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INITIAL-BOUNDARY VALUE PROBLEM FOR 2D MICROPOLAR
EQUATIONS WITHOUT ANGULAR VISCOSITY*

JITAO LIUt AND SHU WANGH

Abstract. This paper concerns the initial-boundary value problem for 2D micropolar equations
without angular viscosity in a smooth bounded domain. It is shown that such a system admits a unique
and global strong solution. The main contribution of this paper is to fully exploit the structure of this
system and establish high order estimates via introducing an auxiliary field which is at the energy level
of one order lower than micro-rotation.
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1. Introduction and main results

This paper is devoted to the initial-boundary value problem for the two-dimensional
(2D) micropolar equations without angular viscosity. The micropolar equations were
introduced in 1965 by C.A. Eringen to model micropolar fluids (see, e.g. [6]). Micropolar
fluids are fluids with microstructure. Certain anisotropic fluids, e.g. liquid crystals
which are made up of dumbbell molecules, are of this type. The standard 3D micropolar
equations are given by

w— (V+K)Autu-Vu+Vr=2kV x w,
w, —YAW+4kw — (a+5)VV-w+u-Vw=2xV xu, (1.1)
V-u=0,

where u=u(z,t) denotes the fluid velocity, w(z,t) the scalar pressure, w(x,t) the micro-
rotation field (angular velocity of the rotation of the particles of the fluid), and the
parameter v >0 represents the Newtonian kinematic viscosity, x>0 the micro-rotation
viscosity, «, 3,7 >0 the angular viscosities.

Roughly speaking, they belong to a class of non-Newtonian fluids with nonsymmet-
ric stress tensor (called polar fluids) and include, as a special case, the classical fluids
modeled by the Navier-Stokes equations. In fact, when the micro-rotation effects are
neglected, namely w=0, (1.1) reduces to the incompressible Navier-Stokes equations.
The micropolar equations are significant generalizations of the Navier-Stokes equations
and cover many more phenomena such as fluids consisting of particles suspended in a
viscous medium. In particular, the dynamic micro-rotation viscosity x>0 is essential
for the micropolar fluid flows, otherwise the velocity and the micro-rotation are uncou-
pled and the global motion is unaffected by the micro-rotation. Just because of this,
the micropolar equations have been extensively applied and studied by many engineers
and physicists.

In particular, the well-posedness problem on the micropolar equations have at-
tracted considerable attention recently from the community of mathematical fluids
[1,2,7,16]. Lukaszewicz, in his monograph [16], studied the well-posedness problem
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2148 2D MICROPOLAR EQUATIONS

on the 3D stationary model as well as the time-dependent micropolar equations. Yam-
aguchi [24] investigated the 3D time-dependent model with small initial data. In spite of
previous progress on the 3D case, just like the 3D Navier-Stokes equations, the problem
of global regularity or finite-time singularity for strong solutions of 3D micropolar equa-
tions is still widely open. Therefore, more attention is focused on the 2D micropolar
equations, which are a special case of the 3D micropolar equations. In the special case
when

u= (Ul(iC]7(E2,t),U2(fE1,SE2,t),O), 7T:7T(Z'1,£C27t),W: (0,07w(x1,$2,t)),
the 3D micropolar equations reduce to the 2D micropolar equations,

u; — (v+k)Au+u-Vu+Vr=—-2kV-4w,
wy —yAw+4dkw+u-Vw=2xkV" u, (1.2)
V-u=0.

Here u=(uy,us) is a 2D vector with the corresponding scalar vorticity ® given by
d=V' u=0ius—du,
while w represents a scalar function with
V4w = (—0w,0w).

In [3], Dong and Chen obtained the global existence and uniqueness, and sharp
algebraic time-decay rates for the 2D micropolar Equations (1.2). Besides, the system
(1.2) with periodic boundary conditions has been extensively analyzed by Szopa [21].
Despite all this, the global regularity problem for the 2D inviscid micropolar equations is
currently out of reach. Therefore, more recent efforts are focused on the 2D micropolar
equations with partial viscosity, which naturally bridge the inviscid micropolar equations
and the micropolar equations with full viscosity. One case for partial viscosity, (1.2)
with v=0,7>0,x>0 and k#+, was examined by Xue, who was able to obtain the
global well-posedness in the frame work of Besov spaces [23]. Recently, for another case
when (1.2) involves only the angular viscosity, i.e.,

u+u-Vu+Vr=—-2xkV5tw,
wy —yAw +4dkw+u-Vw=2xkV", -u, (1.3)
V-u=0,

Dong et al. [4] and Jiu et al. [13] proved the global (in time) regularity for the Cauchy
problem and initial-boundary value problem respectively.

Nevertheless, there is one model, namely, taking « =8=~=0 in (1.1), that is more
interesting in Physics. To be specific, for this model, the stress momentum is lost in
the rotation of the particles, the microstructure plays an important role as it usually
increases the load capacity and stabilizes the flows, this sort of micropolar fluid is less
prone to instability than a classical fluid [9,20]. Some polymeric fluids and fluids con-
taining certain additives in narrow films may be represented by this mathematical model
(see Section 1 and Section 6 in Eringen [6]). Moreover, the experiments with the fluids
containing extremely small amount of polymeric additives indicate that the skin friction
near a rigid body in such fluids is considerably lower (up to 30-50%) than for the same
fluids without additives (see [19]). Due to its physical applications and mathematical
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significance, in [5], Dong and Zhang examined (1.1) with the micro-rotation viscosities
a=B=~=0in R?, namely

w; — (v+rK)Autu-Vu+Vr=—2xV5iw,
wi+4kw+u-Vw =2V -, (1.4)
V-u=0,

and established the global regularity of system (1.4). However, the initial-boundary
value problem of model (1.4) is still open. As a matter of fact, in many real-world ap-
plications, the flows are often restricted to bounded domains with suitable constraints
imposed on the boundaries and these applications naturally lead to the studies of the
initial-boundary value problems. In addition, solutions of the initial-boundary value
problems may exhibit much richer phenomena than those of the whole-space counter-
part.

In this paper, we will investigate the initial-boundary value problem for the system
(1.4) with physical boundary conditions

ulpo =0, (1.5)
and initial conditions
(u,w)(x,0) = (ug,wp)(x), inQ, (1.6)

where 2 CR? represents a bounded domain with smooth boundary.

The aim of this paper is to establish the global existence and uniqueness of strong
solutions to the system (1.4)-(1.6). As a result, we obtain the following result, i.e.
Theorem 1.1. It should be especially noted that the hypothesis on the initial data could
be a technical limitation of our proof and not a sharp requirement.

THEOREM 1.1. Let Q CR? be a bounded domain with smooth boundary. Assume (ug,wp)
satisfies

uo € HY(QNH?(Q), woeWhH(Q).

Then there exists a unique strong solution (u,w) to the system (1.4)-(1.6) globally in
time such that

ue L>=(0,T; H*(Q))NL*(0,T;W?4(Q)), weL>®(0,T;W*(Q)) (1.7)
for any T > 0.

We remark that the initial-boundary value problem on (1.4) is not trivial and quite
different from the Cauchy problem. The difficulty is due to the dynamic micro-rotational
term —2xV1w in the equations of the velocity, which prevents us from obtaining any
high order estimates except the basic energy estimates. For the Cauchy problem, the
corresponding equation satisfied by vorticity @ is

O, — (v+K)ADP+u- VO +2Aw =0, (1.8)

which is a transport-diffusion equation with forcing term —2xAw and therefore high
order estimates are available due to its non-boundary conditions. To overcome this
difficulty, the authors in [5] observe that the sum of vorticity and micro-rotation angular
velocity

2K

Z=0— w
V+K
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satisfies the transport-diffusion equation

Z

; (1.9)

2 3 4 2
atZ—(u+/f)AZ+u~VZ:( 8 8 ) n

vt (v+r)? R

which helps them to obtain the global bound of ||®(#)|zr2) via the global bound of
| Z(t)| Lo r2), and therefore the desired high order estimates are established.

However, for the initial-boundary value problem, this method does not work. This
is due to the presence of no-slip boundary conditions for u, and hence the transport-
diffusion Equations (1.8) and (1.9) satisfied by ® and Z would not work any more.
To overcome the difficulty caused by the term —2xV~Lw, our strategy is to utilize an
auxiliary field v which is at the energy level of one order lower than w and implement
appropriate boundary conditions for v. Keep this in mind, we then introduce the vector

field v= —%A‘lvj-w to be the unique solution of the stationary Stokes system with
source term — Va’;VJ—w as follows,

—Av+Vr= —VQ_fKVLw in €,
V-v=0 inQ, (1.10)

v=0 on 09,

which also solves, after taking the operator A~'V+ on (1.4)2, that
OV +4kv —28ATIVH(VE u) + ATV (u- Vw) =0. (1.11)

Then, according to (1.4) and (1.10), we further discover that the new field g=u—(v+
k)v satisfies the system

hg—(v+r)Ag+Vp=Q inQ,
V-g=0 inQ, (1.12)
g=0 on 02,

where Q=-u-Vu—-A"1V+(u - Vw)+26471VL (VL .u)—4kv. The obvious advan-
tage of doing so lies in that it provides us the cornerstone of establishing high order
estimates of velocity u, which naturally overcome the difficulty caused by the dynamic
micro-rotational term —2xV-+w. As a result, after noticing that v is at the energy level
of one order lower than w and some delicate a priori estimates for g, we then success-
fully establish the desired high order estimates, which guarantee the global existence
and uniqueness of strong solution to the system (1.4)-(1.6).

The remainder of this paper is organized in four sections. The second section
serves as a preparation and presents a list of facts and tools for bounded domains,
such as embedding inequalities and logarithmic type interpolation inequalities. Section
3 establishes the a prior: estimates, which are essential in the proof of Theorem 1.1.
Section 4 completes the proof of Theorem 1.1.

2. Preliminaries

This section serves as a preparation. We list a few basic tools for bounded domains
to be used in the subsequent sections. In particular, we provide the Gagliardo-Nirenberg
interpolation inequalities, the logarithmic type interpolation inequalities and regulariza-
tion estimates for the elliptic equations and Stokes system in bounded domains. These
estimates will also be handy for future studies on PDEs in bounded domains.

We start with the well-known Gagliardo-Nirenberg interpolation inequality for
bounded domains (see, e.g. [18]).
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LEMMA 2.1.  Let QCR"™ be a bounded domain with smooth boundary. Let 1 <p,q,r < oo
be real numbers and j <m be non-negative integers. If a real number o satisfies

1_j:a<1_m)+<1—a>jl,

r n

iéaél,
m

then
1D £l ey < CalD™ £ ) | f | ey + Call /]

where s >0, and the constants C1 and Cy depend upon £ and the indices p,q,r,m,j,s
only.

L3(Q)»

Especially, the following special cases will be used.
COROLLARY 2.1. Suppose QCR? be a bounded domain with smooth boundary, then
(1) 1l SCUA s IV £ gy + 1 Fll ), VF € HL(Q):
(2) 19 £l s < C U a0 | V27 1 oy + Il o), VF € HE(Q);
(3) 11l =) < CUF N Ex e I V21 22y + 1L 2ce), VF € HE();
(4) 1@y < CUS N Eae IV FllE ey + 1 L), Vi € HHQ).
The next lemmas state the regularization estimates for the elliptic equations and

Stokes system defined on bounded domains (see, e.g. [8,10,12,14,22]).

LEMMA 2.2.  Let QCR" be a bounded domain with smooth boundary. Consider the
elliptic boundary value problem

—Af=g inQ,
{f() on 0f2. (2.1)

If, for pe(1,00) and an integer m>—1, g€ W™P(Q), then the system (2.1) has a
unique solution f satisfying

[fllwm+2p(0) < Cllgllwmr ),
where the constant C' depends only on 2, m and p.
LEMMA 2.3. Let QCR"™ be a bounded domain with smooth boundary. Consider the
stationary Stokes system

—Au+Vp=f inQ,
V-u=0 in g, (2.2)
u=0 on 0.

If, for g€ (1,00), £ € LI(Q), then there exists a unique solution ue Wy 9(Q)NW29(Q)
of system (2.2) satisfying

lallw2.a0) +11VPllLa) < CllfllLa)- (2.3)
[fFE£=V-F with Fe L), then

[allwra) <CIF|Ls(o)- (2.4)
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Besides, if f=V-F with Fj =0y HY and HY €Wy 9(Q) fori,j.k=1,..,n, then
[allze (@) < ClIH] Lo (2.5)
Here, all the above constants C' depend only on Q) and q.
LEMMA 2.4. Let QCR™ be a bounded domain with smooth boundary and £=V-F be

the same as in system (2.2), then for F€ WbH4(Q) with g€ (2,00), the solution u of
system (2.2) satisfies

[Vul| (@) SCA+ [ Flze @) n(e+ [V Lo(e)), (2.6)
where the constant C' depends only on €.

PROPOSITION 2.1. Let QCR"™ be a bounded domain with smooth boundary, 1<p,q<

_1
00, and assume that f € LP(0,T;L1(2)), ug € D; P, If (u,p) is a solution of the Stokes
system

du—Au+Vp=~f inQ,

V-u=0 mns,
u=0 on 012, (2.7)
u(z,0)=up(z) inf,
then there exists a constant C' depending only on p, q and 2 such that
10w, V2, V|| o 0,792 < C Il Loo,7500(0)) + ||110||D1_%,p)- (2.8)

Here, the space Dg>* is defined as follows:
a,s def q X dca g—tAops  E\E
Dy = VGLU(Q):||VHD;¥‘S:HV||L(1(Q)+( ; It —*Ae VHLq(Q)?) <400 ¢,

where A is the Stokes operator, m is the unit outward normal vector and LL(Q2) = {v €
L1(Q)":V-v=0in Q,v-n=0 on 9Q}.

LEMMA 2.5. Let a, s, 1<p<q<oo and n be as in Proposition 2.1, then for k=1,2

and 0<a< g - %(% - %), there exists an absolute constant C' such that

[Vllpg= <Cliviiwere)- (2.9)

Proof.  To avoid repetition, we only provide a simple proof for the case k=1.
According to the decay estimates for the Stokes semigroup in bounded domain (see [11]
for details), the inequality

—g—n(l_ 1
1A% 4] oy < Ot EG0)[v] ooy (2.10)

holds for 1 <p<g<oo and s€[0,1]. Thanks to (2.10), for a<%,%(l,%)’ we have

1 1
_ _ dt (i _q_n(1_1y)s s
/O 110 Ac tAv||qu(Q)?g0||vV||st(m/0 11+ (=05 G-0)odt < Ov ey,
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and for a>0, we have

e s dt s
/1 [¢17 Ae tAVHLQ(Q)?SC”V”LP(Q)/I

Thus, by summing up the above two inequalities and applying the definition of the
space Dg*, we finally complete the proof. 0

o0

tflf(orF%(%*%))sdtSC”VHiP(Q).

Thanks to Lemma 2.5, for 1 <p<q<oo, by taking a=1— %, s=p and k=2, we
can then update Proposition 2.1 as follows.

LEMMA 2.6. Let 1<p<q<oo, and suppose that f € LP(0,T;L9(Q)), uo € W2P(Q). If
(u,p) is a solution of the Stokes system

du—Au+Vp=~f inQ,

V-u=0 ns,
u=0 on 012, (211)
u(z,0)=uy(z) inf,
then there holds that
00, V2, Vpll Lo o,7;0a(2) < CUEN Lo o,1:000)) + wollwze @) (2.12)

where the constant C' depends only on p, q and Q.

3. A priori estimates

This section is devoted to establishing the a priori estimates for the system (1.4)-
(1.6), which is an important step in the proof of Theorem 1.1. To be more precise, we
first introduce the definition of weak solutions of system (1.4)-(1.6) and then state the
main result of this section as a proposition.

DEFINITION 3.1.  Let QCR? be a bounded domain with smooth boundary. A pair of
measurable functions (u,w) is called a weak solution of system (1.4)-(1.6) if

(1) ueC(0,T;L*(Q)NL*(0,T; Hy (), we C(0,T; L*(Q));

T
(2)/110'4Pod$+/ /[uwpt—(I/—l—n)Vu:ch—&—u-chu—i-anVL~<p]dmdt:0,
Q 0o Jo

T
/w0¢0d$+/ /[wwt—4ﬁww+u-wa—2nu-VLw]dmdt:O;
) 0o Ja

<

(3) AteachtimeO§t<T,/u-ngSda::O;
Q

hold for any test vector field ¢ € C§°([0,T)x Q)? with V-p=0, any test functions
e Cge([0,T) x Q) and ¢ € C§°(Y), where A: B denotes the matriz product ) a;;b;;.
,J

The main result of this section is stated in the following proposition.

PROPOSITION 3.1. Let QCR? be a bounded domain with smooth boundary and (u,w)
be the smooth solution of system (1.4)-(1.6). Assume ug€ Hg(Q)NH?(Q) and wy €
W4(Q), then there holds that

lal| Loe (0,752 () + 0l L2 (0,75w2.4(02)) F |w]] Loe (0,313 2)) < C, (3.1)
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where C depends only on Q, T, |[ug||g2(q) and [Jwollwi.aq)-
The proof of this proposition relies on the following basic energy estimates.
PROPOSITION 3.2. Suppose QCR? be a bounded domain with smooth boundary and

(u,w) be the smooth solution of system (1.4)-(1.6). If, in addition, ug€ L*(?) and
wo € L%(Q), then it holds that

[ullze<0,7;L2(0)) + 1l 2 0,7:23 () + 10| Lo (0,72 (0)) < C,
where C depends only on T, ||ug||z2(q) and |lwolz2(q)-

Proof. We start with the global L?-bound. Taking the inner product of system
(1.4) with (u,w) yields

ld

2dt

:—2,%/ VLw-udx—i—Q/i/ V+ uwdz.
D Q

(Hu||2L2(Q) + ||UJH%2(Q))+(V+“)HVU||2L2(Q) +4’€||1UH%2(D)

Noticing that V+-u=0us —dau; and V+w = (—0ew,d01w), we have
—V4'w-u=1u10sw — usdyw = Do (ugw) — 01 (ugw) + vV ouw.

Integrating by parts and applying the boundary condition (1.5) for u, we have
—2/@/ Vlw~udx+2/i/ VvVt uwds
Q Q
:4&/VL~uwdx—2ff/ u-ntwds
Q o0

24/*6/ VvVt uwdr
Q

(v+5)

< IVull72(q) +Cllwl7zq), (32)
where nt = (—n2,n1). It then follows, after integration in time, that
T T
2 2 2 2
e ol + 0+) [ Ialadesn [ ol
<e“T(luoll7 2 + lwoll72()) = A1 (T, [lag, wo £2), (3.3)
where C'=C(v,k). This completes the proof of Proposition 3.2. ]

Our next goal is to establish the global bound of [[ul/1(q). As stated in the in-
troduction, v is at the energy level of one order lower than w. Then by recalling the

system (1.10) and setting
ja 2K ( 0 w)7
v+r \—w 0

we can then invoke (2.4) in Lemma 2.3 to build up the estimates

[Vliwra@) < CllwllLa) (3.4)
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holding for any g € (1,00), which further yields, after applying Proposition 3.2, that
[Vl zo< 0.7:11 () S Cllw|| oo (0,7:22(2)) < C- (3.5)
Therefore, to establish the H'() estimates of velocity u, it suffices to do the H(Q)

estimates of g=u— (v+£)v as below.

LEMMA 3.1. Under the assumptions of Proposition 3.2, we further assume ug € HE ()
and wy € L*(Q), then there holds that

IVl Lo 0,1;02(0)) + 1A 220,722 (02)) + |wl| oo (0,7324 () + 1wl 20,7504 () < C,

where C' depends only on Q, T, ||uol| g1 () and ||wollL(q)-

Proof. Taking inner product of (1.12)1 with —Ag, and applying the boundary
conditions glan =0 and the Cauchy-Schwarz inequality, we have

1d
§@HV8H2L2(Q)+(V+'€)||Ag||i2(ﬂ)
:—/Q-Agdm
Q
<1Qll L2 1Al 22 (o)
(v+r)
=3 1Ag]172(0) +CllQIZ 20 (3.6)

with
1Q172(0) < lu-Vul[72(q) + [[A7'VE (u- V) |20
+C|ATIVH(VE )| 220y +ClIVIT2 (0

4
=>"r. (3.7)
=1

Next, we will estimate the four terms one by one. By applying Holder’s inequality,
Corollary 2.1, (3.4), Lemma 2.2 and Young’s inequality, it follows that

I <Cllu-Vg|72iq)+Cllu-Vv|72(q)

<CllullZeoy Vel 71(0) + Cllull7a ) IVVIZaq)

<Clull 2o Vullz2 0 (IVEI72(0) + 1 V8l 22 (@) | A8l L2 (0))
+Cllull 2@l Vull 2@ VI Z1(q)

<Clull 2o Vullz2 ) (IVEl72(0) + 1 V8l L2 @) | A8l L2 (0))
+C|lull 2 [ Vull 2 @) 1w 740

< i)

- 8
+C||uH2L2(Q)”qu%2(Q)||Vg||%2(ﬂ)+CH“”L2(Q)HVUHL2(Q)Hw”%‘l(Q)' (3-8)

128172 () + Cllull 2@ IVull220) [ V8l 22 o)

Regarding the remaining terms, thanks to the incompressible condition V-u=0 and
the boundary conditions u|gg =0, we can infer that u-Vw=V-(uw) and uw|sq =0.
Therefore, by using Holder’s inequality, Corollary 2.1, Lemma 2.3 and (3.4), we obtain

Io+1I3+14
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< C||A71VLV(UUJ)||2L2(Q) +OHA71VL(VL‘U)H%2(Q) +OHV||2L2(Q)
<Clluw|[2q) +CllullZz (o) + Cllwl72q)

< O||u||2L4(Q)Hw||2L4(Q) +CHU||2L2(Q) +0Hw||2L2(Q)

< Cllull 2@ IVull 22 () w74 @) + Clull72 () + IwlZ2(q)- (3.9)

Finally, we add up the estimates from (3.6) to (3.9), which yields that

1d 3(1/4-/@)

2dt”Vgl|L2(Q -
SC(HUHL?(Q)HVUHLQ(Q)+||u||L2(Q)||VUH%2(Q))HVgHQL2(Q)

+Clu| 2 [ Vull L2 @) Il 24y + Cul 20y + 1w F2(q))- (3.10)

||Ag||L2(Q)

Clearly, (3.10) is not a closed estimate still because the bound of [[wl|1(q) is un-
known. However, we discover that, the estimate of ||w| 4(q) can be bounded in turn
by [[Vgllz2(q) and ||Ag|z2(q). This motivates us to search for the closed estimates of

. : : 2 .
||Vg||%m(07T;L2(Q)) + Hw||2L°°(0,T;L4(Q))' To start with, by multiplying (1.4)% with |w[3w
and integrating on 2, we have

ldl
4dt

:2n/ VvV ulwfwde
Q

W 74() +46llwl| 710

<C|IVul s lwl74q)
<C(IVellLs@) +IVVilLs@)llwlliag

1 1
< C( Vel 2oy + Vel 2 ey | A8 Fagy [0l l0lEgeys (B11)
which further implies, after dividing ||w||%4(9) on both sides, that

1d
2.dt

<C(IVell 2o+ 1Vl Fa ey | A-N )+ 0ll o)l oo
G

lwl|Fa ) + 461wl 7a 0

< 1Ag]172 (o) + CUIVEIIE2 ) + wlLs)- (3.12)

Subsequently, by summing up the estimates (3.10) and (3.12), we finally obtain,
after some basic calculations, that

1d (1/—|—/€)
5@(”Vg||i2(m +wlFaqy) + 5

<C(1+ Hulliz(mIIVulliz(Q))(IIVglle(Q) HlwlZa ) + Clullzz@) + lwlis()- (3.13)

HAg”L?(Q) +4"°'||w||L4(Q)

This, together with Gronwall’s inequality and (3.3), then yields the following bound

T T
||Vg||2L2(Q)+”wH%4(Q)+(V+H)/ HAg|\%2(Q)dt+8fz/ ||w||2L4(Q)dt
0 0

<Cr e ([[Vag,wol|F2 gy +l[woll Za () + T AT, [[uo,woll2) = Ao(T),  (3.14)
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where C1=C1(v,k), Ca=Cs(v,k,|ug,wol[z2(q)). This completes the proof of Lemma
3.1. 0

Although we have derived the estimate of ||u||ze(o,7;m1(q)), to prove the global
existence of strong solutions, we need the estimate of ||u|| 12, 7;12(q)). Therefore, even
with the help of the estimate of ||g||z2(0,7;m2(0)), We still need the global bound of
IVIlz20,7;m2())- Namely, we should prove that ||wl|z2(0,7;m1(q)) is globally bound ac-
cording to Lemma 2.3. To achieve this, we first establish the bound of |[w|| L (0,7;L4(0))-

PrOPOSITION 3.3. In addition to the conditions in Lemma 3.1, if we further assume
wo € LP(Q) for any 2 <p<oo, then the micro-rotation w obeys the global bound
lwl| Lo (0,7:L9(02)) S C,s
where C depends only on Q, T, |[ug|| g1 () and ||wol paq)-
Proof. We start with the equation of w, namely (1.4)2. For any 2 < ¢ < oo, multi-
plying (1.4)* with |w|?9~2w and integrating on €, we obtain
0l oy + A8l 1y < 2601 T g 095y

ie.,

d

@Hw||Lq(Q)+4f€||wHLq(Q) <25 Vul|La(o)

Then, by employing the definition of g, (3.4) and the Sobolev embedding inequali-
ties, we further have

%||w||Lq(Q)+4H||wHLq(Q)
<C||VgllLi) +ClVV L)
<Clgllwra) +CllwllLao)
<Cllgllaz) +Cllw|lLa)
<Cllgllzz) +CllAgllL2(0) + Cllwll i)
<CllullL2() +CllvllLz(@) +CllAgll2(@) + Cllwl Laa)
< Clull p2@) + Cllw| 20y + CllAg L2() + Cllw| La(o),

which, according to Gronwall’s inequality, Proposition 3.2 and Lemma 3.1 further im-
plies

T
Juwllzsior +45 | ullopds
0

T
<efT [||wo||Lq(Q)+/O (Iallzz (o) + lwll 22 9) + [ Agll 22 () dt
<o),

Noting that the constant C' is independent of ¢, we then derive, after letting ¢ — oo,
that

T
[P / o]l eyt
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T
<efT l||wo||Lw(Q)+/O (Iall 20y + 1wl L2 (0) + | Al L2(q)) di
<C(T).
This completes the proof of Proposition 3.3. 0

We now move on to the next lemma asserting the bound of ||g||z2 0,729 (0))-

LEMMA 3.2. Under the assumptions of Proposition 3.3, if in addition, ug € H*(Q) and
wo € HY(Q), then the inequality

gll20.mw2a()) < C
holds for any 2<q<oo, where C' depends only on Q, T, |[uol|g2(q) and ||wol| g1 (-
Proof. Initially, by applying Lemma 2.6 to (1.12) and Lemma 2.3, it is clear that
IV?gllz2(0,7;2a(0)) < CUIQIl L2 (0,520 + 180l 1r2(02))

<C1Qllz2(0,75z9)) + ol z2 (@) + Vol 22 ()
<C(1Qllz20,7:L9(2)) + ol 72 () + lwol 71 () s (3.15)

with

||QHL2(O,T;L‘1(Q)) <llu- v11||L2‘(0,T;L4(Q)) + ||A_1Vl(u'Vw)||L2(O,T;L4(SZ))
+H ATV ) || 22 0.1 pa9) TV iZ2 0.7 L0(2))

:iﬁ? (3.16)

For the first term, by employing Holder’s inequality, the Sobolev embedding in-
equalities, (3.4), Proposition 3.2, Lemma 3.1 and Proposition 3.3, we have
I
<l 0,75 L2002 [Vl 20,7512 (2))
< Clul g 0,111 (2) ([IVE L2(0,7;20(02)) + | V'V L2(0, 75020 (02)))

<C(llallze0,7;z20) T IVl Lo (0,7:22(02))) (I8l 220,75 12 (22)) + Wl L2 (0,7 22 (22)))

<CA+|IVgllL=o,1:2) I VVIlL=0,7:020))) (I8l 220, 7:2(0)) + | A&l 20,722 (02)) +1)
SCA+Jwl poo,m;220))) (Il 20,7502 ) + 1wl L2(0,7:22(02)) +1)
<c(). (3.17)

As for the remaining terms, by using the equality u-Vw=V-(uw) and the same tools
used for estimating (3.17), it follows that

I +13+14
< ATV (w) || 20, 7500(2)) + CIIAT V(Y 0) || 20,709 0) + ClIVI L2 (0,7 L90)
<COllaw|| z20,7;2a)) +Cllull 20,709 (0)) + Cllwll L20,7;09(0))
<Ol p2(0,7; 20 1wl L (0,720 (2)) + Cllull 20,7511 () + Cllwl L2 (0,7:29(2))

< Clull 20,7151 @) 1wl Loe (0, 15220 (02)) F Cllall L20,7511 () + Cllwl L2 0,7;L9(0))
<co(T). (3.18)
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Thus, through summing up the estimates from (3.15) to (3.18) and applying Propo-
sition 3.2 again, we finally prove that ||g||z2(0,7:w2.4()) <C(T). O

Finally, to guarantee both the global existence and the uniqueness of strong solu-
tions, we further need the global bound of || Vw|| e (0,1;14(0)). And now, we get to work
on it.

PrOPOSITION 3.4.  In addition to the conditions in Lemma 3.2, we further assume
Vwg € LYUQ) for any 2<q< oo, we then derive the global bound

[Vwl| Lo (0,7;09(0)) < C;
where C' depends only on Q, T, |[uollg2(q), |wollm (o) and [|[VwollLa)-
Proof. Taking the first-order partial 8; on (1.4)* yields,
dyw; +4kd;w+u-Vow+du-Vw=2kd;V+ -u. (3.19)

Then, for any 2<¢<oo, multiplying (3.19) with |0;w|?~20;w, summing over i and
integrating on €2, we obtain

1d q q q 2 q—1

V0l ) + 46T gy < [Vl ()| Ty + 261l V0l

ie.,

d
o V| La(q) + 46l V| Loy < IVl Lo () | Vel Loy + 26 VPl Laq).-

Next, by employing Lemma 2.4 for the system (1.10), it clearly holds
V¥l Lo () < C(L+[Jw]| e (o)) In(e+[[Vwl| Lo(o)) (3.20)

for any g€ (2,00). Subsequently, by recalling the definition of g, applying Lemma 2.3,
(3.20) and the Sobolev embedding inequalities, we further deduce that

@150l ey + 451V ey

<[Vl oo (o) IVl Loge) + 26Vl a0

<Vl Lo @) IVwl o) + (v +m) V| oo @) [ V| o) + 26 V2] Lo o)
+25[| V2V Lae)

<Cllgllwza)[VwllLao) + C(1+|[w] L= o)) n(e+ V|| La@) [ Vwll L)
+C|lgllwza(q) +ClIVw| L)

<Cot)(1+||Vwl|La))nle+|[Vwl Laq),

where ¢(t) = (1+ ||wl| o (o)) (1+[|g[[w2.4(n)). According to Proposition 3.3 and Lemma
3.2, it is clear that ¢(t) € L(0,T). This, together with Gronwall’s inequality yields that

T
IVallzoioy +45 [ [Vl ooyt <C(T).
0

This completes the proof of Proposition 3.4. ]
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PROPOSITION 3.5. Assume that (ug,wq) satisfies the conditions stated in Theorem 1.1
and (u,w) be the smooth solution of system (1.4)-(1.6). Then, it holds that

[l 0,711 (2)) + 1all 20,728 0)) + Wl Lo (0,75w13(02)) < C, (3.21)
where the constant C depends only on Q, T, ||uo| g2y and ||wollwi.aq)-

Proof. According to the assumptions on the initial data, Proposition 3.3 and Propo-
sition 3.4, it is clear that ||w||Le(,r;w1.4(0)) < C. Then, by the definition of g and
Lemma 2.3, we have

[ull Lo 0,781 () + [0l L2 (0,720
<lglleomrm @) +l8llezorwes@) + @ +8) VL oz @) + V20 rw2s@)]
<gll Lo o,m501 () F I8l 20, m3w2402)) + (V+8) [[[wll Lo 07522 02)) + 1wl 20, 75w 1302 ] -
The terms |wl|pee(0,7;02(0)), 18]l 0,71 () and ||gllz2(0,7w24(q)) are globally
bounded due to Proposition 3.2, Lemma 3.1 and Lemma 3.2 respectively. To bound the

term ||wl|z2(0,7;w1.4(q)), it suffices to apply Proposition 3.3, Proposition 3.4 with ¢=4
and Holder’s inequality. This completes the proof of Proposition 3.5. 0

Proof. (Proof of Proposition 3.1.) In terms of Proposition 3.5, it suffices to
establish the estimate of [[ul| (o, 7;r2(q)). To this end, we first estimate |wi| 12(q)-
Multiplying the equation of w in (1.4) with w; and integrating on 2, we have

||wt||%2(9):—4/1/watdm—/gu~watdx—l—%;/QVL-uwtdx

IN

||wt||%2(sz)+0Hw||2L2(Q)+C||u'vw||2L2(Q)JFC”VUH%Z(Q)

IN

lwell 72 () + CllwllZa @) + Cllulls ) IVwlZs @) + Cllullin g

IN
N RN~ DN

lwellZz(py + Cllwlzao) +Clullz o) Vel Zs @)+ Clullin o)-
The global bounds in Proposition 3.2 and Proposition 3.5 then imply

1wt || oo (0,752(02)) < C- (3.22)

To estimate ||us 2(q), we take the temporal derivative of the equations of u in
(1.4) to get

uy— (V+K)Au+u-Vur+u - Vu+ V= —2kV 1 wy. (3.23)

Taking the dot product of (3.23) with u; and integrating on €2, it follows that

1d
ia”ut”%%m+(V+"i)||vut||2L2(Q)
:—/ut-Vu-utd:E—%a/ Viwg -upde. (3.24)
Q Q

By integration by parts, Holder’s inequality and Young’s inequality, we obtain

—/ut-Vu-utdx—Qli/ Vlwrutd:c
Q Q
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:/utVutudsc+2H/ thL-utdz
Q O
< CllugllpalIVuel L2 @) lullLa @) + ClI Va2 o) lwell 22 ()

1 3 1 1
< CHutHE,Z(Q)||vutH[2,2(Q)||u||z2(Q)Hqu[2,2(Q) +C||VutHL2(Q)||wt||L2(Q)
< V+kK
- 2

Hvut||2L2(Q) +CHU||?;2(Q)||UH?11(Q)||ut\|%2(§z) +C||wt||2L2(Q)-

Combining the estimate above with (3.24), applying (3.22), and invoking Proposition
3.5, we conclude that

el Lo 0,7;22(0)) < C. (3.25)

By Lemma 2.3,
Jull 2 (0) < C1 ([l 2() + [[u- V| 2 ) + [ Vol 2) (3.26)
where C7 depends only on §2. Then by Hélder’s inequality and Corollary 2.1, we have
[u-Vull20) <[[allLa @) [Vul s
< Caull 2 o IVl £ ) (170 2 ) [ V201 £ )+ 1V 22(2)
<20y ull s g 10l

1
<50, =@ +2C1 03 ||ullfn q),
where C5 also depends only on 2. Together with (3.26), (3.25) and Proposition 3.5, we
obtain the desired global bound. This completes the proof of Proposition 3.1. 0

4. Proof of Theorem 1.1

The goal of this section is to complete the proof of Theorem 1.1. To do so, we
first establish the global existence of weak solutions by Schauder’s fixed point theorem.
Moreover, due to the global bounds derived in (3.1), these solutions are actually strong
solutions. Then the a priori estimates obtained in the previous sections for u and w
allow us to prove the uniqueness of strong solutions.

Proof. (Existence.) The proof is a consequence of Schauder’s fixed point theorem.
We shall only provide the sketches.

To define the functional setting, we fix T>0 and Ry to be specified later. For
notational convenience, we write

X =C(0,T;L*(2))NL2(0,T; HL ()
with ||g||x = HgH2C(O,T;L2(Q)) + HgHQL?(O,T;Hé(Q))’ and define
B={geX||gllx <Ro}.

Clearly, B C X is closed and convex.
We fix e€(0,1) and define a continuous map on B. For any v € B, we regularize it
and the initial data (ug,wq) via the standard mollifying process,

€__ € € __ € €__ €
vi=pxv, uj=pxug, wi=p *xwo,
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where p© is the standard mollifier. Initially, the transport equation with smooth external
forcing term 2xV+ - v¢ and smooth initial data w§

€, — i R——
{wt—l—v Vw+4kw =2V~ -ve, (4.1)

w(z,0) =w§(x),

has a unique solution w¢. We then solve the nonhomogeneous (linearized) Navier-Stokes
equations with smooth initial data u§

u; +ve-Vu— (v+k)Au+Vr = —25V+iwe,
V'UZO, u|aQ=O7 (4.2)
u(z,0) =uj(z),

and denote the solution by u¢. This process allows us to define the map
Fe(v)=u".

We then apply Schauder’s fixed point theorem to construct a sequence of approxi-
mate solutions to the system (1.4)-(1.6). It suffices to show that, for any fixed e € (0,1),
F¢: B— B is continuous and compact. More precisely, we need to show

(a) [[ul[z < Ro;

() ullcormi @)+ ullz2o,7;m2(0) < C;

(c) ||[Fé(v1)—F¢(v2)||lp <C|vi—vzl|/p for C independent of € and any vy, vy € B.
We verify (a) first. A simple L?-estimate on (4.1) leads to

T T
Hw5||2L2(Q)+4’f/ ||w‘||%2(9)dt§||w8||%2(9)+4/1/ IVVEI|72ydt
0 0

T
< o |2y + 45 / 19922
<lwol|2(q) + 45 Ro-

Then by taking inner product of (4.2) with u® and after some basic calculations, we
have

T 2 T
4K
€12 €2 2 €12
\Y dt < —_— dt.
Ju ||L2(Q)+(V+“)/O [Vu|l7z2q) _||UOHL2(Q)+V+K/O w220
In order for F* maps B to B, it suffices for the right-hand side to be bounded by
Ry. Invoking the bound for [[w®||12(q), we obtain a condition for 7" and Ry, namely

[aol|Z2 (0 +CT (lwol| () +Ro) < Ro, (4.3)

where the constant C' depends only on the parameters v and k. It is not difficult to see
that, if CT <1 and Ry >> ||u0||%2(ﬂ)+||w0||%2(m, (4.3) would hold. Similarly, we can
verify (c) under the condition that T is sufficiently small. Besides, (b) can be verified
by the similar way as estimating (3.21). Schauder’s fixed point theorem then allows us
to conclude the existence of a solution on a finite time interval [0,7]. These uniform
estimates would allow us to pass to the limit to obtain a weak solution (u,w).

We remark that the local solution obtained by Schauder’s fixed point theorem can
be easily extended into a global solution via Picard-type extension theorem due to the
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global bounds obtained in (3.21). This allows us to obtain the desired global weak
solutions. |

As mentioned in the beginning of this section, the solutions established in the
previous step are actually strong solutions due to their global bounds (3.1). Now, we
are in the position to prove the uniqueness of strong solutions. To be more precise, we
will consider the difference between two strong solutions and then establish the energy
estimates for the resulting system of the difference at the level of basic energy.

Proof. (Uniqueness.) Assume (u,w,7) and (u,w,7) are two strong solutions of
the system (1.4)-(1.6) with the regularity specified in (1.7). Consider their difference

U=u—u,W=w—w,lI=7—1,
which solves the following initial-boundary value problem
U;— (v+x)AU+u-VU+U-Vu+ VII=-2xVW,
W, +4kW +u- VW +U -V =2xV+. U,
V-U=0, Ulpn =0,
(U,W)(x,0)=0.
Taking the dot product of the first two equations of (4.4) with (U, W) yields
14
2 dt
:f/QU~Vﬁ~Udzf/QU~V@Wda:f%/QVLW-de

HU||2L2(Q) + ||WH%2(Q))+(V+“)HVU||%2(Q) +4KHW”%2(Q)

+25K / vt . UWdz. (4.5)
Q
Then by the divergence theorem and boundary conditions Ulga =0,

—2,%/ VAW -Udz+2k | VE-UWdz
Q Q

:4,.;/ Vi UWdz

Q

(v+k)
4

To bound the first and second terms on the right-hand side of (4.5), we invoke the
Holder’s inequality, Corollary 2.1 and Young’s inequality to obtain

<

IVUI[72(0) + ClIIW 22 0-

—/U-Vﬁ-de—/U-V@de
Q Q
<[Vl L2 () U174 0y + IV@| L1 () Ul ey Wl L2 ()
1 1
<CVullr20) Ul 2(0) VUl 2(0) + ClIV@l L1 (0) Ul 72 () VUl F2 ) Wl 22(2)
(v+K)
4

Inserting the above estimates into (4.5) yields

< ||VU||%2(Q) +C(1+ ||V1~1H%2(Q) + va”%‘i(ﬂ)) (||UH2L2(Q) + HW”%"’(Q))'

d
211012y + W72 o)



2164 2D MICROPOLAR EQUATIONS

<C(1+ ||Vﬁ||%2(9) + HV{DH%HQ))(”UH%%Q)_'—HWHQL?(Q))'
By Gronwall’s inequality, we obtain
OO 20 +IIW ()220
<l (1+||Vﬁ\|izm>+uvw|\i4<m)dT(HUO\@Z(Q) +Woll72q))

for any t€ (0,7). According to Proposition 3.2, Proposition 3.4 and noting that U=
Wy =0, we obtain the desired uniqueness U =W =0. This finishes the proof of Theorem
1.1. a0
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