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CONVERGENCE TO CONSENSUS OF THE GENERAL
FINITE-DIMENSIONAL CUCKER-SMALE MODEL WITH
TIME-VARYING DELAYS*

CRISTINA PIGNOTTI! AND EMMANUEL TRELAT#

Abstract. We consider the well known finite-dimensional Cucker-Smale system, modelling inter-
acting collective dynamics and their possible convergence to consensus. The objective of this paper is to
study the influence of time-delays in the general model on the convergence to consensus. By a Lyapunov
functional approach, we establish convergence results to consensus for symmetric and nonsymmetric
communication weights under some structural conditions.

Keywords. consensus models; delay; Lyapunov functions.

AMS subject classifications. 34D05; 34D20.

1. Introduction

The study of collective behavior of autonomous agents has recently attracted great
interest in various scientific applicative areas, such as biology, sociology, robotics, eco-
nomics (see [2,3,6,8,14,18,32,33,35,36,43,44,46]). The main motivation is to model
and explain the possible emergence of self-organization or global pattern formation in a
large group of agents having mutual interactions, where individual agents may interact
either globally or even only at the local scale.

The well known Cucker-Smale model has been proposed and studied in [22,23] as
a paradigmatic model for flocking, namely for modelling dynamics where autonomous
agents reach a consensus based on limited environmental information. Consider N € N
agents and let (z;(t),v;(t)) €R®*?,i=1,..., N be their phase-space coordinates. One can
think of z;(t) € IR? as the position of the i*" agent and v;(t) € R? as its velocity, but for
instance, in social sciences these variables may stand for other notions such as opinions.
The general finite-dimensional Cucker-Smale model is the following:

- (L.1)

t)
()Z%Zwij(t)(vj(t)—vi(t)) Vi=1,...,.N

where the real number A >0 is a coupling strength and the communication rates 1;;(t)
are of the form

Yij (1) =t(l2i(t) —x;(1)])

where the function % is called the potential. Here and throughout, the notation ||
stands for the Euclidean norm in IR%. Along any solution of (1.1), we define the (position

*Received: July 15, 2017; Accepted (in revised form): July 22, 2018. Communicated by Pierre
Degond.

TDipartimento di Ingegneria e Scienze dell’Informazione e Matematica, Universita di L’Aquila, Via
Vetoio, Loc. Coppito, 67010 L’Aquila Italy (pignotti@Qunivaq.it). http://people.disim.univaq.it/
pignotti/

tSorbonne Université, Université Paris-Diderot SPC, CNRS, Inria, Laboratoire Jacques-Louis Li-
ons, équipe CAGE, F-75005 Paris (emmanuel.trelat@sorbonne-universite.fr). https://www.1j1l.math.
upmc . fr/trelat/

2053


mailto:pignotti@univaq.it
http://people.disim.univaq.it/pignotti/
http://people.disim.univaq.it/pignotti/
mialto:emmanuel.trelat@sorbonne-universite.fr
https://www.ljll.math.upmc.fr/trelat/
https://www.ljll.math.upmc.fr/trelat/

2054 CUCKER-SMALE MODEL WITH TIME-VARYING DELAYS

and velocity) variances

1 N
X(O)= 535 O lilt) (1)

,j=1

and

N
V)= gy O Ioilt) s (. (12)

i,j=1

DEFINITION 1.1.  We say that a solution of (1.1) converges to consensus (or flocking)
if

sup X (t) < +oo and lim V(¢)=0.
sup X (1) Jim V(1)

The potential function ¢ initially considered by Cucker and Smale in [22,23] is
the function t(s) =(1+s?)"% with 5>0. It is proved in these references that there is
unconditional convergence to flocking whenever b < % For b>1/2, there is convergence
to flocking under appropriate assumptions on the values of the initial variances on
positions and speeds (see [26]). Their analysis relies on a Lyapunov approach with
quadratic functionals, which we will refer to in the sequel as an L? analysis. This L?
approach allows to treat symmetric communication rates. An extension of the flocking
result to the case of nonsymmetric communication rates has been proposed in [40] with
a different approach that we will refer to in the sequel as an L™ analysis, which we will
describe further.

There have been a number of generalizations and variants of Cucker-Smale mod-
els, involving more general potentials (friction, attraction-repulsion), cone-vision con-
straints, topological interactions (see [5,31]), leadership (see [16, 20,29, 39, 41,49, 51]),
clustering emergence (see [34,40]), social networks (see [4]), pedestrian crowds (see
[19,37]), stochastic or noisy models (see [21,27]), kinetic models in infinite dimension
(see [1,4,9,15,24,30,47]), and the control of such models (see [7,10-13,45,50]).

Cucker-Smale with time-varying delays. In the present paper, we introduce time-
delays in the Cucker-Smale model and we perform an asymptotic analysis of the resulting
model. Time-delays reflect the fact that, for a given individual agent, information from
other agents does not always propagate at infinite speed and is received after a certain
time-delay, or reflect the fact that the agent needs time to elaborate a reaction to
incoming stimuli.

We assume throughout that the delay 7(¢) >0 is time-varying. This models the fact
that the amplitude of the delay may exhibit some seasonal effects or that it depends on
the age of the agents for instance. The time-delay function is assumed to be bounded:
we assume that there exists 7 >0 such that

0<7(t)<F V>0 (1.3)
and that the function ¢+ 7(¢) belongs to W1°°([0,77), for all T >0, and satisfies
Tt)<c<l  Vt>0 (1.4)

for some ¢>0. Assumptions (1.3) and (1.4), used to perform our analysis, are standard
requirements for problems with time-varying delays in several contexts (see [42,48]). In
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particular, (1.3) says that the time-delay remains in a fixed range, which is a natural
requirement when trying to derive a flocking result, while the bound on the derivative
(1.4) ensures that t —7(¢) > —7(0) and thus that our system below is well-posed with
initial conditions given on the interval [—7(0),0]. Our model, considered throughout, is
the following:

(1) =vi(t)

N
bi(t):%Z@Dij(tfr(t))(vj(tfﬂt))fvi(t)) Vi=1,...,N (1.5)

J=L
J#i

with initial conditions

zi(t)=fi(t),  wvit)=gi(t),  Vte[=7(0),0]

where f;,g;:[—7(0),0] = 1R are given functions and ;;(t), ¢,j=1,...,N, are suitable
communication rates. In the symmetric case, we have

i (t) = (|zi(t) —x;(t)]) Vi,je{1,...,N}. (1.6)

The potential function ¢ in (1.6) is assumed to be continuous and bounded. Without
loss of generality (if necessary, do a time reparametrization), we assume that it takes
values in (0,1], namely 1) :[0,400) — (0,1]. This implies

i (t) <1 vt e [—7(0),400) Vi,j€{1,...,N}. (1.7)

In the model (1.5) above, the delay is time-varying. Note that there is no delay in v; in
the equation for velocity v;: this reflects the fact that every agent receives information
coming from the other agents with a certain delay while its own velocity is known exactly
at every time f.

We could also consider time-delays depending on the agents pair, namely

N
B0 = 2 S g ()= ) —wi)  Vi=1. N[ 09

j=1
J#i

where 7;;(t) is the (time-varying) time-delay of the agent ¢ in receiving the information
from the agent j. Assuming that

0<m;()<F  Vt>0  Vije{l,... N} (1.9)
and that the functions ¢~ 7;;(¢) belong to W1>°([0,T7]) for all T >0 and satisfy

() <e<1 Vt>0  Vi,je{l,...,N} (1.10)
for some ¢>0, the model (1.8) can be analyzed analogously to (1.5). As it will be

clear from our proofs, the arguments in such a case do not require any substantial
modifications and thus we keep the model (1.5) for the sake of simplicity.
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State of the art.  Various delayed Cucker-Smale models have been considered in
several contributions, with a constant delay 7> 0.

A time-delayed model has been introduced and studied in [25], where the equation
for velocities (which actually also involves noise terms in that paper) is

A N
(1) = 5 D it =) (056 =) —wi(t—7)

Jj=1

with a constant delay 7. Considering v;(t—7) instead of v;(t) in the equation for v;()
facilitates much the analysis because it allows to keep one of the most important features
of the standard Cucker-Smale system (1.1), namely the fact that the mean velocity
o(t)= %Zilvi (t) remains constant in time, i.e., v(¢t) =0, as in the undelayed Cucker-
Smale model. This fact then simplifies much all arguments in the asymptotic analysis
and in the proof of convergence to consensus.

In our model (1.5) above, in contrast, the mean velocity does not remain constant,
which complicates the analysis significantly as we shall see.

In [38] the authors consider as equation for the velocities
N
bi(t)=a)_ai;(t—7)(v;(t—7)—v;(t)) (1.11)
j=1

where a>0 and the coupling coefficients a;; are such that Z;VZI aj; =1, 1=1,...,N.
Compared with (1.5), the sum is running over all indices j, including j =4, and thus
(1.11) involves, with respect to (1.5), the additional term a;;(t —7)(v;(t —7) —v;(t)) at
the right-hand side. Actually, the authors of [38] claim to study (1.5) but their result
(unconditional flocking for all delays) only applies to (1.11) (cf. [38, Equation (7)]).
Note that (1.11) can indeed be rewritten as

t) :azaij(t—T)vj(t—T) — o (t) (1.12)

with a negative coefficient, independent of the time ¢, for the undelayed velocity v;(¢)
of the i*" agent. This leads to a strong stability result: unconditional flocking for all
time-delays.

In [17] the authors analyze a Cucker-Smale model with delay and normalized com-
munication weights ®;; given by

Pl (t=7) —2i(t)])
Dij(,7) = s V(e (t—7) —2i(t)])
0

if i
if j=1i

(1.13)

where the influence function ¢ is assumed to be bounded, nonincreasing, Lipschitz
continuous on [0,400), with ¢(0) =1. Since Zjvzl ®;; =1, their model can be written as

N
)= i t— 7)o (t—7) —vi(t)
j=1

and the same considerations as those for the model (1.12) apply. Moreover, the partic-
ular form of the communication weights ®;; allows to apply some convexity arguments
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in order to obtain the flocking result for sufficiently small delays. Then the result
relies on the specific form of the interaction between the agents. Note also that the
influence function ¢ in the Definition (1.13) of ®,; has as arguments |zx(t —7) —2;(t)],
k=1,...,N, ki, with the state of the i*" agent at the time ¢ and the states of the other
agents at time ¢ — 7. This corresponds to a time-delay in the vision which does not seem
appropriate for describing flocks of birds or, in general, groupings of animals, but may
be relevant for instance in robotics. Moreover, it allows to easily derive the mean-field
limit of the problem at hand by obtaining a nice and tractable kinetic equation. In con-
trast, putting the time-delay also in the state of i*® agent is more suitable to describe
the physical model related to groups of animals but it makes unclear (at least to us)
the passage to mean-field limit (see Section 5).

Framework and structure of the present paper.  In Section 2, we consider the model
(1.5) with symmetric interaction weights 1;; given by (1.6). In this symmetric case, we
perform a L? analysis, designing appropriate quadratic Lyapunov functionals adapted
to the time-delay framework. The main result, Theorem 2.1, establishes convergence to
consensus for small enough time-delays.

As in [25], a structural assumption is required on the matrix of communication
rates. We define the N x N Laplacian matrix L= (L;;) by

A oy A
Lij:_ﬁwij for i #j, Liizﬁzwij
J#

with ;; =¢(Jz; —x;]). The matrix L is symmetric, diagonally dominant with nonneg-
ative diagonal entries, has nonnegative eigenvalues, and its smallest eigenvalue is zero.
Note that for v & (IR")YN, v=(v1,...,ux), the matrix notation Lv does not have the
usual meaning of a N x N matrix acting on IRY. Instead, we have

N N
L(’Ul,...,’UN): lej"l)j,...,Zle’Uj . (114)
j=1 j=1

Considering the matrix L(t) along a trajectory solution of (1.5), we denote by u(t) its
smallest positive eigenvalue, also called the Fiedler number. The structural assumption
along trajectories that we make throughout is the following;:

Iy>0 | put)y>y  VE>0. (1.15)

This is a technical but instrumental and standardly used assumption that we use as
well to perform our convergence analysis. It is guaranteed for instance if, along tra-
jectories, the communication rates are uniformly bounded away from zero, i.e., if there
exists ¢* >0 such that v;;(t) >¢* for all ¢,j and for every t>0 (in that case there is
already convergence to consensus for the undelayed model). Actually, the precise result
established in [22, Proposition 4] states that there exists a constant C' >0 such that

p(t) > Cp(X (t)).

This fact, adequately used in the proof of [22], makes it possible to establish that,
for the potential function 1(s)=(1+s2)~% with >0, there is unconditional conver-
gence to consensus if b < %, and (conditional) convergence if b>1/2 under an additional
requirement on initial conditions (thus giving a region of initial conditions for which
convergence to consensus is guaranteed, see also [26]).
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In Section 3, we consider the model (1.5) with possibly nonsymmetric potentials:
i (t) =vi(t)

muy;%}:%ﬂt-ﬂwx%@—Tu»—wu» Vi=1,...N
J#i

where the communication rates a;; >0 are arbitrary. They may of course be symmetric
as above, for instance,

agj(t) = P(|zi(t) —2;(t)]) (1.16)

or nonsymmetric, for instance

s, (1) = V(i) ~ ;1))
e (k) — zi(1)])

for a suitable bounded function . To analyze such models, we perform an L°° analysis
as in [40], by considering, instead of Euclidean norms, the time-evolution of the diam-
eters in position and velocity phase space. The main result, Theorem 3.1, establishes
convergence to consensus under the following structural assumption along trajectories:

(1.17)

N
3" >0 | §5§:nmm%xm%ﬂwﬂ“ummunzw* ¥pg=1,...,N. (118)

i,j=1

As above, Assumption (1.18) is instrumental in order to ensure convergence. It corre-
sponds to require that the interactions in the flock are strong enough. In particular,
(1.18) is satisfied for the interactions (1.16) and (1.17) if the influence function # in the
definitions of a,; satisfies the lower bound % (r) > >0. Indeed, (1.18) is verified in

2
both cases with ¢¥* =1 and * = (ﬁ) respectively.

In Section 4, we give some numerical simulations illustrating our results and, finally,
in Section 5, we provide a conclusion and further comments.

2. Consensus for symmetric potentials: L? analysis

2.1. The main result.
Several notations.  Following [22], we set

A:{(vl,vg,...,vN)E(IRd)N | vlz---:vN}:{(v,v,...,v) | UEIRd}.

The set A is the eigenspace for the operator L, defined in (1.14), associated with the
zero eigenvalue. Its orthogonal in (IR%)Y is

N
i=1

Given any v = (v1,vs,...,ux5) € (R")", we denote the mean by 7= %Z;V:ﬂ)j €R?, and
we define w= (wy,...,wy) € (RY)N by w;=v; — 0 for i=1,...,N, so that

v=(7,....,0) +we A+ AL (2.1)
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and we have Lw = Lv. Moreover,

NQZIwz w;|* = IIWII2 (2.2)
1,j=1

and

(Lv,v) Z Pijlvi—v; ]2 (2.3)

i,j=1
THEOREM 2.1. We set
2
0l 1-c
=———— 2.4
2A2 202 42 (24)
Let 70 >0 be the unique' positive real number such that
e =X. (2.5)

Under the structural Assumption (1.15), if T < 1o then every solution of the system (1.5)
satisfies

V(t)<Ce (2.6)
with
) )\2 )\2?2
T:mln{'y—élv A—0c7 2 ,1} (2.7)
and

c=v(0)+ T L /0 S/§ l65(0)Pdord
= - _ e 0;(0)|?do ds.
YN (1—c)e~T —2)\272 —+(0)

REMARK 2.1. As already said, the structural Assumption (1.15) is either always
satisfied for some classes of potentials, or, for other potentials, leads to a region of
favorable initial conditions. Under this assumption, for 7=0 (no delay in the model),
convergence to consensus is guaranteed. The theorem says that convergence to consensus
withstands the introduction of a delay in the model, provided that the maximal delay
7 does not exceed the threshold 7y defined by (2.4) and (2.5).

Note the interesting fact that the threshold 79 depends on the parameter A and on
the lower bound ~ in (1.15) for the Fiedler number, but does not depend on the number
N of the agents.

2.2. Proof of Theorem 2.1. We start with the following lemma.
LEMMA 2.1.  We consider an arbitrary solution (x(-),v()) of (1.5). Setting

R, (t) Z|v1 )P ds (2.8)

t— ‘r(t)l 1

IThe threshold 7y is well defined in this way because the function z+x2e® is continuous and
monotone increasing from (0,400) to (0,+00).
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we have
L o N 2 oy2-
v 20O 4 wO)|P +20*7R- (1) (2.9)
i=1
for every t>0.
Proof. First observe that, from (2.1), v; —v; =w; —wj, for all 4,j=1,...,N. Using

(1.5), we then obtain

i (t) = %Zwij(t —7(t))(w; (t) —wi(t)) + % D it =7 () (v; (t =7 () —v; (1))

7 i
= % ;Tﬁm(t— () (w; (t) —wy(t)) — ;\];wij (t—7(t)) /tT(t) 0;(s)ds.

Now, using (1.7), we get that

5] < Sl (1) — it |+NZ/ i (5)] ds.

J#l JFi
Then,

2 [N ?
m(t)?sﬂ(Dwi(t)—wj(m 22 Z/, el

j=1
2R S
<22 N7 s (1) — wn ()2 4+ 22 / w(s)ms .
N; J ? N] 1 tf‘r(t) J
Using (2.2), the Cauchy-Schwarz inequality and (1.3), we infer that
N
Sl <2n Zm (1) 2 4+2A2 (1 / Zm )P ds
i=1 1] 1 t=7(t);
< 2| w(t)|2+ 2027 / Zm )[2ds
t—7(t) ;
which gives (2.9). |

REMARK 2.2. The term R, (t) is due to the presence of the time-delay. Indeed,
we have two quantities at the right-hand side of the inequality (2.9): the “classical”
term ||w||? (coming from the undelayed model), and the term R.(t) caused by the delay
effect.

LEMMA 2.2.  Given any solution (x(-),v(-)) of (1.5), we have

AT

i (IO )<= w0+ R (2.10)

for every t>0.
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Proof. Using (1.5), we compute

i) =04(8) 3 D k()

k=1

:%Zwu(m@))(w(tw(t»w-(t))f%ZZwkj(H<t)><vj<H<t>>w(t))

k=1j#k

szp (t—( szp (t=T() (05 (t— (1) — v, (1))

—ﬁzzww(t—ﬂt))(v( —ui(t NQZZWM 7(8) (v (t—7(t)) —v;(t))
k=1j#k k=1j#k

NZ¢ (t—7( Zw (t—7()(v;(t—7(t)) —v; (1))

- ﬁ Zzwkj(t—T(t))(wj(t) —wi ()

k=1j#k

—%Zwa—T(t))(vj(t—T(t))—v]-u)).

k=1j#k
Then,
N
sz(t)wl(t) Z%t 7(t)) | w; —w;[?
+Z ZZ% t—7(8)) (v (t—7(t)) — v, (t))w;
i=1 j#i
where we have used that ) w; =0 and
D i (=7 (1)) (wy (1) —wi(t))wi(t)
J#i
=3 it = (1)) (wy (1) = wi(t)) (wi ) —w; (1) + Y g (¢ = 7(8)) (w; (8) = wi) Juy (1)
J?ﬁz J#i
=— Zwu (t—7(t))|Jw; (t) —w; ().
J#z
Therefore, thanks to (2.3), we infer that
a4 <§||w(t>||2)
=—(L{t-7(t)w NZZ% (t=7(8)) (v (t =7(8)) —v;(£))wi(t)
P E)
Z i (t=7(t))wi(t) —w;(8)[*

Zjl

+ ZZwut () (v (t = 7(t)) —v;(t))wi(t).

i jFL
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The second term at the right-hand side of the above equality is bounded by

2 DD bit=r () (vt —7(8) —v;(D)wit)| < 2@ 1]
N N

i

where U(t) = (U1(t),...,Un(t)) is defined by

=3t =) (0 (t—7(0)) ~ vy (1)), i=1,...,N
Jj#i

and is estimated by

150 \<Z|U NS S s /t(t)lms)ds

i=1 j#i

<Zw1j t— T / ()|UJ(S)|dS
t—7(t

Therefore, we get

4 (LI <12 S im0

i,5=1

+2 Zwut ot / IREOIENC

1A
< ﬁzwut () (t) —w |2+AZ/ 65 (5)] ds [ w(®) |
i,j=1
1 2 6 2
<—sm S gt 7 (8) s 1) A wl
4,7=1

2

Nt
S [ s
j=1 t—7(t)

where we have used the Young inequality? for some arbitrary 6 >0. Choosing § = 3,
where v is the constant in the structural Assumption (1.15), we infer that

2
(S Iwe)]?) < (Lt —r(e)wit W(’b‘)>+Vll"V(t)HQJF)\2 Z/ |05 (s)| ds
(= — —r J 2
dt \ 2 - ’ 2 2’}/ t—7(t) j
N t
¥ 5 AAT(t) / . 2
< ——||lw(t)||"+ v:(8)|"ds 2.11
IO+ EES [l (211)
which, using (1.3) and the Definition (2.8) of R, (t), gives (2.10). d
2 6b2

2This inequality states that, given any positive real numbers a, b and §, we have ab

IN
Sk
+
4
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We are now in a position to prove Theorem 2.1. Let 8>0 be a positive constant to
be chosen later. We consider the Lyapunov functional along solutions of (1.5), defined
by

1 2 ﬁ —(t— s/
£(0)= i W)+ Zm Pdods. (212
Using (2.11) and Lemma 2.1, we have
N
_ 2 NT pr(t) 2
£ <~ WO+ 5T R0+ P S o)

2—

L@ —4A2/3?) Iw(t) - (6(1—0)6T— BT R

ﬂ —(t—s)
N, Zm V2dods,

where we have used (1.3) and (1.4). Convergence to consensus is then ensured if

v 2— -7 AT 2-2
5—45)\ 7>0 and B(l—c)e —2——2ﬁ)\ 7 >0. (2.13)
Y
The second inequality of (2.13) gives a first restriction on the size of the delay, namely,
that 72e” < 53§. Let us now choose the constant >0 in the Definition (2.12) of £(-)
so that both conditions in (2.13) are satisfied:

vr_
2y (1—c)e=™ —2X272 —

This is possible only if

— < .
(1—c)e™T —2X272 " 4 %’
which is equivalent to
T2eT < X
with x defined by (2.4). We conclude that, if 72¢™ <y, then we can choose 3 such that

%(t) < —rL(t) (2.14)

for a suitable positive constant 7. In particular, in order to obtain the best decay rate
with our procedure, we fix

N7 1

2y (1—c)e=™ — 2272’

8=
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thus obtaining (2.14) with r as in (2.7).
To conclude, it suffices to write that

1

N||w(t)||2§2£(t)§2£(0)e*”.
Then (2.6) follows from the latter inequality, (1.2) and (2.2) with C'=L(0) as in the
statement.

3. Consensus for nonsymmetric potentials: L°° analysis

3.1. The main result. In this section, we consider nonsymmetric potentials,
and we perform an L analysis as in [40]. We consider the Cucker-Smale system

i (t) =vi(t)
i}i(t):%Zaij(th(t))(vj(th(t))fvi(t)) Vi=1,...,N (3.1)
i
with initial conditions, for i=1,..., N,
zi(t)= fi(t), vi(t)=gi(t)  Vte[-7(0),0]

where f;,g;:[—7(0),0] = IR are given functions and a;; >0 quantifies the pairwise influ-
ence of j*" agent on the alignment of i*" agent. By rescaling \ if necessary (or by time
reparametrization), we assume that

1
NZaij<1. (32)
J#i

This includes, for instance, the case considered in the previous section, that is
agj(t) = P(|ai(t) —2;(t)])

with 1:[0,4+00) —[0,+00) satisfying 1(r) <1 for every r>0, but we can consider a
nonsymmetric interaction, for instance like in (1.17),

o NY(mit) — ;1))
ai;(t) = N
> p=1 Y|k (t) —zi(t)])
for a suitable bounded function .
As shortly mentioned before, an analogous delay model has also been investigated

in [17] for 7 constant and under a restrictive assumption on the potential interaction.
Indeed, the authors there consider the problem

oi(t) =vi(t)

N
bi(t)=> ®ij(x,7)(v;(t—7)—v5(t))  Vi=1,...,N (3:3)

=1

where the communication weights are defined in (1.13). With such communication
rates, the analysis of convergence to consensus is significantly easier because, using that
Eé\le ®;;=1for i=1,...,N, one can rewrite the velocity equation as
N
@i(t):Z\I/ij(.’li‘77')’l}j(t—7')—vi(t) Vi:17...7N.

j=i
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Namely, the term depending on v; in the left-hand side of (3.3) is not %Z#i a;;(t—
T)v;(t) as in the more general model (3.1), but simply —v;(¢).
Following [40], we set a;; :N—Z#iaij, so that Z;-V:laij =N,i=1,...,N. Setting

2=

N
Bi(t)=—- Y ai(t—T(®)v;(t)  Vi=1,..,N (3.4)
j=1

the system (3.1) is written as

B0 =AE0) i)+ Syt -yt —7(0) ~v,(1)  Vi=1.. N,
J#i

We denote by dx () and dy (f) the diameter in position and velocity phase spaces (see
[30]), respectively defined by

dx (t) =max|a; (t) —2;(t)]

and

dy (£) = max v, (t) —vi(t) |

A solution of (3.1) converges to consensus if

312118 dx (t) <+oo and t_l}TDO dy (t)=0.

Note that the functions dx and dy are not of class C'' in general. We will thus use a
suitable notion of generalized gradient, namely the upper Dini derivative, as in [38], in
order to perform our computations. We recall that, for a given function F' continuous
at t, the upper Dini derivative of F at t is defined by

D-‘rF(t) =limsup w
h—0+ h

If F" is differentiable at ¢, then D F'(t) = 4E (¢). However, for all ¢ there exists a sequence
h,, =07 such that

DYF(t)= lim w

n—-4o0o hn

In particular, from the definition of dx(-), there exists at most countable increasing
sequence {t }x such that dx (t) = |z, (t) — x4(t)]|, for suitable r;,s € {1,...,N}, on [tx,tr+1).
Then, for fixed ¢ one can find a sequence h,, =07 for which dx (t+h,)=|z,(t+h,)—
xs(t+hy)|, for n large (small h,), and

D+dX(t) ani_{I;ohgl {zr(t+hn) —2s(t+hn)| =2 (8) —25()|}

dz,
<
dt

drg

dt

(t)

(t)‘. (3.5)
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Analogous arguments apply to DT dy () and DTd3 (t).
THEOREM 3.1. We set

l—c o~
A pr+2

X= (3.6)

where ¥* is the constant in (1.18). Under (1.18), if Te™ < x then every solution of (3.1)
satisfies

dy(t)<Ce ™™ Vt>0 (3.7)
with
r:min{/\(d)*—(l_c;}iw_) ,1} (3.8)
and
2\ 0 0
C:dv(0)+(10)ew/_7<o>es/s jzrg{a?fNIOj(o)ldads. (3.9)

3.2. Proof of Theorem 3.1. We start by establishing several estimates.
LEMMA 3.1 ( [40]). Let S=(S5)i<i j<n be a skew-symmetric matriz such that |S;;| < M

for all i,j. Let u,we]RNiw two given real vectors with nonnegative entries, u;,w; >0,
and let U= 3>, u; and W=+, w;. Then

N

1 — 1
N2 (Su,w)| <M UW_W Z min (u;wj,ujw;) | . (3.10)

i,j=1

LEMMA 3.2. Let (x(-),v(-)) be a solution of (3.1). Setting

t
aT(t):/ max_|i;(s)] ds, (3.11)
th(t)le ..... N
we have, for every t >0,
DYdx(t) <dy(t), Dy (t) < —Mp*dy (t) + 20, (1), (3.12)

where Y* is the constant in (1.18).

Proof.  Fix t>0 and let p,q,r and s be indices such that dx(t)=|z,(t) —zs(t)]
and dy (t) = |vp(t) —v,e(t)|. Then, from (3.5), we have DV dx (t) <|v.(t) —vs(t)| < dy (t).
Also, observing that for D*dy () and D*dz(-), analogous considerations to those for
D%dx(-) (see comments before (3.5)) are valid, we have

D (1)) =2y (1) (1), 5 (1) — (1)
=2XM(vp(t) —vq(1),0p(t) — Vg (1)) — 2A[vp(t) — ”q(t)|2
+2fv<vp<t>—vq<t>7§am<t—7<t>><vj<t—T<t>>—vj<t>>

=D gt =) (vt - 7() = v;(8))

Jj#q
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where ;, t=1,...,N, are defined in (3.4), and then

D+(d%/(t)) =2(vp(t) —vg(t),p(t) — 0g(t))
< 2XMvp(t) —vg(2),0p(t) — 0q(t)) — 2A|vp () _vq(t)‘2

t
+ 4Ny (t) — vy ()] ~max_[0;(s)] ds.
t—T(t)]:l""7N

But since
B, (t) Zam t—7( Zaqz t—7(t))vi(t)
= %Zaqi(t*’r(t))Zapj(th(t))Uj(t)
—ﬁZam(t—r<t>>Zaqi<t—f(t>>v1<t>
N2 Z agi (=T (1)) ap; (L=T7(8)) (v (t) —vi(t)),
3,j=1
we get that
N
DF(d3 (1) < 2% Z aqi(t =7 (t))ap; (t—7(t))(v; (t) —vi(t),vp(t) — vg(t))
—2X\|up (1) —vg (8) |2+ 4 v, (t) — v, ()] maxN|vj( s)|ds.  (3.13)

t—r(t)J

We estimate the first term at the right-hand side of (3.13) by applying Lemma 3.1,
with Syj = (v;(t) —vi(t),vp(t) —vy(t)) and u; =agi(t—7) and wj=ay;(t —7(t)) for i,j=

.,IN. Since |S;;| <d} (t) and U,W =1, using Assumption (1.18), we infer from (3.10)
with 0 =1* that

N
|2 O st =7 (= 7(0) w5 (0) —vie) v (1) — ()| < (1) ().

ij=1
With the above estimate, we obtain from (3.13) that
DH(dY (1) <2A(1—¢*)d3 (t) — 2Xd3 (t) + 4Xdy (t)o- (),

from which (3.12) follows. a0

LEMMA 3.3. Let (x(-),v(-)) be a solution of (3.1). Then
max [0j ()] < Ady (t)+Ao-(t) (3.14)
F=1s

for every t>0.

Proof.  Using (3.1), we have
A A
= > s = O w5 (1)~ 0 (0) + e Sy (6 (1) w5t —(8)) — 05(0))

J#i J#i
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from which we infer that
|0, (¢ |<N2a” (t—7(t))dy(t NZa” (t—7(t / [0;(s)] ds.
j#i J#i (®)
Then, we have
t
[0 ()| < Ady (£) +A max [0;(s)| ds

t— ‘r(t)j 1,..., N

and the lemma follows by taking the maximum in the left-hand side and using the
Definition (3.11) of o (t). |

We are now in a position to prove the theorem. Let >0 to be chosen later. We
consider the Lyapunov functional defined along any solution by
t
F(t)=dy(t)+p3 e (t=9) max |vj )| dods. (3.15)
t—7(t) s J=1,.
First of all, using (3.12), we have
DT F(t) <= \p*dy (t) +2 0, (1)

t
,ﬁ(lfo(t))e*T(t)/t 05 (0) s+ 5r(0), a1, ()

1

¢ ¢
—ﬁ/ e (t=s) max |vj( o)|dods.
t—7(t)

s J=1,...,N
Using (1.3) and (1.4), it follows from Lemma 3.3 that
DY F(t) < = p*dy (t)+ (2N = B(1—c)e™ 7)o, (t) + fTAdy (1)
t

¢ ¢
+B?/\/ “max_|0;(s)]ds—p e~ =) [ max |0;(0)|dods
t—r(t) =L N ! t—7(t) o d=1.N

A" =B7)dy (t) — (B(1—c)e™ " —2X—BTA)o,(t)
B/ttr(we(tS) | _max  [0;(0)] dods.

s J=1,...,N
Convergence to consensus is ensured if
P*—FB>0 and B(1—c)e” " —2\—BTA>0. (3.16)

The second inequality of (3.16) gives a first restriction on the size of the delay: Te” <
15, Let us now choose the constant >0 in the Definition (3.15) of the Lyapunov
functional F so that both conditions in (3.16) are satisfied. We impose that 5 < % and

8> m This is possible if and only if (1_0)371\?% < w%, that is, equivalently,

7eT < x where Y is defined by (3.6).
We now choose  in the definition of F such that

DY F(t) < —rF(t) (3.17)
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for a suitable positive constant r. In order to have a better decay estimate, let us fix

2)
P9

Then, we obtain (3.17) with r as in (3.8). Therefore,
dy()<F@#)<F(0)e ™  Vt>0.

The exponential decay estimate (3.7) is then proved with C'=F(0) as in (3.9).

4. Numerical simulations
We provide here some numerical simulations illustrating our results. Throughout
the section, we take d=2 and we choose the Cucker and Smale potential

1

¢(5)— (1+82)b
with b=2. As recalled in the introduction, for this value of b, for the classical model
without time-delay, there is a conditional flocking result (see [22,23,26]): under a suit-
able relation on the initial data, itself implying that the structural Assumption (1.15) is
satisfied along trajectories, convergence to consensus is ensured (and we find numerically
that y=1).

Here, we have A=1. The value of the threshold 7y defined by (2.5) in Theorem 2.1
is

70~0.3437.

Recall that this threshold does not depend on the number N of agents. According to
Theorem 2.1, if the initial conditions are chosen in the favorable region of consensus
(determined by the structural Assumption (1.15)) for the undelayed model, then we still
do have convergence to consensus for the delayed model provided 7 < 7.

Interestingly, we are going to see in our numerical simulations hereafter that the
maximal threshold value 7y for the delay under which convergence to consensus is kept,
seems to be sharp when NV is large.

All numerical simulations have been done with Matlab on a standard desktop com-
puter. The differential system to be integrated has been discretized with the usual
explicit Runge-Kutta method of order 4 (RK4 scheme). The subdivision of the time in-
terval has been chosen regular, and the values of the delays have been chosen such that,
at some given time t; of the subdivision, denoting by 7 a delay, the subdivision is such
that t; — 7 belongs to the subdivision: this condition is often referred to as a commen-
surability assumption in the literature treating numerical simulations of time-delayed
systems.

4.1. Simulations with 3 agents. We take N =3 (3 agents).
For the moment, we do not consider any time-delay in the model, i.e., 7(-)=0. We
take as initial conditions
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R Motion in the plane s Modulus of the speeds in function of time

Xt V() in logarithmic scale

Fic. 4.1. N =3, no time-delay (T=0). Simulation on the time interval [0,30].

These initial conditions are “favorable” in the sense that we have convergence to consen-
sus, as it can be seen on Figure 4.1. At the top left are drawn the curves t — x;(t) € R%:
motion in the plane of the three agents; the initial points are represented with a star.
At the top right, one can see the modulus of the speeds ||v;(¢)]|, as a function of ¢. At
the bottom left is drawn the time evolution of the position variance X (t), and at the
bottom right, the speed variance V() in a logarithmic scale.

We now introduce a time-delay which, for simplicity, we take constant: 7(t)=r.
We take as initial conditions, on [—7,0],

()= +(t+7)0),  vi(t) =02, i=1,...,N. (4.1)

In other words, along the interval [—7,0] the agents follow the dynamics &; =v; and
©; =0, and thus each agent performs a translation motion, starting at ¥ with the speed
o0,

We observe in the numerical simulations that convergence of consensus is obtained
for any value of the delay satisfying 7 < 1y, as expected.

Let us test, however, larger values of 7.

The corresponding solution for 7=1 is drawn on Figure 4.2. For this value of the
time-delay, we observe that convergence to consensus is still obtained. This shows that
our threshold 7y is not sharp for N=3. This is not surprising because the region of
consensus (set of “favorable” initial conditions, studied in [22,26]) depends on N.

The corresponding solution for 7=25 is drawn on Figure 4.3. For this value of the
time-delay, convergence to consensus is now lost. When time goes to infinity, the agents
do not remain grouped, and one can indeed observe that the position variance X (t)
tends to +oo.



CRISTINA PIGNOTTI AND EMMANUEL TRELAT

Motion in the plane

Modulus of the speeds in function of time.

V() in logarithmic scale

Fi1g. 4.2. N=3, time-delay 7 =1. Simulation on the time interval [—1,80].

Motion in the plane

Modulus of the speeds in function of time.

|
|
I
|
|
/
|
I
10 0 10 20 a0 0 50 60 70 8
V() in logarithmic scale
|
10 0 10 20 30 0 50 60 7 80

F1g. 4.3. N=3, time-delay 7=5. Simulation on the time interval [—5,80].

2071
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We do not provide here any numerical simulation with time-varying delays, because
they do not provide any new relevant information with respect to that already provided
here. Anyway, if one would like to simulate time-varying delays, note that one should in
any case take care of the commensurability condition, as already mentioned; therefore
the delay function ¢+ 7(¢) should be discretized as a piecewise constant function in
accordance with the subdivision that is used in the RK4 scheme.

4.2. Simulations with 50 agents. @ We now take N =50.
As before, we first consider the model without delay, i.e., 7=0. We take as initial
conditions

9= (1.1cos(i+V2),1.1cos(i+2v2))

x’L

v? =(240.15isin(v3—1),2+0.15isin(v/3—2))  Vi=1,...,N.

These initial conditions are “favorable”: we have convergence to consensus (see Figure
4.4). At the top left of this figure are drawn the curves ¢+ z;(t) € R?: motion in the
plane of the 50 agents (initial points are represented with a star); for better readability,
the trajectories are drawn only on the time interval [0,3]. At the top right are drawn
the speeds ||v;(t)]|, as a function of ¢, only on the time interval [0,200] to have better
readability. At the bottom left is drawn the time evolution of the position variance
X(t), and at the bottom right, the speed variance V(¢) in a logarithmic scale, on the
time interval [0,2000], so that convergence to consensus can clearly be observed.

Motion in the plane

Modulus of the speeds in function of time

Xt V(Y in logarithmic scale

0 200 400 600 800 1000 1200 1400 1600 1800 2000 o 200 400 600 8O0 1000 1200 1400 1600 1800 2000

Fic. 4.4. N=50, no time-delay (T1=0).

We now introduce a constant time-delay (7(¢) =7). We take initial conditions (4.1)
on [—7,0] as before.
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Motion in the plane

Xt

Fic. 4.5. N =50, time-delay 7=0.25. Simulation on the time interval [—0.25,20000].

Motion in the plane

0 —_—

0 2000 4000 6000 8000 10000 12000 14000 16000 18000 20000

0
0 2000 4000 6000 800D 10000 12000 14000 16000 18000

F1a. 4.6. N =50, time-delay 7=0.5. Simulation on the time interval [—0.5,20000].

20000

Modulus of the speeds in function of time.

V() in logarithmic scale

2000 4000 6000 8000 10000 12000 14000 16000 18000 20000

Modulus of the speeds in function of time

0 2000 4000 6000 8OO0 10000 12000 14000 16000 18000
o V() in logarithmic scale
102 i
109 4
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107

0 2000 4000 6000 8000 10000 12000 14000 16000 18000

20000
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We observe in the numerical simulations that convergence to consensus is obtained
for any value of the delay satisfying 7 < 1y, as expected.

For instance, for 7=0.25 the corresponding solution is drawn on Figure 4.5. At the
bottom left: the position variance X (t); at the bottom right: the speed variance V (t)
in a logarithmic scale; both drawn on the time interval [0,20000], because convergence
to consensus is slow. The curves t+ z;(t) €R? (motion in the plane) and ¢+~ |lv;(t)]|
(modulus of the speeds) are represented within a much smaller time frame to have better
readability.

Finally, for 7=0.5 the corresponding solution is drawn on Figure 4.6. For this value
of the time-delay, which is larger than the threshold 7y, convergence to consensus does
not hold: one can indeed observe that the position variance X (t) tends to +oo, that
V(t) converges to a limit that is positive, and that the speeds do not coincide at the
limit.

This simulation, as well as others that are not reported here, illustrates that the
threshold 7y defined by (2.5) in Theorem 2.1 seems to be sharp, at least when N is
sufficiently large.

5. Conclusion and further comments

We have analyzed the finite-dimensional general Cucker-Smale model with time-
varying time-delays, and we have established rigorous convergence results to consensus
under appropriate assumptions on the time-delay function 7(-). Our results are valid
for symmetric as well as for nonsymmetric interaction rates. The symmetric case has
been analyzed thanks to a L? analysis, in the spirit of the original papers [22,23], while
we were able to deal with the loss of symmetry by carrying out a L>° analysis as in [40].

In both cases, we have established convergence to consensus provided the time-delay
is below an explicit threshold given by a Lyapunov stability analysis. The bound on
the time-delay depends on the coupling strength A, on the communication weights and
on the bound ¢ on the time-derivative of 7(-), but it does not depend on the number
N of the agents. This important fact suggests that it might be possible to extend our
analysis performed here on the finite-dimensional Cucker-Smale model to the infinite-
dimensional case, as we comment next.

Towards a kinetic extension.  The kinetic equation for the undelayed Cucker-Smale
model has been derived in [30], using the BBGKY hierarchy, from the Cucker-Smale
particle model as a mesoscopic description for flocking (see also [28,45]). By considering
the mean-field limit in the case 7=0, one obtains the kinetic equation

Op+ (v,grad, p) +divy (([p])p) =0

where p(t) = p(t,x,v) is the density of agents at time ¢ at (z,v) and the interaction field
is defined by

()= [ dlle=yDw—o)duty.u).

If we introduce a delay 7 in the Cucker-Smale system as in (1.5), even when 7 is
constant, it is not clear how to deduce the corresponding kinetic model. In contrast, it
is easy to pass to the mean-field limit when one considers a Cucker-Smale model with
communication weights as in (1.13): indeed, the authors of [17], putting a delay on x;
but not on x; in the communication weights in the equation for v;, are able to pass to
the mean-field limit and obtain the kinetic equation

Aepu(t) + (v, grad, p(t)) +div, ((§[p(t —7)])p(t))

0.
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Deriving an appropriate kinetic equation by considering the mean-field limit of (1.5),
with communication weights depending on the states at time ¢ — 7 for all the agents; as
it is, in our opinion, more adequate from a physical point of view; seems out of reach
at this moment. We let it as an open question.
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