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TWO QUADRATURE RULES FOR STOCHASTIC ITO-INTEGRALS
WITH FRACTIONAL SOBOLEV REGULARITY*

MONIKA EISENMANNT AND RAPHAEL KRUSE*

Abstract. In this paper we study the numerical quadrature of a stochastic integral, where the tem-
poral regularity of the integrand is measured in the fractional Sobolev—Slobodeckij norm in W<?(0,T'),
0 €(0,2), p€[2,00). We introduce two quadrature rules: The first is best suited for the parameter range
o0 €(0,1) and consists of a Riemann-Maruyama approximation on a randomly shifted grid. The second
quadrature rule considered in this paper applies to the case of a deterministic integrand of fractional
Sobolev regularity with o € (1,2). In both cases the order of convergence is equal to o with respect to
the LP-norm. As an application, we consider the stochastic integration of a Poisson process, which has
discontinuous sample paths. The theoretical results are accompanied by numerical experiments.
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1. Introduction

In this paper we investigate the quadrature of stochastic It6-integrals. Such quadra-
ture rules are, for instance, important building blocks in numerical algorithms for the
approximation of stochastic differential equations (SDEs). For example, let T € (0,00)
and (Qw, FV, (fg’V)te[O,T] ,Py) be a filtered probability space satisfying the usual condi-
tions. By W: [0,7] x Qw — R we denote a standard (F}");e(0,71-Wiener process. Then,
for a given continuous coefficient function A: [0,7]— R and a stochastically integrable
process G: [0,T] x Qw — R, the numerical solution of the initial value problem

AX (1) =M X () dt+G()dW(t), te[0,T),
X(0)=0,

can be reduced to the quadrature of the Ito-integral

X(t):/Otexp(/:)\(u)du)G(s)dW(s), te[0,7],

by the variation of constants formula. We refer to [10, Section 4.4] for further examples
of SDEs which can be reduced to quadrature problems.

In the standard literature, as for example in [2,7,14-16,19], the regularity of the
integrand is often measured in terms of Hélder norms. However, in many cases the order
of convergence observed in numerical experiments is larger than the theoretical order
derived from the Holder regularity. The starting point of this paper is the observation
that the gap between the theoretical and the experimental order of convergence can
often be closed if the regularity of the integrand is measured in terms of fractional
Sobolev spaces.
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2126 TWO QUADRATURE RULES FOR STOCHASTIC INTEGRALS

We then introduce two quadrature formulas: The first is a Riemann-Maruyama
quadrature rule but with a randomly shifted mesh. The second is a stochastic version of
the trapezoidal rule and is applicable to It6-integrals with deterministic integrands pos-
sessing a higher order Sobolev regularity. As our main result, we obtain error estimates
with positive convergence rates even in the case of possibly discontinuous integrands.

To give a more precise outline of this paper, let G: [0,7] x Qw — R be a stochas-
tically integrable process as above. We want to find a numerical approximation of the
definite stochastic Ito-integral

T
1G] :/0 G(s)dW (s). (1.1)

If GeC7([0,T);LP(Qw)), v€(0,1), p€[2,00), then one often applies the classical
Riemann—Maruyama-type quadrature formula

N
NGI=>Gt)(W(t) =W (t;-1)), (1.2)
j=1
for the approximation of the stochastic integral I[G], where N €N determines the
equidistant step size h= % and an equidistant partition of [0,77] of the form

mh={t;:=jh:j=0,1,...,N}C[0,T]. (1.3)
Then, standard results in the literature, see for instance [2,16,19], show that
11161 = QMG 11 () < CNIGll o (o, 71:20 2w 7 (1.4)

for all N € N, where the constant C' is independent of N and h.

In this paper, we first focus on the case that the integrand G: [0,T] x Qw — R is of
lower temporal regularity. To be more precise, we assume that G € L?(Qu; W (0,T))
with 0 €(0,1) and p€[2,00). See Equation (2.1) and (2.2) below for the definition of
the Sobolev—Slobodeckij norm. We emphasize that the space WP (0,T) contains pos-
sibly discontinuous trajectories if op < 1. In particular, several of the singular functions
studied in [15] are included in the fractional Sobolev spaces in a natural way.

In this situation we introduce a randomly shifted version of the Riemann—Maru-
yama quadrature rule (1.2) for the approximation of (1.1). To this end, let N €N and
set h= % as above. We will, however, not make use of the equidistant partition (1.3).
Instead we introduce an additional probability space (Qe,F©,Pg) as well as a uniformly
distributed random variable ©: Qg — [0,1], that is assumed to be independent of the
stochastic processes G and W in (1.1). The value of © then determines a randomly
shifted equidistant partition 7,(0) of [0,T] defined by

m(0)={0}U{0,:=(j—14+0)h: j=1,...,N}U{T} C[0,T], (1.5)
where we also write ©p:=0 and Ox41:=T. Note that 7, (0) is, strictly speaking, not
equidistant due to the addition of the initial and final time point. However, it holds

true that

©;=6;-1|<h (1.6)
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for all je{l,...,N+1}, where we have equality in (1.6) for all j€{2,...,N}. The
randomly shifted Riemann—Maruyama quadrature rule is then given by

QMG 0] = ZG (©+1) =W (9,)). (1.7)
In Section 3 we will show that Q?VRM is well-defined for all progressively measurable
G e LP(Qu;WP(0,T)). If G satisfies an additional integrability condition at ¢ =0, we
have

11161 = QXG0 1 1 xr0) S CAFIG Lo iwen o)),

where C € (0,00) is a suitable constant independent of N and h. For a precise statement
of our conditions on G we refer to Assumption 3.1 below.

We remark that quadrature formulas for stochastic integrals on random time grids
are already studied in the literature. In contrast to our observation, however, it usually
turns out that the additional randomization does not yield any advantage over algo-
rithms with deterministic grid points if the regularity of the integrand is measured in
terms of the Holder norm. See, for instance, [2]. We also refer to [5] for a related
observation in mathematical finance.

In Section 4 we further discuss the case of deterministic integrands g: [0,7]—R
with regularity g€ W'to?(0,T), o0 €(0,1), p€[2,00). Under this additional regular-
ity assumption we obtain a higher order error estimate for a stochastic version of a
generalized trapezoidal quadrature rule given by

NPl =3 5 (0(0) +90) (W (1)~ W (1;-1)
j= " ,
+ Yt —a(t)) [ =t awe, (1.8)

where tj_; = *(tj_l +tj), 9‘7‘ =t;_1 +60h and éj =t;_1+ (1 —9)h for A e [0,1] and j€
{1,...,N}. Observe that in the deterministic case, where dW(t) is replaced by dt,
the second sum would disappear and we indeed recover the trapezoidal rule if §=0.
Further, the choice 6 :% yields the midpoint rule. In Section 4 we also show that the
implementation of (1.8) is straight-forward.

The remainder of this paper is organized as follows: In Section 2 we recall the defini-
tion of the fractional Sobolev spaces WP (0,T") and the associated Sobolev—Slobodeckij
norm. In addition, we fix some notation and collect a few martingale inequalities. Sec-
tion 3 and Section 4 then contain the error analysis of the quadrature rules (1.7) and
(1.8), respectively. In Section 5 we then present several numerical experiments for the
case of deterministic integrands with various degrees of smoothness. In Section 6 we
finally show that a Poisson process satisfies the conditions imposed on the randomly
shifted Riemann—Maruyama rule and state some numerical tests.

2. Preliminaries

First, let us recall the definition of fractional Sobolev spaces which are used in order
to determine the temporal regularity of the integrand. For T € (0,00) and p € [1,00) the
Sobolev-Slobodeckij norm of an integrable mapping v: [O T]—R is given by

1
[vllwero,m) = (/ |”dt+/ / |t78|1+0p dtd)p (2.1)
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for 0 €(0,1) and

TP ' QLOEUOIWAY
||v||Wa,p(o,T):( | @Pdi+ | et | \t—s|1+(” 1)pdtds> (2.2)

for o €(1,2). We denote by WP(0,T) C L?(0,T) the subspace of all LP-integrable map-
pings v: [0,7] = R such that [[v||ywe.r,7) <oo. The space W?P(0,T) is called fractional
Sobolev space. 1t holds true that W1P(0,7) Cc W?(0,T) C LP(0,T) for all o € (0,1). For
further details on fractional Sobolev spaces we refer the reader, for example, to [3, Chap-
ter 4] or to the survey papers [4] and [18].

For the error analysis it is convenient to introduce a further probability space
(Q,F,P) which is of product form

(Q,F,P):=(Qw x Qo,FVY @ F° Py @ Pg). (2.3)

Recall from Section 1 that (Quw,F",(F")ecpo,r),Pw) is the stochastic basis of the
Wiener process W and the integrand G in (1.1), while the family of random temporal
grid points 7 determined by the random variable © is defined on (Qg,F®,Pg). In the
following we denote by Ey[] and Eg[-] the expectation with respect to the measures
Py and Pg, respectively.

For the error analysis with respect to the LP(§)-norm, p €[2,00), we also require
the following higher moment estimate of stochastic integrals. For a proof we refer
to [11, Chapter 1, Theorem 7.1].

THEOREM 2.1.  Let p€(2,00) and G € LP(Qw; LP(0,T')) be stochastically integrable.
Then, it holds true that

B | [ “owaw(o|] < (R s, | [ e

The error analysis also relies on a discrete-time version of the Burkholder—Davis—
Gundy inequality. A proof is found in [1].

THEOREM 2.2. For each p€ (1,00) there exist positive constants ¢, and C, such that
for every discrete-time martingale (X, )nen and for every n €N we have

<
LP(;R4)

max

1
X 2
ie{l,..., [ ]n

X2

c <C
P Le(RY) — T

Lr(Q;R4)
where [X|, = ‘Xl |2 +Z?;11 {XZ-H —XZ-‘Q denotes the quadratic variation of (Xp)nen up
to n.

3. Error analysis of the lower order quadrature rule

In this section we present the error analysis of the randomly shifted Riemann—
Maruyama quadrature rule defined in (1.7). First, we state the assumptions on the
integrand in the stochastic integral (1.1).

AssumpPTION 3.1. The mapping G: [0,T]x Qw =R is a (F}")ie(0,1)-progressively
measurable stochastic process such that there exist p € [2,00) and o € (0,1) with

G € LP(Qu; WP (0,T)).
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In addition, there exist Co € (0,00) and hg € (0,T] with

h
/EWUG(t)V’]dtgcohmaxmxpff*%”) for all h < hy. (3.1)
0

Under Assumption 3.1 the stochastic process G is stochastically integrable and the
Ito-integral (1.1) is well-defined. For more details on stochastic integration we refer the
reader, for instance, to [8, Chapter 17] or [9, Chapter 25]. Moreover, we stress that
for the case o € (0, %) the stochastic process G does not necessarily possess continuous
trajectories. In Section 6 we show that a Poisson process satisfies all conditions of
Assumption 3.1 for all p€[2,00) and o €(0,1) with op<1.

REMARK 3.1. The condition (3.1) ensures that the LP(Qy )-norm of the process G is
not too explosive at t=0. In Section 5 we will show that Assumption 3.1 includes weak
singularities of the form [0,7]3 ¢+t for v € (0,4). On the other hand, if the integrand
enjoys more regularity at ¢ =0 but is nonzero, then one might apply the quadrature rule
(1.7) to the integrand G(t) :=G(t) — G(0) to verify (3.1) for larger values of o.

REMARK 3.2. The randomly shifted quadrature rule Q3FM[G, 0] only evaluates G on
the randomized time points in 75, (0) determined by © ~1/(0,1). Because of this, the
quadrature rule is independent of the choice of the representation of the equivalence class
Ge LP(Q;WP(0,T)) in the following sense: For all w € Qy with G(-,w) e WP (0,T) let
Gi(-,w), 1€{1,2}, be two representations of the same equivalence class in W?(0,T').
Then it follows from

G1(t,w) =Ga(t,w)
for almost all ¢ € (0,7 that
G1(0;,w)=G2(0;,w) Peo-almost surely in Qg
for every j€{1,...,N}, and hence G1(0;) =G2(0;) P-almost surely on Q=Qy x Qg.

First, let us prove a lemma, where we insert an arbitrary but fixed value 6 €[0,1]
into (1.7) instead of the random variable ©.

LEMMA 3.1.  Let Assumption 3.1 be satisfied with p€[2,00), o€ (0,1), Cy€ (0,00),
and ho € (0,T). Further, let 0€[0,1] be arbitrary and 0; =t;_1+0h for je{1,...,N}
with 0o =0 and On11=T. Then, there exists C(p) € (0,00) depending only on p € [2,00)
with

HI[G} - ?\TRM[Gﬁ]HLz}(Qw)

<co)n's ( /0 Ew [|G(1)]"] dt)%

for all N €N with &% =h<ho and almost every 6 € [0,1].

Proof.  Analogously to (1.6), we have for all j€{0,1,...,N} and every 6€[0,1]
that

011 —0;<h
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by definition of (6;);eqo,... n+13- We abbreviate the time-discrete error term by
By / G(t)dw (t ZG W (0;41)— W (9;))

= G ) AW (¢ +Z/ G(0,))dW (t)
for ne{1,...,N+1}. Then, we can write the error of the quadrature rule (1.7) as
11161- QF™G. 611 g, =Bw [| BT[],

Furthermore, it follows from Assumption 3.1 and Theorem 2.1 that Ej: Qw —R is
an element of LP(Quw) for every ne{l,...,N+1}. In addition, Ej is measurable with
respect to the o-algebra .7-'(}/:. Since we obtain for all 1<m<n<N+1 that

Ey [Eg

G(0))dw ()| 73!

= G YAW (¢ +Z/ G(6;))dW (t)

+EW[§/;’“ (G(6) -G (o) W (1) | 7] = B

the process (Ej )neq1,... n+13 is a discrete-time martingale with respect to the filtration

(]—'GVZ )n {1, N41}" From an application of the Burkholder—Davis—Gundy inequality

from Theorem 2.2 and the triangle inequality we obtain

(2w [l )’
<G (Bw [(|E3" + X015 - EA°)

=G

B3 +21Eﬂ“ B .
<CP(HE91H2LP(QW) +Z HEg—H _EgHiP(QW))
j=1

P
2

Dk

Nl=

LQ(QW )

Nl

N 1
gcp||E;HLP(QW)+c,,(z||Eg+l _Eg||jpmw)) = O (Xy 4 Xy),
j=1

where we will consider X; and X5 separately in the following. By making use of Theo-
rem 2.1 we obtain the estimate for X3

01
XP_H/ G(t

plp—1)\5 o2 [*
T -
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since 61 < h. To estimate X5 we again apply Theorem 2.1 and obtain that

N
X2=3 B =B o

j=1

:jij / " (G-, aw )|

2

Lr(Qw)

Sp(pgl)hpjé(/:+1EW[|G(t)—G(9j)|p] dt)%-

Altogether, this yields the assertion with C(p) :Op(p(pgl))%. O

LEMMA 3.2.  Let Assumption 3.1 be satisfied with p€[2,00), o€ (0,1), Cp€ (0,00),
and ho € (0,T]. For every h=% <hy, N€N, consider for n€{1,...,N} and 6€[0,1]
the discrete-time error process

Jj+1

01 n—1 ,¢
By= [ ewawo+y [ (GG (3.2)

where ;= (j—14+0)h, je€{1,...,N}. Then the mapping
[0,1] X Qw D (H,WW) »—>E5L(ww) eR

is B(0,1) @ FV /B(R)-measurable.

Proof.  Recall that for every stochastically integrable process G: [0,T] x Qw —R
the stochastic Ito-integral

/ Gs)aw (s

considered as a stochastic process with respect to its upper integration limit ¢ €[0,77] is
(FY )telo, )-Progressively measureable. From this it follows that the mapping

ho

[0,1] x Quy 3 (0,ww) = B (ww) = ( G(s)dW(s)) (ww)

0
is B(0,1)®F}Y /B(R)-measureable.

For the same reasons, due to 8; <t,, for all j €{0,...,n}, and since G is assumed to be
(FY )te[o,7)-Progressively measureable we also obtain the claimed product measurability
of all other summands in (3.2). 0

We now state and prove the error estimate of the randomly shifted Riemann—
Maruyama quadrature rule defined in (1.7).

THEOREM 3.1.  Let Assumption 3.1 be satisfied with p € [2,00), o€ (0,1), Cpy € (0,00),
and ho € (0,T] and let ©: Q—[0,1] be a uniformly distributed random variable which
is independent of the stochastic processes G and W. Then, there exists C(p) € (0,00)
depending only on p €[2,00) with

max(0, % —o)

11161 = QXG0 1 () < C ) (T g + 15 (|Gl o s 01)) B
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for all N eN with %:hgho.
Proof.  As in Lemma 3.2 we abbreviate the time-discrete error process Ky, n¢€

{1,...,N+1}, for each value of 6 €[0,1] by

Jj+1

£ = | 1g(t)dW(t)+Z_: /9 (GH—=GE))dw (@),

where 6, =(j—1+0)h.

By EZ we then denote the composition of the mappings Q23 (ww,we)+—
(O(we),ww) €(0,1) x Qw and (0,1) x Qw 2 (6,ww) = EF (ww) €R.  Clearly, the ran-
dom variable Eg is then 7}V ® F© /B(R)-product measureable for all n€ {1,...,N +1}.

Next, we give an estimate of the LP(€2)-norm of the error of the quadrature rule
(1.7)

17161 - QF™IG, Ol (o) =Be [Ew [|ES™["]]-

Using Lemma 3.1, we now obtain that for almost every wg € Qg
N41 |P »
(Ew[1BSELI])
b2 01 (we) %
<on' ( / Ew (|G ()] dr)
0

N Oit+1(we) 1

Ew [|G() - G(Ou(we))]dt) "),

where C(?):Cp(@)% and ©;,=(i—1+0O)h. Hence, after applying the norm
(Eo[(-)"])7 we get

1
128 | 1o o) = (Be [Ew [ E5 T17]]) 7

(e[ [ EwlicO]a])’

(el (S ([ mwliew-ceora)) )| e

i=1 7O

<C(p)h'=

Due to h<hg we have, by condition (3.1), for the first term that

O, » 1 h 0
Eeo [/ Ew [|G(t)| ]dt} :E/ / Ew [|G(t)[P] dtdg
0 0o Jo
h
g/ Ew [|G(t)[7] dt < Coh™ex(0pr=#5%),
0
Since |t —©;]| <|0;+1 —O;| < h is fulfilled in the second summand on the right-hand side
of (3.3) we further estimate the second sum by
Qi1

E@[(i (/O Ew [|G(t) - G(©)]] dt)%)%]

i=1



M. EISENMANN AND R. KRUSE 2133

Oit1

N ZN:IE@ [/@ Ew [|G(1) - G(©,)]"] ]

it1 EWHG G(@))”’]

h1+paZE [/ = 61|1+P0z dt}

Ew [|G(t) - G(6:)|"]

1 o L
<N"= > pltp Z/ Eo PG }dt
p
e [ P

h””||G||Lp(gw;ww(o,T))’

where we made use of the fact that ©; ~U(t;_1,t;) in the second last step. The assertion
then follows at once after inserting the last two estimates into (3.3) and by noting that

N5 h'% =T"% and max(0,0 — &-2)+ B2 2 5)> O
P P = » and max( ,O’—W)—F 2 max(g,a) g.
REMARK 3.3. Let us briefly compare the error estimate of Theorem 3.1 to the

standard case with Holder regularity, where it is assumed that G € C7([0,T]; L?(Qw)),
~v€(0,1). In this case the random shift of the mesh 7, is not required and the standard
Riemann—Maruyama quadrature rule (1.2) converges with order ~.

Since every function in C7([0,T]; L (Qw))NLP((0,T) x Qw ) is also an element of
LP(Qu; WoP(0,T)), for all o€ (0,7) the error estimate in Theorem 3.1 guarantees
that ~ is essentially also a lower bound for the order of convergence of the quadra-
ture rule (1.7). However, as we will also see in Section 5, one readily finds inte-
grands G € C7([0,T]; LP(Qw)) N LP(Qy; W>P(0,T)) with o >+. For example, the pro-
cess G(t) =11 +W(t), t€[0,T], is an element of C7([0,T];L?(Qw)) with v= %. How-
ever, it is simple to verify that we also have G € L*(Qw;W2(0,T")) for every o € (0, 3).

4. Higher order quadrature rule

In this section we present the details on the higher order quadrature rule (1.8).
To the best of our knowledge there is little literature on higher order quadrature rules
for Ito-integrals. When estimating the solution of a stochastic differential equation
with higher order Runge-Kutta schemes, our quadrature rule with =0 appears as a
by-product. See, for example, in [10, Chapter 12] and [17] with classical and stricter
regularity assumptions on the integrand. For further results on higher order Runge—
Kutta schemes we also refer the reader to [12, Chapter 1], where schemes containing
a derivative of g are considered. Let us mention that the quadrature rule (1.8) can
also be seen as a derivative-free version of the Wagner—Platen scheme, see [10]. This
has been studied in [14] under classical smoothness assumptions, that is, g€ C*([0,T])
with a globally Lipschitz continuous derivative. For the case of arbitrary 6 € [0,1] as,
for example, the midpoint rule when choosing 6 = %7 there are no known results to us.
Furthermore, the regularity assumption in the standard literature is stricter than in our
work.

First we state the conditions for our error analysis.

ASSUMPTION 4.1. There ezist p€([2,00) and o€ (0,1) such that the mapping
g: [0,T] =R is an element of W'ToP(0,T).

Let us take note that Assumption 4.1 and the Sobolev embedding theorem ensure
the existence of a continuous representative of the integrand. Hence, the point evaluation
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of g on the deterministic grid points in (1.8) is well-defined. Because of this the artificial
randomization of the freely selectable parameter value 6 € [0,1] is not necessary.

Still, different choices of 0 can affect the error. While the rate of convergence does
not change when varying 6, it can have an effect on the error constant. For each value
of 6 we then define the two points

ej:tj,1+9h, éj:tj,1+(1—9)h, jE{l,...,N},

where as before h = %, NeN, and t;=jh, j€{0,...,N}. Also we denote the midpoint
between two grid points ¢;_; and t; by i1, that is,

tji_1+t;
t, 1=-L— 7
2 )

j—

je{l,...,N}.

N

Then, the quadrature rule studied in this section is given by

e lgl =3 5 (06 + () (W (1)~ W (1))

<.
Il
—_

)dW (2).

N

N ‘s
+Y o) gt [ -ty

t]'71

Let us observe that the parameter value =0 yields the stochastic trapezoidal rule.
This choice of # also admits the practical advantage that it only requires N + 1 function
evaluations of the integrand g, since then §; =¢;_; and éj =t;. Furthermore, choosing
0=0.5 we obtain the stochastic midpoint rule. Therefore, our general approach offers
an analysis that covers two well known rules at once.

THEOREM 4.1.  Let Assumption 4.1 be satisfied with p € [2,00) and o €(0,1). Then,
for all N € N with % =h it holds true that

1 oy
1719] = QNP (91| 1oy < Co (20— 1)) * T W1 gllwrce.o 0,1

The proof of Theorem 4.1 relies on the following lemma, which contains a useful
representation of the error of the quadrature formula (1.8).

LEMMA 4.1.  Let Assumption 4.1 be satisfied with p € [2,00), 0 €(0,1). Then, for every
N €N the discrete-time error process (E™)neqo,...,. Ny of the quadrature rule (1.8) defined
by E°:=0 and

) aw(e)

Nl=

ti—1

=3 [ (a0~ 5(0(65) +9(6,) - 1 (0lt5) ~ gt 1,
=17t

forne{l,...,N}, is a discrete-time (Ft, )neqo,..., N} -adapted LP (Qy )-martingale. More-
over, it holds true that

E=,112_j / / (/ (§() — 9(r)) ds
1 [9

J éj
,§/t | (g(s)fg(r))dsf%/t | (§(s)— g(r))ds)draw(t)  (41)
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for allne{l,....N}.

Proof. The martingale property and the L?(Qy)-integrability follow directly from
the definition of E™ and the fact that g € W1+"’p(O,T) implies the boundedness of g. In

order to prove (4.1) let us rewrite g(6;)+g(;) in a suitable way by

0,
i(s)ds+ / i(s)ds,

-4

0;
9(6,)+(05) =20(t; 1)+ [

i—

[N

where ¢ denotes the weak derivative of g€ W1TP(0,T). Therefore, we have for all
te [tj_l,tj] that

olt) = 5(00,)+9(0,) =00 =0, )= [ das—5 [ ats)as

Inserting this into the definition of E™ then yields the three terms

E :Z(ngingxg),

j=1

where

) AW (1),

:/ (t, |
:/ /0]1 ds+/jj §(s)ds) AW (@),
|

=

Nl

j—

M\

Xi=

c

>

(a(t)=a(t-0) [ =t paw o).

G-

In the following let j € {1,...,n} be arbitrary. For the term X7 we then obtain

) AW (t)

wh—t

tj—1

:/ dr/ /tldde
‘h/tj;/tj

This now enables us to write

_Xi— / /t s)dsd W (¢ —/7 /t l/t::g(r)drdde(t)
_h/tj_l/t /t 1 g(r)) dsdrd W (¢).

T2

X (ot —gto) [ -t
1

m

/ r)drdsdW(t).

J

1
2
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Further, due to the identity 6; —t;_1 =—(6; —¢;_1) we have for the term Xg that

1
2

Xi= /t/ s)dsdW (¢ /t/ s)dsdW (t)

r% 1
tj

/ / /f s)dsdrdW (¢ / /t /f s)dsdrdW (t)

_1
2

AL [ s [
// / >9(T>)d8+/téj (9(3)—Q(T))d8>drdW(t).

2 i

[N

=

Altogether, this completes the proof of (4.1). d
This lemma in mind, we now present our proof of the main result of this section.

Proof. (Proof of Theorem 4.1.) Let N €N be arbitrary. Due to Lemma 4.1 we
know that the discrete-time error process (E™),¢qo,..., v is a p-fold integrable martingale
with respect to the filtration (]-"gf )Jnefo.,...,N}- Thus, an application of Theorem 2.2 yields

I mex 1B o <O (1B°F +Z|EJ“ o)’

nefo LP(Qw)

After inserting EY =0 and the representation (4.1), we obtain by an application of the
triangle inequality

| max
ne{l,..

<Cth Z‘/tﬂ /t] / ) ))dsdrdw()’)%
pzhH Z‘/t /f /1 ))deTdWU‘)%

Lr(Qw)

2
j—1 L LP(QW)
1

g(r)) dsdrdW (¢ )‘ ) (4.2)

p2hH ) Lr(Qw)

-2

All three terms on the right-hand side of (4.2) can be estimated by the same arguments.
We only give details for the first term: First note that

th Z‘/t /t/ 1 ))dsdrdW()’)%

1 LT’(Qw)
-2
: !
g(r)) dsdrdW (t ] o)
ti_1Jt; 1 L2(QW)
2
/ / / —i)dsaraw )’
sar .
R _1 L#(Qw)

[N
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Next, we apply Theorem 2.1 to each summand and obtain

1
2

- §(r)) dsdrd W (¢)| LP(QW))

tj—1Jtj 1

< ) jij/
(p(p2—1))%hppN2p Z/tg
(o)
(Ho D)y

p(p—

IN

))dsdr‘ dt)%)%

1

-2

/tj / —g(r)dsdr|” dt)%

1 1
v ZhQ(p 1)/ / / g(r)|pdsdrdt)p
t

j—1 —1
2

IN

p(p—

IN

p(p—

IN

'y i
h2p+p/ / |s—r|p"*1 ds d)

1

plp—1)\z =200,
447J)T%#+Mmmwww

where we also applied Holder’s inequality several times. Thus, together with the factor
Cp% we arrive at

g(r)) dsdrdW (¢ )’2) ‘

th ) L (Qw)

-2

] 1

plp;zg
<c((2)) T h4 gllwasen o)

Up to an additional factor %, the same estimate is valid for the other two terms in (4.2).
This completes the proof. 0

REMARK 4.1. Note that for the implementation of the quadrature rule (1.8) we have
to simulate the stochastic integral

/tj (t—t;_1)dW (1)

in addition to the standard increments W (¢;) —W (¢;_1). This can easily be accom-
plished by taking note of

t; t;
B (W) - W(ts-) [ (=t )aw )] = [ -t )de=o,
tj—1 ti—1
that is, the two random variables are uncorrelated. Since they are jointly normally
distributed, they are also mutually independent. Therefore, we can simulate the two
increments in practice by generating (Z1,Z2) ~N(0,15) and then setting

W(tj)—W(tJ 1) hz 0 <Z1>
ft (t—t;_1)dW (1) 021&/1% Zy)’

hereby we make use of the fact that

tj 2 2 ) 1.
EW ]/ —t;))d (t)’ ]—/tjl(t—tj%) dt=5h°.
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5. Numerical examples with some deterministic integrands

In this section we perform numerically the quadrature of the It6-integral (1.1) with
three deterministic integrands g¢;: [0,7] =R, i€ {1,2,3}. Hereby, the first integrand g;
is smooth but oscillating, while the second is discontinuous with a jump. The third
integrand is not smooth in the sense that either itself or its derivative contains a weak
singularity at t=0. We perform a series of numerical experiments which verify the
theoretical results of both quadrature formulas (1.7) and (1.8).

For the implementation of the numerical examples, we follow a similar approach as
already mentioned in Remark 4.1. In order to approximate the error, we simultaneously
generate the exact value of the Ité-integral and the Wiener increments required for the
quadrature rules. For this we generate a random vector (Z1, 722, Z3) ~N(0,I3) and define

X, ﬁt'jldW() 7
Xo | := j‘t —t; %dW() ~G| Z ], (5.1)
X3 ft g(t)dW (t) Z3

where t; 1 = #(tj—1+1;) and the matrix G is the Cholesky decomposition of the co-
variance matrix Q € R%? given by

Q= (EW [X"Xm] )n,me{1,2,3}'

Similar to Remark 4.1 the upper left part of @) takes on the values

3

h

and ]EW [X1X2] =0.

The newly appearing terms in the third column and row of @ are given by

tj

Ew[X3] = / j P)dt, Ew[X1X3]= / g(t)dt, and

tj—1 tj—1

Ew [XQXg}z/j tg(t)dt—tjfé//j g(t)dt.

tj71 tj—l

The random variables are then used to compute the exact value of the Ito-integral as
well as the stochastic integral in the higher order quadrature formula (1.8). In the
same way, we simulate the increments and the exact solution for the randomly shifted
Riemann-Maruyama rule (1.7), where we do not need to simulate Xy and we have
to replace the grid points 7, = (¢;)eqo,...,n} by those in 7, (0©) for each realization of
the random shift © ~/(0,1) as defined in (1.5). For a more detailed introduction and
explanation of this procedure, see, for example, [6, Section 2.3.3].

In our example we first choose the function g¢;: [0,7] =R with g;(¢) =sin(At) for
a constant value A€R. For this choice of integrand the appearing integrals in the
covariance matrix ) can be stated explicitly and are given by

t 1
/t. g1(t)dt:X(—cos()\tj)—kcos()\tj,l)),

K 1 . 1
/t tg1(t)dt= F(Sm(}\t ) —sin(At;_1)) —X(tjcos()\tj)—tj,l cos(Atj_1)),

j—1
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as well as

tj 1
/ gf(t)dtzg — o (sin(2t) —sin(2; 1)),

tj,1

Using the fact that |sin(¢)| <¢ holds true for all ¢ € [0,00), we obtain for every hg € (0,7
and o €(0,1) that

h h
/ sin?(\t)dt < / /\2t2dt:é)\2h3 for all 1< hy.
0 0

Thus, it is easy to see that our choice of the integrand g¢; fulfills Assumption 3.1 and
Assumption 4.1 for p=2 and every value o € (0,1). Therefore, our results from Theo-
rem 3.1 and Theorem 4.1 suggest that the quadrature rule (1.7) converges with a rate
of 1 whereas the quadrature rule (1.8) converges with rate 2.

Next, for c€(0,T) we consider the jump function

_ _J0, ifte(0,0),
g2: DT =R, galt)= {1, if ¢ €[c, 7.
This type of function is considered in more detail in Section 6 below. There, we prove
in Lemma 6.1 that this function is an element of W?P?(0,T) for op<1. Therefore,
Assumption 3.1 is fulfilled for p € [2,00) and every value o € (07 %) and Theorem 3.1 yields
the convergence of (1.7) with a rate o. Note that this function is not even continuous,
therefore one can not expect to prove any rate of convergence when measuring the
regularity in an Holder setting. The integrals appearing in the covariance matrix ) can
also be stated explicitly as

t; t; 0, if tj <c,
/ gg(t)dt:/ @tydt={1,—c if e [ty 1.t5),
tizt timt tj—tjfl, if tj,1>C,
and
s 0, if tj <c,
J
/ tgg(t)dt: %(t?—CQ), ifCG[tjfl,tj],
ti-1 Le2-£2)),  iftji>ec

As a third example we consider functions of the form g3: [0,7] =R with g3(¢) =t

for v € (*%,%]\{O} For this choice of integrand the appearing integrals can again be

stated explicitly and are given by

Hdt = —— (£ ¢ *L / taa()df = —— (112 _ 1 t2
[ m@a= g gt [ a0,
as well as
b, 1 v+l ,2y+1
2(t)dt = —— (¢ —t .
/tjlgd() 2’}/‘1’1( J ]—1 )
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The regularity of the third integrand gs requires a little more attention and depends
on the choice of v. First, if v € (0, %] the weak derivative of g3 satisfies g3 € LP(0,T) for
p< ﬁ Hence, from Sobolev’s embedding theorem, see, for example, [18, Corollary
18], we get

WP (0,T) — W2(0,T)

for 1—%:0—%. This implies g3 € W2(0,T) for every a:%—}% % (1=v)=3 iy,
Thus, in this case Assumption 3.1 is satisfied with p=2 and for all & € (0, % 5 +7) including
condition (3.1) for the initial value. Assumption 4.1 is, however, not satisfied for any
value v € (0,3].

Next, we turn to the case y€(— ,0), where we explicitly estimate the Sobolev—
Slobodeckij norm. For this, let s,t € [0 T] with s<t be arbitrary. Then, since g3 is a

decreasing, nonnegative function for v € (—%,O) we have

l93(t) —g3(s)|=g3(s) —g3(t) < g3(s)=s".

Moreover, by the fundamental theorem of calculus it holds true that

1 [t 14 1
5 =an(o) =] [ (s plt=) gl < s e,
0

Inserting this into the Sobolev—Slobodeckij semi-norm yields for every p € (0,3 +) that

lg3(t) —g3(s) o(1-p) l93(t) — g3(s)[*
// \t—s|1+20 dsdt=2 ‘g?’ ()P |t s|1+2a dsdt
< / /52(1*u)752u(71+v)|t_5|2u71726d5dt
V12 o Jo

2 T 2y—2 2u—1-2
:W/ / Chtan M|t—5| H=2729dsdt.
Y 0 Jo

The latter integral is finite for every o € (0,u) due to 2y —2p>—1 by our choice of €
(0, % +7). In sum, this proves that g3 € W2(0,T) for all o € (0, % +7). Since condition
(3.1) is also easily verified, it again follows that g3 satisfies Assumption 3.1 with p=2 and
for all o € (0, % +7)if y€ (f%,O). Therefore, we can apply Theorem 3.1 and we obtain
that the quadrature rule (1.7) converges with a rate of 'y—i—% in both the parameter
ranges 7 € (0,1) and v € (—3,0).

Since Assumption 4.1 is violated for all values of v, Theorem 4.1 does not apply to
g3- Nevertheless, we still used the quadrature rule (1.8) in our numerical experiments
in this case. Hereby, it should be mentioned that for v € (—3,0) the scheme (1.8) is
actually not well-defined, since there appears an evaluation of the function g3 at the
point to =0, at which g3 possesses a singularity. In the numerical example we made use
of the fact that we knew in advance where the singularity is situated and left out this
specific summand in the quadrature rule.

This problem illustrates well one advantage of a randomized point evaluation. A
quadrature formula based on a deterministic time grid might not offer a useful ap-
proximation if a singularity of the integrand happens to be at a grid point. On the
other hand, an evaluation at a point of a singularity will not occur almost surely if a
randomized grid is used.
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g1 with A =42 go with ¢ =0.5
10° 1834 . A &
\.\.::A.A'A 10—1 4 \‘\‘ {
5 1072 A i ] h
3 o A, S i\‘
5] ~9 ) \‘
—4 ~ \‘
10 “Q \{
Y ) 1072 5 *‘
10! 102 10° 10! 102 10®
number of steps number of steps
g3 with v = 0.5 g3 with v = —0.3
A 1A A A
1072_ ‘--‘ A . 1 A AA"A--‘A“A
= [ § A‘-.‘ = 10 3
g - g AL, I
S 10741 ~®-e “ALS ]
~oL 102{@ @
oL E . e
10! 10? 103 10! 10? 103

number of steps

number of steps

FiG. 5.1. L2-convergence of the lower order scheme (1.7) (triangles) and the higher order scheme
(1.8) (circles) with g1 with A=42, go with ¢=0.5 as well as g3 with both y=0.5 and y=—0.3. For the
function g1 we inserted order lines with slopes 1 and 2 as well as an order line of slope 0.5 for ga. In
the second row we added two order lines with slope 1 into the left-hand subfigure while both order lines
have a slope of 0.2 on the right-hand side.

h error of 95% conf. interval | error of 95% conf. interval
(1.7) for (1.7), (1.8) for (1.8)
1250 | .24767  [.23849, .25652] | .20473  [.19829, .21097]
.0625 17613 [.16952, .18249] .14520 [.14053, .14972]
.0312 12149 [.11686, .12596] .10246 [.09929, .10554]
.0156 .08925 [.08605, .09234] .07201 [.06979, .07417]
.0078 .06480 [.06226, .06725] .05062 [.04901, .05219]
.0039 .04426 [.04257, .04589) .03601 [.03489, .03709]
.0020 .03129 [.03006, .03248] .02544 [.02468, .02618]
.0010 .02205 [.02122, .02285] .01809 [.01750, .01866]
.0005 .01593 [.01532, .01652] .01300 [.01259, .01339]
.0002 .01148 [.01105, .01190] .00902 [.00873, .00930]

TABLE 5.1. Numerical example, for g3 with v=—0.3

For the numerical experiments displayed in Figure 5.1 and Table 5.1, we chose
the final time T'=1 and the parameter values A=42 for g1, c=0.5 for g, as well as the
parameters vy = —0.3 and v =0.5 for g3. As step sizes we took h; =27 with i € {3,...,12}.
For the computation of the error we used the sum of the random variables X3 defined
in (5.1) as the exact solution. For both quadrature formulas, the L?(2)-norm was
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approximated by taking the average over 2000 Monte Carlo iterations. The parameter
6 in (1.8) was chosen to be 0.

It can be seen in Figure 5.1 that both quadrature rules (1.7) and (1.8) performed
as expected in all our experiments. In particular, for the case of g; we observed an
experimental order of convergence of rate 1 for (1.7) and of rate 2 for (1.8). For the
function go the randomly shifted Riemann-Maruyama rule (1.7) converges experimen-
tally with a rate of 0.5. Even though the assumptions for Theorem 4.1 are not fulfilled,
the approximation (1.8) is comparable to (1.7). For g3 we expected a convergence rate
of v+ 1 for (1.7) which is well visible in our two numerical tests in the second row of
Figure 5.1. Observe that (1.8) shows the same convergence rates in our last two exper-
iments as (1.7) but with a better error constant. This indicates that the higher order
method is advantageous even in some situations, where the regularity of the integrand is
not sufficient to ensure a more accurate approximation. However, as already mentioned
above, we had to slightly modify the quadrature rule (1.8) for g3 with v=—0.3 in order
to prevent an evaluation of g3 at its singularity.

To see if the number of 2000 Monte Carlo samples was sufficiently high, we also
computed the 95%-confidence intervals based on the central limit theorem in Table 5.1.
As one can observe, the variance of the error estimates are already reasonably small for
both quadrature rules (1.7) and (1.8) applied to g3 with the parameter v=—0.3.

6. Application to Poisson processes

In this section we apply the randomly shifted Riemann—Maruyama rule (1.7) for
the approximation of a stochastic integral whose integrand is a Poisson process. To this
end, we first recall the definition of a Poisson process. Then we show that it fulfills the
condition of Assumption 3.1. Finally, we perform a numerical experiment.

DEFINITION 6.1. A Poisson process II: [0,7] X Quw — Ny with intensity a € (0,00) is a
stochastic process on (Quw,F"V ,PV) with the following properties:

(1) There holds II(0) =0 almost surely.
(2) For any 0<ty<t;<...<t,<T, ne€N, the random wvariables (II(t;)—
I(ti—1))ieq1,....n} are independent.

(3) For all 0<s<t<T the law of the increment I1(t) —1II(s) is the Poisson distri-
bution with mean a(t—s), that is

Py (II(t) —II(s) =n) = We_a(t”), for all neNg.

(4) The sample paths of I are cadlag.

The following proposition is very useful in order to determine the temporal regu-
larity of a typical sample path of a Poisson process. A proof is found, for instance,
in [13, Proposition 4.9].

ProOPOSITION 6.1.  Let II: [0,T] x Quw — Ny be a Poisson process with intensity a €
(0,00). Then there exists an independent, and with the same parameter a€ (0,00),
exponentially distributed family of random wvariables (Z,)nen on (Qw,FW Pw) such
that

k, iftelZi+...+Zkx,Z1+...4+ Zk1).
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We recall that a random variable Z: Qy — R is exponentially distributed with
parameter a € (0,00) if

Py (Z>x)=e % for all x €]0,00).

Next, let us introduce an indicator function I.: [0,7] =R, c€[0,00), of the form
I.(t) =Ij¢,00)(t), t€[0,T]. It then follows from Proposition 6.1 that we can formally
write II as a series of the form

(tw) =Y Is @), te[0,T],wew, (6.2)
k=1

where the random jump points Si(w) are given by

k
Si(w)=Y_Zj(w), forall we Q. (6.3)
j=1

The following lemma is concerned with the temporal regularity of the indicator function
I, c€]0,00).

LEMMA 6.1.  For every c€[0,T], 0 €(0,1), and p€[1,00) with op <1 it holds true that
I.eWoP(0,T). In addition, we have

sup ||Ic||Wa,p(0,T) < 0.
c€[0,T]

Proof. Since the indicator function is bounded by 1 we directly get

I ellro,r) <T®

for all p€[1,00). In addition, for every c€[0,T], 0 €(0,1), and p€[1,00) with op<1 we

have
T T
I.(t)—1.(s)|?
[ [ 0L,
o Jo o [t—s|ttP
c pT 1 T pc 1
= ———dtd ———dtd
I A =
2 [T 2
== (t—¢) P —t7P)dt < ———— TP,
op Je op(l—op)
Since c€[0,T] was arbitrary, the assertion follows. O

We are now well-prepared to verify that every Poisson process indeed satisfies the
conditions of Assumption 3.1.

THEOREM 6.1.  Let II: [0,T] x Qw — Ng be a Poisson process with intensity a € (0,00).
Then, for any p€[2,00), o€ (0,1) with op<1 we have

L€ LP(Qu ;WP (0,T)).

In addition, for every ho € (0,T] there exists Cy € (0,00) such that

h
/ By [[TI(£)[7] dt < Coh™>OPo="3%)  for all h <. (6.4)
0
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In particular, every Poisson process with intensity a € (0,00) fulfills the conditions of
Assumption 3.1 for every p€[2,00) and o € (0,1) with op<1.

Proof. First, let p€[l,00) be arbitrary. We observe that a typical sample
path of II is nonnegative and increasing. Hence, we have sup,¢jo 7} [|[TI(E)] r(@u) =
ITI(T)|| Lr (24 ) <00 by the Poisson distribution of II(T") with mean a7'. From this we
immediately obtain

/h]EW[|H(t)p} dt<Coh
0

for all h<hg. Since max(0,po —252) <1 for p€ [2,00) and op< 1, condition (6.4) fol-
lows.
Furthermore, we obtain Py (A) =1 where A€ F"W denotes the event

A={weQw : sup I(t,w)=II(T,w)<oo}.
t€[0,T)

Then, for every w € A the series in (6.2) consists in fact of only finitely many indicator
functions. More precisely, there exists N (w):=II(T,w) € Ny such that

N(w)

Z Is,(w)(t), t€0,T], (6.5)

where Si(w) are defined in (6.3). Together with Lemma 6.1 this proves that for every
p€ell,00), 0 €(0,1) with op< 1 we have
Pw ({w € Qw : I(-,w) e WTP(0,T)}) =1. (6.6)

Hence, it remains to show that

|P
// |t75|1+0p dsdt| < oo

To this end, we insert the representation (6.5) and obtain

|ZD
EW// |t_5|1m dsdt]

(s,w)|?
_Z/ Lr(r,w)=n} (@ / / |t—s|1+0p dsdtdPy (w)
s () (1) = L5, () ()P
<ZZ/ Lin(rw)=n} (W)n?~ 1/ / |t —s|ttop dsdtdPy (w)

n=0k=1

<ZZ/ Lty =n} (@) | Is ) [0 (0. APW ()

n=0k=1

< LI” P/ L1 (7o) —n (w) AP
< SE(l)PT]H ||Wa,p(o,T)Z" | ()= (@) dPw ()

celo, n=0 w

» P
Sces[l(lJ?T} ”ICHWWP(O,T) HH(T) HLP(Qw)’



M. EISENMANN AND R. KRUSE 2145

Poisson example

A A shifted Riemann-Maruyama
"xu ------- Order line 0.5
1001 e
! A )
5 R
107 N
10! 102 10°

number of steps

F1G. 6.1. L?-convergence of the lower order scheme (1.7) to the Ité-integral of a Poisson process
with intensity a:% on the interval [0,10] with 2000 Monte Carlo samples.

h error 95% conf. interval
1.2500 2.55293 2.45273, 2.64935]
0.6250 1.65424 1.58914, 1.71688
0.3125 1.12986 1.08814, 1.17010

[

[ |
[ ]
0.1562 0.76850  [0.73918, 0.79675]
0.0781 0.54830  [0.52936, 0.56660]
0.0391 0.37698  [0.36330, 0.38971]
0.0195 0.26343  [0.25427, 0.27227]
0.0098 0.17800  [0.17186, 0.18394]
0.0049 0.12968  [0.12501, 0.13419)]

TABLE 6.1. Numerical ezample, for Poisson process.

where we also used that Sy (w) € [0,7] for all we {II(T)=n} and 1 <k <n. An applica-
tion of Lemma 6.1 then completes the proof. 0

We close this section with a short numerical experiment. Hereby we applied the
randomly shifted Riemann—Maruyama quadrature rule for the approximation of an It6-
integral whose integrand is a Poisson process. For the error plot displayed in Figure 6.1
we chose the final time T'=10 and the intensity parameter a = %. As step sizes we took
he{T27%:i=3,...,11}. For the approximation of the error we compared the result of
the quadrature rule with a given step size h to a numerical reference solution with the
smaller step size 1”—6 driven by the same stochastic trajectories. In addition, the L?(£)-
norm was approximated by a standard Monte Carlo simulation with 2000 independent
samples.

As one can see in Figure 6.1, the randomly shifted Riemann—Maruyama rule per-

formed as expected with an experimental order of convergence close to %7 in agreement
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with the regularity of the Poisson process. Since we already knew from Section 5 that
the higher order quadrature rule (1.8) does not yield an advantage if the integrand
has jumps, it was not implemented in this example. In Table 6.1 we also show the
numerical values of the computed errors and the corresponding asymptotically valid
95%-confidence intervals based on the central limit theorem. Apparently, already with
just 2000 Monte Carlo samples the variance of the error estimator is quite decent.

Acknowledgements. The authors wish to express their gratitude to Stefan Hein-
rich for many interesting discussions on this topic. This research was carried out in the
framework of MATHEON supported by Einstein Foundation Berlin. The second named
author also gratefully acknowledges financial support by the German Research Founda-
tion through the research unit FOR 2402 — Rough paths, stochastic partial differential
equations and related topics — at TU Berlin.

REFERENCES

[1] D. L. Burkholder, Martingale transforms, Ann. Math. Statist., 37:1494-1504, 1966. 2
[2] T. Daun and S. Heinrich, Complezity of Banach space valued and parametric stochastic Ité
integration, J. Complexity, 40:100-122, 2017. 1, 1, 1
[3] F. Demengel and G. Demengel, Functional Spaces for the Theory of Elliptic Partial Differential
Equations, Universitext, Springer, London; EDP Sciences, Les Ulis, 2012. 2
[4] E. Di Nezza, G. Palatucci, and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces,
Bull. Sci. Math., 136(5):521-573, 2012. 2
[6] C. Geiss and S. Geiss, On an approximation problem for stochastic integrals where random time
nets do not help, Stochastic Process. Appl., 116(3):407-422, 2006. 1
[6] P. Glasserman, Monte Carlo Methods in Financial Engineering, Appl. Math., Stochastic Mod-
elling and Applied Probability, Springer-Verlag, New York, 53, 2004. 5
[7] S. Heinrich, Lower complezity bounds for parametric stochastic Ité integration, Springer Proc.
Math. Stat., 241:295-312, 2017. 1
O. Kallenberg, Foundations of Modern Probability, Probability and its Applications. Springer-
Verlag, New York, Second Edition, 2002. 3
[9] A. Klenke, Probability Theory, Universitext, Springer, London, Second Edition, 2014. 3
[10] P. E. Kloeden and E. Platen, Numerical Solution of Stochastic Differential Equations, Springer,
Berlin, Third Edition, 1999. 1, 4
X. Mao, Stochastic Differential Equations and Applications, Horwood Publishing Limited, Chich-
ester, Second Edition, 2008. 2
[12] G. N. Milstein and M. V. Tretyakov, Stochastic Numerics for Mathematical Physics, Sci. Comput.,
Springer, Berlin, 2004. 4
[13] S. Peszat and J. Zabczyk, Stochastic Partial Differential Equations with Lévy Noise, Encyclopedia
of Mathematics and its Applications, Cambridge University Press, Cambridge, 113, 2007. 6
[14] P. Przybylowicz, Linear information for approximation of the Ité integrals, Numer. Algorithms,
52(4):677-699, 2009. 1, 4
[15] P. Przybylowicz, Adaptive Ito-Taylor algorithm can optimally approzimate the Ité integrals of
singular functions, J. Comput. Appl. Math., 235(1):203-217, 2010. 1, 1
[16] P. Przybylowicz, Minimal asymptotic error for one-point approzimation of SDEs with time-
irregular coefficients, J. Comput. Appl. Math., 282:98-110, 2015. 1, 1
[17] A. RoBler, Explicit order 1.5 schemes for the strong approzimation of It stochastic differential
equations, PAMM, 5(1):817-818, 2005. 4
[18] J. Simon, Sobolev, Besov and Nikolskii fractional spaces: imbeddings and comparisons for vector
valued spaces on an interval, Ann. Mat. Pura Appl., (4):157:117-148, 1990. 2, 5
[19] G. W. Wasilkowski and H. WozZniakowski, On the complezity of stochastic integration, Math.
Comput., 70(234):685-698, 2001. 1, 1

(8]

(11]


https://projecteuclid.org/euclid.aoms/1177699141
https://www.onacademic.com/detail/journal_1000039868999110_ec4d.html
https://link.springer.com/book/10.1007%2F978-1-4471-2807-6
https://arxiv.org/abs/1104.4345
https://doi.org/10.1016/j.spa.2005.10.002
https://link.springer.com/book/10.1007/978-0-387-21617-1
https://link.springer.com/chapter/10.1007%2F978-3-319-91436-7_16
https://link.springer.com/book/10.1007/b98838
https://link.springer.com/book/10.1007%2F978-1-84800-048-3
https://link.springer.com/book/10.1007/978-3-662-12616-5
https://www.sciencedirect.com/book/9781904275343/stochastic-differential-equations-and-applications
https://link.springer.com/book/10.1007%2F978-3-662-10063-9
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=1139239376
https://link.springer.com/article/10.1007%2Fs11075-009-9307-y
https://doi.org/10.1016/j.cam.2010.05.033
https://doi.org/10.1016/j.cam.2015.01.003
https://doi.org/10.1002/pamm.200510380
https://link.springer.com/article/10.1007%2FBF01765315
https://doi.org/10.1090/S0025-5718-00-01214-X 

