts, we have

T T
/ /|Vﬁflcurlut|2dxdt—7-/ /Vﬁflcurl(u’~Vu)Vﬁ’1curlutdxdt
0 0

T / /
0'—p

=—T VA lcurl
/0 / (1+p’

Hence,
T
/ /|Vﬂ_lcurlut|2dmdt
0

<C sup. (1 g el s + 10" g+ 110 g 16 s+ 11 )
|0,

T
Vp') Vﬁ_lcurlutdxdt + 7'/ /V’B_lcurlfvﬁ_lcurlutdmdt.
0

<C.6%. (3.6)

Combining inequalities (3.1)-(3.6) with the strong compactness of LP space, yields
the result. ]

LEMMA 3.3. The operator L is continuous.
Proof.  Assume that (p),,ul,,0,,) € Xs,(p',uv/,0") € X5,7, €]0,1], and 7 € [0,1] satisfy

lim 7, =7,
n—oo

and

T
lim sup [|(ph—p' =0 — 0 [Fpis+ [ (10 =0 }msadt=0.
n=0¢c(0,T) 0

Let (pn,un,0n)=L(ph,ul,,0.),(p,u,0)=L(p v ,0"). Then (p, —p,u,—u,0, —0) is
a time periodic solution of the following system:
(pn = p)¢ +div(un, —u)=eA(pp — p)= (1 = 7)div(p"u") =7 div ((p7, — ')’ + py, (uy, —10')),
(tn —u)p+(up —u)—(Ep—E) +V (0, —0) +V(pn— p) + (10 — 70 - Vu+ 7, (u), — ') Vuu
+up, - V(g —u)) — eA(up —u)
p=0_, Po—0, P =0\,
1+p,Vp —1—771(71_1_/);l 1+p,)Vpn+T

g(en — )+ (0 — 0) + div(un —u) — A(G, —0)

(,0/—9/

:(’Tn—T) 1+pl

)V (0 —p),
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ST (a9
+ul, V (0, —0')) — (1, —7)0' diva) — 7, (0], — 0")dive + 0., div(ul, —u')) 4 (1, — )| |?

:—g(Tn—T)u’-Vﬁl—

/ / /

2 2 P P p ol
+ Tkl = o] )+(T_Tn)mAe/‘FTn(mA(el_a[n)_(1+p/ - 1+7;41)A9%)7

E,—E=V(¢n—¢),
A(¢n_¢):pn_p°

Similar to the argument in Section 3, we obtain that

T
. _ _ _ 2 _ 2 —
i s 110 i =10~ s + | 10,00t =o.

Therefore, the continuity of the operator L is proved. 0

3.3. Approximated solution. In this part, we will prove the existence of time
periodic solutions to system (2.1)-(2.5) by Leray-Schauder degree theory. For applying
the property of Leray-Schauder degree, some high order energy estimates of p,u,0 will
be derived.

LEMMA 3.4. Assume that m>2,, k=1,....m, [p|< 3, [0]<i. Let (p,u,0) be the solu-
tion of system (2.1)-(2.5). Then
el 3 1 1 1
= (GIVE I+ SIVE002 + 51V divul 2+ 5] [VF0] 2+ 5[V Feurlul )
1
3

1 1 1
o SIIVEHOI2 4 5 IVR 8012+ 5 (19 *divul P+ V¥ curlu] )+ (| V*+ diva

. € 1
(VFdivu, V* p) +1(IIV’“ApH2+ IIVk*lpllz)+2—%(HV’““pH2+IIV’“pIIQ)

+[|VFH  curlu||?)
Ld [ p
—2dt ) 1+71p

+Cllplgrmer +Cllpl s+ CUON e [l 32 + 110112 Jul )

+Cllpl 3101 Fpmez + Cllullzrm + Cllullgpmes + ClI [ Fpmer +Cllplzm [l 3

1d 0—p .
+C(||9||%1m+1||/3||§{m+1+HPH%{mH)+§£/m|vkdlvu|2dﬂﬂ

+C ([l ol zrmea [Jull gm0l zrmez + ol | [0l s+l Fm)

V¥ p2dw+ Cellpllprmea 1ol 3pmsa + Cllullzrn ||l e

[l [Fm 1

+C[(||9||?{m+1 ol ) Ul s + ol s + 101 Fpen + Heallzgms + [ Fmsen
ol Emer W01 Frm ol Frmsr + elullFmea) + (101 7mer + ol Frmen ) (el s
+lpl 210112 +||p||?{m)] +Ce(ll0]] 2 + [l rr2) X+l msr + 161 sl Fom 2

|l ol s

|l fpmer 1ol zrmsz + C110][Fm
1d O—p k 2
—— [ — |V lu|“dx. 3.7
Jr2dt 1+p—7p+7’9‘ curlul*d (3.7)

Proof. 1In fact, similar to the argument in Section 3, we want to replace (p’,u’,0")
by (p,u,0).
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Since some terms on the right-hand side of the estimates involving the derivatives of
p,u at the m+2 order and the constant C depending on €, we cannot bound these terms
as usual. To overcome this difficulty, we use the continuity and momentum equations.
For k=1,...,m, we focus on the following terms:

/ VA div(pu) VFH pd / vkdw

— /churl(f+£Vp)churludx.

pr)deivudx,
+p

First, note that
f/Vk“div(pu)Vkadx:f/Vk“(wVp)Vkadxf/V’Hl(pdivu)vk“pdx

We estimate each term on the right-hand side:
k+1

- / VA (4 V)V pdx = — / WVVp+ Y CL ViuVH v p) VR pda

=1
k+1

1
:i/ divu| V¥ pfda - / S Gl Vg 7R e

=1
<C (11divul ol 1ol 3o + (1Vullocl (90l + 1Tl [V pl1oo) V54 1)
<Ol g1 1] 2gmss + Coy 191 s + €21l 2
and

k41
—/V’”l(pdivu)vkﬂpd;ﬂ:—/(kaHdivu—{—ZC,cherlkaH*ldivu)Vk+1pdx
=1

<*/ PV vVt pdi+ ||V pl ol [divrl e + Vol Idival ) [[ V5o

< —/pvk+1divuvk+1pda€+cﬂ 1ol Frmst e ||wl[3pmir,s (3.8)

where €1 is a small constant to be determined later.

One can see the term — [ pVEH1divuVEH pda involving the derivatives of u at k+2
order. To overcome this difficulty, we use the representation of divu from Equation
(2.6). A full use of the equation will be applied frequently to overcome the similar
difficulties in the later part of the paper.

We rewrite the term — [ pV**+1divuV*+1pdx as follows:

A
—/pvk+1divuvk+1pd3§=/kaH( —¢ 1?:;;” Vp)Vkadx

:/L(Vkﬂptfer+1Ap+Tqu+2p)Vk+1pdz
1+7p

k+1
/ZCk+1pV )Vk“_l(pt —eAp)VEH pda

k+1

-‘rT/ZCk_HpV( T )vk+1 VoV pda
=1
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1211 + IQ —|— 13.

Since |p| < %, by Holder’s, Sobolev’s and Young’s inequalities, we derive that
1d [ p 1 1
L ==— | —E—|VFt1)2q _7/ VFEH 12
! 2dt/1+7'p| plde AV plde
1 P
VpVEr2pvEtt pd / VH2pPd
+6/(1+Tp)2 PNTPVTT par e 1+7‘p‘ plda

T 1 1
_ T . & k+1 5124
2/((1—|—7’P)2u Vp+1+7_p ivu) V¥ pdx

1d
<= [ L |VHpPRdztC m rm
<yt | TV o Cellpllgmi il
+Cllpllames s 1 Fes + Cllll e ol (3.9)
1 <C (19 (1 el =€l + 19 (el e =gl ) 19+
<ol + s+l (3.10)
I3 <Cl[V*p||(||V ool|V \Y Vol
s <Ol IV ()l IV llae + 1V ()l Vo)
<Gl + o+ ey (3.11)

Substituting (3.9)-(3.11) into (3.8), we have

[ v 9 e <5 2 [TV e Colalsns s + ol
ool s+ Cellpl g |-+ 3ex s
Therefore,
. 1d
/Vk+1dlv(pu)vk+1pdm _5% Tw|vk+1p|2dl‘+0||u||1{m+1 ||p||2Hm+1 +Cel||p||}l{m+1

- Co 1ol St + Cel pll sz 1ol sn + el s

Next, we estimate the term kadlv(G pr)delvudx The argument of the term

A% curl( Vp)churludx is similar and we omit the details.
Note that

—/vkdiv(a_—pvp)vkdivudxz—/[vk(t—’;AﬁV(u

k qe
1 = )Vp)]v divudx

_ 0 k 9P k—1 Lo+t 0— k—l+1 k3
_ /[?v A +ch v Ap+§c Ay (1+p)v p| V*divuda.

We will estimate each term on the right-hand side above:

k
/Zc,ivl(g_—p)vk—mpvkdivudx
— 14+p
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0—p
(IIV( )IlooHApHHm 1+|IV( )IIHm [V pl|oo) ||V *diva|

< 61(||9HH”+1HPHHW+1Jr||p||Hm+1)+61||vkdlvu||2a

/ZCleH )Vk 1V divude

(IIV( )\IHkIIVplloo+|\V( )IIOOIIVpHHk)IIV’“dNuII
< 61(H0||Hm+1||p||Hm+1+||p||HM+1)+61|‘delvu”2‘

The most difficult term to estimate is ff V’“Apvkdlvudx Since [0] < 3, we
will use the following representation of Vp from Equatlon (2.2):

1+
:I;;:;%;;@UJ+Tf—u—Ur~anu—VW+fAu)
We have
—/f kaApV divudzx
0 1
- /1+ka (o (- Vu = VO B 7 elu)) U divuda
::I4+IS+IG+I7+18+Ig+]10.

Now, we estimate each term.

0—p l+p . 1+p k-
I,= d _ divud.
4 /1+pV (1+p—7'p+7'9 1vut+utV(1+p_Tp+7_9))V ivudr

k
07/7 1+p k1. 1l 1+p k—1 7-
= Vidivug+ Y CLV'—————— V" divu

/1+p(1+p—7'p—|—7'9 K ; U 14 p—Tp+70 K

k
Lty k-1 X
e\ kgivad
+;C;N uV vl—l—p—Tp—i—TQ)v ivudz
Z:I41 +I42 —‘,—[43. (312)
Note that
6—p k1 L
[ By
1 /1+p—7p+79v divuy V7 divudz
-3 s ¥ k 2 0—p
e T e T /IV divu| dt(l-l-p o)™
s b—r E Ji0,(2 / k1 1—6
=57 | T | Vidivul[tdr — o d
2at ] Top—rpiraly dveldo—g [IVidivuf ((1+P*TP+7'9)2pt
1—|—p
0y).
(1+p—rp+7@2t)

From Equations (2.1)-(2.5), it concludes that

[lptlloo =[leAsp = divu = Tdiv(pu)||oo < Cellp|| s + Clldivul a2 + Cllp| a3 |ul| s,
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2 3
||9t||oo:f||9+divu—A9+—Tu-VH—i—THdivu—Tfi\uP—i—T P A0 oo
3 2 1+p
<C(|101| g+ +|diveel |2 + [l [ 5110 15 + |ul [32),
—9
||divut||Hk71:||div(u—E+V9+Vp+7u~VufeAufol)+ Vo —7f)|| e
p
<C(lfull s +lpllzrmss + Il Lzl sz + 1ol L Lz

01zl grm+s +110] s + [ f 1) + Celul| prme2,
lldivee|loo <C([[ullzz + llollzzs + lul s |ull s +lpl m2 ol s + 10112 ||l |1z + |1 F [ 2
11011 r4) + Cel [l | 5.

Hence,

1d 6— . : .
Iy gi%/Tﬂfwwmlvu\?dﬁHvkdlquZHpth+|\de1vu|\2||9t||oo

<}£ 0—p
—2dt) 1+p—Tp+T10
1ol s llual L ars + 11611 zra + [l = 1011 zr2 + [l [372)) + 0|V divul %, (3.13)

\VEdivul*dz +||VFdivul|? (Ce, €] p|| 34 + C(||dival| g2

Lip <er|[V*dival* + Ce, (1101172 +[1pl172) (ol 75 + 1161175 ) (1l e

1ol 1+ 101 Zrmsn + el o el g £ + ol Frm ] gm0

A0 Zrm ol Fpmen +ellul [ Frms2), (3.14)
. 1+p
Tia <l 9w+ Cey (101 + 1) 1V 552 el el
I+p 2
V———||m oo
HIV g )

<ex|[V*divul[* + Ce, (1101172 + 1ol 7r2) [( 1ol s + 11011 7) ([l 7y
1ol Fpmer 10 zpmen + ullFrm [l Fpmes + 1w + ol Erm ol
A0 o] Fpmer + el Frmra) + (ol e 101 pmen) (ul 7 + ol Frs
[l 7l s 1ol 2ol s + 10175 + 11772 +ellull2)]- (3.15)
Substituting (3.13)-(3.15) into (3.12), we have
1S5 | T
Hlol asllull s + 1011 zra + [l [ [16] [ s + [l 372)) +Bea|[V* dival [
+Co, (10122 + o) (ol e+ W61 ) (lual [Frm 4l Fpmer 410171
Hlul lrm |l e W 1m0 pmen 1O Frm ||l Frmsr + €lul[7msz),
Is <Ce, (1101172 + ol Zr2) [l ol Fmer + 101 Frome)lullr2 + (1ol 772 +1101 7)1l Fpses ]
+e1||Vdivul 2,
Is <er|[V*dival* +Ce, [(110117rs + 1ol el 775 + (101172 + o1 772) (ol s

A0 )l Frm |l ]

\VEdivu|?da +||V*divul|? (Ce €] p| [ F4 + C (|| dive| | g2
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We also have

1+p

I <e||V*diva| [+ C (/16113 + lpl1%.) [Hm

178
1+p
1+p—7p+70
< e[V divul|* + Ce, (1101172 + 1ol 72) [0 322 101 ez + (ol 7 + 1101 7m0 116]F75]

+] 172 1V [3]

k

Ofp 1+p k- 1 1 1er k—1 1-

Ig=— VidivE OV (————— V¥ 'divE
8 /l—l—p(l—i—p—Tp—H'@ o +; k (1+p—7p+79) v

1+p

k
I 7l k—l
E ——F
+ Y GVEVIV

=0
<er|[V*divul|* + Ce, (1101172 + 1l 7)ol Frm + Cey (1101172 + 1ol 72) [ ] 75

101z )l Erm + (ol Fm + 101 )l 2]

)VEdivuda

Iy <ex[|VEdivul [* + Ce, (110117 + ol [72) (1ol 2 L1 Fpmer + (111 e
101 sl f11F2)-

Lo < Ce(|l0] 2 +lpl =) L+ [l zrmss + 0] 1) [l 7o

Thus,

- / V’“div(f;lp) V) VEdivudz

<Oy By o)+ 55 [ TV dival?ds
s + ol s + 6] s + el 10
ol I v 2+ oy [0 s + 1B 2B + B+ 180
s + 11 s ol + 161 B A+ el Bpns) + (18]
1ol Y By + 361+ 13| + Cellel s+l 22) 1
el 181z ]l B+ el Byl v + 10|V dived .

Therefore, it concludes that

1d .
5 g I VEPIP + (VT dive, VFF ) ]| VR A
<go [+ IV pPda+ Cel | pl | s || ol [Frm 2 + 3€x [l [Frmr + CllulLm [ ol Fmsn
—2dt) 1+7p
+Ce, [plFrmir +Ce, 1ol G
and
1d k q- 2 1ok 2, 1ok 2 k+1 12 k+1 7. 2
Qanv divul| +§HV divul| +§HV plI” + €IV T || + €| [V divul|

— (V"0 V*  divu) — (VP p, VT diva)
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k+1

2 2 2 2 2 4
<C|IVull gz [ullfrm+1 + Ol [mes +Cerllpllzrm |lulzrm +€ [V ol + C Il zrm+a

. 1d 0—p .
0|13 m . 106, ||VFd oo — 2P \WRdivul?d
01 ) + 1069 vl + 5 5 [ P9 v

+Cetllmnss 1ol o |l s + 1181 s 2 + al 101 gonss 4+ [l 2o )| diva] [
o+ Coy (0612 + 1ol g2l s+ 1ol By + 101 s + [l fgmss + 1 F s
1ol posn + 101 1ol s + el el B+ 1101 s + ol 2 Y] By

1ol 1613 msa + 1161 )] +Cel161]122 + 1ol 2) (14 ol s +110] o s

+CellullZpmes ol g2

Similarly, we have

1 1
§%||chuﬂu”2+§||churlu||2+€||Vk+lcurlu||2

<10e1 || V*divul|> +C(||0]|Fm+1 [|pl[Frm+1 + 1ol 1)+1£/077p|vkcurlu|2dx
- Hm Pt TP )5 4y | T4 p—rp+70

+C(|[ullmsr + 1ol rrmr |[ul| grmer + [0l ggmevz + ||l e [16] grmeer + ul rm ) ||V curlu
+Cq [(ll9||§;m+1 ol zrm+1)*(ful Fpmeer 4ol Frmer 11601 Fpm+r [l zpmss + | f | Fmer
1ol [rmeer A+ 101 ||l Frm+1 el [l Fpms2) 4+ (0] Fmer + ol s ) ([l Fmer
+1pl 772101+ +||/?H?1m)] +Ce([10] 2+l zr2) L+l rm+1 110l rm+1) [l | Froms2
+Cel[ul[Fmr ||l sz + ClVul | 2 [l 71 + C||V curl £ 2.

Thus, there exists a large enough constant M3 >0 such that

DI+ 20121 [ORdival 24 S92+ 3] 9ot

_1
Ms
1 1 1

+§|‘Vk+19||2+ §||VkA9||2+§(||deivu||2—|—\|chur1u||2)+ §(||Vk+ldivu||2

+ || VF L curlu||?)

. € 1
(VEdive, V0) ) + IV 20l P 4195 pl1%) + 5 (194 )

1d
il Ta | ol da - Cellpllmmsrl ol s 3l + Clled s ol

+Ceyllpllmer +Coy ol 1+ CUON a1l gz + 1012 [l g2+l
1l 101 Fpee + el Fromir + 1| £ ) + Cerllpl Frm |l + € [V ]2

1d 0—p .
+O(||9||§{m+1||0||§{m+1+HPH%IWA)+§%/m|vkdlvu|2dﬂﬂ
1d 0—p

2@ ) Thp—rpri0
+O([ullmas + ol ggmes |l prmss 41161 grmev2 el g1 161 prmevs 4 oal 2o ) [l s
o+ Co [ U101+ 101 s Y21l 3gms ] B 101t + [l s+ 11 g
P[]

V¥ divul*da+ C[|01 o ||l s ||l [Fmen +10€s || VE divul

PlZrms +ellulFpmz) + (WO Fmen + ol ) (el o n

1ol 72 161 -2 +||p||?qm)] +Ce(l10llzr2 + 1ol =) L+l rrms 1101 sl 7o

+Cellul s ||l e



438 TIME PERIODIC SOLUTIONS TO HYDRODYNAMIC MODEL

It completes the proof by choosing €’ = ﬁ,el = a. 0

Now, we show the existence of time periodic solutions to the regularized system.

ProrosiTION 3.1. Assume that the assumptions of the force f in Theorem 1.1
hold. Let T€[0,1], then regularized system (2.1)-(2.5) admits a time periodic solution
(p,u,0) € X5.

Proof.  First, one can see that solving problem (2.1)-(2.5) is equivalent to solving
the equation:

U—-LU,1)=0, U=(p,u,0) € X.

In what follows, we use the topological degree theory to solve this problem. We have to
show that there exists a small enough constant § >0 such that

(1—L£(-,7))dB5(0) £0, ¥r€[0,1], (3.16)

where Bjs is the ball of radius ¢ centered at 0 in X.
Applying Lemma 3.4, integrating it over [0,7"] and by the periodicity of the solution,
we have
T T
e [ el lulBipmea)at | Ul + 1l B + 181302l
0 0

T T T
1
<Ce( sup |pllmn / |zt + sup lull2,sy / ol By 2tt) + 5 / [l 1t
] 0 t€[0,T 0 0

te(0,T

T
+Ce sup (Ilplls +118]112) L+ 1ol s +1[6]] ) / [l Byt
0

t€[0,T]
T T
+Ce sup (Il +lpllpmss) [ Nullmisdt+C [ 1171pmsndt
te[0,77] 0 0
+ s [l s ol +111 s 80 ol 101
tel0,

[l lFpm A+ wl Fpm + ol 7 [l Frm + 101 Fmsa [ 01 Frmeer + ol Frm 1
+ (||u|‘m+1 + ||p||H1n+1||U||Hm+1 + ||u

+ (1017 + ol e [l Fpmsr + ol e H N0 Fpmer + el s + |l e

01 Zrm ol Fmen) + (101 Frmin + 1l Fpmsn) ([l g + IIPII%mH|I9||%m|\p\|‘§1m+1]

e 6L s+l )

T
+C sup (1ol + oI 181ess + 1) [ 1161 esnd
te[0,T7] 0

T T
+C sup [lullZpmen / 1612ms2dt+C sup (18] mer + 1ol gmin) / -
te[0,T] 0 te[0,T] 0

where C is independent of e.
Since § <1 is appropriately small so that C'é < %, there holds

€ T

T
5 | ol + s+ |
<C(P+6"+0°+8%+(1+6")n?).

1
(1l Fms + Sl Frmes + 1012 ) dt
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Hence, there exists t* € (0,7 such that

T (T [Fpmeer + [T [Fpmee + 10T | Frm2)
<C(* 40+ + 8%+ (1+5Y7?).

Recalling Lemma 3.4, integrating from t* to ¢ for any ¢t* <t<t*+T and by the
periodicity of the solution, we have

T
sup (IIpII?{mH+Hu||?qm+1+||9H%Im+1)+/ 16117 m+2dlt
te[0,T) 0

<SC(p(TN s + [T [Frmrs + T [Frma) +C(8° 46" +8° 48+ (1+6")n%)
<C(B*+6"+0°+83+(1+6")n?).

When § = 77% and 7 is suitably small, the above inequality leads to

T
1
sup (Ilplliml+||u|\?{m+1+||9||im+1)+/ ||0||%1m+2dt§§64-
t€[0,T] 0

Therefore, (3.15) holds.
Now, note that £((p,u,6),0)=0. From the properties of Leray-Schauder degree, we
have

deg(I—L(-,1),Bs(0),0) =deg(I — L(+,0),Bs(0),0) =deg(I,Bs(0),0) =1.
Thus, we obtain that problem (2.1)-(2.5) has a time periodic solution (p,u,0) € X5 which
completes the proof. 0

3.4. Limiting as ¢ —0. In this section, we devote to proving the existence of
periodic solutions to Equations (1.6)-(1.10) by passing to the limit in the regularized
equations.

Proof. (Proof of the existence in Theorem 1.1.)
Let (pe,ue,8e) be a time periodic solution of regularized Equations (2.1)-(2.5). From
the proof of Proposition 3.1, we get

T
sup (||pell7pmes =+ [te| [Fmss +H96H%m+1)+/ |10c]|Fm+2dt < C2,
te[0,7) 0

where C' and § are independent of e.
Moreover, integrating (3.7) from ¢ to ¢+ h, and then integrating it from 0 to T', we
have

T
/O (19t + ) Fgpmes + e (t+ ) [Fpmes +10e(t+ ) [Frmer) = (1pe(O) [
e Ol + 10 (O)] [T )dt < C,

where C is independent of e. Hence, there exists a subsequence (pe,u.,0) which is
denoted by itself such that

(pe,tte,0) — (p,u,0), weakly * in L>(0,T, H™"!),
(Pertie,0) = (p,u,0), strongly in L*(0,7, H™ ).
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In what follows, we will show p. € C*#([0,T] xQ), a,8€(0,1). Using Sobolev’s
imbedding theorem, we have p. € C*(w) for any t. So, we only need to prove

‘pe(xatl) _Pe($7t2)‘ gc‘tl _t2|67 thatQ € (O,T)7$€Q

for some B €(0,1).
With a similar argument in Lemma 3.2, we have

T
/ /|@|2dxdtgo sup (||divul[2+ ||div(pu)|2) < C
0 ot t€[0,7)

where C'>0 is a constant independent of €. Taking a ball B, of radius r centered at z
with r= [t; —t]¢, ¢ we obtain that
/ " Ope(yst)
T

2

_ 1
— 342a

/Ipe(y,tl) pe(yst2)|dy = /
<o / /

By the mean value theorem, there exists x* € B,. such that

3

0
pf y’ ’ dtd) |t1 —ta| 372 <Clts —to] 373,

1 _ 3
|pe(x™,t1) = pe(a™,t2) | S Clt1 —to]2r72 <

Then, we have
|pe(,t1)—pe(z, t2)|<|pe(w t1)—pe(@”,t1)|+ [pe(a”, t1)—p (@",t2)|+ [pe(a”,t2) = pe(;t2)|
<O(lx—2*|* + [ty —to]| 2 ) SOty —ta]*S [t —ta| 2 ) <Clty —to| 5555

Repeating the above process with u,6, it concludes that

[ue(x1,t1) —uc (2, t2)| < CO(|21 — 22| + |t —ta|?),

|0c(21,t1) = Oc (w2, t2)| < C(|zy — m2|* + [t — 2|%)

for some constants «, 5 € (0,1).
From Arzela-Ascoli theorem, we get

(peytie,0c) = (p,u,0) uniformly.
As €—0, one deduces that the limit function (p,u,0) € X;s is the desired time periodic
solution in Theorem 1.1 which completes the proof. ]

4. Uniqueness
In this part, we show the uniqueness of time periodic solutions to system (1.6)-
(1.10).

Proof. (Proof of the uniqueness in Theorem 1.1.) We denote two time
periodic solutions by (p1,u1,601) and (p2,uz2,02). Let p=p1 —po,u=1u1 —uz,0 =01 —b5.
Then, (p,u,0) is a time periodic solution of the following system:

pt +divu=—div(puy) — div(pau), (4.1)
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—0—0pa+6 -0
P p2T02p o P2 2Vp, (4.2)
(14p1)(1+p2) L+p2

ut+u—FE+VO0+Vp+u-Vu+us-Vu=

g&t +0+divu — A= —%uV&l — ;UQVG — 6divu, —02divu—|—/<c(|u1 |2 — \u2\2)

-
(1+p1)(1+p2)M1+ 1+ A9, (4:3)
E=V¢, (4.4)
Np=p. (4.5)

Take the L? inner product of Equations (4.1)-(4.3) with p,u,6, respectively. There
holds

L 1ol + (dive, p) = (~div(pur) — div(pau), ),

2dt

1d

S L2l — (o) + (8.0 (V) + (-3, + (- T
p—60—0ps+0-p p2— 02
=N\ 7T N N ’ + \Y YUy

<(1+p1)(1+p) v+, Ve

3 3
\|9| 124 110| | + (dive, 0) + || VO||? = <—§uv91 — 5u2VO—fdivu,

P P2
Aby + A0,0).
(+p)(I+p2) ' T4 >

4dt

—02dlvu—|—l~€(|ul|2 - |U2|2) -

By using Holder’s, Sobolev’s and Young’s inequalities, we obtain that

2 7 L o112+ (diva,p) < Clloll( ol s 2 + el 1l 1), (4.6)

1d

37l +3 2l + (V6,0 + (V p.u) < C(I1pll*+ [l (Nl [z + [l l72)

+lpa s (ol +101%) + ol (o2l 72 + 1162][72)), (4.7)

4dtH@IIQ *I|9||2+<divu,9>+||V9H2SC(IIUHQII%II%rs+|IU2IIfquI9H?p+||9H2IIU1II?13

10212 [l 1 + (Ml [z + luzlF) ul * + ol 1011 s + o2l 2 l10172)- - (4.8)

On the other hand, multiplying Equation (4.2) by —Vdivu and integrating over 2
by parts, we have

5 dtHdlquZ—!—||d1qu2 (E,Vdivu) — (V0,Vdivu) — (Vp,Vdivu) = (u- Vui, Vdivu)

+ (uz - Vu, Vdivu) + (

p—0— 902+92;0v . < 92

,—Vd V ,—Vdi .
(1) (Lt p2) bvea) + pr=Vidivu)

Hence, there holds

5 dt||d1vu||2—|—\|d1vu||2 (p,divu) — (V0,Vdivu) — (Vp, Vdivu)

<C([IVurllool Vel |* [ A [[a] [l sl [dive] |+ [[Vus| oo || Vel |2 +[[divul [ Vol 2 (] ]| 222
1101 ms + (o2l m3]10] |5 + 102 ms | ol s) + || divul[[| Aplla(llplla+ [10]]4)
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. P2 .
+[divul [[[Voll(||p2] s +[102]1 72 )) + ¢ r divu)].

By using the representation of Vp from (4.2), we infer that

<p12+9AP,d1Vu> <p12+j;div[ij—gz(* —u+E—-V0—u-Vu; —uy-Vu
mvpln divu).
Note that
<p12+—;22 112; (—divuyg),divu) = </)12_:9922 ,—%%IdiVUI2>
= 5 Jaival?) + 5 (22 fdiv?),
<jt<1+9 ), divul®) < C(1|9spsl oo + 10662 |oo) vl

3
SC’(Hdivug +div(pausg)||eo + 102 + divus — A + Ju2’ V0o 4 0adivug — k|us|?

1+ oo )| ivu]

C(lluzllzs +lp2ll e lluzl o + 102] s + lluzl 72 + |luzl 2] |02 72 [|divul [,

and

- 1 —0—0py+0
<02 92div[ +p2(—U+E—V9—u-Vu1—uz-Vu+w

1+ p2 140, (1+p1)(1+p2)
<C||divaul|(||p2]loo + 182ll00) [V p2]l0o + [V Oalloo) (| [l + Bl + [ VO] + | Vs | o] [ul]
+[uzlloc [[Vul [+ [V il loo (Il [+ 11611)) + ([p2]loo + [162]]oc) (| divul |+ ||divE]| + [ A0]|
+[ur| s [[ulla +[[Vut oo [ [Vul [+ [[Vuz| oo [Vul [+ (|l la +110] )| 2p1] |4
+ IVl +[IVOINIIV1ll0)] -

Vp1)],divu)

It concludes that

1
b % ||diva||* +||divu||* — (p,divu) — (VO, Vdivu) — (Vp, Vdivu)

<C (Il azallul s + luall sl Fp el ol (ol e + 110112 + o2l 23] 0] 222
1102 zs ol =) + el ol s (Wlpl e+ 1011 ) + [ ull ol e (2|5 +1102] | 1s))
+C(lluzll s + o2l s |z | o + 102l ra + ||zl 72 + w2l 2511021 122 ) [ul 772
+Cul | (2 s +1102] | zzs) [l [+ Vol e + 1161 222 + (|un || o +HU2H)|IUHH1

1d

+|‘Pl||H3(HP‘|H1+||9HH1)+HPHH1(||P2HH2+||02HH2)]+§£<

1+9 o [divef).

(4.9)

Similarly, we get

1
o — ||curlu| | +||curlu||
<C (Il azsllul s + luall e llul 3+l ol (ol e + 110112 + o2l 23] 6] 222
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102l lolls) + [l [lpl ms (ol + 1101 a) + [l ol (o2l s +[162]|#3))
+C(lluzll s + llp2|l 2| [ual [ s + (1021 s + [Jual 72 + [ual [ e ||62] [ o) [l s
+Clul [z (2| s+ 102] ) [l L + ol 41101 222 + (ua || o +|\U2\I)IIU\|H1

1d
+|‘Pl||H3(HpHH1+||9HH1)+HPHH1(||p2HH2+||92HH2)]+§£< %, |divul?).

1+9
(4.10)

Multiplying Equation (4.3) by —A6 and integrating over Q2 by parts, we have

3 d 2 2 . 1 2
2
2 V0 + V01 + (Vdivu, V) + 2|0
<C(Iull 2 (11611 Frs + 1021172 + llua [[Fr2 + [uz| | F2) + 1101 Fr= ([ Frs + [Juz] 72 +|p2] [ 32)
10117 ol - (4.11)

Multiplying Equation (4.1) by —Ap and integrating over Q by parts yields

2dt||v pl|? +(Vdivu, Vp) = —(V(pdivuy +uy Vp+ padivu+uVps), Vp).

Note that
(0, Vp) = [ divua|Vpfds <OVl ]9
‘We have
IVl 4+ (Valiva, V) < CIIV (VL5 -+ pllall 3+ e 19
gl ltivarl |+ 1Vl oz o + lullallpall ) — (2 Vdives, V).

By using the representation of divu from (4.1), there holds

pr+u1-Vp+pdivug +u- Vo

—(p2Vdivu, Vp) = (p2V( T+ s

),Vp).

Note that

_ p2 1d
(Vo V) = /Hpmvm dz

_1ld P2 2 1/ 2 1 : :
dr+ = ——(d d d
=i | TosIVodrt 5 |19 s (divus tdivi(poue) e
<14 2(|uzl| s + 2| s [ )
S5 U2||g3 P2llH3||U2||H3 ),

and

uy)|Vp[*dz < C[|Vpl*[[us |2l p2]| 112

P2 9 1/ ., P2
u 1 Vop,Vp)=—= [ div
<1+p2 Voo, Vp)=—5 (1+p2

It concludes that

2 .
IVl +(Veiva, Vi)
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1d
<Clplls el lal s + s o)+ 5 5 [ 12 (sl
llpallms 2L + Cl1ol B el sl o2l + Cllpal 5 ol (s Ll
Hlfull lolle). (412)

Now, we give the estimate of ||p||g:. Multiplying Equation (4.2) by Vp and inte-
grating it over § by parts, there holds

—{(divOyu, p) + ||V p||> +(VO,Vp) —(divu p)—(E,Vp)+(u-Vui,Vp)+ (uz-Vu,Vp)

6—6ps+0
/p—MVp1Vpdx+/p2 21V p|2dz.

(1+p1)(1+p2) L+p2
Note that
. d, .. . . . .
—(divosu, py = 7 (divu, p) + (divu, —divu — div(puy ) — div(pau)).
We have
*|| 17— *<d1VU p)

SC(IIWH +||d1VU\|2+IIpIIHlHUIIHl(Ilulllm+HU2|\H2)+IIPII?pHulH?Iz
+lpal 71l + (lp2ll a2 + 11021 2) |l 7 + 1ol ol (Lol +161D). - (4.13)

Choosing M4 >0 appropriately large, summing up Mi4><(4.13)—|—(4.9)+(4.10)+
(4.11)+ (4.12) 4+ (4.6) + 8CM x (4.7)4(4.8), integrating from 0 to T' and by the peri-
odicity of solutions (pl,ul,ﬂl) (p2,uz,02) € X5, we have

T T
/0 (110l B+l 2+ [1611232)d <C5 / (110l 2+l 2+ 11611232t

It implies that p=u=0=0 providing § < % small enough. The proof of uniqueness is
complete. 0
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