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THE 3D NONLINEAR DISSIPATIVE SYSTEM MODELING
ELECTRO-DIFFUSION WITH BLOW-UP IN ONE DIRECTION*

QIAO LIUT

Abstract. This paper establishes a sufficient condition for the breakdown of local smooth so-
lutions, to the Cauchy problem of the 3D Navier—Stokes/Poisson—Nernst—Planck system modeling
electro-diffusion, via one directional derivative of the horizontal component of the velocity field (i.e.,
(Oyu1,05uz2,0) where i,5 € {1,2,3}) in the framework of the anisotropic Lebesgue spaces. More precisely,
let Tx >0 be the finite and maximum existence time of local smooth solution. Then

L (o

with 2 Sta L2 s=m¢ 1, 2) and = <a<6 < =7, Where (7,,2,1) and (j, 7, ]) belong to the permutation

group on the set S3:={1,2,3}. Thlb reveals that the horizontal component of the velocity field plays a
more dominant role than the density functions of charged particles in the blow-up theory of the system.
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1. Introduction

In this paper, we consider sufficient conditions for the breakdown of local smooth
solutions to the Cauchy problem of the following 3D Navier—Stokes/Poisson—Nernst—
Planck system modeling electro-diffusion, which is governed by nonlinear coupling be-
tween the conventional Navier—Stokes equations of an incompressible fluid and the trans-
ported Poisson—Nernst—Planck equations of a binary diffuse charge densities:

ou+ (u-V)u—pAu+VP=¢cV-o, (r,t) ER® xR,

vV ou=0, (z,t) €ER® xR,

v+ (u-V)o=V-(D1Vvo—110V¥), (r,t) ER3 xR, (L1)
Ow+ (u-V)w=V-(DaVw+1rowV¥), (z,t)eR*xR,, '
AV =y —w, (r,t) ER® xR,

(u,v,w)|t=0 = (uo,v0,wp), z €R3,

Here, u=(uy,us,us) is the velocity field, P is the pressure, ¥ is the electric poten-
tial, v and w are the densities of binary diffuse negative and positive charges (e.g.,
ions), respectively. The electric stress o stems from the balance of kinetic energy with
electrostatic energy via the least action principle (cf. [30]), and is given by

[0]i; (V@@V@—|V@F) —a@aW—wva% for 4,7=1,2,3, (1.2)

where ® denotes the tensor product, I is 3 x 3 identity matrix and d;; is the Kronecker
symbol. g is the kinematic viscosity, € is the dielectric constant of the fluid, known as
the Debye length, related to vacuum permittivity, the relative permittivity and charac-
teristic charge density. D; = kT"l’l , Do= @, vy and vy are the diffusion and mobility
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coefficients of the charges'. Since the concrete values of the constants p,e,Dq, Do,
and v, play no roles in our discussion, for simplicity, we shall assume them to be all
equal to one throughout the paper.

System (1.1), first proposed by Rubinstein [28], is capable of describing electro-
chemical and fluid-mechanical transport throughout the cellular environment, we also
refer the readers to [1, 12,20, 30, 33] and the related references therein for more de-
tails of physical background and applied aspects about this model. For mathematical
analysis, based on Kato’s semigroup framework, Jerome [19] established the local ex-
istence of smooth solutions to (1.1). The global existence of weak solutions of the
initial /boundary-value problem to (1.1) has been established by Jerome-Sacco [21], Ry-
ham [29] and Schmuck [33]. Recently, Bothe-Fischer—Saal [5] proved the existence of
unique local strong solutions in bounded domains 2 CR"” for any n>2, as well as the
existence of unique global strong solutions and exponential convergence to uniquely
determined steady states in two dimensions; moreover, based on the intrinsic energy
structure, Aubin—Simon’s compactness arguments, and maximal LP-regularity, Fischer—
Saal [16] further established global existence of weak solutions in a three-dimensional
bounded domain. For the Cauchy problem, the small data global existence and large
data local existence of strong solutions in various scaling invariant spaces have been
studied by [11,35,38-40]. Notice that the Navier—Stokes (N-S) equations is a subsystem
of (1.1) (i.e., v=w=¥=0), one can not expect better results than for the N-S equa-
tions. Hence, in the case of three dimensional space, the regularity and uniqueness of
global weak solutions or global existence of smooth solutions to system (1.1) are still
challenging open problems. Some regularity and uniqueness issues have been studied
by [13,15] even for more general system for the electro—kinetic fluid model.

In the present paper, we are interested in the blow-up issue for the short time
smooth solution of system (1.1). It is well-known that if the divergence-free initial
velocity ug € H3(R?), initial charged densities vg,wo € L'(R3)N H?(R3) and vg,wo >0,
then there exists a time T, =T\ (ug,vo,wo) >0 such that system (1.1) admits a unique
local solution (u,v,w)€R? x [0,T,) satisfying (cf. [37])

ue C([0,T]; H*(R3))NL>(0,T; H*(R*))NL*(0,T; H*(R?)), (1.3)
and
v,we C([0,T); H*(R?))NL>(0,T; H*(R*) N L*(0,T; H*(R?)), (1.4)

for all 0<T <T,. Moreover, it holds that v>0 and w >0 a.e. in R x[0,7}). Here we
emphasize that such an existence theorem gives no indication as to whether solutions
actually lose their regularity or the manner in which they may do so. Assume that T,
is the maximum value such that (1.3) and (1.4) hold, the purpose of this paper is to
characterize such a T.,.

To illuminate the motivations of our paper in detail, let us recall the well-known
results for the 3D N-S equations, after the celebrated works of Leray [24] and Hopf
[18] on the global existence of weak solutions, the global regularity issue has been
extensively investigated and many important regularity criteria have been established
(e.g., [3,4,6,7,10,14,17,22,23,25-27,31, 32, 34,41] and the references therein). The
well-known Prodi-Serrin’s conditions (see [10,26,34]) state that if 0 < T\ < oo is the first

1Here Ty is the ambient temperature, k is the Boltzmann constant, and e is the charge mobility.
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finite singular time of local smooth solution u, then
T 2 3
/'Hmm@ﬂn}mo forall 243 <12<g<ocand 3<p<oo.  (L5)
0 q P

Beirao da Veiga [3] established another Prodi-Serrin-type criterion by replacing (1.5)
as

T
* 2 3 3
/ [Vu(t)]|9,dt=400 forall =+ -<2,1<g<oco and 3 <p<oo. (1.6)
0 qa p

Beale-Kato—-Majda in [2] proved that the vorticity w=V xu will break down at the
first finite singular time T, i.e.,

Tx
/0 w(t) | e dt = +o5. 7)

Further regularity criteria via only one velocity component or one of the entries of the
velocity gradient tensor or the pressure can be found in [6-9,14,27,41] and the references
therein. Here we would like to mention that Zhou—Pokorny [41] established that the
local smooth solution u to the 3D N-S equations can be continued past any time 7' >0
provided that there holds

T
2 3 3 1 10
us(t)]|2,dt <400 with =+-<-4— and — <p< o0, 1.8

or

Btz pe(is.sl,

(1.9)
%-i—%, p € (3,00].

T 2 3
L/nvwam;w<+m wﬁh+§{

0 g p
Notice that the property of scaling invariance plays an important role in studying the
regularity theory of the solution, namely, if u solves the 3D N-S equations, then so does
uy for all real numbers A >0, where uy (z,t) = Au(Az,A\?t). Considering from this view of
point, we can find that criteria (1.8) and (1.9) obtained by Zhou—Pokorny are away from
the critical scale. Later, Chemin-Zhang [8] and Chemin—Zhang—Zhang [9] established
that for ug € H2 (R?) with V x ug € L2 (R?) N L2(R3), if the Leray—Hopf weak solution u

to the 3D N-S equations satisfies

T
/|mgmela<aa with 4 < ¢ < oo, (1.10)
0 H2 a
then u is regular on R3 x (0,7"). Since the Sobolev embedding theorem yields that if
r 2 3 3
/ [Vus(6)]|9,dt <oo  with =+ -=2,4<¢g<oco and §<p<2, (1.11)
0 q p

then (1.10) holds. Hence, criterion (1.10) implies that the Leray—Hopf weak solution u
of the 3D N-S equations satisfying (1.11) is regular on R? x (0,7). In a recent paper [27],
Qian proved the regularity criteria in terms of only one of the nine components of the
gradient of velocity field in the framework of anisotropic Lebesgue spaces, precisely, by
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using the method introduced in Cao-Titi [6,7]. The author established that if the local
smooth solution u of the 3D N-S equations satisfies

T q
| oo,

Lﬁ

zjz

dt<+oo with4,j=1,2,3 and i #j, (1.12)
k

2 1, 2 208458+« 7
Whereg—l—g—l—EgT,lgaSﬁand2ai1<ﬁ<oo,or

T q
Oiui (B ;o
I s, |,

*j

dt<+oo with j=1,2,3, (1.13)
Tl

where 3+§+%§%, 1<a<p and 2< B <00, then u is smooth up to time 7.

As for system (1.1), Zhao-Bai [37] established that the Prodi-Serrin’s criteria (1.5),

(1.6) and the Beale-Kato—Majda’s criterion (1.7) still hold for the local smooth solutions

o (1.1). Moreover, the authors also showed that if 0 <T} < oo is the first finite singular
time of the smooth solution (u,v,w), then it holds that

T,
/ IV hun(®) o di=-+o0, (1.14)
0 00,00

where vhé(al,az), u” £ (uy,u9,0) is the horizontal component of the velocity field
u, and ngo is the homogeneous Besov space. Recently, Zhao [36] established the

following logarithmic Beale-Kato—Majda-type criterion, i.e.,

2
7. lw(®)l 5=
e dt=+0c0 forall l<a<?2.
[ w0l

These results reveal an important fact that the velocity field v plays a more dominant
role than the charge densities v and w in the blow-up theory for local smooth solutions
to system (1.1). Motivated by the papers cited above for the N-S equations and for
system (1.1), the purpose of this paper is to establish a sufficient condition, which is in
terms of one directional derivative of the horizontal component of the velocity field (i.e.,
(O;u1,0jus,0) with 4,5 € {1,2,3}), to control the breakdown of local smooth solutions of
the system (1.1) in the framework of anisotropic Lebesgue spaces. Before stating our
main result, let us first recall the following definition of the anisotropic Lebesgue spaces:

DEFINITION 1.1. Let 1<p,q,r <oc0. We say that o function f belongs to
LP(R,,;L9(R,,; L"(Ry.,))) if f is measurable on R® and the following norm is finite:

(L) )

with the usual change as p=00 or g=00 or r=00.

I

s,

q
Lz,

Now, we state our main result as follows:

THEOREM 1.1. For ug € H?(R3) with V-ug=0, (vo,wo) € LY (R3)NH?(R?) and vo,wo >
0, let T >0 be the finite and mazimum value such that the 8D Navier—Stokes/Poisson—
Nernst—Planck system (1.1) has a unique local smooth solution (u,v,w) on (0,Ty). Then

[ (oo,

q q
o o |

Tox T-w=
[ i

)dt=+oo, (1.15)
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where

2 1 2 3 3 1

Siiif 1.9) and = <a<f<——. 1.1

q+a+6 me[,z)an o <as< B< —3 (1.16)
Here, (i,1,1) and (j,7,7) belong to the permutation group of Ss:={1,2,3}.

REMARK 1.1. By Theorem 1.1, one obtains that if there exists a finite constant M >0
such that the corresponding velocity u satisfies

T a q
/0 (fJ12re ez, LgﬂmﬁHHajug(t)HL;j L£~T~>dt§M’ (1.17)
i3 573
with 2 “+3 +5—me[1 3)and 2 <a<B< -, then the local smooth solution (u,v,w)

to system (1.1) can be extended beyond the time T.

REMARK 1.2. 'We emphasize that if i =j =3, the blow-up criterion (1.15) in Theorem
1.1 becomes

T
/0 ||83uh(t)||Lg L,‘;l, dt =400,
2 1 2 3 1

where uy, = (ug,u2,0) is the horizontal component of u. Furthermore, when we fix a =g,
then (1.18) becomes

T,
/ @5 (1)]|%, dt = +o0,
0

2 3 3 1
with a—l—gzme[l 2) and —<ﬁ<7_1

Hence, Theorem 1.1 can be viewed as a generalization of (1.14) obtained by Zhao—
Bai [37].

REMARK 1.3. When v=w=¥=0, system (1.1) becomes the 3D N-S equations.
From Theorem 1.1 (see also Remark 1.1), one finds that for up € H*(R?) with divug =0,
assume that u is the corresponding local smooth solution to the 3D N-S equations on
[0,T%) for some 0 < Ty < oo, if u satisfies

T,
| (oo

for some M >0, with %—&—é—%—%:me [1,2) and 2 <a<B< 1, then u can be ex-
tended beyond time T,. This result can be V1ewed as a generahzatlon of [6,25] on the
N-S equations.

+|lnosuatey

! )dt<M,

Le, Ly, LB <
J

B

We shall present the proof of Theorem 1.1 in the next section. Throughout the
paper, we denote by C a harmless positive constant, which may depend on the initial
data and T, and its value may change from line to line. The norms of the usual
Lebesgue spaces LP(R?) (with 1<p<oo) are denoted by | -||z», while the directional
derivatives of a function f are denoted by 0, f = g—i with i=1,2,3.
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2. Proof of Theorem 1.1

In this section, we shall give the proof of Theorem 1.1. Before doing it, let us
recall the following useful inequality, which can be viewed as a generalization of the
Sobolev-type embedding inequality.

LEMMA 2.1. Let 1<a,5,§,a,t <400,1<r <400, and 0<0<1 such that

1 1 B-1
i B 1)
and
1 6 1-6
L v (2.2)

2r—1)a o &a-1)

Then there ezists a positive generic constant C' such that for all f,g€ C$*(R?), it holds

that
1 0r-1) a-o)@r-1)
‘Ag|f|2|9|2d$ SCH”&'JC”L% gﬁﬁ H”&JCHLZ ngi;;?m Hf”Lii L%;;rxm—l)a
2(r=1) 2
Xllgll =" 1100589l 72 (2.3)

Here (z,%,i) belongs to the permutation group of Sg:=span{l,2,3}.

Proof. The proof of (2.3) is standard, here we give a proof for the reader’s
convenience. Notice that direct calculus yields that

o) <C [ :|f(7,x2,x3>|2r-1|alf<7,x2,x3>|d7
< /R | (7,3,3) 2100 f (7, 2,03) A,

oz <C [ Z|f(x1,f,x3>|2f—1|a2f<x1,r,x3>|df
<c /R F(@1,7) 2 Y0 f (2,7,3)dr,

z3

|f(21,22,23)]*" SC/ |f (21,20, 7) 7|03 f(x1,22,7)|dT

<c / (@12, )2 |05 f (0, 2,7) |
R

By using these facts above together with Holder’s inequality, one has

/ |f|2|g|2dx§/ <max|f2./|g|2dxi) da;da;
R3 R2 \Z:€ER R
SC( max|f|2rdx;dx;> ' / </ |g|2dxi> N da;dz;
R2 TiE€ER R2 R

r—1

=¢ (/R3 |f2r_1|aifdx> ' (/]R2 <‘/R|g|2dxi> o dx;dx;) . (2.4)
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By using Holder’s inequality and interpolation inequality, one gets

L tosian= [ ([ 17 ousian,)ande < [ 100, WPy drid,
R

<C [ 10:flus, 0. A5 19100~ daida,

<c|ioflzs, |,

B—1

Tixy

(2r—1)(1—6)
L(27‘ 1)(1—6)a’

2r—1)0 2r — 2]
Hl\afll( 0t

(2r—1)6

chnaz-fHLgi (2.5)

0;
L%HH Sz,

111,

(2r 1)6t

where o, 3,&,a,t and 6 satisfy (2.1) and (2.2). On the other hand, by using Minkowski’s
inequality, Holder’s inequality and interpolation inequality, one obtains

r—1

r—1
(/ (/Igl dxz) dwdw~) S/( 9|7 ldxdx) da;
R2
2
</ ||g||L2 0.0)9l}: _de,
2
<llgllz=™ 112091l (2.6)
Inserting (2.5) and (2.6) into (2.4), one obtains (2.1), and this completes the proof of
Lemma 2.1. |

By using Lemma 2.1 above, let us give the proof of Theorem 1.1.

Proof of Theorem 1.1. We shall prove Theorem 1.1 by contradiction. By [37], we
know that, under the assumptions of Theorem 1.1, there exists a local smooth solution
(u,v,w) to system (1.1) such that (1.3) and (1.4) hold. Assume that [0,7%) is the
maximal existence interval of the local smooth solution (u,v,w), and (1.15) is not true,
i.e., there is a finite number M >0 such that

[ pawonl, Awmonl, s o

77
where %—I— 1y % =me|[l,2) and 2 <a<B< —L-. In what follows, we shall show that
sup (Hu(t)”H3JF”(va)(t)”H?)ch (2.8)

0<t<T,

for some positive constant C' depending only on ug,vg,wp, Tx and M. The above estimate
(2.8) is enough to ensure that the local smooth solution (u,v,w) can be extended beyond
the time T, which leads to a contradiction as T is the maximum existence time.

Before doing it, let us first notice that by the maximum principle, one can deduce
that if vg and wg are non-negative, then we have

v>0and w>0 ae. (z,t) €R?*x(0,T5).

We refer the readers to [33] for more details.

Step 1. L2-bound of (u,v,w). Exactly as the same arguments of Zhao-Bai [37],
we have

lo)l1Fe + lw(t) 3. +2 / (Vo) 32 + IV (r) 32 ) dr
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<|lvoll32 +||wol|32:=Co  for all 0<t < T, (2.9)
and

lu®)lIZ> + VeI +2/0 (IVu(m)l[Z2 + A (7)|Z2)dr < C (2.10)

for all 0 <t <T,, where C} is a constant depending only on ||ug||%. and ||(vo,wo)||L1AL2-
Step 2. H'-bound of (u,v,w). Due to (1.2), one can rewrite (1.1), as
Ou+ (u-V)u—Au+VP=AUVU. (2.11)

Multiplying (2.11) by Au, and integrating over R?, after integration by parts, we deduce
that

1d
f—||Vu(t)H%2—|—||Au||%2:—/ u~Vu~Aud:c+/ AUVY - Audzx
2dt R3 R3

By using Hélder’s inequality, interpolation inequality, Young’s inequality, (1.1)5, (2.9)
and (2.10), one can bound I as

I SOV 1 |A] 11| e 12 < 5 1A +Cl 0,0 24 70
< SlAulZ +Clw )| 2 I(Vo, V)| IV 21 A,
< g1l + Clww) 3. (Ve V)| IV e
< S8l + Ol w3 (To, V) -+ Cllo,0) [ T2
< gl + COIvo, V)3 +1), (213)

while I; can be rewritten as

3 2 3 2
Il: Z ‘/Rs ui@iuja,%ujdxzz Z /Rs uz(')zuja,%ujdx—&— Z /R3 U383uj8,%ujdx

i,j,k=1 i=1j,k=1 J,k=1

2 3
+Z/ U383U382U3d$+2/ U383Uja§uj‘dl‘
k=17 R? j=1/R?

3 2
:Z Z/ uiaiujal%ujdx_ Z/ 8ku383uj8kujdx—
R jk=1/R?

2
Z / U3(938kuj8kujdx
R3

i=1j,k=1 j,k=1
2 2 3

—E / aku383u38ku3dx—g / U3838ku;3(9kU3dx+E / U383uj8§ujd:v.
k=17R? k=178 j=1"R°

(2.14)
Notice that the divergence-free condition (1.1), yields that

O1u1 + Ooug = —0Osus,
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from which, one can deduce that

2
Z ( 8kU383Uj8k’U,jd.T+/ ugagakuj(“)kujd:v>
e R3 R3

Jik=1

2 2
1
‘/]RS Uja;;akugaku]'dx— E ‘/]Rs ujakugagé)kujdx—§ E 83u38kuj8kujdx

2
jik=1 jk=1 jk=17R
2

2 2
1
‘/]R:3 Uja3akU3aku]'d(E— E ‘/]Rs ujaku3838kujdx+§ E /RS &-uiakujakujdx

4 k=1 j k=1 i,5,k=1
2 2 2
=— Z/ ujagakugﬁkujdxf Z/ ujé‘kugagakujdxf Z / ulalakujakujdx
jh=1"R? jh=17R? i k=17 R?
§C(/ \ulHVUHV2u|dx+/ [us||Vu||V2u|dz) (2.15)
R3 R3
and

x>~
Il ]
—

3
( akug(')gug(’)ku;),dx—/ U3836kU3akU3dl‘>+E /U383’U,ja§uj‘d$
R3 R3 - R3
j=1

[ V)

1
T2
k=1

2 2 3
1 1
:—5 E 43 8ku381u16ku;:,dx—§ E E /]Rs aiuiag?Ljangdl'
i,k=1

i=1j=1

3
1
/8ku383u38ku3dx+72/ 63U363Uj(93Ujd$
- 2 Jus

2 2 3
= Z/ uﬁlaku;;akwdx—i—zz:/ uiﬁgujagaiujdx
ik=17R? R3

i=1j—1
SC(/ |u1\|VuHV2u|dm+/ [us||Vu||V2u|dz). (2.16)
R3 R3

Combining (2.14)—(2.16) together, it follows that

11§C(/ |u1||vu\|v2u\dx+/ [ug||Vu||V2uldz) == I; + 1. (2.17)
R3 R3

In what follows, we shall estimate the two terms I;; and I;5 on the right-hand side of
(2.17). By using Young’s inequality and Lemma 2.1, one can estimate I;; as follows

1
111:7/ |V2u|2dx+0/ lur [2|Vu2de
16 /g s

(2r—1)6

T

1
<76 IV2ullta +C ||l s,

[

1

;

LY. .. I ASysR
(2r—1)(1—6)

pm 2(r—1) 9 2
oo IVl 9%l

[l e,

where 1 <a<f <400, £ a,t€[1,4+00], 0€]0,1] and 1 <r <+oo satisfy (2.1) and (2.2).
By selecting

B
a:m and t:m, (2.18)
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then one obtains that

1 (21‘ 1)6
Iugl—ﬁnv%nizwuHaz-uluLg_ [ i
(2r-n@-0)

HnulnLe O IVula Hv2u||L2
LrEr=D0 o ona-

IV P P a2 e A
”(z‘;i Lo @r-1(-0)

Hv%nmenaulnm L, e IVl

where we have used Young’s inequality in the last inequality, and 1<a<fg<4o00, £€
[1,+00],0 €[0,1] and 1 <r <400 satisfying

2r—1)a +7_ (107_01)7
{(w Ve, (2r-1)(1-6) _ p—1 (2.19)
B 13 B -
By setting
_(a=1)pE+ap _2r(at+af—p)—ap _ @r—-Da—¢(a—-1)
“Saras-B) T @-pp T eonEe-nra SO

(2.20)

it is easy to see that r,& and 6 satisfy (2.19). Furthermore, it is easy to check that the
selected a, 8,&,7,0,a and t above satisfy all assumptions of (2.3), thus we have

) w (2r—1)(1—0) )
r—1
Iy <92l + O 0l |, el IVl
CL‘".:L".
1
2 G CEsyEry e CEnE T
IV U||L2+CHH5U1HM v Jull e IVl

Now, for me[1, ) and 3 a<fB <, by selecting

(%—m)aﬁ (5—2m)af

, 2.21
Cataf-f 2ataf-p) (2.21)
then we have from (2.20) that
2a(2—m)
=—, 2.22
g= 2 (222
Hence
1o 2 G [ G e SR LG R, 2
In <glIVZullz +C | 10iuallzg ||, l[ull ¢ [Vullz.
1,9 12 TGy %
=5 IVZullze +C|l0surlize || lull e IVulZ:
1 2 2 (372m,)i¢0/‘3ﬁ—2a+26 (3;2&5% 2
=g IV7ullz: +C|[l0sunllz, || l[ull e IVullze  (2:23)
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Applying Hélder’s inequality with

maf —f—2« 3(1-m)aB+36
(3—2m)af—2a+28  (3—2m)af—2a+28
with — MP=BZ20 4 by (1.16).

(3—2m)af—2a+23
Then (2.23) becomes

4a(2—m)

ull FE) Va2

ap
maﬁ‘ B—2a
L?
Lz.o-
7

if __maB—p-2 -
1f(37§ﬁ)o{we<0,l), 1.e. *<O¢<ﬁ<m T

O([[1mur e,

Ill *Hv U||L2+

4aB(2—m)

BT
mafB—p—2a [ S p—
lull 277> [Vl 2,

LY. .-
i3

o [ P

maB—B—2a . a1
fm 1, ie, a=p8= .

The term I15 can be estimated in a similar way. Hence

4a(2—m

C(G0-+ Il ) 7wz,
. mafB—B—2a : 3
1 lfm (O,l), 1.e., E<Oé§ﬁ<
I S7||Au||%2+ 4a8(2=m) (2.24)
4 CH®)ull =77 [ Vullz

if mafB—B—2«a
(83—2m)af—2a+28 ~

i
L»A

=1, i.e., a= 5*?

where we have used the identity |[V?u||2, =||Aul|%,, and

af
[3 [3 2 B B—2
,H||a wrlog || “+H||a wlg |77 (2.25)

with mmal=b2a (1], ie., 2 <a<f< Plugging (2.13) and (2.24) into

(B3—2m)af—2a+24
(2.12), one gets

1
m—1"

d
—IVu® 7+ Aulz:
4a(2—m)

C(G@+ @I +[(Vo, Vo) (B)]3: +1) (e+ | Vul13.)

if gmtar s € (0,1), Le., 2 <a<f<ily,

IN

Aaf(2=m) 2.26
C(G0)+1(Vo,Tw) O +1) lul 7577 (e+ [ Vull3) (220

mafB—pB—2«a . !
fm L ie, a=0=—-5.

Notice that from (2.9), (2.10) and the standard interpolation inequality, it follows that

2 3 3
(u,v,w) € L*(0,T,; L°(R®))  with —+ =5 and 2<H<6.
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On the other hand, it is easy to see that

2c(2 — 3 1

and then
3(1-m)a+3 3 3(1-m)a+3 3(a—1) 3

202—m) £ 2a2-m) ' 2a(2-m) 2

Thus, one obtains that

3(1—m)a+3 3 1
L2 (0,Ty;L5(R?))  for —<a<f<——. 2.27
(u,v,w) € (0,Ty;L5(R?)) orm<a_6<mi1 (2.27)
When == ——, we can derive from (2.22) that £ =2, and then from energy inequality
(2.10) that
[lu(t)]| L2 < Cq for all 0 <t <T,. (2.28)

By using these facts above, (2.9) and the assumption (2.7)?, one can apply Grénwall’s
inequality on (2.26) to get that

T,
sup ([ V()2 + / | Aul22dt
0

0<t<T,
exp {C [ (G(T)+|(Vu(r), Va(r))||22 +1)dr}

2 .
lf%%é(o,l), l.e., %<a§ﬁ<ﬁ

= Vuolz:) B(2—m)

<(e+IVuoll72) exp{Cfo (G(T)+I(Vv, Vw)HL2_|_1)||uHmaﬁ T )
1 maf—B—2a . .
fm 1, 1.e.,04_ﬁ_m

<Cs, (2.29)
where C is a positive constant depending only on M, Tk, ||uo|| g1 and ||(ve, wo)||L1ALz2-

To get H'-bound of (v,w), we multiply Av to (1.1),, and integrate it over R?, it
can be seen that

2dt||Vv( )||2L2+||Av||%2=—/ (u-V)vAvde— [ V- (vV¥)Avdz
R3 R3
1113+I4. (230)

Applying Holder’s inequality, Young’s inequality, (2.9) and (2.29), the two terms I3 and
I, on the right-hand side of (2.30) can be estimated as

1 3
I3 <Cllul| s | V|| s |Av| 22 SO Vul| 2| Vo[22 | Av] 7
1
Sgllﬁvlliz +C|Vul| 72| Vo172

1
<zl Avllz +ClIVol7a

2We notice that from (2.7) and the definition of G on (2.25), one gets T* G(r)ydr< M.
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and
I3 <C||Av]| 2|V - (vV )| 2 <Ol Av| 2 (V| L3 [V | Lo + 0] o | AP| 1)
1
< EHMH%z +C(IVolZs V|76 + [l (v, w) [ 24)

1 5 3
< EHAUH% +C ([l (0, ) 172 Vol L2 [ Av]| 22 + | (0,0) |2 | (Av, Aw)|£2)

1
< < (Av, Aw)[[7. +C(L+ [ (Vo, V) [172)-

ool

Inserting estimates of I3 and I above into (2.30), one obtains

d 1
%IIVU(t)Hiz +2[|Av]72 < §II(AU,Aw)H%2 +C(1+[(Vo, Vw)[72)-
Similar estimate still holds for w. Hence, one obtains that

d 3
— (Vo) |22+ V)] 22) + 5 ([Av][72 + || Awl|72)
dt 2
<C(L+[|(Vo, Vw)|Z2), (2.31)
which together with Gronwall’s inequality yields that

T,
S (IIW(?f)Hiz+||Vw(t)ll2L2)+/0 (1Av(O 172 + | Aw(t)][Z)dt

S4x

<C(1+[(Vvo, Vo) |172) < Cs, (2.32)

where C is a positive constant depending only on T, Cy, Cq, Cy and ||(vo,wo)| g1 -
Step 3. H?-bound of u. Taking A on (2.11), then multiplying the resulting

equation with Au and integrating over R3, by the condition V-u=0, we see that

1d
§%||Au(t)||%z+||VAu||%zz/ V((u-Vu)-VAudz— | V(AUVVY)-VAudz
R3 R3

By using Holder’s inequality, interpolation inequality, Young’s inequality and (2.29)
again, the terms I5 and Is on the right-hand side of (2.33) can be bounded as

I <CIIV Al 2 (|l 2 + o920 1)
<OV Aul2 (IVullf2 |V Aul f2 + [Vl 2| Aull £ [V Au] £2)
<< I9 AUl + OVl 2+ Tullds | Aul)
< IV Al +C(lAulEa +1)
and

Ii=— | V(v—w)VT)-VAudzx
R3

<O19 2ul3 (Ve V)l o [V o+ [[(0,0) |2 V22 4
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<ClIVAul: (170, 9w)llps | (0,0) |2 + 1| (0,0) 13 )
1 1 5 3
<C|IVAu[ (Il(v,w)llmII(Vme)\IiaH(Av,Aw)llzz+H(vvw)lliaII(AvAw)IIzz)
1 1
<51V + 1 11(A0, Aw)F2+C (1+]](Vo,Vu) [32).
Inserting estimates of Iy and I into (2.33), one obtains that
d 1
T 1AuMIZ: + (VA2 < 7 [[(Av, Aw)|7: +C’(1+ 1(Vv, V)|Z2 + IIAulliz),
which together with (2.31) yields that
d
Z(1Au@) 72+ [(Vo, Vo) )]72) + (I VAu[ 72+ [ (Av, Aw)72)
<C(1+[(Vo, V) |22 + | Aul22).

By using Gronwall’s inequality again, it follows that
T.
sup [|Au(t)]|2s +/ [VAu(t)||72dt < Cy, (2.34)
0<t<T. 0

where Cy is a positive constant depending only on Ty, Cp, Ci, Cs, |ug|lgz and
[[(vo,wo) |-

Step 4. Proof of (2.8). Taking VA on (2.11), then multiplying the resulting
equation with VAwu and integrating over R?, one obtains

%%HVAu(t)HZLQ + || A%u|3, :—/]R3 VA((u-V)u)-VAudz+ . VA(AYVY)-VAudz
=1+ Ig. (2.35)

To bound I7, we need to use the following inequality (cf., [22])

1A*(fg) = fA*gllLr S C(IAf Il |A* gl Lo +[[A° Il Lr |9l L) for s>0 and 1 <p < oo,

where A= (—A)%. Then, by using the divergence-free condition V-« =0 and interpola-
tion inequality, one has

17:—/3 [VA((u-V)u) — (u- V)V Au] - VAudz
§C||$A((U'V)U)*(U'V)VAUHLg IV Aull e
<Ol A%l | Vul = [V AU g
< )82l 2 (IFull 22 1A% £,) ([9ull 2, 9 Aull )

1 1
< 1A%z + ClIVullLe [VAullZ: < 3 [A%u] 72 + OV AulZ2.

For I, by using (1.1);, Holder’s inequality, Young’s inequality, (2.9) and (2.32), one
has

Is— _/ A((v—w) VD) A2udz < Cf| A% | A (0 — w) VD) 2
]RS
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<Cla%ulzz (1(A0, 20) 1| VO o+ (To, V) 2o T30 g0 + | (0,0) | 2| VAP 10 )
< Cla%ullzs (A0, Aw) | | AWl 2 + ]| (0,0) |13 ]| (T, vmnm)
<Cla%ul3 (11(Av, Aw) | £ (VAL VAw)| £, + | (To, Vo) | 72 |(Av, Aw) 3 )
< 1A%l + LT A0,TAW) [ +C (14 1(Vo, Vo) 32 ) [ (Av, Aw)
< 1%l + SV A0, VAW +Cll (v, Aw)]

Inserting the above two estimates of Iy and Ig into (2.35), it follows that
L7 Au(t) 3+ 1A%
<10V 20, 2w)[3: +0 (19 Al + (A, Aw)]3.). (2.36)

Taking A to (1.1),, then multiplying the resulting equations by Av and integrating
over R3, after integration by parts, we deduce that

2dt||m( s+ [V Av|2, = / V((u-V)o)- vmdu/wmwm.vmaz
=Ty 4 I0. (2.37)
Applying (2.9), (2.29) (2.32) and (2.34) again,
Iy <CIV AV 2 ([l s [ V0l s + o | A0 5)
<OV A g ((IVallEa 1Al )3 (1Vull 3 IV AulE) 3170 Ll Aol
+|Vull 2 [ Av]| 2. [V A 2.)

1

<3 IVAvL:+C(IVullpa | AVIIZ: + [ VulZa [AvIIZ: + ]| AulZ: | VAullZ:)
1

<3 IVAv[Z:+C(IVAuZ: +[|Av]72)

and

Lo <O VA3 | A@VE)] 2
<CIVAV L2 (1A0] [V o + Vol o[ V2| 2o + 0] 5|V (0~ w) | )
<OV A g (| A0l o | (v,0) | 22 + | Aol 1 0,) ]| 5 + [[0] 25 | (Av, Aw) | 12)

1 1 1
<OVAY| 2 ([Av]| 22 IVAD] 22+ [[(Vo, V) | 72 || (Av, Aw) || .2 )
1
< SIV8uZ+C(1+ (A0, Aw)]2:).
Inserting the two estimates of Ig and I1o into (2.37), one gets
d
2 1Au(t i+ ||VAU||L2 <C(1+[|VAU| 72+ [|(Av,Aw) | 72).
Similar estimate still holds for w. Thus we have

%II(AU( £, Aw)|7z+ 5 LA, VAW, <C(1+[IVAuU[Z: + [ (Av, Aw)]Z2),
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which together with (2.36) yields that

d
S (IVAu@)[Z2 +[|(Av, Aw) (@) [72) + ([A%ul 72 + [ (VA0 VAW) [2)
SC’(1+ |V Au||3 2+ H(AU,Aw)||2L2).
Applying Gronwall’s inequality again, one can derive that

sup (|[VAu(t)]|72 + [[(Av, Aw)(t)][72)
0<t<T,

T,
+ / (IA2u() 2 + [[(VAv, VAW)(#)[22)dt < Cs,
0

where Cj is a positive constant depending only on T, C; (i=0,1,2,3,4), ||uo||zs and
(o, wo)||L1nm2. The above inequality together with (2.9) and (2.10) implies (2.8), and
this completes the proof of Theorem 1.1. O
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