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THE GLOBAL ATTRACTOR FOR THE 3-D VISCOUS PRIMITIVE
EQUATIONS OF LARGE-SCALE MOIST ATMOSPHERE*

GUOLI ZHOUT AND BOLING GUO#

Abstract. Absorbing ball in H!(U) is obtained for the strong solution to the three dimensional
viscous moist primitive equations under the natural assumption Q1,Q2 € L2(0) which is weaker than
the assumption Q1,Q2 € H'(U) in the previous works. In view of the structure of the manifold and
the special geometry involved with vertical velocity, the continuity of the strong solution in H(U) is
established with respect to time and initial data. To obtain the existence of the global attractor for
the moist primitive equations, the common method is to obtain the absorbing ball in H?(U) for the
strong solution to the equations. But it is difficult due to the complex structure of the moist primitive
equations. To overcome the difficulty, we try to use Aubin-Lions lemma and the continuous property
of the strong solutions to the moist primitive equations to prove the existence of the global attractor
which improves the result obtained before, namely, the existence of weak attractor.
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1. Introduction
The paper is concerned with the 3-dimensional viscous primitive equations in the
pressure coordinate system (see e.g. [19,34,36,37] and the references therein).

8tU+VUv+w85v+RivL—i—grad‘P—&—szO, (1.1)
0

bP
0: P+ ?(l—kaq)Tzo7
diV'U-i-ag’LU =0,
bP
T +V, T+ woeT — ?(I—Faq)w—kLgT:Ql,
0rq+Vuq+wieq+ L3g=Qa.

The unknowns for the primitive equations are the fluid velocity field (v,w) = (vg, vy, w) €
R? with v = (vg,v,) and vt = (—vy,vg) being horizontal, the temperature 7', ¢ the mixing
ratio of water vapor in the air and the geopotential ®. f=2cosf is the given Coriolis
parameter, Q1 corresponds to the sum of the heating of the sun and the heat added or
removed by condensation or evaporation, ()2 represents the amount of water added or
removed by condensation or evaporation, a and b are positive constants with a=0.618,
Ry is the Rossby number, P stands for an approximate value of pressure at the surface
of the earth, pg is the pressure of the upper atmosphere with pg >0 and the variable
¢ satisfies p= (P —po)& +po where 0 <pg <p< P. The viscosity, the heat and the water
vapor diffusion operators Ly, Lo and L3 are given respectively as the following:

Li = —yiA—uiazz7i: 1,2,3.

Here the positive constants 11,1 are the horizontal and vertical viscosity coefficients;
the positive constants vs, 1o are the horizontal and vertical heat diffusivity coefficients;
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while the positive constants v, 3 are the horizontal and vertical water vapor diffusivity
coefficients. The definitions of V,v,Av,AT,Aq,V,q,V,T,divv,grad® will be given in
Section 2.

The space domain of equations: (1.1)-(1.5) is

U=5%x(0,1),
where S? is two-dimensional unit sphere. The boundary value conditions are given by

§=1(p="P):9:v=0, w=0, dT=ay(Ts=T), deq=Ps(qs—q); (1.6)

E=0(p=po):0cv=0, w=0, 9:T=0, Oeq=0, (1.7)

where «,, s are positive constants, T is the given temperature on the surface of the
earth, ¢ is the given mixing ratio of water vapor on the surface of the earth. To simplify
the notations, we set Ts =0 and g5 =0 without losing any generality. For the case T #0
and g5 # 0, we can homogenize the boundary value conditions for T', g; see [19] for detailed
discussion on this issue. Moreover, using (1.2), (1.3) and the boundary conditions (1.6)-
(1.7), we have

1
w(t;9,<p,§)=/ div v(t;0,0,8")de’, (1.8)
¢
1
/div vd§=0, (1.9)
0
1
B(t:0,0,) = 0u(t:0,0) + [ (1 +ag)Tde (1.10)
¢ D

where ®,(t;0,¢) is a certain unknown function at the isobaric surface £ =1. In this
article, we assume that the constants v;=u;=1,i=1,2,3. For the general case, the
results will still be valid. Then using (1.8)-(1.10), we obtain the following equivalent
formulation for system (1.1)-(1.7) with initial conditions

1
Ov+V,v+ (/ div v(t;0,0,&")dE’ )8 v—l—iv +grad®,
3

1
P

—|—/ b—grad[(l—l—aq)T]d{’—Av—aggv:(), (1.11)
¢ P

1
T+, T+ ( / div v(t:0,0,€ )€ ) 0T
3

bP v N el
_p(1+aq)(/5 div v(t;e,m)dg)—AT—a&T:Ql, (1.12)

1
Oq+Vouq+ (/ div v(t;ﬁ,w,f')dﬁ’)ﬁgq—Aq—355q=Qz, (1.13)
¢
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1
/div vdé =0, (1.14)

0
£=1:0:v=0, w=0, 0:T=—-a,T, Ocq=—Psq, (1.15)
£€=0:0v=0, w=0, 0T=0, Oeq=0, (1.16)

U(079a¢7§) = 1}0(97¢,£),T(0;97¢,§) :T0(9v¢7€)’q(0797¢5£) = q0(95¢v£)' (117)

In order to understand the mechanism of long-term weather prediction, one can take
advantage of the historical records and numerical computations to detect the future
weather. Alternatively, one should also study the long-time behavior mathematically
using the equations and models governing the motion. The primitive equations represent
the classical model for the study of climate and weather prediction, describing the
motion of the atmosphere when the hydrostatic assumption is enforced [18,23,24,40,43].
But the resulting flow or the atmosphere is rich in its organization and complexity
(see [18,23,24]), the full governing equations are too complicated to be treatable both
from the theoretical and the computational side. To overcome this difficulty, some simple
numerical models were introduced. The 2-D and 3-D quasi-geostrophic models have
been the subject of analytical mathematical study (see e.g., [3,5,10,11,15,16,39,48-50]
and references therein). To the best of our knowledge, the mathematical framework
of primitive equations was formulated in [36-38], where the definitions of weak and
strong solutions were given and the existence of weak solution was proven, leaving the
uniqueness of weak solution as an open problem for now. Local well-posedness of strong
solutions was obtained in [21,47]. If the domain was thin, the global well-posedness of
3D primitive equations was shown in [26]. Taking advantage of the fact that the pressure
is essentially two-dimensional in the primitive equations, global well-posedness of the
full three-dimensional case was established in [12] and independently in [29,30]. In the
subsequent work [31] a different proof was developed which allows one to treat non-
rectangular domains. Recently, the results were improved in [7-9,13] by considering
the system with partial dissipation, i.e., with only partial viscosities or only partial
diffusion. For the inviscid primitive equations, finite-time blowup was established in [6].
To study the long-term behavior of primitive equations, the existence of global attractor
was established in [27] and dimensions were proven to be finite in [28]. When moisture
is included, an equation for the conservation of water must be added, which is the case
in e.g. [19,20,36,42]. In [51], global well-posedness of quasi-strong and strong solutions
was obtained for the primitive equations of atmosphere in presence of vapour saturation.

The understanding of asymptotic behavior of a dynamical system is one of the most
important topics of modern mathematical physics. One way to solve the problem for
a dissipative deterministic dynamical system is to consider its global attractor (see its
definition in Section 2). Thus, in order to capture the dynamical features of moist
primitive equations, Guo and Huang in [20] proved the existence of universal attractor
which is weakly closed in V' (see the notations in Section 2) and attracts any orbit in
V-weak topology, when time goes to co. Then, one natural question arising from it is the
existence of global attractor which is compact in V' and attracts any orbit in V-strong
topology, as time goes to co.

As it is stated in [20] that lacking information for the time derivative of the vertical
velocity in the moist primitive equations leads to the failure of establishing the existence
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of the global attractor. How to overcome the difficulty? Inspired by [27], we try to use
Aubin-Lions lemma combined with continuity of the strong solution in V' with respect
to time and initial data to prove the solution operator is compact in V. Then the
compact property of the solution operator implies the existence of the global attractor,
i.e., the universal attractor is indeed compact in V' and attracts all bounded sets in V'
with respect to V-strong topology, when ¢t — co.

In this article, we first try to obtain time-uniform a priori estimates in various
function spaces under the natural assumption Q,Q» € L?(0), reducing the stronger
assumption Q1,Q2 € H'(U) in [20]. Then, by making delicate and careful estimates of
L* norm for the strong solution, estimates about L? norm, which are required in [20],
are omitted. To obtain uniform boundedness with respect to time ¢ in V, estimates
about 0¢T',0¢q are carefully considered, which is more complex than oceanic primitive
equations. We recall that the continuity of the strong solution with respect to initial
data was shown to be true in weak solution space H in previous work due to which
no boundedness is available for the derivatives of the vertical velocity. This is not
sufficient for our purpose. To overcome the difficulty, the structure of the manifold
and the special geometry involved with the vertical velocity are used to obtain the
continuity of the strong solution with respect to initial data in V', improving the results
obtained before. Finally, in order to prove that the absorbing ball is compact in V, the
common method is to show that the ball is uniformly bounded with respect to time
t in H%(U). But it is difficult to achieve because of the high nonlinearity of the moist
primitive equations. We try to use an Aubin-Lions compactness lemma combined with
a continuity argument to show that the solution operator is compact in V for every
time ¢ >0, which further implies the existence of the global attractor for the dynamical
system generated by the primitive equations of large-scale moist atmosphere.

The remaining part of the paper is organized as follows. In Section 2, we present the
notations and recall some important facts which are crucial to later analysis. Absorbing
ball is obtained in Section 3. Section 4 and Section 5 are for continuity of the strong
solution with respect to time ¢ and initial data in V respectively. Finally, in Section 6,
using Aubin-Lions lemma and the continuity properties of the strong solution, we prove
the existence of the global attractor. As usual, the positive constants ¢ may change
from one line to the next unless we give a special declaration.

2. Preliminaries

In this section we collect some preliminary results that will be used in the rest of
this paper, and we start with the following notations which will be used throughout this
work. Denote

1
17:/ vd€, v=v—7.
0
Then we have
V-9=0, 0=0. (2.1)
Now we give the definitions of some differential operators. Firstly, the natural
generalization of the directional derivative on the Euclidean space to the covariant

derivative on S? is given as follows. Let T',q,€ C*(U),®, € C>(S?) and

V="vgeg+Vyey, u:uaeg—i—u@e@EC"’o(TU\TSQ),
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where O°°(TU|TS?) represents the first two components of smooth vector fields on U.
We define the covariant derivative of u,T" and ¢ with respect to v as follows

v v
Vou=(vgOpug + ﬁ@wug —v,u,cotl)eg + (veOpuy, + ﬁ&ouw +v,ugcotl)e,,

VT =vp0p T+ ~2-0,T,
S

inf

Vuq=v90gq+ 796
We give the definition of the horizontal gradient V =grad for T and ®, on S? by

VT =gradT = (89T)eg—|— ! (8 T)e,,

Vo, =grad®, = (0P )eg+ (8 D, )e,
We define the divergence of v by
1
dive =div(vgeg +vye,) = ey (0 (vesing) + 0, v,).

The horizontal Laplace-Beltrami operator of scalar functions 7" and q are

. 1 . 1
AT =div(gradT) = i [0 (sinf0pT") + @QWT]’
1
Ag=div(gradg) = [89 (sinfdpq) + g —— 04

We define the horizontal Laplace-Beltrami operator A for vector functions on S? as

2cosf Vg 2cosf )
Av=(Avg— —5=0,0, — —5—)eg + (Av, + a0 e
(Avg sin?9 ¥ ¥ sin29) o+ " sin%0 7 ve

Jee

sin?6

Consequently, by integration by parts, we have

1 1 1
/ wagvdfz/ vdivvdf:/ odivodé, (2.2)
0 0 0

1 1
/Vyvdgz/ Vs0dé+ V0. (2.3)
0 0

Taking the average of Equations (1.11) in the z direction, over the interval (0,1) and
using (2.1)-(2.3) and the boundary conditions (1.15)-(1.16), we arrive at

8@—1—Vﬂ+ﬁdivf}+v5f}+ f 7t 4 grad®, +/ / —grad[(1+aq)T]d¢ d¢

~A9=0 in S%. (2.4)
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By subtracting (2.4) from (1.11), we obtain the following equation
[

1
B0+ V50 + ( / div6d§’> O+ Y50+ Vo — (0divo+ Vi) + 550
I3 0

1 1ol
bP bP
+ / O rad[(1 +agq)T)de' / / P8 erad((1 +aq)T)de' de
¢ P o Je P
—AU—0g0=0 in U, (2.5)
with the following boundary value conditions
0:v=0o0n {=1 and {=0. (2.6)

Let eg,e, and e¢ be the unit vectors in 0, and & directions of the space domain U
respectively,

1

co=0, o= siné

8¢, 6&285.

The inner product and norm on Ty, yO (the tangent space of U at the point (6,¢,&))
are defined by

where u=wuyeq+uze, +uses €T(g,,6)0 and v=uvieq+vae, +v3ec €T 4 )0. For 1<
p<oo, let LP(U) and LP(S?) be the usual Lebesgue spaces with the norm |-|, and
|- |Lr(s2) respectively. If there is no confusion, we will write |-[, instead of |-|r»(g2).
L?(TQ|TS?) represents the first two components of L? vector fields on U with the
norm |v[a = ( f5(|ve|* + v,]2)d0) 2, where v = (vg,v,,) : 0 — T'S?. Denote by C>(S?) the
functions of all smooth functions from S? to R. Similarly, we can define C>°(0). H™(U)
is the Sobolev space of functions which are in L2, together with all their covariant
derivatives with respect to eg,e,,e¢ of order <m, with the norm

1
||hum:[/<2 S VeV bR PR,
O 1<k<mi;=1,2,3;j=1,... k

where V1 =V,,,Vy =V, and V3= 0 which are defined above. Denote H™ (TO|TS?) =
{v;v=(vg,v,) : U—=T5?||v|m < oo}, where the norm is similar to that of H™(U) (i.e.,
let h=(vg,v,) =vgeg+v,e,.) We will conduct our work in the following functional
spaces. Let

1
Yy i={v;0 € O (TV|TS?), 0ev|e=0 =0, Dev|e=1 =0, / div vd¢ =0},
0
VQ:Z{T;TECOO(U), 85T|§=Q=O, 8§T|§:1=—043T},
Vs :={q;:0€ C*(U), 9¢qle=0=0, O¢qle=1=—P5sq}

We denote by Vi,V and V3 the closure spaces of Vi,V and V3 in H(U) under H'—
topology, respectively. In addition, we denote by Hi,Hs and Hs the closure of Vi,Vs
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and V3 in L?(U) under L?— topology. Let H := Hy x Hy x H3 and V =V; x V5 x V3 with
V' being the dual space of V. By definition, the inner products and norms on Vi,V;
and V3 are given by

<v,v1>V1:/U(Veev~Veevl +Ve,v- Ve, v1+ 00001 +v-v1)dU,
ol = (v.0),, Vo, m eV,
(T, T})vy, = /U (gradT - gradTy + 9 TO T )dU + s /S ) TTydS?,
|7l =(T\T),, VT,TieVs,
<q7q1>v3:/u(gradq~gradq1 +55q35q1)d15+ﬂs/82 qq1dS?,

1
||Q||1:<qaq>\2/3a V(Iv(he‘/&

Let V/(i=1,2,3) be the dual space of V; with (,) being the inner products between
V/ and V;. Without confusion, we also denote by (,) the inner product in L?(0) and
L?(S?). Define the linear operator A;:V;+—V/,i=1,23:

K3

<A1U1,u2>:<ulau2>%7 vu17 u26‘/17
(A201,02) = (01,02)v,, Y0,05€Vs;
(A3q1,q2) = (q1,92)vs, VYq1,q2 € V3.

Denote D(A;)={neV;,A;ne H;}. Since A; is positive self-adjoint with compact resol-
vent, according to the classical spectral theory we can define the power Af for any s € R.

Then we have D(Ai%) =V, and D(Ai_%) =V/. Moreover,
D(A;)CV;CH; CV{ CD(4;),

where D(A;)" is the dual space of D(A;) and the embeddings above are all compact. In
the following, we state some lemmas including integrations by parts and the uniform
Gronwall lemma, which are frequently used in our paper. For the proof of Lemma
2.1-Lemma 2.3, we can see [19]. The proof of the uniform Gronwall lemma was given

in [17,46].
LEMMA 2.1.  Let u=(ug,uy),v=(vg,v,) € C(TV|TS?) and pe C>*(5?%). Then

/ p div udS? =— Vp-udS?,
S2 S2

/Vp'vdUzo for any veVy,
&
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and

/(—Au)-vdU:/(Vesu-V69v+V%u~V%U+u-v)dU.
o o

LEMMA 2.2.  For any he C*(S?),0€ C>®(TU|TS?), we have
/ V., hdS?+ / h div vdS* = / div(hv)dS? =0.
5'2 SZ SZ
LEMMA 2.3. Let u,ve Vi, T e€V,,qe V3. Then we have

1
/[Vuv+(/ div ud€")dev]vd=0,
8] §
1
/[Vug—i-(/ div ud€')deglgd0=0, for g=T or g=gq,
8] 3

/U (/: %grad[(uaq)T]dﬁ’.u— b;)(lJraq)T(/;div udg')) —0.

LEMMA 2.4. Let f,g and h be three non-negative locally integrable functions on (tg,00)
such that

df
NS h, Vt>t
dt—gf+ 5 = L0,

and

t+r t+r t+r
/ f(s)ds<ay, / g(s)ds<as, / h(s)ds<as, Vt>to,
t t t
where r,a1,a2,a3 are positive constants. Then
aq a
f+r)<(—+az)e™, Vixto.
r

Before considering the long-time behavior of the dynamics, we recall the definitions of
strong solution to (1.11)-(1.17).

DEFINITION 2.1.  Suppose Q1,Q2 € L*(U), (vo,To,q0) €V and 7> 0. (v,T,q) is called a
strong solution of (1.11)-(1.17) on the time interval [0,7] if it satisfies (1.11)-(1.13) in
a weak sense, and also

veC([0,7); V) NL2(0,7); H (D)),

T € C([0,7]; Vo) NL*([0,7]; H*(V)),

qeC([0,7];Va)NL*([0,7]; H*(V)),
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9,0, T,0,9€ L*([0,7]; L*(V)).

Now we state the global well-posedness theorem for the strong solution as follows. For
the proof of the theorem, one can refer to [20].

PROPOSITION 2.1. Let Q1,Q2€ HY(U),Uy = (vo,T0,q0) €V. Then for any 7>0 given,
the global strong solution U of the system (1.11)-(1.17) is unique on the interval [0,7].
Moreover, the strong solution U is continuous with respect to initial data in H.

REMARK 2.1. Notice that there are some gaps between the Proposition 2.1 and
Definition 2.1. In fact, in Section 3 of this work we will find that if the condition
Q1,Q2 € HY(U) is relaxed as Q1,Q2 € L?(U), the result of Proposition 2.1 still holds.

REMARK 2.2. In the Proposition 2.1, the result that the strong solution is continuous
with respect to initial data in H is not sufficient for our purpose. We will improve the
result in Section 5 by establishing that the strong solution is continuous with respect
to initial data in V.

To see the difference between global attractor and universal attractor, we introduce
the two definitions in the following. For more details, we refer to [20,22,46] and other
references. Let (X,d) be a separable metric space and S(¢): X — X,0<t <00, be a
semigroup satisfying:

(1) S(t)S(s)x=S(t+s)x, for all t,seR; and z € X;

(23) S(0)=1 (Identity in X);

(7i) S(t) is continuous in X for all ¢>0.

Typically, S(t) is associated with an autonomous differential equation; S(¢)z is the
state at time ¢ of the solution whose initial data is z.

DEFINITION 2.2. A subset A in X is said to be a global attractor if it satisfies the
following properties:

(1) A is compact in X;

(1) for every t>0,S(t)A=A,;

(i3i) for every bounded set B in X, the set S(t)B converges to A in X, when
t— 00,1.€.,

Jim d(S(t)B,.A) =0,

Here, and in the following, for A and B subsets of X, d(A,B) is the semi-distance given
by
d(A,B)=sup inf d(x,y).
z€AYEB

DEFINITION 2.3. A subset A in X s said to be a universal attractor or weak attractor
if it satisfies the following properties:

(1) A is bounded and weakly closed in X;
(1) for every t>0,5(t)A=A;
(1i) for every bounded set B in X, the set S(t)B converges to A with respect to
X -weak topology, when t— oco,i.e.,
tlg{.lodX(S(t)B,A) =0

where the distance d% is induced by the X -weak topology.
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3. Uniform estimates and absorbing balls

In this section, we will obtain some useful uniform a priori estimates about the
solution to (1.11)-(1.17) under the natural assumption Q1,Q2 € L?(U) and give a proof
of the existence of the absorbing ball in V' for the solution to the moist primitive
equation. The estimates of this section are rigorous without justification using Galerkin
approximation due to Proposition 2.1.

3.1. L? estimates of v,T,q. Taking inner product of (1.13) with ¢ in L*(0), by
Lemma 2.3 we have
1dlql3
2 dt

+ 90+ 00+ Bulale = | aQads. (3.1)
&

Since ¢(0,¢,&) = —f; 0¢qd€’ +ql¢=1, by Holder’s inequality and the Cauchy-Schwarz in-

equality we have

|al3 < 210¢ql3 +2lae=1 3, (3.2)

which together with (3.1) implies that there exists a positive constant ¢ such that

d
—lql3+clql3 <|Qa3.
dt

Therefore, we have

la(t)[3 < e qo[3 +c|Q23. (3:3)

By (3.1) and (3.3), for arbitrary ¢ty >0 we have

to+1
| (Ve +10catt) B+ Bulalemr (O )t

to
<lq(to) |5+ QL5 <e™"|qo |3 +¢|Qal3. (3.4)

Taking an analogous argument as (3.1), we have

1d|T2 bP
LA TR 40T + o Tl [3 = /

5 di U?(l—f—aq)deU—k/UQleU. (3.5)

Multiplying v with respect to (1.11) and integrating on U; by Lemma 2.1, Lemma 2.3
and (RL0 xv)-v=0 we have

1dv[3
2 dt

1
bP
(90 #1900+ el = [ ([ 2 gradl1+ag)TIag) v, (36)
G /e

Combining (3.5)-(3.6) and Lemma 2.3 yields

Ld(jol3+T13)

5 g Vel Ve, vf5+ 003+ [of3

+ VTR +]0e TR + | Tlemr 2 = / QT L. (3.7)
[8)

Similar to the deduction of (3.2), we have

T3 < 210T13 +2/Te=1 13,
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which, together with (3.6) and Holder’s inequality, implies

d(|vl3+]T13)

T TIVe v+ Ve, o5+ [0gvl3 + vl

+|VT|3+10:T|5 4 s | T e=113 < c|@1 3.

Therefore, we conclude that

()5 +IT®)]5 < e (|vol3 +|To[3) +¢|Qu 3.

Combining (3.7) and (3.8) we arrive at

to+1
/ Ve v(t)[3+ Ve, v(t) 3 +10ev(t)3 + v (t)[3dt

to

to

2013

to+1
+/ VT (#)[3+[0:T (1) 3+ cvs|Tle=1 (1) 3t < e™ (Jvo|3 +|To]3) +c|Qu 3. (3.10)

3.2. L* estimates of ¢. Multiplying ¢® on both sides of (1.13) and integrating

on O yields

1d|ql}
4 dt

1
— /U Q2¢3d5 — /U [Vog+( /5 divude)deqlg®.

+3[|Valql3 +3[10:qlql3 + Bslgle=11

Since by Lemma 2.2 or Lemma 2.3 we have

1
/[Vvq—i-(/ divude')0eqlg® =0.
8] 3

Then (3.11) and (3.12) imply

1d|ql
4 dt

3 2,3 22, 9,2
:/qu 45 < Qs lal?1} <clQalala®lS g1
[8)

+3|IValgl5+310:qlql5 + Bslale=11

3 3 3 3
=c|Q2l21ql (lq1 +1[Valqls +1q0:ql3)
8 12
<e(||Valgl3 +q0¢ql3) +clQ213 gl +clQ2l21ql3.

Since ¢*(0,¢,&) = —f; Oerq*d€’ +q*|¢=1, by Hoélder’s inequality we get
1
lala < claldeql5+ 5 lal1 +lale=1l3;
which implies that there exists a positive constant ¢y such that
d s 12 .
@\qliJrClIQIiSCIQzIS laly +lQalz2lal3-
That is

d
%|Q|E+C‘Q|ESC|Q2|§

(3.11)

(3.12)

(3.13)
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Therefore, we have

la(t)[3 < e qol3 +clQ23. (3.14)

Combining (3.13) and (3.14), we arrive at

to+1
/ (IVa(®)la®)3+10:a()]a(®) 3+ Bslale=1 (1) 3)dt < ce™*[qol3 +c|Qal3.  (3.15)

to

3.3. L* estimate for 7.  Taking inner product of (1.12) with 7% in L?(U) yields,

1|73
4 dt

_/ bP(/ d1vvd£)\T|2TdU+/ abl (/ d1vvd§)q|T\2TdU
s P p

- /U [VUT+< /g divvdg')agT}|T|2TdU+ /U O1|TPTdv. (3.16)

+3|IVT|T 5+ 3|0 TIT 5+ s | Tle=1 3

Using the estimate in [20], we know that

= / divag') [T ]°T)

<e(|Vepl2+[Ve, v]2)TI(VT |2+ |T]2). (3.17)

Taking a similar argument as in [20], we get

|/ wp /1divvd§’)T3|
SC/O [(/Sz 4d52>}1(/32 TleSQ)i}dﬁgzl[tl?l]llf/:divudg’hz(sz),

Therefore,
bP !
| / a4 / divvdg’)T3|

3 .
SC/ lal (5% T2 26 (52, dé|divols
0
! 1
<c / |al 252 T2 22 (52| VT?| 252y d€ [divol2
0

<e|TIVT|[5+c(|Ve,vl3 + Ve, vI3) | T[54l (3.18)

To estimate the last term on the right of (3.16), we use the interpolation inequality and
Holder’s inequality to have

3 3 2|2
/QlT dUO <|Q1|2|T |5 =[Q1]2|T%|3
[8)

2 3 3 3 2 3
<@l T3 (ITIVTl3 +[T10TI|3 +[T73)
8 12
<e(ITIVT|3+IT10TI3) +cl Q2| T3+l Q113|715 - (3.19)
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By virtue of (3.16)-(3.19), we have

T AT _

5 i (IVepvlo+ Ve, v2)|TIF(VT |2 +T]2)

(Ve vls + Ve, v3)|T13al}
8 12
+|Qula| TG +clQu]3 T
which implies

2
AT _,

(Vg vla+ (Ve v (VT2 + [T]2)

+e(|Ve,v3 +1Ve,vf3)lal?
8 2
+|@il2|Tla+cl@ul3 T3 (3.20)

Since |T'|4 <c||T1, by (3.9), (3.10), (3.14) and the uniform Gronwall lemma, we obtain
the desired uniform boundedness of |T'|; and it gives the absorbing ball of T in L*(U).
That is to say there exists a constant ¢ independent of ¢ such that

IT|a(t) <c (3.21)

for all t>0. Moreover, by (3.16) we have the following uniform bound on the time
average

to+1
/t (IVT@)T @)+ 10T ()T ()5 +|T(8)]e=1]1)dt

to+1
SCIT(to)IiJrO/ (IVe,v ()2 + Ve, v()|2) I T(OF(IVT(#)]2+|T(t)]2)dt

to

to+1
b [ (19l Ve, OB TR a0

to
to+1 to+1 8 12
e / QT (0)[2dt + / QU T A<, (3.22)
to to

where the constant ¢ is independent of (.

REMARK 3.1.  In this part, we try to use the uniform Gronwall lemma to get the
uniform boundedness of |T'|? instead of |T|;. Therefore, from (3.20)-(3.22) we can see
that the estimate of |T'|3 is not necessary, which simplifies the proof of the existence
of the absorbing ball in space L*(U) in [20]. This technique will be used again in the
following to get the uniform estimates for v in L*(U) with respect to time.

3.4. L* estimate for v. Taking inner product of Equation (2.5) with |9]?% in
L3(U), we get

1|3

4 dt

1 1
b [ (VeI 190 P16 4 5 Ve T+ 319, [+ 61
U

+/U(|fD§|2|fD\2+%|85|7?|2|2)d6:7/0 [V5@+</;divﬁd§/)8gﬁ} |6 25ds

—/(vﬁa)-wmda—/(vf,a)-m%du
U U
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'bP )
—/ (/ grad[(1+aq)T)d¢ - || f;)dU
v NJe P

+/U(/01/:lfgrad[(1+aq)T]d§/df)-|17|217dU

+/ (f)divf)—kvf,f))-m?f;d(i—/(ikxf;)-|ﬁ|217d6, (3.23)
o s o
where U¢ =0¢0. By Lemma 2.3, we have
1
/ [vﬁm( / divﬁdﬁ’)agﬁ} 15[8d0 = 0. (3.24)
O 3
Using Lemma 2.3 again and (2.1), we obtain
S\ 2 1 ~ 14 1 S
(V50)-[o]*0d0=— [ V;[0]"d0=—- [ |9|*divod0 =0. (3.25)
& 4 /5 4 Jis

By virtue of Lemma 2.2, we have
0:/div[(|17|217~17)17]d(5:/V@(|17|217-1‘))d(5+/ |50 - vdivodO
(&) O 6}
:/[|f)|217~V7;17+17-V5(|17|217)]d0+/ |59 - vdivadO.

(&) O
Therefore,

/[\@\26-@divf)—i—@-Va(lf)I?ﬁ)]dU:—/ |59 - V50d0. (3.26)

O (6}

Using integration by parts, we obtain

/U[/Ol(f;divf)+vqu))d§} .|@|21~)d@_/U(/Oiﬁeﬁdg)vm(wﬁ)w
—/U(/O %ﬁdf)vew(w\%)du (3.27)

Note that the minus sign on the right-hand side of (3.27) was missed in [20]. In view of
(3.23)-(3.27) combined with (- x ©)-|5|*3 =0, we have

1dlol;
4 dt

_ o2 L o2)2
+ [ (1ePIo + 5locol ) o
:/[|@|2f;@divﬁm-vﬁ(w@)]da
[8)
1 1
+/ (/ ﬁgﬁdg)-vee(|ﬁ|2ﬁ)d6+/ (/ 5¢5d§)-v%(|ﬁ|25)du
(8] 0 (8] 0

+/U(/;bf[(1+aq)T]d§’~div(|ﬁ|2ﬁ)>d6

<12~ 12~ 1 - 1 - .
b [ (Ve3P0 + 190 50 + 51T 6 5 Ve 617 o1 )
O
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/ / / (14 aq)T)dg'dg -div(|[*D) ) dv

Then by Holder’s inequality and the argument above, we obtain

1d|o|} o IV | i 1 ~ ~
1 dt4+/U('vﬁf’v‘2|vl2+‘v%”|2|v|2+§|Vee\U|2|2+§|V%|v\2|2+|v\4)dU
1
120502 4 = ~1212
+ [ (1o 15+ 510 ) o
1
<e [ ([ 1PVt 9.0 e as?
S2 0

1 1 .
+c/ (/ |ﬁ|2d§)(/ [92(1Ve, 0 +[Ve, 5%) b dg ) dS®
S2 0 0
1
ve [ (QT1+) [ 1PV, + 9., 5 de) ds?
S2 0
=L+ +1s. (328)

In the following, we estimate I;,i=1,2,3, separately. By the interpolation inequality,
Holder’s inequality and Minkowski’s inequality, we have

/ [ (/1|@4df);(/1|5|2(V696|2+|V6¢6|2)d§)§}d52
(/ /"4‘15 )2as?)’ /Iv\ (Vo2 + V.| )dU)
<lola / /Sz\ﬂl““dszﬁdé ' / [P (Ve 82 + |V, 12)d0)

1
< /U B2V 32 + [V, 52)d0 +cfo2 / (6P a([62]2 + [V [512]2)de

C |

@I

Se/U\ﬂIQ(IVeeﬁ\2+IVeﬂlg)dUﬂLCI@Ii\|17|2|2(H17|2|2+|V|17|2\2)
SS/U\@IQ(IVeeﬁ\2+IVeﬂlz)dUH\VlﬂIQI%+C(||17||f+ITJI%II@II?)IﬁIi

Similarly,

1 1 1 1
nee [ ([ ra([ ik / ([ PVt 419, 80 ds?
<c /\v\ (IVey 02+ Ve, 8 dU / /|v|2d§ 5

gg/|5|2(\v69@|2+\v 2 dz5+c/ /|v|6d52%

4 z B 2 3
<5/|v| (IVey >+ Ve, 32)d0 +c / 913 (1913 +[2, 15 + Ve, 513 )de)

w0l

SE/UITJI (IVey 0 + Ve, 0*)d0+clo[3]5]5 +c|ol3(IVe, 013 + Ve, 913)-
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Analogously, we have
T LT ! 1o\ ! ~12 ~12 ~12 LR
I | (TI+GT( | o) ([ 1P (Ve, o + Ve, 0)de )" ds
0 0
: : S
<( [ 1PV, 2a) ([ ([ TPdeas) " (Tla+ Tl
U S 0
1 1
<e [PV Ve, a0 e [ ([ foitas?) T+ )
U 0 S2
1 1
<e [ 5PVt +e¥e, )0+ o [T+ ([ ([ araeas?)’]
6} 2 Jo
1 2
<e [ IRV + el Ve, 520+l T -+l [ lal/Tlsce)
<e [ IRV +el¥e, )0+l T
2 1 (el L 1ve BT Tk WAL
el ([l ld + 19T (715 +1971 )
<e [ o190+l 5P)i0 + el T
U
o3 (1al} +lala[Vab) (T -+ 71V T]o)
By the estimates of I; — I3, we have
ol

dt

Therefore, by (3.4), (3.9), (3.10), (3.14), (3.21) and the uniform Gronwall lemma, we
have

<c(llollF+ Bl IDIBIE+ el TI3+c(lali + lalal Val2) (I T13+ T VT2).-

[5(t)]a <c, (3.29)

where t>0 and ¢ is independent of ¢. Furthermore, by (3.28) and the estimates of
I — I3, we get

to+1
/ Ve, 8@)I[8)]13+ Ve, 0(0)[5(2)][3dt

to

to+1
Slﬁ(to)liﬂ/t [l + 0@ Bl 2|3+ () [F]1dt

to+1
+C/ (la@®)1i+1a®)alVa®)2)IT )5 +IT ()2 VT (t)]2)dt <c, (3.30)

to
where c is independent of .

3.5. H' estimates of v,Tq. From [20], we have

dlolls | A n 12 S22 R -
— g T80 <3+ BIBIBI I +ell3][ Ve, 013 +el|3][ Ve, 71]5. (3.31)

By the uniform Gronwall lemma and (3.9)-(3.10), we obtain

[o(t)[l <e, (3.32)
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where t >0 and c is independent of ¢. By Sobolev’s inequality, we have that for all t >0
[0(t)] L2(s2) < clv(t)|p2(s2) +c|VO(t)|L2(52) <¢,
which implies
()| <[o(t)]a+o(t)]s < e (3.33)
From [20], we have

2
O 4 19,0631V, 03+ el + el
<c(|[o]l + [913)ve |3 + €| T3 + clals + ¢l T3, (3.34)
where O¢ev =vge. By the uniform Gronwall lemma, we obtain
lve(t)|2<c, (3.35)

where ¢t >0 and ¢ is independent of ¢. Therefore, by (3.33)-(3.35) and the uniform Gron-
wall lemma we have

to+1
| (9 1Ve vel et <c. (3.30

to

where tg >0 and c is independent of tq. Taking inner product with —Awv in L?(0), we
obtain

1d(|Vevf5+ Ve, vl5+v]3)
2 dt

1
=/ VUU-AvdU—i—/ (/ divvdﬁ’)@gwAvdU
o o N

1
P

+/ (/ b—grad(1+aq)Td§')AvdU
v NJe P

+|Av|3+ Ve vel3 + Ve, vel3 + |vel3

+/ iUL-AvdU—l—/graud<I>s~AvdU
s Ro s
=L +Jo+J3+Js+J5. (3.37)
By Holder’s inequality, the interpolation inequality and Young’s inequality, we have
J1 <[Av2|v[4([Ve,v]a+ Ve, v]4)
1 1 3 3 3 3 3
<c|Avfa|v]a([Veyvl3 +[Ve, vl3 ) ([AV]3 +[Ve,vels +[Ve, vels +[Ve, vls +[Ve,vl3)

<e|Avl3 +e[ Ve, vel3 +€| Ve, vel3 +c(IVe, vl3 + Ve, vI3) (J0fi + [v]F)
<e|Av]3 +€[ Ve, vel3 +e|Ve, vel5 +c([Ve, vl3 +[Ve, v]3)-

To estimate J5, we have

J2§/52 (/01divv|d§)(/01|8§v|Av|d£)d$2
g/SQ (/01divv|d§)(/ol|8§v|2d§)é(/01|Av|2d§);d82
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1 i 1 %
<cldolo( [ ([ 1ocopag2as?)” ([ ([ jaivldeytas?)
1 1 % 1 1
<cldols( [ ([ locoltastyae) " (| ([ aiotas®iae)
1 1
<clvla( [ fuela(focla + Vesvla-+ Ve, clo)a)

1 1 1 1
(/] tevol (aivef +]a0l de)
0

<cl|Avlsfvel3 ([vel3 + Ve, vel§ +IVe, vel§)
-|divv\2%(|divv\2% + |Av\2%)
<e|Av)3+c(|Ve,vl3+|Ve, v]3)
(L4 [veld + |0 31 Ve, vel3 + [vg 31 Ve, ve 2. (3.38)

Concerning estimate of J3, there are some typos in (5.6) of [20]. In the first inequality of
(5.6), the integral region should be S? instead of 2. For the reader’s convenience, we es-
timate J3 again. Using Holder’s inequality, Minkowski’s inequality and the interpolation
inequality, we have

1 1 1
Ja<elvTavre [ ([ lgradgPag)t( [ 1200} [ |avldeds?
S22 Jo 0 0

1 1 1
r 2 1 2 3 2
+c/82(/0 |gradT|“d¢) (A q-dg) (/0 |Av|d€)dS

1 1
<eVTRiAvl+ oot ([ ([ Jeradaltas?) b )
0 S

+cl vl gl /0 [ /S 2 \gradT|4d52)%d§>%
<C|VT]s|Avls + el Avls|T14|Val3 (IVal3 +|Adl3)
+ e[ Avlolgla|VTI3 (IVT1F +|ATIF)
<e|Av[3+e|AT[3+e|Aql3+c|VT[3+clqli| VT3
+|T3Va3+clgl4 VT3 + || Va3 (3.39)
By Holder’s inequality, we have
Jy<elAv[3+c|vl3.

In [20], the authors thought J, =0. But we do not think it is rigorous. By Lemma 2.1,
we infer that J; =0. From (3.37) and estimates of J; — J5, we obtain
d(|veev|g + |V€¢U|§ + |U‘§)
dt
<e(|Veyul3 + Ve, v[3) (L4 [vely + [ve 3 Ve, ve |3+ 0e 3] Ve, vel3)
+e+c|VT2+¢| V3. (3.40)

In view of (3.4), (3.10), (3.35), (3.36) and the uniform Gronwall lemma, we get that for
all t>0

Ve, o341V, w3 <e, (3.41)
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where c¢ is a positive constant which is independent of ¢. Furthermore, by virtue of (3.37)
we infer that for all £5 >0

to+1
/ |AV(E)|3+ Ve, ve (8|34 Ve, ve(t) 3dt <c, (3.42)
to

where ¢ is independent of tg.

REMARK 3.2. To get the estimates of T"in V5 space, we should first take the derivative
with respect to { in the temperature equation and then estimate T¢ in L2(0). If we
take inner product of Equation (1.12) with —8¢T" in L*(U), it is difficult to obtain
the energy estimates of T¢ because of its higher nonlinear structure than the oceanic
primitive equation. Therefore, one can not even prove the global existence of the strong
solution in this way.

By integration by parts,
/QlfTstZ/U[ag(Cth)—QlTsddU
v

=—Ots/ Q1|5:1T|5:1d52—/ Q1TeedV
52 s

<e|Teel3+elQule=1 3 +e|Tle=1 5+ Q13-
In view of estimates in [20] and the above argument, we have

1d(|Te|3 + s |T]e=13)

2 dt
<e(|Teel3 + IVTel3 + lace 5 +Vael3) +e| Tel3 +clae | + clloe [T+ el|v[[F

+¢|Val3+|T|e=1]i+ | Tle=1]3 + c|Qule=1]13 + | Q1[5 +c. (3.43)

+|VTe |3+ Teel3 4+ | VT |e=13

Similarly, by the estimates in [20], we also have

1d q 2+ﬁ q :12
5 (g2 dtS| e ‘2)+|ng|§+|Q§5|§+5s|VQ|£:1|§

<e(|geel3 + |V ael3) +clae 3 +cllvl|F +cllve I3
+clgle=1i+clgle=1]3 ++c|Qale=1|I5 +¢c|Q2]3. (3.44)

Combining (3.43) and (3.44) yields,

dT2+ 2+045T:2+s :2
(| £|2 |QE‘2 ‘dt|£ 1|2 B |CI|§ 1|2)+|VT§|§+|T§§|§

+[Vael3 + lgeel3 + s [V T |e=113 + Bs| Vale=13
<c+c(|Tel3+ael3) + cllvellF +cllvll} +ellallF +e|Tle=1 i +c|T|e=113
+clgle=1li+clgle=113+c(|Q1le=115+Q2le=113) + c(|Q1]5 +Q213). (3.45)

Then in view of the uniform Gronwall lemma, (3.4), (3.10), (3.15), (3.22) and (3.36),
we obtain for arbitrary to >0

to+1
| Te (to) 13 +ae (to) 3 +/t (ITe@®N1F +llge OIF + VT le=1 (B)[3 + [ Vale=1 (8) 3)dt <c,
0
(3.46)
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where ¢ is independent of ¢y. By taking inner product of Equation (1.12) with —AT, in
L?(U), we reach

1d|VT
LAVTE AT VT + 0T Tl
= / vV, TATdS + / / divode' Te AT S — / E(lJraq)wATde / Q1ATdD
3 vJe s P 13
=1+l +13+14. (3.47)

To estimate [1, using Holder’s inequality, the interpolation inequality and Young’s in-
equality we have

ll S‘AT‘2|VT|4|U|4

1 3 3 3
<c|ATL[IVT|3 (VT3 +|AT|3 +[VTe|3)]|v]4
<e|AT[3+¢|VTe|3+c|[VT|v|i+c[ VT 3[v];
<e|AT|3+&|VTe|3+c|VT3.

To estimate I3, using Holder’s inequality, Minkowski’s inequality, the interpolation in-
equality and Young’s inequality we obtain

zzg/s2 (/01divv|d§/01|T5|AT|d§)d52
</qQ(/()ldivvld£(/lT§d£3/IATI2d£ )% )ds
g\ATb(/Sz(/ T2d¢) d52 / /\dmug dSQ)%
<ath( [ K [ Téasyac) / ([ ivoftas?)ac)

<c|AT)s( / Telo(Tela +19Telo)d€) / ftivol (ivold + Aol
<O AT[o|Te|3 (1Tel3 + |V Tel3)- |divel3 (1divol5 +[Av]3)
<e|AT[3+c(|Te 3+ | Te 2| VTel2) (|divo 3 + [divola| Av2)
<e|AT[3+c(1+|VTel2)(1+|Av]s).
Taking an analogous argument as above we get
I3 <e|AT[5 +c(1+]Valo) (14+]Av]s).
Similarly, we have
Iy <e|AT|34c|Q1 3.
Combining (3.47) and estimates of I} —I4 we get

1d|VT|§
2 dt
<c|VT|3+¢| Q13+ c(1+|VTe|o) (14 |Av]2) +c(14|Vql2) (1 +|Av]2). (3.48)

+|AT[3+|VTe |3+ s VT e=1 3
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According to (3.4), (3.10), (3.42 ), (3.46) and the uniform Gronwall lemma, we have for
all t>0

t+1
\VT(t)|§+/t (IAT@)5+|VTe(t)3)dt < e, (3.49)

where ¢ is a positive constant independent of ¢. Analogous to the deduction of (3.48),
we have

1d|Vql3
5 T IAGB+ Va4 Bl Valem 3

<e|Aql3+¢|Q2f3 +¢[Val3 +c(1+[VTel2) (1+]Av]2). (3.50)

According to (3.4), (3.42 ), (3.49 ) and the uniform Gronwall lemma, we have for all
t>0

IVa(t)]3 <e, (3.51)

where ¢ is a positive constant independent of .

Combining the above results, we have proved the existence of an absorbing ball
for the strong solution (v,T,q) in the solution space V for the 3D viscous primitive
equations of large-scale moist atmosphere.

4. Continuity of strong solution with respect to ¢

In this section, we will consider the continuity of the strong solution with respect
to time ¢ in V', which will be helpful for proving the existence and connectedness of the
global attractor for moist primitive equations. To establish our result of this section,
we need the following lemma which is a consequence of a general result of [35]. For the
proof, one can refer to [46].

LEMMA 4.1.  Let V,H,V' be three Hilbert spaces such that V.C H=H'CV', where
H' and V' are the dual spaces of H and V respectively. Suppose ue L?([0,T];V) and
u' € L2([0,T);V'). Then u is almost everywhere equal to a function continuous from [0,T
into H.

From (1.11) and Lemma 2.1, we obtain for n€V; :D(Al%),
1 1
<atA12v777> :<atU7A12 77>
1 1
=— (A, Afn) —(Vou, Afn)

—(lem@awgwﬁm

iy 1
%APQMW+WHWAM>

/ 3
- <R70UL,A1 77>

Using the Holder inequality, Agmon’s inequality and the interpolation inequality yields

1
[(Aro, Af )| <[ Aol
1 1 3 11
[((v- V), Af m)| <clv|sclvll1] AT nl2 <cl|v]|F [|v]l3 [AF 7l2-
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By Hoélder’s inequality, Minkowski’s inequality and the interpolation inequality, we have

o=

~{ /6 ggradmaq)ﬂde,fx 7)

1 1
<e [ ([ Ggmodt)+lgrad(za) e | afndc)s®
S2 0 0
1 1 1 1 1
<ellTs[Afala +clAfnl [ leradTlalgladg + el Afals | Jevadgla Tlade
0 0
1 1 1 1 1 1
<7 Afnla +clAful [ leradT(} - (ATIS +lerad13) alade
0

1 1 1 1 1
+clAfnl, / laradgl - (|Ag]3 + |gradg|3)|T]ade
0
1 1 1 1 1 1 1
<c| Tl |AFnlo+ el AFnlo | T ITIE lala -+l AF nlallalF g2 T,

Similarly, we have

1 1
([ diveta,p. € )ue, AFn) <cllols ol ol
13

In view of the above arguments, we conclude that

10:(AF v)[[vy <cl[vll2 +c|lvl[1[|v]]2 + el T

1 1 1 1
+c(ITNZNTN3 [gla+NlallF lgl3 1T a)-
Since
ve L=([0,7];V1)NLA([0,7]; H*(V)), VY 7>0,

we have

A%UGLQ([O,T];VQ, 8tA1%v€L2([O,T];V1'), V1 >0.

Therefore, by Lemma 4.1, we infer that ve C([0,7];V1). For any ¢6V2:D(A2%)7 we
have

(0,AZT,6) =(0,T, A} )

1 1 1 1
= <A2Ta A2§ ¢> - <va‘a"42E > - <<‘/£ diV’U(iU,y,fl,t)df/)agT,Ag ¢>

bP ! 1 1
O e ([ dive(ey € 0de'), Al + (@ AF0)

By Holder’s inequality, Minkowski’s inequality and the interpolation inequality, we have

bP ! 1
e ([ divote.€.0a), Afo

<elulillol e [ ( [ aolae)( [ a1t olae)as?
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Sc\|v||1||<i5||1+6/s2 (/01|divu|d§) (/Olq%lf)é(/01|A2%’</>|2d§)§d52

<cllolllll +elloll: / ivolad) / i)

11
<cllvll1l¢ll +cllollxlalallvl{ lv]3-
1
Consequently, taking an analogous argument about ||0;Af v||y;, we have

1 1 1 1 1
10eA3 T llvy <c(ITll2+vlls+ ol 1ol 1T+ glalloll [0l
1 1 1 1
FNTNENTIS ol1F [o]l5 +[Qul2)-

Similarly, we can infer that

1 1 1 1 1 1 1
10:A3 qllvg < cllallz+ v lIF 10]13 1l + llgllf gl lvllF [[v]13 +Q2l2)-

Since
(v,T,q) € L>=([0,7); V)N L*([0,7]; H*(V)), V¥ 7>0,
we have
AT e L2([0,7):Va),  0,AST e L2([0,7):VY)
and

AZqeL2([0,7]:Vs),  9,AZqe LX([0,7];V)).

By Lemma 4.1, we infer that 7€ C([0,400);V2) and g€ C([0,+00);V3). So far, we
obtain that

(v,T,q) € C([0,400); V).

5. Continuity in V with respect to initial data

It is shown in [20] that the strong solution to the 3D viscous primitive equations
of large-scale moist atmosphere is unique and Lipschitz continuous with respect to the
initial condition in H. But what we need to do here is to show the continuity property
inV.

In the following, will prove that for any fixed ¢t>0, the mapping (vg,T0,q0)—
(v(t),T(t),q(t)) is Lipschitz continuous from V into itself for all the strong solutions.

Assume (v;,T},q;),i=1,2, are two strong solutions to the Equations (1.11)-(1.17)
with initial data (vo,,70,i,90,:) € V. Let

u=vy—vy, T=T1—To, q=q1—q2, Ps(t:0,0) =1 (:0,0) — P2 (t;0,0).

Then we derive from (1.11)-(1.17) that

1
OutLiu+ Vo, u+ Vyva+ (/ divvl(x,yg’,t)dg’)agv
3

1
+ (/ divv(x,y,f’,t)df')35v2+ivLJrgrad@S
¢ Ro
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Lyp LabP Labp
—|—/ —gradef’—i—/ —grad(qﬂ)dgl—i—/ ——grad(qTy)d¢ =0,
¢ b ¢ P e D
1
T+ Lo+ Vo, 7+ V, To+ (/ divvl(gc,y,§’7t)d§’)8§7'
3
+( / divu(x,y,f’,t)dﬁ')ang——( / divu(x,y,§’7t)d§’)
3 P NJe
abP b L\ abP t L,
- qu </§ leU(.’L‘,y,g 7t)d€ ) - pq</§ le'UQ(fL',y,g 7t)d€ ) _07
1
Oq+L3q+Vu, g+ Vg + (/ divvl(m,y7£’,t)d£’)3gq
¢

1
+ / divu(z,y,€1)de’) Dear =0,
£

im0 =v5 — 3, Tlimo=Tp — T3, qli=o=a —q3,
é':].i 85’114:0, 857':—0557'7 afq:75€q7

5201 agu:(), 857':0, 35(]:0.
Taking inner product of (5.1) with Aju in L?(0) we obtain

1d
5@”“”?“1‘11“@:*<V111U,A1U>*<Vuv27A1U>
1
7<</ diVU(J?,y,gl,t)dg/)85’[}2,141U>
13
1
—((/ divvl(a:,y,gl,t)df’)85u,A1u>
13

! bpP / f 1
—( ?gradrdf ,Am)—((R—Uu +grad®,), Aju)
3

(5.1)

(5.2)

1 1
- </ abTPgrad(Q1T)d§/,A1u> - </ MTPgrad(qTﬂdf/vAl“)
¢ 3

By Hoélder’s inequality, Agmon’s inequality and Young’s inequality , we have
k1 <|o1]oo([Vepula +[ Ve, ul2)[Arul

1 1
<cllv1[|f[Arv1]3 [[ull1|Arul2

<elAvul3 +cllor][1|Arvifo[[u]F.
Similarly, we obtain

k2 < |ulos [|vall1|Arula < e[ Ayuls + cflul|F[|va 11

(5.7)
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Taking an analogous argument as (3.38), we have
ks +ka < el Avul3 +cllul [z [Jv2 13+l T llor [ ]]v1 13-
In view of Lemma 2.1 and Holder’s inequality, we obtain
ks + ko < el Avul3 + |77 +clul3.

To estimate k7, by Holder’s inequality, Minkowski’s inequality and the interpolation
inequality we have

1 1
k7§c/ (/ |gradq1||T|d§/ | Ayuld€)dS?
S2 0 0

—|—c/ (/1|q1||gradr|d£/1|A1udg)dSQ
§0|A1u|2 / /|gradq1|2d§) d52 / /|T| d€) ds2)
el Avuls /S(/O |ql|2‘d§)%152)Z /S(/O |gradT\Z‘dg)%zs*?)i

<e|Ayul +clgradqi |2 (|gradg: |2 + | Aqi|2) (| 7[5+ [7]2V7]2)
+ clgradr|s(|gradr|z + |AT]2) 1|3
<elAyuls+e|AT[3+cll7|F(la T+ lqull3)-

Similarly, we have
ks <e|Aqul3 +clgradq|z(|gradg|s +|Aql2)| T3

+ clgrad Ty o (|gradTh|2 + |AT|2) (|q]3 + |ql2| Val2)
<elArul3 +e|Aql3 +cllallF (I T2l1F + 1 T2113)-

By (5.7) and estimates of k; — kg, we get

Ld|ul?

> dt +|Aqul3 <e|Ayul3+e|Ax7]3 4| Asql3

+ellullF (o loall3 + vzl llvz 13+ llvall1 +1)
+el Tl (laulli +llaal3)
+ellgllF (121t + 1 T2[13)- (5-8)

Taking an analogous argument as above, from (5.2) and (5.3) we have

1dr|}
2 di

+[Ao7[3 <el Aot |3 +el Avul3 +cllqlF][val1 [ v2]l2

el TlF A+ o[ loall3) +ellwll T U+ gl + 1205 + 1 T2lF1T203)
(5.9)
and

1dqlff
2 dt

+|Asql3 <e|Asql3 +cllql (L+ o1 T [|v1]I3)

+ellullf(lazll3 + a2l lla2113)- (5.10)
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Let
gr=1+[lor[[Flloa ]l + [Joa]l 1 + lva [ Fllval 5+ [ T2 13
FI TRl IT203 + g3+ lla2ll3 + llgzllFllg2113,
g2 =1+ a3+ lqulli +lor[I3[losll5
and

g3 =1+ Tl3+|T2l7 + vzl 1 llvall2 + [lvs [ v [13-

Obviously, for arbitrary 0 <a <b< oo, we have

b
/ (g1(t) +ga(t) +gs(t))dt < co.

Thereby, in view of (5.8)-(5.10) we get

d([ull§ + 7115 +llal?
U PN < gy () +-ga0)+ g ) Ul + 1 + ),

which combined with the Gronwall lemma implies

lu@)II+ @15 +llg @)1

t
<c(|Jvo.1 —vo.2 H% + | To.1 —T0,2||§ +l90.1 — qo.2 H%)efo (91(s)+92(s)+g3(s))ds

So far, we have shown that for ¢t >0, (v(t),T(t),q(t)) is Lipschitz continuous in V' with
respect to the initial data (v(0),7°(0),q(0)).

6. The global attractor

In this section, we present our main result, the existence of the global attractor,
of this paper. To show our main result, we make use of the following theorem from
Teman [46]. For more details about the theorem, see, e.g., [4,14,22,32,44-46] and the
references therein.

THEOREM 6.1.  Suppose that X is a metric space and semigroup {S(t)}1>0 is a family
of operators from X into itself such that

(1) for any fized t >0,5(t) is continuous from X into itself;
(i1) for some to,S(to) is compact from X into itself;

(7i1) there exists a subset By of X which is bounded, a subset U of X is open, such
that
By CUCX, and By is the absorbing set of U, i.e. for any bounded subset
BCU, there
is a to=to(B), such that

S()BC By, Vit >1o(B).

Then A:=w(By), the w—limit set of By, is a compact attractor which attracts all the
bounded sets of U, i.e. for any x €U,

lim dist(S(t)z,.A) =0.

t—o0
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The set A is the mazimal bounded attractor in U for the inclusion relation.
Suppose in addition that X is a Banach space, U is conver and
(i) Ve e X,S(t)x: Ry — X is continuous.
Then A:=w(By) is also connected.
If U=X,A is the global attractor of the semigroup {S(t)}i>0 in X.

Next, we give our main result of the paper and complete the proof of the theorem.

THEOREM 6.2.  Assume Q1,Q2 € L*(U) and Q1]¢=1,Q2|e¢=1 € L*(S?). Then, for t >0,
the solution operator {S(t)}i>0 of the 3D viscous primitive equations of large-scale moist
atmosphere (1.11)-(1.17): S(t)(vo,To,q0) = (v(t),T(t),q(t)) defines a semigroup in the
space V. Furthermore, the results below hold:

(1) For any (vo,To,q0) € V,t = S(t)(vo,To,q0) is a continuous map from Ry into V.

(2) For any t>0,S(t) is a continuous map in V.

(3) For any t>0,5(t) is a compact map in V.

(4) {S(t)}i>0 possesses a global attractor A in V. The global attractor in A is com-

pact and connected in 'V and is the mazimal bounded attractor in 'V in the sense of set
inclusion relation; A attracts all bounded subsets in V' in the norm of V.

To prove Theorem 6.2, we need to check the conditions (7)-(iv) in Theorem 6.1.
First, condition (4), the continuous dependence on initial data of the solution, is verified
in Section 5. Second, condition (i), the existence of an absorbing ball in V; is proved
in Section 3. Third, condition (iv), the regularity of the solution, is shown in Section 4.
Finally, only the condition (i7), compactness of the solution operator {S(t)}:>0, is left
to be checked. We will use Aubin-Lions lemma stated below and continuity argument to
verify condition (i¢). For more details of the lemma, see [1], [33] and references therein.
LEMMA 6.1. Let Ho,H,H1 be Banach spaces such that Ho,H1 are reflexive and

HOE’HCHL Define, for 0 <1 < o0,

X = {u‘u€L2([O,T];H0), % ELQ([O,T};’Hl)}.

Then X is a Banach space equipped with the norm |ullr2(j0,7;m0) + 1% |22 (0,7771) -
Moreover, X éL2([O,T];H).

Proof. (Proof of Theorem 6.1.) By the argument above, we only have to check
condition (i), the compactness of the solution operator. For any fixed 7> 0, let B be a
bounded subset of V and A, denote the subset of the space L*([0,T];H):

Aq={ (A7 0,437, 45) | (00, To,00) € B, (v(8), T(8),a(8)) = S(t) (00, To,9(0)), t € (0,7 }.

For (vo,Tp,q(0)) €B, it has been shown previously that the strong solution (v,T,q)
satisfies

(AP0, AST, A2 q) € L2(0,7);V), (8:A2v,8,AZT,0,A2q) e L2([0,7];V").
If we denote
H():V,"HzH,levl,

from Lemma 6.1 we infer that A, is compact in L?([0,7]; H).
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To prove that the solution operator {S(t)};>0 is compact in V, for any bounded
sequence {(vo,n,T0.n,90,n) 5 C B, we should show that there exists a convergent subse-
quence of {S(¢)(vo,n,To.n,q0.n)}° in V.

Since A, is compact in L?([0,7];H), there exists a function (v,,T%,qs)€
L2([0,7];V') such that there is a subsequence of {S(-)(v0.1,T0.n,90.n) }, still denoted as
{S(')(UO,nyTO,n7q0,n)}80a SatiSfying

T
lim [ [[S()(vo,0, To,n00.n) = (v (8), Tu (1), s (1)) |7t = 0,

n—oo 0

which implies that there is a subsequence of {S(-)(v0.n,T0.n,90.n)}5°, still denoted as
{5¢)(00.nsT0,n,q0.n)}5° for simplicity of notation, converging to (v.,T%,qs) in V a.e. in
(0,7):

lim ||S(t)(vo,n:T0.n:90,n) — (Vs (t), Tu(t),q+(¢))][1 =0, a.e.tin (0,7).

n—oo

For any t € (0,7), we can choose a tg € (0,t) such that

lim ||S(t0) (vo,n,T0,n:90,n) — (Vs (t0), T (to), g (t0))|l1 =0.

n—r00

Therefore, for any ¢ >0, by the continuity of S(¢) in V, we have

nlggo 1S()(v0,n,T0,n,90,n) — S(t—1t0)(vs(to), Tx(t0),q+(t0))ll1
:nli—>ngo [|S(t—1t0)S(t0) (vo,ns To,m:90,n) — St —t0) (Vs (to), Tx(t0), ¢« (to))||1 =0,

which implies that S(¢) is a compact map in V' for any ¢ > 0. Then by the above argument
of this section and Theorem 6.1, we obtain the existence of the global attractor for the
moist primitive Equations (1.11)-(1.17). o0
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