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DIFFUSION PROBLEMS IN MULTI-LAYER MEDIA

WITH NONLINEAR INTERFACE CONTACT RESISTANCE∗

FAKER BEN BELGACEM† , FATEN JELASSI‡ , AND MAı̈MOUNA MINT BRAHIM §

Abstract. The purpose is a finite element approximation of the heat diffusion problem in composite
media, with non-linear contact resistance at the interfaces. As already explained in [Journal of Scientific
Computing, 63, 478-501 (2015)], hybrid dual formulations are well fitted to complicated composite
geometries and provide tractable approaches to variationally express the jumps of the temperature.
The finite elements spaces are standard. Interface contributions are added to the variational problem
to account for the contact resistance. This is an important advantage for computing code developers.
We undertake the analysis of the non-linear heat problem for a large range of contact resistances and
we investigate its discretization by hybrid dual finite element methods. Numerical experiments are
presented at the end to support the theoretical results.

Keywords. Thermal contact resistance; semi-linear problem; Dual Hybrid formulation; finite
elements.
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1. Introduction

Let Ω be a connected bounded domain in R
d, d=2 or 3, with a Lipschitz-continuous

boundary Γ=∂Ω. Assume that a finite number i∗ of connected sub-domains ωi, called
capsules (or cells), are entirely contained in Ω. The capsules do not touch each other,
meaning that the intersection of ωi and ωj is empty if i �= j. Next, we set:

ΩI =∪1≤i≤i∗ωi, ΩE=Ω\ΩI , γ=∪1≤i≤i∗γi=∪1≤i≤i∗(∂ωi).

The indices I and E are respectively for Internal sub-domains, the set of capsules, and
for the External sub-domains, the environmental media of the capsules. The generic
point in Ω is x and the symbol τ is used for the generic point in γ.

Fig. 1.1. Examples of composite media.

The geometry features fixed, we turn to the boundary value problem to deal with
here. It is defined by the Laplace partial differential operator with some transmission
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1850 CONDUCTION IN COMPOSITE MEDIA WITH NONLINEAR CONTACT RESISTANCE

conditions at the interface γ. Hence, the scalar unknown u is the solution to

−div(α∇u)=F in ΩE ∪ΩI ,

[α∂nu]=0 (α∂nu)=β(τ , [u])[u] on γ,

u= f on Γ.

(1.1)

The vector n is the unit normal to external boundary Γ or to the interface γ, oriented
outwardly, from ΩI toward ΩE . The symbol [·] is for the jump through γ, equal to
(uE−uI), with obvious notations. The parameter β(τ , [u]) represents the conductance
and α is the conductivity. The data are the source F and the Dirichlet boundary f .
The solution u is then discontinuous as jumps are allowed across the interface γ.

The linear problem, when the conductance β=β(τ ) does not vary with the solu-
tion u, has been thoroughly investigated in [3], in two different variational formulations.
Each of them is approximated by a specific finite element method. As observed by the
authors in there, the choice recommended to practitioners is tied to the geometry of the
composite media. The Lagrangian finite element method, with a special handling of the
jumps, can be successfully used for macro-encapsulated geometries, that is, when the
number of capsules is low (see [15]). They can hardly be extended to micro-encapsulated
domains, that is, when the capsules are large in number. Indeed, implementing local
continuous/global discontinuous solutions for a dense composite media generates pro-
graming difficulties. Hybrid dual finite element method is a tractable alternative that
should be preferred (see [22]); discontinuous Galerkin methods or unfitted finite ele-
ments bring about similar advantages and are also suitable (see [16]). The appealing
feature of it is that the interfacial thermal (or electrical) resistance is taken into account
in the hybrid dual variational formulation. The subject of this contribution is twofold:
the analysis of the well posedness of the model (1.1) and the study of its discretization
by hybrid dual finite element.

The steady problem under scrutiny arises in many physical or biological models and
is even at the heart of some of them. Designing performing numerical methods to solve
it may be highly useful for some applications. Two examples may be briefly described.

One is picked up in cells electrophysiolgy. The unsteadiness in (1.1) is located on
the interface γ, to provide a model for electroporation phenomenon within a cell

−div(α∇u)=0 in ΩE ∪ΩI ,

[α∂nu]=0 (α∂nu)=∂t[u]+β(τ , [u])[u]+jp on γ,

u= f on Γ.

(1.2)

The function u stands for the electrical potential in the cell. In this model ΩI represents
the cells and ΩE is the external medium. This model considers the cells membranes
γ have no thickness; β(τ , [u]) is the surface conductance of the membrane γ. The
datum f is the effect of the external electric field and jp describes the current through
electropores. We refer to [17, 24] for more details on the modeling and to [2, 12, 18–20]
for the mathematical justification and numerical simulations. Further illustrations can
be found in cardio-physiology and the bi-domains problem where ΩI is for the heart
surrounded by the torso ΩE . The transmission condition at pericardial interface γ is
modeling an electric resistor-capacitor effect (see [4]).

The other problem comes from the heat conduction in composite media with a
thermal contact resistant interface γ. The dynamical term has a different nature as it
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is present on the whole multilayered domain. The thermal model is therefore given by

∂tu− div(α∇u)=F in ΩE∪ΩI ,

[α∂nu]=0 ρ(τ , [u])(α∂nu)= [u] on γ,

u= f on Γ.

(1.3)

The solution u is the temperature field in the composite media. The thermal contact
resistance ρ(τ , [u]) is generated by the imperfection of the contact between the medium
filling the capsules ΩI and the one of the matrix ΩE . This imperfection causes a drop in
the temperature u across the interface γ. The conductance β(τ , [u])=1/ρ(τ , [u]) takes
most often a constant value at the interface solid/fluid and a small perturbation of a
constant in solid/solid contact (see [10, 27]).

The contents of the paper are as follows. Section 2 is dedicated to the formulation of
the model (1.1) as a semi linear condensed problem, set at the interface γ. This approach
is based on the Dirichlet-to-Neumann operator. The analysis of the well posedness of
the reduced problem is the purpose of Section 3. Minty-Browder’s theory enables to
derive existence and uniqueness results. In Section 4, hybrid finite elements are used
for the approximation of the value problem (1.1). The study of the discrete problem,
through Minty-Browder theorem together with a regularizing procedure, is undertaken
in Section 5. We provide some relevant illustrations, obtained in FreeFem++ program
in the last Section 6.

Functional spaces and Notations — We use the standard notations for the Sobolev
spaces L2(Ω), L2(γ) and H1(Ω). Bold symbols L

2(Ω),H1(Ω) are for vector Sobolev
spaces L2(Ω)×L2(Ω) and H1(Ω)×H1(Ω). H1

0 (Ω) is defined as the closure in H1(Ω) of
the space D(Ω) of infinitely differentiable functions with a compact support in Ω. The
traces over γ of the functions of H1(Ω) defines the fractionary Sobolev space H1/2(γ)
and H−1/2(γ) is its dual (see [1, 21]). We will need some specific spaces. The broken
H1 Hilbert spaces are defined to be

V=
{
v∈L2(Ω); vI = v|ΩI

∈H1(ΩI), vE= v|ΩE
∈H1(ΩE)

}
.

V0=
{
v∈V, v|Γ=0

}
.

They are naturally endowed with the broken norm

‖v‖V=
(
‖vE‖2H1(ΩE)+‖vI‖2H1(ΩI )

)1/2

.

We will also use the non-standard space

X=
{
q∈H(div,Ω); q ·n∈L2(γ)

}
,

equipped with the image norm

‖q‖X=
(
‖q‖2H(div,Ω)+‖q ·n‖2L2(γ)

)1/2

.

Finally, we use the particular and possibly non-standard notation Hτ−(γ), for the in-
tersection of all Sobolev spaces Hσ(γ), with σ<τ . Thus, the significance of v∈Hτ−(γ)
is that v∈Hσ(γ) for any σ<τ .
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2. Interface problem

To focus on the difficulties inherent to our problem; we choose to put aside non-
essential technicalities. Accordingly, before laying down the functional and variational
framework that we consider, we observe that the boundary value problem to be inves-
tigated can be rewritten as

−div(α∇u)=0 in ΩE∪ΩI ,

[α∂nu]=0 (α∂nu)=β(τ , [u])[u]+g on γ,

u=0 on Γ.

(2.1)

It is straightforwardly derived by shifting the solution as follows u :=u+uF,f , where uF,f

does not suffer from any discontinuity across γ and is the unique solution to the Poisson
equation (first equation in (1.1)) set on the whole domain Ω with the Dirichlet condition
on the external boundary Γ (third equation in (1.1)). The data g along γ coincides with
the normal derivative (∂nuF,f) and belongs at least to H−1/2(γ). Different liftings may
of course be adopted. The advantage of the one retained here is that the expression of
the conductance β(τ , [u]) is not changed.

We need to make assumptions on the diffusivity α(·) and the interface contact
conductance parameters β(·, ·). As usual, the conductivity α is taken in L∞(Ω), it is
positive and bounded away from zero ; there exists a constant a> 0 such that α(·)≥a
in Ω. The contact conductance β=β(τ ,v) is a positive Caratheodory function defined
in γ×R, measurable with respect to τ and continuous and even in v. Furthermore, the
odd function ϕ(τ , ·) :v �→β(τ ,v)v is assumed uniformly positive in the sense that for
almost every τ ∈γ, there holds that

(ϕ(τ ,v)−ϕ(τ ,w))(v−w)≥ b(v−w)2 , ∀v,w∈R. (2.2)

b> 0 is a positive constant (does not depend on x). We need also to fix the behavior of
the conductance function β(τ ,v) for large values of v. We assume the following growth
condition

β(τ ,v)≤ b′+br|v|r, ∀v∈R. (2.3)

b′ and br are positive constants independent of τ . The exponent r may be an arbitrary
positive real number r≥ 0 for d=2 and equals two, r=2 for d=3. Notice that the
Sobolev embedding H1/2(γ)⊂Lr+2(γ) holds.

Remark 2.1. The class of conductances we consider is currently used, especially
in the modeling of the electro-physiology interaction of cells with their environment
(see [17, 18]), or in bi-domain model for the heart electrical activities (see [4]). The
behavior at infinity of β(τ ,v) includes a wide variety of conductances. That β(τ ,v)
takes large values means that the membrane is no longer resistant if the gap [u] grows
high. This does not often occur. Nevertheless, we choose assumption (2.3) to embrace
a large class of conductances.

The core of the study we have in mind consists in realizing a condensation on
problem (2.1). We derive hence a differential equation on the interface γ. Let us choose
λ=[u]∈H1/2(γ) as the main unknown to work with. The milestone of the formulation
is the operator

Nλ=−α(∂n(uλ)I),
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where uλ∈V0 is the unique solution of

−div(α∇uλ)=0 in ΩE∪ΩI ,

[α∂nuλ]=0 [uλ]=λ on γ, (2.4)

uλ=0 on Γ.

The existence and uniqueness of uλ=((uλ)I ,(uλ)E) does not cause any special diffi-
culty. The operator N is a Dirichlet-Neumann operator of a particular type. Next, the
condensed problem to solve reads as: find λ∈H1/2(γ) such that

T λ :=Nλ+ϕ(τ ,λ)=Nλ+β(τ ,λ)λ= g, in H−1/2(γ) (2.5)

The purpose of the subsequent is to establish the existence and uniqueness result
for (2.5) by Minty-Browder’s theorem (see [23]). The properties of the linear operator
N influences the analysis to a large extent. Let us first investigate them.

Lemma 2.1. The operator N mapping H1/2(γ) in H−1/2(γ) is self-adjoint and non-
negative. The kernel of N is the space of piecewise constant functions on the capsule
boundaries (γi=∂ωi)1≤i≤i∗ and its dimension is therefore equal to i∗, the number of
capsules.

Proof. Let λ and μ be given in H1/2(γ). We have that

0=

∫
ΩI∪ΩE

(−div(α∇uλ))uμ dx=

∫
ΩI∪ΩE

α∇uλ∇uμ dx+〈α∂n(uλ)I , [uμ]〉1/2.

In view of (2.4), there comes out that

〈Nλ,μ〉1/2=−〈α∂n(uλ)I , [uμ]〉1/2=
∫
Ω

α∇uλ∇uμ dx.

N is therefore self-adjoint and non-negative.

Now, assume that Nλ=0. Then, ∇uλ=0 in any ωi and in ΩE . This yields that
uλ is piecewise constant in (ωi)i and ΩE . The boundary condition along Γ says that
uλ=0 in ΩE . This makes λ be constant along each γi=∂ωi. The proof is complete.

As a result of the lemma,N determines a semi-norm inH1/2(γ). It can be completed
so as to obtain a norm. Let thus �> 0 be given and define the bilinear form N� as follows

〈N�λ,μ〉1/2= 〈Nλ,μ〉1/2+�(λ,μ)L2(γ) ∀λ,μ∈H1/2(γ).

Lemma 2.2. The operator N� is continuous and elliptic on H1/2(γ). There exists a
couple of constants τ ′�≥ τ�> 0 such that

τ�‖μ‖2H1/2(γ)≤〈N�μ,μ〉1/2≤ τ ′�‖μ‖2H1/2(γ).

Proof. Given μ∈H1/2(γ), we have that

〈N�μ,μ〉1/2=
∫
ΩE∪ΩI

α(∇uμ)
2 dx+

∫
γ

�μ2 dτ =

∫
ΩE∪ΩI

α(∇uμ)
2 dx+

∫
γ

�[uμ]
2 dτ .

After recalling that uμ∈V0, using [3, Lemma 2.2] we derive that

〈N�μ,μ〉1/2≥ τ�(‖uμ‖2H1(ΩE)+‖uμ‖2H1(ΩI)
).
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Applying the trace theorem on γ produces the left inequality of the lemma.

We turn now to the right inequality. Owing to the expansion theorem, we can find
UI ∈H1(ΩI) such that (UI)|γ=μ and (see [1]).

‖UI‖H1(ΩI )≤ τ‖μ‖H1/2(γ).

Setting u′
μ=((uμ)I+UI ,(uμ)E), it is direct that u

′
μ∈H1

0 (Ω) and

∫
ΩI∪ΩE

α∇u′
μ∇v dx=

∫
ΩI

α∇UI∇v dx, ∀v∈H1
0 (Ω).

This problem is well posed. u′
μ exists and is unique (and so does uμ) with

‖u′
μ‖H1(Ω)≤ τ ′‖UI‖H1(ΩI )≤ τ ′′‖μ‖H1/2(γ).

Both bounds on UI and u′
μ yield directly the right inequality. The proof is complete.

3. Well posedness

Minty-Browder’s theorem turns out to be the suitable tool for the study of problem
(2.5). Applying it requires some technical tools. Prior to all, we need to see whether
T determines a non-linear operator that maps H1/2(γ) to its dual H−1/2(γ). This
may be achieved owing to assumption (2.3) together with the Sobolev embeddings
H1/2(γ)⊂Lq(γ), for any q≥ 1, in two dimensions and for any q≤ 4 in three dimensions.
This proof is not addressed directly and will appear implicitly during the forthcoming
proof of the continuity.

To prepare the sufficient assumptions for Minty-Browder’s theorem, let us start by
the continuity before stating the monotonicity of T .
Lemma 3.1. The operator T mapping H1/2(γ) in H−1/2(γ) is continuous.

Proof. The operator T may be decomposed as follows

T μ=(Nb+b′)μ+(β(·,μ)−b′)μ=:Nb′μ+β′(·,μ)μ.

According to Lemma 2.2, the linear part Nb′ of T is continuous, it only remains to check
the continuity for the non-linear part β′(·,μ)μ. The approach we follow is classical in
a way. Let λ be given and (μk)k∈N a sequence in H1/2(γ) that converges toward zero.
The aim is to prove that the sequence (β′(·,λ+μk)(λ+μk))k∈N is precompact.

Consider p≥ 1 and q≥ 1 that are conjugate that is 1
p +

1
q =1. Then, for any χ∈

H1/2(γ), applying Hölder’s inequality gives

〈β′(·,λ+μk)(λ+μk))−β′(·,λ)λ,χ〉1/2=(β′(·,λ+μk)(λ+μk))−β′(·,λ)λ,χ)L2(γ)

≤‖β′(·,λ+μk)(λ+μk))−β′(·,λ)λ‖Lp(γ)‖χ‖Lq(γ).

The triangular inequality yields

‖β′(·,λ+μk)(λ+μk))−β′(·,λ)λ‖Lp(γ)≤‖[β′(·,λ+μk)−β′(·,λ)]λ‖Lp(γ)

+‖β′(·,λ+μk)μk‖Lp(γ). (3.1)

The aim is to prove that, for a subsequence of (μn)n∈N, each term in the bound (3.1)
decays toward zero. The continuous Sobolev embedding H1/2(γ)⊂L(r+1)p(γ) yields
that (μk)n∈N tends towards zero in L(r+1)p(γ). r is the exponent in formula (2.3).
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The partial converse of the Lebesgue dominated theorem implies the existence of a
subsequence (μn(k))k∈N, abusively denoted (μk)k∈N, that converges pointwise towards
0, for almost every x∈Ω, and which is uniformly dominated by a non negative-function
μ∈L(r+1)p(Ω). From the fact that β′ is a Caratheodory function, we ensue that for
almost any τ ∈γ,

lim
k→∞

β′(τ ,λ(τ )+μk(τ ))=β′(τ ,λ(τ )).

Then, we need to show that the first term in (3.1) is uniformly bounded with respect
to k. Inequality (2.3) gives

∫
γ

|(β′(τ ,λ+μk)−β′(τ ,λ))λ|p dγ≤ c

∫
γ

[(λ+μk)
r+λr]p|λ|p dγ

≤ c

∫
γ

[|λ|rp+ |μk|rp]|λ|p dγ

≤ c

∫
γ

[|λ|(r+1)p+ |μk|rp|λ|p]dγ.

Calling once again for Hölder’s inequality, we get

∫
γ

|(β′(τ ,λ+μk)−β′(τ ,λ))λ|p dγ≤ c(‖λ‖(r+1)p

L(r+1)p(γ)
+‖μk‖rpL(r+1)p(γ)

‖λ‖p
L(r+1)p(γ)

).

Let us focus first on the two dimensional case. By the Sobolev embedding H1/2(γ)⊂
L(r+1)p(γ) we obtain

‖(β′(τ ,λ+μk)−β′(τ ,λ))λ‖Lp(γ)≤ c(‖λ‖(r+1)

H1/2(γ)
+‖μ‖rL(r+1)p‖λ‖H1/2(γ)).

Arguing in the same lines we show that ‖β′(·,λ+μk)μk‖Lp(γ) is uniformly bounded
with respect to k. Now, putting every thing together and using once again the Sobolev
embedding H1/2(γ)⊂Lq(γ), we derive that

sup
χ∈H1/2(γ)

〈β′(τ ,λ+μk)(λ+μk)−β′(τ ,λ)λ,χ〉1/2
‖χ‖H1/2(γ)

≤‖[β′(·,λ+μk)−β′(·,λ)]λ‖Lp(γ)

+‖β′(·,λ+μk)μk‖Lp(γ).

Going to the limit k→∞ gives the desired result and (β′(·,λ+μk)(λ+μk))n∈N is pre-
compact. The fact that β′(·,λ)λ is the unique limit point is straightforward. The whole
sequence (β′(·,λ+μk)(λ+μk))k∈N converges therefore towards β′(·,λ)λ in H−1/2(γ).

In three dimensions, we have that r=2. Then p and q are chosen so that p=4/3
and q=4. This yields the formula

‖(β′(τ ,λ+μk)−β′(τ ,λ))λ‖L4/3(γ)≤ c(‖λ‖L4(γ)+‖μk‖
2
3

L4(γ)‖λ‖
1
3

L4(γ)).

We achieve as above after using the Sobolev embedding H1/2(γ)⊂L4(γ). The proof is
complete.

Lemma 3.2. The operator T is strongly monotone, that is for all λ,μ∈H1/2(γ)

〈T λ−T μ,λ−μ〉1/2≥ τb‖λ−μ‖2H1/2(γ).
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τb is the constant given in Lemma 2.2.

Proof. Let λ and μ be given in H1/2(γ). We have that

〈T λ−T μ,λ−μ〉1/2= 〈Nλ−Nμ,λ−μ〉1/2+(β(·,λ)λ−β(·,μ)μ,λ−μ)L2(γ).

On account of (2.2), we derive

〈T λ−T μ,λ−μ〉1/2≥〈Nλ−Nμ,λ−μ〉1/2+b‖λ−μ‖2L2(γ)

= 〈Nbλ−Nbμ,λ−μ〉1/2.
Using Lemma 2.2 completes the proof.

Proposition 3.1. The operator T is invertible and its inverse T −1 is a Lipschitz
operator

‖T −1g1−T −1g2‖H1/2(γ)≤
1

τb
‖g1−g2‖H−1/2(γ).

Proof. Since T is a continuous operator fromH1/2(γ) intoH−1/2(γ) and is strongly
monotonous, it is therefore bijective according to Minty-Browder theorem (see [7, 23]).
The stability directly ensues from Lemma 3.2. The proof is complete.

A straighforward consequence is the well-posedness of our problem with a Lipschitz-
type stability.

Theorem 3.1. Problem (1.1) has only one solution u∈V and we have the stability

‖u1−u2‖V≤C(‖F1−F2‖L2(Ω)+‖f1−f2‖H1/2(Γ)).

4. Hybrid dual finite elements

Discontinuity across the boundaries of the capsules implies a special treatment of
Lagrange finite elements, if they are selected, at those interfaces. When the capsules
grow high in number, implementing the jump of the solution u is a pain in the neck. Even
harder is the monitoring of the discontinuity for the temperature, solution of the heat
equation, computed in composite media when the geometry is particularly complicated.
Studies and comments in [3] recommend that Lagrange finite elements be used only for
macro-encapsulated domain and be preferably avoided for micro-encapsulated media.
On the contrary, hybrid dual finite elements are well fitted, almost naturally, to the
problem. They have been experimented and assessed for thermal modeling in the linear
context (see [22]). Indeed, the flux conservation across γ makes the standard space
of the Raviart-Thomas finite elements relevant for the gradient tensor (α∇u) and the
discontinuous finite elements space for the solution u. The resistance condition at
the interface is accounted for in the resulting mixed variational form. The appealing
feature is that the core libraries of finite element computing codes are spared. Users
only intervene at a higher level as they are left with the construction of the matrices
linked to the variational problem they have to solve. Work to do avoids tinkering the
low level of the computing programs and is therefore easier to achieve.

We limit our exposition to two dimensions for clarity. Extension to 3 dimensions
can be achieved with no other specific difficulty than adding the third dimension.

Assume hence that Ω is a polygon. We suppose that each γi=∂ωi is a closed polygonal
line. Let (Th)h be a regular family of triangulations of Ω by triangles (see [5,8]), in the
sense that



F. BEN BELGACEM, F. JELASSI AND M. MINT-BRAHIM 1857

• The intersection of any two triangles of Th is either empty, a vertex or a common
edge to both triangles.

• The ratio of the diameter hK of any element K of Th to the diameter of its
inscribed circle is smaller than a constant independent of h.

• Each γi is the union of edges of elements of Th.
The symbol h stands for the maximum of the diameters hK , K ∈Th. An illustration

of the mesh is provided in Figure 1.1

The finite element framework needed for the hybrid dual formulation is standard, not
specifically affected by the discontinuity of the solution. The space where u is sought
for is defined to be

Mh=
{
vh∈L2(Ω); ∀K ∈Th, vh|K ∈P0(K)

}
,

where P0(K) stands for the space of constant functions on K. The other space where
p=α∇u is approximated, is built-up on basic Raviart–Thomas elements (see [25])

Xh=
{
qh∈H(div;Ω); ∀K ∈Th, qh|K ∈RT 0(K)

}
.

where RT0(K) is the space of restrictions to K of polynomials of the form a+a′x, a∈
R

d, a′∈R. It is well-known to be H(div;Ω)-conforming. The lowest degree is retained
for simplicity.

The discrete problem is now constructed from problem (1.2) following the Ritz-
Galerkin procedure, and reads as: Find (uh,ph) in Mh×Xh such that

∀qh∈Xh,

∫
Ω

1

α
ph ·qhdx+

∫
γ

1

β(τ , [uh])
(ph ·n)(qh ·n)dτ

+

∫
Ω

uh(divqh)dx= 〈f,qh ·n〉1/2,Γ,

∀vh∈Mh,

∫
Ω

vh(divph)dx=

∫
Ω

Fvh dx.

(4.1)
This formulation is chosen for a while so to see how the contact resistance at the interface
(1/β) influences the variational problem — to be compared with the formulation studied
in [3], in the linear context. Note that, due to the choice ofMh and Xh, the discretization
is fully conforming. The main point we are dedicated to is whether this non-linear mixed
problem has a solution (uh,ph) in Mh×Xh and if it is unique.

Remark 4.1. The existence for the dual hybrid problem (4.1) is questionable in the
continuous setting, at first consideration. Does it have a solution in the natural frame
work that is (u,p)∈L2(Ω)×X? The answer is positive and is a direct consequence
of Theorem 3.1 where p is put equal to (α∇u). It may be checked out in particular
that p ·n=α∂nu belongs to L2(γ) and that (u,p) fulfills the variational model (4.1).
We shall explain later on why the study of the existence conducted in the dual hybrid
framework may fail.

In the discrete frame, the existence for the hybrid dual formulation has to be proved
directly. The analysis needs some preliminaries. The model (4.1) will be transformed,
so that Minty-Browder theory is enabled.

The continuity and monotonicity of ϕ(τ ,v), for a.e τ ∈γ, implies its invertibility. Then,
one can find a monotonous function ψ such that

ϕ(τ ,ψ(τ ,v))=ψ(τ ,ϕ(τ ,v))= v, ∀v∈R,a.e. τ ∈γ.
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It may be verified that ψ(·, ·) is a Caratheodory function and that vψ(τ ,v)> 0 for all
v∈R\{0}. Furthermore, formulae (2.2) and (2.3) imply some useful properties on ψ.
The most interesting is the global Lipschitz continuity

|ψ(τ ,v)−ψ(τ ,w)|≤ 1

b
|v−w|, ∀v,w∈R,a.e. τ ∈γ.

It will be useful in some place to note that ψ(τ ,v)= vη(τ ,v), where η is of Caratheodory
type with 0<η(τ ,v)≤ 1/b.

The resistant interface condition can be expressed using the function ψ. Indeed, we
have

[uh(τ )]=ψ(τ ,(ph ·n)(τ )).

Plugging it in the first equation of the mixed problem (4.1) yields the new formulation

∀qh∈Xh,

∫
Ω

α−1ph ·qhdx+

∫
γ

ψ(τ ,ph ·n)(qh ·n)dτ

+

∫
Ω

uh(divqh)dx= 〈f,qh ·n〉1/2,Γ,

∀vh∈Mh,

∫
Ω

vh(divph)dx=

∫
Ω

Fvh dx.

(4.2)
At this stage, we recall a highly useful result that has to do with the differential diver-
gence operator (see [25, 26]).

Lemma 4.1. The operator div is surjective from Xh into Mh. It has a right inverse
mapping Mh in Xh that is uniformly bounded, with respect to h. This means that for
all vh∈Mh there exists qh∈Xh such that

‖qh‖X≤ c‖vh‖L2(Ω).

The constant does not depend on h.

Proof. The proof that div is surjective from Xh into Mh can be found in [25, 26].
The uniform stability with respect to the norm of X has been established in [3].

5. Uniqueness and existence

This section opens with the uniqueness; it is proceeded directly on problem (4.2).
As a matter of convenience, notice that the index h is dropped off during the proofs.

Proposition 5.1. The discrete hybrid dual problem (4.2) has at most one solution
in Mh×Xh.

Proof. Let (u,p) and (u′,p′) be two solutions to problem (4.2) in Mh×Xh.
Necessarily, we have that for all q∈Xh and v∈Mh,

∀qh∈Xh,

∫
Ω

α−1 (p−p′) ·qdx+
∫
γ

[ψ(τ ,p ·n))−ψ(τ ,p′ ·n)](q ·n)dτ

+

∫
Ω

(u−u′)(divq)dx=0,

∀vh∈Mh,

∫
Ω

v(div(p−p′))dx=0.
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Concluding to the uniqueness is done in two steps.

We select q=(p−p′) in the first equation, fix v=(u−u′) in the second and subtract.
Thus, the following formula holds true

∫
Ω

α−1 (p−p′)2dx+

∫
γ

[ψ(τ ,p ·n)−ψ(τ ,p′ ·n)](p ·n−p′ ·n)dτ =0.

The monotonicity of ψ yields that (p−p′)=0 and thus p=p′. A straightforward con-
sequence is

∀q∈Xh,

∫
Ω

(u−u′)(divq)dx=0.

Owing to the surjectivity of the operator div mapping Xh onto Mh, one can choose q

such that divq=(u−u′). This implies that u=u′. The proof is complete.

When it comes to the existence, a transformation of the mixed variational formula-
tion is needed so as to prepare ultimately the application of the Minty-Browder theory.
We introduce the spaceXh=Mh×Xh, and denote qh

=(vh,qh)∈Xh. Then, define the

operators Ah :Xh→X
′
h and Fh∈X

′
h in such a way that

〈Ah(ph
),q

h
〉X′

h
,Xh

=

∫
Ω

α−1ph ·qhdx+

∫
γ

ψ(τ ,ph ·n)(qh ·n)dτ

+

∫
Ω

uh(divqh)dx−
∫
Ω

vh(divph)dx,

〈Fh,qh
〉X′

h
,Xh

=〈f,qh ·n〉1/2,Γ−
∫
Ω

Fvh dx.

The variational problem (4.2) may equivalently be reworded in the following terms:
Find p

h
in Xh such that

〈Ah(ph
),q

h
〉X′

h,Xh
= 〈Fh,qh

〉X′

h,Xh
, ∀q

h
∈Xh. (5.1)

Although the non-linear operator Ah is monotonous, it fails to fulfill the coerciveness
criterion to ensure the existence of a solution. A remedy to this failure is to add a
regularizing term depending on a parameter ε> 0, expected to decay to zero. We show
that the set of new problems fit with the Minty-Browder framework. Then, we will
carry out the analysis to find out what happens when ε goes to the limit zero. The new
operator to focus on is determined by

〈Ah,ε(ph
),q

h
〉X′

h,Xh
= 〈Ah(ph

),q
h
〉X′

h,Xh
+ε(uh,vh)L2(Ω).

The regularized problem reads therefore as follows: Find p
h,ε

in Xh such that

〈Ah,ε(ph,ε
),q

h
〉X′

h
,Xh

= 〈Fh,qh
〉X′

h
,Xh

, ∀q
h
∈Xh. (5.2)

Proposition 5.2. The regularized problem (5.2) has only one solution p
h,ε

∈Xh.

Proof. The continuity of the operator Ah,ε can be proven following the same
lines as in the proof of Lemma 3.1 and is skipped over. It is actually based on the fact
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that ψ is Lipschitz. Another important point is the strict monotonicity. We have, after
activating the monotonicity of ψ() (1)

〈Ah,ε(p)−Ah,ε(q),p−q〉X′

h,Xh
≥
∫
Ω

α−1 (p−q)2dx+ε

∫
Ω

(u−v)2dx.

Due to the equivalence of all the norms on the finite dimensional space Xh, we derive
that

〈Ah,ε(p)−Ah,ε(q),p−q〉X′

h,Xh
≥ b′′‖p−q‖2X .

The constant b′′> 0 is of course dependent on (ε,h). This technical work done, we are
now allowed to apply Minty-Browder’s theorem The regularized problem has therefore
a unique solution p

h,ε
∈Xh. The proof is complete.

A decisive result, in view of passing to the limit in the regularized problem, are
some a priori estimates on ph,ε that are uniform with respect to ε.

Proposition 5.3. The following stability holds

‖p
h,ε

‖X ≤C(‖f‖H1/2(γ)+‖F‖L2(Ω)).

The constant does not depend on ε.

Proof. We still maintain the convention that h is canceled for a clear exposition.
The proof is obtained after three steps.

(i.) We fix in (5.2) the test function q=(divpε,0)∈Xh. We straightforwardly
ensue the bound

‖divpε‖L2(Ω)≤ ε‖uε‖L2(Ω)+‖F‖L2(Ω). (5.3)

(ii.) Now, we select q=p
ε
=(uε,pε)∈Xh. As a result, we have in particular that

∥∥(√α)−1pε

∥∥2
L2(Ω)2

+
∥∥∥√η(·,pε ·n)(pε ·n)

∥∥∥2
L2(γ)

≤〈f,pε ·n〉1/2,Γ,−(F,uε)L2(Ω).

Combining with (5.3) and using Young’s inequality, we deduce that for any small κ> 0,

‖pε‖H(div,Ω)+
∥∥∥√η(·,pε ·n)(pε ·n)

∥∥∥
L2(γ)

≤c

[
(ε+κ)‖uε‖L2(Ω)+‖f‖H1/2(Γ)+(1+

1

4κ
)‖F‖L2(Ω)

]
. (5.4)

To control (pε ·n)|Γ, the trace theorem in H(divΩ) is applied here. Moreover, we use
that α(·) is bounded away from zero.

(iii.) At last, putting q=(0,q)∈Xh produces the identity

(divq,uε)L2(Ω)= 〈f,q ·n〉1/2,Γ−((
√
α)−1pε,q)L2(Ω)2

−(η(·,pε ·n)(pε ·n),q ·nL2(γ))L2(γ).

1The index h is dropped.
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Choose q as in Lemma 4.1, we derive that

‖uε‖L2(Ω)≤ c
[
‖f‖H1/2(Γ)+‖pε‖L2(Ω)+‖η(·,pε ·n)(pε ·n)‖L2(γ)

]

≤ c′
[
‖f‖H1/2(Γ)+‖pε‖L2(Ω)+

∥∥∥√η(·,pε ·n)(pε ·n)
∥∥∥
L2(γ)

]
.

The boundedness of η(·, ·) is used. Next, estimate (5.4) implies that

‖uε‖L2(Ω)≤ c′′
[
(ε+κ)‖uε‖L2(Ω)+‖f‖H1/2(Γ)+(1+

1

4κ
)‖F‖L2(Ω)

]
.

Given that we are interested in ε only when it decays toward zero, after choosing κ
small enough, we get the final bound

‖uε‖L2(Ω)≤ c′′′
[
‖f‖H1/2(Γ)+‖F‖L2(Ω)

]
.

Accounting for this stability on (5.4) yields finally

‖p
h,ε

‖H(div,Ω)+‖uh,ε‖L2(Ω)≤C(‖f‖H1/2(γ)+‖F‖L2(γ)).

After observing that all the norms are equivalent on the finite dimensional space Xh,
the proof is complete.

Remark 5.1. The constant in Proposition 5.3 may depend on h. It actually does
unless the conductance function β(·, [u]) is bounded. This means that, the constant br
in (2.3) is zero which is pretty restrictive. If β(·, [u]) is not bounded, then η(·,pε ·n) in
(5.4) decays close to zero. The failure to control pε ·n along the interface γ is hence the
consequence and we cannot then go effectively to the limit on (pε ·n)ε>0. That is the
reason why the analysis of the continuous model has been conducted in a different and
successful formulation.

Technical tools necessary to the existence result are at our disposal; we can annouce
the final result for the approximated problem (4.1).

Theorem 5.1. The discrete mixed problem (4.1) has only one solution (uh,ph)∈
Mh×Xh.

Proof. The aim is to show that the sequence (p
ε
)ε>0 fulfills Cauchy’s criterion of

convergence in Xh. We proceed as in Proposition 5.1. The key in our argumentation
is the identity

∀q∈Xh, 〈Ah,ε(pε
)−Ah,ζ(pζ

),q〉X′

h
,Xh

=0. (5.5)

Choosing q=(div(pε−pζ),0) produces

‖div(pε−pζ)‖L2(Ω)≤ (ε+ζ)(‖uε‖L2(Ω)+‖uζ‖L2(Ω)).

On the other hand, taking q=(p
ε
−p

ζ
) in (5.5), we have after simplification

∥∥(√α)−1(pε−pζ)
∥∥2
L2(Ω)2

+(ψ(pε ·n)−ψ(pζ ·n),pε ·n−pζ ·n)L2(γ)

=(εuε−ζuζ ,div(pε−pζ))

≤‖εuε−ζuζ‖L2(Ω)‖div(pε−pζ)‖L2(Ω).
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The monotonicity of ψ, together with the stability in Proposition 5.3 shows that (p
ε
)ε>0

satisfies Cauchy’s criterion in H(div ,Ω). This sequence has then a limit p∈Xh, with
respect to the norm of H(div ,Ω), when ε tends toward zero. As a result, (pε ·n)ε>0

converges towards p ·n with respect to L2(γ)-norm. Moreover, (ψ(·,pε ·n))ε>0 converges
towards ψ(·,pε ·n) because ψ is Lipschitz-continuous. We stress the fact that the last
two convergences may not be uniform with respect to the mesh size h. Appositely, the
convergence of (p

ε
)ε>0 towards p in H(div ,Ω) is uniform with respect to h.

The only proof that remains is the convergence for (uε)ε>0 which requires to get
back (5.5) and select q=(0,q)∈Xh. We deduce that

(divq,(uε−uζ))L2(Ω)=

∫
Ω

1

α
(pε−pζ) ·qdx+

∫
γ

[ψ(τ ,pε ·n)−ψ(τ ,pζ ·n)](q ·n)dτ

≤C
[
‖pε−pζ‖L2(Ω)2+‖ψ(·,pε ·n)−ψ(·,pζ ·n)‖L2(Ω)2

]
‖q‖X.

Choosing q such that divq=(uε−uζ) as in Lemma 4.1 we ensue that

‖uε−uζ‖L2(Ω)≤C
[
‖pε−pζ‖L2(Ω)2+‖ψ(·,pε ·n)−ψ(·,pζ ·n)‖L2(Ω)2

]
.

The sequence (uε)ε>0 is then a Cauchy sequence and converges therefore towards some
u∈Mh with respect to L2(Ω)–norm. Hence, the last result that (p

ε
)ε>0 converges

toward p
ε
in X. We need to pass to the limit in (5.2) to be complete. It is quite easy

to achieve it. This proves that p is the solution to problem (5.1). The uniqueness in
Proposition 5.2, completes the proof.

6. Computational examples

The computations are carried out within the code FreeFem++ (see [13, 14]) where
various finite elements have been developed such as P0,P1,RT 0, and RT 1, to cite only
those we need (see [6,26]). Scripts to take into account the contact resistance have been
developed by us. The non-linearity of the contact resistance is handled by Newton’s
algorithm.

One capsule model — In the first example, the square Ω= [−0.5,0.5]× [−0.5,0.5] is the
domain, with a single circular capsule ΩI , centered at the origin with radius 0.3. The
sub-domain surrounding ΩI is the matrix ΩE . The interface γ is hence the circular
boundary of the capsule. The horizontal edges are considered adiabatic and Dirichlet
conditions are enforced along both vertical edges. The left one is subjected to a ho-
mogeneous data, f(−0.5,x2)=0, while on the right edge a non-homogeneous condition
f(0.5,x2)=10(1+x2(1−x2)) is prescribed. The load source F is constant in ΩE . In
ΩI , it is supported in the left half of the concentric disc with half radius 0.15. The
isolines of F are plotted in Figure 6.1. The important fact to be noticed is that while F
is regular in ΩE , it has a limited smoothness within ΩI since F ∈H(1/2)−(ΩI), because
of the drop at x2=0. The conductivities are chosen so that (αE ,αI)= (689,1) and the
conductance is given by

β1(v)=4+3(1+tanh[10(
√
v2+0.01−0.25)].

The shape of β1 is similar to that of the conductances used in Electroporation (see [18]).
Given the unavailability of an explicit expression for u, we compute a reference

solution (ur,pr) by the mixed finite elements RT 1×P1 with a high resolution mesh,
that is hr=0.0066. The reference field (ur,pr) is hence a sharp approximation of the
exact solution and is assimilated to (u,p) for our purposes. Then, the discrete solutions
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Fig. 6.1. The data F (left) and the solution u (right).
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Fig. 6.2. Convergence curves for RT 0×P0 (left) and RT 1×P1 (right).

(uh,ph) are computed by the RT 0×P0 finite element method, for meshes with size
h∈ [0.06,0.4], and they are compared to (ur,pr). Figure 6.2 depicts, in logarithmic
scales, different errors evaluated in the L2-norm. These errors are computed separately
within each sub-domain ΩI and ΩE .

The convergence rates are obtained by calculating the coefficient ν in the regressions
e= ηhν of the error curves (linear regression in log. scales). The evaluations yield to the
rates (1.18,0.99) for (u,ph) in ΩI and (1.04,0.93) in ΩE . The errors decay approximately
like h in both sub-domains ΩI and ΩE and for both unknowns. This predicts that (u,p),
restricted to each sub-domain belong to H1×H1, for the least. Before attempting an
explanation to these convergence rates, we run additional simulations for the same
meshes where (uh,ph) is approximated by RT 1×P1 finite elements. Error curves are
displayed in the right panel in Figure 6.2. The convergence rates are augmented to
(1.90,1.60) in ΩI and (1.96,0.93) in ΩE .

As is well known, for a given finite element method, the error estimates, and then
the convergence rates, are tightly related to the regularity of the solution u (and then
p=α(∇u)). One can see two possible restrictions to the smoothness of u. The first cause
is the low regularity of the F|ΩI

which prevent the solution from being in H5/2(ΩI).
The second limitation has to do with the corners of ΩE .

The regularity study starts from the fact that u∈V, then follows a bootstrapping
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argument. We notice that

αI(∂nuI)=αE(∂nuE)=β1([u])[u]∈H1/2(γ). (6.1)

This tells that uI ∈H2(ΩI) and uE ∈H2−(ΩE) according to [9, 11]. We cannot hope
for more regularity on uE due to the singularity born at the corner (0.5,−0.5). The
smoothness is limited because the boundary conditions change when passing the vertex,
aggravated by the non-homogeneous Dirichlet data. In fact, Neumann and Dirichlet
data do not match at that corner since ∂x2f(0.5,−0.5) �=0. Thus, the solution can-
not even be in the Sobolev space H2 in the vicinity of (0.5,−0.5) (see [11]). At the
remaining corners, boundary conditions match together. This does not create stiff sin-
gularities on the solution u. Therefore, we know so far that definitely uE ∈H2−(ΩE)
and pE ∈H1−(ΩE). Now, back to (6.1), we have a further regularity on the flux, in-
deed αI(∂nuI)∈H3/2(γ) and F ∈H(1/2)−(ΩI). According to the elliptic regularity, we

obtain that uI ∈H(5/2)−(ΩI) and pI ∈H
(3/2)−(ΩI). The RT 1×P1 method is expected

to comply with the error estimates (see [25])

‖u−uh‖L2(Ω)≤Ch2−, ‖p−ph‖L2(ΩI )≤Ch(3/2)−, ‖p−ph‖L2(ΩE)≤Ch1−.

The effective rates calculated above are not far away from the theoretical ones, if one
admits the following approximations (1.90≈ 1.99≈ 2), (1.60≈ 3/2) and (0.93≈ 1).

Multi-capsules model— A more elaborate example is involved with the domain repre-
sented in Figure 1.1, the rectangle Ω= [−1.2,−1.2+7.5]× [−2.8,−2.8+3.8]. Four square
capsules (ωi)1≤i≤4 are contained in Ω; their union is ΩI . The edges of the capsules
are all equal to 1.2. ΩE is the sub-domain external to the capsules. The interface γ
is the union of the four square boundaries of (ωi)1≤i≤4. The conductivities are still
(αE ,αI)= (689,1). We realize simulations with the conductance

β2(v)=�(1+
|v|
2
).

The boundary conditions are analogous to the first example on Γ. The horizontal edges
are again adiabatic and the vertical ones are submitted to Dirichlet conditions. The
load data F is represented in the left plot of Figure 6.3. Counting from the left, the
second capsule is heated while the third is cooled. This data has a reduced smoothness
in each subdomain ΩI and in ΩE . It is however enough so that it will not be a limiting
factor of smoothness to u.

Fig. 6.3. The data F (left) and the solution u (right).

The reference solution (ur,pr) is obtained, for �=4, by the method RT 1×P1.
The size of the reference mesh hr=0.027. The discrete solutions (uh,ph) are obtained
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Fig. 6.4. Convergence curves for RT 0×P0 (left) and RT 1×P1 (right).

by RT 0×P0 and RT 1×P1 methods, for meshes with sizes in h∈ [0.06,0.45] and are
compared to (ur,pr). In logarithmic scales, Figure 6.4 provides different errors evaluated
in the L2-norm. The calculations of the regressions result in the following convergence
rates (1.15,1.03) in ΩI and (1.13,0.73) in ΩE for the RT 0×P0 method while for the
RT 1×P1 method, they are (2.13,1.34) in ΩI and (1.59,0.84) in ΩE .

To find out the regularity of (u,p), we scan the flux across the boundary of each
capsule,

αI(∂nuI)=β2([u])[u]∈H1/2(γi), 1≤ i≤ 4. (6.2)

As a result, we have uI ∈H2(ΩI). At this step, the right angles (when seen from inside
ΩI) induce no harm on the smoothness of uI . Things are different, when inspecting
the external side of these corners, we are therefore in ΩE . These external angles are
reflex, their common measure is 3π

2 . Thus, uE cannot be more regular than being in

H(1+2/3)−(ΩE). Back to uI , we dispose of further regularity on the flux αI(∂nuI), owing
to (6.2). It belongs in fact to H(1+1/6)−(γi). This implies that uI ∈H(1+1/6+3/2)−(ΩI).
The limitation one would expect due to the internal corner π

2 is not reached yet. That
reduction is active starting from H3−(ΩI). To summarize, the following regularities are
available

(uI ,pI)∈H8/3(ΩI)×H5/3(ΩE), (uE ,pE)∈H5/3(ΩI)×H2/3(ΩE).

The table below provides, for both Raviart-Thomas finite elements, the convergence
rates we observe and the rates predicted by theory. We point out that the limitation of
the convergence order to 2 for uI , with the RT 1×P1-approximation, is inherent to the
degree of the finite elements and not to any lack of smoothness of uI . A careful scrutiny
of Table 6.1 show a satisfactory agreement between computations and the theory.
Micro-encapsulated model—We close with the rectangular sample with a complex gran-
ularity, depicted in Figure 1.1 (right panel). The capsules ΩI , constituted of salt, a low
(thermal) conductive material, are in grey while a high conducting graphite foam is the
surrounding dark (or black) media ΩE . The hybrid dual method is still tractable for
this kind of geometry. The integral term in (4.1), responsible for the contact resistance,
does not create any notable difficulty in FreeFem++. Using the indicator function of
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uI pI uE pE

RT 0×P0 1.15(1.00) 1.03(1.00) 1.13(1.00) 0.73(0.66)

RT 1×P1 2.13(2.00) 1.34(1.66) 1.59 (1.66) 0.84(0.66)

Table 6.1. Computational convergence rates versus (theoretical rates).

the geometry, equal to one in ΩI and to zero in ΩE , allows for an easy evaluation of the
interface integral contribution to the variational problem. FreeFem++ offers a variety of
procedures and functions making it easy to compute those type of integrals (see [14]).

The composite domain is rectangular. Its width is 1.692×10−3 and its length
equals 2.772×10−3. The sample is differentially heated at the vertical walls while the
horizontal walls remain adiabatic. The Dirichlet data is fixed to f =585.15 on the left
wall and f =575.15 on the right wall. The conductivities are still (αI ,αE)= (1,689). The
conductance is given by β2 given above where �=100. The mesh we use is depicted in
the left panel in Figure 6.5 and the computed temperature is plotted on the right panel.
In the last simulations, the interface is getting strongly resistant. The conductance is
then gradually weaker and corresponds to �=1 and then to �=0.01 in the expression
of β2. The diffusion of the heat is slowed at the interface which explains why the most
visible isolines start to embrace the shape of the interfaces especially in the hot part of
the sample.

The aim of these illustrations is to display the complex structure (consider the
isolines) of the temperature successfully captured here by the hybrid dual finite elements.

Fig. 6.5. The mesh in the composite sample. The computed temperature with decreasing conduc-
tances, �=100,1,0.01.
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